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P. 266, line 3. Should read "to be 1.79 . A similar result ..!

P. 321. ‘In Eqs.(6.23) and (6.24) left hand side should
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ABSTRACT

A general system of one dimensional two-layer

stratified flow equations is derived in terms of three

dependent variables, discharge, level and density in each

layer. Provision is made in these equations for bed slope,

bed friction, wind friction, lateral discharges, interfacial

mixing and quasi-laminar interfacial shear stress terms.

These equations are solved using central implicit finite

difference schemes with generalised algorithms so that any

combination of subcritical and supercritical flows can be

accommodated. In order that the computation can be made

either in a single layer or a two-layer flow, the three

lower layer equations are each split up into two halves,

providing a four level fractional steps scheme. This

flexibility in the computation is necessary when dealing

with salt-wedge estuaries since the domain of the computation

includes both single layer and two-layer flows.

An experimental programme was carried out to

investigate the front conditions for a moving salt-wedge,

and the conditions governing interfacial stability and

mixing along salt-wedge interfaces. It was deduced

theoretically that two distinct front types should exist

in a salt-wedge estuary, namely wave front and St. Venant

fronts. Experiments showed that although these front types

exist, their flow conditions are different from that

predicted by theory. Theory indicates that the onset of

interfacial wave breaking can be expressed by a stability

parameter which is a function of the interfacial densimetric

11



Froude number and the interfacial Reynolds number.

Experiments indicate that this parameter is independent

of the flow Reynolds number upstream of a salt-wedge and

can be scaled to give a stability parameter for prototype

flows. The experiments also proved that mixing across a

salt-wedge interface is a two-way process caused by the

momentum exchange of turbulent flows, and that this rate

of mixing is inversely proportional to the relative density.
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LIST OF SYMBOLS

It has not been possible to avoid repeated use of

many symbols for different purposes because of the volume

of algebraic manipulation in this thesis, but each symbol

is defined where it first appears with a new meaning. The

following symbols are used in this thesis:

A, A, B, B,C,

DD, HE E,FEF,

H

.

"iF - na = 8 HH 344 = dynamic implicit equation coefficients;

iy ae ty) Me ig = transport implicit equation coefficients;

A, B, C, D = functions first used in Eq. (3.4);

A = cross-sectional flow area;

A, = amplification factor;

A, = surface area of interface/wavelength;

Ay = constant in Eq. (5.6);

a= base area of wave plume;

a = 2sin y = substitution used in Eq.(3.177);

a = u At/Ax = substitution used in Eq. (3.186);

a =Yd sin?y = substitution used in Eq. (3.208);

a’ = substitution used in Eq. (3.90);
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substitution used in
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Numerical Computation of Estuarine Flows

CHAPTER 1

INTRODUCTION

1.1 Estuaries

An estuary is a partly enclosed body of

water that forms where river water is mixed with and diluted

by seawater. In a general sense, the estuarine environment

is one that is defined by salinity boundaries rather than

geographic boundaries. Many coastal features that are

designated by other names are in fact, estuaries. The lower

reaches of rivers such as the Mersey, Thames and Humber are

estuaries. Other river systems with large deltas are actually

estuaries at their seaward end; the Mississippi is an example.

Certain coastal embayments, such as Southampton Water, also

are estuarine because fresh and salt water undergo considerable

mixing. In addition, most of the fjord systems in the world

are estuaries. Large, semi-enclosed tidal flat regions and

coastal marshes, such as the Wadden Zee area of The Netherlands

also may be termed estuaries.

The adjective estuarine can be applied to

aqueous environments where seawater has become somewhat

diluted by fresh water. For example, the northernmost Pacific

Ocean in the vicinity of the Bering Sea and Gulf of Alaska

has estuarine characteristics because of the great quantity

of fresh water that flows into this region. Ocean areas off

the mouths of the Mississippi and Amazon also become estuarine

during the rainy season when the river discharge increases

19



and dilutes the coastal waters.

The tides have a very important effect on the

circulation within an estuary. The volume of water within

the estuary between high and low tides is known as the tidal

prism. The currents generated by this volume of water flowing

in and out of the estuary depend on the geometry of the

tidal basin and the tidal range (distance sea level rises

from maximum ebb tide to maximum flood tide). In estuaries

where the tidal range is large, the tidal currents have the

ability to mix both the inflowing river water and ocean

water in the estuarine basin. In estuaries with smaller tidal

ranges and lower current velocities, the river water may

remain relatively unmixed within the basin and form a low-

density layer that floats on the surface of the denser salt

water.

The quantity of freshwater is important in

determining the nature of the estuary. During periods of

high river discharge, fresh water may force most of the

salt water out of the estuary. During other seasons when

river discharge is low, the estuary may be more akin to an

extension of the ocean rather than an estuarine environment.

Moderate river discharge may stratify, or layer, the estuary

with the low-density brackish water on top and the denser,

more saline waters below.

Wind can strongly affect the mixing of estuarine

waters by creating local waves that break down water

stratification. In addition, through stress on the surface,

20



the wind can cause a net transport of surface water and

thus reinforce or retard the normal tidal flow.

The formation of ice within estuaries can act

in many ways to affect the estuarine circulation. If large

portions of the estuary are covered by ice, local wind-

generated waves will have little effect in mixing the surface

and bottom waters. In contrast, restricted channels caused

by ice blockage may locally increase the tidal currents and

mixing of the waters. Melting of estuarine ice in the spring

also provides water that is of lesser density than normal

estuarine water and may lead to stratification.

The physical dimensions of an estuary are

extremely important with respect to the hydraulics. Broad

shallow estuaries like the Humber and Hooghly are more

susceptible to the effects of wind mixing by local waves

than are deeper estuaries. Certain fjords with restrictive

sill depths at the seaward portion of the estuary inhibit

circulation and mixing to such an extent that the lower

waters in the estuary become devoid of oxygen.

In order to compare different estuaries it is

necessary to set up a scheme of classification. Many different

schemes are possible but the two main types are classification

py geomorphology and classification by estuarine circulation.

The latter classification is clearly necessary not only from

the hydraulic engineers point of view but also because the

majority of estuaries fall within the fluvial basin category

and display large differences in their circulation patterns,
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density stratification and mixing processes.

1.1.1 Classification by Geomorphology

The geomorphology, or form of an estuarine

basin is usually developed by fluvial erosion, fluvial and

marine deposition, glacial erosion or tectonic activity.

These processes are associated with four types of basins,

namely, fluvial, depositional, glacial and tectonic.

Fluvial basins :

These are also mown as drowned river valley

or coastal plain type estuaries, and are probably the most

common type of estuarine basin. These estuaries were formed

during the Flandrian transgression by the flooding of

previous incised valleys. Where the valleys were simple and

straight with few tributaries, drowning has simply raised

the level of water on the valley walls. This is true of the

Hudson and St. Lawrence rivers for example.

In other river systems, especially those

that were developed on softer, more unconsolidated rocks

the rivers were quite complex and have an elaborate tributary

system. Since sedimentation has not kept pace with the

inundation the resulting estuary exhibits an extremely

crenulated border that follows the contours of the former

tributary valleys.

This type of estuary usually deepens and

widens towards the mouth the width often having an exponential

shape. The mouth of the estuary is often modified due to

the formation of a spit such as in the Humber estuary.
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Spits restrict the interaction between the river and sea

water, allowing extensive mud flats and saltings to develop

behind them and causing the talweg (deepest part of river)

to be sinuous.

Fluvial estuaries are generally found in

temperate climates when the river flow is small compared

with the tidal prism (the volume between high and low water

levels) and the amount of sediment transported by the river

is also small.

Examples: Thames, Mersey, Southampton Water and Tamar in

England.

Depositional basins :

These are also known as bar-built

estuaries but could also be classified as fluvial basins

since they have experienced incision during the ice age

and subsequent inundation. However, recent sedimentation

has kept pace with the inundation and they have developed

a barrier that separates the sea and river waters. This

barrier can take the form of offshore islands at the back

of which the estuary can form, the Wadden Zee of The

Netherlands is an example. Usually the barrier will be in

the form of a natural levee, spit or bar and this restriction

of the inlet allows an estuarine environment to develop

that formerly was open to the sea. A good example of a spit

protected estuary is the Humber and a bar protects the

Dovey estuary in Wales. In order for this spit or bar to

be well developed, the tidal range must be restricted and
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large volumes of sediment available. These estuaries are

only a few metres deep and remain shallow well out to sea,

but have a high seasonal river discharge. Depositional

basins are found either in tropical areas or in areas with

substantial coastal deposition.

Examples: Humber and Dovey estuaries in Britain and the

Hooghly estuary in West Bengal.

Glacial basins :

Fjords are deep, narrow, U-shaped gorges

that were cut in bedrock by tongues of glacial ice during

former ice ages. Many of the fjords were former river

valleys that were deepened and widened by ice action.

Because of the thickness and weight of the ice, the glaciers

were able to erode far below sea level. In addition, the

seaward end of the fjord is usually marked by a bedrock or

depositional sill that forms an internal basin. This means

that the fjords are extremely deep and narrow with a shallow

restrictive entrance. The shallow depths of the sill prevent

free exchange of the sea water outside the sill and the

water in the basin. River discharge is small compared with

the total fjord volume, but as many fjords have restricted

tidal ranges within their mouths, the river flow is often

large with respect to the tidal prism. There occurrence is

restricted to high latitudes in mountainous areas.

Examples: Loch Etive (Scotland), Oslo and Hardanger Fjords

(Norway), Alberni Inlet (British Columbia) and Silver Bay

(Alaska).
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Tectonic basins :

Continental tectonics or movement of the

land surface may create estuaries. A common form is the

graben or down faulted block.

Broad local subsidence of portions of the

coast can also create estuarine environments because its

effect is equivalent to a rise in sealevel. The San-

Francisco Bay region which has had a complex geological

history, is in this category.

1.1.2 Classification on Estuarine Circulation

In most estuaries there is a certain amount

of to- and fro motion of the waters as the tides flush in

and out of the basin. Besides this, however, there is a

net circulation pattern within estuaries that is a function

primarily of the mixing of the fresh and salt water in this

complex area. This is termed estuarine circulation and

three distinct estuary types are recognised namely, highly

stratified, partly-mixed and fully-mixed. Fjord type estuaries

do not fit easily into the above classification and are

pest looked upon as a special form of the highly stratified

estuary. Other estuaries have such a complicated topography

that mixing occurs only in a portion of the estuarine system.

In this case the estuary changes type both along the estuary

and with time during the tidal cycle.

Highly Stratified Estuary :

(a) Salt-Wedge type

Most highly stratified estuaries occur
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in regions where the tidal range is low and river discharge

into the estuary is high. In these cases the less dense

surface water of the river will float over the salt water

forming stratification or layers of water, within the estuary.

The fresh water that forms the surface layer quickly becomes

brackish as it mixes with the estuarine waters, although

the change from salt to fresh water is confined essentially

to an interfacial mixing layer about one fifth of the total

depth in thickness as shown in Fig.1.1

The velocities in a salt-wedge type estuary

are usually high enough to cause the waves that develop at

the interface to break. Since a circulation velocity is

set up in the salt-wedge both the upper and lower layers

have turbulent flows. The transfer of mass between the

layers is therefore a two-way process with slightly more

transfer from the salt to the fresh layer. Because the

tidal variations cause the wedge to move up and down the

estuary most of the mixing at the interface occurs on the

flood flow when the relative velocity between layers is

greatest, and can virtually cease on the ebb flow.

Conditions leading to a highly stratified

estuary are enhanced in regions where there is high river

discharge and low tidal flow. In addition, highly stratified

estuaries are more likely to develop in deep, narrow,

drowned river valleys, or artificially deepened waterways.

Examples: South and South-west Passes of Mississippi delta

(U.S.A.) and the Grand RhOne (France).
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(o) Fjord type

Fjords are highly stratified estuaries

which have a very deep stagnant salt water pool overwhich

the brackish water flows to the sea. The salt water enters

the estuary over a restrictive sill and fills up the basin

with water of fairly constant salinity. Since the salt

layer is stagnant and therefore non-turbulent there is

entrainment only from the lower to the upper turbulent

layer as shown in Fig.1.2.The upper layer is usually of

constant thickness from head to mouth and in some fjords

its thickness is restricted to a depth equal to the sill

depth.

Examples: Loch Etive (Scotland), Oslo and Hardanger Fjords

(Norway), Alberni Inlet (British Columbia) and Silver Bay

(Alaska).

Partly-Mixed Estuary :

As tidal flow increases or river

discharge decreases mixing takes place between the upper

and lower layers in an estuary not only during the flood

flow but also over the ebb period as well. The greater

amount of tidal mixing breaks down the interfacial mixing

layer adding a larger volume of salt water to the upper

layer than in the salt wedge type of estuary. This reduces

the relative density between layers and encourages even

more mixing. The net flow in this system is still primarily

two layer, with the surface water moving seaward and the

pottom water moving landward. Now, however because of

mixing, circulation is much greater and there is more flow
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both in the upper and the lower salt waters. The volume

of water circulation in this type of flow far exceeds the

salt-wedge type. For example, the seaward flow in the

surface layer and the inflowing water at the base of the

estuary may be both twenty times the river discharge, see

Fig.1.3.

Because of the efficient exchange of salt

and fresh water the salinity structure of the estuary is

different from that of the salt-wedge type. The surface

salinity increases much more steadily down the estuary

and undiluted fresh water only occurs at the head of the

estuary. Also in the saline water of the bottom layer

there is a longitudinal gradient of salinity. Consequently

there is a large section in the middle reaches of this type

of estuary in which the longitudinal salinity gradients

are almost linear.

Examples: Thames, Mersey and Southampton Water in England,

James River (U.S.A.), Fraser River (Canada), and The

Rotterdam Waterway (The Netherlands).

