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ABSTRACT

A general system of one dimensional two-layer
stratified flow equations is derived in terms of three
dependent variables, discharge, level and density in each
layer. Provision is made in these equations for bed slope,
bed friction, wind friction, lateral discharges, interfacial
mixing and quasi-laminar interfacial shear stress terms.
These equations are solved using central implicit finite
difference schemes with generalised algorithms so that any
combination of subcritical and supercritical flows can be
accommodated. In order that the computation can be made
either in a single layer or a two-layer flow, the three
lower layer equations are each split up into two halves,
providing a four level fractional steps scheme. This
flexibility in the computation is necessary when dealing
with salt-wedge estuaries since the domain of the computation
includes both single layer and two-layer flows.

An experimental programme was carried out to
investigate the front conditions for a moving salt-wedge,
and the conditions governing interfacial stability and
mixing along salt-wedge interfaces. It was deduced
theoretically that two distinet front types should exist
in a salt-wedge estuary, namely wave front and St. Venant
fronts. Experiments showed that although these front types
exist, their flow conditions are different from that
predicted by theory. Theory indicates that the onset of
interfacial wave breaking can be expressed by a stability

parameter which is a function of the interfacial densimetric

11



Froude number and the interfacial Reynolds number.
Experiments indicate that this parameter is independent
of the flow Reynolds number upstream of a salt-wedge and
can be scaled to give a stability parameter for prototype
flows. The experiments also proved that mixing across a
salt-wedge interface is a two-way process caused by the
momentum exchange of turbulent flows, and that this rate

of mixing is inversely proportional to the relative density.
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It has not been pessible to aveid repeated use of
many symbols for different purposes because of the volume
of algebraic manipulation in this thesis, but each symbol
is defined where it first appears with a new meaning. The
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Numerical Computation of Estuarine Flows

CHAPTER 1
INTRODUCTION
1.1 Estuaries

An estuary is a partly enclosed body of
water that forms where river water is mixed with and diluted
by seawater. In a general sense, the estuarine environment
is one that is defined by salinity boundaries rather than
geographic boundaries. Many coastal features that are
designated by other names are in fact, estuaries. The lower
reaches of rivers such as the Mersey, Thames and Humber are
estuaries. Other river systems with large deltas are actually
estuaries at their seaward end; the Mississippi is an example.
Certain coastal embayments, such as Southampton Water, also
are estuarine because fresh and salt water undergo considerable
mixing. In addition, most of the fjord systems in the world
are estuaries. lLarge, semi-enclosed tidal flat regions and
coastal marshes, such as the Wadden Zee area of The Netherlands
also may be termed estuaries.

The adjective estuarine can be applied to
aqueous environments where seawater has become somewhat
diluted by fresh water. For example, the northernmost Pacific
Ocean in the viecinity of the Bering Sea and Gulf of Alaska
has estuarine characteristics because of the great quantity
of fresh water that flows into this region. Ocean areas off
the mouths of the Mississippi and Amazon also become estuarine

during the rainy season when the river discharge increases
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and dilutes the coastal waters.

The tides have a very important effect on the
circulation within an estuary. The volume of water within
the estuary between high and low tides is known as the tidal
prism. The currents generated by this volume of water flowing
in and out of the estuary depend on the geomeiry of the
tidal basin and the tidal range (distance sea level rises
from maximum ebb tide to maximum flood tide). In estuaries
where the tidal range is large, the tidal currents have the
ability to mix both the inflowing river water and ocean
water in the estuarine basin. In estuaries with smaller tidal
ranges and lower current velocitles, the river water may
remain relatively unmixed within the basin and form a low-
density layer that floats on the surface of the denser salt
water.

The quantity of freshwater is important in
determining the nature of the estuary. During periods of
high river discharge, fresh water may force most of the
galt water out of the estuary. During other seasons when
river discharge is low, the estuary may be more akin to an
extension of the ocean rather than an estuarine environment.
Moderate river discharge may stratify, or layer, the estuary
with the low-density brackish water on top and the denser,
more saline waters below.

Wind can strongly affect the mixing of estuarine
waters by creating local waves that break down water

stratification. In addition, through stress on the surface,

20



the wind can cause a net transport of surface water and
thus reinforce or retard the normal tidal flow.

The formation of ice within estuaries can act
in many ways to affect the estuarine circulation. If large
portions of the estuary are covered by ice, local wind-
generated waves will have little effect in mixing the surface
and bottom waters. In contrast, restricted channels caused
by ice blockage may locally increase the tidal currents and
mixing of the waters. Melting of estuarine ice in the spring
also provides water that is of lesser density than normal
estuarine water and may lead to stratification.

The physical dimensions of an estuary are
extremely important with respect to the hydraulics. Broad
shallow estuaries like the Humber and Hooghly are more
susceptible to the effects of wind mixing by local waves
than are deeper estuaries. Certain fjords with restrictive
gill depths at the seaward portion of the estuary inhibit
eirculation and mixing to such an extent that the lower
waters in the estuary become devoid of oxygen.

In order to compare different estuaries it is
necessary to set up a scheme of classification. Many different
schemes are possible but the two main types are classification
by geomorphology and classification by estuarine circulation.
The latter classification is clearly necessary not only from
the hydraulic engineers point of view but also because the
majority of estuaries fall within the fluvial basin category

and display large differences in their circulation patterns,
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density stratification and mixing processes.

1.1.1 Classification by Geomorphology

The geomorphology, or form of an estuarine
basin is usually developed by fluvial erosion, fluvial and
marine deposition, glacial erosion or tectonic activity.
These processes are associated with four types of basins,
namely, fluvial, depositional, glacial and tectonic.
Fluvial basins :

These are also known as drowned river valley
or coastal plain type estuaries, and are probably the most
common type of estuarine basin. These estuaries were formed
during the Flandrian transgression by the flooding of
previous incised valleys. Where the valleys were simple and
straight with few tributaries, drowning has simply raised
the level of water on the valley walls. This is true of the
Hudson and St. Lewrence rivers for example.

In other river systems, especially those
that were developed on softer, more unconsolidated rocks
the rivers were quite complex and have an elaborate tributary
system. Since sedimentation has not kept pace with the
jnundation the resulting estuary exhibits an extremely
ecrenulated border that follows the contours of the former
tributary valleys.

This type of estuary usually deepens and
widens towards the mouth the width often having an exponential
shape. The mouth of the estuary is often modified due to

the formation of a spit such as in the Humber estuary.
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Spits restrict the interaction between the river and sea
water, allowing extensive mud flats and saltings to develop
behind them and causing the talweg (deepest part of river)
to be sinuous.

Fluvial estuaries are generally found in
temperate climates when the river flow is small compared
with the tidal prism (the volume between high and low water
levels) and the amount of sediment transported by the river
is also small.

Examples: Thames, Mersey, Southampton Water and Tamar in

England.

Depositional basins :

These are also known as bar-built
estuaries but could also be classified as fluvial basins
since they have experienced incision during the ice age
and subsequent inundation. However, recent sedimentation
hes kept pace with the inundation and they have developed
a barrier that separates the sea and river waters. This
berrier can take the form of offshore islands at the back
of which the estuary can form, the Wadden Zee of The
Netherlands is an example. Usually the barrier will be in
the form of a netural levee, spit or bar and this restriction
of the inlet allows an estuarine environment to develop
that formerly was open to the sea. A good example of a spit
protected estuary is the Humber and a bar protects the
Dovey estuary in Wales. In order for this spit or bar to
be well developed, the tidal range must be restricted and
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large volumes of sediment available. These estuaries are
only a few metres deep and remain shallow well out to sea,
but have a high seasonal river discharge. Depositional
basins are found either in tropical areas or in areas with
substantial coastal deposition.

Examples: Humber and Dovey estuaries in Britain and the
Hooghly estuary in West Bengal.

Glacial basins :

Fjords are deep, narrow, U-shaped gorges
that were cut in bedrock by tongues of glacial ice during
former ice ages. Many of the fjords were former river
valleys that were deepened and widened by ice action.
Because of the thickness and weight of the ice, the glaciers
were able to erode far below sea level. In addition, the
seaward end of the fjord is usually marked by a bedrock or
depositional sill that forms an internal basin. This means
that the fjords are extremely deep and narrow with a shallow
restrictive entrance. The shallow depths of the sill prevent
free exchange of the sea water outside the sill and the
water in the basin. River discharge is small compared with
the total fjord volume, but as many fjords have restricted
tidal ranges within their mouths, the river flow is often
large with respect to the tidal prism. There occurrence is
restricted to high latitudes in mountainous aresas.

Exemples: Loch Etive (Scotland), Oslo end Hardanger Fjords
(Norway ), Alberni Inlet (British Columbia) and Silver Bay
(Alaska).
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Tectonic basins :

Continental tectonics or movement of the
land surface may create estuaries. A common form is the
graben or down faulted block.

Broad local subsidence of portions of the
coast can also create estuarine environments because its
effect is equivalent to a rise in sealevel. The San-
Francisco Bay region which has had a complex geological

history, is in this category.

1.1.2 Classification on Estuarine Circulation

In most estuaries there is a certain amount
of to- and fro motion of the waters as the tides flush in
and out of the basin, Besides this, however, there is a
net circulation pattern within estuaries that is a function
primarily of the mixing of the fresh and salt water in this
complex area. This is termed estuarine circulation and
three distinet estuary types are recognised namely, highly
stratified, partly-mixed and fully-mixed. Fjord type estuaries
do not fit easily into the above classification and are
best looked upon as a special form of the highly stratified
estuary. Other estuaries have such a complicated topography
that mixing occurs only in a portion of the estuarine system.
In this case the estuary changes type both along the estuary
and with time during the tidal cycle.

Highly Stratified Estuary :

(a) Salt-Wedge type
Most highly stratified estuaries occur
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in regions where the tidal range is low and river discharge
into the estuary is high. In these cases the less dense
surface water of the river will float over the salt water
forming stratification or layers of water, within the estuary.
The fresh water that forms the surface layer quickly becomes
brackish as it mixes with the estuarine waters, although
the change from salt to fresh water is confined essentially
to an interfacial mixing layer about one fifth of the total
depth in thickness as shown in Fig.1.1

The velocities in a salt-wedge type estuary
are usually high enough to cause the waves that develop at
the interface to break. Since a circulation velocity is
set up in the salt-wedge both the upper and lower layers
have turbulent flows. The transfer of mass between the
layers is therefore a two-way process with slightly more
transfer from the salt to the fresh layer. Because the
tidal variations cause the wedge to move up and down the
estuary most of the mixing at the interface occurs on the
flood flow when the relative velocity between layers is
greatest, and can virtually cease on the ebb flow.

Conditions leading to a highly stratified
estuary are enhanced in regions where there is high river
discharge and low tidal flow. In addition, highly stratified
estuaries are more likely to develop in deep, narrow,
drowned river valleys, or artificially deepened waterways.
Examples: South and South-west Passes of lMississippi delta
(U.S.A.) and the Grand RhOne (France).
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(b) Fjord type
Fjords are highly stratified estuaries

which have a very deep stagnant salt water pool overwhich
the brackish water flows to the sea. The salt water enters
the estuary over a restrictive sill and fills up the basin
with water of fairly constant salinity. Since the salt
layer is stagnant and therefore non-turbulent there is
entrainment only from the lower to the upper turbulent
layer as shown in Fig.1.2.The upper layer is usually of
constant thickness from head to mouth and in some fjords
its thickness is restricted to a depth equal to the sill
depth.

Examples: Loch Etive (Scotland), Oslo and Hardanger Fjords
(Norway), Alberni Inlet (British Columbia) and Silver Bay
(Alaska).

Partly-Mixed Estuary :

As tidal flow increases or river
discharge decreases mixing takes place between the upper
and lower layers in an estuary not only during the flood
flow but also over the ebb period as well, The greater
amount of tidal mixing breaks down the interfacial mixing
layer adding a larger volume of salt water to the upper
layer than in the salt wedge type of estuary. This reduces
the relative density between layers and encourages even
more mixing. The net flow in this system is still primarily
two layer, with the surface water moving seaward and the
bottom water moving landward. Now, however because of

mixing, circulation is much greater and there is more flow
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both in the upper and the lower salt waters. The volume
of water circulation in this type of flow far exceeds the
salt-wedge type. For example, the geaward flow in the
surface layer and the inflowing water at the base of the
estuary may be both twenty times the river discharge, see
Fifs 155

Because of the efficient exchange of salt
and fresh water the salinity structure of the estuary is
different from that of the salt-wedge type. The surface
salinity increases much more steadily down the estuary
and undiluted fresh water only occurs at the head of the
estuary. Also in the saline water of the bottom layer
there is a longitudinal gradient of salinity. Consequently
there is a large section in the middle reaches of this type
of estuary in which the longitudinal salinity gradients
are almost linear.
Examples: Thames, Mersey and Southampton Water in England,
Jemes River (U.S.A.), Fraser River (Canada), and The
Rotterdam Waterway (The Netherlands).
Fully-Mixed Estuary :

If the depth of water is relatively
small and the tidal range large, then the eddies formed
at the bed of the estuary and those formed at the surface
due to wind action mix the entire water depth. The water
becomes less stratified and ultimately reaches a point at
which its properties from top to bottom are relatively
constant at any one location within the estuary. Although

the vertical gradient is erased, a strong longitudinal
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gradient extending from the fresh water at the head of
the estuary to salt water near the mouth still exists
as shown in Fig. 1.4 .

In certain broad, shallow estuaries there
is a lateral salinity gradient across the estuary as a
function of the Coriolis effect. In the Northern Hemisphere
lower salinity water moves on the right side of the estuary
whereas sea water enters the system on the left. The net
effect is still to maintain vertical homogenuity, but a
counterclockwise circulation is established within the
estuary.
Examples: Severn and Humber in England and the Hooghly in
West Bengal.

1.2 Historical Development of Computational Hydraulics

Because of the complicated nature of the
hyperbolic partial differential equations governing tidal
flows, methods of solution were limited until the
availability of high speed digital computers. Application
of fundamental mathematical methods was inaugurated in

Holland by de Vries Broekman (147) in 1916, who demonstrated

the possibility of constructing the solution of the
differential equations of tidal motion, by means of finite
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difference methods. Papers were published in the German
language by Defant (36 ) in 1920 and Reineke (112) a year
later applying simple finite difference methods to tidal
estuaries and coastal seas. In England simple finite
difference methods were used by Taylor (133) in 1921 and
later by Proudman (109) in 1925 for tidal calculations
in the Bristol Channel. These finite difference methods
were derived from equations representing the continuity of
mass and momentum but written in the form of Bessel functions.
The stability theory of finite differences was discussed
by Courant, Friedrichs and Lewy ( 30) in 1928 but serious use
of these methods to tidal flows was impracticable using the
manual methods of computation available at the time.

Computational hydraulics has been a recognised
branch of hydraulic engineering since the commercial
availability of high speed digital computers, and high
level programming languages such as Fortran and Algol in
the late 1950's. In the previous decade the solution of
tidal problems using finite difference methods became
possible due to the development of the first digital
computers.

The Harvard Mark 1 computer which was built by
IBM from mechanical machine parts and completed in 1944,
was the first fully automatic calculator. The first all-
purpose all-electric digital computer was developed at the
University of Pemnsylvania and built at Aberdeen in 1945.
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It was called ENIAC for (Electronic Numerical Integrator
and Calculator) and was used by the Los Alamos research
team just after the war. However, the first commercially
available computer was built by Remington Rand and completed
in 1952. This first machine was used by the U.S. Buream
of the Census, and was a binary automatic computer called
the UNIVAC 1 . It was on one of these machines at New York
University in 1954 that finite difference methods were
first seriously applied to river flood routing problems.
From about 1957, the smaller IBM 650 computer
was available and this was the first truly mass-produced
electronic computer. By the year 1960 about 30,000 computers
were in use in the U.S.A., 400 - 500 of these being of the
large UNIVAC type. Around 1965 IBM introduced their second
generation electronic digital computer called the 360 series.
Other companies especially in Britain and France, helped
with govermment money also produced similar machines. These
new powerful computers caused an explosion of activity in
computational hydraulics which has been sustained and even
revitalised by the introduction around 1975 of third
generation computers such as the IBM 370 series.

Before the days of the digital computer all
tidal computations were performed by manual methods. Methods
suitable for manual computation were initially of the power-
series and harmonic analysis types but later by the graphical
characteristics method. Considerable practical progress was

mede in 1918 when Lorentz (92 ) advised the Dutch government
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to make a mathematical study to compute the water levels
created after the closing of the Zuiderzee. This calculation
used the new Lorentz linearization of the friction losses
and was carried out under the direction of Thijsse (136)
using a power-series method. This power-series method was
improved upon and used extensively by Dronkers (38 ) in
Holland for all kinds of tidal calculations until the early
1950's.

In 1935 Massé (94 ) published a paper indicating
the characteristic form of the partial differential
equations, and applied the method using linearised equations
to the River Seine. The characteristic solution had however
been published previously by Massau (93 ) in Belgium thirty
five years earlier but his work received no attention for
almost half a century. In the following year the Russian,
Khristionovish (80) produced a paper giving the characteristic
form of the equations and used the linearised equations with
friction to calculate simple wave movements in canals.

It was not until 1946 when Craya (32 ) showed
how the method of characteristics could be applied graphically
that the first accurate solutions for the non-linear partial
differential equations were made possible. In the same year
another Frenchman, R& (111) applied Craya's method to the
River Rhine to calculate wave heights due to a dam break
with special attention given to the bores formed. The next
year Holsters (64 ) adapted llassau's method of characteristics
to make it more practical and called his graphical method
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of characteristics the method of 'influence lines'. This
method was applied to many problems, including flood routing
in rivers, with friction terms representing wind shear stress
and Chezy bed resistance included.

Meanwhile in Holland alternative methods of solving
the partial differential equations were being investigated
in order to overcome the enormous amount of work involved
by the manual methods of computation. In 1947 van Veen (143)
showed after a decade of basic work how an electrical
network analogy could give good solutions to tidal problems.
Also, Schdnfeld (122) developed further the harmonic methods
of tidal computation as alternatives to the iterative power-
series method.

By 1948 the graphical method of characteristics
was well established and the first all electriec digital
computers were becoming available. Mathematicians in the
U.S.A. therefore directed their attention to ways of solving
tidal problems on the computer, using both characteristic
and explicit finite difference methods. Papers by Stoker (128),
Courant, Isaacson and Rees (31 ) and von Neumann and
Richtmeyer (100) from 1948 to 1950 advanced the basic
theoretical knowledge of numerical methods in fluid mechanics.
Schénfeld's (123) doctoral thesis presented to the University
of Delft in July 1951, gave an extensive account of the
four methods of computation available at that time. These
methods were the power-series, harmonic, characteristie,
and explicit finite difference methods all of which had to
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be calculated manually since at that time the digital
computers were too small and expensive for solving tidal
problems on. Schonfeld came to the conclusion that the
graphical method of characteristics was the superior of the
manual methods when definite details of a tidal curve are
required such as in shallow water estuaries. For deep water
computations where the tidal curve is almost a pure sine
wave then the simple harmonic method was found to be best.

In 1953 the Institute of Mathematical Sciences
at New York Universityacquired a UNIVAC 1 digital computer.
In the same year Stoker (129) completed the numerical
procedures for an explicit finite difference computation
and discarded the characteristics method. By the following
year Isaacson, Stoker and Troesch (68 ) were running this
computational method on the UNIVAC computer for a model of
the River Ohio. This numerical study was the first important
application of a digital computer to flood routing problems.
In the same year the first application of an analogue
computer to flood routing problems was reported from Japan
by Ishihara, Hayami and Hayami (69 ) using Hayami's (59 )
theory of flood waves.

In 1954 Lax (81 ) developed an explicit finite
difference scheme that could compute across a hydraulic jump
without going unstable. The method introduced a pseudo-
viscosity generated from the truncation error of the weak
finite difference scheme. This was an improvement on the
viscous term introduced by von Neumann and Richtmyer (100)

but was later modified by Lax (82 ) in 1957 and again by



Lax and Wendroff (83 ) in 1960. In 1957 Richtmyer (113)
published his book which gave a comprehensive analysis of
the stability of difference schemes plus a new tri-diagonal
algorithm, for economical scalar matrix inversion.

A two-dimensional tidal model of the North Sea
using the explicit alternating direction scheme proposed
by Peaceman and Rachford (102) was built in 1956 by Hansen
(57 ). This model utilised for the first time the full
shallow water equations including terms for Coriolis force
and nonlinear bed and wind shear stresses. At the same time
the results from shallow water tidal computations by Dronkers
(39 ) and Schonfeld (124) on the Rijkswaterstaat's computer
indicated that accurate results could now be achieved
without the burden associated with manual methods of
computation. This was confirmed in 1958 by Hensen (61) at
Hannover using the 'initial value' explicit scheme for the
Ems estuary and again in England by Otter and Day (101) in
1960 using Hensen's method for the Thames estuary.

During 1961 Abbott ( 1 ) derived the characteristic
equations for a two-layer stratified flow and applied the
method graphically to an oil slick in Southampton Water.
Later, with the mathematician Torbe ( 2 ) he generalised
the analysis to any number of fluid layers, and in 1966
published his book on the method of characteristics S )
During the early 1960's other researchers such as Preissmann
and Cunge (105), Wendroff (149), Daubert and Marvaud (32)
contributed much to the study of non-continuous flows using
finite difference methods whilst Fromm (44 ) and Dronkers

(20 ) continued the research into coastal flows. In 1961
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Preissmann (106) at Grenoble introduced implicit type
schemes to0 solve linear wave equations, but using the very
uneconomical method of block matrix inversion instead of
Richtmyer's scalar matrix inversion.

In January 1964, Cunge and Wegner (33 ) at
Grenoble and Gary (46 ) at New York published papers showing
how Richtmyer's (113) tri-diagonal algorithm could be used
for solving linear wave equations economically. This new
development opened up completely new possibilities for the
impliecit finite difference schemes which could now compete
on equal terms with the explicit finite difference and
characteristic methods.

By 1967 the new implicit scheme had been generalised
to a pair of simultaneous tri-diagonal algorithms in order
to solve non-linear wave equations. These were incorporated
into working computer programs by Liggett and Woolhiser (88 ),
Abbott and Ionescu ( 5 ) and Leendertse (86 ). However, in
the rush to publish these papers the schemes were only
tested for simple flow conditions without practical
applications. It was not until the following year when Abbott
and Verhoog ( 6 ) applied the method to the River Ijssel in
Holland that the phenomenon of 'pseudo-instability' generated
by the nonlinear friction term was discovered and suppressed.
In the same year the new implicit scheme was tested by
Kamphuis (71 ) on the St. Lawrence River and in 1971 by
Verwey (145) on the River Danube, both obtaining satisfactory
results. Verwey discovered the suprising fact that when

using Courant numbers of order 200, to model a flood wave
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rising at about two metres/day the accuracy was slightly
better than with much smaller Courant numbers. The reason
for this was later explained by Abbott (12 ), in that high
Courant number working propagates fresh boundary conditions
more rapidly into the interior of the calculation thereby
more than compensating for the degradation of the results
due to higher truncation errors. This meant that in this
particular case an unconditionally stable implicit scheme
was 60 times more economical than an equivalent explicit

or characteristic model. Even for tidal models the implicit
scheme is at least three times more economical than other
schemes, but equivalent to them for Tsunami and seiching
wave models. It has been shown how an implicit scheme that
could only be used for linear wave equations, became in
only seven years superior to all other methods of computation
due to the discovery of a new algorithm.

During the last decade, developments in
computational hydraulics have been made through the
application of new algorithmic techniques specifically in
the fields of two-dimensional flows, stratified flows and
coupled dynamic-transport models. An important development
was the translation in 1968 from Russian into French of
Yanenko's (152) work. Yanenko had shown how it is possible
to associate the splitting up of equations with a
'Palsification' of the individual stages of the scheme.

It was therefore possible to build a scheme in which no
stage is individually consistent with its differential
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equation, but only the resultant of such a scheme is so
consistent. This meant that a two-dimensional implicit
finite difference scheme could be solved using the
alternating direction algorithm wherein the equations were
split up such that unknowns appeared alternately in the
x and y directions to be solved with double tri-diagonal
algorithms. The schemes of Leendertse (86 ), Gustafsson (55 ),
Abbott, Damsgaard and Rodenhuis (11 ) and Grubert (52 )
from 1967-1976 fall into this fractional-step category,
whilst the paper by Daubert and Graffe (35) in 1967 makes
an important contribution to the understanding of two-
dimensional flows using the characteristics method.

The first computer solution for a stratified
flow was by Boulot and Daubert (25 ) in 1969 applied to
the River Grand Rhone. In the following year Vreugdenhil
(146) applied the same technique, a Lax-Wendroff explicit
finite difference scheme to the salt-wedge in the Rotterdam
Waterway. The first impliecit two-layer stratified flow model
was built by Grubert and Abbott (51 ) in 1972, using a
generalised algorithm to subsume the nine different
characteristic structures. In 1974 Hydén (65 ) solved the
same problem using the characteristics method as a computer
solution, but this scheme in common with explicit schemes
is economically inferior to implicit schemes. This is because
these methods are bound by the Courent-Friedrichs- Lewy ( 30 )
stability condition which for stratified flows is particularly

severe since the internal and surface wave celerities can
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differ by a factor of ten or more.

A new generalised algorithm is described in this
thesis for the solution of either single layer or two-layer
stratified flows using coupled dynamic-transport equations.
It consists of a fractional-step, implicit finite difference
method in which the mass, momentum and transport-diffusion
equations for the lower layer are each split up into two
halves and used in a four-level scheme to compute the six
dependent variables. This technique uses 2 double penta-
diagonal algorithm plus a tri-diagonal algorithm at each
stage of the computation, similar to that used by Grubert
(53 ) for a well-mixed estuary in 1976. It has the advantage
that because of its fractional-step construction each layer
is calculated alternately and is therefore ideal for salt-
wedge estuaries where the computation must change from a
two-layer to a single layer scheme within the model.

It will be seen from this historical review that
gince the appearance of high speed digital computers,
virtually the whole of computational hydraulics has been
dominated by 'dependenf variable finite difference schemes'
(direct schemes). There has been speculation that in the
future these methods will be superseded by finite element
techniques or perhaps even 'independent variable finite
difference schemes'(inverse schemes).

Weare (148) studied the relative economics of
both direct finite difference schemes and finite element

methods and came to the conclusion that for any enclosed
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body of water finite difference methods are nearly always
cheaper. Abbott and Vium (14 ) on the other hand studied
the relative merits of inverse finite difference schemes

in which the problem is to determine the values of the
independent variable (distance) at which given values of
the dependent variable (salinity) for example occur at
given times. They concluded that although the method is
very accurate and can be applied to all the main areas of
computational hydraulics, the algorithms are generally more
complicated than with direct schemes so that their economic
outlook is dubious.

It is thought that the areas in which either finite
element techniques or inverse difference schemes could
replace direct difference schemes by the end of this decade
are where the latter methods are weakest. These are in the
modelling of two-dimensional transport-diffusion flows (13)
and the propagation of seiching waves in harbours or Tsunamis

waves in coastal regions with complicated boundaries.
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1.3 Thesis Outline

During July 1972 two papers were published by
the writer and Abbott (51,10 ) showing how for the first
time, a two-layer stratified flow could be computed using
a central implicit finite difference scheme. Previous to
this the solution had been made using either a Lax-Wendroff
explicit scheme or the method of characteristics. The
advantage of the implicit scheme over the other two schemes
is that whereas the explicit and characteristic schemes
are conditionally dependent on the value of the wave
celerity for stability, the implicit scheme is unconditionally
stable. This property is especially important for stratified
flows since the surface and internal wave celerities can
differ by a factor of ten or more resulting in uneconomically
high computer costs. This is because in order for the
explicit and characteristic schemes to remain stable at
the surface where the wave celerity is large, they must be
computed using time steps one tenth of those needed for
the interfacial wave computation alone.

In order to avoid these high computer costs all
of the explicit schemes published to date for real estuaries
have either assumed that the water surface is horizontal
along the estuary or have computed the water surface profiles
separately using a homogeneous flow program, thereby
effectively uncoupling the layers in the computation. For
short estuaries or inlets with slight tidal action these
computational methods are good but contribute little to

the advancement of computational hydraulics as a science
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since they evade the problem at hand which is the numerical
solution of a fully coupled two-layer stratified flow.

The original central implicit scheme for computing
two-layer stratified flows utilised equations with two
dependent variables in each layer, namely velocity and depth.
These equations contained all the relevant terms including
those for the transfer of fluid mass across the interface.
The computation of density variations in each layer was
achieved with a separate transport-diffusion central implicit
program inserted between the time steps of the dynamical
program,

Although the above scheme solved the two-layer
stratified flow equations without uncoupling the layers or
making any other assumptions it had the following three
shortcomings. Firstly, because the transport-diffusion
program is only lightly coupled to the dynamical program,
changes in the flow direction in either layer caused non-
linear instabilities to develop which could only be
suppressed by using uneconomically small distance and time
steps. Secondly, in order to compute for all combinations
of suberitical and supercritical flows that can occur, nine
different algorithmic structures (three in each layer)
needed to be built into the dynamical calculation
considerably increasing the complexity of the final program.
Thirdly, because the recurrence relations contain dependent
variables from both layers, computations from a two-layer
fluid across to a single layer fluid, such as would occur
in a salt-wedge estuary are very difficult to make. This is

because non-linear instabilities develop at this intermal
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boundary, and because the central implicit scheme unlike
the Lax-Wendroff scheme has no built-in dissipative
mechanism, numerical instabilities destroy the computation
after several prototype hours of computation. Energy
dissipation can be achieved by using a backward implicit
scheme but this reduces the accuracy from second to first
order and should be avoided. There is unfortunately no
implicit difference scheme to date which like the Lax-
Wendroff explicit scheme has both second order accuracy and
genuine dissipative properties.

The extended central implicit scheme developed
in this thesis for a two-layer stratified flow was first
published by the writer in July 1976 (53 ) for well-mixed
estuarine flows. The extended scheme retains all the
advantages of the original stratified implicit scheme, that
is unconditional stability and second order accuracy, and
excludes the three disadvantages. The first disadvantage
mentioned, that of non-linear instabilities developing in
the transport-diffusion computation is solved by treating
the density as a third dependent variable together with
discharge and water level in each layer. Although this
increases the number of algorithmic structures in each layer
from three to four, the transport-diffusion equation then
becomes fully coupled to the dynamical equations. This
enables a simple generalised algorithm to be used that
changes the algorithmic structure as the flow direction
changes. In this way the computational procedure fully
conforms to the changing characteristic structure and

therefore prevents non-linear instabilities from developing.
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With this instability removed the full benefits of an
unconditionally stable implicit scheme can be realized
resulting in an economically viable computational method.
The second disadvantage, that of having not only nine but
now sixteen different algorithmic structures is solved

by using a 'fractional-steps' method of computation whereby
the three lower layer difference equations are each split
up into two parts and used at different time levels in

the computation. This allows the computation to be made

in one layer at a time, whilst still retaining a fully
coupled system of equations, therefore reducing the number
of different algorithmic structures required from sixteen
to four. The third disadvantage is considerably reduced by
virtue of the 'fractional-steps' scheme, because now that
the computetion is made in one layer at a time, the upper
layer calculation can proceed uninterupted by the salt-
wedge front from the sea to the tidal limit. The lower
layer calculation extends from the sea to the salt-wedge
front thereby avoiding most of the computational problems
associated with a moving boundary on a finite grid.

For the computation of estuarine salt-wedge
flows it is necessary to build into the computer system
conditions at the front of the salt-wedge and equations
for calculating the onset of interfacial mixing and the
amount of fluid exchanged between the layers. From
theoretical considerations it is kmown that two different
frontal types should exist in a salt-wedge estuary; one
called a wave front, which occurs on the flood tides ahd

is characterised by a wall or 'head' of water and the other
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a St.Venant front which should occur on the ebb tides and
is characterised by zero frontal depth. Although the
theoretical analysis of intermal wave fronts is well
documented, there has been no theoretical investigations
into internal St.Venant front conditions except by the
writer. Since there is no field data on salt-wedge fronts
and only experimental data on lock exchange wave fronts,
an experimental programme was carried out using a model
estuary to investigate (a) estuarine front formation and
propagation and (b) interfacial stability and mixing. The
results of these experiments were published in two separate
papers by the writer in June 1980, which can be found in
the back of this thesis.

The experiments on salt-wedge fronts confirmed
that the wave and St.Venant fronts do occur but that their
front conditions are different from those predicted by
theory. This is due largely to the presence of a laminar
sub-layer just upstream of the St.Venant and arrested salt-
wedge fronts and to interfacial turbulent mixing in the
case of the wave fronts, both causing energy losses. It
was deduced that the fronts of all salt-wedges effectively
end at the critical flow section and that critical flow
conditions should be used as boundary data here in
mathematical models.

Interfacial instability has been investigated
experimentally mainly by Keulegan (76 ) and Thorpe (138).
Theoretical investigations are due largely to the efforts
of Jeffreys (70), Taylor (134) and Goldstein (47 ). From

his experimental results Keulegan suggested that a stability
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parameter could be defined for interfacial waves which is
equivalent to that defined by Jeffreys for wind generated
surface waves. This stability parameter is a function of
an interfacial Reynolds number and an interfacial Richardson
number, and experiments in laboratories all suggest that
it is a constant independent of the flow Reynolds number.
However, the theoretical work of Taylor and Goldstein
coupled with Thorpe's experimental results strongly suggested
that Keulegan's stability parameter deserved closer
investigation. It was found experimentally that interfacial
instability occurs when the interfacial Richardson number
is less than unity and therefore the value of Keulegan's
stability parameter cannot be a constant independent of the
flow Reynolds number but must be scaled up to the prototype.
The practical significance of this finding is that the
eritical velocity causing interfacial instability is greater
in the prototype than in the model, resulting in interfacial
mixing taking place only along the seaward half of an
arrested salt-wedge instead of along the whole length.

The amount of interfacial mixing was measured
by Keulegan using dye concentrations and found to have a
straight line relationship with the relative mean velocity
between layers. The experiments described in this thesis
measured the amount of mixing from the lower to the upper
layer of arrested salt-wedges using modified wave monitor
probes calibrated to measure density profiles. The results
agreed well with those found by Keulegan, and in addition
showed that the rate of interfacial mixing was inversely

proportional to the relative demsity of the two fluids.
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Also, since the results showed that intermittent mixing is
initiated on both sides of the interface at the same eritical
velocity, then the amount of fluid transferred across the
interface must be the same in either direction. This
indicates that fluid is being transferred due to turbulent
diffusion mixing although this is probably also associated
with intermittent entrainment mixing in both directions to
a greater or lesser extent. These observations are contrary
to the popularly held belief that interfacial mixing takes
place in an arrested saline wedge only from the lower to
the upper layer, implying the false notion that the lower
layer fluid is laminar.

To investigate the performance of the extended
implicit scheme a computation was first made of the well-
mixed Hooghly estuary in West Bengal. This estuary has a
large tidal range of 5.5m and a considerable seasonal
variation in upland discharge. Calculations were made over
twelve tidal cycles for both extremes of upland discharge
and the results for water level and salinity compared with
prototype measurements. A more rigorous test on the stability
of the scheme was to compute salinity profiles in the
well-mixed Gambia estuary over a period of 224 days with
a one metre tidal range at the sea and a variable inflow
hydrograph at the tidal limit. The computed salinity
profiles were compared with measured prototype values but
unfortunately no measured water level curves were available
for comparison.

The problem of computing salinity profiles
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in well-mixed estuaries has always been done in the past
using analytical solutions to the transport-diffusion
equation. One of the more successful of these methods
developed by Sanmuganathan (119) uses Laplace transformations
together with prototype data for maximum tidal velocities.
The advantage of the extended implicit finite difference
gscheme is that for the first time, level, discharge and
density can be computed simultaneously as well as
economically.

The extended implicit scheme for two-layer
stratified flows was tested on the salt-wedge in the South
Pass of the River Mississippi. With a half metre tidal
range at the sea, tidal excursions for the wedge were
computed together with the variations of depth, discharge
and density in each layer. Previous finite difference
computations for salt-wedge flows have always used
uncoupled equations either by assuming a horizontal water
surface or by computing surface water profiles using a
separate homogeneous flow model. The models by Boulet
and Daubert (25) for the River Grand RhOne and Vreugdenhil
(146) for the Rotterdam Waterway use the first approximation
while Hodgins, Osborn and Quick's (63) model of the River
Fraser used the second. Also, by ignoring interfacial
mixing these models meke no attempt te coempute the
distribution of density in each layer, even though in the
partly-mixed Rotterdam Waterway and River Fraser
considerable quantities of water are exchanged between

the upper and lower layers.
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CHAPTER 2

PARTIAL DIFFERENTTIAL EQUATIONS

2.1 The Continuity Equation for Well-Mixed Flows

This equation expresses the balance of
quantities of water. The following items are involved,
referring to Fig. 2.1 .

(a) Accumulation by the differences in the

transport by the river. PQ is the mass flow rate of water

transmitted per unit time through the cross-section at x .
It must be counted as a supply for the section of the
river between x and x + dx . At x + dx there is a mass

x
flow rate [PQ +"Ax (PQ) dx] . Hence,

o
dx

is the excess of the supply over the mass flow rate, that

(pQ) ax

is the mass of water accumulated per unit time between
Xx and x + dx .

(b) Iateral discharge or supply. There may
be a lateral discharge(supply) out of (into) the river,
for instance when flood plains are flooded. Here we
consider only a discharge distributed along an appreciable
length of the river. Let Q be the lateral discharge per
unit time and per unit length of the river, then if Py is
the density of this water, then

Py 9 dx

is formally a mass of water per unit time, entering the
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river between x and x + dx .
The sum of these items must be equal to:
(¢) The storage by the river. By rising of the

water surface, water is stored in the river between

x and x + dx . This amounts to
b2 (ph) dx
T

per unit time.

Hence we obtain after some reduction:
) 2 -
s;(PQ) +bs;'(Ph)_q-iPi = 0 (2.1)

2.2 The Dynamical Equation for Well-Mixed Flows

This equation expresses the balance of forces
and inertia. The following items are involved:
(a) Gravity. The slope of the water surface is
%h

= o, This results in a force
2x

®h
- g=-pA dx
¥x P
acting upon the water between x and x + dx.

(b) Resistance, wind force, etc. Shearing

stresses work along the perimeter of the cross-section.
Let i be the slope of the water surface sufficient to

compensate for these stresses. Then we may put
-gl pAdx

for the force acting upon the water between x and x + dx,

resulting from these stresses. The slope may be specified
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as follows: The perimeter of the cross-section consists
of (i) bottom and embankments ( the so-called wetted
perimeter), and (ii) the water surface. When the air is
at rest, the stress along the surface is negligible, and
according to Chézy's formula we may put

A° ¢ R
where R is the hydraulic radius and C is Cheézy's
coefficient. When there is a wind, we may add a term for

the stress along the water surface, as follows:

Q |Q
R 5 lzl = kP B I“al b/(PgA)
A CT R

where u is the wind velocity 10m above the water surface
in the positive direction of water flow, [ the air density,

and ka the Rossby coefficient of wind shear stress.

(¢) Ieteral discharge or supply. If a lateral
discharge per unit time and per unit length q; of density

p; enters the river at an angle of ¢ to the streamlines
with a velocity vy then the equivalent force acting on

the water between sections x and x + dx is

v; cosd gy py dx

The sum of these items is the resulting force
which balances:
(d) The inertia. The change of momentum of the

water between x and x + dx is

—" ¥
d(m) = o3 (mu) dx + e (mu) dt
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Sinceu::Q/Aandm:PAdx=Pth then

e > =2
d(ma) = Bx(Pth Q/A) dx + M(PA‘D‘Q”A) dt

Now d(mu)/dt is the rate of change of momentum, hence

the resulting force becomes

D . pQ° 2
[Bx( A ) +S?(PQ)]‘1"
Hence we obtain after some reduction:
2
2 2h
2 (pa) + 221 ) rpaal + P kg oy

-v; cos¢ qy Pi = 0 (2.2)

2.3 The Continuity Equation for the Solute

This equation is a transport-diffusion equation
which completes the system of equations for a well-mixed
estuary, inwhich there are three dependent variables
namely discharge Q, level h and densityp.

Deriving the transport-diffusion equation

macroscopically, we write

2_ ( salt level ) + 2 ( convected salt flux ) +
2t r-$4

2 ( diffused salt flux ) = ( lateral salt inflow ) (2.3)

dx
or -:T(s &) +%(s Q) +§;(q.s A) =q4 8 (2.4)

where s is salinity and ag is the salt passing unit
control areas orthogonal to the flow direction in unit

time due to diffusion. Using the well known relation
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e T X B
ag i < (2.5)

where D' is a diffusion coefficient which is always

positive, we obtain

> > -2 (Dp'A22) = q. s :
-—%-(sA) +s-;(s Q) g% (DA.&) Q; Sy (2.6)
Neglecting products of derivatives and treating D' as
a constant
—-+-§3L 32 v 2 (A 429 - L o (2.7)
dt Bx 9t dx R .
gince s = (p-—pw)/ps then
( )

?LE-+ D;§5%3+ F, Pw ( +.;§:) -
a3 (Pi-PW)/A = 0 (2.8)
but from Eq.(2.1)
BE L ATLTL] 2 bh 4 Pi
4 +21 - - 23 TS S (2.9)
from Eqs.(2.8) and (2.9)

2 a
EP_,,%‘%%_ D%%.+ 2 (p-py) =0 (2.10)

where D = pD'/pw

2.4 Eguations for Two-ILayer Stratified Ilows

For a two-layer flow shown in Fig.2.2 the
subscript 1 refers to the upper layer and the subscript 2
to the lower layer, also for stability P < Po - A mass

flux Qs leaves the upper layer to enter the lower layer
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and a mass flux q, leaves the lower layer to enter the
upper layer. The interfacial shear stresses are accounted
for by momentum fluxes between the layers and a quasi-
laminar shear stress T as indicated in Section 6.4 .

The Continuity Equation for the Lower Layer

Referring to Section 2.1 the mass of water
accumilated per unit time between x and x + dx in the

lower layer is

The mass of water entering the lower layer per

unit time, between sections x and x + dx is

by(Pyay = Palp) Ox
These two quantities cause the interfacial

surface to rise per unit time, storing the mass of water

b, %(92 h,) dx

Hence we obtain after some reduction.
R ..
2 (py2,) + By 2o(pohy) - Ba(p1ay - padp) = © (2.11)

The Continuity Equation for the Upper lLayer

The mass of water accumulated per unit time

between x and x + dx in the upper layer is
K-
= s‘;(ﬁ Q) ax

The mass of water entering the upper layer per

unit time, between sections x and x + dX is

by(poay = Pyay) dx + pyq; 4x
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These two quantities can cause both the free
surface to rise and the interface to fall per unit time,

storing the mass
2 2
Hence, we obtain after some reduction:
> k)
L b1%§(P1h1) = By gr(piho) -

by(Poap = P19y) — 4pPs = O (2.12)

The Dynamical Equation for the lower Layer

Referring to Section 2.2 the force acting on the
water in the lower layer due to gravity between sections
x and x + dx consists of two components. Firstly the

::EZ , results in the force
x

dh
- e3% P Ay &x

acting upon the lower layer between x and x + dx .

slope of the interface -

Secondly the variation in the thickness of the upper layer

-%?_(h1 - h2) dx, results in a force on the lower layer of
X

2
eSOy =) py Ay
The shearing force due to friction along the solid

perimeter of the lower layer, plus the shear forces at

the interface due to mixing and quasi-laminar friction are
P28 % ||
°.
0835

where T =+ f (uy=u, ) |(u2-u1)|p1’2

dx  + by( Pjaguy - Prdyuy) dx - Thydx

The sum of these items is the resultant force on
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the lower layer which balances the rate of change of

momentum which from Section 2.2 is given by

k) 2 >
[B_x( Py %/hy) + 5-(py Q) ] dax

Hence we obtain after some reduction:

®h
2 (p,0,) + (PSB/A,) + pag(1-£)A_2.Ea A
ngqz %]
; PR, - By (P194%y = Polio®p) & by = 9 (2.13)

where € = P1/P2

The Dynamical Equation for the Upper Layer

: The force acting on the water in the upper layer
due to gravity is due to the slope of the water surface
- 3h1 , and equals

¥x
'bh
e B
Shearing forces due to friction along the side
walls of the upper layer, wind forces at the surface and

at the interface due to mixing and laminar friction are

N 1 L B ot |
2
e
+'rb dx
The force acting on the water between sections

+ kPt [ug| by dx + by(paaou, ~ pyayy) dx

x and x + dx due to a lateral discharge q; is
v, cos$ q; p; dx

The sum of these items is the resultant force
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on the upper layer which has to balance the following

rate of change of momentum.

R 2 >
Hence, after some reduction

o % i }, PEY [yl

- V40089 q;p;
- g Pa¥alual Py~ By(Paasus-p1ay%y )~ TR, = O (2.12)

The Continuity Equations for the Solute

It follows directly from Eg.(2.10) that the

continuity equation for the solute in the lower layer

mst be f
? 'BPQ 2 Po b, 4
Sool M et TR o gl (2200

and for the upper layer

.Bp BP 32p bg‘la q.
T - AR TNELYC

2.5 Eguetions for Well-lMixed Flows in Two Dimensions

Some estuarine environments unlike the lower
reaches of rivers and fjords do not have a dominant one
dimensional flow system. In such cases a two dimensional
grid needs to be employed, the equation system for the
one dimensional case being extended to the two dimensional

gituation.
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The following equations for two dimensional well-

mixed flows omit all tidal generating forces, inflow
terms, and pressure variations. They do however contain
terms representing the Coriolis force. The dependent
variables used are those of water depth H, density p, and
velocities u and v in the x and y directions respectively.
An elemental volume in a two dimensional flow is shown in
Fig. 2.3 »

The Continuity Equation in Two Dimensions

The mass of water accumulated per unit time between
gections x and x + dx of the elemental volume shown in
Fig. 2.3 is

2
- i;;'( pul) dxdy

The mass of water accumulated per unit time between
sections y and y + dy is

e ]
dy

(pvH)dy dx
The sum of these items must be equal to the mass
of water stored within the element due to the surface
rising. This amounts to
?
sl PE) &xdy
per unit time.

Hence after some reduction

R 2 2 -
2-(pH) + 2=(pul) + S(pvE = 0 (2.17)
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The amical BEquation in th direction

The force acting on the water due to gravity in
the x direction is due to the slope of the water surface

°H

in the x direction which is - <T— + Ix 2 where Ix is the

dx
bed slope in the x direction. This results in a force

(-3L+1 )pegnayax

There are also forces due to the friction on the
bed, the wind shear force at the surface, and the Coriolis

force. In the x direction these are

2, 2\
[_ Q&L(%zi‘f_l + kapaua(“a'wa)% + pBHv] dx dy

where 0 = 2wsinyg
and w = angular velocity of the earth
¢ = north latitude

The sum of these items is the resultant force
which balances the rate of change of momentum in the
x direction.

The momentum change between sections x and x + dx

in the x direction is
. M -3 5%
d(m) = e (mxu) dx + o (%u) dy + g2 (ma) dt

where m = pHdxdy ; m = pquydt 3 I% = pvHdxdt

d (mma) =[-%(Pu2H) +—:?(puvH) + %(puﬂ) ] dx dy dt

Since the resultent force = d(mu)/dt, we obtain

after some reduction

66



—(pu.H) G = 2‘ (pqu) + —-;(puvH) + ng)H pgHI
~lr
3 pgu(u + v2) aPaua(ua"' vz)% pOHVY = 0 (2.18)

a2

The Dynamical Equation in the y direction

This follows directly from Eq.(2.18) by
turning the horizontal co-ordinate axis through 90°,

-l(va) + %(pvzﬂ) + %(pw}l) + ng%% - ngIy
2y
o omr(uc; Y)* _xpv, (w2 4 v - poEu = 0 (2.19)

The Conservation Equation for the Solute

Deriving the transport-diffusion equation

macroscopically, we write

-;}_E-(salt level) + -,-}x-(convected salt flux in x direction)

+ gy—(convected salt flux in y direction) + -;—(diffused
%

salt flux in x divection) +-%—(dif:ﬁ‘used st Tinx 40

y direction) = O (2.20)

P o 2 2
or —}— (sH) + o (suH) + e (svH) + oo (q . H)

% i (2.21)

where qg. and q-ay are the quantities of salt passing unit
control areas orthogonal to the flow direction in unit

time due to diffusion in the x and y directions respectively.
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Vs ds

i - 1 a = i Y
Since q . e JEE, A % and q., = v By
where D& and LD:; are the diffusion coefficients in the

x and y directions respectively, we obtain

_}i..... k- 2 w3 1
> (sH) + _Ex (suH) + 35 = (sVH) —(D g8 )
1 3 Ta4
- -i-y_(DyH e ) = 0 (2.22)

Neglecting products of derivatives and treating D/

and D! as constants

y
W, .3, 2 e . %
St -1-1:1,ax +vay Dx-—sz DY':;;?
+ ® ['g—i + -::—(UH) +-3—(vH)] (2.23)

since s = (p - p,)/p, then

> > > s o
[s%+u‘s% +V'S%-Dx_)_fz-nys—% ]

y

+ (p ; P’ [gf :x (uH) + %;(VH)] - 0 (2.24)
from Eq.(2.17)

U, -% (ui) +-%y-(vH) " % 3+ ulf+ v:g-%) (2.25)
from Egs.(2.24) and (2.25)

-sg—+u?-9-+v—fl ‘Dx%i% -Dy%% =50 (2.26)

where D_ = D! p /Pw and D I)' P /Pw



CHAPTER 3

INTRODUCTION TO COMPUTATIONAL HYDRAULICS

3.1 Equation Types and Solution Procedures

The calculation of flow variables (W) such as
depth, discharge, density or pressure involves the solution
of partial differential equations. These equations are
grouped into three types called elliptic, parabolic and
hyperbolic.