Fully-Mixed Estuary :

If the depth of water is relatively

small and the tidal range large, then the eddies formed

at the bed of the estuary and those formed at the surface

due to wind action mix the entire water depth. The water

becomes less stratified and ultimately reaches a point at

which its properties from top to bottom are relatively

constant at any one location within the estuary. Although

the vertical gradient is erased, a strong longitudinal
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gradient extending from the fresh water at the head of

the estuary to salt water near the mouth still exists

as shown in Fig. 1.4.

In certain broad, shallow estuaries there

is a lateral salinity gradient across the estuary as a

function of the Coriolis effect. In the Northern Hemisphere

lower salinity water moves on the right side of the estuary

whereas sea water enters the system on the left. The net

effect is still to maintain vertical homogenuity, but a

counterclockwise circulation is established within the

estuary.

Examples: Severn and Humber in England and the Hooghly in

West Bengal.

1.2 Historical Development of Computational Hydraulics

Because of the complicated nature of the

hyperbolic partial differential equations governing tidal

flows, methods of solution were limited until the

availability of high speed digital computers. Application

of fundamental mathematical methods was inaugurated in

Holland by de Vries Broekman (147) in 1916, who demonstrated

the possibility of constructing the solution of the

differential equations of tidal motion, by means of finite
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difference methods. Papers were published in the German

language by Defant (36 ) in 1920 and Reineke (112) a year

later applying simple finite difference methods to tidal

estuaries and coastal seas. In England simple finite

difference methods were used by Taylor (133) in 1921 ana

later by Proudman (109) in 1925 for tidal calculations

in the Bristol Channel. These finite difference methods

were derived from equations representing the continuity of

mass and momentum but written in the form of Bessel functions.

The stability theory of finite differences was discussed

by Courant, Friedrichs and Lewy (30) in 1928 but serious use

of these methods to tidal flows was impracticable using the

manual methods of computation available at the time.

Computational hydraulics has been a recognised

pranch of hydraulic engineering since the commercial

availability of high speed digital computers, and high

level programming languages such as Fortran and Algol in

the late 1950's. In the previous decade the solution of

tidal problems using finite difference methods became

possible due to the development of the first digital

computers.

The Harvard Mark 1 computer which was built by

IBM from mechanical machine parts and completed in 1944,

was the first fully automatic calculator. The first all-

purpose all-electric digital computer was developed at the

University of Pennsylvania and built at Aberdeen in 1945.
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It was called ENIAC for (Electronic Numerical Integrator

and Caleulator) and was used by the Los Alamos research

team just after the war. However, the first commercially

available computer was built by Remington Rand and completed

in 1952. This first machine was used by the U.S. Bureau

of the Census, and was a binary automatic computer called

the UNIVAC 1 . It was on one of these machines at New York

University in 1954 that finite difference methods were

first seriously applied to river flood routing problems.

From about 1957, the smaller IBM 650 computer

was available and this was the first truly mass-produced

electronic computer. By the year 1960 about 30,000 computers

were in use in the U.S.A., A400 - 500 of these being of the

large UNIVAC type. Around 1965 IBM introduced their second

generation electronic digital computer called the 360 series.

Other companies especially in Britain and France, helped

with government money also produced similar machines. These

new powerful computers caused an explosion of activity in

computational hydraulics which has been sustained and even

revitalised by the introduction around 1975 of third

generation computers such as the IBM 370 series.

Before the days of the digital computer all

tidal computations were performed by manual methods. Methods

suitable for manual computation were initially of the power-

series and harmonic analysis types but later by the graphical

characteristics method. Considerable practical progress was

made in 1918 when Lorentz (92) advised the Dutch government
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to make a mathematical study to compute the water levels

created after the closing of the Zuiderzee. This calculation

used the new Lorentz linearization of the friction losses

and was carried out under the direction of Thijsse (136)

using a power-series method. This power-series method was

improved upon and used extensively by Dronkers (38) in

Holland for all kinds of tidal calculations until the early

1950's.

In 1935 Massé (94) published a paper indicating

the characteristic form of the partial differential

equations, and applied the method using linearised equations

to the River Seine. The characteristic solution had however

been published previously by Massau (93) in Belgium thirty

five years earlier but his work received no attention for

almost half a century. In the following year the Russian,

Khristionovish (80) produced a paper giving the characteristic

form of the equations and used the linearised equations with

friction to calculate simple wave movements in canals.

It was not until 1946 when Craya (32) showed

how the method of characteristics could be applied graphically

that the first accurate solutions for the non-linear partial

differential equations were made possible. In the same year

another Frenchman, Ré (111) applied Craya's method to the

River Rhine to calculate wave heights due to a dam break

with special attention given to the bores formed. The next

year Holsters (64 ) adapted Massau's method of characteristics

to make it more practical and called his graphical method
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of characteristics the method of 'influence lines'. This

method was applied to many problems, including flood routing

in rivers, with friction terms representing wind shear stress

and Chezy bed resistance included.

Meanwhile in Holland alternative methods of solving

the partial differential equations were being investigated

in order to overcome the enormous amount of work involved

by the manual methods of computation. In 1947 van Veen (143 )

showed after a decade of basic work how an electrical

network analogy could give good solutions to tidal problems.

Also, Schénfeld (122) developed further the harmonic methods

of tidal computation as alternatives to the iterative power-

series method.

By 1948 the graphical method of characteristics

was well established and the first all electric digital

computers were becoming available. Mathematicians in the

U.S.A. therefore directed their attention to ways of solving

tidal problems on the computer, using both characteristic

and explicit finite difference methods. Papers by Stoker (128),

Courant, Isaacson and Rees (31 ) and von Neumann and

Richtmeyer (100) from 1948 to 1950 advanced the basic

theoretical kmowledge of numerical methods in fluid mechanics.

Schénfeld's (123) doctoral thesis presented to the University

of Delft in July 1951, gave an extensive account of the

four methods of computation available at that time. These

methods were the power-series, harmonic, characteristic,

and explicit finite difference methods all of which had to
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be calculated manually since at that time the digital

computers were too small and expensive for solving tidal

problems on. Schénfeld came to the conclusion that the

graphical method of characteristics was the superior of the

manual methods when definite details of a tidal curve are

required such as in shallow water estuaries. For deep water

computations where the tidal curve is almost a pure sine

wave then the simple harmonic method was found to be best.

In 1953 the Institute of Mathematical Sciences

at New York University acquired a UNIVAC 1 digital computer.

In the same year Stoker (129) completed the numerical

procedures for an explicit finite difference computation

and discarded the characteristics method. By the following

year Isaacson, Stoker and Troesch (68 ) were running this

computational method on the UNIVAC computer for a model of

the River Ohio. This numerical study was the first important

application of a digital computer to flood routing problems.

In the same year the first application of an analogue

computer to flood routing problems was reported from Japan

by Ishihara, Hayami and Hayami (69) using Hayami's (59 )

theory of flood waves.

In 1954 Lax (81 ) developed an explicit finite

difference scheme that could compute across a hydraulic jump

without going unstable. The method introduced a pseudo-

viscosity generated from the truncation error of the weak

finite difference scheme. This was an improvement on the

viscous term introduced by von Neumann and Richtmyer (100)

but was later modified by Lax (82) in 1957 and again by



Lax and Wendroff (83) in 1960. In 1957 Richtmyer (113)

published his book which gave a comprehensive analysis of

the stability of difference schemes plus a new tri-diagonal

algorithm, for economical scalar matrix inversion.

A two-dimensional tidal model of the North Sea

using the explicit alternating direction scheme proposed

by Peaceman and Rachford (102) was built in 1956 by Hansen

(57 ). This model utilised for the first time the full

shallow water equations including terms for Coriolis force

and nonlinear bed and wind shear stresses. At the same time

the results from shallow water tidal computations by Dronkers

(39 ) and Schénfeld (124) on the Rijkswaterstaat's computer

indicated that accurate results could now be achieved

without the burden associated with manual methods of

computation. This was confirmed in 1958 by Hensen (61) at

Hannover using the ‘initial value' explicit scheme for the

Ems estuary and again in England by Otter and Day (101) in

1960 using Hensen's method for the Thames estuary.

During 1961 Abbott (1 ) derived the characteristic

equations for a two-layer stratified flow and applied the

method graphically to an oil slick in Southampton Water.

Later, with the mathematician Torbe ( 2 ) he generalised

the analysis to any number of fluid layers, and in 1966

published his book on the method of characteristics Cae

During the early 1960's other researchers such as Preissmann

and Cunge (105), Wendroff (149), Daubert and Marvaud (34)

contributed much to the study of non-continuous flows using

finite difference methods whilst Fromm (44 ) and Dronkers

(20 ) continued the research into coastal flows. In 1961
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Preissmann (106) at Grenoble introduced implicit type

schemes to solve linear wave equations, but using the very

uneconomical method of block matrix inversion instead of

Richtmyer's scalar matrix inversion.

In January 1964, Cunge and Wegner (33) at

Grenoble and Gary (46 ) at New York published papers showing

how Richtmyer's (113) tri-diagonal algorithm could be used

for solving linear wave equations economically. This new

development opened up completely new possibilities for the

implicit finite difference schemes which could now compete

on equal terms with the explicit finite difference and

characteristic methods.

By 1967 the new implicit scheme had been generalised

to a pair of simultaneous tri-diagonal algorithms in order

to solve non-linear wave equations. These were incorporated

into working computer programs by Liggett and Woolhiser (88 ),

Abbott and Ionescu ( 5 ) and Leendertse (86). However, in

the rush to publish these papers the schemes were only

tested for simple flow conditions without practical

applications. It was not until the following year when Abbott

and Verhoog ( 6 ) applied the method to the River Ijssel in

Holland that the phenomenon of 'pseudo-instability' generated

by the nonlinear friction term was discovered and suppressed.

In the same year the new implicit scheme was tested by

Kamphuis (71) on the St. Lawrence River and in 1971 by

Verwey (145) on the River Danube, both obtaining satisfactory

results. Verwey discovered the suprising fact that when

using Courant numbers of order 200, to model a flood wave
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rising at about two metres/day the accuracy was slightly

better than with much smaller Courant numbers. The reason

for this was later explained by Abbott (12), in that high

Courant number working propagates fresh boundary conditions

more rapidly into the interior of the calculation thereby

more than compensating for the degradation of the results

due to higher truncation errors. This meant that in this

particular case an unconditionally stable implicit scheme

was 60 times more economical than an equivalent explicit

or characteristic model. Even for tidal models the implicit

scheme is at least three times more economical than other

schemes, but equivalent to them for Tsunami and seiching

wave models. It has been shown how an implicit scheme that

could only be used for linear wave equations, became in

only seven years superior to all other methods of computation

due to the discovery of a new algorithm.

During the last decade, developments in

computational hydraulics have been made through the

application of new algorithmic techniques specifically in

the fields of two-dimensional flows, stratified flows and

coupled dynamic-transport models. An important development

was the translation in 1968 from Russian into French of

Yanenko's (152) work. Yanenko had shown how it is possible

to associate the splitting up of equations with a

‘'falsification' of the individual stages of the scheme.

It was therefore possible to build a scheme in which no

stage is individually consistent with its differential
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equation, but only the resultant of such a scheme is so

consistent. This meant that a two-dimensional implicit

finite difference scheme could be solved using the

alternating direction algorithm wherein the equations were

split up such that unknowns appeared alternately in the

x and y directions to be solved with double tri-diagonal

algorithms. The schemes of Leendertse (86 ), Gustafsson (55 ),

Abbott, Damsgaard and Rodenhuis (11 ) and Grubert (52 )

from 1967-1976 fall into this fractional-step category,

whilst the paper by Daubert and Graffe (35) in 1967 makes

an important contribution to the understanding of two-

dimensional flows using the characteristics method.

The first computer solution for a stratified

flow was by Boulot and Daubert (25) in 1969 applied to

the River Grand Rhone. In the following year Vreugdenhil

(146) applied the same technique, a Lax-Wendroff explicit

finite difference scheme to the salt-wedge in the Rotterdam

Waterway. The first implicit two-layer stratified flow model

was built by Grubert and Abbott (51) in 1972, using a

generalised algorithm to subsume the nine different

characteristic structures. In 1974 Hydén (65) solved the

same problem using the characteristics method as a computer

solution, but this scheme in common with explicit schemes

is economically inferior to implicit schemes. This is because

these methods are bound by the Courant-Friedrichs- Lewy (30)

stability condition which for stratified flows is particularly

severe since the internal and surface wave celerities can
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differ by a factor of ten or more.

A new generalised algorithm is described in this

thesis for the solution of either single layer or two-layer

stratified flows using coupled dynamic-transport equations.

It consists of a fractional-step, implicit finite difference

method in which the mass, momentum and transport-diffusion

equations for the lower layer are each split up into two

halves and used in a four-level scheme to compute the six

dependent variables. This technique uses a double penta-

diagonal algorithm plus a tri-diagonal algorithm at each

stage of the computation, similar to that used by Grubert

(53 ) for a well-mixed estuary in 1976. It has the advantage

that because of its fractional-step construction each layer

is calculated alternately and is therefore ideal for salt-

wedge estuaries where the computation must change from a

two-layer to a single layer scheme within the model.

It will be seen from this historical review that

since the appearance of high speed digital computers,

virtually the whole of computational hydraulics has been

dominated by ‘dependent variable finite difference schemes'

(direct schemes). There has been speculation that in the

future these methods will be superseded by finite element

techniques or perhaps even ‘independent variable finite

difference schemes'(inverse schemes).

Weare (148) studied the relative economics of

poth direct finite difference schemes and finite element

methods and came to the conclusion that for any enclosed
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pody of water finite difference methods are nearly always

cheaper. Abbott and Vium (14 ) on the other hand studied

the relative merits of inverse finite difference schemes

in which the problem is to determine the values of the

independent variable (distance) at which given values of

the dependent variable (salinity) for example occur at

given times. They concluded that although the method is

very accurate and can be applied to all the main areas of

computational hydraulics, the algorithms are generally more

complicated than with direct schemes so that their economic

outlook is dubious.