Elliptic are those equations of the Laplacian type:

2 2
_—:x"g s :;:;.}—2“ = 0 (301)

that describe a system which is in equilibrium. Such an
equation describes the steady ( constant state ) flow of
ground-water, hence the absence of any time derivative.

Parabolic equations are those of the 'heat flow'

type:

}_\]_J_ - obﬂ 0

3.2)
2t >x° (

and describe a system which is in transition from one
equilibrium state to another, due to molecular movement
or turbulence. This type of equation describes the drawdown

process in ground-water flow, the diffusion of density
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gradients in an estuary and the degradation of beach
deposits.

Hyperbolic equations are of the form:

2 2 W 5

IR T U

3 (3.3)
X

and describe a system in which a propagation of state takes
place. These equations describe the propagation of long
water waves in rivers and coastal seas and also water

hammer waves in pipes.

Characteristics

If the independent variable 't' in Egs.(3.2)
and (3.3) be represented by the symbol 'y', then Egs.(3.1,
3.2 and 3.3) can be combined into the generalised partial

differential equation of second order:

2V W W
ASw + B =— 4+ €6 — =1D (3.4)
¥y ¥3x dy dx
where A,B,C and D are functions of x,y,¥, 2V and W a
bx By
Since Eq.(3.4) has dependent variables 2V gng W 5
dx dy
and independent variables x and y, its equations of
variation are:
> 2V D (W W
2 (W) gy + 2(2)g = a(F (3.5)
k. S dy y dx
B (e (38 L oo
¥x ¥y dy oy W by) (5.6)
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Egs. (3.4, 3.5 and 3.6) can be arranged in matrix form as:-

[ ¢ B 5t o it 5]
bgz
dx dy 0 S = a(2L) (3.7)
dx ¥y x
2
0 ax  ay 2y a(2L)
L ul - \dy - L by -

The derivatives of the equation system (3.7) become
indeterminate when the determinant of the left hand side

coefficient matrix equals zero.

C B A
dx dy 0 = 0
0 dx dy
or Cdy? -Bdxdy +Adx°=0 (3.8)
A(%)Z-B%-rC:O
-g-;- = [B + (B - MC)*] /(24) (3.9)
Elliptic Equations
From Eq.(3.1), A=C=1and B=D=0,
therefore from Eq.(3.9) :-
%-:t -)F=t1 (3.10)
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Eq.(3.10) indicates that the two roots of the elliptic
equation are both imaginary, therefore elliptic equations
have no real characteristics or propagation paths.
Information concerning discontinuities in the derivatives
at the boundaries cannot propagate into the system since
there are no paths for this to take place along. The
solution surface is known instantaneously and is completely
defined by the boundary values. Within the system the
solution surface is analytic and every part of the solution
surface depends on every other part.

Parabolic Equations
FromEq_.(B.2),A=B=0,C=—0‘ andD:—.‘g}.g.’

dy
therefore since (B2 - AAC)% = 0, then
%.: % (3.11)

and the two roots are real and infinite. Since the two
roots are equal there is effectively only one root and

this is real. Parabolic equations therefore have in general
one real charscteristic along which discontinuities in
derivatives can propagate. If the equations are similar

to the heat flow equation in which the characteristics are
infinite, then there are no true propagation paths and
like elliptic equations the solution surface is analytic.
Hyperbolic Equations

From Eq.(3.3), A=1, B=D=0 and C = - ¢,
hence
+ e (3.12)

ax  _
dy
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The two roots of hyperbolic equations are real and
different therefore these equations have two real
characteristics or propagation paths. Thus, every point

on the solution surface is traversed by two characteristics
both carrying information concerning the discontinuities

of derivatives at boundaries. Hence, derivatives are not
always defined within the system and therefore the solution
surface is not analytic.

It has been shown that the three different types
of partial differential equations are recognised by the
characteristics associated with them. For an elliptic
equation there are no real characteristics and therefore
the solution can be obtained analytically. Parabolic
equations have effectively only one real root and a solution
can generally be obtained analytically. For hyperbolic
equations however, which have two different real roots, it
is not possible to obtain a solution analytically and
non-analytical techniques such as finite difference, finite
element or the method of characteristics must be used.

The equations used for the computation of water
levels and discharges in rivers, estuaries and coastal waters
are known as shallow water equations. These equations have
two different real roots and are therefore hyperbolic
equations. The equation used to compute density changes
along an estuary is known as a transport-diffusion equation.
This is a mixed equation of the parabolic type which has
in general a non-analytical solution. All the equations

used for estuarine flow computations are non-analytical
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and because of their complicated nature a solution must
be used which is readily programmable on a digital computer.

There are only three general methods of solution
which are used today in computational hydraulics, namely
characteristic, finite difference and finite element methods.
Other methods of flood routing, such as the Muskingum method,
which do not use the basic partial differential equations
of unsteady flow will not be considered in this thesis.

The characteristic method can be applied on
the computer in a similar way to the manual graphical method.
When this is done a plotter-routine is required to draw
the characteristic lines, otherwise a fixed-grid method
can be used which has the appearance of a finite difference
technique. Since the characteristic method uses a purely
mathematical solution of the differential equations, it
can be very accurate and is often used as a control solution
for other more economical methods.

Finite difference methods by their very nature

are more suitable for solving on a digital computer than
the characteristics method. There are two broad methods of
solution namely, explicit and implicit techniques. The
explicit solution progresses from one boundary to the other,
grid point by grid point using known values to make a
calculation. The implicit solution utilises recurrence
relationships between the unknown variables at the time
level under calculation, in order to sweep into the
calculation known boundary values at both ends of the model.
Since the accuracy and stability of all finite difference
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methods depends on how the finite differences are weighted
between forward and backward time levels, it is meaningless
to make comparisons between these two groups without
studying individual schemes. Also, the accuracy of the
characteristics method depends on the manner in which the
characteristics are interpolated between grid points.
Since there are many ways of obtaining a characteristics
solution on the computer, the accuracy of this method depends
entirely on the technique used.

Finite element methods have been rarely used
for estuarine or river models and are only in a very early
stage of development. From the information published to
date on finite element techniques (45 ) their future appears
to lie especially with two-dimensional deep water models
having complicated boundaries. The reason for this is that
with the finite difference method the approximation of the
differential equations is relatively straight forward,
although treatment of the boundary conditions is not so
simple. The opposite is true with the finite element method,
which is therefore well suited to approximate irregular
boundaries but which produces difficulties in the approx -
imation of the differential equations.

The method of solution chosen to solve the
differential equations depends entirely on the individual.
Usually a novice to computational hydraulics begins with
the characteristics method, since this is a technique which
can be learnt graphically before being applied on a computer.
The learner will then advance after studying some stability
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theory to finite difference methods, beginning with explicit
schemes since these are the easier to programme. After
mastering the explicit methods, convertion may be made to
the more complicated implicit methods, thereby discovering
that not only can they do everything that the characteristic
and explicit methods can, but do it more economically. A
hydraulic engineer with several years of programming
experience may be involved in the development of very large
programs suitable for commercial use. At this level of
application implicit schemes must be used out of necessity
rather than choice since with computer time measured in hours

rather than minutes only economical schemes are viable.

3.2 Characteristic Solution for the Wave Equations

If the density is constant then the equations
for homogeneous flows in one-dimension can be written

from Egs.(2.1) and (2.2) as:

dh
> Qy ( )

2
2Q '_b_(_ﬁ_}_) +gAEl_ + _ﬁ.gljl

ot dx A ¥x CA R
- k_p, u, u| b/p - vy cos¢ q; = O (3.14)
Since .é&.. =D B..._]:‘.".. and _}i =D ( b_h + I )
ot 2t dx dx

where I is the bed slope, then Egs.(3.13) and (3.14) can

be rewritten in terms of dependent variables Q and A as:
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2.+ 2= - g4 = O (3.15)

2Q 2Q 2 £ A M g Qlql
——-+2u-———(u——gF)—-gAI+
>t ¥x 3x c%A R

-k p, v, lu|b/p -v,cospq; = O (3.16)

let e:(uz--gé)and

f=( - gAI + Ci‘;' _ka Py Uy ]ua|b = Vg cos ¢ qi)

then Eq.(3.16) becomes

99 4 240N LSt o P.s O (3.47)

Egs.(3.15) and (3.17) plus the two equations of variation:

2Q 3Q

BN gy ¥ 2% at = 40 (3.18)
¥x 2t
St o BAu e Wik (3.19)
X 2t

can be written in the following matrix as:

r— 1 - — -
1 0 0 1 B—Qj q.
DX 4
21 gL s 0 %‘- _f
t
o - (3.20)
ax dt 0 0 —— dQ
¥dx
0 0 B ik 34 dA
E i | 9t | o J7
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If this matrix is rearranged and x is written for -%%-,

Q for é%% and A for {%% , it may be expressed as:

e 1 -1 -P—Q-q
¥X

2u 1 -e 0 2Q -f
L (3.21)
EQL
¥x
3A
3 L 9t J I 2

O

¥ 1 0 0

b-

R Mo L
i

The condition that the 4x4 determinant of this matrix be

zero defines the characteristics directly.

= 0 (3.22)

b
-
o
o

After simplifying and excluding rows and columns containing
a single unity.

(2u-x) -e 0 = 0 (3.23)
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giving

x=ut (v

hence since e =

e
]

-e + x(2u - x) =0

L)t

(uz-%)

gAyE
b

=

(3.24)

(3.25)

It is clear that Eq.(3.25) has two different real roots

giving two real characteristics or propagation paths.

Thus, equations that describe the propagation of long

water waves are of hyperbolic type.

The wave characteristics just derived, define

the paths along which energy is propagated. If this energy

igs conserved along these propagation paths then certain

functions should remain constant along these paths. These

functions are called Riemann Invariants and may be obtained

by taking any 4x4 determinant of the equation system (3.20)

except the one used to find the characteristics, and setting

it to zero. Hence:

0 -q4
f
-Q
0 -A

(3.26)

Simplifying and excluding rows and columns containing a

single unity gives.
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(2u-x) (£+Q) ol =0 (3.27)
0 -A 1
-(2u - x)A + (£+Q) + g4(2u~-x)=0 (3.28)

~[ou-uw ¥ an + ag= gk - 2wat - 2 at

but dQ = d(Au) = Adu + udA hence

a
du t (_Et-))‘lr dA = —2(x - 2u) at - L at (3.29)

Integrating Eq.(3.29) between states 1 at time t, and
state 2 at time t2 gives.

2
[u x 2(55&)*]1 = {gI - —Egu—lg- + k, p, u,lu,|o/(pA)

C™ R

& ﬂ [_ u '_t (_%A)% + vi coa¢]}(t2 - t1) (3.30)

A
Eq.(3.30) together with Eq.(3.25) can be used
to calculate a solution for the equation system represented
by Egqs.(3.13) and (3.14). Since the direction of the
characteristics defines the number of data points required
at boundaries, it can be seen from Eq.(3.25) that for

suberitical flows there will be one positive and one
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negative characteristic. This means that initially two-
point data (A and Q) are required whilst one-point data,
which can be either A or Q or a relationship between them
such as a weir equation must be used at each boundary.

If the celerity (.Ebi)'} in Egs.(3.25) and (3.30)
is represented by the symbol 'c', and the term on the
right of Eq.(3.30) by 'G' , then the equations required to

find the four unknowns u, ¢, X and t are.

J'ci = uec (3.31)
u, + 2c, = U + 2c, + G4 (3.32)
+t
\ 4,3 |
2 i 5,1
4,2
- 4,1
[ P 9 e
1’2 + -
4,0
22 {
A &
0,0 150 2,0 3,0
’ 122 ’.— ’ +x ]

FIG. 3.1 PHYSICAL CHARACTERISTICS
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Using Egs.(3.31) and (3.32) alternately an
iterative solution is advanced in time as shown in Fig.3.1.
Consider a typical point within the computation such as
(2,2), then by using a three point calculation the unknowns
at point (2,2) can be found as follows. Let the velocity
at point (2,2) be denoted by u,,, the time by t,,, distance
by X55 and celerity by c,,. If the characteristics are
assumed to vary linearly between intersecting points then

from Eq.(3.31)

(Xpp = Xqq) = (355 = Byq)(0gq + 04y + Uy, + Cp5)/2 (3.33)
(k55 = Xp9) = (55 = t5q)(uyy = e + Uy, = 0,5)/2 (3.32)
giving

¥y = [2("21 = Xqq) + B0y +ogq + Uy +ocyy)

= tpy(uyy = Cpy + Uy, = €5) ]/

(wyq + €qq + Cpq + 20,55 = Uyy) (3.35)

The values of x, t, u and ¢ are known at points (1,1)

and (2,1) from the previous calculations, but not at point
(2,2). As an initial estimate of t,,, the slopes of the
positive and negative characteristics at point (2,2) are
set equal to those at points (1,1) and (2,1) respectively,

giving.

82



top = [ ®aq = Xyq + (agq + 0qq)tyq = (W - cp1)tp |

£ (uyg # 0yq = By i+ 85 (3.36)

Approximate values of G can now be calculated for the
positive and negative characteristics using u and ¢ values
at points (1,1) and (2,1) respectively. Eq.(3.32) is then

used to calculate values for u and ¢ at point (2,2),giving.

Uy, + 2055 = Wyq + 2044 + Gy (3.37)
Usy = 2055 = Upy = 265 + G _ (3.38)
hence
Uyp = (Ugq + Upy + 2099 = 2051 + G, + G)/2 (3.39)
0pp = (Wyq = Upy + 209y + 205 + G, - )4 (3.40)

Using these values for u and c at point (2,2), Egq.(3.35)
is applied to calculate an improved value for t22 . This
new time is used together with the average values of

u and ¢ along the positive and negative characteristics in
order to calculate improved values for G and G_ .
Equations (3.34) and (3.35) are applied again to obtain
improved values of u and ¢ at point (2,2) and the whole
process repeated until the values of u, c¢c and t at point
(2,2) converge to within acceptable limits. The position
of point (2,2) is now calculated from Egs.(3.33) and (3.34)
to give.
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% 1
Xy, = (xqq + X5q)/2 + [*22 (wyq + eqq + 2055 + Uyy = Cpy)
= tyq(gq + cqq + Uy + Cpp)

= Bppitpyen gy $¥eo - e22) | (3.41)

At a boundary point such as (1,2) either u or c
mist be given or a relationship between them. Let it be
assumed that u,, is given, then the procedure to find

t,, and c,, is as follows. From Eq.(3.31)

12

(x4 = Xqq) = (g = $19)(Byy = 0gq + 5 = 045)/2  (3.42)
giving
typ = Byq * 2(xpp = X))/ (@yq = oqq * Yy = ) (3.43)

Since ¢q, is not known, assume that (u11-o11) = (u12—c12)

giving

tp = Byg + (xgp = X))/ (g = eqy) (3.24)

The value of G _ is calculated using t;, and the average
value of u along the negative characteristic plus the c
value at point (1,1); then from Eq. (3.32)

hence
Cyp = (u12 - uyq + 2044 = G_)/2 (3.46)

Eq.(3.43) is then used to calculate an improved value for
t12, and G_ recalculated using this new time plus an

average value for c along the negative characteristic.
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Eq.(3.46) is again used to calculate an improved value
for Cyo and the process repeated until t12 and ¢y, converge
to within acceptable limits.

A similar boundary procedure is required for
points (4,0), (5,0) etc., plus a plotter routine to draw
the characteristic curves shown in Fig.3.1 . Although a
characteristic method requiring a plotter routine is
generally inconvenient , it can be very useful when
discontinuities in the flow are likely to develop, since
then a visual record of the formation of the discontinuity
is available.

The method of characteristics just outlined
would be called a three-point variable mesh method, but
many other techniques exist both variable mesh ( 9,16,88)
end fixed mesh ( 17, 127 ). It follows from the procedure
just described that any correctly formulated method of
characteristics, whether variable or fixed mesh must have
an iterative solution. Only in this way can average values
for the characteristic slopes and G values between two
grid points be utilised. There are however much simpler
techniques called direct methods which use characteristic
slopes and G values calculated from known backward grid
points only. These direct methods have been shown by
Sivaloganathan (127) to be of comparable accuracy to the
more correctly posed iterative solutions and therefore

should be used whenever possible.
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3.3 Explicit Solutions for the Wave Equations

The partial differential equations describing
shallow water flows, can be solved using finite differences.
This is achieved by using one term of the Taylor series
expansion of the derivatives of the differential equation,
thereby introducing a truncation error. Normally a
rectangular grid of equal distance and time steps is used
and in explicit methods the unknown value is expressed
directly in terms of known values. There are two kinds of
explicit finite difference schemes, referred to as forward
and central types.

Lax Scheme: The forward type is schematized in Fig.3.2
where unknown values at the (n+1) At time level are
calculated explicitly from known values at the n At time
level. This particular scheme is called the 'Lax scheme'
(82 ) and can be shown (see Section 3.7) to have only first
order accuracy with a truncation error of O( Ax2, At ). It
has the advantage that it is amplitude dissipative and can
be used for modelling flows with hydraulic jumps. However,
since the dissipation is indiscriminate one can never be
sure of the accuracy of the results, therefore such schemes
must be used with caution. For the wave equations (3.15)
and 3.17) the following linearly stable difference scheme
is used.

From Eq.(3.15)

s 172 0, an i O [ n+l . n n ] T

(3.47)
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From Eq.(3.17)

n
-~ L [ - (o + /2]« 0ol - ql

e ;j_x ( AJ+1 0 Ajl-:-l1) = -f? (3.48)

Since two-point boundary data is required, and only one-
point data is allowed by characteristics theory for sub-
eritical flows, the scheme is physically unrealistic and
can become nonlinearly unstable. If however, the scheme
is simplified so that ( A3§1 + Aj§1)/2 becomes A? in
Eq.(3.47) and ( Qg3 + Q21)/2 becomes q? in Eq.(3.48)
then the scheme is unconditionally unstable and should not
be used.

From Eqs.(3.47) and (3.48) we obtain

n+1 n At n n n
AJ =(AJ+1 +Aj_1)/2 e E’A_; (Qj+1 _Qj—1)+q’ij At
(3.49)
n
g o % e; At N
@ = O + Q)2 ¢ Hom (A = Agy)
_“aﬁ n
i ( QJ_H - Q) - f‘j‘m (3.50)

By using Egs.(3.49) and (3.50) a solution can be obtained
explicitly on the staggered grid of Fig. 3.2 at the new
time level (n+1) At. Since both dependent variables are
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required at every grid point, average values can be assigned
at the intermediate points. The second boundary value at
point ( j=1, n+2) can be calculated iteratively from point
( j, n+1) using the backward characteristic solution given
by Eq.(3.32).

Leap-Frog Scheme: The central type explicit scheme shown
schematized in Fig. 3.3 is known as the 'leap-frog scheme'.
It has second order accuracy with a truncation error of

0( sz, Atz), but as with the Lax scheme, since it requires
two-point boundary data it can become nonlinearly unstable.
For the wave equations (3.15) and (3.17) the following
linearly stable difference scheme is used.

From Eq.(3.15)

1 n n 1 nEl o am=tas o
From Eq.(3.17)
; : gyl By
+ - n n
;Et'( Q:nj o an ) s Ax ( QJ+1 e Qj_tl)
Lol £n
n TN
From Egqs.(3.51) and (3.52) we obtain
n+l _ -1 _ _At N n
A;j = Aj —-—Ax( Qj+1 Qj-1) + 2 9 5 At (3.53)
Qtl o Qn-1 L 2unj at ( .2, - Q1)
4w Ry £ B B
e At
e IR R
et LR = B ) =2 8 (3.54)
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It can be seen from the above equations that the leap-frog
method assumes that two rows of points are known and the
solution is then projected to the third row. By using
Eqs.(3.53) and (3.54) a solution can be obtained explicitly
on the staggered grid shown in Fig. 3.3 . Like the Lax

scheme both dependent variables are obtained at every grid
point by averaging and the second boundary value by iteration

from the characteristic solution.

Two-Step Lax-Wendroff Scheme

The accuracy of the Lax scheme can be improved by
interposing leap-frog operators as schematized in Fig. 3.4
to become of second order with a truncation error of OLsz,Ata).
This scheme is known as the 'two-step Lax-Wendroff scheme'
(83,114 ) and has similar dissipative properties as the
Lex scheme so that it can be used with caution for modelling
flows with hydraulic jumps. Abbott, Marshall and Ohno (7)
studied the dissipative properties of both the Lax and
Lax-Wendroff schemes and came to the conclusion that the
more accurate Lax-Wendroff scheme was not entirely superior
to the simpler Lax scheme. From the point of view of
dissipation since the Lax-Wendroff scheme dissipates more of
the short waves than the Lax scheme then in this respect it
is the better scheme. However, it was found that for
stationary hydraulic jumps, the Lax-Wendroff scheme unlike
the Lax scheme had the serious defect of becoming unstable.
Boundary conditions are the same as for the leap-frog and
Lax schemes and since they are physically unrealistic

nonlinear instabilities can develop.
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3.4 Implicit Solutions for the Wave Equations

There are two kinds of implicit scheme, the
backward implicit and the central implicit. For implicit
schemes the finite difference structure is different from
that of the explicit schemes. The value of the dependent
variables to be obtained are calculated from known backward
values plus unknown values at the same time level as the
solution. Because of this the equations cannot be solved
directly but must be solved simultaneously, using either
iteration, block matrix inversion or Richtmyer's (113)
algorithm for scalar matrix inversion. Since iterative
techniques are expensive and block matrix inversion very
expensive only Richtmyer's algorithm will be considered.
For the full shallow water momentum equation (3.17) only
a central implicit scheme can be constructed but if the
small non-linear term u 2Q in Eq.(3.17) is neglected then

dx
a backward implicit scheme can be used.

Backward Implicit Scheme: This scheme is schematized in

Fig.3.5 where unknown values at time level (n+1) At are
calculated simultaneously from known values at time level
n At and known boundary values at time level (n+1) At.

This scheme can be shown to have only first order accuracy
with a truncation error of O( sz, At ). For the wave
equations (3.15) and (3.17) with u_%%% set to zero the
following linearly unconditionally stable difference scheme

is used.
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From Eq.(3.15)

i +1 s s BT AR T
2Ax (@5 - G2 i 3 =%

From Eq.(3.17)

eJ:1+-§-
o Mo et

Egs.(3.55) and (3.56) can be written as
1 n+1 1 n+1 1 +1
—_| Q. # | =] K o, et L A
[2Ax] J+1 [At] J [ EAx] -1
[.n_ +q n+*]
At

en—i--} : 1 en+«i- - 1
II n+ n+ II n+
T 2Ax K41 +[ ] % +[2Ax ] A=

- [.in. o fn+%-
At J

Eqs.(3.57) and (3.58) can be written as

n+1 " 5 el
Qﬂ:jl+1 + I;j Aj + K;] oy I’j
* _n+i * n+1 a+f _ ¥
Gj Aj+1 + IJ qﬂ + K, Ay o= 13

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

Eqs. (3.59) and (3.60) can be solved directly using an
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iterative solution, but this is uneconomical and it is
better to use an algorithm similar to that first used
by Richtmyer.

Introducing auxiliary variables a, B, a 5 P
defined for subcritical flows only by

Q?t} = a4 A?+1 + By (3.61)
A?:} = a; Qg+1 + B; (3.62)

Then substituting Eq.(3.61) into Eq.(3.59) and Eq.(3.62)
into Eq.(3.60) gives respectively

-G (L, - K, Bs)
1 1

i e R e R e

o i Eve

* * * *
SRR s COKFCL i T 1.1 6
j - J+1 + (3- J-)

(Ij + KJ uj) (I;i + K, aj)

Comparing Bq.(3.63) with Eq.(3.62) and Eq.(3.64) with

Eq.(3.61) gives the recurrence relations

-6 P (L, = X; B;)
YRR e P Py = il (3.65)
e gl T (I; + Ky ay)
e (I - X B
uj+1 = '—1—%?- H pj+1 = 7 X * (3-66)
(I; + Ky a;) (I; + Ky-ay)
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The calculation is started at the left hand side
of the grid shown in Fig.3.6, by setting the known
boundary value & at j=0, to the auxiliary variable P

at j=1 . Hence

= ¢t (3.67)

a
—
]

o

n =
—

Qn+1 A;1+1 Qn&I An+1 Qn.+1 A;1+1

O 0 O o—0

o 1 2 3 ji-1 33
a=0 a* a a* a
p=g3’! B B p* B

FIG. 3.6 IMPLICIT COMPUTATION GRID

The recurrence coefficients a" and ﬂ* at j=2 are calculated
from Eq.(3.65), then a and P at j=3 from Eq.(3.66).
Eqse(3.65) and (3.66) are used alternately until the right
hand side of the grid is reached. Using the known boundary
value A1 at =33, Q?511 is calculated from Eq.(3.61),

then A§;12 from Eq.(3.62). Egs.(3.61) and (3.62) are used
alternately until all the dependent variables at time level
(n+1) At have been computed. Since the equation coefficients
should be centred at the (n+}) At time level, two complete

computations are required,the first using values for the
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equation coefficients calculated from the nAt time level.
The newly found dependent variables are now assigned teo
the n At time level and the process repeated in order to

advance the solution in time.

Central Implicit Scheme: This scheme is schematized in

Fig.3.7 and because of its central weighting has a second
order truncation error of O( ﬁxz, Atz). However, because
this scheme develops a pseudo-instability, first noticed
by Verhoog ( 6 ), if the friction term is centred between
forward and backward time levels, this must be put together
with other 'explicit' terms in the 'implicit' part of the
tri-diagonal algorithm. When this is done the truncation
error remains 0( Ax%, A¥®) but the scheme then becomes
unconditionally stable.
From Eq.(3.15)
== (@ - Gl G - Q) ¢ -t - A

qin;’} (3.68)

Substituting Eq.(3.15) into Eq.(3.17) to remove %Qx- we
obtain

2Q + 2u( 2A DA g
29 -22 4 g,)-—e=2=4+2 =0 (3.69)
3t Sk x
From Eq.(3.69)
; n+-i- :
1 j S 1
“Z:(Q?-l‘ Qn) i (A§+1 _— ?_,_1 - A!jl+1 - An 1)
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en+-£r

U n+l _ il - S | _ g1 ,,n+1 n+1
s (B350 = A50q + Ajpq = A5y) . (A1 + &574
n n n+‘} +1 n

s AL e AR ) (CTLA R) : G o]

+(2uqi - ka paualual'b - v; cos¢ q_i)n;% =0 (3.70)

Eqs.(3.68) and (3.70) can be rearranged as

%, Qx_1+1+[_1_]Ax_;+1+[_ 1 ]Qn+1
[4Ax] 3! At 3 16x | 971

An
[?L“;(Q?_‘l i QIJ-I+1) = —A—‘Jl;_ + q.in;.} ] (3-71)

gt 5 e e 1 m+f n| o
ol Rl EL L o | e (T BTG

un-!--i- en-r-«l- Qe en-i--} un+-}
+[__J_+_L...El Ao+ ={_;L+[__L b i
4Ax At

RS I TE
+_5_]_:_]An1 + [-—l‘]--—-—-'l—--a--E-I—]AE.1
Pl e YRR TR I
n
..(zuqi - ka paualualb -V coad:qi) ;}} (3.72)

Eqs.(3.71) and (3.72) can be written as

+1 n+1 <1 T
G, q‘j‘+1 + I A5T + Ky q’i_j.‘__1 = Iy (3.73)
* n+l > atl * nef o o ®

These equations have the same tri-diagonal form as
Eqs.(3.59) and (3.60) and can be solved with the same
algorithm as was used for the backward implicit scheme.
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3,5 Implicit Solution for the Transport-Diffusion Equation

From Eq.(2.10) the partial differential equation
for the mass conservation of the solute in a well-mixed

estuary was found to be

2 q
B e R Tt A S G R S, (3.75)
B ey Lt R

where D = pD'/p,

For Eq.(3.75) the following linearly unconditionally

stable difference scheme is used:

St n+1 noy o, 1 ( ot PO 1 n+1 n
i - —_— (P Y) + ——(p. - D 4)
e R ST OIS LY TR R

u n+1 n+1 n n
+ s (Pha <Pyt * P TPyt )

D n+1 n+1 n+1 n n n
= R P PPyt YPy ~ 207 Py
+Iij.'.(pn+1+n)— T S (3.76)

o i s S 1 s

Eq.(3.76) can be rearranged as:

1 u D n+1 1 D 93 n+1
- - : 5 B -
[4At 1Ax 2A12] Pt [ZAt Ax u] &

1 u D n+1 1 u D ] n
+ - - X = - - :
[ 4 At AAx 2&::2] Pi-t { [d At 4Ax  2A%° P+
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1 D 4 1 n 1 u e e
+ - - + - - :
[2 At Ax° 2A]Pj [4 At - RAX 2Ax2]P:|-1
+ q;p5/A } (3.77)

Eq.(3.77) can be written in the tri-diagonal form

*%*  n41 *% n+1 * %

FEPR R Py T it

= n+l

3 Pyt B

A

This equation can be solved using Richtmyer's algorithm
by introducing auxiliary variables a and pdefined by

By substituting Eq.(3.79) into Eq.(3.78) gives

_A** (D** & c*:*p )
n+1 n+1
i = b pYl 4 e (3.80)
(Bj_ - cj aj) (Bj B Cj aj)

Comparing Eq.(3.80) with Eg.(3.79) gives the recurrence

relations

-A** (D** .4 C-af-* )
aj+1 g _!-'«!—:LTI__ ; pj+1 - —HB"L (3.81)

(13'_j % cj aj) (Bj +Cy uj)

The calculation is started at the left hand
side of the grid shown in Fig. 3.8, by setting the known
boundary value pn+1 at j=0 to the auxiliary variable B at

= 0; p1 =Po (3.82)
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FIG. 3.8 IMPLICIT COMPUTATION GRID (SOLUTE)

The recurrence coefficients aand B are calculated using

Eq.(3.81) from j=2 till j=jj. The dependent variable pat
time level (n+1) At is then calculated from j=jj-1 till

j=1 using Eq.(3.79) and the known boundary value 9?51.

This particular scheme can be shown to be
unconditionally consistent with Egq.(3.75) to truncation
error Oﬁﬁxz, sz), while its amplification facters tend
to unity as dispersion effects tend to zero. Because
Eq.(3.75) is of mixed parabolic type it has two seis of
characteristics associated with the transport and diffusive
parts of the equation respectively. Since it is impossible
to satisfy all the characteristic structures with Eq.(3.79)
non-linear instabilities will develop with this scheme
unless the distance and time steps are kept within the

limits calculated in Section 3.7, and shown below.

285 _ 1 and lu At | < 0.25 (3.83)

Ax Ax
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3.6 Implicit Solution for Two-Dimensional Flows

The partial differential equations for two-
dimensional well-mixed flows, when the density is a

constant, are from Section 2.5 .

Continuity Equation

BE L Behuy B () w0 (3.84)
at x 2y

Dynamical Equation in the x-direction

2 - 2H _ 2
5 (uH) + 3 (u“H) + gH e gHI, + e (uvH)
-3 %(u2+v2)% i & ::aua (%+v2)'i' v = 0 (3.85)

Dynamical Equation in the y-direction

D (2 dH -
=2 (vH H HI —— (vuH
31;(V)+ay(v )-!ngBy g y+bx( )
s .Eyz(uzq-ve).} - a—ffia-'—g'- ('u. +V2)i- + 0Hu = 0 (3-86)
C

Egs.(3.84),(3.85) and (3.86) can be reduced respectively
to the following Eulerian forms:

dH ¥ dH 2, v
(=2 5L —) + H (= = 0 .8
Bt+u3x+vay dx BY) sl
lu;q.ué}}.-!-v—) bH = a' (3.88)
¥t ¥x dy Bx

b L R e g SR8 (3.89)
(at o Sx + v By By
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k
a' = jﬂ%(u_+72)+ + -Efigé(ugfvs)% + gl (3.90)
P
b' = iﬁ%(u +v2)% -Efiii(u +v2)% 4 eg (3.91)
P

Also 0= 2wsiny and k, = 0.0021

Equations (3.87) to (3.89) can be solved using
an implicit tri-diagonal alternating direction algorithm.
This utilises the fractional steps technique of Yanenko
(152) whereby the continuity equation is split up into
two halves. Each half of the continuity equation is
combined with its respective dynamical equation enabling
unknowns to be calculated in triples alternately in the
x and y directions. In this way a solution can be
generated using a three level scheme each level being
solved with Richtmyer's tri-diagonal algorithm. With known
values for u,v and H at the n At time level the second
level computes in the x-direction for up+1 and Hn""lr and

the third level in the y-direction for vn+1 and Hn*1.

Three-Level Implicit Difference Scheme

Egs.(3.87) and (3.88) are written in the following
proposed difference forms for the second level of a three-

level scheme. From Eq.(3.87)

_(Hn""l' Hljlk)-i-—Hn% Hn"'%k)

At ’ ahx Itk
H n+1 n+1
+;['(an+1’ﬁg,k-)+m“3+1k ;,11:’
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+-—-—-(vrl

- ) =0 (3.92a)
iy ,k+1 j, k=1

From Eq.(3.88)

1 ( n+1

u (n+1 n+1 )
At o Gk T :J.

) + —(u ]

+ m(u?':ﬁﬂ - ?*ﬁ_,) + —-EA—(H?IZ,I’ - H“*J{’k) = a' (3.92v)

Egs.(3.87) and (3.89) provide the following third level
of the three-level scheme. From Eq.(3.87)

_(Hn+1 Hn+=}) e (Hn+~l- Hn+11l- k)

At 90K LAz . 9th k-
My b S R ;‘;‘m(u‘],’1 e oty
; A_A-}(vmkﬂ vet) = 0 (3.932)
From Eq.(3.89)
LA - v ¢ = - W0

2A

v’n+1 v,n+1 1) 3 -—5—(H1;+k+1 H?Tf{_ﬁ = b' (3.930)

2Ay i, 2 Ay

The unsubscripted variables in Egs.(3.92) and (3.93)
must be centred at (n+%) At by iteration, as must the

du/dy term from Eq.(3.88) and the dv/dx term from Eq.(3.89).
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This iteration is done by making two complete computations.
The first computation using values at the nAt time level
and the second, the average of the n At and the new
(n+1) At values. Note that adding the two halves of the
mass equation together gives the difference form of
Eq.(3.87) centred exactly both in space and time. Also
the difference equations for Egs.(3.88) and (3.89) are
centred in space and weighted on the (n+1) At time level
for increased stability.

Eq.(3.92) can be rearranged in the following
tri-diagonal forms:

[H u® e _u(u2+v2)'}:] n+1

- u.
AAx 2glAx 4g At thlZ)2 J+1,k
= 1 +%
o ¥ 4AY("I;11,k+1 ”?,k—ﬂ] Hy
i 2 2 2k
e sl e RSO o u(u +§_2 ] un"': :
| 24Ax 2glAx 4g At 4HC =1,

=L g o+
At K gAy o,

- B et . S
3ykrt) 2g | Ay Ik

2
kaPaua(uawaz)* :I (3.94)
PH

g L S, | iy i 1 2 g(ul4v? )’l’ n+1
3, 5+1,k 2 vy
2Ax 2HAx HAt At HC

Jok

g vl u +% I

D[ it
2Ax 2HAx HAt L At

n+% n+¥
+ ""_(uj,k-‘l - uj,k+1) +0v + gl -
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k p.u (u_+v )4‘

P k) s ov e e - BRI

i 2—'("?,1:” " ‘?,k-ﬂ 4 g’if [tﬂﬁ,k T

ZXE; (B ot H?,kn)] (3.95)
Which can be written as:

TR RS TR -y S AL it SR TN (3.96)
K B+ 3 80+ O Bl = D Laril

Similarly Eq.(3.93) can be rearranged in the following
tri-diagonal forms:

[ LNy _v(u2+v2)1}]vn+ [ ]Hn+1
1Ay 4gAy 48 At AHC® kit At ) 30K

" 2

[_ B v° Js ey v(u2+11r2);lr ] At
4Ay 2gly ag At 4HC J, k=

1
[ 'u]gﬁk[1+u]ﬂl}:$,k

2At  4Ax 28t 4Ax
H ;.n e +% +¥
7 4—"‘Ax(“;j-1,k ;1+1 ) [2AI(V§ "n +1,x
k p,v, (u +v2)'}
+-1_.vr}k-0u-+g1 - 88 8 8 (3.98)
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AN v° ATEN Hp+ [ 1 gl +v2)% ] 4]
2Ay 2HAy HAt S At HC k

+[.._E_+ Vz—v ].EInH1=--1—v'I.l

2Ay 2HAy HAt J ¥ At 90K
2+%
K, PV, (u +v )
3 (vn?- vn1$k)—8u+g1 afa
2ax 71k y pH
N B Ko PR o e 2t got?
H [ 2 At 4Ax 1k T oA gax 7hE
- (u? Wt x) (3.99)
AAx J=1,k = %j+1,k
Which can be written as:
+1 +1 +1 -
vn R AR H? + Ky vn =L (3.100)
+1 » +1 4 B
Jsk Hn s k+1 y Ij’k v?’k J: Hn k-1 Lj’k (3.101)

To obtain Egs.(3.94) and (3.95) it was assumed that:
+¥ _ +%
By % = °°5(HI31+1 g+ HjZj i) end
un+1 » B 5( n+1 + un+1 ) (3 102)
ek j+1 k j=1,k $
while for Eqs.(3.98) and (3.99) it was assumed that:

+1 _ +1
HY 0. '5(11n ka1 * Hy o q) and

[}
hl
|

1
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These are considered valid since Egs.(3.94) and (3.95)
are used in the x-direction for a calculation based on
a system of straight parallel canals, and Egs.(3.98)
and (3.99) for a similar calculation in the y-direction.
Eqs.(3.96) and (3.97) are solved in the x-direction for
B+ gng vt using the double tri-diagonal algorithm
described in Section 3.4, whilst Egs.(3.100) and (3.101)
are likewise solved for HP+1 and vn*1 in the y-direction,
but on alternate grid lines. The use of alternate grid
lines for the second calculation is necessary, as this
calculation must use the Hn+* values found in the previous
calculation; otherwise, the two halves of the mass
equation will not add together exactly. The two~dimensional
computation grid is shown illustrated in Fig. 3.9 with
black symbols representing the variables computed in the
y-direction.

The resulting truncation error is O(Axe,Ayz,At)
most of which is phase error. Non-linear instabilities
are kept to a minimum by utilising a central implicit
scheme but at boundaries non-linear instabilitiéa can be
generated when the scheme is run for long periods under
gale conditions. However, the author (52) found when
running a model of Torguay harbour with gale force winds
that the iteration used te centre the equation coefficients

acted as an effective dissipative mechanism.
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3.7 Accuracy and Stability of Difference Schemes

The continuity equation is from Eq. (3.15)

%3 P L (3.104)

This partial differential equation was approximated using the Lax

scheme illustrated in Fig, 3.2 with the finite differences.

n n n
- .105
(2_3) b 2;x @, - 9y (3.105)
-
n n+l n n
A A - (A A ;
(:—5) & o3 [ . 2 3'1)/2] g
J

The dynamical equation is from Eq. (3,.17)

»Q dA

Bx % ¥ oot = O (3,107)

This equation was approximated using the Lax scheme with the following

finite differences.

n n+1l n n

(%% g [qj @, * Qj_l)/Z] (3.108)
j
n n n

(%g) o gk Q. - 93 (3.109)
j

Ay " 1 R R

(?_:1;) L A 1) (3.110)

j

Eq. (3.104) is seen to be approximated by a central difference in the

x - direction and a forward difference in the t - direction. Eq. (3.107)
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is seen to be approximated by central differences in the x - direction

and a forward difference in the t - direction, The resulting finite
difference equations are given by Eqs. (3.49) and (3.50) and these provide
values for the dependent variables at one time level from their values at
a lower time level, When these difference schemes are used, a solution to
these difference schemes is obtained and not to the differential

equations after which they are modelled, It is hoped in practice that the
results obtained using difference schemes are close to the solution of

the differential equations, They are however only approximate solutions

of the true solution generated by the partial differential equations,

There are many ways of transforming a set of partial differential
equations into finite difference equations by using either backward,
central or forward operators. However, only a small fraction of the
combinations possible will be of any practical value, It is the job of
the computational hydraulic engineer to choose the best scheme for a
particular purpose and to run this scheme at its optimal accuracy
without it going unstable. This optimal accuracy implies that the
computer costs should be as low as possible for the accuracy required,
since contrary to popular belief mathematical models can frequently be
more expensive than physical models and therefore not commercially

viable.

3.7.1 Approximations

In order to determine how well the finite difference equations
approximate to the differential equations a Taylor series expansion
of the derivatives of the differential equations is used, Normally only

one term of the Taylor expansion is used for each finite difference
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thereby introducing a truncation error. If the finite difference
equation is subtracted from the Taylor series expansion then an order
of magnitude for the truncation error can be made. The order of
magpitude of the truncation error is an indication of the relative
accuracy of finite difference methods, The following calculations
are made in order to derive the order of magnitude of the leading

truncation error for the schemes mentioned in section 3.6.

(a) Truncation Error for the Lax Scheme

The shallow water finite difference wave equations are from Eqs,

(3.47) and (3,48).

n n n+1l n n n
- 1 A - A A = el 9
= C S e g [ GBI T j_1)/2] q) @)
en n n 1 n+1 n n

2A£ (Aj+1 B Aj-l) *. 0 [Q . (Qj+1 + Qj-l)/z]

un n n n
+ J (Qj+1 = Qj-l) + fj =t .8 (3.112)

Ax

Using a Taylor series expansion for the dependent variables in
Eq. (3.112) in order to calculate their values at different

locations and times we find that:-

n 2- N 2 B ] 3
7, R ! »Q h Q At 5 Q At
Q % & Qj + (bt)j At + (htz)j 3t (at3)j 5 t*oeees (3.113a)
n 2. n 2 3. n 3
- »Q 2 Q Ax D Q Ax
Q:j+1 = Q:i + (?_‘x)j Ax + (bxg)j gk (bx3)j = +...(3,113Db)
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=1
=]

dQ A Q 5 Q

Qe Q. S eyt kx e Ge) - =) T sessnnf3:d13e)
j=1 j 0x p bxz j 2 bx3 j 6

n 20 2 ey 3

21 - (2—&) Ax + (9—3) % + (1-%) A% + ...(3.113d)

J J 3 dx~ j %" j

n 2. n 2 P 3
A fl 4 AKIETE S, (%) Ax + (9—;) ‘3—’2‘- - (9—2) % $ en (3, ¥18e)
J J j dx 3 px J

Substituting Eqs. (3.113) into Eq., (3.112) we obtain

n 2 n 3-n 2
R ETE Rl I I
j >t 3 ot> 3
3 3. n 2 2.n 2
+ (21:’\—3Q = » b‘;) é-’-é—-— (-h—g) 3—22 R - (3.114)
Hx [0 S o P S |

Comparing Eq. (3.114) with the differential equation (8.17), the
leading truncation error is seen to be O(sz, At) which is also
the order of truncation error for Eq, (3.111)., O(At) indicates a
first order error in time and means that if At is halved the error
in the term At is halved, O(sz) indicates a second order error in
distance, and means that if Ax is halved the error in the term sz

is quartered,

(b) Truncation Error for the Leap-Frog Scheme

The shallow water finite difference equations are from Egs. (3.51)

and (3.52)
i, n n % n+l1l n- n
A% (Qj+1 = Qj—l) + At (A T A 5 = qij (3.115)
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n
u n n n
- = . + £ a0 (3.116)
+ By = 50 ;

From a Taylor series expansion

n 2. n
pel S R LR 27 Q At _ 2 Q At
Q = Qj (Si)j At + (btz)j ) (bt3)j 5 +40s (B 1LT)

Substituting Egs. (3.113) and (3,117) into Eq. (3.116) we obtain

n 3 g.n 2
[:f + 2u %Q -e %ﬂ + é] + (2u g_g g :) ég—
i J bx hx j
. WO o 2
& A8y ¥ BE N R (3.118)
bt3 j 6

Comparing Eq, (3.118) with Eq, (3.17) the leading truncation error
is seen to be O (sz, Atz) which is also the truncation error for

Eq. (3,115).

(e¢) Truncation Error for the Central Implicit Scheme

The shallow water finite difference wave equations are from

Egs. (3.68) and (3,70)

A n+l o+l n ey DU G QR T
Bz Y Gt & ST ) Y aety Apaa e D
& en+§ (An+1 - An+1 n AR - AR 3 ol 1) (Qn+1 = Qn)

EﬂE_ j+1 -1 j+l j-1 At 3 J
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n+}

u n+l n n+l n T Bl o+l x 3
- £ 3 - 83 A
§t (Aj+1 Aj+1 - Aj_l Aj_l) €3 (Aj+1 + Aj-l + Aj+1 ¥ j~1)
g s n+l n el
) - A < :
+ (czAR j Qj |Q| j + (2uq1 gaoagllualb v, cos %) qi)j 0 (3.120)

The equation coefficients are centred at the (n+3)At time level by making
two complete computations, In the first computation they are taken

at the nAt time level and in the second computation the mean of the

nAt values and the newly found (n+l1)At values.

n+3

Let (2uq - kapaua|ualb - v,cos [4) qi) = s" in Eq.(3.120), then 5"3

i+l + S"n

2,
3 j)/

= (s

From a Taylor series expansion

n n 2. 1 2
Ml AR DA DA DA Ax
Aj+1 = Aj + (hx)j Ax + (bt)j At + (?\xz)j >
2 n 2. n 2 300 3
» A DA At DA Ax
E—). AxAt + (—), =— + (—3), —&
oxpt htz 2 e G 6
< n 2 3 n 2 3. n 3
v &3 ), iz &t (M‘z)j Bt s &, Bl (3.121a)
XNt dxAt at” J
n+1l n n 2. n 2
AT R A p%a." A
j-1 Aj (hx)j Ax + (bt)j At + (h ) >
X
th n bzA Atz bSA n ﬂxg b3A n &xzbt
- (-_—hxct)j Axbtas (=) == = ( 3)3 =L e ) 5
ot bx AX Ot J
3 n 2 3, n 3
S =} &xgt & g) '\; B g seis (3.121b)
oxdt ot 3

115



w N b2 o 2 3. i B At3

s A S
5 )5 4 e g 38 L

il ek il DE_ Q_E
(s + 8" )2 = s P + (bt )j B (

ot

(3.121c)

Substituting Eqs. (3.113) and (3,121) into Eq. (3,120) we obtain

b DA DA <) nn
B L gehil o - G, QQ)+s]
[ ot ox C?AR I j

> [gg dA dA g ..}n At
P 18 - 2ud - e - grAs alel +s
»t  |»t at »X = l 1%
22 [»e DA DA n At?
e s R el B h o JE ”"] 3
at i C AR i
2 n- B
B Al 9 B dA Ax_
By [ 3 »x ek 7 ”‘] 2
Ax j
1 »3A it S [, g I
T TR R el R e 3~ @1y AF
»xat Ot C°AR  »t pt< 49

3 n 3 3 2||n
e e AL B R L

2 bxzot e C AR bta 0t bts
(3.122)
The differential equation (3,69) can be written as:i-
o) dA dA _ g "wo_
< apitnie == glA + —— @Q|Q| +s" = o0 (3.123)

C AR
Comparing Eq. (3,122) with Eq. (3.123) the leading truncation error is

2
seen to be O(At™ ). It follows that for Eq.(3.119) the error is 0(ux2)

giving a truncation error for the scheme of O(sz, at?).
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(d)

Truncation Error for the Implicit Transport - Diffusion Scheme

The finite difference equation is from Eq. (3.76)

_J._(n+1 n)_!_i(n-!-l_n) +__1_ 1l - on
aat Py Py+1 2at  Pj Py At P51 Pj-1

u n+1l n+l n n
Yo B S Pag vt By T 051’

D n+l n+l n+l n n n
- —_ (0 - 2p +ipLs ® P - By, *® o)

%xz J+l i el j+l J J=1

a a, p n+l q P

i n+l n r g - b Bk §

+ ZA (pj + aj) [( 2A ):J o 2A )j] (o} (3.124)

Using a Taylor series expansion for the density levels in Eq. (3.124)
given by Eqs, (3,113) and (3,121) with density as dependent variable

leads to:-

2 q n
2t Bp ~cadtne A At
MY [ht APes st o W 01)]3 2
Bx
2 2 q n 2
> [93 % o i ] At
P + u - D == 5 =061 o
bt2 bt O hxz 4 . ¢
3 3 n 2
+ [39—%—— + 2u Q_% ] i %%‘
ox Ot Ax
3 4 q n 2
i3 [u°—9—5 iy D”_g__é + —;— (o - pi)] < %—— ) (3.125)
axdt Ax -t J

Comparing Eq. (3.125) with the differential equation Eq. (3.75),

the leading truncation error is seen to be O(sz, Atz).
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3.7.2 Consistency and Convergence

In the previous sub-section the amount by which the difference equation
departed from the differential equation was called the truncation error,
Different difference schemes were shown to produce different truncation
errors and in general it was shown that centred schemes give a second

order truncation error whilst forward and backward schemes give a first

order error,

If this truncation error tends to zero as Ax, At —> O we say that the
difference equation is consistent with the differential equation, If

the truncation error tends to zero regardless of how Ax, At —» O we
further say that the difference equation is unconditionally consistent
with the differential equation, If the truncation error only tends to
zero if Ax and At are taken to zero in a particular way, the difference
equation is said to be conditionally consistent with the differential
equation, On the other hand if the error does not vanish as Ax, At —> O
then the difference solution will not be the solution of the differential
equation but of another and then the difference equation is said to be

inconsistent with the differential equation,

If the shallow water wave equations have to be used for calculating

across hydraulic jumps, surges, fronts or any other localised region of
rapid energy losses then it is necessary to use either conditionally
consistent or even inconsistent finite difference schemes, The reason

for this is that when the flow is no longer represented by its differential
equations, some terms in the truncation error rapidly increase in value
and act as pseudo-viscosities. This effectively 'burns up' enough energy
to satisfy the mass and momentum equations enabling a continuous

calculation to be made for the long water waves without it going unstable,
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The truncation error for the shallow water wave equations resulting

from using the Lax scheme is shown in Eq. (3,114), The last term in

the equation is a function of &xz/ht, hence it tends to zero relative

to how Ax and At tend to zero, It is this term which provides the Lax
scheme with its dissipative properties and resulting weak solutions to

the differential equation, This Lax scheme is therefore conditionally
consistent with its differential equation and can be shown to be amplitude
dissipative, The Lax scheme together with the Lax - Wendroff scheme

both generate their pseudo-viscosities from the truncation error of their
difference equations and are therefore ideal schemes for computing

across discontinuities in the flow,

Both the explicit and implicit centred difference schemes can be seen
from their truncation errors given by Egqs, (3.118), (3.122) and (3,125)
to be all of second order accuracy and also unconditionally consistent
with their differential equations, Since it is desirable for models of
estuarine flows to conserve mass and momentum, unconditionally consistent
finite difference schemes should be used and in order to maintain second

order accuracy these should be centred schemes,

I1f the truncation error tended to zero as Ax, At —) O then the difference
equation was said to be consistent with the differential equation. No
mention was made as to whether or not the solution of the difference
equation converged to the true solution as Ax, At —» 0, only about the
consistency of the equations, Clearly we are interested in the solution

to the difference equation as Ax, At —» O since although a difference

scheme may be consistent with its differential equation, the solution
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to the former need not necessarily converge to the latter. It often
happens that certain combinations of Ax and At give numerical solutions
that are unstable or even converge to the wrong analytical solution,
Clearly the convergence properties of any new numerical scheme need to

be tested analytically to discover if there are restrictions on the
values of Ax and At. In practice such a calculation is laborious and

use is made instead of the Equivalent theorum, This states that if the
difference scheme is stable and consistent with its differential equation

then its solution will converge to that of the differential equation,

3.7.3 Linear Stability

It has been shown that as Ax, At —> 0 the truncation error tends to zero
but only if the scheme is stable will the solution of the difference
equations tend to the solution of the differential equation., When the
computation is unstable, these solutions differ more and more as

Ax, At —> 0, even though the truncation error tends to zero. It is a
fact that the concept of stability makes no reference to the differential
equation that is to be solved, but is a property solely of the sequence

of difference equations,

If a difference scheme is stable it should be possible to define a fixed
bound such that with a certain fixed relationship between Ax and At,

the solution will always be contained within this bound no matter how
many computation steps are executed, Expressed differently, because

a computer cannot calculate to an infinite number of decimal places,
each calculation step produces a round-off error, If these round-off
errors do not cancel each other out and remain within a certain fixed

bound then they will grow exponentially and swamp the calculation

producing the phenomenon of instability.
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In order to investigate analytically the stability of finite difference
schemes, either of the following two methods can be used., The first
method expresses the equations of motion in matrix form and examines
the eigen values of the associated amplification matrix; in the second
method the eigen values are determined by using a Fourier series. The
first method is more rigorous since it includes the boundary conditions
but the second method is simpler and especially useful for non-linear
stability analysis where the attenuation of high wave number
disturbances is of importance. The following calculations using both
matrix and Fourier methods examine the linear stability properties of

the finite difference schemes mentioned in section 3.6.