It is thought that the areas in which either finite

element techniques or inverse difference schemes could

replace direct difference schemes by the end of this decade

are where the latter methods are weakest. These are in the

modelling of two-dimensional transport-diffusion flows (13)

and the propagation of seiching waves in harbours or Tsunamis

waves in coastal regions with complicated boundaries.
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1.3 Thesis Outline

During July 1972 two papers were published by

the writer and Abbott (51,10) showing how for the first

time, a two-layer stratified flow could be computed using

a central implicit finite difference scheme. Previous to

this the solution had been made using either a Lax-Wendroff

explicit scheme or the method of characteristics. The

advantage of the implicit scheme over the other two schemes

is that whereas the explicit and characteristic schemes

are conditionally dependent on the value of the wave

celerity for stability, the implicit scheme is unconditionally

stable. This property is especially important for stratified

flows since the surface and internal wave celerities can

differ by a factor of ten or more resulting in uneconomically

high computer costs. This is because in order for the

explicit and characteristic schemes to remain stable at

the surface where the wave celerity is large, they must be

computed using time steps one tenth of those needed for

the interfacial wave computation alone.

In order to avoid these high computer costs all

of the explicit schemes published to date for real estuaries

have either assumed that the water surface is horizontal

along the estuary or have computed the water surface profiles

separately using a homogeneous flow program, thereby

effectively uncoupling the layers in the computation. For

short estuaries or inlets with slight tidal action these

computational methods are good but contribute little to

the advancement of computational hydraulics as a science
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since they evade the problem at hand which is the numerical

solution of a fully coupled two-layer stratified flow.

The original central implicit scheme for computing

two-layer stratified flows utilised equations with two

dependent variables in each layer, namely velocity and depth.

These equations contained all the relevant terms including

those for the transfer of fluid mass across the interface.

The computation of density variations in each layer was

achieved with a separate transport-diffusion central implicit

program inserted between the time steps of the dynamical

program.

Although the above scheme solved the two-layer

stratified flow equations without uncoupling the layers or

making any other assumptions it had the following three

shortcomings. Firstly, because the transport-diffusion

program is only lightly coupled to the dynamical program,

changes in the flow direction in either layer caused non-

linear instabilities to develop which could only be

suppressed by using uneconomically small distance and time

steps. Secondly, in order to compute for all combinations

of subcritical and supercritical flows that can occur, nine

different algorithmic structures (three in each layer)

needed to be built into the dynamical calculation

considerably increasing the complexity of the final program.

Thirdly, because the recurrence relations contain dependent

variables from both layers, computations from a two-layer

fluid across to a single layer fluid, such as would occur

in a salt-wedge estuary are very difficult to make. This is

because non-linear instabilities develop at this internal
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poundary, and because the central implicit scheme unlike

the Lax-Wendroff scheme has no built-in dissipative

mechanism, numerical instabilities destroy the computation

after several prototype hours of computation. Energy

dissipation can be achieved by using a backward implicit

scheme but this reduces the accuracy from second to first

order and should be avoided. There is unfortunately no

implicit difference scheme to date which like the Lax-

Wendroff explicit scheme has both second order accuracy and

genuine dissipative properties.

The extended central implicit scheme developed

in this thesis for a two-layer stratified flow was first

published by the writer in July 1976 (53 ) for well-mixed

estuarine flows. The extended scheme retains all the

advantages of the original stratified implicit scheme, that

is unconditional stability and second order accuracy, and

excludes the three disadvantages. The first disadvantage

mentioned, that of non-linear instabilities developing in

the transport-diffusion computation is solved by treating

the density as a third dependent variable together with

discharge and water level in each layer. Although this

increases the number of algorithmic structures in each layer

from three to four, the transport-diffusion equation then

becomes fully coupled to the dynamical equations. This

enables a simple generalised algorithm to be used that

changes the algorithmic structure as the flow direction

changes. In this way the computational procedure fully

conforms to the changing characteristic structure and

therefore prevents non-linear instabilities from developing.
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With this instability removed the full benefits of an

unconditionally stable implicit scheme can be realized

resulting in an economically viable computational method.

The second disadvantage, that of having not only nine but

now sixteen different algorithmic structures is solved

by using a 'fractional-steps' method of computation whereby

the three lower layer difference equations are each split

up into two parts and used at different time levels in

the computation. This allows the computation to be made

in one layer at a time, whilst still retaining a fully

coupled system of equations, therefore reducing the number

of different algorithmic structures required from sixteen

to four. The third disadvantage is considerably reduced by

virtue of the 'fractional-steps' scheme, because now that

the computation is made in one layer at a time, the upper

layer calculation can proceed uninterupted by the salt-

wedge front from the sea to the tidal limit. The lower

layer calculation extends from the sea to the salt-wedge

front thereby avoiding most of the computational problems

associated with a moving boundary on a finite grid.

For the computation of estuarine salt-wedge

flows it is necessary to build into the computer system

conditions at the front of the salt-wedge and equations

for calculating the onset of interfacial mixing and the

amount of fluid exchanged between the layers. From

theoretical considerations it is known that two different

frontal types should exist in a salt-wedge estuary; one

called a wave front, which occurs on the flood tides and

is characterised by a wall or 'head' of water and the other
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a St.Venant front which should occur on the ebb tides and

is characterised by zero frontal depth. Although the

theoretical analysis of internal wave fronts is well

documented, there has been no theoretical investigations

into internal St.Venant front conditions except by the

writer. Since there is no field data on salt-wedge fronts

and only experimental data on lock exchange wave fronts,

an experimental programme was carried out using a model

estuary to investigate (a) estuarine front formation and

propagation and (b) interfacial stability and mixing. The

results of these experiments were published in two separate

papers by the writer in June 1980, which can be found in

the back of this thesis.

The experiments on salt-wedge fronts confirmed

that the wave and St.Venant fronts do occur but that their

front conditions are different from those predicted by

theory. This is due largely to the presence of a laminar

sub-layer just upstream of the St.Venant and arrested salt—

wedge fronts and to interfacial turbulent mixing in the

case of the wave fronts, both causing energy losses. It

was deduced that the fronts of all salt-wedges effectively

end at the critical flow section and that critical flow

conditions should be used as boundary data here in

mathematical models.

Interfacial instability has been investigated

experimentally mainly by Keulegan (76) and Thorpe (138).

Theoretical investigations are due largely to the efforts

of Jeffreys (70), Taylor (134) and Goldstein (47). From

his experimental results Keulegan suggested that a stability
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parameter could be defined for interfacial waves which is

equivalent to that defined by Jeffreys for wind generated

surface waves. This stability parameter is a function of

an interfacial Reynolds number and an interfacial Richardson

number, and experiments in laboratories all suggest that

it is a constant independent of the flow Reynolds number.

However, the theoretical work of Taylor and Goldstein

coupled with Thorpe's experimental results strongly suggested

that Keulegan's stability parameter deserved closer

investigation. It was found experimentally that interfacial

instability occurs when the interfacial Richardson number

is less than unity and therefore the value of Keulegan's

stability parameter cannot be a constant independent of the

flow Reynolds number but must be scaled up to the prototype.

The practical significance of this finding is that the

eritical velocity causing interfacial instability is greater

in the prototype than in the model, resulting in interfacial

mixing taking place only along the seaward half of an

arrested salt-wedge instead of along the whole length.

The amount of interfacial mixing was measured

by Kevlegan using dye concentrations and found to have a

straight line relationship with the relative mean velocity

petween layers. The experiments described in this thesis

measured the amount of mixing from the lower to the upper

layer of arrested salt-wedges using modified wave monitor

probes calibrated to measure density profiles. The results

agreed well with those found by Keulegan, and in addition

showed that the rate of interfacial mixing was inversely

proportional to the relative density of the two fluids.
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Also, since the results showed that intermittent mixing is

initiated on both sides of the interface at the same critical

velocity, then the amount of fluid transferred across the

interface must be the same in either direction. This

indicates that fluid is being transferred due to turbulent

diffusion mixing although this is probably also associated

with intermittent entrainment mixing in both directions to

a greater or lesser extent. These observations are contrary

to the popularly held belief that interfacial mixing takes

place in an arrested saline wedge only from the lower to

the upper layer, implying the false notion that the lower

layer fluid is laminar.

To investigate the performance of the extended

implicit scheme a computation was first made of the well-

mixed Hooghly estuary in West Bengal. This estuary has a

large tidal range of 5.5m and a considerable seasonal

variation in upland discharge. Calculations were made over

twelve tidal cycles for both extremes of upland discharge

and the results for water level and salinity compared with

prototype measurements. A more rigorous test on the stability

of the scheme was to compute salinity profiles in the

well-mixed Gambia estuary over a period of 224 days with

a one metre tidal range at the sea and a variable inflow

hydrograph at the tidal limit. The computed salinity

profiles were compared with measured prototype values but

unfortunately no measured water level curves were available

for comparison.

The problem of computing salinity profiles
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in well-mixed estuaries has always been done in the past

using analytical solutions to the transport-diffusion

equation. One of the more successful of these methods

developed by Sanmuganathan (119) uses Laplace transformations

together with prototype data for maximum tidal velocities.

The advantage of the extended implicit finite difference

scheme is that for the first time, level, discharge and

density can be computed simultaneously as well as

economically.

The extended implicit scheme for two-layer

stratified flows was tested on the salt-wedge in the South

Pass of the River Mississippi. With a half metre tidal

range at the sea, tidal excursions for the wedge were

computed together with the variations of depth, discharge

and density in each layer. Previous finite difference

computations for salt-wedge flows have always used

uncoupled equations either by assuming a horizontal water

surface or by computing surface water profiles using a

separate homogeneous flow model. The models by Boulet

and Daubert (25) for the River Grand Rhéne and Vreugdenhil

(146) for the Rotterdam Waterway use the first approximation

while Hodgins, Osborn and Quick's (63) model of the River

Fraser used the second. Also, by ignoring interfacial

mixing these models make no attempt to compute the

distribution of density in each layer, even though in the

partly-mixed Rotterdam Waterway and River Fraser

considerable quantities of water are exchanged between

the upper and lower layers.
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CHAPTER 2

PARTIAL DIFFERENTIAL EQUATIONS

2.1 The Continuity Equation for Well-Mixed Flows

This equation expresses the balance of

quantities of water. The following items are involved,

referring to Fig. 2.1 -

(a) Accumulation by the differences in the

transport by the river. pe is the mass flow rate of water

transmitted per unit time through the cross-section at x .

It must be counted as a supply for the section of the

river between x and x + dx. At x + dx there is a mass

flow rate [po +2 (pQ) ax} . Hence,

2a.
ye (pQ) dx

is the excess of the supply over the mass flow rate, that

is the mass of water accumulated per unit time between

x and x+ dx.

(b) Lateral discharge or supply. There may

be a lateral discharge(supply) out of (into) the river,

for instance when flood plains are flooded. Here we

consider only a discharge distributed along an appreciable

length of the river. Let qa be the lateral discharge per

unit time and per unit length of the river, then if Ps is

the density of this water, then

Pa oy oO

is formally a mass of water per unit time, entering the
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river between x and x + dx.

The sum of these items must be equal to:

(c) The storage by the river. By rising of the

water surface, water is stored in the river between

x and x + dx . This amounts to

b2(ph) ax
at p

per unit time.

Hence we obtain after some reduction:

) rr) a ceear e) + Pate es 44 PE 0 (2.1)

2.2 The Dynamical Equation for Well-Mixed Flows

This equation expresses the balance of forces

and inertia. The following items are involved:

(a) Gravity. The slope of the water surface is

- 2h | mis results in a force
x

Dh
-g=—pA dxx p

acting upon the water between x and x + dx.

(b) Resistance, wind force, etc. Shearing

stresses work along the perimeter of the cross-section.

let i be the slope of the water surface sufficient to

compensate for these stresses. Then we may put

-gi pAd

for the force acting upon the water between x and x + dx,

resulting from these stresses. The slope may be specified
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as follows: The perimeter of the cross-section consists

of (i) bottom and embankments ( the so-called wetted

perimeter), and (ii) the water surface. When the air is

at rest, the stress along the surface is negligible, and

according to Chézy's formula we may put

i ae al

a? Cc? R

where R is the hydraulic radius and C is Chézy's

coefficient. When there is a wind, we may add a term for

the stress along the water surface, as follows:

‘ee o = K, py Ye [al P/(p 6 A)
AS CFB

where u, is the wind velocity 10m above the water surface

inthe positive direction of water flow, Pa the air density,

and k, the Rossby coefficient of wind shear stress.

(c) lateral discharge or supply. If a lateral

discharge per unit tinie and per unit length qs of density

Py enters the river at an angle of $ to the streamlines

with a velocity Vy then the equivalent force acting on

the water between sections x and x + dx is

vz cosh G4 py dx

The sum of these items is the resulting force

which balances:

(d) The inertia. The change of momentum of the

water between x and x + dx is

min Dsd(m) = 65 (ma) dx + S: (mm) dt
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Since u = Q/A and m= p A dx =p Q dt then

a(m) = 2-(p Q at O/a) ax + BC p A dx Q/A) at

Now d(m)/dt is the rate of change of ‘momentum, hence

the resulting force becomes

2, ee 2[2 PF) + 2cpo Jw

Hence we obtain after some reduction:

2
2 Qh2 (pa) + DPF ) + peaRe + eglal — k, p.va fal?