(a) Linear Stability of the Lax Scheme

The linearised wave equations become from Eqs. (3,104) and (3.107),

when all minor terms are omitted.

0Q (o]

S; + Tra- (o} (3.126)
o1 DA

%— + gH _bx = (3.127)

where H is the average depth,

From Eqs. (3.126) and (3.127)

2 2

A A
D s - el ba 5 = 0 (3.128)
nt DX

2 2

o]

——?’g Ll ———g = 0 (3.129)
ot ox
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Using Eq. (3.129) the Lax scheme is equivalent to:-

n n+1 n n n
Q = 2 + Q. ) «Q - 2Q, + Q. .)
41 32 Bl on j+l 23 EEEL s (3.130)
At Ax
2 2 2
n+1 H At n At n H At n
or Q. = i-g—-—']Q [gH——]Q +[is“g‘——-]@_
J [ 2 ﬁxz j+1 ﬁxz j 2 &x2 j-1
2
let gH éza —
Ax
n+l o n n = n
QG FihT A Qe rx g, T PYe, (3.131)

If we consider just three grid points in the x- direction that
is j = 1, 2 and 3, then if we can prove that the above scheme is
stable on three grid points it follows that it must be stable on

any number of grid points,

Expressing Eq. (3.131) in matrix form, together with its boundary

conditions gives

n+1 -y i
Ql 1 0 0 Ql
Q, = ((3-#r) r .  (Gir) Q, (3.132)
0

e | - s Tl e
If the eigen values are represented by the symbol A then
] n+1 R i o

Ql P 0 (0] Ql

QZ = 0 A (0] Q2 (3.133)
k Q3_ | O (6] X_. E Q3_
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Subtracting Eq. (3.133) from Eq, (3.132) gives

8 TN 0 0 Q, 5 0
G-3r) x-7) G- ¥ Q, = 0 (3.134)
i 0 (o} (1-1)_ _Q3J 0
2
weget A -X) (r-X) = O
hence 11 = 12 = 1 and Xa = r

I1f r<1 then none of the eigen values is greater than unity therefore
none of the eigen vectors are amplified. This is a necessary but not
a sufficient condition for linear stability., A sufficient condition
for linear stability is when the sum of the absolute values of the

elements in the rows of the matrix in Eq, (3.132) are < 1,
hence Ii - &rl - lrl + |§ - irl.s 1 (3.135)

Eq. (3.135)gives the result that r=1, Hence the Lax scheme is
conditionally stable with a necessary and sufficient condition for

linear stability of

At 3
ix D=1 (3.136)

Since dependent variables in the wave equation can be replaced by
periodicity conditions, they can be written as a Fourier series, i.e,
n+l n+l . itk (k+1) Ax/L

Q = T2

41 (3.137)
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n+1
in which k = wave number; L = wavelength; f = Fourier

coefficient at time level (n+l)At., Let y = mkAx/L, then

substituting Eq. (3.137) into Eq. (3.131) gives
fn+1 3 iyj _ G = ér)fn eiy(3+1) 5 rfn 2 iyj
¥ @ik s T (3.138)

rak e O R W T

ks 2 [r + (3 - 3r)(cosy + i siny + cos(-y) + i sin(-yj]

[
I

ok (3.139)

=]
|

=2 e+ G- 3r) 2 cosé] = £ A

where Af is the amplification factor,

To satisfy the von Neumann necessary condition for linear stability

|Af| <1,

|Af| - |r + (1 = r) cosy (3,140)
ity = 'g then cosy = O and lnf| = |r|
if y = 1r then cosy = -1 and l Afl = 'Zr—ll

Therefore as before the Lax scheme is shown to be conditionally
stable with a necessary condition for linear stability of
' rlsl or

At 3

— (gH)

e =1 (3.141)
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Sincel Afl < 1 fTor | r| < 1, the Lax scheme can be used as an

amplitude dissipative scheme. When it is used in this way the
2
dissipation is generated from the %%— term in the truncation

error,

(b) Linear Stability of the Leap-Frog Scheme

Using Eq, (3.129) the Leap-Frog scheme is equivalent to:-

n+1 n n-1 n n
—_ = =
ot i el g gH Qi 9 -1 -o (3.142)

Atz Ax

With a three level scheme such as this we introduce additional

variables
cOL e L st e (3.143)
dt -
Bx
2 2
Since g_g = g 3Q_o
bt Bx
d | em? ¥ (3.144)
ot Ax .
and
dw _ 3 dv
5t = (gH) = (3.145)

The difference equations for Eq., (3.143) are

n n-1 n n
Q. .~ Q. ") Q. R )
v, = J J and w?_% = (gH)% J j-1
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Substituting into Eq. (3.142) we obtain the difference equations

in our new variables,

(Vn+1 = vn) . (wn wn )
—1-———41M - (gH)* it T <2 =0 (3.146)
(wn+1 g (vn+1 5 vn+1)
_J—Et——i ” (gH)% i+3 = i3 =0 (3.147)

Eqs. (3,146) and (3,147) are equivalent to Eq,(3.142) and represent

forward and backward operators respectively.

Using a Fourier analysis to find the stability condition of

Eqs, (3.146) and (3,147)

n+l . iy (j+1)

n+l n+l  iTk(j+1AX/L = Zf (3.148)
Vg ® B e !
ntl iy (§+1)
n+l n+l  ATk(§+1AX/L = Tf e (3.149)
wj+1 = sz e 2

From Eqgs.(3.146) and (3,147) respectively

n
@M - g™ o T @bt [e 1y (+h _ iy(j-%)] 2 /50
Ax
(3.150)
1 n, _iyj 3t iy (3+3) fytgadd] 2. = 0
(:I‘f2 - fz)e -(gH)E; e - e _ 1
(3.151)
Hence
n+1l 3 n £ %AE y .
£ £, (gH) = [? sin(z):] £ =29 (3.152)
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f ML B L e e [2 sin(%):l g (3.153)

2 2 &

let (gH)%ég [2 sin(’;:)] = a
Ax

1 0 £, P 1 o o
= (3.154)
o 1 f2 (o} 1 f2
£ WY 1 oll1 a R o
2 (3.155)
fz - i1 0 1 fz
fl n+l 1 a fl n
= 3 (3,156)
fz - (1w ) f2
If the eigen values are represented by A then
5 mtl A 0 £ g
= (3.157)
12 (0] A f2
Subtracting Eq,(3.157) from Eq.(3.156)
(1-\) a 21" 0
2 = (3.158)
-C. (1« -\) £, 0
2 2
hence @(A-M)(1-a -A) +a = O
2 2
g ) T S = ol (3.159)
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FI1G, 3.10 ARGAND DIAGRAM FOR LINEAR STABILITY

The von Neumann necessary condition for linear stability is satisfied
when
2
¢ 5 & 'op

2
gﬂ(ﬁ) Sinz(%) ] (3.160)

Hence the Leap-Frog scheme is conditionally stable with a necessary

condition for linear stability of

At 3
= (gH)? <1 (3.161)

The Leap-Frog scheme is also non-dissipative under this condition

since l A | e
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(¢) Linear Stability of the Central Implicit Scheme

From the linearised Egs, (3.126) and (3,127) the central implicit

scheme can be written as

1 n+1 n+1 n n 1 ntl By
Al (Qj+1 Qj-l + Q3+1 - Qj—l) iy (AJ Aj) =0 (3.162)
1 ot _ o2 gH o TN - | N, _am =
i @ QJ) + x B4 Ayt A Aq) =0 (3.163)
4Ax
If =5¢ = r then from Eqs, (3,162) and (3,163)
n+1 n+l . - R n n
QJ+1 + rAj P Qj_l = QJ+1 + rAj + Qj_l (3.164)
n+l ¢ n+l DRl L D ¥ 0 n
Aj+1 + T Qj oy Aj—l = Aj+1 * QJ + Aj-l (3.165)

Expressing Eq, (3,164) in matrix form together with its boundary

conditions gives

- n+1 n

1 0 0 Q3 1 0 0 QB

1 r -1 A2 = |-1 r 1 Az (3.166)
0 0 1 Ql 0o o 1 Ql

The inverse of the left hand side matrix is multiplied by the right

hand side matrix to give

. n+l T n
Q3 1 (0] 0 ) 0 0 QS
1 1 1
A - 15 4 4 i
9 1 r 1 . = > Az (3.167)
Q1 (4] 0 1] 0 0 1 Ql
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n+l n

3 3
A2 = | =9 1 2 Az (3.168)
Ql 0 0 1 Ql

If the eigen values are represented by the symbol A then

n+1l n
Q, A o .0 Q
A, = s R ¢ 0 A, (3.169)
Q, 0 O vk Q,

Subtracting Eq.(3.169) from Eq, (3.168) gives

(1-)) 0 0 Q3 0
-2 (1~X) 2 ﬁz = 0 (3.170)
0 0 (1-)) Ql : 0
We obtain (l-l)3 = 0 or Xl = 12 = X3 = 1

Exactly the same result is obtained from Eq,.(3.165). Because none
of the eigen values are greater than unity none of the eigen vectors
are amplified, Since the eigen values are independent of the
equation coefficients, this central implicit scheme is linearly
unconditionally stable, Also, since all the eigen values equal

unity, this is a non-dissipative scheme, all error being phase error,

Writing the dependent variables in the wave equations as periodicity

conditions, using Fourier series:-

sp BFL iy (§+1)

1 (3.171)

ml . o+l ik (j+1)Ax/L =

Qj+1 = 1

130



n+l » iy (5+1)

AI:1+1 - T¢ n+1 = iﬂk(j-i—l)ﬁx/L = Efz (3.172)
j+1 2
From Eqs, (3.164) and (3.165) respectively
. n+l a iy (§+1) 4 n+1 5 -5 o [ n+l a iy (§-1)
i L 2 i b
Ll W) on tyy, 0 dyQ-D) (3.173)
il 2 1
n+l iy (j+1) o, Bl iyy . oYY TN ()-)
fz e + Eﬁ—fl e fz ©
P Ay T iyl B 1y(-1) (3.174)
2 g 1 2
From Eq, (3.173)
flml (21 siny) + rf2“+1 = 2,721 siny) + rf," (3.175)
From Eq. (3.174)
n+1l T n+1l n r n
fz (2i s:lny) + o fl fz (=21 siny) + Eﬁ_fl (3.176)
Let 2 siny =a ; — =D
e siny = a ; = gl
ai r fI Bl -ai r fl n
= (3.177)
b ai fz b -ai f2
= n+1 »” ai -r| | -ai r ool
= —é—_ (3.178)
f2 (a” + rb) -b ai b -ai f2
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n+l 2
fl i 1 (a -rb) 2rai f1
i 2 2
f (a " +rb) 2bai (a " =rb) f
2 2
n+l n
fl 3 P 0 fl
:E2 (6] A fz
.
let =(a + rb) = e
2 n i
(a =-rb) e 2rai fl 0
e Cc =
2bai (az-rb)
BT e sl S )kl o
12 - 2(&2-rb) A+ 4ba2r + (az—rb)2 =
c 2 2
c c
7\.2 - 2(32-rb)l i B o
c
3
A = - (az-rb) ¥ (az._rb)2
o o R T
(a +rb) (a +rb)
Lt R Y Zia(rb)é
(az+rb)
2 2
A = [ia az (rb)%] = = [ia T (rb)il

(a+rb) [1a- 0> | [1a+(rp)? |
7\1 = —[ia+(rh)i] =Ry
ia-(rh);
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(d)

A

lz N e € 0 4 -1 (3.184)
ia+(rb)”

Since ll,z‘ = 1, the scheme is linearly unconditionally stable

and also non-dissipative:

all truncation error is phase error.

Linear Stability of the Implicit Transport - Diffusion Scheme

From Eq, (3.76) the finite difference equation, with inflow terms

set to zero is written as:-

o+ [ e T TR ] =
j+1 | 4At 4Ax oA x> j
& pn+1[ A NN 1) RaDURr ]
j-1|. 2At ahx e

Ax
let a = —u%?t‘andb= 2Dgt
Ax
n+1l n+1l
pj+1 (L+a-">b)+ pj

+ P
p;]+1

(L-a+b)+ p; (2 - 2b)

n
- pj"'l

(2 + 2b) + p.7) (1=a - b) =

(1 + a+ b)

(3.186)

Expressing Eq, (3.186) in matrix form together with its boundary

conditions gives
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n+l

¥ 0 0 03 1 0 0 Pg
(1+a-b) (2+2b) (1-a-b) Pg = | (1-a+b) (2-2b) (1+a+b 0y (3.187)
0 0 1 Py 0 0 1 Py
The inverse of the left hand side matrix is multiplied by the
right hand side matrix to give
Pg 5 1 0 0 (2+2b) © 0 i
1

Pa = T34+35) (1-a+b) (2-2b) (1+a+b) |-(1+a-b) 1 -(1-a-b (3.188)
0y 0 0 1 0 0 (2+2b)

n+1l n
03 (2+2b) 0 0 Ps

1

p2 = -(-51-2-'6) "'4(8-2‘)) (2""21)) 4(a+2b) pz (3-189)
Py 0 0 (2+2b) (| p4
If the eigen values are represented by the symbol A then
= 1 Nkl n
p3 b (0] 0 p3
Pg = 0. A 0 0y (3,190)
Py Oy 04K Py
Subtracting Eq.(3.190) from Eq. (3.189) gives
i S TR i

- 0

(1-\) 0 -‘ 0y (o}
-4(a-2b) (2-2b) _ 2 4(a+2b) Py | = 0 (3.191)
(2+2b)  (2+2b) (2+2b)
P 0
3

O 0 k) 0 B Ly
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We obtain

2 | (2-2b) _ »

(1-)) [?5;533 X] = 0 (3.192)
1-b

kl = 12 =0Tt 13 e (3.193)

Since b = O then | 13| < 1, and therefore all three eigen values
have an absolute value less than or equal to unity. Because the
von Neumann necessary condition for linear stability is satisfied

this difference scheme is unconditionally stable,
Writing the dependent variable as a periodicity condition, using
a Fourier series:-

n+l Efn+1 iy iTk(j+1)Ax/L = Tfn+1 % iy (j+1)

(3.194)
pj+1

From Eq. (3.186)

29 I.‘“a'b) eV + (242b) + (1-a-b) e '1"] =
£ [}1'a+b) 'Y + (2-2b) + (1+a+b) e-iy] (3.195)
fn+

1 (2 cosy + Zai siny - 3b comy + 242p) =

£ (2 cosy - 2ai siny + 2b cosy + 2-2b)

n+l = n|cosy(l+b) + 1-b - ai siny [ .n
£ e [cosy(1~b) + 1+b + ai siny | Lt (3.398)

where Af is the amplification factor,
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To satisfy the von Neumann necessary condition for linear stability

|Afl < 1, hence

cosy(1+b) + 1-b-ai siny

cosy(1-b) + 1ibrai siny | ~ (3.197)

|24l

Because b = 1, |Afl is always less than or equal to unity for all
wave numbers, therefore this scheme is unconditionally stable. It
will also be seen that since IAfl = 1 only for the longest wave

length, this scheme is amplitude dissipative,

(e) Influence on Stability of Minor Terms

Minor constant terms in the equations of motion such as wind shear
stress, Coriolis force and inflow-outflow terms have an unstabilising
effect on central difference schemes., This can be readily seen

from Eq. (3.170), where the left hand side matrix no longer equals
zero, but a negative number causing the amplification factor to be
greater thanunity. Fortunately this instability is weak and is

shown later to be counterbalanced by the strong stabilising effect

of the larger bed friction term,

3.7.4 Non-Linear Instability

Non-linear terms in the equations of motion such as the convective
acceleration term and the bed friction term were neglected in the previous
linear stability analysis. For shallow water estuarine flows, and
especially stratified estuarine flows these terms are not negligible and

can influence the overall stability of the difference schemes used.
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Non-linear instability Ean be recognised from linear instability by
reducing the time and distance steps by the same ratio. If the scheme
is linearly unstable this will not alter the instability. If non-linearly
unstable, matters will be made worse since the increase in calculation

steps will generate even more higher wave number components,

The occurence of non-linear instability in numericail methods is due to
the physical process of transferring turbulent energy from longer to
shorter wave motions through the non-uniform characteristics of the flow,
The numerical model endevours to copy this process, but it is limited by
the fact that it cannot transfer energy to waves smaller than twice the
grid size. For this reason energy tends to accunmulate at a wave length
of 2Ax and this results in an explosive growth of oscillations which
completely swamp the correct solution after some time. This process by
which non-linear terms such as qﬁg , give squared terms in the difference
equations thereby halving the wazzlength or doubling the wave number is
called aliassing. As an illustration consider the following difference
form of the term udu

ox

n
udu N n n

i j 41 ) (3.198)

Written as a Fourier series where

o n  imk(j+1)Ax/L
uj+1 == NP @
Do aaP g o 8B BTKIARL. o s aTARAL) (3.199)
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Thus, components of wave number k, breed higher wave number components,
In the physical process, this aliassing produces steeper and steeper
waves which eventually break to form jumps, which at an interface in a

stratified fluid exhibit the phenomenon of entrainment.

It is not only non-linear terms in the equations of motion that produce
non-linear instabilities. An important contributor to the generation of
higher wave number components and consequent non-linear instabilities is
when a difference scheme is used with incorrect algorithmic structures
or boundary equations. For example, data must be supplied to every grid
point in a difference scheme depending on the number of positive and
negative characteristics at that point., If data correct for a suberitical
flow is supplied where the flow is supercritical, higher wave numbers
will be generated and the numerical scheme will become non-linearly
unstable, Similarly if the equations of motion are not correctly
represented at boundaries, again higher wave numbers will be generated

and the calculation will eventually become unstable,

One method used to suppress the growth of these parasitic waves is to
introduce a pseudo-viscosity type energy dissipation into the mathematical
model, This has the effect of artificially smoothing the numerical
solution enabling the computation to continue. The procedure adopted by
Vreugdenhil (146) and others is to spatially average the comput ed
velocities at each time step using a weighting factor § and an equation

of the type:-

-n+1

Y5

n+1l n+l

n+l
= (@@=%) g g (uj+1 + uj-l) (3.200)

where gm 0.01
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Central implicit finite difference schemes of the type described in this
chapter, require for second order accuracy two complete computations at
every time step in order to centre the equation coefficients. This
iteration process was shown by the author (52 ) to be an effective
dissipative mechanism for small scale damping of parasitic waves. Since
this dissipation is achieved by the difference scheme itself, it does not
have the disadvantage of the pseudo-viscosity method where one is never
sure whether it is non-linear instabilities that are being damped or the

small scale turbulent energy.

Another method used to suppress the growth of parasitic waves is to use
dissipative difference schemes., With these schemes the amplification
factor is usually unity for the longest wavelength but decreases as the
wavelength decreases, This means that parasitic waves and thus non-
linear instabilities can be suppressed while the longer wave components
may be very little influenced. Such a difference scheme that dissipates
the shorter wavelength components is called a dissipative difference
scheme, As remarked before with the pseudo-viscosity method, this
dissipative behaviour can either suppress unwanted parasitic waves or

cause an incorrect solution due to it diffusing the small scale turbulent

energy.

Dissipative difference schemes therefore have the property of simulating
higher order terms in the equations of motion when the flow approaches a
discontinuity. Since these dissipative terms are generated from the

truncation error of the difference equations, they should be small when
the flow is smooth and rapidly increase near a discontinuity in the flow
such as a hydraulic jump. A solution of this type is said to constitute

a weak solution of the equations of nearly horizontal flow, It should be
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remembered as pointed out by Abbott, Marshall and Ohno ( 7 ) that since
dissipative difference schemes possess both amplitude and phase errors,
the phase errors can either contribute to the dissipative process or

they may spoil it.

In order to study the properties of an amplitude dissipative scheme the
amplification factor is plotted against the wave number. As an example,
consider the amplitude portraits for the implicit transport-diffusion
scheme given by Eq. (3.197) and shown in Fig.3.11, It can be seen that for
b=1and a 0,1, the scheme attains its maximum amplitude attenuation
for the highest wave numbers while for b« 0,1 and a~ 1 the amplification
factor tends to unity for all wave numbers,

It follows that in order to prevent the formation of parasitic waves
caused by the generation of higher wave numbers and consequent non-linear

instability, 'b' must be chosen near to unity and 'a' less than about

0.25 , Thus
2DAt 3 ana | 2t | < 0,25 (3.201)
Ax

The influence of non-linear terms on the stability of difference schemes
is not easy to prove. This is because different components of the
Fourier series will interact with one another through the non-linear
terms. However, following Richtmyer and Morton some idea of their
influence can be obtained by converting non-linear terms into linear
components with constant coefficients. The quasi-linearised momentum

equation becomes

—_

0Q DA DA gQ|Q | _
ot ZHOE M — + | ol— 0 (3.202)

c?a R
0O 0O
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where suffix o denotes constant terms. The centred implicit difference

form of Eq.(3.202) is

1A n+1 n u n+l n nFl -~ on
At (Qj Qj) E% (Aj-l”l Aj+1 + Aj—l Aj-l)
el BEl n+1l n - n 219 nhl
Ef; (A Aiy Aj+1 Aj_l) + . | o] R (3.203)
c AORO

The centred implicit difference form of the mass equation is from

Eq. (3.162),

i W R iy (3.204)

Expressing as Fourier series where

n+l n+l i (G+1)Ax/L n+l iy (j+1)
ez, = 8% e 2 .

n+l n+l  ink(§+1)Ax/ n+l iy (§+1)
Aj+1 = sz e ffz e

Eq. (3.203) becomes

fln+1 [1 £ & |Qo' ﬁt:] + f2n+1 [- 2u0003y = eoat it sinY]
= p.

A R 28
o (s]

- f B o L 2u cosy - eDAt isiny|= O (3.205)
: e “2hx
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Eq. (3.204) becomes

. n+l n‘-éz L
s D1 At 1 51ny] + 1, + £ [2ﬁx i 51ny] L, =10
1 2Ax
| At At
Leta=gQ0|At s B =2u cosy;Y=eo st 8= =
2 2 2Ax B
CAR
oo
Expressing Eqs, (3.205) and (3.206) in matrix form
n+l
1+ a) -(B+yi siny) fl 3 -(B-yi siny
1 siny 1k fz -8i siny 1
2
Let a = y§ sin'y and b = Bdi siny
:El nd (1+b+a) Yi siny (24 )R fl &
i
£ (T+o+b=3) | 283 giny)  (-bratlig) x

Also if A are the eigen values

Subtracting Eq, (3.209) from Eq. (3.208) and letting c

2 2

- % (2+2a+) + -%— (—b2+a +1+a-2a-ag~br) = O
c

A
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(3.208)

(3.209)

= (l4+b-a) gives
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Solving Eq.(3.210) to find the eigen values we obtain
+ (o2 2 3
2¢\ = 2+2a+af (a” +8ax +16a +4b +4by) (3.211)

For the longest wavelengths when y = 0, a=b=0andc =1 +0Q.

1]
iv]
o+
Q
I+
Q

2(1 + a)h

B =)= (3.212)

For the shortest wavelengths when y = TET' a=Y8, b=0 and c = 1wx-Yb,

(2+2 -2Y8)\ = 2+2y0+q £ (cc2+&1‘(6 +16Y5)i (3.213)

2.2
TR R (1+“+7262'“Y6'2Y6) 3 (3.214)
A+a+ Y8 ~ayb-2v8)+ (@ -v& +a”)

Ifg =0 Af =1, If Y80 the flow is subecritical since LR gHo

and |A fl < 1 because >0, If y&0 the flow is supercritical and we

have the stability condition as ¢ —> 0, that y&8<1 or

@?-egn) 25 <1 (3.215)

In the limit if ui >> gﬂo then approximately

u At
T & 3 (3.216)

2 Ax
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The above analysis shows that provided the bed friction is zero,

non-linear terms in the equations of motion do not alter the unconditional,
non-dissipative properties of the scheme. It can be seen that for all
wavelengths, bed friction increases the stability of the scheme, This

is an important property of the centred implicit scheme since this
effectively counterbalances the unstabling effects of wind shear stress

and Coriolis forces.

For the highest resolvable wave numbers to be continuously dissipated in

a real supercritical flow the non-linear stability condition given by

Eq.(3.215) is necessary.
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CHAPTER 4

EXTENDED IMPLICIT FINITE DIFFERENCE SCHEMES

4.1 Characteristic Structure of Well-Mixed Equations

The characteristic directions for well-mixed flows using
the extended equations with density as a dependent variable will
be obtained by matrix analysis after expansion and rearranging

of the equation system (2.1), (2.2) and (2.10) .

Substituting Eq.(2.1) into Eq.(2.2) the dynamical equation

becomes

9 iy 0 B %% = sh _ 2
s (pQ) 2ub ot (ph) (u“b gA}pax u“bIp

2
+ REQLQL + (2u - v cos¢}qipi - %%_.El

C2AR ox
- 1:9’;;‘:‘1:%luaL b = 0 (4.1)
From Eq. (2.1)
EE. 3 _a._Q.. 2—1}- 3 EE = #= L
Qzobipas F o e IR Gy 905 2 (423

from Eq.(4.1)
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Q. ‘Qubkb.. Bp . QDY L8O o ah
- il vl = vl B

qa.p
4 ah _ _gglo| _ e i1, 2
2ub S CoAR (2u - v cosg) = + u“bI

(4.3)

Equations (4.2) and (4.3) together with the equation for
the mass convection of the solute (Eq.(2.10) with the

diffusion coefficient set to zero), that is
q.
& + nu _ag = = (pi an p) = r" (4.4)

plus the following three equations of variation

39 a0 %
s dx + Bt dat do (4.5)
dh dh i
a5 dx + 2t dt = dh (4.6)
P 3P ‘.
5% dx + v at = dp (4.7)

can be written in the following matrix as:

147



dat

(0] u
0 o]
dat 0}
(6] dx

dt

If this matrix is rearranged and x is written for dx/dt

é for dQ/dt, etc., it may be expressed in the form

- (u?B-gA)

pb Q
-2wb (- E'?\i
0 (u-%)

(0] (0]

A 0

0 x

148
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%(Q-Zuhb)

(0]

(m n _é)

(x"-p)

e

fo ' 3

dp

(4.8)

(4.9)



The condition that the first 6x6 determinant of this matrix

be zero defines the characteristics directly, this

reducing, by excluding rows and columns containing

unity, to
{8 0 b b T
p Q h
-x  -(u?b-gA) -2ub (—-jii }‘{Q"Zuhb)
pA p

0 0 0 (u-x) 0

0 X 1 0 0

| o o 0 X 1
we obtain

p[(qu-gm (u-x) + x(-2ub) (u-;:)] + ;tz[pb(u-;{]]

]
o

2
T Pl G ‘_l_b_LA]
pb (u x){x 2ux + ( 5 b )

hence

The characteristic directions are seen to be

X = u; x = ut (gh/b}%
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a single

0 (4.10)

= 0

(4.11)

(4.12)

(4.13)



For a rectangular channel where A = bd, the characteristic

directions become

x = u; x = u#* (gd (4.14)

Equation (4.13) indicates that there are three
characteristic directions associated with well-mixed flows,
for the convection of the three dependent variables Q, h and p.
Two of these characteristics are associated with the convection
of level and discharge and the third x = u is associated with
the convection of the density. There are two more
characteristics to be added to the above three, namely those
associated with the diffusion of the solute. Since the signal
velocity of the diffusive shock wave travels at the speed of
sound, which is effectively infinite, these characteristic

directions are

X = +w (4.15)

The direction of the characteristics define the data
input to the field of calculation both at the boundaries of
the model and internally. Since it is necessary to know when
this data input or algorithmic structure changes a scan
procedure which monitors the number of positive and negative
characteristics is used. Clearly the algorithmic structure

changes when one of the characteristic directions passes
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4.2

through zero. From Eq.(4.12) the control function becomes

2

u“b

a{l = 9A Yt P (4.16)
If T changes sign then the algorithmic structure has changed,

and the new characteristic directions are then calculated

from Eqg.(4.13).

Extended Implicit Solution for Well-Mixed Flows

Equation System

The three relevant equations for well-mixed flows are
Eqs.(4.2), (4.3) and (2.10) which are the continuity, dynamical
and solute continuity equations respectively. Writing these

equations down again we have

pbg%+p—§%+gg—i+hbg—f:—qipi = 0 (4.17)
+ EQ%QL + (2u - v cosp) e 4 = kapauaiualb = 0 (4.18)
C“AR p o]
where A = B'h and g%—= (B + h Qg%_) %%—= B %%
g—°t+ug—2—ng%+%{o—pi) = 0 (4.19)

B' and B are called mathematical and dynamical breadths

respectively.
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Implicit Difference Schemes

The difference schemes coresponding to Egs. (4.17) and

(4.18) are:

n+1 n+1 n n
b( ) ( 3+2 J =2, %ye2 ~ Qj-2)
P 4A%

n+l - n+1 n _.n
0 (°j+1 Pia . Paun pj-l)
+ E‘ +

2Ax 248x

4

n+l r pn n+l sy !
wbfPaar” Pas . fa1 TR}
%2 i » qipl

2 At At (4.20)

n+l _ n+l n+l n n
(Q ) ( o2 gA) hisa = By-2  Pyed hj-2)
4Ax 40x%

n+1 n n+l hn )

h iy
5 3+2 j+2 j=2 j=2
ub(: Y = s

ntl. o pn+l o O
d (_Q___ ¥ uhb) (°j+1 a1, P41 Qj-l)
2p p At At

n+l n+l n

n ol
o2 (°j+1 = Py h Py pj_l) g Qn+l lelg L qipi)
2pA 2Ax 2Ax 3 C%AR Ap
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q.p. v cos$ gd.p. k pu lu |b
3 Qn 3 EgFE _ £ g o I aaa a = O {4_21)
j Ap p p

Eqs.(4.20) and (4.21) are written in the pentadiagonal

forms
n+l n+l n+l n+l n+l
A.Q. + B + C.h + D + E., = Pl (d 22)
%42 * BsPyn T S50y P4-1 T B3R5-2 |
n+l n+l n+l n+l n+l
A*h + B¥ + C%p, = + D* + E*h = F* (4.23
$Pye2 * B3P T 5Py P3-1 * B2 3 s
where
SR € 9 oo Bl S - BB
By 8hx © By ax Tose B Y At
= e LrBRS S ) B
Dy T TR R 8Ax
n n n
F. = E +ch®” +a, D + B =
j Qpp * Oy + A0 5 * DyPysn T ByPyoy T 4Py
e TR gk o
8Ax B8Ax At
2
B* = ...Q..._ - @ _ ._2..._ :
3 2pAt  pAt  4pAbx
n
lola  a.p,
Cr = =2
3 At =~ C2AR pA
2
D* = _.Q_ —— _‘..ﬂ:ﬁ + Q__.- H
3 2pAt pht 4pAAx
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g+ = WB_gA _ub
j 8Ax 8Ax At °
gq.p.
n n A T E n
F* = E*h, : —_— - *
3 542 T P3P At A )Q ijj 1
v cos¢ q.p ko~ P |u ‘ b
+ %" o+ 2 I
3 3-2 p P

For Eq.(4.19) the following difference scheme is used:

1 (e %)

n+l n+1l n

n
u(°j+2 Py=2 . Paadi= pj-z)
= +
2 4Ax 4Ax

LA e T R 7
(pl p.)+l(ol_2 pj_z)
At 4 At

n+l _ 9 n+l A n+l -9 n n
_pf Pyia T <Py Py=2 s Bqan ~ =F4 °1—2)
2 4Ax? 4Ax%2
9 4 n+1 n) 9P
- p p, ) ~—— =
J b A

Eq.(4.24) is written in the tridiagonal form

+1 n+l n+l
A**pn + B**p c**p
J 3+2 373 5 S
where
1 u D
*% = -
Aj 20t  dhx  4AxZ?
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q

By 7 i_t"'%&:'*z—; ;

oy " Zit 5 423 - 4gx2

o = (-t o) (-2 )%
(i )

It can be shown (Section 3.7), that Egs.(4.20) and (4.21)
are unconditionally consistent with Egs. (4.17) and (4.18) to
truncation error O(sz,ﬁt?)and have almost zero amplification error
for all wave numbers, so that they are linearly unconditionally
stable. Also Eg.(4.24) has been shown in Section 3.7 to be
unconditionally consistent with Eq. (4.19) to truncation erroxr
O(sz,ﬁtz), while its amplification factors tend to unity as

dispersion effects tend to zero.

Algorithmic Structures

In well-mixed estuaries the flow conditions are always
subcritical therefore as shown in Section 4.1, the dynamical
equation system provides one positive and one negative
characteristic. At every grid point in time and space there

E

will therefore be two negative characteristics, x = u = (gA/b)
and x = - », the former transmitting information concerning the

level or discharge convected and the latter concerning the

density diffused. Likewise there will be two positive
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characteristics, ; = u + (gA/b) ° and x = », the former again
transmitting information concerning the level or discharge
convected and the latter concerning the density diffused. As
well as these four characteristics there is one more, X =u
associated with the convection of the density. Since the
direction of this characteristic depends upon the flow direction,

a generalized algorithm must be introduced such that when the

flow direction changes so does the algorithm.

Consider Egs.(4.22), (4.23) and (4.25) on the grid of

Fig.4.1 and the algebraic relations:

n+l n+l n+l

hj-2 =y & Bj Qj + Gj (4.26)
ng; - ¢, pgfi 37 hg+1 + 0, (4.27)
R B TS
ST T

As is indicated in Fig.4.l1 by the double circles, two-point
boundary data are required at both ends of the grid, one data
point being an elevation or discharge and the other a density.
However, if the flow direction is positive at a grid point, no
data concerning the density being convected can enter that
grid point from the right. Thus, in the generalized equations,
Egs.(4.28) and (4.29), the recurrence coefficients, a* and e¥* ,

] ]

must be set to zero at that point.
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DENSITY EQUATION

. b N
MOMENTUM EQUATION
o
= N
MASS  EQUATION
(S g i 3
3 P b P Q p : P
@D -0 o- O———0 ©O—0©
3=0 2 3 A J3-1 Jd Ji+1
e=0 a=0 a 4 € a*
* 2 *
=0 B=0 4 B
* *
0=Q, 8=1p & 0 8"
FIG. 4.1 COMPUTATION GRID FOR WELL-MIXED FLOVS
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Recurrence Relations

By substituting Egs.(4.26), (4.27), (4.28) and (4.29) into
Eqs.(4.22), (4.23) and (4.25), recurrence relations can be
built between the coefficients of Egs.(4.26), (4.27), (4.28)
and (4.29) and from these a double sweep algorithm can be

constructed.

From Eq. (4.23)

A*h B 0.+ DX + E*h = ¥
Bye2 ¥ B3Py4r ¥ O30 * P3P41 T ESy-2 ]
substitute Eq. (4.26) for hj—2
A*h + BY I Hon¥ + E*( + + 8. = P¥
Shy o + Bleg, *CJRy + Dipy g * Ejlageyy * ByQy + 8y ]
substitute Eq. (4.29) for pj_1
A%h. _ + B¥p. . +0Q.(CY + E*,) + (D¥ + E*a,)
Piaes ¥ BIRgy * QG * BiRy 5 7B
* = L E *
(3%t E3a Eaer ej+l) 5 Ejdj
JJex + EXg. + (DY + E* 1ex = Brr=ti(De & E* *
QJ[ 3 Jsj (0§ Wy +l] pj+1[ 3 : 3 e )cj+l]

- n, a% + [ - B2, - (0F + EXo)0R ]
i*+2 3 [J i 3 j+l

158



comparing with Eq.(4.27) the recurrence relations at the h

sections are

€j+2 = [—'Bg - (D; + E;aj)g§+l]/x ; ;j+2 = - A;/x ;

G esr i [F; - B35, - (03 + Elaes, |/% (4.30)
in'which X = C; + E*B + (D* + E*uj)e;+l or if the
discharge is positive X = (C; + E;Bj).

From Eq.(4.22)

A + B + Ch, +D, + E = F
SR Byl TG, EBaee g B j
substitute Eq.(4.27) for Qj—2
A.Q. B = D
42542 * BPga * C4Py Y PPy
+ E A + r.h + 0. = F
gle4Pyy + B4Ry *+ 0y 3
substitude Eq.(4.28) for Py-1
Aij+2 + ijj+1 s (C + E j
+ 0y * Byeg) (a3 by + IRy * 83u) T By T Ry
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holCL. # B, + o (D, + E e,
J[ J ch ¥l 3 JEJ)]
e B - D * BoE ) BY - A.Q.
DJ+1[ 37 Py jEJ)BJ+1] 325+2
$ [F. = ER, = (D) 4 Bye, ) E*
3 3

J : [

comparing with Eq. (4.26)

s [- B, - (By+ BieJat J/x 1 By, = - A/x

S " [Fj - B0, - (D, + Eje)6x, /X (4.31)
in which X = Cj + chj i a;_l_l(Dj + Ejej) or if the
discharge is positive X = (Cj + chj}.

From Eqs.(4.26) and (4.28)

Pyg = 9500540Py + 840050 * Syp) * By * 8

substitute for p from Eq. (4.25)

j_.z
1!
- \CKR + B** - D*%) ——
e B et c3*

a*(a, .p. + B

100500P5 * Pyyi®n * ey 81

3 3
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BX*

From Egs.(4.27) and (4.29)

P = e¥(e

-2 = SJC5afs * Salya t Oa) TP T Y

s 3

substitute for p from Eq. (4.25)

3-2
1
- 0g7yug By T3
J

= E?(E o [

+ B * B*
35nPy * Bpaalga T T TP T

s [
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- BT *
ﬂj( C;* ujaj+1 Bj) Qj+1(ajsj+1)
Ak* 5 i
A * My 187 1=
*oew Pygp * @305, Y85 - )
, J
comparing with Eq. (4.29)
A¥*
* Lt . - = = 2 .
Y42 afBy /X7 Bl ( e /X
D¥*
* = * ® _J_.. .
9j+2 {aj6j+l + Gj C;* ) /X ; (4.32)
B**
3 = - - * — * 1 1
in which X ( E%; ujaj+1 Bj) or if the discharge
is positive
gr Sy = Gl = BAVBES $.CRA0 1)
j+2 j+2 3 3 » S|
f* = {D** = C**G*)/(B** + C**B*) ; (4_33)
j+2 3 3 3 3 33



B
= = = =% - rk - *
pj( C;* ej€j+1 Cj) hj+l(5jcj+l}

AX* D *
- 2 j
*oww Pygz (305, T 05 - 6%7 )

3

comparing with Eq. (4.28)

AX*

a§+2 = €§£j+l/x i §+2 = E%; ) /X ;

D**
83, = (305, + 03 - @dw /X (4.34)
3
B**
in which X = (- E%; - E;Ej+l = C;). or if the discharge
3

is positive

{1* = 0 ; * — A** {B'k* + c** * -

J42 T = ATOBSTEEE By
5;+2 = tD;* < c;* GgiltB;* + c;* c;) 3 (4. 35)

The recurrence coefficients are calculated from the
left-hand side of the grid by setting the boundary data there
to the coefficients at grid sections 2 and 3, as shown in
Fig.4.1l. At the seaward end of the grid the density is a
function of the upland discharge and therefore cannot be
used directly as a boundary condition. It is found, however,
that the density gradient at the mouth of an estuary is
independent of the upland discharge, and this is used instead.

If the density gradient here is denoted by ij, in which
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i3

B e TS
ij = (pjj+1 pjj_l)/(Zﬁx) then from Eq.(4.28)
n+l n+l
= (a,, h"Thioaxe, . +8 1- a.
R R R T L

Using this boundary data plus the vertical tide at section jj,
Eqs.(4.26), (4.27), (4.28) and (4.29) are used alternately to
calculate the dependent variables. For second-order accuracy,
this computation is executed twice in order to centre the

equation coefficients.

Characteristic Structure of Two-Layer Stratified Equations

The characteristic directions for the two-layer stratified
flow equations will be derived, by matrix analysis, and their
use as data or algorithmic structure controls in stratified
models explained. It is necessary first to expand and
rearrange the Egs.(2.11) to (2.14) into a form suitable for

matrix analysis.

From Eq.(2.11)

ah2 392 892 302
b, 3¢ * PP e T P2 Tax T % Tax b,(pd,7P,9,) = ©
b Ez..l.a_g.z_:b_z.( o }_b_zh.z_.ap—z_?.z__a.p_z
2 3t = ox 5. ety Pyiy o Bt P, 9%
2 2 2
= (4.37)
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From Eq. (2.12)

3h 3 3h 3p 30
1 1 2 1 1
b6, —5e BB, —s& = B0; —5E = BB, B T 0L THx
ap
+ Q) 5o = b, (Pya,P ;) 9Py = O (4.38)
L
Substituting for -sz-from Eq.(4.37) into Eq. (4.38)
dh 9Q 9Q b q,p
1 2 Ere ~ 174
bl ot & ox % ox o] (02q2 P q S
1 1
)
b,h, 30, ¥, 9 P,
see o N Pl ) TR T T
2 p1 g, 2
Q, 9
A Rl B (4.39)
p, 9x
2
From Eq. (2.13)
2 3
P 382-+ Q sz + 2p_ u BQZ + QZ 2 -u?op Eig
2 9% ot 2 ~2 ox A_ 9x o G T

oh oh

g e
+ ng(l E)A S + ng AZ ™ bz(plqlul”pzqzuz)

P99, lo, |
+ sz T+ “Efggﬁz—— = 0 (4.40)
= B! = T ' 1
let A2 2h2 and [A B A ) Blhl where B1 and 32 are called

mathematical breadths, then

33 aB' oh 5h
===t A — 1 —_— —_— = e
3% B3 ThoFh- ! T By % (440

38

(]
1]
W%
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oA gA ds! ah dh

1 Qe ARy b
St T By Y By Tax (4.42)

where Bl and 32 are called the dynamical breadths of the

channel.

oA
Substituting Eq.(4.41) into Eq.(4.40) to remove —5%

3Q 39 dh oh
2 2 1 2 2 ]
i — -3 e L e = =
g T 9 T T IR T Y Tox [9(1 EIR, =¥y By
2
B Q_2 BZi 3 an 322 + b, (equ =q,u,)
2 Poy 19X
99.le,| ™
- c2i R2 - 02 - ol (4, 43)
272 2

i - A& o
let [g(l E]Az u, B2] e

From Eq. (2.14)

9 z )
o} E.Q_.]_' + 0 _.F_,..l_ + 2p u 991 + Ql apl -1 ZD ( 31.1_1 - B .12.
1 9t 1 9t 171 ox Al Ix 1IN L Tdx 2 %

oh 0,99, |2, |
+ p.gA —l-btpqu-oqul+—~—2——-——1 Lt
1771 9x . gt Bl g W s T CZA.R,

cos¢ qipi = 0

- sz - vl

20 %, 9, : >
— g = L —=
i = e R S T

v
Q %y 8 %y . D%

- b, (
pl at plhl d X 2 £

= a0,

ggllgll 2 ®, i V1 cOBe a0 - d (4.44)
= gk == = -
C.AlRl pl pl
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—eaqy =
let {gAl ul Bl) £

Hence, the equations for the two-layer stratified flow can be

rewritten from Egs.(4.37), (4.39), (4.43) and (4.44) as

Continuity Equation (Lower Layer)

Continuity Equation (Upper Layer)

b i + 2 + gt 00 b
1 3t 9x 9x

Dynamical Equation (Lower Lay

er)

%, 20 oh

—=< 4+ 2u, — +geA, —— + e'

at 2 o= 2 ox

Dynamical Equation (Upper Lay

er)

If level h in Egs.(4.45) to (4.48) is replaced by flow

cross-sectional area A, then

oA, —_ oh, : A,
S 2 LT at
2A dh,
—— = — =
ax b2 ax b21 .

Egs.(4.45) to (4.48) become:

since
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5t~ P2 ot
3h,

= B~

(4.45)

(4.46)

(4.47)

(4.48)



Continuity Equation (Lower Layer)

3A2 ! 3Q2 3 b2h2 3, +382 30, A e i
3¢ © 9z 0. OE | p, Ox 2 %9175
2 2
Continuity Equation (Upper Layer)
oW W G IR R
ot 9x Py ax Py 2020w 1 at
q q.p
i1
=b(_-q)+ = '
2 1 CH
and let (b2h2-blhl) = k".

Dynamical Equation (Lower Layer)

:[e) aQ g(l-e)A geA 9A
i S o B [_ “22 e 2 . 2 2

at 2 9x b2 bl 9x

2
geA, %A, Q) 3,  Q,° %,

ke | et
bl x Py ot 02A2 Ix

+

99,10, | ™o
= b.{eg.u.~g.u.) = 22- + gA.I = s'
o ¥4, %7958, CZaR, 0, g% w8

8]

g(l-e)A gehA
and let - u 2 4 2 - -
2 b2 b1

Dynamical Equation (Upper Layer)

(4.49)

(4.50)

(4.51)



qu[Qll Vi cos$ q,;p,; b

2
ot = B (4.52)
2
C5hy By By Pl
931
and let ( — - u,2) = f".
b, 1

Equations (4.49) to (4.52) together with the equations for
the mass convection of the solute Egs.(2.15) and (2.16) with

diffusion coefficients set to zero , that is

ap ap b.q
2 ok 22 . . 4
=t 0, = " Az (pl pz) = r (4.53)
ap ap b,q q
L i ST e B e o 5 o
3e + v, Al (02 pl) + Al (pi pl) t (4.54)

plus the following six equations of variation

an 3Q1
—a;dx-i'ﬁdt = dQl (4.55)
BAI BAI
—aﬂgdxd-—g'gdt = d.&l (4.56)
392 3Q2
—-3-;6:; +—3'Edt = sz (4.57)
352 832
de'*_ﬁdt = dA2 (4.58)
Bpl Bpl
de-ﬁ-—az’dt - dpl (4.59)
ap2 sz
ﬁdx-'-ﬁdt = de (4.60)

can be written in the following matrix as:
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691

(0]

-

If this matrix is rearranged, and % is written for dx/dt, Ql for dQl/dt, etol, 1t

fll
geA

dx

2u

dt

dx

dt

dt

3Q

2

0 0 B

h

2 b1 %

P p ot

2 o BA].