-V, 00S 4; Py = oO (2.2)

2.3 The Continuit mation for the Solute

This equation is a transport-diffusion equation

which completes the system of equations for a well-mixed

estuary, inwhich there are three dependent variables

namely discharge Q, level h and density Pp:

Deriving the transport-diffusion equation

macroscopically, we write

2 ( salt level ) + 2 -( convected salt flux ) +
dt Ox

= ( diffused salt flux ) = ( lateral salt inflow ) (2.3)
x

2(s A) +2(s Q) +2(a, A) = 8; (2.4
oF d dx ox ts Ma )
where s is salinity and q, is the salt passing unit

control areas orthogonal to the flow direction in unit

time due to diffusion. Using the well kmown relation
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= woes “a, ee (2.5)

where D* is a diffusion coefficient which is always

positive, we obtain

2(s A) +2(s Q) - 2 (ou) = a.25,) (2.6)

Neglecting products of derivatives and treating D' as

a constant

2s One 2 @ar Mica st 4
gio PBA 0 en

since s = (p-p,)/p, then

2 2 % aie (P - Pw) 2Q= ste R38 - D Set + 0 -

a, (Py - Py)/A = 0 (2.8)

put from Eq.(2.1)

DA aac SG bh 3 Sy Pa
a tare eet pete Sp a
from Eqs.(2.8) and (2.9)

2 qsBe + 22e - p&p + = (p-p,) =0 (2.10)

where D= po'/p,,

2.4 Equations for two-layer Stratified Flows

For a two-layer flow showm in Fig.2.2 the

subscript 1 refers to the upper layer and the subscript 2

to the lower layer, also for stability Pi < Po + A mass

flux a, leaves the upper layer to enter the lower layer
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and a mass flux Io leaves the lower layer to enter the

upper layer. The interfacial shear stresses are accounted

for by momentum fluxes between the layers and a quasi-

laminar shear stress T as indicated in Section 6.4 .

The Continuity Equation for the Lower Layer

Referring to Section 2.1 the mass of water

accumulated per unit time between x and x + dx in the

lower layer is

- = (Pp Q) ax

The mass of water entering the lower layer per

unit time, between sections x and x + dx is

bo(Pi44 ~ Pode) o&

These two quantities cause the interfacial

surface to rise per unit time, storing the mass of water

by 2 (P, hy) ax

Hence we obtain after some reduction.

2 a

2 (Pop) + bo Be(Pab) - Po(Py44 ~ P2%2) = ° (2e11}

The Continuity Equation for the Upper Layer

The mass of water accumulated per unit time

between x and x + dx in the upper layer is

2
= Sac Q,) ax

The mass of water entering the upper layer per

unit time, between sections x and x + dx is

bo(Podp - Pyd4) dx + Pay OX
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These two quantities can cause both the free

surface to rise and the interface to fall per unit time,

storing the mass

2 >base (Pi) dx - Po Se (Pita) ax

Hence, we obtain after some reduction:

> >
(P19) + bp BECPpDg) ~ Po Se CPyMa) -

bo(Podp - Py) - Pa = © (2.12)

The Dynamical Equation for the Lower Layer

Referring to Section 2.2 the force acting on the

water in the lower layer due to gravity between sections

x and x + dx consists of two components. Firstly the

Bh

x

slope of the interface - » results in the force

dh

- 85x Pp Ap ox

acting upon the lower layer between x and x + dx.

Secondly the variation in the thickness of the upper layer

- 2a, -h,) dx, results in a force on the lower layer of
x

~ @ Bln ~ by) py Ay ax

The shearing force due to friction along the solid

perimeter of the lower layer, plus the shear forces at

the interface due to mixing and quasi-laminar friction are

_ P2 & % |}
2Cc A Rp

where T = é £ (u,-u,) I(ay-a, I py»

te PSR 7 Batata) Se Fh te

The sum of these items is the resultant force on
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the lower layer which balances the rate of change of

momentum which from Section 2.2 is given by

2 2 2[Res Gay) + Bir, %) ] &

Hence we obtain after some reduction:

> > 2 % Dh
Se (P22) + Sx (P2%/Aa) + poet teAge2 + Poe & ty st

= bo( P4442, — Pop%>) + Th, = 0 (2.13)

where €= P;/P>

The Dynamical Equation for the Upper Layer

s The force acting on the water in the upper layer

due to gravity is due to the slope of the water surface

a Bh,

x

» and equals

bh,

af Tae

Shearing forces due to friction along the side

walls of the upper layer, wind forces at the surface and

at the interface due to mixing and laminar friction are

Px894 1
rae

c AWRY

+Tbp dx

The force acting on the water between sections

ag Ke Pata Jal: & i bo(Po4aty fe P4444) ax

x and x + dx due to a lateral discharge op is

v, cos a; py dx

The sum of these items is the resultant force



on the upper layer which has to balance the following

rate of change of momentum.

> 2 >[Ree Gy) + Be, a ]&

Hence, after some reduction

Bey 82 141

Sy P18) tae 2p, 0F/Ay) + Pease OPA, - vx008 > dips

- Ky Pataltaldy- b2(Poazto-pyayuy)- Tho = 0 (2.14)

The Continuity Equations for the Solute

It follows directly from Eq.(2.10) that the

continuity equation for the solute in the lower layer

mst be

> 2 > b
ae = ye - 2 > “ + (pa = py =O (2.15)

and for the upper layer

2p 3p ~p boaeo rs wget - D5 b+ a (py= po) + a (Py -p,) = 0 (2.16)

2.5 Equations for Well—Mixed Flows in Two Dimensions

Some estuarine environments unlike the lower

reaches of rivers and fjords do not have a dominant one

dimensional flow system. In such cases a two dimensional

grid needs to be employed, the equation system for the

one dimensional case being extended to the two dimensional

situation.
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The following equations for two dimensional well-

mixed flows omit all tidal generating forces, inflow

terms, and pressure variations. They do however contain

terms representing the Coriolis force. The dependent

variables used are those of water depth H, density p, and

velocities u and v in the x and y directions respectively.

An elemental volume in a two dimensional flow is shown in

Pig. 2.3.

The Continuity Equation in Two Dimensions

The mass of water accumulated per unit time between

sections x and x + dx of the elemental volume shown in

Fig. 2.3 is

oe pul) dx dy
Ox

The mass of water accumulated per unit time between

sections y and y + dy is

>
Seat ge: 2x 8% 2%

The sum of these items must be equal to the mass

of water stored within the element due to the surface

rising. This amounts to

2
See p H ) dx ay

per unit time.

Hence after some reduction

>abi ce
St Ld Se

(puH) + SD eae (2.17)
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The Dynamical Equation in the x direction

The force acting on the water due to gravity in

the x direction is due to the slope of the water surface

in the x direction which is - DH, ees where I_ is the
Dx x x

ped slope in the x direction. This results in a force

SIA H dy axCage stp) pre Bey

There are also forces due to the friction on the

bed, the wind shear force at the surface, and the Coriolis

force. In the x direction these are

Pale[- pautubere)* + I, Pata (Ugt¥)* + pexw| dx dy

where @ = 2wsinh

and W = angular velocity of the earth

» = north latitude

The sum of these items is the resultant force

which balances the rate of change of momentum in the

x direction.

The momentum change between sections x and x + dx

in the x direction is

2D oe eera(m) = 5— (ma) dx + — (mya) dy + 55 Gm) at

where m= pHdxdy ; m, = pulldydt ; my = pvHdxdt

a(m) = [2 tps? + 2 (pure) + 2 (punt) ] ax dy at

Since the resultant force = d(m)/dt, we obtain

after some reduction
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pe 22 ou") 2 SHS~ (pul) + aS (puH) + se (puvH) + pgH = peut,

: 2, 2y\t 2 2\4
+ en ee - Pata (Ue + vs) - p@Hv=0 (2.18)

The Dynamical Equation in the y direction

This follows directly from Eq.(2.18) by

turning the horizontal co-ordinate axis through 90°.

2> (pve) + = (pr) + 2 (pvall) + pens - pel,

e

+ = vy - 1 PaVa (ue + v2)? - p@Hu=0 (2.19)

The Conservation Equation for the Solute

Deriving the transport-diffusion equation

macroscopically, we write

Do (salt level) + = (convected salt flux in x direction)

3 2 :
+ d salt di i —Be (convecte 3 flux in y direction) se (diffused

salt flux in x direction) + $(aitrusea salt flux in

y direction) = 0 (2.20)

2 2s as aeor | pi (sh) + g— (cull) + = (svH) + 5—(4,,H)

2 we+ Sy (tey® = 0 (2.21)

where nae and doy are the quantities of salt passing mit

control areas orthogonal to the flow direction in unit

time due to diffusion in the x and y directions respectively.
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: x 12s Es 12s
Since doy = 2 oe and Igy = - Ds Ser

where Dy and dy are the diffusion coefficients in the

x and y directions respectively, we obtain

r) svH) - = pin 38= =~ (svH) a —)

oe 23.) 2= (DyH ) 0 (2.22)

pis es: (sH) + — (suH) +

Neglecting products of derivatives and treating Dy

and Dy as constants

2s 2s Bewiiy ees Be
O88 oe eee *Y Bye

+ ¢ [3+ Dom +200 | 2 0 (2.23)

since s = (p -p,)/p, then

[3e + ude +R - EE - BRE ]

(p at Pr) 2Heee [ = ye + 2 (Hm) + Zw] -0 (2.24)

from Eq. (2.17)

eis es . __#Q xRE SD (un) + (vi) 2-5 Ge + ug ust + vee) (2.25)

from Eqs.(2.24) and (2.25)

2 > rra ee - 1,32 - 52 = 0 (2.26)

where D, = Di p /p, and Dy =D) P /Py



CHAPTER

INTRODUCTION TO COMPUTATIONAL HYDRAULICS

3.1 Equation Types and Solution Procedures

The calculation of flow variables (W) such as

depth, discharge, density or pressure involves the solution

of partial differential equations. These equations are

grouped into three types called elliptic, parabolic and

hyperbolic.

Elliptic are those equations of the Laplacian type:

(3.1)

that describe a system which is in equilibrium. Such an

equation describes the steady ( constant state ) flow of

ground-water, hence the absence of any time derivative.

Parabolic equations are those of the ‘heat flow'

type:

wy yu—— - o— = 0 02

Bt ax? a

and describe a system which is in transition from one

equilibrium state to another, due to molecular movement

or turbulence. This type of equation describes the drawdown

process in ground-water flow, the diffusion of density
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gradients in an estuary and the degradation of beach

deposits.

Hyperbolic equations are of the form:

ey 2 ww
ae eee ee a

and describe a system in which a propagation of state takes

place. These equations describe the propagation of long

water waves in rivers and coastal seas and also water

hammer waves in pipes.

Characteristics

If the independent variable 't' in Eqs. (3.2)

and (3.3) be represented by the symbol 'y', then Eqs.(3.1,

3.2 and 3.3) can be combined into the generalised partial

differential equation of second order:

2 3ey 2
A gM a Sh (3.4)
dy? ox dy Ox

where A,B,C and D are functions of x,y,V, aw and ae ;
v

Since Eq.(3.4) has dependent variables BW ana ou £
Ox dy

and independent variables x and y, its equations of

variation are:

2 (OM) ae + BOM) ay = a( (3.5)
Okie Ox vy dry Ox

Gor (OU wax ee eee) eaex ~ i SS dy = (3.6)
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Eqs. (3.4, 3.5 and 3.6) can be arranged in matrix form as:-

c B A ew D
2x

Rew awa 4 0 es = a(2+) (3.7)
- 2x dy x

2,

0 ax dy ae a(2e):
ey’ dy

The derivatives of the equation system (3.7) become

indeterminate when the determinant of the left hand side

coefficient matrix equals zero.

u °odx dy 0

0 dx dy

or c ay? - Bax dy +A ax* =1 ° (3.8)

a (SE)? - BE + c = 0

-= S [» ey a act | /(2a) (3.9)

Elliptic Equations

From Eq.(3.1), A=C=1 and B=D=0,

therefore from Eq.(3.9) :-

fe nt (j= t (3.10)
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Eq. (3.10) indicates that the two roots of the elliptic

equation are both imaginary, therefore elliptic equations

have no real characteristics or propagation paths.

Information concerning discontinuities in the derivatives

at the boundaries cannot propagate into the system since

there are no paths for this to take place along. The

solution surface is known instantaneously and is completely

defined by the boundary values. Within the system the

solution surface is analytic and every part of the solution

surface depends on every other part.

Parabolic Equations

Prom Eq.(3.2), A= B=0,C=-o and p= - %,
dy

therefore since (B2 - aac)? = 0, then

= =5 (3.11)

and the two roots are real and infinite. Since the two

roots are equal there is effectively only one root and

this is real. Parabolic equations therefore have in general

one real characteristic along which discontinuities in

derivatives can propagate. If the equations are similar

+o the heat flow equation in which the characteristics are

infinite, then there are no true propagation paths and

like elliptic equations the solution surface is analytic.

Hyperbolic Equations

From Fq.(3.3), A= 1, B= D=0 and C=- cc’,

hence

oe ata (5.12)
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The two roots of hyperbolic equations are real and

different therefore these equations have two real

characteristics or propagation paths. Thus, every point

on the solution surface is traversed by two characteristics

poth carrying information concerning the discontinuities

of derivatives at boundaries. Hence, derivatives are not

always defined within the system and therefore the solution

surface is not analytic.

It has been shown that the three different types

of partial differential equations are recognised by the

characteristics associated with them. For an elliptic

equation there are no real characteristics and therefore

the solution can be obtained analytically. Parabolic

equations have effectively only one real root and a solution

can generally be obtained analytically. For hyperbolic

equations however, which have two different real roots, it

is not possible to obtain a solution analytically and

non-analytical techniques such as finite difference, finite

element or the method of characteristics must be used.

The equations used for the computation of water

levels and discharges in rivers, estuaries and coastal waters

are known as shallow water equations. These equations have

two different real roots and are therefore hyperbolic

equations. The equation used to compute density changes

along an estuary is known as a transport-diffusion equation.

This is a mixed equation of the parabolic type which has

in general a non-analytical solution. All the equations

used for estuarine flow computations are non-analytical
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and because of their complicated nature a solution must

be used which is readily programmable on a digital computer.

There are only three general methods of solution

which are used today in computational hydraulics, namely

characteristic, finite difference and finite element methods.

Other methods of flood routing, such as the Muskingum method,

which do not use the basic partial differential equations

of unsteady flow will not be considered in this thesis.

The characteristic method can be applied on

the computer in a similar way to the manual graphical method.

When this is done a plotter-routine is required to draw

the characteristic lines, otherwise a fixed-grid method

can be used which has the appearance of a finite difference

technique. Since the characteristic method uses a purely

mathematical solution of the differential equations, it

can be very accurate and is often used as a control solution

for other more economical methods.