0 0 e

2

92 gg anl

0232 p2 ot

BQ2

g 2 Tox

g L % e

2 ot
oA

2

2 Q ox
oA

o o il

ot

ap

1

0 0 =
ap

1

0 e} 5e
ap

2

9 0 Ix
3

ey B

L ot

may be expressed in the form:

(4.61)



oLl

Q 7
1 0 -X o} 0 o) o o) — ~ o} o) (n'-A.) i
Py 1 1
. b,h, .
0 0 0 0 1 0 - 0 0 0 — e (m'-A_)
2 ) P2 2
. 93y 2 2, -
(2u.-%) 0 £" o o) 0 — 0 — = 0 o) (y'-0.)
1 b 0.A 0 1
1 1-1 1 2
ged, . 2, 2, -
6] 0 5 (0] (2u2—x} 0 e" 0 0 0 = T (s'—Qz}
1 P2™2 P2
-. I_'
0 0 0 0 [0} (6] 0 (o} (ul X) 0 0 0 Lt pl)
'_. '—.‘
0 o) 0 o) o) o) o 0 o) 0 (u,-%) 0 (x'=p,)
(4.62)
x 1 o 0 o 0 o 0 0 o 0 0 él
0 0 X 1 0 0 o} 0 0 o) o) (o) ‘5‘1
0 o) o) 0 X 1 ) 0 o 0 o) o Qz
0 0 o) o o) 0 % 1 0 o o) o) i2
o) o) o o 0 o) o o % 1 o) 0 N
0 o) ) o) o) 0 o) 0 o) o % 1 52 3

The condition that the first 12x12 determinant of this matrix be zero defines the characteristics

directly, this condition reducing, by excluding rows and columns containing a single unity, to



(€9°%)

o]
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we obtain

[;2(2u1—§)(2u2—§) + e"i(zul—i) 3 fﬂé(Zuz-i)

2
AN S . :
+ eV = ———— (u-x)(u-x) = O
b 2 1 2
1

or
U . ® 928A1A2
[(2u1-x)x + f"] [(2u2-x)x + e"] - —-——-‘
b 2
1
(ul-x) {uz-x} =0
gA g(l-g)A geA
_- - —L— 2 “o - 2 2 » 2
{[{Zul X)x + 5 ul] [(2112 xX)x + B + 5 u2 :l
1 > 1
2
g sAlhz 2 i
S (u.-x) (u.-x) = O
2 il 2
1
Y2 2
(u1 x) bl (u2 x) b2 b2 b2
1 A 1-—'"T_'_+E{b—"‘l) -Eb"—
9% 9%, 1 1
(ul-x}{uz-x) = 0 (4.64)

Eq. (4.64) gives the characteristic directions for a
two-layer fully stratified flow in a channel with vertical
side walls. This equation can be simplified for a rectangular

= « B = =
channel, where bl bz, 1 bldl and A2 b2d2 to
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-D 2 -' 2
- (ul x) o (u2 x)
gd

gdl - € (ul—x}(uz—x) =0 (4.65)

2

Eq.(4.65) indicates that there are six characteristic
directions associated with a two-layer stratified flow, for
the convection of the dependent variables. Four of these
characteristics are associated with the convection of level
and discharge (two in each layer) and the other two which are
seen to be % = uy and x = Uy are associated with the
convection of the density in the upper and lower layers
respectively. The characteristic directions associated with
the diffusion of the solute are ; = + » in each layer, since

the signal velocity being the speed of sound is effectively

infinite.

Since the direction of the characteristics defines the
data input to the scheme we need to know when this data input
or algorithmic structure changes. Clearly it changes when an
; passes through zero, thus from Eq. (4.65) for rectangular

channels

ulz 022
ulu2 {l-a'ci)(l--g—%} - £ s (4.66)

Hence, if T changes sign then the algorithmic structure has
changed, Eq.(4.66) is called the control function of the

equation system (4.49, 4.50, 4.51, 4.52, 4.53, 4.54).
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In each layer the three convective characteristics can
assume one of the four algorithmic structures shown in
Fig.4.2. Fig.4.2a shows a situation when the flow is
supercritical flowing from left to right so that the three
characteristic directions are positive. Fig.4.2b shows
that the flow is supercritical and flowing from right to left.
In Fig.4.2c the flow is subcritical flowing from left to
right whereas in Fig.4.2d the flow is again subcritical but

flowing from right to left.

Considering both layers coupled together, it is clear
that there are sixteen possible algorithmic structures for a
fully stratified two-layer flow. These various algorithmic
structures are shown tabulated in Table 4.1, using the
following abbreviations: sub for subcritical; sup for

supercritical; 1 for left; and r for right.

A computational system for the calculation of two-layer
stratified flows requires both a scan procedure and also an
eigen value procedure. The scan procedure scans all the grid
points at each time level using the control function T' to see
if any of the characteristics have changed sign. If a change
of characteristics is found then the values of the new
characteristic speeds are calculated from the eigen value
procedure and a new data-point matrix assigned to those points.
Using this data-point matrix information, the computation can
be directed to the correct computational procedure at each

grid point in turn.
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(a) (b)

(e) (da)

O——O CONVECTIVE CHARACTERISTIC DIRECTIONS

O---0O DIFFUSIVE CHARACTERISTIC DIRECTIONS

FIG. 2.2 CHARACTERISTIC CONVENTION FOR EACH LAYER
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DATA - POINT

MATRIX
(1)

|

LOWER LAYER

UPPER LAYER

(3)

!
!uu

sup 1l -+ r

sup r-= 1

sup 1l - r

sup 1l =+ r

sub l - T

sup l-r

sub r -1

sup l-—-»r

sup r—=1

sup r-> 1

l

sup l < r

sup r = 1

sub 1l -1

sup r + 1

sup r+ 1

sub T 1

sub - 1

sub 1> r

sub T+ 1

sup r—->1

sub r- 1

sup l-+r

sub r+» 1

sup l- r

sub 1l - T

sup r+ 1

sub 1~ 1

sub 1l - r

sub 1l » r

-nmmmomumuao—-mﬂﬂa—oimouoiOoﬂumu.ou
N == =W 2O =0 DM N= NN NN V= WO U uin O|l= ojw olo o

sub r -1

sub 1l + T

- TABLE 4,1 DATA STRUCTURES

176




The determinant given by Eq.(4.63) can be reduced to the

following determinant, when the characteristics associated
with the convection of the density are removed and a

rectangular channel is considered.

- 3 1
0, =X g 0 g
d u -x (o] (0]
1 1 ] = 0 (
0 EQ uz-x g
0 '_.
b () d2 u, X 5

The four characteristic directions can be found accurately

using a standard eigen value procedure. However, even a
simple eigen value procedure needed to solve this problem
uses considerable time and computer storage, therefore it i
better to use the following approximate equations if the fl

conditions allow this.

d.u, + d.u
. 1k 232 [ b
x —=__< 2 + |g(da,+d )] (
{dl+d2) 3 S0
du, +d.u g(l-g)d.d (u,-u. )24 d &
3 i e i N [ o TR T | 2] (
= p
{d1+c12) (dl+dz} (dl+d2}

: 5
if u, and u, << [q(dl+dz}] and

These equations are valid 1

e = 1.
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Eqs.(4.68) and (4.69) give the characteristic speeds of

the surface and internal long waves respectively.

4.4 Extended Implicit Solution for Two-Layer Stratified Flows

It was shown in the previous section that for a coupled
two-layer stratified flow there are a total of sixteen different
algorithmic structures. However, if each layer is considered
separately there are only four different algorithmic structures.
It is therefore prudent to use a fractioned steps technique
so that each layer can be calculated separately, without

uncoupling the two-layer equation system.

This is achieved by splitting the centred implicit finite
di fference equations for the lower layer into two halves, so
that a four level scheme is obtained. The second level of
this scheme then calculates new values for (hz, Q2 and 02) at
time level (n + %-) At, from known values at time level nAt. The
third level calculates new values of (hl, Ql and pl} at time
level (n + 1)At and finally the fourth level calculates new

values of (hz, 92 and p2} at time level (n + 1)At.

Equation System

The equation system for a two-layer stratified flow is
given by Egs.(4.45), (4.46), (4.47) and (4.48) , which represents

the dynamic part, plus the two mass equations for the solute
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Eqs.(2.15) and (2.16). Egs.(4.47) and (4.48) need to be

rearranged before the finite difference equations can be

99
written. Substituting Eq.(4.45) into Eq. (4.47) to remove _?ié
_3.?_;_1+ gEA Eﬁ.{,el 22._. 2u b .a_}:.z— = cl - a' {4.70)
at 2 riox 9x 22N 2
BQl
Substitute Eq.(4.46) into Eq.(4.48) to remove =
[o] oh oh :le) dh
1 ! L . 2 2 Bl e L '
e e T O e R S
(4.71)
From Eqs.(4.45), (4.46), (4.70) and (4.71)
Continuity Equation (Lower Layer)
9h 3Q b_h_ 9p Q. 9
2 2 2.2 2 2 2
+ —= = = - :
By THt " 9 b, OF b, O% b, (eq,~4,) (72}
Continuity Equation (Upper Layer)
, Bhl - QQI X 392 5 b2h2 392 3 b W e Eil
1 9t ax Ix Py ot Py 202 L1 TR
Q, %, Q, 9 q q,P
1 1 2 2 2 U
—_—— — —= = _— = - .
+pl = 7, i bz(e ql}(l £)' + , (4.73)
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Dynamical Equation (Lower Layer)

30 oh oh 3h. ©
2 1 2 2 %
— & +e' - <L+ =0aq-—=
m T9eR, = ket =T ~ 28,0, o 0, &

Q,2 3,
T = u,(b,q,-2b€q)) + 1D q4€
JEIGLL D,

C‘Asz p2

Dynamical Equation (Upper Layer)

an oh dh ttlo} oh

5t ax v W =R B T

2
pA. 0Ox Py 1 P2 206 A, at

2u.b_h apz 2u1Q2 302

N2 2 _ -
b, Ot p, Bx ulbz[ql(l =

+

. APy ] ; 92, (2, | e

2q.(1- =) -
q, (1= ) b0, CZAR, © 0,

ub,q, v, 0S¢ 4;f;
s —-——E'—-" + o

3

Implicit Difference Schemes (Dynamic)

+f'—-]—'--2ulb1-——-];-2 2 4yl =

(4.74)

(4.75)

The equation system (4.72), (4.73), (4.74) and (4.75) is

written in the following finite difference forms.
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From Eq. (4.72)

n+ n n+l n+s
Haayd i Ry hy
b2 __J___-j— + J 1
At At
+1 +1 n+ n+s n
g g, el et
4 142 j=2 I j+2 j=2 + j+2 4=2
16Ax 16Ax 164Ax
4 n#s _ . n 2 n+s 5 n
b h 2 2 2 2
. 22 §+1 i ST 4-1 3-1
P2 2At 20t
n+l n+s n+l n+s
Py - P, Py -p
" j+l 2 1 Y j-1 =1
2At 2A¢
pml_anﬂ (pn#:_pn#i)
2 ?_2_ 3+1 2j—1 =% 2j+1 2j-l
Py 8Ax 8Ax
e =
2 2.5 b_(eq.-q.)
+ 3+l j-1 - Q[L._lﬂi] (4.76)
8Ax 2
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From Eq. (4.74)

n+s n +1 n+%
0 -9 0. " -0
2 25 2 2
s NN e, SR 3 j
At At
hln P hln hln-!-l _ hln+l
+ gea, j+2 -2, j+2 -2
8Ax BAx
h2n+1 _ h2n+1 (h2n+ﬁ i h2n+5)
g j+2 e o RN j+2 j-2
16Ax 16Ax
R h2“ h2“+5 - h2“
= j+2 j=2 - 2up, 442 142
16Ax 2At
h2n+5 . h2n h2n+1 u h2n+5 h2n+l %
o §-2 -2, §+2 j+2 §-2
2At 2At 2At
n+k n n+ks n
P I p =D
2, by 2541 341 R 5
Pa=illa=as—y +
2 2 20t 240t
n+l n+%s n+l n+
Py . TP oW, e
" j+l 3 j-1 3-1
20t 2At
2 n+l n+1 n+ n+%
0 R & oo (°2 “ba
.- 541 S RS ) 3-1
PRy 8Ax 8Ax
bt Nt
2 2
" j+1 g==
8Ax
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n+s n n+l n+
0 *9 sz i3 sz
= b -— _1.___._--—1 +
( 295 szeql) - T
2 2
n n+l
b.q.€ (91 9 )
21 3j 3 g n _ n+s n+s _n+l
= - b, | o, kg, g
1 2 2c?aR, i 3 3
b
M (4.77)
Py
From Eq. (4.73)
n+l n n+l n+l n n
B iy 9 -9 2 9
b, i ) j+2 -2, j+2 -2
At 8Ax 8Ax
n il H
2, o szs, .5 %5 *- 0y
" j+2 =2 o 2e 3 g i
abx 4 P2 At
'pn+1__pn pn-l-]._pn
it i 1 2 H 1
- =L ®,n,bih) s SN . PR E L SR
Py L 20t 20t
pn+l_pn+l pn _pn
0 1 1. 1, 1
2 i 5 j+l 3=1 " g ol | 3=-1
p1 4Ax 4hx
n+s n+
Q, p2j+l 1 pzj_l a, q,P,
§ £ = b, (==~ q,)(1=e)+ = (4.78)
K 28x °1
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From Eq. (4.75)

2
= j+2 i-2 1 ”
zul + 5 [Ql + 2ul (b2h2 blhl}]

]

b, . 2q,0, Qlj ¥
2 |q (1-2e) + 20,01~ ¢ ) - 55 J
1 2°1 2

b3, oy g 2" o nel\ . Fg v, G888 g0,
TR R i, @ oy N

(4.79)
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Four-Level Implicit Difference Scheme (Dynamic)

The difference schemes for the lower layer that is
Egs.(4.76) and (4.77), are now split up into two halves.
The first half forms the second level calculation from time
level nAt to (n+%)At and the remaining half, the fourth

level calculation from time level (n+%)At to (n+l)At.

Eq.(4.72) is written in the following proposed difference

form for the second level of a four-level scheme.

From Eq. (4.76)

n n n+ n+ n n
h, - h, Q. "9 : fo .o
b2 _._l_._._._-i 5 j+2 o + j+2 j=2
At 16Ax 16Ax%
n+ n n+ n
b.h Py '~ Ps Py~ Py
M i 441 Lo A 4-1 -1
Pa 20t 20t
n+ n+ n n
2, i P T L kT
el i =1 ;
Py 8Ax 8Ax
b,
= -5 {eql—qz} (4.80)
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Eq.(4.74) is written in the following proposed difference

form for the second level of a four-level scheme.

From Eq. (4.77)

+
l
=
I

[ >

i
(5]

[2%]
o

138
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Eqs.(4.73) and (4.75) provide the third level of the four
level scheme. The proposed difference schemes are given

by Egs.(4.78) and (4.79) respectively.

Eq.(4.72) is written in the following proposed difference

form for the fourth level of a four-level scheme.

From Eq. (4.76)

+1 n+ n+% n n+l n+l
h,""" - by ; 2 -9 & 2 9%
b, g 5 " §42 3=2 | . §42 4-2
At 16Ax 16Ax
pn+1_pn+‘~: pn+l_pn+l:
N e s TR
P2 240t 24t
" nHy A n+k 5 n+l S n+l
Q 2 2o 2 2.
+ -2 41 = o G j+1 =1
Pa 8Ax 8Ax
b,
- ——2— {qu—qz) (4.82}

Eq.(4.74) is written in the following proposed difference

form for the fourth level of a four-level scheme
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From Eq.(4.77)

4
an iy Q2n+% n Pt hln+1
J 3 + gea, j+2 i-2
At 8Ax
h2n+5 ¥ h2n+% h2n+1 _ p Pl
g T j+2 j=2 42 j=2
16Ax 16Ax
+
hzn 3. > h2n+’: h2n+1 T n+ks
- 2ub, 22 ¥z -2 -2
20t 2At
n+l n+ n+l n+k
p -p p - p
. 2 (1 k ?'bzhz) T T . Ryt . Pawy
Py By 20t 20t
n+ n+s n+l n+l
0.2 Py - Py P - Py
PR 341 = A 3+1 -1
PR, 8Ax 8Ax
0 n+l +0 n+
2j 2j bqus -
= (byq,-2byeq,) aA *2a 2
2 1
n+
alg,| bt
j n+l 2
e Q2 % (4.83)
2c%A R, 3 2

Eqs.(4.80) and (4.81) can be arranged in the following
pentadiagonal forms for the second level calculation of a

four-level scheme.
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From Eq. (4.80)

1 0 n+ +( bzhz - QZ ) 5 n+ e i h
16A% 2j+2 292&t 8926x 2j+l At 2
) ( ‘bzh2 Qz ) - n+s s 1 ) 0 n+

2p2&t szbx 2j—1 16Ax 2j_2
- X )y o n ( b2h2 QZ ) 0 n
l6Ax 2 2pzbt szﬂx 2j+l
4 Eg_ i e i ( b2h2 QZ ) 0 n
At 2 20 At 8o bx/ "2,
b
_1 40 2 -
Wi, 4 =3 ey

From Eq. (4.81)

h
(i'__i%k_).%)h“*”J,[Qz (1_2’:’22
164x At 2j+2 szat A2
n
i gle, |
g (B Byq) 2y o
At 4a 2 2
. 2C A2R2 |
0 2b. h 0.2
. 2 g -—t2y 2 ] n+s
20,8t A, 80 A, 8x 23-1
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u.b

b (_ AL 22) . o+
16Ax At 2,
e (_ e' _u2b2 h P +[Q2 (l-
16Ax At 2j+2 202At
2 &

2 n P e
* oA 1%, T [&T 4A

Pa% j+1 2

2b_h 2

[ 2 22 ) ] n
+ (1 - - p

szbt A2 sznzax 2j—l
g ( o' u2b2) Ul bque S .

160x At 2,5 2y L
n n
h - h
i A lj+2 lj-2 - Tb2
=t 8bx 20
2
Egs.(4.84) and (4.85) can be written as:
A an+k + ij2n+ﬁ + € h2n+% -+ Djpzn-”.z
2442 Lo el 3-1
A;h2“+5 4 B?pzn“"li + CfQ2n+% + D*p2n+5
342 3 %50 32y 3 2qu1
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Eqs.(4.78) and (4.79) can be arranged in the following
pentadiagonal forms for the third level calculation of a

four-level scheme.

From Eq. (4.78)

i SBll i [ 9 i blhl] , n+l Lo, nn
8Ax 42 4ple 2plﬂt lj+l At lj
X [ 2, bh,- blhl] L S
4plax 2p . At lj—l 8Ax lj 2
h
L e [_ o b2h2bll]pn
BAx 1 +2 4plax 2p. At 1j+l
+E];h +[ Ql b2h2blhl}pn % lQn
At 1l 4pl6x 2916t lj—l 8Ax lj-2
n+ n+
Q - 0
2b
U My B g 22 ({3 ol )
4bx oty 2

e 1 o o) o b, (Z-4q) @-¢)

+ — (4.88)

191



From Eqg. (4.79)

£ ulbl) n+l Ql + 2ul{b2h2—blhl)
h +
8Ax At 1

42 2p lﬂt

le n+l 1 b2 1
- ——— Py L e [ql(l—-2e} + 2q2(1- = )

n
gle. | :
iRy ] y L5 o m 0, + 2u, (bh, ~b )
b C<A_R 1 ZOlﬂt

2
A 2, ] y DL (_ g l"1*"1) p At
4911-\1&)( lj-l 8Ax At le__2

]

b
(_ £ “1b1) o H [Ql G b o
8Ax At 1j+2 2plAt

+__c_2.]_~.2_.]p“ + ._1_.32_ [q (1-2¢) + 29 (1_._]:.)
4p lAle lj +1 At 2A1 1 2 £
2
2qipi.] e [ Q, + 2u(bjh b)) Q) ] Lo
I A A
by [Ty 20 At 4 Abx |71,
+(_f_-_ﬁ)hn e a2 o g W
Bhx ~ B/ Tl , Ak \T2., " "2y,
% 4u1b2h2 5 n; 2 n)+ “192 5 n+y ¥ n+4
b, At 2, 2, 0, 0x 20 2y
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n+s n+%
b g h2 h2 v. cos¢ g.p
" 22 0 s u. 28 42 32 ke 1 S
3A2 2j = 4Ax pl
sz
e e (4.89)
1
Egs.(4.88) and (4.89) can be written as:
Glen+1. pd H.Dln+1 i I.h1n+l i ijln+l % B an+1 _
42 I Ha I j-1 37142 J
(4.90)
. DL % BTl L e PHL do MEL o
Gjhl ijl - Ile ijl + thl Lj
j+2 j+l 3 j-1 j-2
(4.91)

Egs.(4.82) and (4.83) can be arranged in the following

pentadiagonal forms for the fourth level calculation of a

four-level scheme.

From Eqg. (4.82)

1 n+l

QZ n+l

2,

16Ax 342

2

b
+( 2“2+
20 At

P
Bpgax 2j+l

193

b
n+l
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( bh, 9 ) n+l 1 Nl
+ p2 +

= {~ ) Q
2p23t 8p2Ax 3-1 16Ax 2j—2
- = 1 ) @ n+s - ( b2h2 i Q2 ) 0 n+%
16Ax 2j+2 2926t 8p2&x 2j+l

b
B i ( i At ) , Dt
At 2, 2,0t " Bopx/ P2,
b
1 n+s 2
+ . -
160x sz_2 )

From Eq. (4.83)

( e! 3 u2b2) & n+l . [ Qz (1- Ehzbz)
16Ax At 2j+2 202At A

A 3L

+ (_._.e'__.uzbz)hn+l = (_L_ﬁ
166x Bt 255 160x At

2
+[ Q, (1— 2b2h2) L% ] | ot
2p At A, 4p A Bx 2.
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(4.92)

2 ale ln#’
Rl 2o T as COTR IR
8p A Ax 2 At 2C<A_R 4h



* T 4n, 2,
J
o) 2b.h 0 2
i it [ e 2 o Dt
2p26t A2 492A2&x 2j—l
3 e' = i i TN bque 0 n+l
16Ax At 2, 2A 1 oy
j=2 1 3
geh, n+l n+l ™,
T L T
j+2 j-2 2
Egs. (4.92) and (4.93) can be written as:
R.an+l 3l @ p2n+1 % Tjh2n+1 h Ujp2n+1
342 e IS 3 3-1
R3h2n+1 ‘s S;{:.21'&]. & T*an+l ngzn+1
342 j+1 34y §-1
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+

(4.93)

n+l
V*h
i T

(4.95)
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Implicit Difference Schemes (Solute)

The two equations representing the mass conservation of
the solute in the lower and upper layers are Egs. (2.15) and
(2.16) respectively. The difference scheme for the upper

layer is from Eq. (2.16)

pn+1_pn pn+l-pn pn-«!-l-pn
G T DT T PR T R
§ At 2 At 4 At
I . n+l s n+l 5 n LB n
1
2 EL j+2 4=2 B lj+2 13—2
g 4Ax ahx
B n+l n+l +1 n
D Bty " * °1n By, T B0y pln
i j+2 i -2, _4*2 3 142
2 L 4Ax%2 4hx?
4
Lo A ( n+l :1) _ P9 oy
23 Py Py A, P2

S SRR (4.96)

From Eq. (2.15)
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n+l n+s n+s ) n
Pa Py g Pa,
5 i j it 3 3
aMt art
pn+1_.pn+3:s pn+‘:_pn
2 2 2. 2
2 %43 . 92 42
aAt 4At
pn+l_pn+l (pn-l-’:__pn#z pn —pn
2
" ee A = T 442 24-2
2 16Ax 16Ax 16Ax%
+1 +1 +1 n+ +
_ 02n i 2pzn by pzn (92 B 2p2n+1z 5 pzn "z)
2 §42 i 2 442 i §-2
4 4Ax? 40x2
MR e
2j+2 2j 2j_2 +b2q1 (p n+l | o n+1:+pn)
402 o M e : 2
b g
25 n+l n
271 - 4.97
2 (pl. * P ) 9 Ul
2 j j
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Four-Level Implicit Difference Scheme (Solute)

The difference scheme for the lower layer given by
Eq.(4.97) is split up into two halves. The first half forms
the second level calculation from time level nAt to (n+%)At
and the remaining half, the fourth level calculation from

time level (n+%)At to (n+l)At.

Eq.(2.15) is written in the following proposed difference

form for the second level of a four-level scheme.

From Eq.(4.97)

n n+
Py . 02n (nzn""’ - pzn) oy i P,
§42 ; LA j i, 4=2 4-2
abt aht aht
n+ n+ n
Py Bs P, P, ll
‘u, 42 =2 . §42 j-2
164Ax% 16Ax
= g 202“1’ Eio e ;:w‘?n - 20" + 0,
2 342 j =2 §+2 §  %3-2
8 ab0x? aAx?
b.gq b g
23 ( n+y n) 241 n
4, 2j 2 2R, "1
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Eq.(2.16) provides the third level of a four level scheme,
and the proposed difference scheme is given by Eq.(4.96).
Eq.(2.15) is written in the following proposed difference form

for the fourth level of a four-level scheme.

From Eq.(4.97)

5 S 2 n+% (p n+l « n+4 5 n+1 o n+4
2 2 2oy ha ) 2, 5 2,
J+2 “4+2 +2 3 j + j=2 =2
4At 4At 470t
+ +
pzn : =5 n+l p2n+?~,1 = pzn#;
5 u2 j+2 j=2 4 j4+2 i=2
16Ax 16Ax
n+l n+l n+l n+% n+ +
D Py - 2, e, Py = 202 & pzn :
_2 j+2 j =2 S ] j-2
4 4Ax%2 ahx?
b_g b g
+
i ( 0y 0y lz) Mgt i b 55
2 b j 2 j

Eq.(4.98) is written in the following tridiagonal form.

Ao RS L 25 +b§1]p:w%
aht 16Mx 16AxZ | %342 T W

i B e SR s DA
art  16Ax  16Ax2 | 23-2
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g Py n 1 Dy PBhi| o=
= a x By 3 =T | P2
aht  160x  16Ax? §42 20t 8Ax? 2 i

u D b_g
+ L + 2 + 2 92n +_§A_lpln (4.100)
4t 16Mx  16A%? §=2 9 =9
which can be written as:
A’f*pznﬁ + B**pzn#s + C‘f*pzn#’ = D** (4.101)
) 2440 3%y 3 %50

Eq.(4.96) is written in the following tridiagonal form

g s g (D I B S S P G e T
aat  8ax  8ax2]  l4e2 2t 4Ax2 By Ly
u D u D
+ & S S 1 pln+1 L s 1 - 1 ] p n
art 8Ax  8AX? §-2 aAt  BAx  8Ax? §42
ila Aty byd,*ay n
S i A Py
20t 4Ax? 1 3
1 i Dl n b2q2 n+ 93P
+ + + P1 k=m0 = (4.102)
4ht  8Ax  8Ax? §-2 1 j 1
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which can be written as:

+
Brp M4 prap My grep Mo e (4.103)

7 A I -2

Eq.(4.99) is written in the following tridiagonal form

u D D b.g
1 . eyt 2 ] 02n+l i 1 ¥ 2 % zAl p21'1-!-1
4At  16Ax  16Ax? j42 20t  8Ax? 2 j

u D
i . Ul 2 2 ] 02n+1
4At  16Ax  16Ax2 §-2

D
. [ L M ‘] a1 1 D, By ] noby

Are | deax - doaxtd a4z b aae  Bax

u D b g
+ 1 42 42 p2“+* + gAl o Bl (4.104)
apt  16Ax  16Ax2 §=2 2 13
which can be written as:
I;*p2n+l - J;*pzn+1 + K;*pzn+1 = A% (4,105)
j+2 j §=2
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Algorithmic Structures

For stratified estuarine flows unlike well-mixed flows,
the possibility of supercritical flow conditions in either
layer is very high and must always be considered. It
therefore follows that for the convection of the three
dependent variables there can be three characteristics of the
same sign in each layer as is indicated in Table 4.1. Since
the number of characteristic directions of the same sign
dictates the number of data points in that direction, this

number must be reflected in the algebraic relations required

for the double sweep algorithm.

For calculation at the second level consider the Egs. (4.86),

(4.87) and (4.101) on the grid of Fig.4.3 and the algebraic

relations:
hz‘:z B ajpz;i? + 3392;#: + thZ;‘:: + 8 (4.106)
szi: % ey pzjj - ;jhz’;"d’ + njgz';:z + 8, (4.107)
pzzj u;hzl;:’- + 3;02;1'*’5 + Y;QZ‘:: + 6 (4.108)
pzjiz e;szi? + §;92:+% + n;hzj:? + 8% (4.109)
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DENSITY EQUATION

-

MOMENTUM EQUATION

”~ e il |
MASS EQUATION
- U el -
Q p h p Q P h P
O O O— O O —_— O QO
j=0 1 2 3 4 5 6 T
3 a* a c* £ a®
* *
4 B B g 4 B”
n Y Y n* n Y
9 5" 5 8" 9 5

FIG., 4.3 COMPUTATION GRID FOR STRATIFIED FLOWS
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According to conditions at the left hand side of the
calculation grid point for the lower layer at time level
(n+%)At, appropriate coefficients can be set to zero as

shown in Table 4.2. Then, by substituting Egs.(4.106), (4.107),
(4.108) and (4.109) into Egs.(4.86), (4.87) and (4.101)
recurrence relations can be built between the coefficients of
Eqs. (4.106) to (4.109) for each data structure. From these a
double sweep algorithm can be constructed which can be used

in an identical way for calculations not only at the second

level but at the third and fourth levels also.

Table 4.2 indicates that there are four algorithmic
structures corresponding to the four characteristic structures
for each layer, compared with three algorithmic structures when
the density is not included in the algorithm. Thus instead of
nine data structures being associated with a two-layer
stratified flow ( 51 ), there is now sixteen data structures
as indicated in Table 4.1. Since the computation uses a
fractional steps technique enabling each layer to be calculated
separately, these sixteen data structures are effectively

reduced to four.

For calculation at the third level consider the Egs.(4.90),
(4.91) and (4.103) on the grid of Fig.4.3 and the algebraic
relations Eqgs. (4.106) to (4.109) with the time level changed
from (n+5)At to (n+l)At and the dependent variables (hz, QZ' p2)

changed to (hl, Ql' pl). For calculation at the fourth level
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FLOW DATA POINTS GIVEN COEFFICIENTS SET
TYPE AT LEFT BOUNDARY T0 ZERO
(1) {2y ¢ (3)
SuUp I = 1 1..4p) NONE
sub T = 1 2. {p,bhor Q) YY*qq*
sub 1 -= 1 2 (p,horq) ¥Y'qn o <"
*
sup 1l -»= 3 (p,hand Q)| YY qq*a*e*B?;
TABLE 4.2 APPROPRIATE COEFFICIENTS SET TO ZERO
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consider the Egs.(4.94), (4.95) and (4.105) on the grid of
Fig.4.3 and the algebraic relations Eqgs. (4.106) to (4.109)

with the time level changed from (n+%)At to (n+l)At.

Recurrence Relations

Because of the four different algorithmic structures in
each layer shown in Table 4.2, each algorithmic structure or
flow type will be treated separately. Also since the
algorithmic structure of the equations is the same at each
level of the calculation, the indices denoting time level and

layer number will be deleted.

(a) Supercritical Flow (Right to Left)

Eqs.(4.106) to (.4109) become

hy o = 94P5y * B4y *Yhyn * Yy (4.110)
Q5 = E4Pyy * Tyhy N0y + 0 (4.111)
Pyp = @fPyy * 8Py * Y%, * 8y (4.112)
Pt (5 eng_l + c;:g + n;hj+1 + B; (4.113)
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0 h P Q P h P Q P h
O—oO O = e g O O—0———¢©
1 2 3 4 5 6 7 332 331 33

a*=0 a e* > a* o e*

g*=0 8 T* 4 g* B c*

Y= Y n* n e Y n*

6*=p, 8 o* 0 §* 8 o*

Fig.4.4 Boundary Conditions and Starting Values for Case (a)

From Eqg. (4.86)

e h * Djp__ + E.Q = F

258542 T BsPyn T 55y 3182 j
substitute Eq.(4.111) for Qj_z
A0 * ByPyyy * Chy +D0s
+Ey(egpy g + Th, F Q0 +0,) = Fy
pj_l(Dj TRy = - hj(Cj 4 chjJ = BPyn
= 85028yt Batly) o+ () = By8y)
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comparing with Eq. (4.112)

(€. +B.C.) - B
u* = -_l—j_L 6* = _._.___._l.—
j+1 g j+l
D E D E
By * Bymyd (B, + Bye )
(A, + E,n.) (Fr, = E,B.)
Y, = e T 1 1A 82 = =i IR &1
j+
(Dt EjEj) (Dj + Ejej)
From Eq. (4.87)
A*h + B¥ c* D* E*h = F*
Paaa TBPa * S99 T PPy T Ry 3

substitute Eq.(4.110) for hj_2

Ay, * BIPya * €59y * D3Py

+ Eg(ujpj_l + Bij + thj+2 + Gj) = F;
* * = * * - p¥
o Tl Q(Cy + B3Ry = BiPyn
- * e
L R R e L

comparing with Eq. (4.113)
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(C* + E*8.) B*
PN U . S ]

1t (D* + E*ax.) Il (D* + E*a.)
j = (| Jj s s
(A* + E*vy.) (F* - EX§ )
¥ PR o 0 e i * et o s L
”j+1 ; ej+l (4.115)

(D¥ + EXa.) (D* + EXa.)
3 33 3 ]

3

From Eq. (4.87)

* + B* * * * = F*
AlaPyes T BiarPye2 T SIS Y Dy Y By 1 P+
substitute Eq.(4.101) for pj+2
Bin
+
A* h- + (D** — B** — C** + C*
T M R R L B T
3
* * _ *
+DsPy HERBL Pl
substitute Eq. (4.112) for pj_2
B**B* Dx*p*
j+1 D
AS Bk 4 OF +(D='=—j3')+J
JaPyes T SGa%a T P05 T T b
3 3
B* 1C**
e
_pr -3 (qen, o+ B¥p + ¥R, . +8%) = - EX h
faa T ot R SO B 5 J+175-1
J
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B¥* C**u.* B**B* B* C**B*
k  CEFa g X :
h. i .2 S s O ] = by [D* e (o ;| PR = S e

=i A** j+l i+l A** A**
3 ] ]
B* C** *
+Q i SR
j+1 j+1 Ak J4+3 J+L
3
D**B* Bi" C**G*

& ) P e - - L

A?* j+l A**

] J
comparing with Eq. (4.110)

- * A * * % *kQ* .
%541 [P5.133" - B3,y B3 + 58] ] 7%

= - *%k _ R* gk %
Bj+1 (Cj+lAj Bj+le yj) S

= * A** ;

= * KR - *%k K% =% F* A**] x 4.116
6j+l [Bj+l(Dj Cj (Sj]| 3+1 3 / ( )

where

¥ = B* Ckx*g* — E* A**

i+l 3 3 i+l J

From Eq. (4.86)

Q = i

+ D g, F B i :
Aj-:-;LQ;H-B * Bj,+1pj+2 * cj+1hj+1 j+lpj J+l=3=1 j+1
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substitute Eq.(4,101) for pj+2

B,
J+l
Bys1P443 T axs
+
P3+1°3

substitute Eq, (4.113) for p

*
N b e |
Ay 243 ¥ Gy * pj(;ajﬂ A )

B
= - -
j+1 a**
4 j
Ej+le-l

C** *
- By 1C5e]
j=1 AX*

3

a0 (Cj+1

&%
D3 By
+ Ax* =

3

(D¥* - Bx+
] ] P

By1%-1

(ejgj 1+ 85y

g T
AT® * 253854

- C**

3 P~ =2/

Fj+1

j=2

g T

* K
Dj Bj+1

5

C**n*

**e*
J+l : JJSik )

A**
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comparing with Eq. (4.111)

€5+1

j+1

T"j-t-l

a i)

where X

(b) Subcritical Flow (Right to Left)

- B

(D** - c**e

C***“
Bys1557€ 5 Ry

s b e
[Djﬂaj By, (B

c**

3+l 3

A**
3

c*r**:)] / X ;
353

*) - F A’!’*] X
) j+l 3 /

Egs. (4.106) to (4.109)

1 * 8.0y

a*h + B*p.
J-

become
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(4.118)
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(4.120)
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0O0——© © O O O——O0
o 1 2 3 ji-2 ii-1 i3
=0 a*=0 o g* €
£=0 g *=0 R ol L
0=0, §*=p, 8 g* 9

Fig.4.5 Boundary Conditions and Starting Values for Case (b)

From Eq. (4.87)

A* C*Q, + D* *h F*
j 373 R

hys2 * B3Py * P31 T By < F§

substitute Eq. (4.118) for hj__2

A*h + B¥* + C*Q. + D*p,
L T T e LSS |

+ E*(a

Jlogpyy + ByRy +8y) = FY

]

substitute Eq.(4.121) for pj—l
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*h Rk * *
Aj 542 B pj+1 C, + (ef O

D* E* E* = F'f

( 3 5 } + j(B 2O 6 ) i
. | &L By DX + E¥a_

QJ [ j i ij j+l( j J“J) ]

opr [ % - 5n ) * B | - mya

+ [F;—E;aj j+l * E*u)]

comparing with Eq. (4.119)

[-B*-;;+1(D*+E*a)] / X ;

€y42 T j

Cye2 = T A; il S

Bya ™ [F;~E§6j—8;+l{D§+E;aj)] / X
where X = C¥ + E*B + et (D% # E*a )

J j J+i " J 3

214

+ * 4+ A*
31 s e I;j+lﬂj+l ej+l

)
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From Eg. (4.86)

A.O. + B.p. + Ch, +D + E Q. = P
JQJ+2 3 et b | 5 iy jpj—l JQJ'2

substitute Eq.(4.119) for Qj-2

B C.h DO ; E o J8 .h
By0i,0 +Bibsy F OBy ¥ D0y B (e, ) HT Ry ¥ 8

substitute Eg.(4.120) for pj_1

+Ch, +D,(a* )

A0 .o * Bypyyy * Cyhy + Dylal by + B3Py * ¥
+z.h

By [legtadhy + 83,0050 + 834n) * 540y * 8y 1 ™8

hj[cj+Ej‘:j+°‘j (D +E£)]

= °j+1 [ - Bj - je +D )B;+l ] 3+2
+ [ By = DL, - (0, + €83 )E ]
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comparing with Eq. (4.118)

By = [-— By - (Bjey + D)BY, ] %5

Bj+2 = -A,/X;

Syuz © [ Pt U R L ] e
where X = C, + E + a* . (D, +E,e,) .

P o R 5 Bt T b

From Egs.(4.118) and (4.120)

p J + B* 34 * 6*

AN (“j+1°j ” Bj+le+l 2 j

substitute for p from Eg. (4.101)

3=-2

- (A**p . + B** - Di-r* C**
(B30 342 “ 10 /5

I

* T e e NS T SR B s P
“j(aj+lp3 BJ+lQJ+1 J+l) sjpj 6j
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B** A¥x*
e Do e _a* ) - __L

3
comparing with Eq. (4.121)
e;+2 = u;Bj+1 /X § C§+2 = A;* / (C;* X)
* = 'k - * % c**
85+2 (938500 + 85 - 5% / ) /x
where X = = B**x / C** - qg* - B¥* .

3 3 ! 3

From Egs.(4.119) and (4.121)
o = g¥®(s + h } + T*p, + O*

-2 55415 * Byl * %4 33 T

substitute for P52 from Eq. (4.101)

2T
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- (A** + B¥kp .~ D¥t) [/ C¥*
AV s e

* + p*
+l) + T*p. 0*

+ 8
ef(e541P5 * Sy T O 3Py * %

pyl=BY* / CF* —efesy ~ 8P T Mufifia

A**

* * * C**)
d E%? Bl IRel g ARG PRV O

comparing with Eq. (4.120)

= = * = ** Cv'e* X
u;+2 = E;Cj+1 V&S S Bj+2 Aj / ( ] )
= L.l * % C** X
6;+2 (E§Gj+l 2 Gj Dj / M Yy /
where X = = B;* / C;* - G;Ej+1 - c; .

218

(4.125)



(c) Subcritical Flow (Left to Right)

Egs.(4.106) to (4.109) become

h. = Aol ¥ + 8, 4.126

3-2 ajp]_l Bij 3 ( )

SR TR G D R 127

A e O - T e

= B¥p, + &% .128

pj_2 ijj 3 (4.128)

o * + 0% 4,129
Q h P Q P h
o0——0—o0——o0—0—0—0
0 2 3 ji-2 s 55 | i3
£=0 B*=0 o B >
=0 §*=p, B o* C
86=Q0 § ]

Fig.4.6 Boundary Conditions and Starting Values for Case (c)
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Since a; and e; in Egs.(4.120) and (4.121) respectively

equal zero, this gives from case (b)

SRR ol R

B =T A; f Xy

Siag = [ P} - B35, - 03, (0} + Ejo,) ] 7 x (4.130)
where X = C; - E;Bj
similarly

%42 = [ - Bj - (Ejej + D }Bj+1 ] i A

Bj+2 = = Aj / X 3

Ba [ Py - D82, - (8, + e 83, )E, ] ik (4.131)
where X = Cj -+ chj
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From Egs.(4.101) and (4.128)

A**p.

e RS A T

313

'(B** + C** *) = — ?* + (D** - C** *
Py (BF" * €578] L L R i
comparing with Eq. (4.129)
- A*¥* (D** - C**§%)
By T mEFroeey ¢ Y2 T e
3 % A3 J 3.3
From Egs. (4.101) and (4.129)
A** 4+ B** + c**( ? A M e*) = D¥*
3l TRy Py TEGISRR T Y 3
(B** + C**r* = = A** + (D** - C**g*
g 3Ey) j Py+2 j 3703
comparing with Eq. (4.128)
— A** (Df* = C**ﬁf)
3 = . * i 8% = 1* :l* ?k)
+2 B** 4 Ckx*xr*) ' j+2 (B** + C**L
] : 3 3 B J 3 3 =3
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(d) Supercritical Flow (Left to Right)

Egs. (4,106) to (4.109) become

Byz 7 85P30 T Y

€5P3-1 T O
Py-2 = 3;0- * 6;

J

+ 0%

Pyg = 5Py T 9

p h ¢] Q p

(4.134)

(4.135)

(4.136)

(4.137)

h P Q

© © O o—©- ---0----0--- -0

1 2 3 4 33-1
€= g*=0 a=0 g*
0=Q, 6*=p;  §=h2 o

33 ji+l ji+2
5 B* o
] §* 8

Fig.4.7 Boundary Conditions and Starting Values for Case (d)

From Eq. (4.86)

A, p + B, =P + QL SJh 4D + B, . = F
J—3QJ—1 3=33-2 3=3 j-3 5-3P4-4 3—393—5 5-3
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substitute Eq.(4.134) for hj-3' Eq. (4.135) for Qj-S and

Eq.(4.136) for pj_4

& )

+
By 301 * By Py T Cy 30054052 05

Tk I

*
+ D, 385 Py p * 8300 * By3l®y-aPy-a T Py 3-3

substitute Eqg.(4.136) for pj—4

c )

Ay 9y * By gPy0 * Cy3(0y 1Py ” B3ty

+ Ej-3ej-3 = 3-3

= = *
Aj-3Qj-1 pj-2{Bj_3 il + Dj-BBj—Z + Ej_38j_3B;_2}

)

= * * -
(s adiy +PL 95 5% By 385-3%3-2 * By-3%-3 7 Fy-3

223



substitute Eq.(4.137) for Dj_2

Ay-3%5-1

+ E - * ) - C 8 + D, .6*
4-3%5-3P5-2 [ §=3°3-1 © "3-3"3-2

= = *n . + 0%*) (B, + C. .o + D k
(;JOJ 3 { 3=3 3=3 3=k j“3BJ'2

*

*

+ Ej_3(sj_36;_2 + aj_31 By ]

Aj-3Qj—1 = -p.g* (B

+ B, 65 483 )) - [e;

- -

*
Ej-3€j~33j—2)

555 By_3 * Cy_3%5y * Dy B3,

{Bj-3 + cj-3aj—1 + Dj_BB;_2

*
Cyugyy * 0y 3950

+ By gley 85 5+ 653 = Fy_3 ]

comparing with Eq. (4.135)
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1
e = - — * + *
jo1 0 BB 5 +Co 0y * Dy sy

*

E * + -
- j—3€j-3Bj-2) Cj—BGj—l Dj-38j—2

* -
+ By (e, o83 5 % 8y ) = Fy g ] (4.138)

From Eq. (4.87)

A;-th-l + B;_3pj-2 + c;-3Qj-3 = D;_Bpj_4 + E;_3hj_5 = F;_3
substitute Eq.(4.135) for Qj-3' Eq. (4.134) for hj—S and
Eq.(4.137) for pj_4
B;-3hj—1 + B;-3pj-2 + c;-3{6j—1pj—2 o 93—1}
+ DY 3(EY Py p + 03p) * B30y 9Py g * 0590 T Fig

substitute Eq. (4.137) for pj_4
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* + B* + C* 4
A% By *BI P59 * i385 0Py Bl

* * * * * + B*
+ DY (23 504 5 + 8550 + BY 3%y 3005 505 03-2’

substitute Eqg.(4.136) for pj_2

Af ghs gy = 03055 * Gty ? D 3%3-2

* * ? * * * * *
+BY 0y 983 p) - (G305 * Pi30y-p T By-304-303-2

+ B 36 3 = Fiy

substitute Eq. (4.136) for pj_2

A* _h - (B*, + 8% (BY ., +C¥ + DY ¥
j-3"3-1 (B3py + 851 (B 3 * €Y 3851 T P3-3°5-2

* * - * + * *
+ Ej_3uj_3;j_2) {cj_39j_1 Dj_BBj_z

226



+ E¥* * .. FEX = F¥
S-3%4-303-0 * Biafy-a 7 P33

*

A* h = - p B¥B* . +Ct_e. . *DF .zt
3-3"3-1 P4B3 B33 * ©5-3%5-1 7 P5-3%3-2

*

* * - * * %* *
B2 e gnt o) - [8E5g + Y sy PRl

) HICE 8

* * *
+ EY 04 38320 * €530y * Py3°

(et
[
[N

* * s *
+BY (o, 503, + 85 5) - Fy, ]

comparing with Eq. (4.134)

B
= - * * * r* 4 E* * 3
%541 AT, (B3 5 + CJ_3€5.1 * P_3%.p * Ei-3%-3°5-20
5. L [ sxm* , +c* e, . +Dr c*
341 o e TR T e e
+ EX + * _o%

* * + 8
3-3%3-3%3-2) * 2% * D3350

* * =5 *
©BY (u 8r 8 ) B, ] (4.139)
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From Egs.(4.101) and (4.136)

A¥*p + B**p + C** (B*p. + 8% = D¥*
j T3+2 [ 3 j°3 i 3
(B¥* + CX*g*) = = A¥¥p + (D¥* - C¥*§¥)
®3 j 3 P3+2 j j 03

comparing with Eq. (4.137)

- A (pis — cregh)
B2 = TEEr rorn ¢ Y3e2 T (BEF ¥ CreEd)
3 i3 j i

From Egs.(4.101) and (4.137)

A** + B** 4+ C** * + g* = D**
3040 *BTRy ¥ CFF (G316, + OF) 3

(B** + C?* * = e A** y + D** P, C**e*
ey 3 t;j) b Py+2 ( j 3 jJ

comparing with Eq.(4.136)

- A%** (D** — C**Q*)

B* = J - §* i j 0| j
j+2 (B** + C**r¥*) ' 342 (B*X* + C**r¥*)
J 5 ] s S
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Depending upon the algorithmic structure recurrence
coefficients are calculated from the left-hand side of the
grid by setting the boundary data there to the starting
recurrence coefficients as shown in the Figs. (4.4) to (4.7).
Eqs.(4.106) to (4.109) are then used alternately (with the
appropriate coefficients set to zero) from the right-hand

side of the grid in order to calculate the dependent variables.

At the seaward end of the grid the density is a function
of the upland discharge and the degree of interfacial mixing,
therefore it cannot be used directly as a boundary condition.
The density gradient at the mouth of an estuary is however,
independent of the upstream flow conditions for well-mixed
estuaries. Assuming that density gradients of different
magnitude occur in both the upper and lower layers at the
mouth of an estuary, the density in either layer is calculated

as follows.

Let the density gradient in a layer be denoted by P, then

P ) 7/ (2sx (4.142)

gy WPy TPy

For Subcritical flows

From Egs.(4.120) and (4.142)

1 = (a*. .h,. + 2AxP, B* + 6%, 1 - B* 4.143
Al s *35+1733 ji 33+l IIJ"‘l)/( BJj*'l) { !
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4.

For Supercritical Flows

From Egs.(4.113) and (4.142)

LE = (e* : + ¥, -h o 4 oek,

pJJ—l Jj-lgaj-2 an-l i3 331

+ 2Ax P, ) (1 = %, » 14
X 59-2 / CJ]_IJ (4.144)

If the flow direction is from left to right then in

* = * * =
Eq.(4.143) ujj+1 0, and in Eq. (4.144) Ejj—l and njj-l 0.

Computations for Partly-Mixed Flows

Estuaries like the Thames which have a low upland flow
and follow a meandering course fall into the category of
partly-mixed estuaries. In such estuaries the interface
formed between the salt water wedge at the bed and the
overflowing brackish water is partly eroded away due to mixing
between the layers. This mixing takes place when the relative
velocity between the layers exceeds a certain critical value,
and occurs especially at the bends in the river where
secondary currents cause highly turbulent flow conditions.

The degree of mixing is however not sufficient to form a
homogeneous vertical density distribution, and a partly-mixed

estuary still exhibits the characteristics of a two-layer flow.
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The main differences between an estuary of the fully
stratified type and that of the partly-mixed type are the flow
directions in the upper and lower layers during a tidal cycle.
In a fully stratified flow, because of the high upland
discharge and low tidal range, the fresh water velocity is
downstream throughout the tidal cycle while the salt wedge
moves slowly upstream and downstream as the tide changes from
flood to ebb flow. In a partly-mixed estuary however, such as
the Fraser River in British Columbia ( 63 ) both layers can
ebb and flood at almost the same time, the maximum velocities
in the upper layer being almost double those in the lower
layer. Clearly flow conditions in the Fraser River resemble
those of a well-mixed estuary except that the two-layer

stratification is still prominent.

For the mathematical modelling of a partly-mixed estuary
a decision has to be made as to whether a single layer well-
mixed model is to be used or a two-layer stratified model.
The actual program used would be the two-layer stratified
program since this is built so as to operate also as a single
layer model, as it must do upstream of the wedge. However,
the boundary conditions used in the model necessitate a
decision as to whether the partly-mixed estuary behaves more
like a well-mixed estuary than as a two-layer stratified

estuary.
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A third alternative exists, and that is to treat the
partly-mixed estuary as consisting of several layers.
Although this may appear reasonable at first sight, in reality
it is not for the following reasons. Firstly, the computer
time greatly increases as the number of layers increase.
For example, whereas a two-layer flow requires a four level
computational scheme, a three-layer flow would require an
eight level scheme and a four-layer flow a twelve level scheme.
This increase in computer costs would have to be justified by
a substantial improvement in the accuracy of the model.
However, the accuracy of any mathematical model is only as
good as the boundary data available and even for a two-layer
model this is rather meagre, especially in regard to interfacial
mixing. For a multi-layer stratified model it is economically
impossible to supply boundary data of sufficient accuracy to

justify using such a model for river estuarine flows.

In conclusion, a partly-mixed river estuary should be
treated mathematically as a two-layer stratified estuary
provided boundary data can be supplied for each layer. If the
interface cannot be easily located and therefore boundary
conditions for each layer cannot be reliably determined then

it is best to treat the estuary as well-mixed.
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4.6

Advantages of Extended Implicit Difference Schemes

It was shown in sections 3.4 and 3.5 that in order to
compute the average longitudinal density variations in a
well-mixed estuary two separate models are required. Firstly
a dynamic model is needed which computes water levels and
discharges along the estuary, and secondly a transport-
diffusion model which calculates density variations. By
inserting the density model between the time steps of the
dynamic model a crude coupling was achieved which enabled
computed velocities to be fed into the density model and
computed densities to the dynamic model. In this way values
of water level, discharge and density could be calculated
for the estuary. This method was used again by the author
( 51 ) to calculate the average longitudinal density

variations in each layer of a two-layer stratified flow.

In section 3.7, the stability conditions of this density
model were calculated and found to be unconditionally stable
as far as the von Neumann linear stability was concerned but
conditionally stable for non-linear stability. Since this
method of computing density must ignore the direction of the
convective density characteristic, non-linear instabilities
in the form of 'parasitic waves' are generated by the
computation. In order to suppress these parasitic waves,
which are caused by the generation of higher wave numbers,
the computation is restricted to very small distance and time

steps. As an example, for the well-mixed River Hooghly in
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West Bengal, the maximum distance and time steps were

calculated to be 100m and 25s respectively.

When extended implicit finite difference schemes are
used the direction of the convective density characteristic
is taken into account by changing the algorithmic structure.
In this way there are no 'parasitic waves' developed by the
computation and the scheme is governed only by its linear
stability conditions, which for both the dynamic and transport-
diffusion equation systems are unconditionally stable.
Applying this new scheme to the River Hooghly ( 53 ), distance
and time steps of 5km and 900s respectively were used giving

a Courant number of 2.

It can be concluded that although the extended schemes
are mathematically more complicated than existing schemes,
especially for stratified flows, the fact that they can be
run thousands of times faster on the computer than existing
schemes proves their worth. In fact for the River Hooghly
with a tidal limit 280km from the sea, the computer time
required to calculate water level, discharge and salinity
variations was five minutes on an IBM 360/65 machine at a cost
of about one hundred pounds. To make the same computation
using existing finite difference schemes would have required
about six days computer time at a cost exceeding one hundred

thousand pounds.
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CHAPTER 5

ANATYSIS OF SALT WEDGE FLOWS

5.1 The Arrested Saline Wedge

In deep estuaries where the tidal range is
very small and the upland discharge constant a wedge of
salt water intrudes into the estuary from the sea and remains
fixed in position. The fresh water flowing over the wedge
imparts a velocity to the salt wedge just below the interface
and the resulting velocity gradients if large enough can
induce a transfer of mass across the interface in both
directions. In many cases the velocity of the fresh water
over the landward half of the wedge is not high enough to
induce entrainment across the interface and entrainment
and mixing are usually confined to the seaward half of the
wedge where the velocities are higher.

The removal of salt water near the interface
is balanced by an inflow of salt water from the sea near
the bottom of the salt wedge. In this way the salt wedge
remains constant in position even though there is a
circulation velocity set up within the wedge, as shown in
Fig.t.1s

At any cross-section the average velocity in
thg salt wedge is almost zero and for a typical arrested
salt wedge shown diagrammatically in Fig.5.1, the important
variables can be expressed in the following dimensionless

groups.
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2 of(2E). (B2) ()] e

1/2
where Vg = [g Hy ( 1 - E)] (5.2)

is called the densimetric velocity; vd Hy the
V1
densimetric Reynolds number, and € = p1/p2

If the flow is critical at the river mouth then
2

vV, =g(H=-4a,)(1=-¢) (5.3)

also Vg ( Hg- d,.) = V Hy (5.4)
2/3

thus d23/Hs = 1 = [kHb Vr)/(HsVd)] (5.5)

Experiments were carried out to find an expression for the
length of an arrested saline wedge in terms of the variables
shown in Eq.(5.1).

The apparatus used is shown in Figs. 5.2a,b
and consisted of a perspex channel 2.5m long by 3.5cm wide
gradually enlarging into an experimental sea 0.9m wide by
0.6m long and O.Am deep, all mounted on top of a tilting
flume. Presh water was introduced at the one end and with-
drawn at the seaward end using a system of syphon tubes
supported in a polystyrene block. The horizontal dimensions
of the model were scaled such that a typical arrested saline
wedge of length 20km became 2m in the model, and a river
width of 350m became 3.5cm giving a scale ratio X = 10%,

The vertical scale was chosen such that a depth of 15m became

6cm in the model, giving a scale ratio Y = 250. These
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FIG. 5.,2a APPARATUS USED IN EXPERIMENTS
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prototype values correspond roughly to those for the salt
wedge in the South Pass of the Mississippi River (79).

For the successful modelling of a stratified flow it is
necessary that the densimetric Froude number should be the
same in both model and prototype. Therefore the first
dimensionless term on the right hand side of Eg.(5.1),
should be the same in model and prototype. This is equivalent
to saying that the characteristic directions should
correspond in model and prototype and such a condition can
be shown to be sufficient as well as necessary for correct
scaling (3 ). Using these horizontal and vertical scales
the velocity ratio becomes Yo'5= 15.8 ; the discharge ratio
xt'*% = 2.0 x 107, and the time watio X/¥°*° = 633. Hence
a2 river discharge of 2200m3/s in the South Pass of the
Mississippi River becomes 3.3 litres/min, which is a
convenient flow rate to control with syphon tubes. These
syphon tubes did not pass right through the polystyrene
block but ended up in slots 1.5cm deep just above the base
so that salt water could not be sucked up into the syphon
tubes through the fresh water. By hanging suitable weights
beneath the block, it could be made to float rigidly at a
level such that the water surface was just beneath the roof
of the slots.

The procedure for creating an arrested salt
wedge in the apparatus was to first ensure that the salt
water in the sea end was at a density of at least 1032kg/m3 .
The reason for maintaining this high salinity for the salt
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water is that the interfacial stability is proportional

to the relative density of the two liquids. By maintaining
a high relative density between the fresh and salt water
perfectly stable arrested salt wedges could be created which
were free from interfacial waves. This salt water was then
coloured with potassium permanganate solution and with the
flume tilted back a wedge of salt water initially lay in the
dry channel. By slowly increasing the fresh water supply and
gradually lowering the flume to the required slope a salt
wedge was formed in the channel with the fresh water flowing
over it. By adjusting the syphon tubes they could be made to
eject fresh water at the seaward end of the model at the
same rate as the inflow, thereby ensuring that an arrested
salt wedge was formed. After several minutes of constant
flow to ensure that the salt wedge did not move in the
channel the depth of the interface and surface were recorded
along the whole length of the channel by direct measurement
from scales on the side of the channel. The temperature of
the fresh water was then recorded together with the slope

of the channel . After a block had been wedged into the
channel to prevent the salt water from flowing into the
fresh water inlet the fresh water supply pipes were removed
and their discharge measured volumetrically using a two-
litre measuring jar. This procedure was repeated for different
channel slopes, fresh water discharges and depths of water
at the seaward end until enough results had been obtained

to draw the required graphs. In all, one hundred and forty
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eight stable arrested salt wedges were examined and the
data from these used to plot Figs. 5.3 and 5.4 .

From Eq.(5.1) the ratio LD/HO is seen to be
a function of the densimetrie Froude number (Hbvr)/(Hsva);
the densimetric Reynolds number (VdHO)/v1 , and the depth
to channel width ratio Ho/b . Because only one channel was
available for these experiments the influence of Ho/b -
which varied from 0.5-1.5 was impossible to assess. From
the results of Keulegan (79) who experimented on three
channel widths namely 5.2, 11.3 and 22.9cm; for a change in
Hy/b ratio from 1-2 the length of the arrested wedge decreased
by 30% .

Figure 5.3 indicates that I,/H, is strongly
dependent on the densimetric Froude number but only weakly
dependent on the densimetric Reynolds number. The slight
dependence on the densimetric Reynolds number can be seen
in Fig.5.4 , and from these two graphs the equation for
the length of an arrested saline wedge becomes:-

0.115 "'2.5

=3 = A, (—-——vd Ho) (——-—HO vr) | (5.6)
H0 %3 Hs vd
for Hb/b = 0.5 = 1.5
The constant Ao was found from the gradient of the line in
Pig.5.5 , to be 1/30, giving a final equation for the length

to depth ratio of a model arrested saline wedge of :-
0.45 -2.5

_IjH% i (Vdvi‘O) ;3_;3) (5.7)

d
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Although the above expression applies to a laboratory
channel maintaining large flows, providing the interfacial
and bottom shear stresses in the model are scaled with the
prototype this equation should predict the length of a salt
wedge in the prototype. The narrow laboratory channel is an
advantage since the side walls provide increased frictional
resistance to the flow. This is a necessary requirement in
a physical river model since the viscous stresses are
undervalued when scaling is made to Froude numbers alone.

As an example to the relevance of Eq.(5.7), the
length of the salt wedge in the South Pass of the Miaaiasippi
River, using the data of Keulegan(79) will be computed. With
a river discharge of 100,000 cfs the length of the arrested
saline wedge is 14 miles. The width of the river is 1,500f%t
depth 45ft, relative density (1 - €) = 0,02 and water
temperature 2000.

V, = 1.48 £t/s , V; = 5.38 ft/s , Yo Ho o d98 5 (o7
v

: 7.0445 S 5
Io/Hy = 55 (2.25 x 10') (1.48/5.38)~2*% = 1708.7

I‘o = 1708.7 x 45/5280 = 14,56 miles

Thus the agreement between the observed and computed values
is close.

Another equation for the length of an arrested
saline wedge has been derived theoretically by Poggi(1024).
This equation depends on the value chosen for the interfacial

friction coefficient £, defined by the relationship:-
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T == 'é‘f P2 V2 (5.8)

where T is the interfacial shear stress.
The equation is:-

8H,, 1 1/3 2/3

where Fy = ( V /V, )2 (5.10)

When the data for the South Pass of the River Mississippi
is inserted into this equation a value of £ = 2.1 x 10~2
is required to obtain the actual length of 14miles. Since
Keulegan's (79) experiments predicted interfacial friction
factors of 2.0 x 1072 for the South Pass of the River
Mississippi the accuracy of Eq.(5.9) is worthy of note.
The condition for the flow in the upper layer
to be critical at the mouth of the estuary is given by
Eq.(5.5). The left and right hand sides of this equation
were plotted as shown in Fig.5.6 for all the tests made on
the arrested saline wedge. The results indicate that for
most of the tests, flow conditions were critical at the
mouth of the experimental river. The average affine form
of the experimental arrested saline wedges is shown in
Fig.5.7, which agrees exactly with the shape found by
Keulegan(79). The actual shape for the wedge in the South
West Pass of the River Mississippi is slightly different
and is shown in Fig.5.7 as a broken line. The reason why the
shapes are different is that all the experimental arrested

salt wedges tested were completely stable whereas in a
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real river the level of turbulence is higher and mixing
between layers is present. Stommel and Farmer (130) have
shown that at the mouth of an estuary flow conditions in

the upper layer are kept critical due to turbulent diffusion
mixing eroding away the interface and consequently increasing
the thickness of the upper layer. At the other end of

the wedge critical conditions in the lower layer occur

from x/Ly = 0.8 - 1.0 . Even though the velocities here
are much smaller than at the mouth of the estuary, the
velocities are still high enough to cause some entrainment.
This mixing erodes the interface causing the lower layer
thickness to increase thereby keeping the densimetric

Froude numbers below unity.

5.2 Review of Existing Front Theoxry

In this section it is necessary to investigate
the line or surface of demarcation which separates a
stratified flow of two layers from an adjacent one layer
flow. This line of separation between the two conditions
of flow is called a fluid front and depending on the front
conditions it can be conveniently classified as will be
indicated later as either a St. Venant or a wave front.

The St. Venant front is characterised by the
coincidence of two characteristics at zero depth and was
first investigated by St. Venant to describe the fluid
front caused by the sudden failure of a dam. From experimental
studies of flows following the sudden failure of dams it

is known that such a front cannot exist for this condition,
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in fact another type of front characterised by a vertical
wall of water exists which because of its physical
resemblance t0 a bore or travelling wave is called a wave
front.

The occurrence of these two types of fronts
can be best illustrated when considering the motion of a
salt wedge in an estuary. When the wedge is advancing
upstream so that the front is invading its ambient fluid
then the front is a wave front having a front celerity
which is proportional to the relative velocity between
the layers. As the relative velocity decreases due to a
decrease in upland discharge for instance then the height
of the front decreases. When the relative velocity reaches
zero the front height becomes zero and since now two of
the characteristics coincide in the time stationary position
there is a transition from the wave front to the St. Venant
front as shown by Abbott and Torbe (2 ). This St. Venant
front pPersists as long as the wedge is retreating in its
ambient fluid and cen only become a wave front after two
of the characteristics again coincide in the time stationary
position.

The above discussion of the two different
fronts indicate that the St. Venant front is always
associated with supercritical flows retreating in their
ambient fluid and the wave front to subecritical flows
invading their ambient fluid. Because of the resemblance

of the wave front to a hydraulic jump one can guess that
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one of its characteristics must be close to the time
stationary position. Rayleigh (110) in fact investigated

the circumstances in which a two layer fluid becomes unstable
and found that this was indeed when one of the characteristics
became time stationary. It is now necessary to review

various experiments and theories associated with the
formation of fronts in order to discover if front conditions
coincide with the stability conditions for real flows.

Wave fronts: The front portion of a moving
underflow has been observed to have a characteristic ‘'head'’
or bulge of greater thickness than the uniform current
behind it. Since the head represents a negligible length
of a saline wedge, and it is the depth of the current
following the head which influences the speed of the front,
the shape of the head is of no significance in estuarine
saline wedges. For underflows initially released into a
shallow river the shape of the head may be of interest and
experiments have been carried out by Braucher (26) to find
this shape. The reason for the formation of this head is
that a greater driving force is required at the front of
the density current in order to overcome the work needed
to accelerate the ambient fluid over the front and to
overcome the interfacial and boundary resistance. Consequently
this increased driving force for the head calls for an
increase in the initial depth of the density current.

The speed of a gravity current advancing along
the bed in an ambient fluid of infinite extent was
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investigated by von Karmén (74) in 1940. Figure 5.8 shows

a typical underflow density current, the depth of the
current is denoted by d2 and this advances at speed V,

under an infinite ambient fluid of density Py . The relative
velocity between layers is therefore V. If the density
current is brought to rest with a Galilean frame moving at
velocity V in the same direction to the lower layer,

then by applying the Bermoulli equation to points A and B

on the boundary of the layers yields.

P P
TR o iy a, + v (5.11)
P18 P18 28

but, since the lower layer is now at rest

P P
e M e L Y T d, (5.12)
Po& Po8&

where Py and Py are the pressures at points A and B
respectively. From Egs.(5.11) and (5.12)

V= [2gd2( Py = P )/ p,] 1/2 (5.13)

The same result was found by Engelund and Christensen (43)

if the equation for an internally advancing density current

is modified to that of a front advancing at the free surface.
If the ambient fluid is not of infinite extent

the result is quite different, although for small differences

in density between the layers, numerically the same (155).
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Consider the exchange flow shown in Fig.5.9, where d1=d2=d,
and U,y =U,=U. The relative velocity V between layers is
equal to 2u . In time At the wedges will have advanced a
distance u At, since for all practical purposes the two
wedges can be assumed antisymmetric. The kinetic energy
gained by both fluids per unit width is

0.5( py + Py ) u” ( u At a) (5.14)

The lighter fluid gains potential energy of

[e py (a/2)] (uAta) (5.15)

and the heavier fluid loses potential energy of

[ep, (4/2)] (u At a) (5.16)

From the principle of conservation of energy
(pg+ Py )u? = ga( Py =Py ) (5.17)
or v=[28gd, (P, =Py )/(pP, + Py )] 1/2 (5.18)

It can be seen that Eq.(5.18) differs from Eq.(5.13) only
in that 2 p, in the denominator of Eq. (5.13) is replaced
by ( P, + P4 ) in Eq.(5.18) . This is due to the fact that
the heavier fluid has to accelerate from a velocity of
zero to u .

If py = P, then since ( Po = P4 )/P2 =(1 - ¢)
and g* =g (1 -¢), Egs.(5.13) and (5.18) become

V=1.1 (g d, )1/2 (5.19)

With d, in Eq.(5.19) replaced by H/2, since for an initially

2
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formed exchange flow, H is the depth behind the front
driving it forward.

v=(g u)/2 (5.20)

since V/( g' H )'/2 has the dimensions of a densimetric
Froude number the coefficient 1.41 in Eq.(5.19) and unity
in Eq.(5.20) can be looked upon as densimetric Froude
numbers describing their particular fronts.

Experiments by Yih (153) on exchange flows in
1947 and Keulegan (78) whose work was done before 1947,

on saline fronts, both found a densimetric Froude number
at the front of between 0.9 - 1.0 . Experiments by Abbott
(1) with oil over water gave values for the densimetric
Froude number of 1.3 when the oil slick was stationary and
1.0 when the ambient fluid was stationary. It was stated
that the turbulence in the frontal zone was less for the
later case suggesting that this experimental procedure was
the more accurate. Tests by Barr (19) with warm water
exchange flows suggested values for the densimetric Froude
number of between 0.85 - 0.95 for underflow fronts and
between 0,95 - 1.05 for overflow fronts. Other experiments
on a smaller scale were those conducted by Bata (23) with
gasoline fronts over water which gave values for the
densimetric Froude number of between 0.8 - 1.0 .

Lean and Whillock (84) studied the two-dimensional

motion of a warm-water layer flowing over calm water.
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Values for the front densimetric Froude number calculated
using integral quantities are reported for thirteen
experiments. Wright and Coleman (151)studied mixing of
freshwater river outflow near a river delta, including
consideration of lateral front motion. Both investigations
found that the assumption of an initial front densimetric
Froude number equal to 1.41 locally yielded a result after
integration of the layer depth, that the average densimetric
Froude number for the front is very close to unity. Finally,
formulas are derived theoretically by Kao (73) for the
velocity of propagation of a variety of gravity motivated
density currents. These include flow of surface warm
discharge, spreading of a slug of sewage sludge at a
thermocline, and the spreading of an oil slick on the water
surface.

If one now considers free surface flows then one
can relate the front conditions of the free surface flow
to that of exchange flows by noting that the only real
difference between the two is the manner in which decelerating
forces act on the fluid in order to produce a critical
condition at the front. The densimetric Froude number is
approximately squared in the free surface flow to what it
would be for an exchange flow, this fact being confirmed
by many experiments performed by Bata (23) and others. All
the available data on dam break experiments performed by
Schoklitsch (121), Trifonov (139) and Levin (87) are grouped

together in a graph by Bata (23). This graph indicates a
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densimetric Froude number at the front immediately after
dam break of between 1.8 - 2.0 , which for exchange flows
would be between 1.3 - 1.4 .

Since the wave front suggests an instability
in the stratified system it can be compared again with
the same phenomena that would occur in a free surface flow.
In this case one can use the Vedernikov (142) stability
eriterion which separates long wave motion from short wave
motion. The stability criterion if one considers wide

rectangular channels is, for stability.
m P S1 (5.21)

Where m = index of hydraulic radius in the uniform flow
law u = K'Rmi*, i.e. m = 0.5 and 0.67 respectively for
Chézy and Manning resistance laws. Using the equations of
Chézy and Manning the Froude numbers at which roll waves
or instabilities are initiated are 2.0 and 1.5 respectively.
This suggests that a wave front in an exchange flow may
have a densimetric Froude number of between 1.4 - 1.2,
if one assumes that the resistance law at the front is
similar to that in open channel flows.

The above data concerning exchange flows, free
surface flows and instabilities all suggest that the
initial densimetric Froude number of an exchange flow
is (2)1/2 . After the current has travelled a short
distance so that friction effects influence its speed
then it has a limiting densimetric Froude number of unity.
Barr and Hassan(21) have shown that dilution of the front

also reduces its speed.
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Thus, the limiting wave front condition coincides with
the stability condition, and that in this limiting case
a wave front can be defined as one invading its ambient
fluid with one of its two characteristics time stationary.
St. Venant fronts: It remains now to consider
the velocity at the St. Venant front, for which there
appears to be no experimental data. However, according to
the theory of fluid behaviour following the failure of a
dam, as originally proposed by St. Venant the equation
governing the motion of long waves are assumed to hold
over the entire range of flow, including the fluid front,
for all times following the failure. The physical
characteristies corresponding to this assumption are shown
in Fig.5.10, whilst in Fig. 5.11 the equivalent shape of
actual dam break water surface profiles (116) compared with
the St. Venant front profile, and a wave front profile at
a front Froude number of two are shown.

It can be seen that the St. Venant front is
formed due to the coincidence of positive and negative
characteristics so that the front velocity u. is identical
with the characteristic speed. By following a positive
characteristic such as AB from the upstream reservoir
boundary through the critical flow section e, to the
negative characteristic of the downstream front boundary,
we find equating positive Riemann invariants that.

206 W2 =u, +2(ga,)"/%=u, (5.22)
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Since at the critical flow section u, = (g dc)V 2 then

d = 4/9 H (5.23)

and u = 3(g dc)1/2 (5.24)

Hence, the front velocity for the dam break St. Venant
front is three times the fluid velocity at the critical
section. It must be made perfectly clear at this stage
that the dam break St. Venant front does not exist in
reality, since it breaks down into a wave front with a
Froude number of about two. How this imaginary dam break
St. Venant front corresponds to the exchange flow S5t. Venant
front is not known, but assuming that the retreating
stable front can be treated as a reflection of the unstable
invading front, then the same front celerity applies to both.
5.3 Additional Front Theory

In order to ascertain the St. Venant front
velocity for the retreating front consider the front shown
in Fig.5.12 , where the lower layer depth is small compared
with the upper layer depth. Also, by using relative velocities
in the lower layer, the top layer remains roughly a constant
state and does not affect the lower layer. Using the method
of characteristics it is shown in Fig.5.12 that the effect
of this front with zero depth is the same as if the fluid
is extended to the left with depths and velocities the
same as those on the right. The reflection front on the
left has the form of an invading St. Venant front, and
gince the characteristic structure is continuous over

both front types, the relative velocity of the retreating

261



d._._ 'h-.‘.
u e
a a e

.1]l

/7/////3-‘;-"'7/
\\+~+

DISTANCE

DISTANCE

FI1G. 5.12 CHARACTERISTIC STRUCTURE OF ST. VENANT FRONTS

262



front is equal to the relative velocity of the advancing
front with equal Riemann invariants R’ and R .

For the case of a free surface flow the relative
velocity at the front is three times the velocity at the
eritical section. If one assumes that the relationship
between Froude numbers for a theoretical free surface
St. Venant front and an exchange flow St. Venant front is
the same as for the wave front, then the densimetric Froude
number becomes (3)1/2, instead of a Froude number of 3.0 .

In an exchange flow the driving potential is the
hydrostatic pressure difference which in the case of
Pig. 5.13 is H(1 - €) , and therefore a constant for all
front types. This driving force is responsible for all
motions of the front and if relative velocities are used
it is very simple to calculate the front velocities. For
half the exchange flow the driving potential is H(1 -¢)/2
and this equals the kinetic energy in the front.

For the wave front :=-

2 2 b
H(1 - €)/2 = (2u,)/(28) = V. °/(2g) (5.25)
where Vﬁ is the relative velocity of the wave front.
or v, = (g H )2 (5.26)

which is the same result as found before in Eq.(5.20) .

For the St. Venant front :-
vaz
H(1 -¢)/2 = 1/(2g) f - dx (5.27)
Pt

where V is the relative velocity at distance x from origin.
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For the St. Venant front the critical flow section must
be at the centre line for an exchange flow. Also, the
velocity between the centre line and the front tip varies
linearly with distance, evident from the fan shape of the

centred simple wave shown in Fig.5.10 . Therefore :-
V=V +(V =V ,)x/5, (5.28)

where Vv and Vb are the relative velocities at the front

tip and critical gection respectively.

jr dx= ][v + (v, - V%12 + 2V (V- V )x/1,] a&x
L,
[v2 x+ (V, = V)2 2/ (31%) + V(V, -V )xz/Lv]

2 2 2 2
= V2V, =V )23+ YV, -V2= (Vo + VI +V3)/3
hence (V2 + V.V +7V:)=3¢gH(1-¢) (5.29)

but at the critical flow section :-

V2=gH(1-¢)/2 (5.30)
thus V2 + VW -5V = O (5.31)
- 1/2
v, - V, 2( V2 + 20 2)Y2 _ L v+ 4.5V,
2 2
v, =175V, (5.32)

since de = H/2

vV, =1.75 ( &' 4, L (5.33)
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Prom this calculation the densimetric Froude number of the
St. Venant front in terms of the critical depth is found
to be 1.75 . The same result can be obtained by equating
specific energies between the critical section and the
front tip for any St. Venant front.

Equating the specific energy head between the
front tip and the critical section shown in Fig. 5.14 gives.

(H - a)e +d, + V/(28) = He + V5/(28) (5.34)
also at the critical section
vg:gdc (1 —E) (5035)

from Egs.(5.34) and (5.35) 3/2 Vﬁ =1/2 Vﬁ

therefore v, = (3)1/2 v, (5.36)
and v, =1.73 ( g'd, )1/2 (5.37)

It is concluded from Egs.(5.32) and (5.36) that the

relative velocity for a retreating St. Venant front in a
gtratified fluid is 1.73 times the relative velocity at

the ceritical flow section, in the absence of friction.

With frietion the front velocity is.reduced and if one
compares the reduction in the wave front densimetric Froude
number from (2)1/2 to unity or less, then the St. Venant
front coefficient should reduce from (3)1/2 to about 1.2 or
less. Because the St. Venant front has zero depth the front
velocity will be influenced by laminar shear stresses, which

will probably reduce the densimetric Froude number to unity.
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It has been shown that the S5t. Venant front
retreating in its ambient fluid is a reflection of the
St. Venant front advancing in its ambient fluid. The reason
why the former is physically stable and why the latter
decomposes into a wave front is now suggested. It was
shown by Rayleigh (110) that for all flows, short wave
motions are developed whenever one of the characteristics
becomes time stationary. It is the propagation of these
short waves which determines whether or not a St. Venant
front remains stable.

In Fig. 5.15(a) a dam break type St. Venant front
is shown with its velocities and rates of energy propagation.
Short waves developed near the critical section ¢ travel
at the speed of energy propagation (2uc) which is less than
the actual front velocity (3uc), therefore in the absence
of friction this front is stable. With friction the front
travels at less speed enabling the short waves to reach
shallower depths. Here they break or are reflected causing
considerable turbulence so that the resulting front takes
the form of a wall of water, the depth of which is some
function of the velocity depending on the friction factors
involved.

Fig. 5.15(b) shows a St. Venant front advancing
in its ambient fluid. The short waves developed at the
eritical section travel at a speed (2?6), which is greater
than the fluid at the front (1.73V,). Therefore even in

the absence of friction this front is unstable, friction
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increasing its instability. Fig. 5.15(c) shows a St. Venant
front retreating in its ambient fluid. The short waves
developed at the critical section travel at a speed greater
than the fluid at the front and away from the front, so that
they can never be reflected or amplified. With friction

the front velocity will decrease just the same as with the

advancing front, so with friction the stability of the
front increases and is therefore perfectly stable.

5.4 Experimental Determination of Front Conditions

In the previous section, theoretical and
experimental results were reviewed for the densimetric
Froude number of wave fronts, and found to agree with
one another. Also, the St. Venant front was analysed
theoretically but since there were no known experimental
tegts performed on St. Venant fronts, the theoretical
results could not be checked. This section records the
experimental front results obtained from tests carried out
in the channel shown in Fig.5.2,firstly with exchange
underflows and secondly with fronts formed due to saline
wedges moving up and down the channel due to tidal action.

The progress of exchange flows in the channel
was recorded photographically. Results of one such test
are shown with the times elapsed after raising the barrier
in Fig.5.16 . This particular flow (Test 2) had an initial
depth H, at the sea of 80mm and a channel slope I of
9.6 x 10~2 . All the tests used fresh water for the lighter
fluid and salt water of demsity 1032kg/m;, coloured with
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potassium permanganate solution for the heavier fluid.
The results from four exchange underflows at different
initial depths and chamnel slopes is shown in Fig.5.17
where the front densimetric Froude number is plotted
against the ratio of the wedge length L, to the depth Hy-
It can be seen that the fronts have an initial densimetric
Froude number of about 1.4 reducing to about 0.75 as ID/HO
becomes large. For the arrested saline wedge in the South
Pass of the River Mississippi, Ib/HO between critical
sections is about 1400. Since the horizontal scale of the
model X = 104, and the vertical scale Y = 250 the equivalent
model I.O/H0 ratio for the River Mississippi is 35. This
suggests from Fig.5.17 that the front densimetric Froude
number for the saline wedge in the River Mississippi is
between 0,89 - 0.97 .

To form St. Venant fronts experimentally
it is necessary to reproduce the tidal motion of the sea
in the model, so that the salt wedge is drawn back towards
the sea on the ebb flow. This was achieved by placing a
car tyre inner-tube on the bed of the experimental sea,
weighted down and loosely held to a stout board to which
three 10 kg weights were firmly bolted. The open valve
of the inner-tube was connected by a pipe through a simple
gate valve to a portable electric compressor shown in
Fig. 5.18 . With the gate valve set to a fixed opening
the compressor was alternately switched on and off for

set periods, and as the tube inflated and deflated so the
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water level in the sea rose and fell producing a rather
good copy of a shallow water tidal wave, without any

valve regulation. The insert of Fig.5.19 shows the vertical
tides produced at the seaward end of the channel when the
compressor was switched on for periods of 30s, alternating
with periods of 90s when it was switched off. The insert
of Fig.5.21 shows the vertical tides produced when the
compressor was switched alternately on for 60s and off
for 90s. The time scale for the model is X/Yo‘5 = 633,
therefore a tidal period of 12,5 hrs in the prototype is
equivalent to 71s in the model. The actual model tidal
periods of 120s and 150s are longer than this because it
was necessary to move the fronts over sufficient distance
t0 be able to calculate their velocities accurately.

The progress of the saline wedge in the first
test is shown in Fig.5.19, which was recorded photographic-—
ally after a stabilising period of five tidal cycles. The
head of the wave fronts has been omitted since this is
not relevant to the wedge shape and only confuses the
diagram. The channel slope for this test was 1.28 x 10'2,
the density of the saline water 1023kg/m3, with a constant
upland fresh water discharge of 67-7cm3/a o« Fig.5.19 clearly
shows that the wedge advances as a wave front on the flood
flow and retreats as a St. Venant front with zero depth on
the ebb flow. The front height and position with time,
plus the resulting upper layer velocity uy and lower layer
velocity u, at the front with time, and the calculated
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front densimetric Froude number with time are shown in
Fig.5.20 . For this particular tide, the initial densimetric
Froude number for the wave front has a value greater than
2,0 reducing to a value of about 1.2 for most of the

flood period. The St. Venant front has a densimetric Froude
number in terms of the critical depth varying from 0,9-1.0 .

For the second test the flood period was
increased to €60s, the bed slope set at 0.96 x 10_2, the
salt water density at 1024kg/m3 and a constant upland
fresh water discharge of 98.5cm3/a . The progress of this
new wedge is shown in Fig.5.21 and illustrated graphically
in Fig.5.22 . It can be seen from Fig.5.22 that the initial
densimetric Froude number for the wave front is about 1.4
decreasing to 1.0 for the latter half of the flood period.
The densimetric Froude number of the St. Venant front in
terms of the critical depth has a constant value of about
0.95 over the whole of the ebb period.

The conclusions drawn from these experiments
concerning the front types formed when a salt wedge
advances and retreats in an estuary, is that a wave front
exists during the flood period and a St. Venant front
during the ebb period. The densimetric Froude number for
the wave front for most of the flood period is close to
unity. For the St. Venant front the densimetric Froude
number in terms of the critical depth is also close to
unity, indicating that for real flows both front types

are governed by stability conditions.
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5.5 Application of Front Conditions to Mathematical Models

In a mathematical model of a stratified estuary
the computation is usually made from the seaward end of
the estuary to the tidal limit. The computation must
therefore compute flow conditions within the two-layer
regime of the estuary occupied by the salt wedge and also
in the one~layer regime upstream of the wedge. The connecting
link between the two different computational models is
the front condition of the salt wedge.

It has been shown experimentally that both front
types are governed by stability conditions, therefore for
both fronts irrespective of their particular frontal shapes,
the front can be taken as a vertical wall of water located
at the critical flow section. This is reasonable since
although the actual St. Venant front has the visual
appearance of a theoretical exchange flow 5t. Venant front,
the fluid velocity between the critical section and the
front tip is constant. It follows that this fluid is not
really part of the front at all, since relative to the
eritical section it is stagnant. The various frontal shapes
reanging from the 'head' of the wave front to the wedge of
the St. Venant front are therefore different facies of
the same front, which effectively ends at the critical
flow section. Since these various front facies do not
influence the flow conditions in the subecritical fluid
beyond the critical section, there is no need to include

them in the two-layer flow computations.

280



With the fronts ending at the critical flow section
the programming of the St. Venant front is simplified since
supercritical flow conditions close to the frontal tip are
avoided. It is also necessary computationally since there
is a rapid change from one front type to the other as the
tide reverses, and trying to follow this change would only
lead to numerical instabilities. The actual wedge shape of
the St. Venant front can be calculated separately and added
on after the main computation is completed.

5.6 Conditions at the Mouth of an Estuary

Since the mathematical model must have a boundary
at the mouth of the estuary, the location and flow conditions
of this boundary need to be considered. In the case of a
highly stratified salt wedge estuary with little or no tidal
motion, the end of the estuary is according to Schijf and
Schénfeld (120) that point at which critical flow conditions
occur. For a waterway which has a fairly constant cross-
section and then rapidly widens or deepens at its mouth,
critical flow conditions will occur at the change of section.
This is confirmed by the results shown in Fig. 5.6, from the
experiments on arrested saline wedges. At the mouth of a
fjord the fresh water surface layer develops a shape
resembling the 'head' of an underflow wave front. It has
been shown by Long (90) that, allowing for mixing, the end
of a fjord can only reasonably occur just upstream of the
eritical flow section. Also, Stommel and Farmer (130) have

shown that at the mouth of an estuary without tidal

motion, the flow conditions in the upper layer are kept
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critical due to turbulent diffusion mixing eroding away
the interface and increasing the thickness of the upper
layer as shown in Fig.5.7 .

If the estuary is tidal so that the salt wedge
moves up and down the estuary as the flow floods and ebbs
then the boundary conditions are more complicated. This
is because the celerity of the interfacial long waves is
much smaller than that of the surface waves. Consequently
the interface cannot change its level fast enough at every
moment to maintain eritical conditions at the mouth of
the estuary. Hodgins Osborn and Quick (63) found that for
the partially-mixed Fraser River estuary the flow at the
mouth in the upper layer remained critical for all flow
conditions. For the lower layer however, supercritical
outflows as well as subcritical were common although on
the flood tide they recorded only one case of supercritical
inflow.

The inability of the interface to adjust itself
to critical flow at each moment is clearly recorded in the
experimental tidal profiles shown in Figs. 5.19 and 5.21 .
For the first test the critical depth in the upper layer

at the sea is given approximately as:-

a,, = [Qref( g'bz)] 13 o 2,57 en (5.38)

where Qr is the upland fresh water discharge.

This particular value of critical depth is underestimated
since no account has been taken of mixing reducing the
relative density between layers.
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It can be seen from the insert of Fig. 5.19 that eritical
conditions exist throughout the ebb period but since the
depth is less than eritical throughout the flood period,
supercritical inflow conditions exist during this part of
the tide. Exactly the same conditions are seen to occur
during the second test shown in Fig. 5.21 where the ceritical
depth in the upper layer at the sea is calculated to be
3.25 cm.

It is evident from the changing boundary
conditions at the mouth of a stratified estuary that the
mathematical program must have the capability of scanning
the whole estuary to see if the flow is suberitical or
supercritical. From this information the correct algorithmic
structure can be selected for the computation, and in this
way instabilities due to incorrect data presentation are

avoided.
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CHAPTER 6

INTERFACIAL INSTABILITY AND MIXING IN STRATIFIED FLOWS

6.1 Interfacial Instability

Inviscid Flow — It has been shown by Groen

(49) and Heyna and Groen(62) that for simple harmonic
small amplitude gravity waves within vertically inhomo-
geneous, stable stratified, incompressible fluids, either
unbounded or bounded by one or two rigid horizontal planes
the following two theorems hold.

1. The periods of the waves are monotonic increasing
functions of the wave length.

2. A positive lower limit exists for the period T of the

waves, which is the minimum value given by:-

T =2m [- p/(g%ﬁ )] 178 (6.1)

where g = gravitational acceleration; p = local fluid
density at position z; and dp /dz = rate of change of
density with elevation at position z.

Brunt (28) and V&is#ld (141) independently
determined that the period of oscillation of a fluid
particle displaced from its position of neutral buoyancy
would be given by theorum 2 and hence shear generated
internal gravity waves are referred to as Brunt-Vaisala
waves.

For inviscid flows, criterion for interfacial
wave stability have been worked out by Taylor(132),
Goldstein(47) and others since ( 37,96,137,60,85). For a
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two-layer stratified flow with an interfacial mixing
layer of thickmess & in which the velocity varies linearly
and the density is the mean of the bottom and top layers,
Taylor and Goldstein defined a region of instability shown
in Fig.6.1 . Prom this figure a convenient condition for
instability is that Ri/a'<'0.5 (Helmholtz 1868), where Ry
is the Richardson number, Ry = g'd/ V2 and a is the
dimensionless wave number in which L = the wave length and
V= u - u, ; see Mg.6.2 .

If the interfacial layer has an exponential
density distribution whilst the velocity distribution is
linear, Goldstein obtained a result that harmonic oscillations
are stable for Ry » 1/4 and unstable for all wavelengths
for 0<R1<1/4 . If the thickness of the interfacial layer
becomes smaller, Miles(95) showed that this model approaches
the Helmholtz model. Miles and Howard(96) showed that for
a linear variation of density within the interfacial layer
a much smaller region of instability exists, see Fig.6.3,
than is predicted by the Taylor - Goldstein model.

It can be concluded from the work on
hydrodynamic stability of stratified flows that when the
interfacial Richardson number is less than some critical
value, the flow will be unstable to disturbances that fall
within a certain range of wave lengths.

The celerity ¢ of short period internal

gravity waves is given by Keulegan(77) as

1/2
e = [e'z /(am )] (6.2)
where g' = g(1-¢)
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The celerity of the unstable waves forming at an interface
were measured by the writer from experiments to move at

0.4 times the relative velocity between layers (i.e. ¢=0.4V).
If it is assumed that the period of these waves is given

by Eq.(6.1) then

T=2 3 s L/ (6.3)
é o [g B ] 5 1.8 :

It also follows that the critical interfacial densimetric

Froude number is

1/2
Pg = v, /(g's ) = 1,25 (6.5)

Based on this analysis it would be expected
that when the interfacial densimetric Froude number is
greater than 1.25 or the Richardson number less than 0,64
interfacial mixing due to turbulent diffusion will occur.
Before a mixing layer and hence turbulent diffusion develops
there is however interfacial instability and mixing due to
the entrainment of breaking waves. Therefore the critical

interfacial densimetric Froude number is best given as
1.0< F5<1.25 (6.6)

especially since Keulegan's(76) experiments on entrainment
gave the celerity of the unstable interfacial waves as
¢ = 0.5V . The foregoing analysis does not include the
effects of fluid viscosity in the determination of critical

288



conditions for incipient wave breaking.

Viscous Flow — The conditions of instability
governing waves at an interface between two liquids must
be similar to that of wind generated surface gravity waves.
The latter were studied by Jeffreys(70) who obtained a
criterion of stability in the form of a dimensionless

parameter © equal to 0.215, where

© = (v, g')1/3/ v (6.7)
Prom experiments with fresh water and sugar solutions,
where a light surface layer flows over a stationary lower
density layer, Keulegan(76) found that with a flow
Reynolds number » 450, the interfacial waves broke when
the upper layer had a velocity V, given by the value of
©= 0,178 .

From dimensional considerations if & is the
thickness of the interfacial mixing layer, then any
stability parameter should be a function of the interfacial
Reynolds number Ra== (V’b)/vb and the interfacial densimetric
Froude mmber Py = V/(5'8)¥ . since @ = 1/(r g )17,
this parameter is of considerable practical importance as
a criterion for interfacial wave instability.

From all the above theories the important
facts that emerge concerning the stability of a density
interface are as follows. The density difference between
fresh and salt water is capable of suppressing turbulent
mixing at the interface, by converting kinetic energy into
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potential energy. This is explained in simple language

by Schijf and Schénfeld (120) as follows. If, for example,
a volume element of denser water from a lower layer is
raised to a higher layer, and in the lower layer replaced
by an element of less dense water from the higher layer,
both elements acquire an amount of potential energy. If
fhen the elements dissolve in the new environment by
molecular diffusion, the potential energy acquired dissipates.
Hence, in a flow with a density gradient, the equilibrium
between energy supply and dissipation is attained by less
developed turbulence than in a flow without a density
gradient. This means that the density gradient attenuates
friction as well as mixing.

Lee (85) has indicated that the important
physical mechanisms for the existence of a salt wedge flow
are.

1. Strong stabilizing influence of the large density
change at the surface.

2., Weak stabilizing influence of the small density change
across the interface.

3« The destabilizing influence of the shearing parallel
flow.

The stabilizing influence of the free
surface and the interface have been found to be dependent
on the wave number of the disturbances. Also, that the
instability at large wave numbers is not of practical

interest because of the stabilizing effects of viscosity.
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6.2 Interfacial Mixing

Mixing of fluid between strata of slightly
different densities plays a critical role in various
phenomena of meteorology, hydraulics, and oceanography.
These usually involve the motion of one stratum relative
to another, such as that of warm or cold layers in the
atmosphere, a sediment laden current beneath the clear
water of a reservoir, superposed fresh and salt water in
estuaries, and thermal streams in the ocean. In each
instance the rate of intermixing depends upon an as yet
uncertain relationship between the velocity, viscosity,
and density characterizing the relative motion.

Rouse and Dodu (117) found from experiments
on a two-layer stratified fluid where turbulence was
produced artificially in one of the layers only, two
pertinent facts. First, fluid is entrained from the surface
of the non-turbulent layer and diffused throughout the
turbulent layer. Second, so long as the turbulence is
produced by some external mechanism, there is a finite
rate of entrainment across the interface for any Froude
and Reynolds numbers. Pedersen (103) carried out similar
experiments on a fresh water saline water interface and
concluded that entrainment is a one-way transport process
directed from the nonturbulent to the turbulent fluid.

In the preceding section it was seen
that for inviscid flows, the criterion for interfacial

wave stability depended upon the formation of an interfacial
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mixing layer across which the density changed. This mixing
layer can only be formed when turbulent diffusion mixing
is taking place at the interface. Thereare in fact two
distinet types of mixing, one is called entrainment mixing
end the other turbulent diffusion mixing. When one of the
layers is laminar flow, the lack of turbulence means that
the mixing is confined to the interface and therefore plumes
of fluid are ejected from the non-turbulent to the turbulent
layer only. This type of mixing in which plumes from the
non-turbulent fluid are entrained within the turbulent
fluid is called entrainment mixing. If both layers are
in a turbulent state then plumes of fluid are ejected
across both sides of the interface, the rate depending
on the level of turbulence. If both layers are equally
turbulent an interfacial mixing layer is formed which has
the effect of maintaining a high density gradient at the
interface and thereby suppressing turbulent mixing. Eddy
motions are now observed within the interfacial mixing
layer and the mixing is described as turbulent diffusion
mixing. In meny natural stratified flow situations such
as a saline wedge estuary and especially fjord flows where
the velocities in the lower layer can be very low, both
types of mixing can be present at the same time to a
greater or lesser extent.

The rate of interfacial mixing has for
many years been thought to be a function of the overall

Richardson number, this is however no longer the case.
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Experiments by Kantha, Phillips and Azad (72) were unable
to show that the rate of entrainment was a function of

the overall Richardson number as other experimenters such
as Turner (140), Kato-Phillips (75) and Moore-Long (97)

had suggested, and concluded that it certainly has no simple
power law dependence on the overall Richardson number.
Experiments by Sumer and Fischer (132) on natural channels
found that the rate of transverse mixing increased by
density stratification if the channel cross-section was
irregular. They suggested that the same probably applies

to vertical mixing and that in natural channels no
relationship exists between the rate of mixing and the
overall Richardson number, or if it does, it may be in

the opposite direction from what has usually been assumed.
Barr (20) also states that the condition for similarity
between model and prototype for mixing does not directly
involve the Richardson criterion, only the relative density
between layers. Keulegan (76) suggested from experience

and showed by experiment that:-

g=k (¥ =W (6.8)

where q = rate of mixing, V = relative mean velocity
between layers, Vb = relative mean velocity at critical
conditions, and k = coefficient of mixing. This equation

can be shown to have a theoretical as well as an experimental
basis even though it is not entirely satisfactory; since

as Barr (20) has stated,the mixing is a function of the
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relative density between layers, and should therefore
appear in the equation.

From the velocity distribution across an
arrested salt wedge shown in Fig. 5.1 it is found that if
V is the average velocity in the upper layer then referring
to Fig.6.42, By = 0.8V and u, = 0.3V. The velocity at the
interface is about 0.55V. If it is assumed that this
velocity gradient creates eddies from the breaking plumes
as shown in Fig.6.4a2, then this mixing between layers
should be responsible for the average interfacial shear
stress T. The velocity gradient of the flow %Iz"— = (u1-u2)/8
since 51%32 and O, + 52=8.

1
The eddy motion across the flow relative to the mean motion

is % 5 %—% . Every unit mass of fluid changes its momentum

by an amount % . The total rate of change of momentum

between layers equals the shear force at the interface,

thus

1 du 1 du du

O S N TR Bob R R (6.9)

where a = base area of plume.

Ay= surface area of interface/wave length.

N = number of waves breaking/wave length at

any particular instant.

since (O %—; AT u, - u2)2 (6.10)

T = %%1(111 - 112)2 (py+ pPy) (6.11)
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but T= Py Q=P Y (6.12)
hence since p, = py4

T = %E;( uy -'u2)2 P =P ( quy - q2u2) (6.13)

Because the mixing between layers is due to turbulent
diffusion, q4 = q,

T = Eﬁ.( u, - u2)2 Po =Ps % (y - u,) (6.124)
T = %%i P, vV = 0.5 Py ay V (6.15)
q, = %%iv (6.16)

Eq.(6.16) suggests that there is mixing at the interface
for all velocities. Since this is not the case, and mixing
only begins when the average velocity in the upper layer
exceeds a certain critical value V, ; V in Eq.(6.16) must
be replaced by ( V - Vb).

q2 = Km( V - vo) (6o17)

where K = Na/(zAi}, and (V = Vé)/v is usually less than 0.5.
It will be seen that Eq.(6.11) is strictly

only valid when interfacial mixing is taking place. It is

however also used to calculate the stresses before mixing

takes place of a laminar or quasi-laminar nature.
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6.3 Experimental Results and Analysis for a Saline Wedge

Two sets of experiments were performed
on arrested saline wedges . The first set was to ascertain
the conditions at which the interface became unstable, and
the second series of tests to measure the amount of
mixing from the lower to the upper layer., In a laboratory
channel free from wind effects the generation of short
interfacial waves is caused by shearing stresses generated
at the bed of the channel by the circulation current and
possibly also by secondary currents. Eddies formed at the
bed spread upwards towards the interface increasing in
size as they go and on reaching the interface cause it
to assume a wavy surface. Mortimer, McNaught and Stewart
(98) were of the opinion that the generation of short
internal waves in a natural lake was caused by the
influence of eddies generated at the surface and spreading
down to the interface. It follows that in saline wedge
estuaries the interfacial waves must be generated both
through the action of wind stresses at the surface and
also shearing stresses at the bed resulting from the
circulation current. It is probably not a coincidence
that the average thickness of the interfacial mixing
layer in a salt wedge estuary is about 1/5 of +the total
depth when the average von Karman mixing length or eddy
diameter either generated at the surface or the bed is
also 1/5 of the total depth , at mid-depth where the
interface is.

297



When fresh water flows over a salt water wedge,
the following conditions are observed to occur. If the
velocity of the upper fluid is low no interfacial waves
are evident and the wedge is perfectly stable. As the
velocity increases interfacial waves are observed along
the whole length of the wedge which increase in amplitude
as the velocity increases. These waves are observed to
break intermittently near the tip of the wedge where the
depth is small and at the seaward end of the wedge where
the velocity is high. As the velocity is further increased
waves are observed to break intermittently along the whole
length of the wedge and it is at this point when critical
conditions are said to occur,( see Figs. 6.4b , 6.4c ).