Finite difference methods by their very nature

are more suitable for solving on a digital computer than

the characteristics method. There are two broad methods of

solution namely, explicit and implicit techniques. The

explicit solution progresses from one boundary to the other,

grid point by grid point using known values to make a

calculation. The implicit solution utilises recurrence

relationships between the unknown variables at the time

level under calculation, in order to sweep into the

calculation known boundary values at both ends of the model.

Since the accuracy and stability of all finite difference
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methods depends on how the finite differences are weighted

between forward and backward time levels, it is meaningless

to make comparisons between these two groups without

studying individual schemes. Also, the accuracy of the

characteristics method depends on the manner in which the

characteristics are interpolated between grid points.

Since there are many ways of obtaining a characteristics

solution on the computer, the accuracy of this method depends

entirely on the technique used.

Finite element methods have been rarely used

for estuarine or river models and are only in a very early

stage of development. From the information published to

date on finite element techniques (45) their future appears

to lie especially with two-dimensional deep water models

having complicated boundaries. The reason for this is that

with the finite difference method the approximation of the

differential equations is relatively straight forward,

although treatment of the boundary conditions is not so

simple. The opposite is true with the finite element method,

which is therefore well suited to approximate irregular

boundaries but which produces difficulties in the approx -

imation of the differential equations.

The method of solution chosen to solve the

differential equations depends entirely on the individual.

Usually a novice to computational hydraulics begins with

the characteristics method, since this is a technique which

can be learnt graphically before being applied on a computer.

The learner will then advance after studying some stability
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theory to finite difference methods, beginning with explicit

schemes since these are the easier to programme. After

mastering the explicit methods, convertion may be made to

the more complicated implicit methods, thereby discovering

that not only can they do everything that the characteristic

and explicit methods can, but do it more economically. A

hydraulic engineer with several years of programming

experience may be involved in the development of very large

programs suitable for commercial use. At this level of

application implicit schemes must be used out of necessity

rather than choice since with computer time measured in hours

rather than minutes only economical schemes are viable.

3.2 Characteristic Solution for the Wave Equations

If the density is constant then the equations

for homogeneous flows in one-dimension can be written

from Eqs.(2.1) and (2.2) as:

a+ pV - a= (e) (3545)

ot 2 Ux CCAR

- kop, u, l,l b/p = vy cos$ a, = O (3.14)

Since 24 Oey olen 2A =p (28 +I)

ot dt ie x

where I is the bed slope, then Eqs.(3.13) and (3.14) can

be rewritten in terms of dependent variables Q and A as:
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ea ek Ege a5 (3.15)

DO etog OO (ene A) BA g Qlal
aS ~ - — - gAl+Qt Bx ay ox c2AR

=-Ko Pa ta lu,| b/p ava cos# a, = O (3.16)

let e=(ue- SA) ana

|£=i( = Ee - k, pz uz fuz|b - vy cos> a,)

then Eq.(3.16) becomes

sOON ont OF a WereTM ae f= 0 (3.17)
Bt dx 2x

Eqs.(3.15) and (3.17) plus the two equations of variation:

Qari) Slat == lag (3.18)
Ox St

DA a 4 2A at a= ok (3.19)
Ox Dt

can be written in the following matrix as:

3Q
1 0 0 1 2 a,

dx =

Din tel eee 20 = -f
+

<. = (3.20)
ax dt 0 O CES aQ

Ox

0 0 ax at BA TN
Bt

17



If this matrix is rearranged and x is written for aS .

Q for ag and A for & » it may be expressed as:

1 0 0

2u 4 -e

* 1 Oo

0 0 x

2Q
4 —_

ox ay

0 eS -f
ee = (3.21)

0 BA Q
Ox

1 ok A
Bt

The condition that the 4x4 determinant of this matrix be

zero defines the characteristics directly.

0 1

-e O

= 0 (3.22)

0 0

x 1

After simplifying and excluding rows and columns containing

a single unity.

(2u-x)

0 1

=Ae 0 = 0 (3.23)

x 1
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ee ease) (3.24)

hence since e = ( mo )

z-ut( shyt (3.25)

It is clear that Eq.(3.25) has two different real roots

giving two real characteristics or propagation paths.

Thus, equations that describe the propagation of long

water waves are of hyperbolic type.

The wave characteristics just derived, define

the paths along which energy is propagated. If this energy

is conserved along these propagation paths then certain

functions should remain constant along these paths. These

functions are called Riemann Invariants and may be obtained

by taking any 4x4 determinant of the equation system (3.20)

except the one used to find the characteristics, and setting

it to zero. Hence:

1 0 -4; 1

2u 1 f 0

20 (3.26)

x 1 -Q 0

0 0 =k 1

Simplifying and excluding rows and columns containing a

single unity gives.
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(2u-x) (£+Q) oj}| = 0 (3.27)

0 -A 1

-(2u - k)A + (£ + Q) + ay(2u - x) = 0 (3.28)

_ [2u- us (A)* | an + 4Q= a(x - 2u)at - f at

put dQ = d(Au) = Adu + udA hence

a

du t (6) dA = uk - Qu) at - 4 at (3.29)

Integrating Eq.(3.29) between states 1 at time t, and

state 2 at time to gives.

[»# a(Ah)# |] = {ex - £plnl +k, p, v, [| /(pA)
Cc

‘ieee [ - ut (gA)* + Vy cos] H(t, - t;) (3.30)

Eq. (3.30) together with Eq.(3.25) can be used

to calculate a solution for the equation system represented

by Eqs.(3.13) and (3.14). Since the direction of the

characteristics defines the number of data points required

at boundaries, it can be seen from Eq.(3.25) that for

subcritical flows there will be one positive and one
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negative characteristic. This means that initially two-

point data (A and Q) are required whilst one-point data,

which can be either A or Q or a relationship between them

such as a weir equation must be used at each boundary.

If the celerity (#4)? in Eqs. (3.25) and (3.30)

is represented by the symbol 'c', and the term on the

right of Eq.(3.30) by 'G* , then the equations required to

find the four unknowns u, c, x and t are.

x, = ute (3.31)

Uy t 2ep = Yy £ 2c, + Gy (3.32)

+t
| 4,3 \

2 ; 5,1
4,2

ae 3,3 30
2 4,1

252 12

dea + ue

0

eal 21 M
t & 1
22

i, s

0,\0 ye 2,0 oe?

FIG. 3.1 PHYSICAL CHARACTERISTICS
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Using Eqs.(3.31) and (3.32) alternately an

iterative solution is advanced in time as shown in Fig.3.1.

Consider a typical point within the computation such as

(2,2), then by using a three point calculation the unknowns

at point (2,2) can be found as follows. Let the velocity

at point (2,2) be denoted by uj5, the time by t45, distance

by X50 and celerity by Cooe If the characteristics are

assumed to vary linearly between intersecting points then

from Eq.(3.31)

(Xyq ~ X44) = Cogn — tyq) (ayy + yy + Wop + OnQ)/2 (3435)

(pp ~ Raq) = (tng — tp) (tgy ~ O24 + B29 - %n2)/2 (5454)

giving

top = [2Cxpy - X44) + 444 (Oyq + 044 + Uyg + Opp)

= ty (yy — C4 + Upp ~ CpQ) ]/

(ayy + C4 + C4 + 2ey9 - Up) (3-35)

The values of x, t, u and c are known at points (1,1)

and (2,1) from the previous calculations, but not at point

(2,2). As an initial estimate of t,5, the slopes of the

positive and negative characteristics at point (2,2) are

set equal to those at points (1,1) and (2,1) respectively,

giving.
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top = [01 - X41 + (44 + ers) tra — (an - Pon tan]

£ Ging + 5 4= ot heey) (5-36)

Approximate values of G can now be calculated for the

positive and negative characteristics using u and c values

at points (1,1) and (2,1) respectively. Eq. (3.32) is then

used to calculate values for u and c at point (2,2),giving.

Upo + Wop = Vy4 + 2044 + Cy (3.37)

Ugg — 2lop = Upy — 209, + G_ (3.38)

hence

Ugo = (Wy, + Uyy + 2044 - 2cn, + G,+ G_)/2 (3.39)

Cop = (yy — Uyy + 2044 + 20a, + Gy - G_)/4 (3.40)

Using these values for u and c at point (2,2), Eq.(3.35)

is applied to calculate an improved value for too - This

new time is used together with the average values of

u and c along the positive and negative characteristics in

order to calculate improved values for G, and G_.

Equations (3.34) and (3.35) are applied again to obtain

improved values of u and c at point (2,2) and the whole

process repeated until the values of u, c and ¢ at point

(2,2) converge to within acceptable limits. The position

of point (2,2) is now calculated from Eqs.(3.33) and (3.34)

to give.
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1Xoo = (X44 + XQ4)/2+ 7 [ 25 (ay4 + Cy, + 2Ug9 + Uy4 ~ pq)

= 44 (044 + O44 + YpQ + Cpa)

~ t24(Up4 - Cp4 + B20 - ep) | (3.41)

At a boundary point such as (1,2) either u or c

must be given or a relationship between them. Let it be

assumed that Uo is given, then the procedure to find

t15 and c,, is as follows. From Eq. (3.31)

(X45 — X44) = (iy. - 44)(ayy - C44 + U2 - C40)/2 (3242)

giving

tye = byq + 20R 2 — MyM yy - 44 + MD — %4Q) (3-43)

Since c,5 is not know, assume that (u,,-0,,) = (a4 9-C4 0)

giving

tio = ty + (x49 - X44 )/ (qq - O44) (3.44)

The value of G_ is calculated using t,5 and the average

value of u along the negative characteristic plus the c

value at point (1,1); then from Eq. (3.32)

Vyo — 2e4m = Vyy — 2Cqy + GL (3.45)

hence

Cyo = (Vyp — Wyy + 2044 - G_)/2 (3-46)

Eq. (3.43) is then used to calculate an improved value for

tos and G_ recalculated using this new time plus an

average value for c along the negative characteristic.
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Eq.(3.46) is again used to calculate an improved value

for C15 and the process repeated until tio and C15 converge

to within acceptable limits.

A similar boundary procedure is required for

points (4,0), (5,0) etc., plus a plotter routine to draw

the characteristic curves shown in Fig.3.1 . Although a

characteristic method requiring a plotter routine is

generally inconvenient , it can be very useful when

discontinuities in the flow are likely to develop, since

then a visual record of the formation of the discontinuity

is available.

The method of characteristics just outlined

would be called a three-point variable mesh method, but

many other techniques exist both variable mesh (9, 16,88)

and fixed mesh (17, 127 ). It follows from the procedure

just described that any correctly formulated method of

characteristics, whether variable or fixed mesh must have

an iterative solution. Only in this way can average values

for the characteristic slopes and G values between two

grid points be utilised. There are however much simpler

techniques called direct methods which use characteristic

slopes and G values calculated from known backward grid

points only. These direct methods have been shown by

Sivaloganathan (127) to be of comparable accuracy to the

more correctly posed iterative solutions and therefore

should be used whenever possible.
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3.3 Explicit Solutions for the Wave Equations

The partial differential equations describing

shallow water flows, can be solved using finite differences.

This is achieved by using one term of the Taylor series

expansion of the derivatives of the differential equation,

thereby introducing a truncation error. Normally a

rectangular grid of equal distance and time steps is used

and in explicit methods the unknown value is expressed

directly in terms of known values. There are two kinds of

explicit finite difference schemes, referred to as forward

and central types.

lax Scheme: The forward type is schematized in Fig.3.2

where unknown values at the (n+1) At time level are

calculated explicitly from known values at the n At time

level. This particular scheme is called the 'Lax scheme'

(82) and can be shown (see Section 3.7) to have only first

order accuracy with a truncation error of 0( Ax’, At. )iseib

has the advantage that it is amplitude dissipative and can

be used for modelling flows with hydraulic jumps. However,

since the dissipation is indiscriminate one can never be

sure of the accuracy of the results, therefore such schemes

must be used with caution. For the wave equations (3.15)

and 3.17) the following linearly stable difference scheme

is used.

From Eq. (3.15)

n 1 nt+1 n n aa ( Ost - 4) + a [a5 - CAST, + A; 2/2] = a5

(3.47)
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From Eq. (3.17)

ap

1[es - Cash, + 952 ny/2] + LC a2, - a2)

- ee Cast) ~ Apa) = 85 (3.48)

Since two-point boundary data is required, and only one-

point data is allowed by characteristics theory for sub-

critical flows, the scheme is physically unrealistic and

can become nonlinearly unstable. If however, the scheme

is simplified so that ( Ay + Ast, )/2 becomes aS in

Eq.(3.47) and ( Q,7, + Q2,)/2 becomes QF in Eq. (5.48)

then the scheme is unconditionally unstable and should not

be used.

From Eqs.(3.47) and (3.48) we obtain

n+1 n At n n n
ala Ast +Ast)/2 - prom (Qe, - 4) + ayy At

(3.49)

a = (ty + O504)/2 + ie Casey = Ayey)

uw At a a =

= a ( Osh, — Q5-1) - £5 At (3.50)

By using Eqs.(3.49) and (3.50) a solution can be obtained

explicitly on the staggered grid of Fig. 3.2 at the new

time level (n+1) At. Since both dependent variables are
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required at every grid point, average values can be assigned

at the intermediate points. The second boundary value at

point ( j-1, n+2) can be calculated iteratively from point

( j, n+1) using the backward characteristic solution given

by Eq. (3.32).

Leap-Frog Scheme: The central type explicit scheme shown

schematized in Fig. 3.3 is known as the ‘leap-frog scheme’.

It has second order accuracy with a truncation error of

o( Ax’, At?), but as with the Lax scheme, since it requires

two-point boundary data it can become nonlinearly unstable.

For the wave equations (3.15) and (3.17) the following

linearly stable difference scheme is used.

From Eq. (3.15)

n n+1 m1) _,n
as Gare ts) * sare 3 -4; ) = 455 (35.51)

From Eq. (3.17)

gentei os n n
ee = ey re ee

Cad

n- at (ast, - Aghy) = - 85 (3.52)

From Eqs.(3.51) and (3.52) we obtain

att outs! - oo Qt, -— Gry) +2 a5 At (3.53)

gntt _ gn=t _ aus as: Ce fig2)
dae j Ax j+t ‘j-1

et At
+ care Cast, ~ Agen) - 2 £5 At (3.54)



It can be seen from the above equations that the leap-frog

method assumes that two rows of points are known and the

solution is then projected to the third row. By using

Eqs.(3.53) and (3.54) a solution can be obtained explicitly

on the staggered grid shown in Fig. 3.3 . like the Lax

scheme both dependent variables are obtained at every grid

point by averaging and the second boundary value by iteration

from the characteristic solution.

Two-Step Lax-Wendroff Scheme

The accuracy of the Lax scheme can be improved by

interposing leap-frog operators as schematized in Fig. 3.4

+o become of second order with a truncation error of 0(Ax?, At?).

This scheme is known as the ‘two-step Lax-Wendroff scheme'

(83,114 ) and has similar dissipative properties as the

lax scheme so that it can be used with caution for modelling

flows with hydraulic jumps. Abbott, Marshall and Ohno (7)

studied the dissipative properties of both the Lax and

lax-Wendroff schemes and came to the conclusion that the

more accurate Lax-Wendroff scheme was not entirely superior

to the simpler Lax scheme. From the point of view of

dissipation since the Lax-Wendroff scheme dissipates more of

the short waves than the Lax scheme then in this respect it

is the better scheme. However, it was found that for

stationary hydraulic jumps, the Lax-Wendroff scheme unlike

the Lax scheme had the serious defect of becoming unstable.

Boundary conditions are the same as for the leap-frog and

Lax schemes and since they are physically unrealistic

nonlinear instabilities can develop.
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n+3

n+1

FIG.3.2 LAX SCHEME

n+3

n+2 Ala

n+1

FIG.3.3 LEAP-FROG SCHEME
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n+4

n+3 - - , —

A
n+2 Q

nv . 
2 aL EE es

A

" Q

n-1 : J

j-1 j j41 j+2 j+3 j44 j+5

FIG.3.4 TWO-STEP LAX— WENDROFF SCHEME
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3.4 Implicit Solutions for the Wave Equations

There are two kinds of implicit scheme, the

backward implicit and the central implicit. For implicit

schemes the finite difference structure is different from

that of the explicit schemes. The value of the dependent

variables to be obtained are calculated from known backward

values plus unknown values at the same time level as the

solution. Because of this the equations cannot be solved

directly but must be solved simultaneously, using either

iteration, block matrix inversion or Richtmyer's (113)

algorithm for scalar matrix inversion. Since iterative

techniques are expensive and block matrix inversion very

expensive only Richtmyer's algorithm will be considered.

For the full shallow water momentum equation (3.17) only

a central implicit scheme can be constructed but if the

small non-linear term u 3a in Eq.(3.17) is neglected then
Ox

a backward implicit scheme can be used.

Backward Implicit Scheme: This scheme is schematized in

Fig.3.5 where unknown values at time level (n+1) At are

calculated simultaneously from known values at time level

n At and known boundary values at time level (n+1) At.

This scheme can be shown to have only first order accuracy

with a truncation error of 0( Ax’, At ). For the wave

equations (3.15) and (3.17) with u = set to zero the
following linearly unconditionally stable difference scheme

is used.
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At

n mn =

n-1

FIG.3.5 BACKWARD IMPLICIT SCHEME

Eq.(3.68)

Eq.(3.70q.(3.70) Ax

FerAl Q A a Bi oe os

At

n A tl IQ A WH q >|

A

eee Alem J I rH A
AQ AQ AQ

j-1 j j+1 j+2 j+3

FIG. 3.7. CENTRAL IMPLICIT SCHEME
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From Eq. (3.15)

ae (art - Gt) + Fo a3) = ay aa
x

From Eq. (3.17)

n+

Ligh a a) = a cant! 5 1 + tt o

Eqs.(3.55) and (3.56) can be written as

1 n+1 1 n+1 i +1
—| Q efit | Re | ge
| si | j [ At J-1

wa

el cele aa at
At ij

entt entt
¥. i qt 1 Wee di hs gat 1 Ps i aot 1

2Ax Jj J* atl 9 2 Ax J-1

-| i at|
At

Eqs.(3.57) and (3.58) can be written as

n+1 +1
e, Bt +1, af +E, Q2) = 3,

* n+l * ont n+1 *

aa ty ga = y

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

Eqs. (3.59) and (3.60) can be solved directly using an
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iterative solution, but this is umeconomical and it is

petter to use an algorithm similar to that first used

by Richtmyer.

Introducing auxiliary variables a, B, a, B

defined for subcritical flows only by

Qty = aj a + By (3.61)

gt = a; a" + BS (3.62)

Then substituting Eq.(3.61) into Eq.(3.59) and Eq. (3.62)

into Eq.(3.60) gives respectively

a GiaKe Be)
1 i 1 i Jeb

a ee Peta meal) beset
heed 3 a

AGH (ie keeps)
Bw ei att + SE)

(; + K; a;) (1; + K; a;)

Comparing Eq.(3.63) with Eq.(3.62) and Eq.(3.64) with

Eq.(3.61) gives the recurrence relations

* - & * (L, - K, B.)
Gaect t ts GE oy

47 495 (1, + x, a;)

ve Gi, eee)
Ga ——— Boat = + — (3.66)

(15 + Kj a;) (I; + K,-a5)
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The calculation is started at the left hand side

of the grid shown in Fig.3.6, by setting the known

boundary value qt at j=0, to the auxiliary variable B

at j=1 . Hence

Pies tf = (3.67)

qatl ant antl ant gatl antl

© © O O O ©

j= 1 2 5 se jj

a=0 a” a a” a

pant? p* B B* B

FIG. 3.6 IMPLICIT COMPUTATION GRID

The recurrence coefficients a” and B* at j=2 are calculated

from Eq.(3.65), then a and B at j=3 from Eq.(3.66).

Eqse(3.65) and (3.66) are used alternately until the right

hand side of the grid is reached. Using the known boundary

value gett at j=jj, asjot
then AUS!) trom Eq.(3.62). Egs.(3.61) and (3.62) are used

is calculated from Eq.(3.61),

alternately until all the dependent variables at time level

(nt+1) At have been computed. Since the equation coefficients

should be centred at the (nt++) At time level, two complete

computations are required,the first using values for the
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equation coefficients calculated from the nAt time level.

The newly found dependent variables are now assigned to

the n At time level and the process repeated in order to

advance the solution in time.

Central Implicit Scheme: This scheme is schematized in

Fig.3.7 and because of its central weighting has a second

order truncation error of 0( Ax’, At?). However, because

this scheme develops a pseudo-instability, first noticed

by Verhoog ( 6 ), if the friction term is centred between

forward and backward time levels, this must be put together

with other ‘explicit' terms in the ‘implicit’ part of the

tri-diagonal algorithm. When this is done the truncation

error remains 0( Ax, At) but the scheme then becomes

unconditionally stable.

From Eq. (3.15)

ae - Ott + Bay - Gy) + ria -

= ant (3.68)

Substituting Eq.(3.15) into Eq.(3.17) to remove oS we

obtain

20 4 oy. BAG BA 22a SL a ee a) (3.69)
St te2c Dx

From Eq. (3.69)

yatt

egg apt ag eth

oT



n+}
Perse n+ _ ynti , 4m Rayos n+1 , antl

rn en st Aa sage + a

+ ae + ay )+ 2 Se pi quit aSt e J lel;

- - Vv; ntz 0+(2uq; x p_,|u,|> Va cos $a, ) ff 70)

Eqs.(3.68) and (3.70) can be rearranged as

1 +1 1 n+1 +1
—_ ; —|Aa oa, es 3 +[- ree nt

aZ

(eh - Gy) + eee + “a | (3.71)

watt entt n+}
i a es EA 2 re Rg asia

At «“sdx 4 AjH [2 ms (5 ‘aR J eH q
pote gntt ga entt ae

+[-4 +3 - ant -{S. [- a A
ST iy j-1 At 2hx At

ett tt

+t | 8, + [- = - Sp +] 8
poe ect GAx~ cake Sh dass

~(2ua, - k, p,u,[u,|> - vy cos 6 a,) ae (3.72)

Eqs.(3.71) and (3.72) can be written as

jt +3; att +k, ty = 2, (3.73)

g; ae + 1 att +p agth = Ly (3.74)
These equations have the same tri-diagonal form as

Eqs.(3.59) and (3.60) and can be solved with the same

algorithm as was used for the backward implicit scheme.
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3.5 Implicit Solution for the Transport-Diffusion Equation

From Eq.(2.10) the partial differential equation

for the mass conservation of the solute in a well-mixed

estuary was found to be

2p 2p mee ot Cae oe (3-75)
ot Pies Ox A ei

where D= pD'/p,

For Eq.(3.75) the following linearly unconditionally

stable difference scheme is used:

n+1 n n+1 n a n

paca Pan) * Tay Ps pe Tae haat 7 Pant?

u nt+1 n+1 n n

* Tag (aH ~ Pg * Past Psat?

D n+1 n+1 n+1 n n

Species + Py1 *Pan - 209g)

mae n+1 n+ (Pe 5 +p5)-apy/ A = 0 (3.76)

Eq. (3.76) can be rearranged as:

1 a D n+1 1 D a n+1
—_—_—+t ; + )—t —[ jeu pats Ax |e

1 u D Bios 1 a D n
+) —-— - : ={|—— - — + -[+4 AAX |e {[- At gaz .2aeejh ini
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1 D ay n 1 u D n
+|— - -_— +)|—+— + ;ie At Ax rele ; At AAx sho |e

+ a; p4/A \ (3.77)

Eq.(3.77) can be written in the tri-diagonal form

ee ntl neo at

ae Pre eta ae Past
** nti _ 7**

4 (3.78)

This equation can be solved using Richtmyer's algorithm

by introducing auxiliary variables aand Bdefined by

n+1 n+1Py-1 = 93 Pj + Bs; (3.79)

By substituting Eq.(3.79) into Eq.(3.78) gives

‘<r (p.* c, B )

ie ee ; igPy i (By + C5 a5) Pia i eet)ee

(8, + c, a,)

Comparing Eq.(3.80) with Eq.(3.79) gives the recurrence

relations

#e #e He

-A (a= ep.)

Cet ete ; By = —-—_ (3.81)
(3; + Cc, a;) (B; + Cc, a,)

The calculation is started at the left hand

side of the grid shown in Fig. 3.8, by setting the known

boundary value pat at j=0 to the auxiliary variable f at

j=1 . Hence nti

co oO; B, ='Po. (3.82)
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J=0 1 2 5 ji-t ji

a=0 a a a a

p=pa"! B 8 8

FIG. 3.8 IMPLICIT COMPUTATION GRID (SOLUTE)

fhe recurrence coefficients aand B are calculated using

Eq. (3.81) from j=2 till j=jj. The dependent variable pat

time level (n+1) At is then calculated from j=jj-1 till

j=1 using Eq.(3.79) and the known boundary value pay

This particular scheme can be shown to be

unconditionally consistent with Eq.(3.75) to truncation

error 0(Ax?, At’), while its amplification factors tend

to unity as dispersion effects tend to zero. Because

Eq.(3.75) is of mixed parabolic type it has two sets of

characteristics associated with the transport and diffusive

parts of the equation respectively. Since it is impossible

to satisfy all the characteristic structures with Eq. (3.79)

non-linear instabilities will develop with this scheme

unless the distance and time steps are kept within the

limits calculated in Section 3.7, and shown below.

-2BAL =1. and |» = < 0.25 (3.83)
xAx
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3.6 Implicit Solution for Two-Dimensional Flows

The partial differential equations for two-

dimensional well-mixed flows, when the density is a

constant, are from Section 2.5.

Continuity Equation

BH Ee ee (aH) et (WH) a (3.84)
ot Ox dy

Dynamical Equation in the x-direction

ot 2 (a2 pes 20<4 (uH) + o (u“H) + gH oe gHI, + a (uvH)

k

+ BB (uP? yt - af (u24v2)? - eHv = 0 (3.85)

Dynamical Equation in the y-direction

2H) + 2 (vn) + gH = - gH + Zr)
it sy y

k

- £5 (u?ev?)? - =f (u2ev2)? + @Hu = 0 (3.86)

Eqs. (3.84), (3.85) and (3.86) can be reduced respectively

to the following Eulerian forms:

2H 2H oH Qu ov
( + ) +H ( =0 8
Sn sc ees eee she ree

du du ou DH(22 Shave gS =a' (3.88
Soe eye es

ary eee OVE gto ae (3.89)
eae dy
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where

at = ov ~ Sb (u%?)# + waPele (u2an2)# + ely (5.90)
pH

oy (3.91)
k,

w= Bi (aPav?)# + ae ere io ely

Also @= 2wsinp and k, = 0.0021

Equations (3.87) to (3.89) can be solved using

an implicit tri-diagonal alternating direction algorithm.