From the experiments to determine the eritical
conditions at which intermittent wave breaking begins the
following results were obtained. Fig.6.5 shows the
variation of the criterion of mixing © , with the Reynolds
number of the upper fluid at the tip of the wedge. It can
be seen that © is independent of the river Reynolds
number and has a value of 0.140 . The hydraulic radius R
was defined in its normal way as Hob/(2H0+b), where b is
the width of the channel. The results are also shown
plotted in Fig.6.6 together with the data of Keulegan(76),
Rumer(118) and Ippen and Harleman(67). It can be seen that
over the range of Reynolds numbers tested the scatter of
the points is large but suggests that © is a constant.

It should however not be assumed that © is still the
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same constant for Reynolds numbers of the order of 107

as found in real estuaries. The results of Ippen and
Harleman(67) in the laminar region ( VrcR/v1 < 400),
indicated to them that © is a function of Reynolds number.
However, more tests at lower Reynolds numbers are necessary
in view of the large scatter of the data, before this
assumption can be accepted without question.

Pig.6.7 shows the variation of © with the
relative densities of the two liquids. In this case © is
a function of the relative density and can be expressed
with the following equation.

The results are again shown plotted in Fig.6.8 together
with the data of Keulegan(76). It is evident from this
figure also that © is a function of the relative density,
and this alone strongly suggests that the rate of
interfacial mixing should also be some function of the
relative density.

Fig.6.9 shows the critical shear velocity
for interfacial wave breaking in the upper fluid, and
Fig.6.10 similarly for the lower fluid. Figs.6.11 and
6.12 show the relationship between wave length and
thickness of the upper and lower parts of the interfacial
mixing layer respectively. These results are combined
in Fig.6.13 to give the variation of critical velocity
V, with interfacial densimetric velocity (g'd )1/2. It

can be concluded from these results that the theoretical
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stability condition expressed by V, = (g'® )1/2 is
sufficient but not necessary for stability and that a
better lower bound for critical velocities is that

B = V, / (e'8)/2 < 1.25 (6.19)

The variation of wave length L with thickness
of the interfacial mixing layer & is shown in Fig.6.14 .
The white circles with the limit lines represent the
combined data given in Figs.6.11 and 6.12 . The black
circles are data from tests for the measurement of
interfacial mixing and therefore represent conditions
where the velocities were greater than critical. The
theoretical relationship L= md , given by Eq.(6.4) which
is obtained using Brunt - Vdisald's hypothesis for the
shortest period of internal waves in a stratified fluid,
provides a lower bound. This also agrees with the results
of Thorpe (138) shown in Fig.6.15 and as Rumer (118) has
noted these results seem to support the hypothesis that
interfacial instability is intimately related to the
natural frequency of oscillation of displaced fluid
particles in a nonhomogeneous density field. Actual field
measurements to support this theory are given by Mortimer,
McNaught and Stewart (98), from Central Ieke Michigan.

All the results obtained from the tests are
plotted on the Taylor-Goldstein stability diagram shown
in Fig.6.16 . Again the white circles with the limit lines
are the results at critical conditions whilst the black
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circles represent the data from the mixing experiments.

This particular stability diagram represents a situation
where the interfacial mixing layer has a constant mean
density and a linear velocity distribution. It can be seen
that the data obtained from the tests agrees reasonably well
with the stability conditions represented by Fig.6.1 .

The data however does not fit the stability conditions

of Miles and Howard (96) shown in Fig.6.3, where the density
distribution is assumed to be linear or the results of
Goldstein (47) for an exponential density distribution.

It could be construed from these results that the density
distribution within the experimental interfacial mixing
layers should be a constant mean value. It can be seen in
Fig.6.17, from the average of the measured density
distribution profiles that this interpretation is untrue in
this case. Although the results agree reasonably well with
the Taylor-Goldstein stability condition, the simple
Helmholtz stability condition plus the Brunt-Vaisila
hypothesis give even closer agreement, that is :-

Ry /a < 0.5, and a<2 (6.20)

The results indicate that it is the waves
of intermediate wave length that are unstable and that
the short waves are stabilized according to Yih (155), due
to the vorticity being confined to a finite region by
viscous forces. The maximum wave number at which waves

break appears to be about two, and the tests show that

313



P4
— 6
5
5
4
£
E 3
o‘!“
2

&, (mm)

P - Py
PQ_ p~|

FIG. 6.17 INTERFACIAL DENSITY DISTRIBUTION PROFILE

14

1-0



for an experimental saline wedge a region of instability

exists for
R; /a <0.4, and a<2 (6.21)

Mso, Ellison and Turner (42) have shown that for
R; > 0.8 ( g < 1.1) mixing at the interface of a
stratified fluid is negligible, which agrees with the
experimental results obtained.

The rate of fluid transfer from the lower

to the upper layer was assumed to be given by the equation

q.2= km( v"vc ) (6o22)

where k is an unknown function of the relative density.
This equation was summed along the whole length of the
wedge using values of V, calculated from © given by Eq.(6.18).
From the density gradient of the upper mixing layer
measured at the seaward end of the wedge, an average value
for the coefficient of mixing kmalong the wedge was
calculated for each test. The density gradient was measured
using a wave monitor with a probe consisting of a pair of
stainless steel wires 1.5mm diameter and 12.5mm apart. By
insulating the probe along its whole length except for the
tips a record of the density at any particular depth could
be obtained on a chart recorder. The chart recorder trace
wes also used to calculate the average wave length and also
the thickness of the upper and lower mixing layers for each
test.
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The wave monitor and UV chart recorder, which
used 1600B galvanometers, are shown in Fig.5.2 . The
calibration curve which was constantly checked, had to be
calibrated within the channel where the profile was being
taken since the readings altered significantly for the
same solution of saline water when contained in either a
test-tube, beaker or the channel. The calibration curve
is shown in Fig.6.18 and a typical UV recorder trace (Test 1),
in Pig.6.19 . The density profile for the upper mixing
layer, obtained from this trace is shown in Fig.6.20, and
the arrested saline wedge from which it was obtained is
shown in Fig.6.21 .

In all, thirty nine different unstable arrested
saline wedges were tested with the relative density (1-¢)
varying from 0,012 - 0,052 , and from these an average
value for the coefficient of mixing gnalong the wedge was
calculated for each test. A typical calculation for kmglong
the wedge shown in Fig.6.21 is as follows.

Iest 1
For the saline wedge shown in Fig.6.21, the following data
was obtained:-
8, = 0.60cm; Ly = 155cm; 51 = 6,50cm; b = 3.5cm;
Q = 129.1em7/8; v, = 0.99 x 1072en?/s; g' = 17.35cn/s%;

Since (1 - €) = 0.0177, from Eq.(6.18), © = 0.136 .
e= (g v2)1/3/ Vc = 0,136 hence Vc = 4.09cm/s .

Prom Fig.6.20 the average density in the upper interfacial
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mixing layer at the seaward end of the wedge was calculated
to be 1000,566 kg/m’ . Since q, = k ( V = V_) then equating

salinities.

Ig

g, ( 1 =¢) &
0.566/1000 =f 2 (6.23)
L v 8,

Lo
x (1 - Y. bad
0.566/1000 = —m(-—g-—-s—)- / (1- 25 Lyax  (6.24)
1 0

0.566/1000 = k x0,0177 x 155/0.60 (1= 4.,09x3.5x6.50/129,1)
0.566/1000 =1,28 k

hence k = 4.42 x 10™4 when (1 -=¢)=0,0177

The results for %mare plotted against the relative density
(1 =€) in Fig.6.22 . Since the slope of the line is equal
to0 minus one, the resulting equation for mixing is :=-

o=k (V- D/ (1 ~¢) (6.25)

where kﬁ = 0,94 x 1072,

From the experiments the average diameter
of an entrainment plume was about 1mm. The surface area
on which the shear stress acts is Lx b . It was observed
that in a channel of 3.5cm width, two plumes developed
across the width of the channel. Over the whole length
of the wedge an average of only about one half of all
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waves are breaking at any particular instant, therefore
N = 1. The average wavelength L= 4.5cm. The theoretical
coefficient of mixing in Eq.6.17 is therefore :-

ke 3 -4
Kﬁ- 0.5 Na/Ai-— 2.5 x 10 (6.26)

The measured rate of mixing in the upper layer for

(1 —¢) = 0.02 gave a coefficient kmshown in Fig.6.22 of
4.7 x 1074, The mixing coefficients obtained from theory

and experiment are very similar indicating that the

assumed mixing process due to momentum exchange of turbulent
motion is wvalid.

6.4 Application of Results to Mathematical Models

As stated in the previous chapter, for the
successful modelling of a stratified flow it is necessary
that the densimetric Froude numbers should be the same
in both model and prototype. The second dimensionless
term in Eq.(5.1) is the densimetric Reynolds number, which
has only a minor influence on the flow conditions. Since
the density in the model was the same as that in the
prototype, one can better refer to the scaling simply in
terms of Froude and Reynolds numbers. The experimental
work of Rigter (115) indicated that the Reynolds number
of the flow is a minor but relevant term for a stable
arrested saline wedge, but decreased in importance as
turbulent mixing at the interface increased. The unimportance
of the Reynolds number for a salt wedge where both layers
are in a turbulent state is suggested by Fig.6.5 where it
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is seen to be independent of the stability parameter ©.
This is in contrast to the findings of Ippen and Harleman
(67) who conducted tests on laminar stratified flows and found
© to be a function of Reynolds number.
Since the wavelength L is not a geometrical
element of the channel but proportional to the wave celerity.

L (prototype) = L (model) x ¥ (6.27)
where Y = prototype/model vertical scale ratio.

In the prototype the ratio of the interfacial mixing layer
thickness & to the total depth should from Eq.(6.4) be the
same as in the model. Extra proof is given by Long(90), and
Simmons (126) where the interfacial layer thickness for
highly stratified estuaries, such as the South-West Pass

of the River Mississippi was found to be about one fifth

of the total depth, which agrees with the model tests, hence.

8 (prototype) = & (model) x Y (6.28)

Also, since the interfacial densimetric Froude number in
model and prototype are equal, ¥ in Eq.(6.5) must increase
in the prototype by the same ratio as all the other prototype
velocities. Because the viscosity is a function of the
relative density and the variation of © with relative
density is given in Eq.(6.18), then from Eq.(6.7), ©e1/V, .
The value of the stability parameter © in the prototype
becomes.

© (prototype) = © (model) / y0e3 (6.29)
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Eq.(6.25) remains unchanged for the prototype since the
rate of mixing has the dimensions of a velocity and the
densities in model and prototype are equal.

It can be seen from Eq.(6.15) that the interfacial

shear stress can be expressed as :-
T = 0.5 p2 q_2 v (6-30)

but T can also be written as :-
1
N N (6.31)

where f is the interfacial friction coefficient.
From Egs.(6.30) and (6.31)

£=4.00q,/ 7V (6.32)
substituting into Eq.(6.25) gives
£ = 3.8 x 1072(¥ - v,)/ [v(1 - e)] (6.33)

For (1 - €¢) = 0,02, £<1.0 x 10'3, which can be compared
with the values used in various mathematical models of
saline wedges ( 79,25,146,63 ) shown in Table 6.1 . It
can be seen that the value for f obtained in the physical
model is less than that used in the mathematical models.
This is due to the fact that conditions in the physical
model produced a more highly stratified flow than can be
expected to occur in a real estuary. Table 6.1 clearly
shows that as the level of stratification decreases so the
interfacial friction coefficient increases. This is
consistent with the increased level of turbulent mixing
at the interface, due mainly to tidal action. Also, it
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92¢

(85 5)’ Tidal

£ x 107

E P f est
Estuary ype 01 estuary range in
: ! metres .
(1) (2) (3) A (5)
South Pass llississippi Highly stratified 0.020 0 2
Grand RhOne Highly stratified 0,025 |043=0.40 3 =5
Rotterdam Waterway Partly mixed 0.024 1.6 42
Praser River Partly mixed 0,022 | 3e3 60

Note : 1inm = 3.28 L%

TABLE 6,1 INTERFACIAL FRICTION COEFFICIENTS USED IN ESTUARINE MATHEVATICAL MODELS




should not be forgotten that friction coefficients in
mathematical models are not truly representative of the
shear stresses acting. This is because these coefficients
have to absorb all the errors in the mathematical model,
t0 enable a reasonable comparison with the prototype to
be made. Therefore when a set of equations for a highly
stratified estuary are used for a partly mixed estuary the
value of the interfacial friction coefficient used will
not reflect the true level of mixing at the interface.
However, this does not mean that the model should not be
used for partly mixed estuaries because an alternative
milti-layer stratified model could prove to be very
expensive and still give no better results.

Computer tests were carried out for the salt
wedge in the South Pass of the River Mississippi in order
to compute the interfacial mixing coefficient for this
estuary. The program used was the writers extended implicit
finite difference scheme for fully stratified flows
described in Section 4.4 . The data used is that given by
Keulegan (79), with a bed slope of 2 x 102 (27) and a Chezy
bed friction coefficient of 60 m%/s . It was assumed that
conditions were critical in the upper layer at the seaward
end of the estuary and that the wedge at its landward limit
assumed a wave front form at a densimetric Froude number
of unity. These conditions gave an upper layer depth at
the sea of 5.81m and a lower layer depth of 7.91m, plus
a front height of 1.26m for the salt wedge. These depths
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were used as boundary data for the model plus the river
discharge of 2831.7m3/a and the upper and lower layer
densities of 1000kg/m’ and 1020kg/m° respectively.

It is known that the length of the arrested
saline wedge in the South Pass is 14 miles (22.5 km), and
that the average discharge in the salt wedge should be zero.
By running the program for different wedge lengths and
interfacial mixing coefficients k! given in Eq.(6.25), the
corresponding discharges in the wedge at the seaward end
were obtained. Figure 6.23 shows the relationship between
wedge discharge and wedge length for different values of
the interfacial mixing coefficient. It can be seen that
for zero wedge discharge and a wedge length of 22.5 km,
ky =4 x 10~ . For a moving salt wedge in a fully stratified
estuary it is reasonable to conclude from the results that
the interfacial mixing coefficient kj can vary from 5 x 10~
on the flood flow to 3 x 10™2 on the ebb flow. The average
value of (V = vc)/v where mixing is taking place is 0.3
and since (1 - €¢) = 0,02, then from Egs.(6.25) and (6.32)

£=4.0k (v-v)/[Vv(1-¢)] =60k (6.34)

Therefore the average value of the interfacial friction
coefficient for the South Pass (Mississippi River) saline
wedge is 2.4 x 10~ . This compares very favourably with
the analytically derived value of 2.1 x 1072 obtained by
Poggi from Eq.(5.9). For ﬁoving fully stratified saline
wedges the value of f will vary from 3 x 10~ on the flood
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£low to 2 x 10~ on the ebb flow, whilst a good value
for the interfacial friction coefficient during quasi-
laminar flow conditions before mixing takes place is
£=1x107°,

Other types of stratified flows give different
values for the interfacial friction coefficient. Pedersen
(103) indicated that for fjord flows where brackish water
flows over a stagnant salt water pool, so that the entrainment
is from the lower to the upper layer only, f is about
1 x 1072 Lofquist (89) studied the stability of the interface
for a forced turbulent underflow beneath a stagnant upper
layer and found that for densimetric Froude numbers between
0.32 and 0.71, £ varied from 2.4 x 1074 to 4 x 1072, For
comparison the densimetric Froude number in the upper layer
over most of the model salt wedge varied from 0.45 to 0.75 .
For lock exchange flows the results of the Delft Hydraulies
Laboratory, Project M 772,1968, reported by Abraham and
Eysink (15) showed that for high Reynolds numbers at a
densimetric Froude number of 0.8, f tends to a constant
value of about 6 x 10-3. These results suggest together with
energy considerations that the interfacial friction coefficient
is proportional to the square of the densimetric PFroude
number.

The results obtained indicate that in order
to model mathematically a highly stratified estuary, the
shear stress at the interface, when mixing is taking place

can be represented in the momentum equation of the upper
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layer by Eq.(6.12) as shown in (51). When mixing is not
taking place Eq.(6.31) can be used with £ =1 x 1077,

The rates of mixing q, and g, are calculated from Eq.(6.25)
using values of V, obtained from Eqs.(6.18, 6.29 and 6.7) «
The coefficient of mixing ki in Eq.(6.25) needs to be
estimated depending on the level of stratification of the
estuary. For a highly stratified estuary, kj will vary from
2 x 102 to0 6 x 1072 depending on the phase of the tide.

If the average velocity in the salt wedge is not zero, as
it will not be for a moving salt wedge, then V becomes the
average relative velocity between layers. If an estuary of
the partly mixed type is to be modelled, it will probably
be found necessary in order to obtain a high interfacial
shear stress without too much entrainment, to use two terms
in each momentum equation. The first term will be Eq.(6.12)
which will provide the necessary mass transfer together
with its associated interfacial shear stress, plus a term
such as Eq.(6.31). The friction coefficient f in Eq.(6.31)
will need to be estimated by trial and error until a good

correspondence between model and prototype is obtained.
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APPLICATIONS OF EXTENDED IMPLICIT MODEL

Y % The River Hooghly

An estuary is classified highly stratified,
partly mixed, or well-mixed by determining the ratio of
mean upland discharge flowing into the estuary during a
tidal cycle to its mean tidal prism. The estuary is highly
stratified if the ratio is > 1, partly mixed if the ratio
is > 0.25, and well-mixed if the ratio is < O.1. Applying
this criterion to the Hooghly, computations show that this
ratio varies between 0,07 and 0.064 at Saugar for an average
tide. The estuary is thus well-mixed.

The Hooghly is formed by the confluence of three
rivers: the Bhagirathi, the Jalengi and the Churni as shown
in Fig.7.1 . The Bhagirathi and the Jalengi meet at
Swarupganj, the river then being known as the Hooghly. The
Churni meets the Hooghly about 68km below Swarupganj.
Calcutta is situated about 140km below Swarupganj, on the
left bank of the Hooghly. The estuary is funnel-shaped,
meeting the Bay of Bengal at Saugar at a distance of about
140km below Calcutta.

The Bhagirathi, once the main branch of the
Ganges, has silted up to such an extent in the course of
time, that the flow from the Ganges to the Bhagirathi now
takes place only when the level in the former rises by about
A.6m over the general dry season level. The offtake is
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unstable and has shifted by about 38km longitudinally and
16km laterally in the last few decades. However the Bhagirathi
remains almost the only source of freshwater flow inte the
Hooghly, as the Jalengi flows are small and of short duration,
while the Churni is practically a moribund channel. Owing
t0 the nature of the offtake, there is almost ne freshwater
flow inte the Hooghly in the dry season from November te
June, the discharge rises steeply around mid-July to a
magnitude of about 3000m3/s, falling suddenly to very low
values at the end of the monsoon season around mid-October.

The tidal ranges at the mouth eof the Hooghly
exhibit large spring-neap variations (1.25 - 5.5m) and in
the dry season the tidal limit extends to Swarupganj. The
main component of the tide is semi-diurnal. During the
monsoon the major part of the river is practically free
from salinity, at Saugar the salinity drops teo enly 7 ppt,
but during the dry season the salinity at Saugar reaches
that of the ocean, about 34 ppt. The maximum dry seaseon
salinity at Palta, where the river is a source of drinking
water supplies to the City of Calcutta, may reach 3 ppt.
This is well above the potable limit. In fact, supply of
drinking water to Calcutta beyond March is a serious problem,
and therefore salinity variations in the river for different
flow conditions is of great importance.

A program incerporating the generalized
algorithm described in chapter 4.2 was ceded in ALGOL 60

and run on an IBM 360/65 computer in order to compute water
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level, discharge and density variations for the Hooghly.
The program was run using the data shown in Table 7.1
obtained from Ref.(144). The friction coefficient was
estimated by running the program with various roughness
heights, until the known maximum velocities on the ebb and
flood flows for zero upland discharge were obtained at
Calcutta. It is known from studies by the author (50) and
by Basu (22 ) that the roughness ceefficient varies with
the phase of the tide. This variation in friction ceefficient
with tidal phase is partly due te bed roughness, depth and
density changes, but primarily due to the errors caused by
using a normal flow friction parameter for unsteady flow
conditions. In this model however, because of its research
nature and therefore inadequate data input for a commercial
study, only one roughness height was used for the river.
Constant distance steps of 5km were used with time steps of
9008 giving a Courant number of 2, although higher Courant
numbers are possible (52 ). The longitudinal diffusien
coefficient was taken as 200m2/s, since this is the value
recommended by Haag and Bedford ( 56 ) for estuaries when
only one constant value is to be used.

The computation grid used is shown in Fig.7.2 .
At the left hand side of the grid the fresh water upland
discharge and density at Swarupganj are used as boundary
conditions at j=0 and j=1 respectively. At the right hand
side of the grid a known vertical tide at Saugar Light House
with a range of 5.5m is used at section jj for the dymamic

boundary data. Since at the seaward end of the grid the
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Distance from Schematized Schematized
Seugar Light breadth of bed level with-.
House, in channel, in zero datum at
kilometres metres lowest water level,
in metres
(1) (2) (3)
0 13500 -12.0
10 10800 -12.0
20 8400 -11.9
30 5900 ~11.9
7n0 4260 -11.8
50 3230 -11.7
60 2440 ~11.5
70 1920 -11.4
80 1340 -11.2
90 1100 -11.0
100 240 ~-10.7
110 790 ~10.4
120 670 -10.1
130 570 -9.8
140 480 -9.4
150 420 -9.1
160 370 ~-8.7
170 320 ~-8.4
180 300 -8.,0
190 280 ~T+6
200 240 ~T7.2
210 210 - ~6.8
220 180 —6.4
230 150 =58
240 130 ~DeD
250 120 5.1
260 110 —-A.T
270 110 -4.3
280 100 -3.9
290 100 =Dl

TABLE 7.1 RIVER HOOGHLY DATA |
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density is a function ef the upland discharge it cannoet be
used directly as a boundary condition. However, the density
gradient at the mouth ef the Hooghly remains almest constant
at 0.00016kg/m4 and this is used in Eq.(4.36) to cempute

the density at section jj+1 .

The simultaneeus tidal curves obtained by
running the program with low and high upland discharge are
shown in Figs. 7.3 and 7.4, respectively, together with
the observed prototype curves obtained from Ref.(144). The
salinity variations in the Hooghly are shewn in Fig. 7.5 fer
the low and high upland discharges and are compared with
the prototype data given in Refs.( 24 ) and (48).

Salinity variations in an estuary take much
longer to settle down from guessed initial conditions than
do the water levels and discharges. It was therefore found
necessary to run the program over twelve tidal cycles in
order te achieve a constant cyclic state for the salinity.
The CPU time on the IBM 360/65 for calculating 150 protetype
hours for the Hooghly at a Courant number of two is less
than five minutes, and the storage requirement was 120kB.

The results indicate that although the computed
simul taneous tidal curves agree closely with the measured
curves, the computed longitudinal distribution of salinity
at low flew does not. The reason for this is partly due te
using a constant longitudinal diffusion coefficient for the
whele estuary, but mainly due to the fact that the channel
data plus the simultaneous tidal curves are fer the Hooghly

in 1900 whereas the salinity profiles are for the Hooghly
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in 1963. It should be neted that there are no salinity
measurements for the Hooghly around 1900 and that the only
comprehensive published tidal data is that for the year 1900.

Tidal ranges in the Hooghly have increased
steadily from 1911 te 1958 by half a metre at Calcutta but
are now being contrelled to a limited extent by dredging.
This indicates that the channel has been and still is
becoming wider and shallewer and is in fact chocking up
from the upstream end. Because of the increased tidal range
and zero upland discharge, salinity intrusion is rapidly
progressing landwards affecting the industrial centres
located along the river.

During the dry season a tidal bore develops in
the Hooghly on the spring tide and reaches a height of 1.5m
at Calcutta. These tidal bores seriously hinder the day to
day activities of people in the vieinity of Calcutta and
reflect the deterioration of the river caused by too little
upstream discharge entering the river system. This lack of
upstream discharge has caused silting up of the river,
resulting in higher tidal ranges and steeper upstream bed
gradients all of which contribute to the formation of the
tidal bore. Usually tidal bores in numerical computations
cause stability problems, but the iteration of equation
coefficients in the centred implicit scheme causes enough

dissipation te accommodate the bore.
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T2 The River Gambia

This river flows through the West African country
The Gambia from which the country takes its name. The Gambia
is a long narrow country surrounded by Senegal and as shown
in Fig.7.6 follows the length of the river over its entire
500km tidal reach. The tidal range at the sea varies between
O.6m and 1.5m and the estuary is classified as well-mixed.
Because of the size of the estuary and its very small upland
discharge over nine months of the year, tidal variations at
the sea have a considerable effect on the movement of water
within the estuary. The tidal limit extends beyond Gouloumbo,
during the dry season, which is 520km from Banjul, whilst the
maximum extent of saline intrusion is 250km from Banjul.

A mathematical model of the Gambia estuary was
built by Sanmuganathan (119 ) using a very limited amount of
prototype data which was subsequently used in this thesis.
Sanmuganathan's model which was designed to predict salinity
variations in the estuary is an analytical solution of the
gsalt transport-diffusion equation using Laplace transformations.

The extended implicit model for well-mixed flows
was similarly used to predict salinity variations in the
Gambia, given a freshwater hydrograph, tidal conditions at
the sea, and an initial salinity profile. The seaward boundary
of the model was taken at Banjul and the landward boundary
at the tidal limit 510km from Banjul. The variation in cross-
sectional area of the estuary is shown in Fig.7.7 . The width
of the estuary had to be estimated from a map and from this

data it was decided to use a mean depth of water at Banjul
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of 12m . Since no information was available on bed levels,

a2 logarithmic bed profile was assumed given by the equation:-

=3
Bed level = 0.01 ef¢? X 10~ I

, where L is the distance
from Banjul. The landward boundary of the model was the
fresh water hydrograph shown in Fig.7.8, whilst at Banjul
a constant sinusoidal vertical tide of 12.5hr period and
im range was used.

Since known prototype values for the
maximam tidal velocities along the Gambia were available,
the Chézy bed friction coefficient was estimated by running
the model with guessed values of Chezy coefficient and zero
upland discharge until the maximum tidal velocities agreed
with the prototype. It was found that a linear variation in
Chézy coefficient decreasing from 100mi73 at Banjul te 40m*/s
at 300km from Banjul and then remaining constant gave the
best results which are shown in Fig.7.9 .

In order to estimate the longitudinal
diffusion coefficient, several tests were made initially
with the coefficient constant and the resulting salinity
advance for salinities of 1.5g/l1l, 5.0g/l, and 10.0g/1
recorded. The salinity advance curves for a constant diffusion
coefficient of 200m2/s and 500m°/s are shown in Figs.7.10
and 7.11 respectively. These curves indicate that the
diffusion coefficient should be between 200-500m2/s at 150km
from Banjul but that a value of 500m°/s is the right order
between 50-100km from Banjul. Since most estuaries have
diffusion coefficients of about 1000m?/s at the sea reducing
to about 100m2/3 in their middle reaches, a diffusion

coefficient varying with distance as shown in Fig.7.12 was
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used. These values take no account of the considerable
variations in upland discharge shown in Fig.7.8, therefore
the final results for salinity advance will be very
approximate.

It should be made quite clear at this point
that the longitudinal diffusion coefficient is perhaps more
correctly called a longitudinal dispersion coefficient. This
is because its value includes net only a contribution from
molecular and turbulent diffusion but alse a multitude of
dispersion effects. The two dominant influences on the
longitudinal dispersion coefficient come from the lateral
circulation caused by depth variations in the cross-section
and the width to depth ratio of the estuary. Clearly the
value of the longitudinal diffusion (dispersion) coefficient
will vary both with distance and time depending on the state
of the tide, the volume of fresh water entering the estuary,
the cross-sectional shape of the bed and the width to depth
ratio of the estuary.

The model was run for 250 prototype days with
distance and time steps of 5km and 30Ominutes respectively,
and took 100minutes of CPU time on an IBM 360/65 computer.
Using the new generation of IBM 370 series computers this
CPU time can be reduced considerably. A typical example of
water surface profiles over a tidal cycle is shown in
Fig.7.13 for day 62. Computed and observed longitudinal
salinity profiles are shown in Fig.7.14, whilst Fig.T7.15
shows how the salinity varies over a tidal cycle; in this

case for day 62 at 100km from Banjul. It will be seen from
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Fig.7.14 that starting with a given initial salinity profile
the computed salinity profiles compare well with the measured
values for 169 days, that is until the middle of Marchl1973,
but then lag behind the observed salinities. It is difficult
to see why this should happen unless the tidal range at the
sea increased significantly at the spring equinoxe causing
greater dispersion of salt in the estuary. The salinity
advance curves for salinities of 1.5g/1l, 5.0g/l and 10.0g/1
are shown in Fig.7.16 together with the measured prototype
values. It can be seen that the computed salinities match
the measured values reasonably well for 190 days but then
there is a rapid increase in the prototype dispersion rate,
which reduces again after 240 days. As mentioned before it
is most likely that this surge in dispersion of salt is due
to increased maximum tidal velocities in the estuary caused
by higher tides at the spring equinoxe.
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7.3 The Seuth Pass of the lMississippi River

The Mississippi forms a delta shown in Fig. 7.17
of the multilobate type with relatively large river branches,
indicating that the action of the river predominates over
that of the sea. Several of these branches have been
artificially widened and deepened by dredging so as to
improve navigation from the Gulf of Mexico te New Orleans
150km inland.

The South Pass is one of these waterways and
is 14m deep, 450m wide and extends from the Gulf of Mexico
to meet the confluence of the delta rivers about 30km inland.
Because of the large fresh-water discharge inte the South Pass
(2800m3/s) and lew spring tidal range (0.6m), salt-water
enters the Pass frem the sea along the bed and intrudes
landwards for about 23km. Since the tidal action at the sea
is slight, the salt-wedge has a maximum tidal excursien of
less than 2km. Alsoe, because the waterway is deep and straight
there is relatively little mixing between the salt-wedge
and the fresh-water flowing above it, resulting in a highly
stable wedge. These conditions produce a fully stratified
two~layer flew which terminates landwards with the homogeneous
fresh-water flow through a discontinuity called a saline front.
A salt-wedge estuary such as the Mississippi
is a highly complex flow system which appears deceptively
simple. Even when there is no tidal action so that the wedge
is stationary there is still a circulatien of salt-water
within the wedge as shown in Fig. 1.1 . Alse, because the

circulation velocity causes the flow in the upper part of
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the wedge te become turbulent, entrainment - diffusien
mixing takes place which are twe-way processes with equal
quantities of water being transferred between layers. This
mixing creates an interfacial mixing layer which has a
thickness of about one fifth of the total depth. It is
within this layer that most of the change in density from
fresh to salt-water takes place. Also, after the interfacial
mixing layer has been formed it acts as a barrier between
the two fluids, regulating mixing between the layers. If
this layer did not exist, mixing acress the interface would
increase continuously until the flew became well-mixed,
since the rate of mixing is inversely proportional to the
density difference between layers.

It is this wedge circulation which ensures that
the salt front remains of high density. Without this
circulation the front would become less and less dense due
to entrainment mixing with the adjacent fresh water resulting
in the rapid eresien of the front and consequently the wedge.
Sea-water enters the wedge along the bed and flows towards
the salt-front. Some of this sea-water convects itself
vertically inte the interier of the salt-wedge, replenishing
the salinity which is censtantly reduced due to entrainment-
diffusion mixing acress the interface. Salt-water on reaching
the wedge-front is then swept back out te sea either in the
upper half of the wedge due to the seaward velocities
imparted inte the wedge by the fresh-water flewing above it
or in the upper layer after being entrained or diffused
through the interface.
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It is still pepularly believed that in an arrested
saline wedge salt-water enters the wedge frem the sea teo
be progressively entrained through the interface inte the
upper layer, resulting in a zereo discharge at the tip of
the salt-wedge. However, as already explained this situation
does not arise, and can be shown te be wrong by considering
the solutien of Eq.(5.9) for the length of an arrested
saline wedge. In this calculation so long as the discharge
in the wedge is taken everywhere te be zere, the length of
the wedge is predicted very accurately when the knewn
prototype value for the interfacial mixing coefficient is
used in the equation. This analytical selution first derived
by Schijf/Schénfeld (120) is based on the integration of the
combined upper and lower layer dynamical differential
equations. Results indicate that the average velocity in
the salt-wedge at any position must be zero, implying that
a circulatery flow is present in the wedge.

Under tidal conditions the salt-wedge moves landwards
as water flows into the wedge on the flood flew and retreats
seawards as water flows out of the wedge on the ebb flow.
Because the relative velocity between layers increases on
the flood flow and decreases on the ebb, more interfacial
mixing takes place on the flood than en the ebb. Whilst this
flooding and ebbing takes place in the lower layer the upper
layer discharge remains seawards, although it varies
depending on the phase of the tide. In a partially mixed
estuary however, even the flow direction in the upper layer
changes, and it is this that largely distinguishes it frem
a fully stratified estuary.
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Any mathematical model capable of simulating the
range of estuary flew types from fully stratified salt-wedge
to well-mixed homogeneous flow needs to be based on a two-
layer flow model. The well-mixed model is initiated when
the lower layer thickness becomes zereo, whilst partially-
mixed flows can be approximated to saline wedges with
considerable interfacial mixing. Clearly it is not feasible
to model the interfacial mixing layer, and also net necessary.
This is because good results are obtained from analytical
solutions of the dynamical arrested saline wedge equations
when average layer velocities are used.

It is necessary to build inte a salt-wedge model
realistic front conditions se that the saline wedge can move
correctly up and down the estuary with the tide. Also, the
amount of water exchanged between layers needs to be computed
since this not only changes the densities in the layers
but considerably alters the interfacial friction. In previous
finite difference and characteristic models the exchange of
water across the interface has always been neglected. Alse,
many modellers have either approximated the frontal depth
to zero on the flood flows (146) or failed to understand
that a wave-front cannet exist en the ebb flows (63 ).
Clearly a knowledge of mathematics and computing is not
enough te build realistic estuary medels, that is why
considerable effort has been directed towards investigating
frontal conditiens, interfacial mixing and instability in
this thesis.

Using the extended implicit scheme for two-layer

stratified flows described in chapter 4.4, the program shown
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in appendix 1 was built te cempute flow conditioens in any
salt-wedge estuary. Because a four-level scheme has been
used, each layer can be computed separately without uncoupling
the layers. The computatienal domain of the upper layer is
therefore from the sea to the tidal limit whereas that for
the lower layer is from the sea te the tip of the salt-wedge.
If the salt-wedge length is reduced to zero the program
should then calculate for a well-mixed estuary. It will be
seen from the stratified equations for the upper layer in
chapter 4.4 that when the lower layer thickness is reduced
to0 zero these equations are identical to those in chapter 4.2
for a well-mixed flow. Fer economic reasons however, since
the salt-wedge program has thirty times as many computational
steps as the well-mixed program, it should not be used for
well-mixed estuaries.

The complexity and size of the salt-wedge program
is due not only te the complicated difference schemes but
also te the special procedures required te scan and moniter
the flow and the movement of the salt-wedge. Initially the
four-level scheme was programmed to compute the flow
conditions in an arrested saline wedge. This program was
tested on the salt-wedge in the South Pass of the Mississippi
for various interfacial mixing coefficients. Because this
wedge was stationary the landward boundary could be taken
at the wedge front, enabling the entire computation te
embrace the two-layer fluid only. Te extend this stable
stratified program to one that could compute acress the
salt-wedge front inte the homogeneous flow beyond, and alse

moniter the movement and changing frontal conditions without
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the program going unstable took censiderably lenger. In
fact the time required to work out the mathematics of the
milti-level difference scheme plus the writing and testing
of the stratified flew program was less than that required
to extend the program so that it could calculate the tidal
excursions of the wedge.

The salt-wedge program shown in appendix 1 consists
of procedures each of which performs a specific task in the
computation. Each procedure can be readily isolated from
the program enabling improvements or modifications to be
made without interfering with the remainder of the program.
Since the program is designed to be used for any type of
estuarine flow, many of the procedures are concerned with
the organisation of the cemputation. A brief descriptien
of the role of each procedure is given below.

INITIAL: This centains the initial guessed conditions plus
data concerning the channel such as bed widths and bed levels.
BOUND: Time dependent boundary conditions are given here
such as the upland discharge and vertical tide at the sea.
BSTART: Because the position and type of boundary relative
to the grid needs to be specified, integer numbers represent-
ing these data are read in with this precedure.

ITER: Since the equation coefficients in this type of
implicit scheme need to be computed with centred dependent
variables, this procedure centres these values before the
computation is entered for the second time.

RIVSEC: This procedure calculates flow cross-sectional areas,
hydraulic radii, mathematical widths and parameters required

by the interfacial mixing equations.
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EIGEN: This procedure calculates the number of positive
and negative eigen values in each layer, at every grid point.

ABCL1, ABCU2, ABCL2: These three procedures compute

coefficients for the lewer layer at the second time level,
the upper layer at the third time level and the lewer layer
at the fourth time level respectively.

FRONTCO: This procedure assigns starting recurrence
coefficients te the grid points in the vicinity eof the salt-
wedge front.

PRECO: Depending on the number of pesitive and negative
characteristics (eigen values) at a grid point, this
procedure directs the computation inte the correct procedure
for computing the recurrence coefficients. The calculation
is started at the left hand side of the grid using the given
boundary data there and ends at the right hand side of the

grid.
COLRSB, CORLSB, COLRSP, CORLSP: Using the abeve 'ABC...'

coefficients these four procedures compute a,B,Y... recurrence
coefficients in each layer depending on the flow direction
and whether it is subecritical or supercritical. For example,
if the flow is subcritical from left to right then procedure
COLRSB is called.

SEADENSITY: Since the density at the sea is a function of
the tidal discharges, it cannot be used directly as a
boundary condition. However, this procedure computes the
density at the sea in both the upper and lower layers from
given density gradients depending on whether the flow is

subcritical or supercritical.
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CALQRH: With the recurrence coefficients knewn, the dependent
variables namely discharge, level and density are cemputed
alternately starting with the given boundary data at the
right hand side of the grid, back te the left hand side.
CALFRONT: This precedure computes either the depth or
discharge at the salt-wedge front depending on whether the
front is adjacent to a level or flow grid section.

SHIFT: Since the salt-wedge front is a discontinuity or
boundary in the flow, it cannot move by itself. Therefore
at every time step the front must be shifted either landwards
or seawards, depending on the computed frontal velecity.
This procedure monitors the position of the front and also
calculates the new grid variables as the front crosses over
from one grid point te the next.

CONTROL: Because the fleow does not usually change its
eigen values with every time step, it would be uneconomical
to use the eigen value procedure more than is necessary.
Therefore the procedure CONTROL is used which scans the
grid at each time step and detects using a simple control
function (Eq. 4.66) whether any of the eigen values have
changed sign. Only if a change is detected does the
computation enter the EIGEN procedure.

OUTL1, OUTU2, OUTI2: These three procedures output all the

computed values for the lower layer at time level two, the
upper layer at time level three and the lewer layer at time
level four respectively.

Before the salt-wedge system just described
could be applied to the Mississippi river it was necessary

to compute the upstream fresh water discharge at 34km from
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the sea, using a well-mixed model. The reason for this is
that the constant upland discharge of 2800m°/s in the South
Pass for an arrested saline wedge is not censtant at 34km
from the sea when there is a tide. Also, it is far too
expensive and unnecessary to run the salt-wedge program for
say 150km of estuary when the salt-wedge only occupies the
first 24km. The well-mixed model used a boundary 150km from
the sea for the constant fresh water discharge of 2800m°/s,
and a sinusoidal vertical tide at the sea of 0.5m range.
Also, the downstream bed level was taken along the top of
the salt-wedge using a Chezy coefficient of 200m%/s, whilst
upstream of the wedge a bed friction coefficient of SOm%/a
was used. In order to ensure that any phase errors in the
well-mixed model were the same as those in the salt-wedge
model, the same distance and time steps were used in both
models. The computed fresh water discharge at 34km from the
sea is shown in Fig. 7.18, together with the corresponding
vertical tide at the sea.

The Mississippi model was run for five tidal
cycles with distance and time steps of 500m and 120s
respectively. The CPU time required on an IBM 360/65 was
60 minutes, and the storage requirement was 840kB. An
interfacial mixing coefficient kﬁ==0.00004 was used together
with a quasi-laminar interfacial friction ceefficient
f = 0.0012; whilst lengitudinal diffusion ceefficients of
1000m2/s were used in each layer.

Critical flew conditions were assumed to occur

at the seaward end of the wedge giving variations in the
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lower layer thickness shown in Fig. 7.19. It will be seen
that at the sea a tidal wave of 0.5m range at the surface,
produces an interfacial tidal wave of about 2m range. Also,
the phase shift of the wave within the wedge indicates that
the internmal wave celerity is initially about 1m/s cempared
with a surface wave celerity of at least 10m/s. It is this
slow response of the interface to surface waves that
occasionally causes supercritical flows to occur in the
prototype where normally critical flow conditions would exist.
Computed discharges in the lower layer at various distances
from the sea are shown in Fig. 7.20. It can be seen from
the steep gradients of the lower layer discharge curve at
the sea, why in nature the lower layer flow has difficulty
in adjusting to critical conditions at every stage of the
tide. In Fig.7.21 the computed tidal excursions of the wedge
for various quasi-laminar interfacial frictien facters are
shown. Since the length of the salt-wedge in the South Pass
is about 23km, the friction factor is seen te be about 0.0012
when a mixing ceefficient kﬁ = 0,00004 is used. With a tidal
range at the sea of 0.5m, the salt-wedge is seen to move
about 2km as the water ebbs and floods.

The computed average longitudinal density variations
in the upper and lower layers of the South Pass are shown
in Fig. 7.22. It must be noted that the only boundary
conditions for density specified at the sea were those of
density gradients. At 34km from the sea the water in the
upper layer was assumed to be fresh whilst in the lewer
layer at the wedge-front the protetype wedge density of
1022kg/m3 was used. It can be seen that enly in the seaward
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half of the wedge are velocities high enough for interfacial
mixing te take place. This mixing increases the density

in the upper layer until it reaches a maximum value of
about 1002kg/m3 at 2km from the sea and then decreases.

The increase in interfacial mixing on the fleoed flows over
the ebb is shewn by the higher densities in the upper layer.
Since the density is not specified at the sea in the lewer
layer, it can be seen that mixing through the interface
decreases the density in the wedge far more than propagation
of salt from the sea replenishes it. One might have assumed
that the density in the wedge would decrease continuously
from the sea to the wedge-front, but this is not the case.
However, one must remember that these are average densities
and that virtually all of the density changes for a fully
stratified flow take place in the interfacial mixing layer.
The higher density in the wedge on the floed flows indicates
that the increased rate of interfacial mixing en the floed
flow is not as significant as the increase in propagatien
of salt-water from the sea on the floed flows. The salt-
wedge shown in Fig.7.22 indicates how the computed average
densities may be distributed, bearing in mind the existence
of an interfacial mixing layer. The arrows show the flow
direction and indicate that most of the wedge flow changes
direction with the tide.

In a partly mixed estuary the increased tidal activity
results in more waves developing at the interface from
eddies originating at the bed than would occur in a fully
stratified estuary. These waves partially destroy the
interfacial mixing layer, allewing a greater level of mixing

to take place between layers for the same relative velocity.
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CHAPTER 8

CONCLUSIONS

8.1 Discussion of the Practical Results

The numerical results obtained in this thesis
for the rivers Hooghly and Gambia indicate that a new
completely stable, commercially viable, numerical scheme
has been developed. This scheme computes simultaneously
not only water level and discharge variations in any well-
mixed estuary but also variations in flow density. Its
numerical algorithm is a natural extension of the much used
and well-proven central implicit difference scheme using two
dependent variables namely water level and discharge. All
the knowledge learned over the past decade by engineers
and mathematicians engaged in using the basic central implicit
scheme for river and estuarine flow computations applies
equally well to this new scheme.

Because of the successful extension of the
central implicit algorithm to three dependent variables (53),
it was decided to incorporate this technique in a second
generation implicit stratified flow model. Knowledge about
generalized algorithms aquired from the development of the
first implicit stratified flow model (51), plus the
successful use of the 'fractional steps' technique to a new
two-dimensional flow model (52) were brought together in
order to develop the stratified flow model described in
this thesis. The model has been tested for a salt-wedge in
the Mississippi delta and the results indicate that the
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algorithm works and remains stable over long periods of
computation. There are however problems when using central
implicit schemes for stratified flow computations, these
problems resulting from the fact that such schemes have
virtually no dissipative properties.

Since the interface in a stratified flow is
considerably more unstable than the surface, stratified flow
computations are much more likely to become unstable than
well-mixed flow computations. This is especially true when
starting the model with guessed initial conditions. In a
well-mixed model virtually any realistic initial condition
can be used, and the scheme will remain stable, but for
stratified flows and especially salt-wedge flows this is not
the case. If velocities and depths throughout the estuary
in both layers do not correspond closely with the initial
boundary data, large interfacial waves develop which rapidly
cause instabilities in the model. Without detailed prototype
data of velocities and depths at any instant in salt-wedge
flows, considerable time can be spent trying various initial
conditions just to start the computation. Once the calculation
has begun it should remain stable for fully stratified flow
conditions. However, the interface is unstable by nature
especially for partly-mixed flows and unlike a real flow
situation which develops an interfacial mixing layer to
attenuate interfacial instabilities, the central implicit
scheme has no equivalent built-in dissipative mechanism.
Since the central implicit scheme needs to be retained for

stratified flow computations because of its economy and
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second order accuracy, non-linear instabilities if they
develop should be suppressed by artificially smoothing the
numerical solution.

The physical experiments with arrested saline
wedges proved that interfacial mixing is a two-way process
with equal amounts of water being transferred between layers.
This transfer of fluid must therefore be due to turbulent
diffusion mixing although intermittent entrainment mixing
in both directions will be present to a greater or lesser
extent. The rate of interfacial mixing was shown to exhibit
a straight line relationship with the relative velocity
between layers, and to be inversely proportional to the
relative density between layers. The point at which
intermittent interfacial mixing is initiated was shown to
depend on the interfacial Richardson number. Also, the ratio
of the thickness of the interfacial mixing layer to the
total depth was found to be the same in both model and
prototype salt wedges. These two facts indicate that the
value of Keulegan's interfacial stability parameter as
measured in the laboratory cannot be a constant for all
salt wedge flows but must be scaled up to prototype flow
conditions.

Physical experiments with moving salt wedges
proved that basically two different frontal types can exist
in nature. When the salt wedge is moving into the estuary
on the flood flow the front is characterised by having a
wall or 'head' of fluid, and is called a wave front. As the
tide reverses and the salt wedge is drawn out of the estuary
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the front of the salt wedge becomes wedge shaped with zero
frontal depth and is called a St.Venant front. It was shown

that the relationship between frontal velocity and depth for

the wave front was not the same as predicted by theory, this
being due to the large energy losses in the frontal zone caused
by interfacial mixing. Similarly the relationship between frontal
velocity and critical depth for the St.Venant front was different
from that predicted by theory, but in this case the reason was
due to energy losses caused by the presence of a laminar sub-
layer in the vicinity of the front. It was deduced from the
experimental results that for mathematical modelling the physical
frontal conditions can be best represented by ending the salt-

wedge at the critical flow section.

8.2 Recommendations for Further Study

Computationally the only deficiency in the extended
central implicit scheme is its sensitivity to non-linear
instabilities in stratified flow models. This could be eliminated
if a second order implicit dissipative difference scheme was
used similar in performance to the Lax-Wendroff explicit
dissipative difference scheme. However, at the moment no such
scheme exists, but remains a challenge to anyone wishing to
work in this field of applied mathematics. Even with such a
scheme which dissipates energy only when the waves start to
steepen there is no guarantee that the small scale turbulent
energy will not be diffused as well.

The scheme proposed above must not be confused with
the normal implicit scheme which when weighted on the forward
time level can generate as much dissipation as one requires.

The disadvantage with a non-centred scheme is that it is not of
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second order accuracy and can in addition produce information
losses. Por the salt-wedge flows the scheme was tested with the
interfacial shear stress terms mounted on the implicit side of
the algorithm. The result was to improve the stability of the
scheme but at the cost of damping out most of the flow in the
salt-wedge. The same results occurred when artificially smoothing
the solution and it was found that the degree of smoothing
necessary to damp out non-linear instabilities seriously affected
the flow conditions in the salt-wedge. For these reasons a fully
centred scheme was used without smoothing and more care taken
with the initial conditions when starting the computation.

The application of the mathematical model to the Gambia
estuary illustrated the extent to which the value of the
dispersion/diffusion coefficient affects the results. Although
previous attempts have been made to relate dispersion coeffi-
cients to simple estuarine parameters, these have only given
‘order of magnitude' estimates and it is thought that this area
still provides scope for further study, especially as field
measurements are constantly being recorded and published.

Experiments to obtain values for the interfacial
stability parameter suggest that this parameter varies depehding
on whether the flow is in a laminar or turbulent state and that
it is a function of the flow Reynolds number. Since all the
laboratory experiments have taken place in 'smooth' channels,
further studies should be made to ascertain (a) the relationship
between the interfacial stability parameter and the flow Reynolds
number for laminar flow conditions and (b) what effect the
relative roughness of the channel has on the value of this
parameter for different flow Reynolds numbers under turbulent

flow conditions.
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APPENDIX 1 COMPUTER PROGRAM CODED IN ALGOL 60

"BEGIN'"REZL® CXoEK4LC14D24CFyCKoCC14CC2,CHY,CF2,CR1,CR2,BRoZ,F1I,
XFDXF,LENGTH,AMP,AMPQ;

CINTEGCERY NyAN MMM, J0JJ o JFeXeY DT 3JFS1sJFS2,N1y JSF3
SYSACT({1,6,132);SYSACT(1 ,8,60)3SYSACT(1,12,1);

ININTECER(C,JJ};

*RECIN'"REAL*"ARRAY'® A,BoCoCoEyFo AL, ALS,EE,BESyGA,CAS,DE,DES,
EP ¢EPSZE JZESETETS,,TH,THS ,EE,FF,A]l ,A2 ,B1,B2,TA,UC,MX,
CA1,CA2,FF1,FF2,0Q1,Q0Q2,UL]1,ULZ,RR1,RR2,LAN,FR]L,FHI ,LC1 yHEB,V1,
BMCL sBMD2 yBNM1 o BM2 ,TAU, IB4LC24CI4RI,HR2(/0:2JJ 22/ ),

HY QY RY( /C2JI*%2,C22,122/),BQ(/7C225/),
LobFl,F2,Q1,C2,R1,R2,ULl,U2,Y1,Y21/0200#2,C:27),P1 /122/);
TINTEGERY ' ARRAY' LBS RBS,LE,RBI/1:22/ ) PCSNECGI/0:2JJ#+2,1:2/);
'PROCEQURE! INITIAL ;

*BECIMN

YFORY Ji=CYSTEPYLYUNTILY JJe2'0C

FRECINY

HBRI/J/Z)2={Jdie2=-J)1%DX/5000C0;

QUI/JaC/)2=Q 11 /Je27) 2=2QL (/e /) 2=CCL~=JU%39C/(JJ*2)
VIFVJKIFITEENS

Q2L/7J9C/) 2=2C210/7d427)3=C2(/J41/)2=0 VELSE!
Q21/J90/¥2=02(/J92/12=Q2(7J¢1/}:=CQ2-40C% (J=-JF} /7 (JJ+2=-JF)};
RL1/J40/)2=R11/Js2/)2=RL(/Js1/)2=CR1;

R2(/JsC/)2=2R2(/7J2/) 3=R2(/J,17):=CR2;

BLU/Jg0/ 2=k 1(/d92/2=H1(/Jy1/) 2=CH1#(JJ*2=-J)*DX/25000C;

*IF*U>JJ-8" THEN®

H20/Jd,0/)22HZU /04270 2=H2(4do1 /) 2=KEBB(/J/) 45,043,589 (J=JJ+B)/10 'ELSE!
H2 17490/ )2=k20/dy 2/ 12 =H20/Jy1/)2=EBBI /J/) #5. 0= 5. C=1. 26) %
(JJ=E=J) 2 LJJ-30);
VIFVIKJFITHEN

H2 (/040/) 224217392/ ) 2=
B1(/J/) 2=BR; B2(/J/) 3=
LAM(/ I/ V2 =R1(/1,0/)/R2
"IF* UCJFT THEM
UL(/d20/)2=U10 /027D ¢
U1/J,0/)22UL(/3,2/)3
ULL2d41/) 220107J,0/)3
VIFVJCIFITHENS

U2 (/3,07)22U2(/ 342/
U2(/4,0/) 2=L2(7d,2/
U2(/Je1/)2=2U2(/3,0/
TIFTJKJF T THENS
Y1(/J90/)2=Y1/J42/) 2=H1 /J,C/}=HBB( /J/) 'ELSE
YL1(/Js0/)3=Y1(/3,2/0:=HL(/J,0/)=-H2(/J,0/)}

TIF'JCJF ' THEN!

Y2(/d9C/Y32Y2( 1,2/} 3=CVELSEY

Y2 (/J40/)2=Y¥2(70,2/)2=k20/ 3.0/ )-FERL/I/ )3

TIFTJKIFPTHENY T(/J,0/) :=C'ELSE’
T(/390712=U1(/3,0/)4U2(/3,C/P*MIULL/I,0/)992/1GR*Y1(/J,0/0)-1)%
(U2L/ 330712227 LGREY2 1/ D0 O/ D)=L )=LAMI/I/ D)5

VI(/7d/)2=C3 PHI(/J/) 2=3,142/2;

K21/Jds1/)2=20;

B33

(734C/);

QLC /JoC/) ZUBLE/I/D% (HL (/J40/ ) =HEE(/J/ )} ELSE
QLU/Js0/ )1/ (BL/I/) UKL /0 O/ =H2( 7340/ ) )

=) °*ELSE’
=Q20/JC/V 7UB2UZ3/ V2 (F2(/J,0/7)=FEBB(/J/ 1) );

-
-e s a8
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RI(/J7)

2= 1CCCs; QI{/J/)2=C
LQ1(/7J/)2=03LC2(/3/):=0;
TEND'
=3
"ENC' OF PRCCECURE INITIALS

TPROCEDLRE' BSTART;

TRECINY VFORS Y:=1,2 ‘DO

*BEGIN?

VIFY PNS(/Jd=2,Y/7) =21PCSU/2JJ=-2,Y/) =1"' THEM
TRECINY RESU/Y/)3=20: RBL/Y/)2=1}

TEND'S

VIFY POS(/JJ=2,Y/) =C 'THEN?
*REGCIN' RES(/Y/):2=30; RBI/Y/):=2;
TENDY;

VIFY POS(/JI=2,Y/) =3VTHEN!

*BEGIN®  RES(/Y/)z:=113 RBI/Y/)2=1;
TEND 'S

VENCYS

TENDY OF BSTARTS

YPROCEDURE' BOUND;
YBECIN

AMP:=(, 253

K1(/JJy 27 12=CHEL¢SIN(N#DT/(€.25%36CC)*3,142)*AMP;

H2 02dd927) 3=k 1/ 302/ 0=LC1 1/ 3J0e2/7 )¥2/{GRARLL/ I/ IHH2%0, G942
H1=LAML/JJ/70) ) )= 1/3);
Xe=EMNTIER(N®LT/1800);

YIFY X>24 'ANDY X<50 ' THEM!
TIFY X>46 'AND' X<7% STHEN!
*IF' X>74 °ANC' X<100°THEN® X
TIFY X>SS TAND' X<125'THENM!

:=X-25;
=X-5C;
=X=-715;

X:=X=100;

llfl
‘IF!
IIF|
IIFI
TIFY
'IFI
'IF'
tIFY
‘1R

X>124VAND?
X>149"AND?
X>174'AND
X>199° ANC®
X>2241 ANDY
X>Z4S8AND?
X>274° ANC®
x>29€'AhD'

324V ANDY

X<150%THEN?
X<175YTHEN?
X<20C* THEN!
XLZ25YTHEN?
X<2501 THENM!
X<2T75YTHEN?
X<300°THEN®
X<32Z25'THENM!
X<3504THEN?

=%X~-125;
X:=X=1503;
=x=175;
X:=X=-200;
X:=X=-225;
-25Cs
=X=215%
=X-300;
=X-325;

L & h=01/1800 N:=DT! /71800 STHEEN'QL1(/0,2/):=BQ(/X/)
O1(/C,27)2=8C(/X2)+DT/18C(*(BQ(/X¢1/)=-BCL/X/2)};
R1(/1,2/):=CR1;
Q1L/Co1/) 2=2CeS5%(Q1{/0,2/724CL (/0,0/0)3}
RY1{/141/7) 220.,5%(RL(/14,2/703F1 {/1,0/));
H10/3J, 1/72)2=C. 5% (H1L ZJJ,2/7) #H11 /JJ,0/))
H2 (7dd,1/70:=0.5%(E2(/J3,27)+F2(/33,07))
TTFYJF/4=JFY /14 T THEN!
TRECIN?
A2 (/JF/)2=B2(/JF/ )%l 2{/ JF42/)=FREI/JF/ D))
Q21/7JF,2/) 2=A2{ 2JF /)= (UL /JF ,2/) =SCRTIGFR®Y2(/JF,2/)
A (1-LAM(ZJIF/ D)D)
R2[/JF+1l,2/) :=CR2;
Q21/7JF, 1/7)2=C.5%(Q2( /JF424)+Q2(/JF ,0/}} 3
R2{/JFel,1/7):2=0.5%(R2(/JF 41,2/ )%R2(/JF+1,0/));

JFS1 3=JF¢2; JFS2 :=2JFe4;
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TENDYTEL SE!
YRECING
Y2 (/dFe2/)3=  LULI/JF42/7)-U20/JF42/ 01222/ (GR3L1-LANL/JF/ 1) )3
H2U/JF27) 2=Y20 7JF 4 2/Y#HBE(/JF /) ;
R2(/JF-142/)2=CR2;
H2 [/JFs1/7) 220,55 {H2 L/ JFy 2/ 1 4F2 1/ JF40/ 00 5
RZI/JF=141/) 220, S%(R2(/JF=1,2/) +R2(/JF=1,C/} };
JFS1:=JFe4; JFS2:=JF+2;
TEAD!;
VENC' DF PROCEDURE BOUND ;
" PRCCEDURE® ITER;
TREGIN!
VENRAJ:=00STEPF 1SUNTIL Y JJ4DO
"REGIN®
QO 1(/J7)2=C 8% (Q1(/J,C/) #C1L/I,2/));
QC21/J/)3=0.5¢(02(/J,0/)4Q2(/3,2/))3
HH1{/J/) 32Co SHLHLL/J,07) ¢F1 8/ J 027003
FHZ(// 2= CL 88 H20 /3, C/VeEZ( /0270 ) ;
RR1(/J7)2=20.5%(RL(/J,0/) +R1(/Js2/))}
RRZ(/7d/) 2=C. 5%(R2(/J,0/) +F2(/3,2/));
VENEY;
"END* CF FRCCEDURE ITER;
'PROCEDURE" RIVSFC;
VRECIN
TECRTJ:=CY STEPTLYUNTILY JuTrC!
TBECIN'
*IF*UCIFY THEN®
AL(2J7) 2=2BLL/J/) = (HHL (/J/) -HRE(/ J/)) "ELSE!
ALI/J7)2=B1C/I/ VX (HHI( /I 7 }=HH2( /1 /}} 3
A20/747) 2=B20/ 3/ )V (HH2(/ 3/ 1 -FEEL/IZ ) )5
UUI(ZdZ) 2=Q0 027320 /AL 7);
UU2(/J/12=CCZ(/J/ 07020701705
LANL/J/) 2=RR1L/ZIZ)IRR2L/ /DG
YIFYICIF VTHEN?
KRIU/J/) 2221 (/37 )/ (BLU/ I/ V420 (FFL1L/I/)=HBEL/J/)) ) *ELSE’
HRI(/J/) 2=AY(/37) JU2% (HH 1 (/J/) =HH2 (7 J/)) )3
HR2(/J7 V2=A2(/37 W (B2(/I /)4 2% (HH2( /I /}=HBB(/J/}) )3
"IF* UCJF THEN®
TAU(/J/)2=LC1(/3/) 2=LC2(/d/) 2=C " ELSE’
TRECINY
TAL/d/) 2=0C, S26%{1-LANI/J/0) 40,127 )/15,.8;
UC(/J/¥2=(C.C00001%S.E1%( 1-LANM(/J/}) b %%C.23333/TA(/J/);
TAL(/ZJ/) 2=F1%RIL/J/)2(UU2 L/ I/ )-UULL/I/) ) #ARSIUU2L/I/)=ULLL /700 /63
PIFY ABS(LLY(/J/)=UU2(/J/))> UC(/J/) P THEN
LQ2(/J/ 42 =EKH(ABS(UULL/I/)=UU2(/I/}=UCL /I V/LL=LAN(/I/)) "ELSE®
LC21/47) 2203
LQI(/J/) 2=LQ2(/3 /)
VENCY
TEADY;
YFOR'J:=C'STEP' I'UNTIL'JJ *DO*
TEECIN
BMDY(/J/) 2=(AL(//) A2 (7 3/)V/HELL/ I/ )5
VIFYJCIF  STEEN' BMD2(/J/):=82(/J/) VELSE!
BMD21/J/) =220/ 3/ V/ FR217 37 )5
YEND Y ;
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'FOR* J:=1'STEPYIVUNTIL*JJ=-1'CC?
FRECING
DAYL2472) s={AYL/7J%)Y /) =-P1 (/=170 )/25
CAZU/d/):=tAZU /)17 =A2(0 /J=-1/}} 723
BNLI(/7d7):=FF11/37)2(BMDLI/J#1/)-BMDLL/I=1/) )/ {BHIL/J#1/)=HHI{ /J=1/) )+
BMDYI(/J7)3
FIFVJCIJF+1STHENY BM2(/J/:=B2(/J/) VELSE?
BM20/J/7) 2=HH2 L/ J/ )= [BNC2 1/ J#1/ )=BMC2{/J =17 1)/ (HH2{/J#1/)=-HHZ{ /J=1/) )+
BMDZ(/J /) 3
LEME" ;
BM2([/JF /) 2=2%BM2( /JF+1/)=-EN2(/JF%2/)
VRORYJ:=1VSTEPIISUNTILYJI-1DC?
"RECIN'
FE(2d7) 2=GREALIL/J/) =CCLL /7 7)m2xBNL(/J/) /211737 ) 2525
EE(/J/Z)2=CRA (1=LAMI/J/))*AZ(/I/)=Q02( 73/ )92238M2(1J/) /AZL] I/ %% 25
TEND';

tEND' OF RIVEEC
*PRCCEDURE' ABCL1

"REGIN!

YFORY J:=JFS]1 SSTEPY4IUNTIL*JJ'DOY
*BECIN'
MX(Z2d7) 2=B2L2d7) = (LAN(ZIZ)ELCLUZIZ)V=LC2 (22 VWV 422747 )5
Al/J7be=1/(1€*DX) 3
BL/7I2) =021/ /) %HH2 (/37 0/ [2FRR2 [/ I/ VHCT ) +CQ21/7J/7 )/ [83RR2{/J/¥%DX) 3
C(/d/):=BZ2(/J/) /DT;
DU/JZ )2 =BZ2 (/2 J7)=BR2 (237 )2 LZ23RR2(/ I/ )V *DT)=-CC2(/J/V/LE*RRZ(/J/V*CX)}
EL/J7)2==-1/(16%DX);
FL/I7)12=E( /071 %Q2(/J#2,C/7 3D /J/V*R2(/J+1 L/ +C(/d71%2B2(/J4C/ )0
BI/JZ2)%R2(/J=1,0/7)¢2(/ )/ )2C2(/J=-2,0/ )+
B2U/ZJ/)RLLANMIZ2IN=LQLI(2I7)=-LC21/J/) ) /25

SENCY
TFCRY Je=JFS2YSTEPYGTUNTILY JU=-2'CO!

'BEGIN!
AlZJ/)V:=EE(/J7)7(16%DX)=UL2(/J/)%B21/J/)/0T5
BL/JZ)2=00202J7) B L =2882 (/JZV3HE2 (2 I/ V7 22 1737 ) )/ (2HRR2(/J/VHCT)
=QQ2(/J /71342 J(B8¥RR2( /I /Y AP 2(/J/1=D X} 5
CU/J7)2=1/CT=(B20/J7)¢LQ2L/ I/ V=2%B2{/J/ )3 LAMLZI/13LQLL 23201 2043A20707))
¢GRAABSIQ2( /do0/) VECKER2 /(2% A2(/J/VEHR2(/J/) )5
CU/ZJ7212=QC2( /I v*11=23B2(/J/Y2EF2U/J/)V/A2023/7) ) /12%RR2(/J/)*DT)
$QC2L207) %2/ [8%RR2 [/ J/ V%22 (/J/)%CX )3
E(/J/)e==(EE(/J/7) 2L 1EFEDX) «LL2(2J/V=B2( /473 /DTh;
FI2IZ02=E1/J7 ) %21/ J%2,07 )04D(/J/7)2R21/J¢1,C/)+(1/DT+(B2{/J/)*LQ2(/J7)
=2RRZL/JA)VHLAMEZI/VELGL L/ /)M a=p2(/7 07 )))3C21(/73,0/7)
+(CR2(/J M 1=2%B2( /U /1%
HE2(232)07820737) )7 L2%RR2 L/ J/VECTI=QQ2L/J /7 1332/ 8HRR2(/JI/IRAZ{ /J/ 13D X))
MR ZL/J=1,C/V(EEL/J/) JLLEHFD X)) =UL2(/J/ VB2 /I V/CTIRE2(/J=2,0/)
$R2(ZJI/7DIALCLI/ZIZIALANIZI /)27 (22A00 737 )0)%Q102d,C/)=GR=LANMI/J/I*R2(/J/)
BIHL{Z2J#2,07)=HY [Z0=2,0/ ) )/ (BRCX)=TAUL/ I/ M/ (2%RR2{/JI/ I VIBZL/I/ )
VEND Y
"FCRY Js=JF+1'STEP'2°UNTIL *JJ-1°D0"
YREGIN'
M Z2I7 :=1/2044DTHe(UUL I 7 V=D22*DA(/I/V JLAZ(Z7J7 VXYM /7 (L6%LX)
-2/ (16*CX*%2 )}
Bl/J/)e=1/(2*DT) ¢D2/7 (8 DX%52) «B2(/J/VELCL 27V / L4 22(/73/) )3
C(/J/712=1/(44DT=-(UU2(/J 7 V-C2%BA2(/J/Y /LAZL/J/7)%=DX))/16%DX)
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=C2/(16*CX422) 3
DI/37)2={1714%DT)={UU2{/ I/ )=C23CA2/I7 W/ L22L737 130X 00/0 1&42DX)

tDZ/7( 163D XEEZ2) )V =R2( /I#2,C/) ¢ (1/(2=0T)=D2 /7 (8%DX%k%2) B2 (/ I/ V%LQL(/ I/ }/
(%P2 (/ I/ )V A*R2(7J, 07001 214*DTI#(UU2(/J7)=-D2=DA21/J/)/LAZ(/J/)

HDX) ) /L16%CX) D2 /{1 6%DXEH2 ) )SR2(/J=-2 ,0/ )¢ LE2(/ I/ IMLQLI/I/ VW (29A2(/37)))
*¥R1{/J, C/ 335

YENEY S

'FORT Js=CY'STEP* 1'UNTIL* JJs 2t DC?

AL(/J/7 0 2=LS /37 )3=BE(/J/)2=BES(/J/):=GAL4J/7)2=GAS(2J/) :=DEL/J/):=
DES{/J7)2=EPL/3/)2=CPS(/73/)2=2EL/J3/7)2=2ESL/I/ V2=ETL/I/)2=ETS{/d/):=
TH(/J2)2=2THS (/3 /) 2= G

YEAD® OF FRCCEDURE ABCLL;

YPROCEDLREY ARCUZ2;

YPECIN?

*FCRY J2=22'STEP 4 'UNTIL S EC?Y

'BEGIN!

MXA(/ZJZhe=(B2(/7J7 % (LQ2(/J 7Y /LAM /3 2)=-LQ1L2J/Z) ) ( 1=-LAN(Z2J/) )+

QI IZINERILZIZVIRRY (/370 V2 2%EKL L2 U/ ) )3

A(/ZJd/):=1/0E3DX) 3

BU/J/ )2 =QCLU/J/7 W/ (4 *RR1L/ I/ V20X )I=(B2(/I/)*EHZ( /I 2V =BLL2J/)*HHLL 2370 ) /
{2%RR1( 7J/7)*DT1);

Cl/d/):=B1(/J/}4/075

C(737)2=2=CCL L /707 )/ L42RBLIZ I/ IREX)=L(B2L{7I7 V2207237 )=BLAL2JZ VP HRLIL 24720 ) 7
(24RR 1( /J/}2DT) ;

E(/Jd/):==1/(EADX) ;
FLZ32V2=E0/7J371=QL [/ J#2,0/7 )L /37 V3R (/J 1,0/ 0+CL/J/)3H1(/J,C/)
$BI/I/ZVFRI(/I=1,C/)V ¢ AL/ 7 1QL(/J=2,0/)=(GC2(/J#2,1/4=C2(/J=2.,17)}7
(420X )=2%E2(/J/ V*EH2(/J/ ) *UR2(/J4 1/ )=R2(/JsC/V)JIRRZL /JZ1%DT)

“QQ2{/J /) E(R2( /I 1/ )=R2(/J=1,1/) 0/ (2%RRZ (/ I/ V%LX)

FB2(/J/ AV LQZ(/I/ MW LAMLZI /M =LQILZI /R 1=-LAM(/J/))
¢QIL/J/V*R1[/J7V/RRLLZIZ )

YEND?

FFCREJ: =4 ISTEPFGWUNTILYJJ-Z2'D0"

YRBEGIN!
MX(/J/l==VI(IJI)*CGS(PHI{/J/l}*QI(/J/l*RIliJ/l/lZ*FFl(/J/i*CClt/J/}l;
A(Z7I/7)V:=FFI/J/7 )/ (8%DXI1=-UULL/I/)*BIL/IZ)/DT;
BOZI/1:=(CQLLZI7) 2 ULL (2 J/VE (B2 (/ I/ VEEE2 1737V =BL U/ I/ DV FELLZ37 )0/
[2HRRI(/J/ISCTI=QQL(/I/P %22/ (4*RRI(ZIND*AL(/I/)%DX);
CL/J/7)2=1/CT=B2L/ /)% (LQY(/ I/ )F (1 =-2%LAM{/J/ ) )28 Q21/ 37 )%
(1=1/LANMIZJ/ 0V =2%2QT (ZJ/V=RI(/I/) ZUB2(/I/VARRLUZIZV IV (29221 (/37 1)
$CRELBS (CU(/Je D/ ) )2CK2%2/(29%A1(2J7)*HR1( 24/) )3

D27/ 2 ={CQY (/I 25 UUL L2 U/ 0N (B2 2 I/ VREF2 (I ) =B/ J/ )V 2FE1(/d 20 )0/
(2RI /JI/IXCTI+QQOLI( ZI/2 232 /1 4*RRI(/J/V*AL(Z7J/}*DX);

E(/J/)2==FF (/37 )/ (8*TX)=-UULL/J/)*B1L/J/)/CT;
F(lJll:=E{!J/l*H1(/J*?.ﬁ/i*EI/J/lﬂﬂl(/J*I.C/Ithl/J/i-
GR*AES[OII/J.O/&}*CK*#ZIIE*AII/J/i*HRII/JJ]!)*OI(IJ.C/I
rR{/J/l*FI{/J-1.0/I+ﬁ{/J/!*Fl:/J-h.0/l+2*LUII/J/l1£02{/Jt2.!/l-
Q20/7d=2,1/0) 7(4%DX) ¢ 42UUL (/I/VHB2( I/ VERE2(/ I/ )R UR2(/J 17 V=FR20/J3,07 b 4/
IRFZ[/J/)*ETl*UUlt/J/i'OQEIIJ/l*(RZI/J*l.l/l-REl/J-l.l/ll/tRPZ(/J/l*Exl
$BZ2L/7J/NVRLC20/737)V%Q2 73, L7V LLANKZ I 13A2 0737 ) )=UUL(/I/ V2 Z9BMZL /7))
FUF20/d 42, 1/)=-H2(/J=2,17)Y 370 4*DXY N1 2J/V%CCSIPHI(247))
SCIU/JZV*RTIN/ZIZV/RRLIZIZ VAT RULZIZ V/RRIL/IZVAR2L D7)

YENDY ;

FFCRAJ: =2 3STEPI25UNTIL'JI=-13D0¢

*BEGIN!
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AlzJd7) ==1/ A0T) #{UUL L/ I/ )=CL1ACALL/J/7 W/ LAY L/ I/ 02X/ ( 82D X)

E{/J/l:=!/lE*ETlrEl/[ﬁ*Cx‘*ZlilBZI/J/J*tOgl/J/!-CI(/J/il/(Z*All/J/Il,
CL/J/Y2=1/14%DT)=(UUL (/J/ )1=C1%CAL L/ I/ )/ LAY I/ I/ V*CX D)/ (B2LX)
~C1/(E*DX347Z )3

D(/J/)2=(1/(4*0T)=(UUL(/ J/)-D1#DALL/I/)/LA1L/I/ 130X D)/ LERDX)
¢D1/LESDXE2) )R LI/ J+2,0/) # (17 (2%0T) =CL / (4#DX#%2 ) - (E2(/ I/ V*LQ2(/ 3/ )
$QT(ZJZ VM2 (2AALL/I/ V1 )#R 1023, C20+01/C4*D 1)+ (LULL2J/)=D1*DALI/ /)Y
(A1{/J7)%DX) )/ {8%DX) +01/ {8CX#%2 ) )9R1{/ J=-2,0/ ) #B2L/I/13LQZ (/I /)/
AYUZINDARZE/I LV ¥QT L ZI/VARICZI2) JALL I/ ) 5

"ENC';

VEORY J:=0f STEPT 1T UNTILY JJ+21 DC!

AL (/J/b2=ALSU/I/V2=BEL/J/V2=BESI/J/) 2=GAL/d/2=GAS(/J/Y2=CEL/J/ )=
DES(/J/)2=EP 1/ I/ )2=EPSL/ I/ 03=2EL 0/ )2=2ESL I/ )2=ETL/I/)2=ETSL 2/
TH(/J/) 2=THS(/3/) =03

SENCY OF FROCEDURE ABCU2;

TPROCEDLRE' ABCL2;

"BEGIN'

VECRY J:=JFS1 "STEP*4'UNTIL*JJ'DO"

"REGIN!

ALZI/)=1/(1€4DX) 5
B(/J/V2=B2(/d/VeKF2L/7 0/ )/ L29RR2L/ I/ VHCT ) 4CQ2L/J/ )/ LEMRZL 7/ )%DX)
ClL/J/):=BZ( 737V /DT

CU/J/ V=B 2(/ I/ VRHE2L/I/ ) J(Z#RRZ( /) #DT)=CQ21 /J/) /LE*RR2L/J/) *CX) 3
EL/J/)2==1/016%DX)}

FU/J/V3=E(20 N *020 73+ 2,1 /) #DU/I/A*R2U /%1 41/ 4C L/ I/ V%K2 1/ J017)
CRU/J/)VOR2(/3=1, 17 ) #AL/I/)2Q2(/J=2,1/)4B 20/ /) *LLAM( /I /) *LQ1L/I/)
~LC20/3/ ) 125

VENTY;

"ECRY J2=JFS2°STEP 4 "UNTIL"JJ-2"00"

"BEGIN!

AL/J/ V2 =EE(/J/ )}/ (16%DX}I=ULZI/I2)1%B2( /I/) /1015

BL/JZ) 220021747 )% 1 =2%B2 (/J/ VSKE2 (/37 W A2/ 3/ ) )/ L2ARR2L/J/)4DT)
~QOZ( /I /V#%2 J(BERR21 /I =A2( /J/4*DX} ;

CU/J/1:=1/CT 4CR&ARS (Q2(/J, 1/ ) )CK#92/ 1 2%AZ(/I/) *HR2( /I /1)~
(B2L/7J/V%LQ2( /370 =2%B2 (7 J/VALANIZ /) =LQL (2 I/ )V (4D 22073/ 1)
D(/d7)2=Q02( /U /) *(1=2#B2( 2J/VRHH2( 13/} JR2 1171} 1 (2%RR21/ I/ ¥%DT)
+QC2(/J/)1%92/(8%RR2 L/ J/V #2207/ 3/ V3C0X) ;5
E(/J/)2==EE(/J/) /L1E2DX) =LL2(/J/)V*B2 (737 ) /LT;

F(ZJ/ Ve =EL/ 3/ VAH2(/I 42, 1/ )4(QQ21 /I /) #(1=29B2(/J/V*HH2(/J/) 1220141010/
[ 2%RR2(/ /) 0T) +QQ2 (/3712827 [BXRR2 {/ J/ V3AZ A/ 3/ JREX ) )3R2(/J #1, 1/ )
$U1/CTHIRZUZIIVHLQ2C IS/ =2*B2( 2 I/VXLANLZI/VELCLIZ I/ MY/ (4% 2217370 ))
«Q2(/Jy1/)

$L0QZ(/7d/)H(1=2%B2(ZJ/V=HE2 (£ J/V/ A2/ 37 ) )/ 124RR2 (/ 3/ )HLT)

~QQ2(/J/ V#4271 8%RR2( I/ ) *AZ(/I/H*D X} ¥ *R2( #J=1,1 /) + (EE(/J/) /(16%DX) -
UU2L/J7)8B20/ 07V /DT VK207 J=2,17 ) #B2L/I/VLQLL/ I/ VALAML/ D/ ) /L22A 070 170)
QI /g 27V =GRELAMIZI/VRA21/d/) JLB*DX)I=LFLL/#2,2/)-E1(/J=2,2/})
“TRU(ZIZ VI L24RR2(/I/V)*B2(/I/)3

TEADY;

YECRYJ:=JF410STEP 2V UNTIL $JJ=-1'DO"

"RECIN

AC/J2)2=1704DT) ¢ (UL (/J7)=02%CA2 (/7 3/ 0/ (2217 3/ VETX DD/ (16%DX )
-02/(164CX*42};

BL/J/)2=1/{2%0T) ¢02/ (8%DX*22 ) B2 [/ 3/ 13LQYL/I/ W/ L4IA2L/ 37005
CL/d/)2=1/0420T)=(UU2(/J/) =D2%DA2( 23/ /(A2 (/ J/V*TX)}/ (16%TK }

e
"
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~DZ/C 165D Xk g) ;
D[/J/i:=t1/t4*ﬁTJ-(UU2l/JI)-CZ*CAZ{/J/J/(ﬂZl/J/l*D!ll/!lé*D)l
+DZ/(16*E)**2i3ﬂR2(/J¥2.1/1*:1/12?£T1-E2/IB*EX**E’-E2(/J/I?LQII/J/l/
!4’#2(/J/}i!!RZI/J.1/}*(l1{4*019*(LU2{/J/}-32*Dn2(!J/}/(ﬂZt/J/l*EXI}/
llé*[X)+r2/!16*DX¢*2§J*RZIIJ-E'1/l+BZ(/J/!*LQI(IJ/I/(2$A2{/J/ll
*M1(24,27);

VENDES

TFCRY J: =0T STEPYIVUNTILY JJ+2F CC
nL(/J/)==ALSIIJ/i:=Bﬁ(/J/i:=HESI/J/}:=Gﬂlld/i:=G#S{/J/}:=EEI/J/!:=
DES(/J/ )2=EP /I V2=EPSU/ I/ )2=2E0/ 3/ )2 =2ESU/I2)2=ET(/I7) 2=ET1S{/J/) 2
THIZ2d/) :=THS(2))7) 2=0;

tENCY OF PROCEDURE ABCL2;:

"PROCEDURE' C(CCLRSE;

IBEGIN'

VIRV [J#2)/74=(J+2) P/ V40 THENY

TBEGINMN'

L:=CU/I V) eEL LI EIEL LI/}

ALU/ZJ#27 )= =Rl /I ) =LEL/ I/ )V%EP(/ I/ 0+DU/I/7 M) *BESL /I 170 ) /2
BEL/J*2 /) 22=Al 1I/V /13
CE(/J#2/):=(FU/I/V=DC/I/IIDESI/I+ 1/ =(THI/J/I+EP(/I/VXDES(/J+17))
®E[/J/))/2;

'END?;

FVIFV(J#1)/74=(J+)l )V V4VTEENS

TBEGIN'

2:=R(/J/V+CL2J/)VRBES( /7))

ZES(/J+2/ Ve==M707)72;

THE(/Je27):=(D(/J2)=C(/7I/)VRDESU/ IV 2

FENEDY

*IF*U/4=J /"4 THEN"

IBEGIN?!

L:=C(/J/ YHE(/J/ Y*BRE(/J/)

EPL/J42/) 2=(=Bl/J/)=2ESL/7I0Y /)R [CUZ I/ VELZ I VRAL LI/ VMV 2 s
ZE(/J#2/)2==A 23/ /2
TF(/Jole:let!J/l-El/J/l*EEl/J/i-THSl/Jf]/l*Int/J/|+E:/J/l¢ﬂL{IJ/lll/Z:.
TEND!Y;

VIFV(U=10/4=(J=1)8 /70 4V THENY

*RECIN®

L:=B(/J/)+C L 2I/V2ZES(/J7)

BESU/J%2/ Vb2==A(/J/)/2;

DESI/J*2/I=={D(/JII-C(/J/lﬁTFSIIJ/ll/Zi

"END';

*ENCY OF FRCCFEDURE CNOLRSB;

YPRCCEDLRE' (CCRLSE:

'RECIN'

YIFY (J#2)/74=(J*2) /"4 °THEN"

"BEGIN!
Z:=fI/J/liEI/J/l*ZE(/J/)*#LS[/J*l/)*(ﬂl/J/l+E(/J/I*EP(lJ/ll;
ALIZJ#27) 3=(=Bl/7 I/ =LEL/ J/VREPL/ S/ VDL I/ VIERESL/ZI4Y/ )V /2
BE(/Je2/)2==A(23/) 123
ﬂEIIJfZ/I:=IFI/J/I-E(/J/i‘EES[/J+l/l-(TH(/J/)*EP(/J/]*DES(/J*l/ll
REL/IN ) 113

YENT !

"IF* (J#1)/4=(J+1)°/ "4 THEN"®

TBEGIN!

Li==E(/J7V/CU/I/)V=ALSU/I/IRAL(/J+ 1/} =BES(2d7);
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EPS(/J¢2/ be=ALS(/J/¥*BE(/J*1/} /2%

ZESL L d#2/ )= 320/ LCL7 /)220

THSU /Je2/7) 2= (ALSU/I/V=DE( /Je L /) #DES(/I/)=C (/L JI/V/CLLI/NVV/ 1%
YENCY;

YIFT § /4= /T 4 THEN!

YRBECIN?

22=CU/I/V+EL/ I/ V2BE(/ I/ ) #EES{/I 21/ )% (DL/I/ 0L/ /) %ALL/IZ D))
EP(/J#2/)3={=Bl/J/Y=2ES (/712 )0/ I/ Ve EL/ I/ VAL L/IT VN M/ L
LE(/7)%2/ ) :==A1/J/}/1;

THL/J#27) 2=l FL/ I/ )V =B/ I/ VACEL/IZ V=THS{/J 41/ ¥3LD(/I/ V+EL/J7VBALL/I /002 2%
TEND Y 3 '
FIFV(J=-1)/4=(J=-1) 8/ V4 THEN"

TBEGIN!

22==B(/J/Y/C( I/ I=EPSUZIIYHEP( JU+ 1 /) =2ES(24/}

ALSU/7J%2 /) 3=EPS(/ I/ ) *2ZE(/ J21/ )/ 2
BESU/J%22)2=A( 72V 7 (CL237)%2);

CES(/73#2/7 Ye=(EPS(/J/V*TH( /J+ 1 /) THS( 7J/y=-C( 23/ /CL2d/)V ) 725
YEND'

'END' CF CCRLSB;

$PRCCECUREY CORLSP:

YBEGIN'

YIFY(Je 1) 24=(J+#1) /Y 40 THEN?

"BEGIN'

22=Bl2Je)l /)RCU/I/VRALS(/ IV =-EL7deY/ V2007 d7)

AL (ZJ#1/)e=(DU/J+1/7 Y 2AL/J/73=B(/3+1/VR(BL2J/Y+CUZ7I/YRBES(/J/ WV /2
BEIZJ+1 /) 2={CL/ %L/ ) BP0/ 37 )=-Bl/ I /03 CL/ 37 VECASL/I2V /L
GAL/J*1 /) 2= AL/ Je)X/)RAL/ I )M/ 25

DE(/ZJ#1/7) =Bl /e 1) (DU2JNV=CUZ7I2VEDES( 27V =FUL/JeL/)%RA/J/ )V /2%
‘ENDY;

YIFYJ/4=J1 /Y 4% THEN?

TRECIN?

22=00/37) *E(/J/)%ALL/ Y/ )

EPS(/Je) /) e=={C{/ZI/)VEL/J/VEBE(VJ/)) /25

ZES(/J+1/ V2==B(/J/HV/ 1

ETSL/Jde) /) 23==LALLJ/ )V REL IS VRCRALZIL VYV 25

THSU/de 1 2) 2= (F( /I 2V =EL /I 2)VHDEL/I/NV /T

TENDYS

VIFY(J=1) 74=(Jd=1)" /14" THENM!

TREGINY

2:2B(/040/7)2CL{/J/)%EPSI/ I/ )=EL/7J¢1/ 0500707 )3

EP(/J*1/)2=(DU 717V %A/ J7) =BUZIeL /)R (BU/JI2)CU/Z I/VRZES W/ I/ V1
ZEU/341 /7 2=(CUZ27d¢)/ 2 3A(/J2)=BU/J+1/)2CL 7Js)2ETSU/J/VD /L
ET{/J¢) /) 2=A (7)) F)AL/37 )/ 25

THI/d#1 /)= (BL/J# 1/ 5(DL 22 ¥=CUZJ/VETHSU/ S/ Y =F (/2% 7)) %20/ 370 b/ 15
*END® 3

YIFY[Je2) 74=(Jd+2)7 /7 4V THE M

TREGINY

L:=0(/J/)+EL73/ )*EPL/J/)

ALS(/Jv1/) s=={CU/ZJ/VEL/ZJ NV RIELN2I1Y) /12;

RES(/J+1/ )2==B(/J/}) /2

GASU/Je1 /) 2==[AL/J/)EL/ I VEETL/ I/ VM L5
DESU/J+1/)2=(FL/I/)V=EL/I/7Y¥THI2J/b /25

*ENE';

TENDYCF CCRLEP;

FPROCEDUREY COLRSP;
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PRECINY
YIF* (J*1L ¥ /4 =101/ S TEEN?
"BEGIN'
s=p(/J370+C{2I/ ¥*BES{/I/)
ZESL{/Je2/)2==A0/J0/)/2;
THS(/J+2/2)2=(DL/7J/=CL/J/4¥DES(2J/)) /15
YENDY 3
YIFYJ/4=JY /T 4" THEN?
YBEGIN'
EP(/J#2/) 2==0CS(/J#1 /7 )2 B/J=2/ ) 4CL/J3=2/ 2320/ 7040 /J=-2/)5BES(/J=1/)
¢E(/7J=2/VREP(/J=-2/)V%BESL/J=-1/)V) 7A(/0=-2/)}
TE(/J#27 1:==(THS(/J ¢ 1 /Y% (B(/J=2/}+CL 7J=2/7)%ALL /3 /) #D1/4=-2/)*BES(/J=17/)
$EL/J=27)BFEPL/J=2/ 0 2BES{/J=17))+CL/0=2/ 3CEL/J/7 V) +D(/J=2/)3DES(/J-1/)
FE(ZJ=2/7)V3(EP(/I=2/)SDEST JJ=1/ b+ TH(/J=2 /0y =F/J=2/ v /AL/ =2/}
YENDY S
YIFY[J=1)/4=(J=1)"/"4"' THEN!
TBECINY
s=E(/J/7)aCL/I/ V*2ES L/ Y/ )
BESU/J*z/):==A1/J/) /15
CES(/J#2/ )2=(DU/J/y=CU/7I/7}*TESL/I /)DL
TENDY S
VIFY(JeZ) J4=(J+2) " /Y 4" THEN!
*BECIN'
AL [ /J#2 /) 22=RES{/ZJ¢1 7 )5{B(/Jd=2/)+#C(/J=2/7VAEP(/J/ Y+ L (/J=2/ )R2ES(/d=-1/)
E(/I=2/23AL (/=27 *2ES( 7J=1/ 2 AL 70=-27)
DE{/Je2/):==[DES{ZJeL/)5LEL/J=27¢CL/J=27 )2EP[ /I /) 200 /J=2/)2LES(/3=1/)
CEL2d=2/0 AL 2d=-2/VR2ESL /Jd=1/))VC U 2J=2/V 2T (/J/VeC [/ J=2/7)V3TES (/=17
$EL/J=27 W ALALIZ3=27 ) 2THSL /J=17)+DE(/2J=27))=F1/J=2/0)/A1/Jd=2/) 3
YENDY;
YENC'OF COLRSP;
*PRCCENURE" FRONTCO;
TBEGIN!
FT1FY JF/4=2JF ¥/ 4 STHEN?
YBEGC IN'
THI/JF*2/) :=Q2(/JF s X/) 3 DES(/JF¢3/):2=R21/JFtl X/ )3
FENCYAELSEY
"REGIN!
DENZJF*2/ Ye=F2( /JF o X /b3 DES({/JF+1/12=R2(/JF=1,X7}3%
YEND? 3
HYL/ZJdJda Ya X2) 23H2 L 2Jd X)) 3
RY (/JJ=1,X, Y/ :2=R2(/JJ=-1,2/};
QY{/JJ=2eXeY /) 2=2Q2[/7JJ=2:X/)3
QY(/JIF o X oY) 2=Q20/JF X/ 3 RYL/JF#1 X, Y/) 2=F2(/JF+]l.X/);
EY(/JF s XY/ )2=H2(/JF a0/ )
RY(/ZJF=14¢X,¥Y7)2=R2{/JF=1,%/)3}
fENCY OF FRONTCO
*PRECCECLRE" CALQREF

'BEGIN!

VFORYJ:=JJ'STEP*=4'UNTIL *LB(/Y/)¢4'DD?

'BEGIN'

TTIF'RBL/Y /) =2 PAND' J=JJ '"THEN*'GCTC* SKIP;

SIFSRESU/Y/ )=20% ANDY J=JJ °TFEN®

RYI/J=1 o Xy Y7 2=ALSI/JeY/ PAEY [/ JoX Y/ D 4BES /417 )ARY (/I #10 X, Y/ )
tCES(/J 1/ )5

QY (/J=2 4 X oY/ )2=EP(/ I/ IRY (/I=1e Xo Y/ ) #ZEL/I/)*EYL /I 0 X YV ETL/J/)
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®CY(/7J#2 XY/ *THEL/ I/ )

SKIP:

RY (/7J=-3, XY/ )2=EPS{/J=-1/7}3QY(/J=2, X, Y/Y#2ES{ 1J=1/0)%
RYIZJ=1L o X oY/ HeETSI/ZJ=2/ 013t /I3 X, Y/ ) #THS [/ J=1/ )3

HY L /ZJ=4, Xo Y/ ) 2=AL( /J=2/)RY( /J=3 X Y /) +BE(/J=2/)*
CY (/=24 XY/ V4CAL/I =2/ 0%FY (/I Xy Y/ )#DE( /J=-2/}}
RY[/J=5,X,¥/)2=ALSU/J=-37 )3HY U/ =4, X, Y/)+EBES{/J-3/ )%
RY(/J=3y Xg Y/ IAGASI/I=2/P3CYU /J-2, X, Y/ +DES1/J=-3/);
YENDY S

TFORYJ: =21 STEP'4YUNTILY JJ-4'CC!

QY (/JoX oY /Z1:=(QY( /I 2, X, Y)Y +QY( /J=2, XY /) ) 123

QY [/dds XY L) 2=2%QY{/JJ=2+XsY/)=QY (/JJ“"CX!Y/ |
SFORYJe= JISTEP? 2VINTILY JJ=-1YDOY

QY (/7JoX oY/ )= (QY /I #L o Xo Y)Y (/J=14 XY/ D012

TFCRY J: =2 STEPY AT UNTILY JJ=4'C(C?

HY (/ZJ %23 Xo Y/ )2 {HYL /J%4, X Y2V +HYL /JyXo Y72} ) 123

HY (/00X oY/ )222%RY (/24 XoY/ ) =FY L /4e XY/ )
TFORYJs=1"STEP'2'UNTILY JJ-1'CC?

YU/ o X oY/ 122 HY( /D8 Lo Xy YZM#HY(/J=1a Xy Y/} ) 125

"FCR? Js=2*STEPT*2'UNTIL'* JU-2'LCCY

RYU/ZJo Ko Y7) 3= (RY( /I 1o Xo YAV #RYL /U=1 X, Y/ ) )/2;

RY (/03X oY/ 12=2%RY (/Lo Xo Y/ )=RY(/2,%X,Y/ )}
RYU/ZJJe X o ¥ /) 220,55 [RYT/Z7JJ L XX/ ) eRY (7 0d=]1,X:Y/) )3
PIFYY=1 *THENY JSPz2=]1 $ELSEY JSP:3:=JF+];

VECRY J2=a JSPYETEPYIYUNTIL*JU=-1"C0"

QY(/J X ¥/ i=2(1=0.01)%QY{/J o XoY/) €0 00 F(CYU/ I o X oY/ ) QY (/J=1aXyY/ )/ 2;
FENCY CF FPRCCEDURE CALQRH ;

TPRCCEDULREY CALFRCNT;

'"BEGIN!

CTFY IR 1L*TEHEN?

"BEGIN!

VEORIJ:= 0V STEPS 1V UNTILY JF=14DCH

*BECIN

HY(/ZJd o XoY/7) 22QY0/JeXoY/) 2205 RY(/JoX,Y/)2=2(R2;
YENDY

YIFY JF/4=JF1 /%4 VTHEN!

IBEGIN'

HY (/JF o X oY/ )2=2%HY(/JIF 42, X, Y/ )=EYL/JIF +4, XY/ ) ;
HY(/JF#Y XY /) 220, 5% L BEY L/ F XY/ )Y (/7 JF 22 ,X. Y7 V)3
RY(/ZJFy Xo Y2 )3=23RY( JIF+#L, X, Y/)=RY(/JF+2,X:,Y/};}
CENCYYELSE?

TBEGIN?

QY (/JF X oY/ )2=2%QY (/7 JF+2, Y, Y/ )-QY{ /JF#4,X,Y/);
QYL/JF+1 o X oY /) 220,55 [CY{/JIF XY/ )2QY L/ JF 22, XY/ ) )3
RY(/JFe Xp Y2 ) 2=2%RY( ZJF#1l )oY/} =RYL/JF#+2 , XY/} ;
LENDY S

TENDY S

TENCY OF CALFRONT;

*PECCEDLRE" CuTLlS

'BREGIN'

DUTSTRINC(1, % (*SALT WEDGE IN TEHE SOUTH PASS OF THE MISSISSIFPI')')s
LINELY. 143

OUTSTRINGL 1, (" TIME(HRS ) =%)*); AFIX(1,2,2,MDT/36001};
OUTSTRINCG(L,*(*N=")"); AFIX(1,4,0,N);
CUTSTRINGI{Y,? (¢ TIME STEP (SECS) =')') ;AFIX(1,4,0,CT);
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QUTSTRING (1, {* DISTANCE STEFP (M) =%)V);AFIX(1,4,0,CX);:

ODUTSTRINGU(1, *(*SALTWKEDGE(KM}=%}7); AFIX(1,3,3,LENCTH/L10CC )3
OUTSTRINCG(1°{"PLl=")"); FIXI[1,0,5,P{71710);

OUTISTRING(1,'('P2=")*); FIXI(1,C,5,P1/2/));

CUTSTRINC (1, (*CK=%)¥ )5 AFIX(1,Cy4,CK);

CUTSTRING (1, (' FI=*)'); AFIX{1,0,4,FI);

OUTSTRING(1, "{'D1="2"}; AFIX(1,4,C,D1};

CUTSTRINCGI(L1,°("D2=")"); AFIX(144,0,D2);

OUTSTRING(1,"(*EK=*)"); AFIX(1,0,6,EK); LINEI(L,2);

OUTSTRINC(1,%(*LOWER LEVEL (M)} AT (N#C.SICT¥)%); LINE(1l,1)}

"FCRY J:=0°*STEP LY UNTILY JJU'ECY FIX[1¢243,F2{/J417))3LINE(1,1)3

OQUTSTRING! ], "{'LOWER DISCHARGE (ME®%3/S) AT (N¢0.5)CT'}% };LINE(L,1};
VFCR# J: =0 "STEP'L UNTIL'JJ'CO" FIX(145,0,02(/Jel/00LINE(L141)3
CUTSTRING(1," [* LCWER CENSITY (KG/M353) AT (N#O.S)CT')' )L INELD, 1)
"FORVJ:=CISTEPYLPUNTILYJJI'OC® FIX(1,402,R2(/7Jel/})3LINE(L o333
*ENC* OF FRCCERQURE CUTLL S

'PROCEDLRE"® CUTUZ2}

FBECIN!

CUTSTRING{1." {"UPPER LAYEF POSITIVE CFARACTERISTICS')"); LINEI

QUTSTRING( 1, "{"UPPER LAYER NEGATIVE CHARACTERISTICS*}*); LINEI
"FCR*J:=0"STEP"2°UNTIL'JJ'CO® AFIX(1,1,CoPCS(/Js1/))3 LINE{1.1
"FCRYJ:=CY STEPY2VUNTILY JJ'CCY AFIX(1,1,0,MECI/Js1/))5 LINE(],]

ODUTSTRING(1, *(*UPPER LEVEL (M) AT (N+1)DT*)' }5LINE(L,1)3
"FCRY Js=C0'STEP L UNTIL JJ CC FIX{192939F1{/J+s2/))3LINEl1,1)¢

DUTSTRING(1,"("UPPER VELCCTTY (M/S) AT (N#1)CT'I*)SLINE(L,1);
VFCRYJ: =0SSTEPYLIUNTILYJJI'CCY FIXI142,3,L10/7J,27)) % LINEC(L,L)

OUTSTRING(1,' {*UPPER CISCFARGE ([M%43/S) AT [Nel)DT')')3LINE(L1,1)3
IFORYJ:=C'STEPY1'UNTILY JJ'DC FIX{165¢0¢C1(/Je2/7))3LINE(L,1)}
QUTSTRINGI1,* ("UPPER CENS ITY (KG/M#**3) AT (N+LIDT*)*)SLINE{Ll,1);
'FORYJ:=CYSTEPT1VUNTILY JU'CCYFIX(1,492,R11/7J42/))3LINE(1,3);

"END' OF PROCEDURE 0QUTU2;

YPROCEDURE"™ CUTL2:

'BEGIN!