This utilises the fractional steps technique of Yanenko

(152) whereby the continuity equation is split up into

two halves. Each half of the continuity equation is

combined with its respective dynamical equation enabling

unknowns to be calculated in triples alternately in the

x and y directions. In this way a solution can be

generated using a three level scheme each level being

solved with Richtmyer's tri-diagonal algorithm. With know

values for u,v and H at the n At time level the second

level computes in the x-direction for uit! and pret and

the third level in the y-direction for yitl and yott z

Three-Level Implicit Difference Scheme

Eqs. (3.87) and (3.88) are written in the following

proposed difference forms for the second level of a three-

level scheme. From Eq. (3.87)

n+ +$
ce (aye - BS x) + a Crag 1 ~ Bix)

+— (HF - ye eet! pale tat )

aAy a»k+1 GAx Ui+1,K j-1,k
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4) =0 (3.92a)

From Eq. (3.88)

1 n+1 n Sve, net yotl
a Wy ic 7 U5 1c) + = a (4 Be tee oe)

att n+} +t +t a
i = wee 7 yee) + Sao Te ~ HITT x) = 8" (3.920)

Eqs. (3.87) and (3.89) provide the following third level

of the three-level scheme. From Eq. (3.87)

ett utd) i ae - et a
At ek j+1,k

+1 +1 n n

= Fe wet ~ Bjyke1) * fe a ite ~ %W4,n)

+ Bethy thy «2 (550)

From Eq. (3.89)

1 1shee = vs yk) * (rath iz - wth)

+ ttphy dek+t - -1) * Sag ee 7 a) = b! (3.93b)

The unsubseripted variables in Eqs.(3.92) and (3.93)

must be centred at (n++) At by iteration, as must the

Bu/dy term from Eq.(3.88) and the dv/ex term from Eq. (3.89).
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This iteration is done by making two complete computations.

The first computation using values at the nAt time level

and the second, the average of the n At and the new

(n+1) At values. Note that adding the two halves of the

mass equation together gives the difference form of

Eq. (3.87) centred exactly both in space and time. Also

the difference equations for Eqs.(3.88) and (3.89) are

centred in space and weighted on the (n+1) At time level

for increased stability.

Eq.(3.92) can be rearranged in the following

tri-diagonal forms:

2 2 ane
H u u ulut+v n+1i Ge Si en

4Ax Aghx 4g At 4HC

+ alse er +4
ice Reo et Yet | ic

“le Reena totaal =] iy
eax” 4gAx 4g At 4HC

= ve BS ic - Tay tit i By ,eet) ~ os Pa US xc

5 oie - We fost) + Ov + gl, - seatchra? | (3.94)

[c-i-sk ete + |
2

ee a | ties he
2Ax 2HAx HAt apes At %
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k_ p.u, (u_+v. =
vpntt att ala a‘ a ‘a

; 2Ay Uj ,k-1 7 bai et) AG el, pH

as pate aesR te Ye oe jx *

Vv ee st) | (3.95)

Which can be written as:

yan aa n+1 _
Ay @ j+i,k * x 5, Ci Y-1,k Da ic (3.96)

+ att c* +t pt
Bae ripe * Bj oe * Gye tae > Bye O31)

Similarly Eq.(3.93) can be rearranged in the following

tri-diagonal forms:

[ao- ce ee SS []
se Atj 94hy sAgdy 4g At AHC

2 v2)?H v Vv v(ue+ | ya+|-—+ -—- we[ thy aghy 4g dt “HC Jok-1

u
ist i at +[3 a a | eH

2At 4sAx BAG Sex lita?

(utie wet, 7 Matyi) 7 aia a vt -vt )
Ax 2hxe

k piv, (u' 24y2)*
+t vt, -ou+ af wa Pa%a ‘Ya Ya’ (3.98)

At 9% y pH
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ae ee Pas (ts acai’ |) att!
2Ay 2HAy HAt eV At HC? jk

2

aio v - = [ah ie aioe
DAy 2HAy HAt J 3X1 At JX

2y4

Speers oe RS Se RS Ha PaYa (UE+¥a)
ahr j-1 j+i,k g Ta pH

2v 1 1 u +tfed 2 Nom) (eae: sales ate (eeH [ Pat EE SAS Raz. IE

H n+ ca (W541, 7 whet, ») | (3.99)

Which can be written as:

+1 a etnGs ie Vinee +1, a. +K; i YG,ke4 = Ly x (3.100)

+1 oH +1 See
« 35 peas The Ba + %, 1 Fy ket = 4; x (3.101)

To obtain Eqs.(3.94) and (3.95) it was assumed that:

te +Bk = 0.5 (HT et B51 ,k) and

n+1 n+1 n+1eee 0.5(us 44, eet, x) (3.102)

while for Eqs.(3.98) and (3.99) it was assumed that:

ed +1H 0. 5 (Hy eet By ket) and
ik >

+1 +1 +1
Vee = 500 a + MPa) (3.103)
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These are considered valid since Eqs.(3.94) and (3.95)

are used in the x-direction for a calculation based on

a system of straight parallel canals, and Eqs. (3.98)

and (3.99) for a similar calculation in the y-direction.

Eqs.(3.96) and (3.97) are solved in the x-direction for

H+? ana w+! using the double tri-diagonal algorithm

described in Section 3.4, whilst Eaqs.(3.100) and (3.101)

are likewise solved for qott and yt in the y-direction,

put on alternate grid lines. The use of alternate grid

lines for the second calculation is necessary, as this

calculation must use the yt values found in the previous

calculation; otherwise, the two halves of the mass

equation will not add together exactly. The two-dimensional

computation grid is shown illustrated in Fig. 3.9 with

black symbols representing the variables computed in the

y-direction.

The resulting truncation error is 0 (Ax, Ay”, At)

most of which is phase error. Non-linear instabilities

are kept to a minimum by utilising a central implicit

scheme but at boundaries non-linear instabilities can be

generated when the scheme is run for long periods under

gale conditions. However, the author (52) found when

running a model of Torquay harbour with gale force winds

that the iteration used to centre the equation coefficients

acted as an effective dissipative mechanism.
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3.7 Accuracy and Stability of Difference Schemes

The continuity equation is from Eq. (3.15)

3e + a = & (3,104)

This partial differential equation was approximated using the Lax

scheme illustrated in Fig. 3.2 with the finite differences,

n n n

(2) 3 a” 544 a) (3.105)

i

aa\” ee ee Sa ;(#) 1 ~ : 4 Gy + AyD/2 (3.106)
j

dQ aq, DABE tae eix bx taficas 9 (3,107)

This equation was approximated using the Lax scheme with the following

finite differences,

n n+l n n(33 wih [am Gua * at 79| (3,108)
j

n n n

(2) es x Qiu ~ Go? (3.109)

j

a\? 1 RS Seen(2) iz Oa a1) (3.110)

j

Eq. (3.104) is seen to be approximated by a central difference in the

x - direction and a forward difference in the t - direction, Eq, (3,107)
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is seen to be approximated by central differences in the x - direction

and a forward difference in the t - direction, The resulting finite

difference equations are given by Eqs. (3.49) and (3.50) and these provide

values for the dependent variables at one time level from their values at

a lower time level, When these difference schemes are used, a solution to

these difference schemes is obtained and not to the differential

equations after which they are modelled, It is hoped in practice that the

results obtained using difference schemes are close to the solution of

the differential equations, They are however only approximate solutions

of the true solution generated by the partial differential equations,

There are many ways of transforming a set of partial differential

equations into finite difference equations by using either backward,

central or forward operators, However, only a small fraction of the

combinations possible will be of any practical value, It is the job of

the computational hydraulic engineer to choose the best scheme for a

particular purpose and to run this scheme at its optimal accuracy

without it going unstable. This optimal accuracy implies that the

computer costs should be as low as possible for the accuracy required,

since contrary to popular belief mathematical models can frequently be

more expensive than physical models and therefore not commercially

viable.

3.7.1 Approximations

In order to determine how well the finite difference equations

approximate to the differential equations a Taylor series expansion

of the derivatives of the differential equations is used, Normally only

one term of the Taylor expansion is used for each finite difference
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thereby introducing a truncation error, If the finite difference

equation is subtracted from the Taylor series expansion then an order

of magnitude for the truncation error can be made, The order of

magnitude of the truncation error is an indication of the relative

accuracy of finite difference methods, The following calculations

are made in order to derive the order of magnitude of the leading

truncation error for the schemes mentioned in section 3.6.

(a) Truncation Error for the Lax Scheme

The shallow water finite difference wave equations are from Eqs,

(3.47) and (3,48).

n n n+l n n eee)aa Qruy - a) + a [s ea Osa + ast al sity Gs111)

en n n 1 n+1 n nx Osa - xa +. KE [2 <n Quy + a," 2]

ue n n n
iF ne Qs = a5) 2 a =2..0 (3,112)

Using a Taylor series expansion for the dependent variables in

Eq. (3.112) in order to calculate their values at different

locations and times we find that:-

n 2, n 2 3, 2 3
DEL le dQ DQ At b°Q At

Q 4 a5 + Ges At + oa ear 9325 “e tees (3.113)

n 2, 2 2 3, n 3
ma" Saget dQ a“Q Ax’ a"Q Ax’

f+ Cre Gey Ax + ae =o ag “ge ote++ (B.113b)
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(b)

Ce os @) ox + G8 &- @8) AEs .....G.2180)
4 B j ox Jj ox j

n a 2 TE 3

moe ate G4 ax + CH Ae SH AX + ...(3.113a)
J j - Oana Ox

n 2,n 2 3, 3

ano = at - @4y ax + CB A - Ch AD+ ....2180)
J J j ox j d= a3

Substituting Eqs, (3,113) into Eq. (3,112) we obtain

n 2,n 3, n 2

[te + mo @-. Bee] ees a ey ee
j at” j at” 3

3 3, n 2 2, n 2

+ Quit -e Pay we PH Bt. =0 (3.114)
ax ox” j ax” 5

Comparing Eq. (3.114) with the differential equation (3,17), the

leading truncation error is seen to be ox’, At) which is also

the order of truncation error for Eq. (3,111). O(At) indicates a

first order error in time and means that if At is halved the error

in the term At is halved, ox") indicates a second order error in

distance, and means that if Ax is halved the error in the term ee

is quartered,

Truncation Error for the Leap-Frog Scheme

The shallow water finite difference equations are from Eqs. (3,51)

and (3,52)

ie n n i n+l
Tax Qi a: Q,) * Dat A ae (3.115)
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n n ak n+1 Te
picid ye a ane Bai a?

ee She eee. © (3.116)
= je j-1 ‘Sl on :

n 2,2 2 3, n at?

—— = Cs) mom els (Sota
j ots peal 2 Res) jae

Substituting Eqs. (3.113) and (3,117) into Eq. (3,116) we obtain

n 3 3, 2 2

[se +m Bo Be Gl + @u2®-. 24) es
u dx ax

3, n 2

+ @3) Baie Pcie BO (3,118)
sede S

Comparing Eq. (3.118) with Eq, (3.17) the leading truncation error

is seen to be O ax", At?) which is also the truncation error for

Eq. (3,115).

(ec) Truncation Error for the Central Implicit Scheme

The shallow water finite difference wave equations are from

Eqs. (3.68) and (3,70)

1 per. ones 2) ee, oan Pehl > 4a gee
Gia (Qyeg yet de Sypris tae OG aya; @.1219)

nthe n+1 n+l n n a n+1 n
- A - A A - A ans =
sk Ay et Seer eee abe 4 a,
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nid
a nel ,8 ml ,n pat ae n+l n+l n n

ts A. Oia ae Aja Aj) ma Oya +A + Aja rs Aj)

nth
gy ntl n Z F oa

+ Cae j a; | | ge (ua, kog4, ||? v,cos & 45); S (3,120)

The equation coefficients are centred at the (n+})At time level by making

two complete computations, In the first computation they are taken

at the n\t time level and in the second computation the mean of the

nAt values and the newly found (n+1)At values.

2 s en wnt
Let (ua, k,oa4a {a | v,cos o a,) = s" in Eq.(3,120), then s 5

= aye + s/2.

From a Taylor series expansion

n n 2.n 2
n+1 n DA aA aA dx’

A = = o= a),541 Ry t Gey Ax + Ses At + Cas 3

2 n 2,n 2 Ke 3

EAs pA, Ate pA, Ax”
Sees Ax At + Coady a Can 3

3 n 2 3 n 2 3,n 3

ete 2 ); sc Bo — ec +), = Brees (3.1218)
ox" dt dxdt at’ 2

n+1 n 2, n 2A n DA aA Bra. Ax
seed Gs 4 Soe da eae 2 ea 9h 78

dx

2 n 2) 0 age 3, n 3 3 n 2

- CA) ante + C4’ MH - PA wey eM
dxdt J or J 2 pe 8 oxot J?

3 n 2 3, n 3

. @A 7 Axht @A4) = es (3.121b)
axdt” 5 at?
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oD 224 1 2 3on 3
untL wn own ds At d“s At re! At

(s ie eS pe Sa ee GE 5 st Te 5 a oe yaaa | ares

(3.121c)

Substituting Eqs. (3.113) and (3,121) into Eq. (3.120) we obtain

BQN IOt Shaws | SATU Feo) ee nf?iE eae ee tae ala] +s

2 [23 dA DA g »]n at
+o - ume - 2 - gray ala +sat [ot at ox Can | Gu

2 2

28, [BP mB eB ce medt old ooh
at CvAR j

2 ne cae
oP ig es tA Cer Ax’5 aa [ Soh 2u at oa | 2
ox id

1 OPA pea el Ql ana) pale cad
aia wale 2) tees 2 2 2 2 At

dxat ot Cc’AR ot ot

S +

- | bea i Reo ees fe [zete! lel ae _ et DA * ars Ae 240
ox ot ta Grane oes ot at?

(3.122)

The differential equation (3,69) can be written as:-

SO aha el os seral + FE alg | aga! 220 (3.123)
at at ox aan,

Comparing Eq. (3,122) with Eq, (3.123) the leading truncation error is

seen to be owt?). It follows that for Eq.(3.119) the error is 0(dx")

giving a truncation error for the scheme of o(Ax”, At?).
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(a) Truncation Error for the Implicit Transport - Diffusion Scheme

The finite difference equation is from Eq. (3.76)

it n+l 1 n+l n

me in gear ae F705) tage 5-2 ~ Ppa?