QUTSTRING(1,*(*LOWER LAYER POSITIVE CHARACTIERISTICS®)*)$ LINE(Ll,1):
OUTSTRING(1,*{' LOWER LAYEF NECGATIVE CHARACTERISTICS')"); LINE(1,1);
'FCRYJs=CISTEP!2'UNTILYJJ'DC? AFIX(1 o1 ,0,FCS(/Je2/3); LINE(L1,1)3
"FCR*J:=0'STEP'2'UNTIL*JJ'CO" AFIX{1ls1y0sNEG(/Jy2/0) % LINE{1s1);

OUTSTRING(1,*("LOWER LEVEL (M) AT (NeL)CTU' ) )SLINE(L,1);
VFORVJ:=CISTEPV IOUNTILYJJ'DC'FIXI 19242,H2(/d52/) )3 LINE(L 41}
CLISTRINC{1,* (" LCWER VELCCITY (M/S) AT (N¢LICT")T)SLINE(1,1);
'FORPJ2=CYSTEPY 1TUNTIL? JJ'CC*' FIX(1,2,3,L21/d427))5 LINE(1,1);
CUTSTRINCU1,*('LOWER CISCFARCE (M*9%3/S) AT (N+1)DT*)")SLINE(L,1);
"FCRY J2=C*STEP'I'UNTILYJJ'CC*FIX(1,5,0,02(/J,2/))3LINE(1,1)3

ODUTSTRING (1, *(*INTERFACIAL DISCHARGE PER CISTANCE STEF (M*%3/S )0 }4};
LINE(L,1)5 *FOR®J:=0°"STEP'1°UNTIL*JJ"'DO"
FIX(1,54C,LGQ2(7J/7)=DX*B2(/J/)); LINE(1l,1);

OUTSTRINCG(1, *('LOWER DENSITY (KG/M*x3} AT (N&l)}DT' )8 ) LINE(L,1);
"FCRY Js=0'STEP "L UNTIL JU TC FIX{19492,R2{/J+2/)ILINE{1,3);

YEND' OF PRCCEDURE CUTL2:

VPRCCEDUREY FPRECH;

YBEGIN'

YFOR'J2=LB(/Y¥/) ¢3'STEP* 1Y UNTIL* JJ-RB(/Y/}#2 *DC*

*BECIN'

VIFY POS(/J=2,Y7)=3VAND* NMNEG(/J=-2,Y/)=0 '*TEHEN®

'BECIN' J:=J-2; COLRSP; J:=J+2;
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FTENT' 5

YIF' POSL/J=-2.,Y/7)=0"AND* NEG(/J-2,Y/)=3 TT1FEN!
IBEGINY J:=J=13 CCRLSP; J:=Jel;

TENCY

TIFY POS[/J=2.,Y/)=2V ANDY MNEC[/J-2,Y/)=1 P'TEENT
YBEGIN' J:=J-2; COLRSB; J:=J+2;

" ght!;

YIFY POSL/J=2,Y/)=11tANDY NMNEGI(/J=-2,Y/)=2 'TEEN!
IBECINY J:=J=-2; CORLSB; Ji:=J+2;

YENDYS

YENDY;

tENCY CF FPRECO:

'PRCCEDLRE' EIGEN;

'BEGIN?

PREAL® XL oX24X3, X4, XXX3

VREALY' ARRAYY XDOT(/1:6/7);
VFORYJ:=CVYSTEPSYLYUNTIL®JJ'DCH

YRECGIN'

X1:=SCRTIGRE(YL(/de2/)¢X21/342/0));
X2:=SQRT(ABS{IGRX(1=-LAMU /7)) 2YL(/J22/7)2Y2U/d270) /UYL /J,27)#Y2(/Jd4270)
={lUIL/de27)=U20/ Je2/7 ) ) ax2%YY (/D27 )%Y21/Jde2/) )/
(Y /dp2/)heY2(/J2/) ) %%2) )3

X32=(YL(/J22 02U 1/ d02/7 0 4Y2( /3027022070 2700 7UYQLLd0270#Y20/J02/70) %
XG3=(YYIU2d 027020207278 Y2/ d 270V 20N L/ J,2/7 007 UYL (/0,270 4Y2(/J,2/)) 3
XOOTU/Z1/7b3=X3+¢X1; XDOT(/2/)2=X3=X1; XDOV(/3/):=ULl/Je27/})3
XCCTL/Z4/70)2=X44X23 XDOT(/5/):=X4=-X2% XCOT{/7€/):=U2(/J+2/)
POSE/Js172)2=PCS1/J,27):=NEG(/Jel /) s=NEGL/J42/):2=0;
F1FY XDCT (/74/73>0 SANCY XCCT(/5/)>C "THEN'®

TBEGIN' VIFY D [JFeJJ)/2 TTHEN!

IBEGIN' POS(/J,1/)2=3; NEGL/Jy) /) 2=0;
YTIF*XCOT (/67 )>0°'THEN?

YBEGIN' PCS1/J,2/7)3=23 NEC(/J2/):=1;

$ENCVEELSE!

YBECINY PCSI/Je2/)2=1% NECL/Je2/)2=2;

VEND Y3

FENCHVELSEY

TREGINY PCS(/Js2/02=35 NEC[/Je2/7)2=0;

YIFY XDOT(/72/)>C "THEN!?

*BECIN' PES(/J,1/)2=225 NEC(/J,s1/)2=1}

YENCH'IELSE?

tBECINY POS(/Jy,1/02=13 NECG(/J,1/02=2;

’ E_M";

YEND';

SENDY;

TIFIXDOT{/4/7)<0 * ANCY XDOT (/57 )0 'THEN!

YBEGIN?' POS({/Js2/)2=C3 NEG(/Jy2/):=3;

YIEFY XDET /37150 "TREN'

'"BEGIN' PCE(/4,17)3=2; NEC(/J,1/)z:=1}

FENCYIELSEY

YRBECIN* PCS{/ds1/7)2=13% NECGI/Je1/)2=23

'END ! 3

VENDY;

TTFY XDCYU{/47)=XCOCT{/5/)<CYTEHEN!?

"BEGIN' 'IF' XDOT{/3/)>0 "THEN!

FRECIN® PCS(/Je1/)2=25 NECI/Jy1/)2=13
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FENCYYELSET

YBEGIN! PCSU/J,1/)2=1; NEGIU/J,1/7):=23

VEND Y3

*1FY XCCTL7671>D 'TEHEN?

IBEGIN' PCS(/J4,27)2=2; NECIL/J,2/) :=1;

tENCOSELSE?

YRBEGIN' FCS{/Je2/)2=13 NECI/Js2/):=2;

TEND Y

PEARY S

VIFY Y2(/J,2/7)<0. 001 THENY FCS(/Js2/)2=NEC(/Je2/)2=0;
CIFYISIFYTEENY

PRECIN'Y T IF'LLI/Je2/)50°TEHEN®

TBEGIN' POSIE/J,1/)32=2; NEGI(/J,1/)3=1;

VENCYSIELSE?Y

TREGINY PCS{/Je1/)2=13 NECI{/J41/):=2;

TEND ' ;

"EMND'S

YENDY 3

VENCY OF EICEN;

YPRCCEDURE® CCNTRCL;

'BEGIN!

FFCRY Je=JFISTEPYLIEUNTILYIJ DO

107J+27) 22U L7002/7)%U20732/7080LULL/ Je27 )3832/(CRIY]1(/J,2/00-1)2
(UZE/2Jp 22V Z2/(GREY2( /Jy2/))=10=LAN(/J/1};
*FCRY"J:=0"STEP'1'UNTIL'JF=-1"00"

TC /36270 2= 070,20 %401 {7027 0522/ (GREYL (/J,2/))=1);
SFORYJ:=0'STEPY L*UNTIL*JJ'DOY

YAFY WL 282708 0 3D )0 Y THEN?

IBEGIN' EIGEN; J:=JJ;

TEMCY

YENDY CF CCOCNTROLS

'PROCEDURE" SEADENSITY;

YEECIN'

YIFYPOSI/JdJ=2,Y/)=1 |PCSI/Jd=2,Y/)=2"TEEN!

RY (/JJ#1g Xo ¥/ )3=(ALSU/ZJI# 1/ 3EHYL /JJy Xo Y/} #2%0X%P (/Y /)
+CES(/JJ+1/) )/ (1=-RES{/JJ+1/));

PIFY POSL /JU=2,Y7)=0]P0S/7dd=2,Y/)=3 VTEEN!

RY (/JdJ=1 XY /7= (EPSU/JI=17)0%0Y(/JJ=2:Xe Y/)*ETSL 7JI=17)%HY(/JJd XY/
#THS{/ZJJ=1/) #2%5DX=P{/Y/ V) /{1 =2ES{/JJ=1/));

'END' OF SEACENSITY;

*PROCEDURE' NECGFRONT;

YBEGIN' YECRY Ja=JF+l ;JF *ELT

‘FORYX:=0,1,2DO?

*BECIN?

QU7 X/)2=223CLL1 /381, X/) =CL/J*2,X/);5

Q2 U/ J X/ V2=224Q2(/J¢ 1, X/)=C2(/J*24X/) 3
HY1D/JoX7) 222%HY (7J¢1 X/ ) =FL{/J42,X/ )3
HZ(/J o X7 ) 3=2%H20 /J+ 1, X/ =F2( /J*¥2.X/) 5
RLU/ZJgXZ)2=29RL(/J#LoX/)=R11/JI424X/ )3
R2(/JoX/)222RR2(/Je1 (X/) =F2(/J#2,X/);
YL(/7J X/ ¥2=bk1(/Jo X/ V=H20 /Iy X/}
Y2(/JeX/) 2=H2[/ I X/ V=FBBI/J/ )3

UL(ZJ X2 2=Q U273, X7V UYL L 2J W X/)%EBLL/J/) )5
U2 (73X 12=2C2(20, X2V 702012, X70%B207J/) )5
A2(/737) :=B201d/712Y21/d.27 )%
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LAMLZJ/7) =28 LAMI/JeL /) =L AN/ J%2/ )3

R2(/JF=1,X/)2=CR2;
I0/d40/7)2=U11/J,0/702%02(7340/)2{{UL(/J,0/)%22/{CR=Y]1{/JsC/))-1)%
(U20/7d,C2 )22 /(GREY2(/J,0/))-1) -LAN(/J/ ) );

VENE®S

EICEN;

'END' OF NEGFRONT;

¢FRCCEDURE' FOSFRONT;

YBEGIN' YFCRY Js=JF=2 ,JF-1'CC?

'FORYXz2=(,1,2'DO?

"BECIN®
QUE/J o X2) 2=22%QL 0 /d=1,X/) =CL(/J=2,X/)}

HL(/Jo X/ 12=23H01/J=1 X/ =11 /J=2,X/) 3

RLE/JoX/) 2=22%R1 1/ J=1X/)=F1[/J=2,X/ )}

YI(/Je X/ V2=H I /o X/)=HBB( 13/}
ULE/ZJoXZ02=CL/J X/ )/ (YL(/J X/ )1%B1L/I/) )5
LAML/J7) 2222 LAML/J=17)=-LAN(/Jd=2/);
R2Z(/Jo X/ 13=R2U/IF X/} 2=R2(/JF+1,X/}:=CR2;

T0/7deX/) 32Y2 U/ JeX/ ) 3=B20/da X/ 12=2U2{/Je X/ 132=Q20/)9 %X/ )2=C;
TEND '3

EICEMNS

VENDY CF FCSFRONT;

'PROCEDUREY SHIFT;

"BECIN® CXF:=UU2(/JF/)*DT i XF:=DXF+XF;

YIFY ABSIXF)>DX * THEN!

SRECIN' IFIXFCOSTHENCJF s2JF=-2%ELSEY JF2=JF+2;
YIFYJELa 2 JFY 1S CTHEN"

'BEGIN' LBS(/72/) :2=20; LB(/2/):=)F¢];

FENDISELSE?

YBEGIN' LEBS(/2/):=213 LB(/2/)2=2JF;

YEND';
*IF* XFSO'TFEN® NEGFRONT °*ELSE®' POSFRONT

YIFY XFCCO' THEN' XFsaXF#2#[CX 'ELSEY XF:=XF-24CX;

YEND? 3
LENCTF:=(JJ=JF)*CX=XF}

'YEND' OF SHIFT;

INREAL(O,CX )3 ININTEGER(C,CT);

INREAL (O,D12; INREAL{O,LC2);INREAL(C,CR);

INREAL{CoyCK) 3TNREALIC,CQ1);INREALIC,CC2) 3 INREAL(O,CFL); INFELLIO,CF2)3
INFEAL(O,CRL); INREAL(0,CR2Z);INREALIO,BB) ; ININTEGER(CyMM) ;
ININTEGER(C ,NN); INREAL(O,EK); INREALIO,FI);
ININTEGER([C,LBS(/1/}}ININTEGER(OCoLBS(/2/72 )3 ININTECER(C,LB(/1/});
ININTEGER(O,LB{/2/) ) ININTECERIO,RES{/1L/))FININTECER{C,RBS{/2/))3;
ININTEGER(C ,RB(/1/) ) jININTEGER(C,RE(/2/))3

INARRAY (O, F}FININTECER(O,JF);
INARERAY (C,BC);

INITIAL ;

EICEN;

Ni==1;

FACUE: N:=N+13

8CUNCS
BSTART;
M:=03;
DELFY: MNa=Ne]l:

ITER 3
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RIVSEC

ABCL1;

Xz=13 Yi=2;

FROMNTCO

PRECC:

SEADENSITY;

CALOQRFEF;

CALFRCNT;

FFOR® Ja=CH STEPYLIYUNTIL*JJDCY

SRECIN?

H2L/7JoX /) 22HY{/ Jo X2/ 03 Q2 L/ Ja X/ 02=QY (/e X2/ 13R2[/7Jo X/ V2=RY[/Je Xy 2/) 3
W20 /7Je 1/ V2=Q2(/d 17 JUB21 JJZ2)E(H2(/J41/)=FEBL/J/ )},
CEND Y

FIFINCICCCYANCY N=CT/ 7200 =NACT /Y 72007 THEN!

QUL 13

YIF'NDO99" ANC* NSCT/1800=N*CT*/*1800 °*THEN®

ouTLl;

ABCU2;

*IF'LBSL/17)=30 | LBSI/1/7)=21°THENY DE(/4/)2=H1L/2+:2/);
VIFYLBSE/1/70=30 | LBS(/1/)=20" THEN! TH(/2/7):=CQL1/0,2/);
DES(/3/ ¥s=R1{/1,27);

HYLZ3d52¢1 /) 2=HL /73,2703 RY (/7 JJ=1,2,1/)2=F1(/JdJ=-1,2/)}
QY (/JJ=29 2517 2=QU /JJ=2 4272 3QY0/C42,41/) 2=2C10/0,2/1};
RY (/142,17)2=RL(/1,2/7)3EY (/242417 )3=HI(/242/)}

X2=2; Ysals

PRECO;

SEACENSITY;

CALQORH;

TFCRYIJ:1=0 ISTEP® JSUNTILYJJ'DOY

*BEGIN'

HICZJ XD e=HY( /Do Xo LZD Q1 U/ o XY 2=2QY L /J o X gl )i RLUZJ X/ P 2=RY (/JpXel/ )3
QLU/Jpl/02=0.5%1Q1(/Jy2/)%QL(/J,0/)) 3}

TENDY

YIFINCICCCYANDOINRDT /T12C0=N2D T4 /1 72COY THEN?

ouTL2;

TIFINDSCSYANDY NEDT/1800=M=CT* /Y1800 " THENM

nuTuyU2;

ABCL2;

Xe=23 Yi=z=g;

FRCANTCD

PRECC;

SEACENSITY;

CALCRE;

CALFRONT;

SFOR*Y:=0STEP*1%UNTILYJJ 'DO?

*BEGIN®

H2(/7J o X7 32HYU/J o Xe 27V 3020/ daX/) 220X /d o X 02/ )3 R2U/ o X/ 2=RY (/JeXe2/ )}
U2(/J32/7)2=CZ2 (/3,27 )/7(B2(2J/7)2(E2(/J2/7)=-EBB(/J/)D)
ULEZ2d627) 22QY L/ J 27 V2 EBL L2/ VR TREL U/ 27 V=F21/3:,270})) 3
YIU/3:42/ =B /d42/=H2( 1Js2/}}

Y2 /Je27)2=F2(/ 027 V=EBBL/J/ )3

U11/7d:1 /) 2=C.5%(UL1/J2/7)#U1(/J.,0/)) 3

FENLS 3

*IF*NCLCOO ANCY N2DT/ 7200 =N*CTY /Y T200Y THEN?

BUTL2 3
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VIF'NDSSS'AND® N™DT/1ECO=N=LCT* /* 1800 ! THENM

CUTL2;
YIF' MMM T"THEENYYGCTCY DELFTS
CONTROL 3
SHIFT;
FIFY ACNN T TEHEN!
"BEGINY
VEOR*J:=0°*STEP*LUNTIL'JJ CC?
'BEGIN!
HI{/Jy0/7 2=k 1(/Je2/7)3R2023,C/)2=H21/d027)
QLU/7J+0/7) 2=2CL173042703C2L7J040/)2=Q2(/Jd:2/);
RIUZJs0/) =R M I 2/ 3R2L2JoC/Y22R2U/J2/) 3
I(7307)2=11/7J,27)3
TENDY;
$GOTOY FACLUE;
*ENC' S
TEND Y ;
SYSACT(1,12,01)3;
TEADY

395



REFERENCES

Abbott, M;B., 'On the Spreading of One Fluid over
Anothér', La Houille Blanche, Vol.16, Oct., Dec., 1961,
pp. 622-635, 847-856.

Abbott, M.B., and Torbe, I., 'On Flows and Fronts in

a Stratified Fluid',.Proccedings of the Royal Societé
(A), Vol.273, Apr.,1963, pp. 12-40. '

Abbott, M. B.,and Iarsen, I., 'On the Theory of lodelling
in a Stratified Fluid', Proceedings of the International

Association for Hydraulic Research Congress,Vol.1,Tondon,
1963, pp.117-122.
Abbott, M.B., An Introduction to the Method of
Characteristics, Thames and Hudson Ltd., London, 1966.
Abbott, M.B., and Ionescu, F., 'On the Numerical
Computation of Nearly-Horizontal Flows', Journal of
- Hydrawlics, Vol.5, Wo.2, 1967, pp. 97-117.

Abbott, M.B., and Verhoog, F.H., 'Etude Numérique des
Ondes de Crue dans une Fleuve avec Plaines d'Inondation’,
Xmes Journées de 1l'Hydraulique - Paris, Qu.2,Rapp.11, 1968.
Abbott, M. B.,Marshall, G.and Ohno, T., 'On Weak Solutions
of the Equations of Nearly - Horizontal Flow', International
Courses in Hydraulic and Sanitary Engineering, Delft,
Report Series No.3,1968.
Abbott, M. B.,end Marshall, G., 'A Numerical Model of a Wide
Shallow Estuary', Thirteenth Congress-of the International
Association for Hydrauiic Research, Vol.3, 1969, ﬁp; 61-67.

396



10.

11.

12,

13.

14,

15,

16'

Abbott, M.B. and Verwey, A., 'Four-Point Nethod of
Characteristics', Journal of the Hydraulics Division,
ASCE, Vol.96, No.HY12, Proc.Paper 7763, Dec. 1970,

pPp. 2549-2564.

Abbott,M.B., and Grubert,J.P., 'Towards a Design System
for Stratified Flows', International Symposium on Stratified
Flows , IAHR, Novosibirsk, USSR, 1972, pp.113-123.

Abbott, M.B., Damsgaard, A., and Rodenhuis, G.S.,
'System 21, "Jupiter" (A design system for two-dimensional
nearly-horizontal flows)', Journal of Hydraulic Reéearch,
Valei11, No.1 1973,

Abbott, IM.B., 'Continuous Flows, Discon;inuous Flows

and Numerical Analysis', Journal of Hydfaulic Research,
Vol.12, No.4, 1974, pp. 417-46T7.

Abbott, M.B., 'Computational Hydraulics: A Short
Pathology', Journal of Hydraulic Research, Vol. 14,

Part 4, 1976, pp. 271-285. '
Abbott, M.B., and Vium, M.P., 'Computational Hydraulics:
An Alternative View', Journal of Hydraulic Reséarch,
Vol.15, No.2, 1977, pp.97-123. ’

Abraham,G. and Eysink,W.D., "HMagnitude of Interfacial

Shear in Exchange Flow, " Journal of Hydraulic Research,

VOl-g, N0.2’ 1971’ pp- 125_151
Amein, M., 'Stream Flow Routing on Computer by
Characteristics', Water Resources Research, Vol.2,

NO.1’ 1966’ PP. 123-130.

397



17,

18,

19.

20,

21,

22,

23.

24,

Baltzer, R.A. and Lai, C., 'Computer Simulations of
Unsteady Flows in Waterways', Journal of the Hydraulics
Division, ASCE, Vol.94, No.HY4, Proc.Paper 6048,

July, 1968, pp. 1083-1117.

Barnett, A. G., 'Hydrodynamic Analysis of Surface Water
¥Flow', Ph.D. thesis, 1970, University of Canterbuzy,‘
Christchurch, New Zealand.

Barr, D. I., 'Sone Observétions of Small Scale Thermal
Density Currents' International Association for Hydraulic
Research, 8th Congress - Montreal,ﬁug.,1959,Vbl.60,pp.1-22.
Barr, D.I., 'liodel Simulation of Vertical Mixing in
Stratified Flowing Vater', The Engineer, Tondon,

Vol.215, Feb.,1963, pp. 345-352.

Barr, D.I.H.,and Hassan, A.H., 'Densimetric Exchange

Flow in Rectangular Channels', Ia Houille Blanche,

Vol. 18, No.7, Wov.,1963, pp. 757-766.

Basu, A. N., 'Roughness Coefficients for the River Rupnarayan’,
The River Research Institute, Vest Bengal, 1968.

Bata, G. L., "Propogation of gasoline wave through water

in inclined circular annulus'. International Association

for Hydraulic Research,8th Congress - Mbntreal,ﬂug.1959,
V61.13C, pp.1-18. l

Bhattacharya, S. K., 'Deltaic Activity of Bhagirathi-Hooghly
River Systems', Journal of.the Waterways, Harbors and Coastal
Engineering Division, ASCE, Vol. 99, No.WWi, Proc.Paper 9538,
Feb., 1973, pp. 69-87. '

398



26.

27.

28,

29,

30.

31.

. Boulet,F.,and Daubert,A.,"Modele lathématique de la Salinité

Sous une Forme Stratifife en Régime Non Permanent," 13th

Congress IAHR, Kyoto, Paper C38, 1969, pp. 353-362
Braucher, E., 'Initial Characteristics of Denéity
Current Flow', M.I.T. thesis (S.M.) 1950.

Broussard, il.L., ed. Deltas, Houston Geological Society,

Houston, U.S.A., 1975.

Brunt, D., 'The Period of Simple Vertical Oscillations
of the Atmosphere', Quart. Journal of the Royal
Meteorologicel Society., Fo. 53, 1927, pp. 30-32.

Chow, V. T., Open Channel Hydrauliecs, McGrew-Hill,Tondon
1959. e ' |
Courant, R., Friedrichs, K.O., and Lewy, H., Tﬁber

die Partiellen Differenzengleichungen der llathematischen
Physik', Hlath. Ann., Vol.100, 1928, p.32 .

Courant, R., Isaacson, E., and Rees, ., 'On the

Solution of Non-Linear Hyperbolic Equations by

32.

33.

Difference lethods', Comm. Pure and App. Math.2,1949,
p. 255.
Craya, A., 'Calcul Graphique des Régimes Variables

.dans les Canaux', ILa Houille Blanche, 1946, pp.19-38,

117-130.

Cunge, J.A., and Wegner, }., 'Intégration Numérique
des Equations d'Ecoulement de Barré de Saint-Venant
par un Schéma Implicite de Différence Finies',

La Houille Blanche, Vol.1 , 1964.

399



34-

35.

36.

Daubert, A., and lMarvaud, ., 'Etude de la Formation

d'Ondes Secondaires par une liéthode d'Integration
Numerigue', 11th Congress, IAHR, Leningrad, Paper 3.12,
1965. :

Daubert, A., and Graffe, Wl., 'Quelques Aspects des
Ecoulements Presque Horizontaux aux Deux Dimensions

en Plan et Non Permanents. Application aux Estuaires',
La Houille Blanche, No.8, Vol.22, 1967, pp.847-860.
Defant, A., 'Die Gezeiten und Gezeitenstrdmungen im

Irischen Kanal!, Sitz Ber. Akad. Wiss. Wien, 2a, 1920,

- pp. 129, 253.

37.

38.

39,

40,

41,

Drazin, P.G.,"Stability of a Shear Iayer in an Unbounded
Heterogeneous Invieid Fluid, "Journal of Fluid lMechanics,

Vol.4, 1958, pp.214-224.

Dronkers, J.J., 'Een Getijberekening voor
Benedenrivieren', De Ingenieur, Vol.50, 1935, pp.181-18T7.
Dronkers, J.J., and Schonfeld, J.C., 'Tidal

Computations in Shallow ‘ater', Proc.. ASCE, Vol.81,
June, 1955, pp.T714=750.

Dronkers, J.J., Tidal Computations in Rivers and

Coastal Waters, Interscience Publishers, New York,1964.
Fbaid, G. S.,and Abbott, M. B., 'Mathematical Simulation
of Well- Mixed Estuary', unpublished Individual Study ~
Project, International Course in Hydraulic Engineering,
Delft, 1970. ¥ |

400



42,

43,

44,

45,

46,

47.

48.

49.

Ellison,T.H., and Turner,d.S., "Turbulent Entrainment in
Stratified Mlows," Journal of Fluid Rechanics,V01.6,

1959, pp.423-448.

Engelund, F, A.,and Christensen, L., 'Tagdelte og
inhomogqhe vaedskers hydraulik',Polyteﬁnisk forlag,
Copenhaéeg, 1969.

Fromm, J.E., 'A llethod for Computing Nonsteady
Incompressible, Viscous Fluid Flows', Report LA-2910,
Tos Alomos Scientific Iaboratory, 1963.

Gallagher, R., Zienkiewicz, 0., Oden, J., Morandi
Cecchi, M., and Taylor, C., Finite Elements in Fluids
Vol.3, Interscience Publ., John Wiley and Sons ILtd.,

New York, 1978.
Gary,Jd.,'On Certain Finite Difference Schemes for Hyperbolic

Systems', laths of Comp., Vol.18, Jan.1964, pp.1-18.
Goldstein, S.,"On the Stability of Superposed Streams of
Fluid of Different Densities," Proceedings of the Royal

Society, Tondon, England, Vol.132A,1931, pp. 524-549

Gole, C. V., and Thakar, V. S., 'Progressive Salinity Intrusion
during the Dry Season in the Hooghly Estuary', 13th Congress,
International Association for Hydraulic Research, Xyoto, 1969,

Paper C30, pp. 275-282.

. Groen,P.,"Two Fundamental Theorems on Gravity Waves in

Inhémogeneous Incompressible Fluids," Physica,Vol.XIV,

No.5, 1948, pp.294-300.

401



51.

52,

53-

54,

55.

56.

. Grubert, J. P., 'Friction Coefficients and their use in Tidal

Computations', unpublished research project. Indian Institute

of Technology, Kharagpur, West Bengal. 1968,

Grubert,d.P.,and Abbott,li.B., "Numerical Computation of
Stratified Nearly Horizontal Flbws,h Journal of the
Hydraulics Division, ASCE,Vol.98,No.HY10,Proc.Paper 9300,

Oct.,1972, pp. 1847-1865.

Grubert, J.P., 'Numerical Computation of Two-Dimensional
Flows', Journal of the Vaterways, Harbors and Coastal
Pngineering Division, ASCE, Vol.102, No.WWi, Proc.

Paper 11891, Feb.,1976, pp. 1-12.

Grubert, J.P., 'Numerical Computation of Well-Ilixed
Estuarine Flows', Journal of the Hydraulics Division,
ASCE, Vol.102, No.HY7, Proc. Paper 12255, July, 1976,

rp. 955-967.
Gudunov, S. K., 'A finite difference method for the

nurmerical computation and discontinuous solutions of the
equations of fluid dynamics', Mat. Sb., Vol.47,1959.
Gustafsson, B., 'An Alternating Direction Implicit

lMethod for Solving the Shallow Water Equations’',

Journal of Computationzl Physics, No.7, 1971, pp.239-254.
Hazg, P. G.,and Bedford, K. W., 'Transport Equation
Stability and Estuary Modeling', Journal of the Hydraulics

" Division, ASCE, Vol.12,No.HY12, Proc. Paper 8610, Dec.1971,

57.

Hansen, W., 'Theorie zur Errechnung des Wasserstandes
und der Stromungen in Randmeeren nebst Anwendungen',

Tellus, Aug. 1956.

402



58.

a9,

60,

61.

62.

63.

65.

Harleman, D. R.,and Abraham, G., 'One-Dimensional Analysis
of Salinity Intrusion in the Rotterdam Vaterway', Delft
Hydraulics Lab; Publication No.44,Delft,Netherlands,Oct. 1966,
Hayami, S., 'On the Proragzation of Flood Vaves',
Bulletin No.1, Disaster Frevention Research Institute,

Kyoto University, Japan, 1951.

i

Hezel,P., "Numerical Studies of the Stability of Inviscid
Stratified Shear Flows,"™ Journal of Fluid lfechaniecs, Vol.51,
1972, pp. 39-61.

Hensen, W., 'Die Berechnung von Tidewellen in

Tidefluessen', Die Kueste (Germany), No.7,1958, pp.i1-19.
Heyna,B., and Groen,P., "On Short-Period Internal Gravity

Waves," Physica, Vol.24, 1958, pp.383-389.

Hodgins,D.O.,Osborn,T.R.,and Quick,H.C.; "Numerical Model
of Stratified Estuary Flows," Journal of the Vaterways, Port,
Coastal and Ocean Division, ASCE}IV01.103, No.VAi1,

Proc. Paper 12734, Peb.,1977, pp.25-42.

Holsters, H., 'Le Calcul du llouvement Non-Permaznent

dans les Rivieres par la lléthode Dite des "Lignes
d'Influence", Rev. ggnér. ﬁydraul., 1947, pp.36-39,

93-94, 121-130, 202-206, 237-245.

Hydén, H., 'Wgter Exchange in Two-~Layer Stratified Waters',
Journal of the Eydraulics Division, ASCE,Vol.100,No.HY3,
Proc. Paper 10402, liarch, 1974, pp.345-361.

403



66,

67,

68.

69,

70,

v o

72,

Ippen,A.,and Harleman,D., "Steady-State Characteristics of
Subsurface Flow," Contribution No.13, Gravity ‘aves,

U.S. National Bureau of Standards Circular 521,1952,pp.79-93.

Ippen, A. T., and Harleman, D. R. F., 'One-Dimensional Analysis

of Salinity Intrusion in Estuaries', Tech.Bull, No.5, Comm.
on Tidal Hydraulics, Waterways Experimental Station,
Vicksburg, Mississippi, 1961.

Isaacson, E., Stoker, J.J.,and Troesch, B.A., 'Numerical
Solution of Flood Prediction and River Regulation

Problems (Ohio-Mississippi Floods), Report 2, New York
University., Inst. llath. Sci. Dept., IM-NYU-205,

19511’ pp.1""A6.
Ishihara, T., Hayami, Sho., and Hayami. Shi., 'On the

Electronic Analog Computer for Flood Routing', Japan

Acad- SCi. PI‘OC. ,VOl.BO, 1J0'9, 1954! PP. 891"8950
Jeffreys,H., "On the Formation of Water VWaves by Vind,"

Proceedings of the Royal Society, Tondon, England, Vol.107A,

Kamphuis, J.W,, 'Mathematical Model Study of the
Propagation of Tides in the St. Lawrence River and
Estyary', National Research Council, Report DME MH 105,
Ottawa, Canada, Aug. 1968.

Kentha, L., Phillips, O., end Azad, R., 'On Turbulent
Fntrainment at a Stable Density Interface', Journal of
Fluid HMechanies, Vol. 79, Part 4, 1977, pp. 753-768.

204



T3

74.

75.

7B,

e

78.

.

80,

81.

82,

Kao, T.W., 'Density Currents and their Applications’',
Journal of the Hydraulics Division, ASCE, Vol.103,

No. HYS5, Proc. Paper 12947, Hay,1977, pp. 543-555..
Rarman, T. von, 'The engineer grapples with non-linear
problems', Bull., American Mathematieal Society, 46,

pp. 615-683,1940.

Kato, H., and Phillips, 0.l., 'On the Penetration of a
Turbulent Layer into Stratified Fluid', Journal of Fluid
liechanics, Vol.37, 1969, pp. 643-655.

¥eulegan, G. H., 'Interfacial Instability and Mixing in
Stratified Flows', U.S. National Bureau of Standards
Research Paper RP2040, Vol.43, Nov.,1949,pp.487-500.
Keulegan, G.H., 'Wave lMotion', Engineering Hydraulics,

H. Rouse, ed., John Wiley and Sons, Inc., New York, 1950.
Keulegen, G. H., 'Twelth progress report 6n model laws
for density currents; the motion of saline fronts in still
water, 'Nat. Bureau of Stand. Report 5831, 1958.

Keulegen, G. H., 'The Mechanism of an Arrested Saline
Wedge',Chapter Q, Unpublished notes on estuary and
coastline hydrodynamics, Hydrodynamics Lab.,MIT,June 1960.
¥hristionovish, S.A., 'On the Computation of Unsteady
Flow in Canals znd Rivers', 5th Hydrological Conference
of Baltic Countries, Finland, Report No.16,1936, pp.1-40.
Lex, P. D., 'Weak Solutions of Non-linear Hyperbolic
Equations and their FNumerical Computation', Communicatipns
on Pure and Zpplied Hathémétics, V01.7,195A,pp.159—193.'
Lax, P.D., 'Hyperbolic Systems of Conservation Laws',
Comm. Pure and Appl. lath., No.10, 1957, p.537.

405



83.

84-

85l

86-

87.

88.

Sgl

90,

91,

Lax, P. D.,and Vendroff, B., 'Systems-of Conservation
Laws', Communications on Pure and Applied Mathematics,
Vol.13,1960, pp.217-237.

Lean, G.H., and Whillock,A.F., '"The Behavior of a Warm
-Water Layer Flowing Over S5till Water', 11th Congress,
IAHR, Vol.2 , 1965, 12pp.

Lee, F.A., 'Hydrodynamical Stability of Salt Wedge',
Journal of the Hydraulics Division, ASCE, Vol. 100,
No.HY1, Proc. Paper 10276, Jan., 1974, pp.17-24.
Leendertse, J.J., 'Aspects of a Computational llodel
for Long Period Water Wave Computations', Rand
Corporation, RM 5294 PR, Ilay, 1967.

Levin, L., 'Initial conditions of unsteady flow due to
break of a dam®, Doct. Thesis,Beograd, 1954, Technical
Faculty.

Liggett, J.A., and Woolhiser, D.A., 'Difference
Solution of Shallow-Vater Equations', Journal of the
Fngineering Mechanics Division, ASCE, Vol.93, No. EM2,
Proc. Paper 5189, Apr.,1967, pp. 39-71.

'Lofquist,K., "Flow and Stiress Near an Interface between

Stratified Fluids," The Physics of Fluids, Vol.3, No.2,
1960, pp. 158-175.

Long, R.R., 'Circulations and Density Distributions in
a Deep Strongly Stratified Two-Iayer Estuary', Journal
of Fluid Mechanies, Vol. 71, Part 3, 1975, pp. 529-540.
Long, R.R., 'A Theory of Iixing in a Stable Stratified
Fluid', Journal of Fluid liechanics, Vol.84, Parti, -
1978, pp. 113-124.

206



92 -

a3,

94,

95,

065

97.

98,

89,

100,

Lorentz, H.A., Verslag von de Staatscommissie Zuiderzee,
1918-1926, Den Haag, Alg. landsdrukkerij, 1926.

llasgau, J., 'lMémoire sur 1'Intégration Graphique des
ﬁquations aux Dérivées Partielles', Annales Assoc,
Tngén. Ecoles des Gand, Belgium, 1900, pp.95-214.

Mass®, P.R., ‘Thesis on the Attenuation of Disturbances
produced in Flowing Vater', Herman et Cie, Thesis '
series A, No.1564, Paris, 1935, pp.1-79.

Mles, J.W.,

Journal of ¥luid liechanics, Vol.10, 1961, pp.. 496

Miles,dJ.,and Howard, L., "Note on a Heterogeneous Shear Flow,"

Journal of Fluid lechanics, Vol.20,1964,pp.331-336.

lioore, li.J.,and Long, R.R., 'An Experimental
Investigation of Turbulent Stratified Shearing Flow',
Journal of Fluid llechanics, Vol.49, 1971, pp.635-655.

liortimer,C.H., McNaught,D.C.,and Stewart,K.M., "Shori

Internal VWaves near their Frequency Liﬁit in Central Iake

Michigan, " Proceedings,11th Conference on Grea£ Iakes Research,

International Association for Great ILakes Resezarch,

1968, pp. 454-469.
Moshagen, H., 'Density Front between Sliding Layers',
International Symposium on Stratified Flows, Novosibirsk,

1972, pp. 619-624.

Neumann, J.von and Richtmeyer, R.D., 'A llethod for
the Numerical Computation of Hydrodynamic Shocks',
Journal of Applied Physics, No.21, 1950, p.232.

407



101. Otter, J.R.H., and Day, A.S., 'Tidal Flow Computations’,

The Engineer, London, Januzry, 1960, p.177.

102, Peaceman, D.W., and Rachford, H.H., 'The Numerical
Solution of Parabolic and Elliptic Differential

Equations', Jnl. Soc. Ind. App.lath. Vol.3, 1955, p.28.

103, Pedersen,P.B., "Gradually Varying Two-Tayer Stratified Flow,"
Journal of the Hydraulics_Division, ASCE, Vol.98, No.HY1,
Proc. Paper 8679, Jan.,1972, pp. 257-268.

104, Poggi, B., 'Sul lloto Delle Correnti Stratificate',
I'Fnergia Elettrica, No.3, 1959, pp. 197-208.

105, Preissman, A., and Cunge,Jd.A., 'Calcul du lMascaret sur
liachine Electronique', La Houille Blanche, No.5, 1961,
pp. 588-596.

106. Preissmann, A., 'Propagation des Intumescences dans
les Canaux et Rivieres', 1st. Congress of the French
Association for Computation, Grenoble, FProc. AFCAL,
Sept., 1961, pp. 433-442.

107, Preissmann; A., 'Difficulties Rencontrees dans -le
Calcul des Ondes de Translation & Front Raide',

Proc. 11th Congress, IAHR, Leningrad, USSR,

Paper 3.52, 1965, p. 9.
108, Prichard, P. W., 'The Dynamic Structure of a Coastel Plain

. Bstuary', Journal of Marine Research, Vol.15, Nos.1-3,
Oct. 1956, pp. 33-42.
109, Proudman, J., 'Tides in a Channel', Philos. Mag.,

49 (6), 1925, p. 465.

408



110. Rayleigh, Tord, 'On the instability of jeis', The FRoyal
Society, Ioondon, Scientific Papers, I, p.361, 1879.

111. Ré, R., 'A Study of Sudden Water Release from a Body
of Water to 2 Canal by the Graphicél llethod’',
La Houille Blanche, No.3, 1946, pp. 181-187.

112. Reineke, H., 'Die Berechung der Tidewelle im Tideflusse’,
Jahrb., fuer die Gewidsserkunde Norddeutschland (Berlin),
Besonders M.H., Vol.3, No. 4, 1921, pp. 1-22.

113, Richtmyer, R.D., Difference Methods for Initigl Value
Problems, Interscience Publications, New York, 1957.

1M4.Richtmyer, R.D., 'A Survey of Difference Methods for
Non-Steady Fluid ﬁwnﬁmics', NCAR Technical note 63-2.
National Center for Atmospheric Research, Boulder,
Colo., 1962.

115. Rigter, B. P., 'Minimum Length of Salt Intrusion in
Estuaries?, Journallof the Hydraulics Division, ASCE,
Vol.99, No.HYS, Proc. Paper 10010, Seﬁt.,1973,PP.1&75-1496.:'

116, Rouse, H., ed., Engineering Hydraulics, John Wiley and
Sons, Inc., New York, N.Y. 1950. :

117. Rouse, H.,and Dodu, J., 'Turbulent Diffusion across a
Density Discontinuity', Ta Houille Blanche, No.4,
Aug.-Sept., 1955, pp. 522-532.

118. Rumer, R. R.,Jr., 'Interfacial Wave Breaking in Stratified ,
Tiquids', Journal of the Hydraulics Division,ASCE,Vol.99,
No.H¥3,IProc.Paper 9633, lar.1973, pp.509-524.

119, Sanmuganathan, K., 'One-Dimensional Analysis of Salinity
Intrusion in Estuaries', Hydraulics Research Station

Report No.0OD2, April 1977.

409



120,

124,

122,

123,

124,

125,

126,

127,

128.

Sehijf, J.B., and Schonfeld, J.C., 'Theoretical
Considerations on the Motion of Salt and Fresh Vater',
Proc. of the Minnesota International Hydraulics Conﬁention,
Sept. 1953, pp. 321-333.

Schoklitsch, A., 'Uber Dammbruchwellen', Sitzungsberichte
der X, Akad, der Wissenschaften, Abt.I1Ta, Vol.126,

Heft 10, Wien, 1917. R '

Schoénfeld, J.C., 'Voortplanting en Verzwakking van
Hoogwatergolven op een Rivier', De Ingenieur, Vol.60,

1948, pp.1-T.

Schonfeld, J.C., 'Propagation of Tides and Similar

Waves', Staatsdrukke}ij en'Uitgeverijbedrijf,

Den Haag, 1951. _

Sehonfeld, J.C., 'Getijberekening met de ARﬁAC',
Rijkswaterstaat Commun., Den Haag, Nota CSD, 1956-59.
Shultz, E. A., and Simmonds, H. B., 'Fresh Vater - Salt Vater
Density Currents', Tech. Bull. Fo.2, Committee on Tidal

Hydraulics, U.S. Ammy Corps of Eng., 1957.
Simmons, H.B., "Some Effects of Upland Discharge on Estuarine
Hydraulies," Proc. ASCE, Vol.81, No.792,Sept.,1955.

Sivaloganathan, K., 'Free Surface Flow Computations

by Characteristics'; Journal of the Hydraulics Division,
ASCE, Vol.104, No.HY4, Proc. Paper 13707, Apr.1978,

pp. 543-556.

Stoker, J.J., 'The Formation of Breakers and Bores;

the Theory of Nonlinear Wave Propagation in Shallow
Water and Open Channels', New York Univ. Commun.

Appl. lath., Vol.i, No.1, 1948, pp.1-87.

410



129. Stoker, J.J., 'Numerical Solution of Flood Prediction
and River Regulation Problems-Report 1 - Derivation
of Basic Theory and Formulation of Numerical llethods
of Attack', Report No. I} 200, New York Univ., 1953.

130, Stommel, H. and Farmer, H.G., 'Control of Salinity in
an Estuary by a Transition', Journal Marine Research,

Vol.12, 1953, pp. 13-20.

131, Street, R. L., Chan, R. K.,and Fromm, J., E., 'Two Methods for
the Computation of the Motion of Long Vater Vaves.- A Revlew of
Applications', 8th Symposium on Naval H&drodynamics, Pasadena,
fug. 1970. 3 S

132, Sumer, S.M.,and Fischer, H.B., ‘Transverse lMixing in
Partially Stratified Flow', Journal of the Hydraulics
Division, ASCE, Vol.i03, No.HY6, Proc. Paper 12989,

June, 1977, pp. 587-600.
133. Taylor, G.I., 'Tides in the Bristol Channel',
- Proc. Camb. Philos. Soc., 20(3), 320, 1921.

134, Taylor,G.I., "Effect of Variation in Density on the Stability
of Superposed Streams of Fluid," Proceedings of the Royal

Society, London, England, Vol.132A,1931, pp.499-523.
135, Taylor, C., and Davis, J., 'Finite Element liodelling
of Flow and Dispersion in Estuaries', International
Symposium on River liechanies, IAHR, Bangkok, 1975,
pp. 465-476.
136, Thijsse, J.T., 'Berechnung von Gezeitenwellen mit
Betrichtlicher Reibung', Vortrige a.d. Gebiete der

Hydro und Aerodynanik, Springer, Berlin, 1924,pp.116-122.

411



137. Thorpe,S.A., "Neutral Eigensolution of the Stability
Equation for Stratified Shear Flow," Journal of Fluid
Mechanics, Vol.36,1969, pp.673-683. .

138, Thorpe,S.A., "Experiments on the Instability of Stratified
Shear Flows: lliscible Fluids," Journal of Fluid llechanics,

Vol.A6, 1971, pp.299-319.

139, Trifonov, E. K., 'Maierjéli po eksperimentalnomu
isledovaniju dvizenia polozitelnoi volny po suhomu dnu',
Izv., Nauc.Isled. Inst. Gidrol., Tom 10str. 169, 1933.

140, Turmer, J.S., 'The Influence of llolecular Diffusivity
on Turbulent Entrainment Across a Density Interface',
Journal of Fluid l'echanics, Vol.33, 1968, pp. 639-656.

141, VAisald, V., 'Uber die Virkung der Windschwankungen auf
die Pilotbeobachtungen', Soc. Sci. Fennica, Commn.
Phys. - lMath. 2 , No.19, 1925, pp. 1-46.

142, Vedernikov, V.V., 'Conditions at the Front of a
Translation Wave Distributing a Stéady l'otion of a
Real Fluid', Comptes rendus (Doklady) de 1'Acadenie des
Sciences de 1'U.R.S.S., Vol.48. No.4, 1945, pp.239-242.

143, Veen, J.van, 'The Calculation of "ides in New Channels'’,

Am. Geophys. Union Trans., Vel.28, 1947, pp. 861-866.

144, Vernon-Harcourt, L. F., 'The River Hooghly', Procedings of .
.the Institution of Clv11 Ennlnee*s, Vol.CIX, London, Ehgland,.
July 1905, pp. 69-8T7. . -

145, Verwey, A., ‘'Mathematical lLiodel for Flow in Rivers with .
Realistic Bed Configuration', Beﬁort Serigs No.12, International
Courses in Hydraulic and Sanitary Engineering, Delft, 1971.

412



146,

1475

148,

149,

150,

151,

152,

153,

154,

. 155,

Vreugdenhil,C., "Two-Tayer llodel of Stratified Flow in an
Estuary, " Ia Houille Blanche, Vol.25, Yo.1, 1970, pp. 35-40.

Vries Broelman, G.H.ae, *Tnvloed van Eb en Vloed op
Benedenrivieren', De Ingenieur, Vol.31, 1916,

pp. 5A4-553, 954-955. :

Weare, T.J., 'Finite Element or Finite Difference
Methods for the Two-Dimensional Shallow Vater
Equations', Computer llethods in Appliéd Ilechanics and

Bngineering, Vol.7, 1976, pp. 351-357.
Wendroff, B., 'Difference liethods for Hyperbolic

Equations with High Order of Accuracy', Comm. Pure

and Applied lMath., No.17, 1964, p.381.

Wilkinson, D. L., 'Dynémics of Contained O0il Slicks',
Journal of the Hydraulics Division, ASCE, Vol.S8, No.HY6,
Proc. Paper 8950, June,1972, pp.1013-1030.

Wright, L.D., and Coleman, J.M., 'Effluent Expansion

and Interfacial Mixing in the Presence of a Salt Wedge',
Mississippi River Delta', Journal of Geophysical Research,
Oceans and Atmospheres, Vol. 76, No.36, 1971, ﬁp.8649~8é61.
Yanenko, N.N., Methode a Pas Fractionnaires

(Resolutions de Problemes Polydimensionnels de

Physique Mathematique), Paris, Armand Colin, 1968.

Yih, C. S., 'A study of the characteristics of gravity
waves at a ligquid interface', M.S. Thesis, State Univ.

of Iowa, Feb.1947.

Yih, C. S.,and Guha, C. R., 'Hydraulic Jump in a Fluid
Sysfem of Two Layers', Tellus, Vol.7, No.3,1955,pp.358-366.
Yih, C. S., Dynamics of Nonhomogeneous Fluids, Macmillan,
New York, ILondon, 1965.

413



BIBLIOGRAPHY

Dyer, K.R., Estuaries: A Physical Introduction, John Wiley

and Sons., London, 1973.

Hinwood, J.B., and Wallis, I.G., 'Classification of Models
of Tidal Waters', Journal of the Hydraulics Division, ASCE,
Vol.101, No.HY10. Proc.Paper 11643, Oct.,1975, pp.1315-1331.

Hinwood, J.B., and Wallis, I.G.,'Review of lModels of Tidal
Waters', Journal of the Hydraulics Division, ASCE, Vol.101,
No.HY11, Proc.Paper 11693, Nov.,1975, pp.1405-1421.

McDowell,D.M., and O'Connor, B.A., Hydraulic Behaviour of

Estuaries, Macmillan Press Ltd., London, 1977.

Miller, W.A., and Yevjevich, V., Unsteady Flow in Open
Channels, Vol.3, Bibliography, Water Resources Publ.,
Fort Collins, USA, 1975.

Pickard, G.L., Descriptive Physical Oceanography, Pergamon
Press, Oxford, 1963.

Richtmyer, R.D., and Morton, K.W., Difference Methods for
Initial Value Problems, 2nd ed., Interscience Publ.,
New York, 1967.

Yevjevich, V.M., 'Bibliography and Discussion of Flood
Routing Methods and Unsteady Flow in Channels', Geological
Survey Water-Supply Paper 1690, U.S. Government Printing
Office, Washington, 1964.

414



Journal articles removed for copyright
reasons

Grubert, John P., “Estuarine Front
Formation and Propagation,”

Journal of the Hydraulics Division, ASCE,
Vol. 106, No. HY6, Proc. Paper 15485
June, 1980, pp. 961-975

Grubert, John P., “Experiments on
Arrested Saline Wedge,”

Journal of the Hydraulics Division, ASCE,
Vol. 106, No. HY6, Proc. Paper 15484,
June, 1980, pp. 945-960



	Blank Page