; rs hn F Pie FE * Pea i 20% 2 ey)

‘ a Gt pred a + eset] =0 (3,124)

Using a Taylor series expansion for the density levels in Eq, (3,124)

given by Eqs. (3,113) and (3,121) with density as dependent variable

leads to:-

2 n

do 2 . poo =[2 ine vere taae OY), |9
ox

2 q n

db. [do dR _pde AtHie [2 ein Za * als gmk (se 8) oo

Bits 2 q n 2

db | 22 do Do AtCe + u ey tera, | Cis 0; ) —-
pez LOt ox axe A ne 1 ane 08

»* d°0 n Ax

+ Sat + 2u 3 j I
dx Ot ax

3 4 q n 2

+ [Mas - pig. + Me ag oe 20 (3.125)
dxdt dx"Ot J

Comparing Eq. (3.125) with the differential equation Eq. (3.75),

the leading truncation error is seen to be Ox”, At?),
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3.7.2 Consistency and Convergence

In the previous sub-section the amount by which the difference equation

departed from the differential equation was called the truncation error,

Different difference schemes were shown to produce different truncation

errors and in general it was shown that centred schemes give a second

order truncation error whilst forward and backward schemes give a first

order error,

If this truncation error tends to zero as Ax, At —> O we say that the

difference equation is consistent with the differential equation, If

the truncation error tends to zero regardless of how Ax, At —> 0 we

further say that the difference equation is unconditionally consistent

with the differential equation, If the truncation error only tends to

zero if Ax and At are taken to zero in a particular way, the difference

equation is said to be conditionally consistent with the differential

equation, On the other hand if the error does not vanish as Ax, At —> 0

then the difference solution will not be the solution of the differential

equation but of another and then the difference equation is said to be

inconsistent with the differential equation,

If the shallow water wave equations have to be used for calculating

across hydraulic jumps, surges, fronts or any other localised region of

rapid energy losses then it is necessary to use either conditionally

consistent or even inconsistent finite difference schemes, The reason

for this is that when the flow is no longer represented by its differential

equations, some terms in the truncation error rapidly increase in value

and act as pseudo-viscosities, This effectively 'burns up' enough energy

to satisfy the mass and momentum equations enabling a continuous

calculation to be made for the long water waves without it going unstable,
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The truncation error for the shallow water wave equations resulting

from using the Lax scheme is shown in Eq. (3,114), The last term in

the equation is a function of Ax’ /pt, hence it tends to zero relative

to how Ax and At tend to zero, It is this term which provides the Lax

scheme with its dissipative properties and resulting weak solutions to

the differential equation, This Lax scheme is therefore conditionally

consistent with its differential equation and can be shown to be amplitude

dissipative, The Lax scheme together with the Lax - Wendroff scheme

both generate their pseudo-viscosities from the truncation error of their

difference equations and are therefore ideal schemes for computing

across discontinuities in the flow,

Both the explicit and implicit centred difference schemes can be seen

from their truncation errors given by Eqs, (3.118), (3.122) and (3,125)

to be all of second order accuracy and also unconditionally consistent

with their differential equations, Since it is desirable for models of

estuarine flows to conserve mass and momentum, unconditionally consistent

finite difference schemes should be used and in order to maintain second

order accuracy these should be centred schemes,

If the truncation error tended to zero as Ax, At —y O then the difference

equation was said to be consistent with the differential equation, No

mention was made as to whether or not the solution of the difference

equation converged to the true solution as Ax, At —> 0, only about the

consistency of the equations, Clearly we are interested in the solution

to the difference equation as Ax, At —> O since although a difference

scheme may be consistent with its differential equation, the solution
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to the former need not necessarily converge to the latter, It often

happens that certain combinations of Ax and At give numerical solutions

that are unstable or even converge to the wrong analytical solution,

Clearly the convergence properties of any new numerical scheme need to

be tested analytically to discover if there are restrictions on the

values of Ax and At, In practice such a calculation is laborious and

use is made instead of the Equivalent theorum, This states that if the

difference scheme is stable and consistent with its differential equation

then its solution will converge to that of the differential equation.

3.7.3 Linear Stability

It has been shown that as Ax, At —> O the truncation error tends to zero

but only if the scheme is stable will the solution of the difference

equations tend to the solution of the differential equation, When the

computation is unstable, these solutions differ more and more as

Ax, At —> 0, even though the truncation error tends to zero. It is a

fact that the concept of stability makes no reference to the differential

equation that is to be solved, but is a property solely of the sequence

of difference equations,

If a difference scheme is stable it should be possible to define a fixed

bound such that with a certain fixed relationship between Ax and (At,

the solution will always be contained within this bound no matter how

many computation steps are executed, Expressed differently, because

a computer cannot calculate to an infinite number of decimal places,

each calculation step produces a round-off error, If these round-off

errors do not cancel each other out and remain within a certain fixed

bound then they will grow exponentially and swamp the calculation

producing the phenomenon of instability.
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In order to investigate analytically the stability of finite difference

schemes, either of the following two methods can be used. The first

method expresses the equations of motion in matrix form and examines

the eigen values of the associated amplification matrix; in the second

method the eig@m values are determined by using a Fourier series, The

first method is more rigorous since it includes the boundary conditions

but the second method is simpler and especially useful for non-linear

stability analysis where the attenuation of high wave number

disturbances is of importance. The following calculations using both

matrix and Fourier methods examine the linear stability properties of

the finite difference schemes mentioned in section 3.6.

(a) Linear Stability of the Lax Scheme

The linearised wave equations become from Eqs, (3,104) and (3,107),

when all minor terms are omitted.

aa pa
= See (3,126)

28 pA _ES gH es ° (3,127)

where H is the average depth,

From Eqs, (3.126) and (3,127)

2 2
‘AaA gu 23 mae (3.128)

ot ox

2 2

DQ - ge#2 8 - o (3.129)
ot ox
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Using Eq. (3.129) the Lax scheme is equivalent to:~

n n+1 n n n n

Co) ie i gt AO ka): @Q. Soa tO)
ee 5 El gh in jib =0 (8.130)

At Ax’

or a. [a-d |e [ents ]e +fa- es]
j 2 ae jt aed J 2 age jr

2

let gH 5 = Pr
Ax

meL _ e n n g: n
gers G- 49rd Q,+ra, + G- ir) Q (3,131)

If we consider just three grid points in the x- direction that

is j = 1, 2 and 3, then if we can prove that the above scheme is

stable on three grid points it follows that it must be stable on

any number of grid points,

Expressing Eq. (3.131) in matrix form, together with its boundary

conditions gives

n+1 n
Q 1 0 oO Qq

a, = |G@-$r) 2 ~ Gtr) g% (3.132)

Q3 oO oO i a

If the eigen values are represented by the symbol } then

n+l n
Q a oO 0 Qa

% = ° x oO a (3,133)

Q3 Oo oO x 3
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Subtracting Eq. (3.133) from Eq. (3.132) gives

qa -) ° ° Qi °

G- ar) @-d) G- dr) 1 & = 0 (3.134)

° ° (=) a oO

we get (Cay Gee) sO.

hence 4 eS X = 1 and, anit

If r<1 then none of the eigen values is greater than unity therefore

none of the eigen vectors are amplified, This is a necessary but not

a sufficient condition for linear stability, A sufficient condition

for linear stability is when the sum of the absolute values of the

elements in the rows of the matrix in Eq, (3,132) are <1,

hence |3 - 3r| + || + |3 - ar| 1 (3,135)

Eq. (3.135)gives the result that r<1, Hence the Lax scheme is

conditionally stable with a necessary and sufficient condition for

linear stability of

At 4
i (wr =1 (3,136)

Since dependent variables in the wave equation can be replaced by

periodicity conditions, they can be written as a Fourier series, i.e.

mt] n+l ei ink (k+1) Ax/L
Q = iftl (3,137)
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nt

in which k = wave number; L= wavelength; f % = Fourier

coefficient at time level (nt1)At. Let y = TkAx/L, then

substituting Eq. (3.137) into Eq. (3.131) gives

gol = iyj _ Ge we ety G1) ee x iyj

+ Got) fe VO) (3.138)

gorl ee de) cee det +h $x)

ooo =f [e + (4 - $r)(cosy + i siny + cos(-y) +i siny)]

gts ele ee or) 2 cosy] =f A, (3.139)

where Ay is the amplification factor,

To satisfy the von Neumann necessary condition for linear stability

|a,| <2.

= | + (1-4) cosy| (3,140)

qT aify= g then cosy = O and |a | = |r|

if y = 1 then cosy = -1 and |4,| = |2r-a|

Therefore as before the Lax scheme is shown to be conditionally

stable with a necessary condition for linear stability of

| r |<2 or

At 3
> Cee)ax <1 (3,141)
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(b)

Since | a,| <1 tor | r| <1, the Lax scheme can be used as an

amplitude dissipative scheme, When it is used in this way the

dissipation is generated from the eS term in the truncation

error,

Linear Stability of the Leap-Frog Scheme

Using Eq, (3,129) the Leap-Frog scheme is equivalent to:-

CoP agea+ Qos) Qe, - 2a + Qh)
nage eee gS SE ee ee ee ee i=l 70 (3,142)

at? ax?

With a three level scheme such as this we introduce additional

variables

v = 22; w = com oe (3.143)
ox

Bincemmribl@ ee
aegis gH aS oO

ot ox

by cant BYdt (eH)” 5x (3,144)

and

ow _ % dv
Bt (gH) a (3,145)

The difference equations for Eq, (3.143) are

7 n-1 n n
eon . n a 4, @, 5-1

vy Ai and Wg (gH) SS
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Substituting into Eq. (3.142) we obtain the difference equations

in our new variables,

n+l n n 4

Catv) 4 (w )

ee en) with it =0 (3.146)

ca .. wo) Ge y yott )

a_i - cent = HR Lg akan)

Eqs. (3,146) and (3,147) are equivalent to Eq. (3,142) and represent

forward and backward operators respectively.

Using a Fourier analysis to find the stability condition of

Eqs. (3.146) and (3,147)

n+l ze ay (j+1)
eke n+l ink(j+1l)Ax/L = ff. (3,148)

Via = zt e 1

aa n+1 iy (j+1)
wrth _ pp mH @ EMK(J+1)AX/L = Sf, e (3,149)
j+1 2

From Eqs. (3,146) and (3,147) respectively

5 no.cTM2 - 2%) ot - cent t [- ty) _ vod] m= 0
1 Ax

(3,150)

+ A eeap ye £5) Ray cen! At [. iy (3+3) _ 4 s-0] e a

(3,151)

ee 2 At y Toefy) f) (gH) ix [2 sind | f, = 0 (3.152)
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pptlee 2 22 Gaya. [a sin@)| eo (3.153)
2 2 = 2 1

x

ret (en)? At [2 sind] =o
Ax

Feet 0 [penitent fiestas oct lee
- (3,154)

a 1 A ° 2 to

S we Team GAG icy fraliee
= (3,155)

“yy Sod 1]]o 1 or

f n+l 1 a fi n

i Z (3,156)

f =o Ga) fy

If the eigen values are represented by X then

e Be eo ei
i (3,157)

SF ° d on

Subtracting Eq. (3,157) from Eq. (3.156)

(-A) a By = 0
2 = (3,158)

“a, (1-0-2) f, °

hence a) a-07-h) eee 6

12 Gace = 0 (3.159)
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0 2 > W H Q " vy » " I+ a
2

when q

If } = yi + 8, the following Argand diagram can be drawn,

FIG, 3,10 ARGAND DIAGRAM FOR LINEAR STABILITY

The von Neumann necessary condition for linear stability is satisfied

when

ae Ske or

2

eng) sin'@) <1 (3.160)

Hence the Leap-Frog scheme is conditionally stable with a necessary

condition for linear stability of

At 4
ix (OW? <1 (3,161)

The Leap-Frog scheme is also non-dissipative under this condition

since ja| =l1,
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(c) Linear Stability of the Central Implicit Scheme

From the linearised Eqs, (3.126) and (3,127) the central implicit

scheme can be written as

1 n+1 n+1 n n 1 ntl os
Tie 54a 7 95-1 + Gar 7 O52? * He a, A.) =0 (3,162)

a: n+] _ on gH Tate Fi n+l ee cs
ee @; 5) Gare Oya Ay + Aja Aj-1) Oo (3,163)

4Ax
If; = ¥ then from Eqs, (3,162) and (3,163)

n+1 ntl ae een. n n
Qa + TA, = Q5-1 = Qi +r AG S Qa (3.164)

n+l x n+] bd ee ax. wt n

jel mee © Agr RR as ty yt enn

Expressing Eq, (3.164) in matrix form together with its boundary

conditions gives

1 n+l n
uy oO Oo Q, - oO Oo Q

1 root A, = [1 r 1: A, (3,166)

‘O40 x a 0.0.7 | QQ

The inverse of the left hand side matrix is multiplied by the right

hand side matrix to give

n+l ri n
Q, 1 p10. i oo Q,

= gly akAy = 1 r 3 = = = A, (3,167)

q Ou 30 2 ° ° 1 Q
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n+l n

3 3

A, = |-2 a 2 A, (3,168)

q O70, 1 Qa

If the eigen values are represented by the symbol X then

y m1 n

Q3 Xr ° ° Q3

A, = oO X °O Ay (3,169)

q ° OX q

Subtracting Eq. (3,169) from Eq. (3,168) gives

(1 ) ° °O a fo}

-2 (1-A) 2 Ay = ° (3,170)

° 0 @-AdI/ a 0

We obtain (I-k)® = 0 ord, =%,=%3 = 2

Exactly the same result is obtained from Eq. (3,165), Because none

of the eigen values are greater than unity none of the eigen vectors

are amplified, Since the eigen values are independent of the

equation coefficients, this central implicit scheme is linearly

unconditionally stable, Also, since all the eigen values equal

unity, this is a non-dissipative scheme, all error being phase error,

Writing the dependent variables in the wave equations as periodicity

conditions, using Fourier series:-

oo le n+l me itk(j+1)Ax/L (33171);se tl iy(j+1)

jtl i -Q
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ntl. iy(j+l)
ml _ opp DHL, iMK(j+1)AXA, = Tf, (3.172)

lobe es awe

From Eqs. (3,164) and (3,165) respectively

: n+l a iy (j+1) eres n+1 ic ay) a ntl é iy(j-1)

1 2 aa)

Sieg CT ee tg ees OF? (3.173)
Z 2 1

n+l ay (JEL) or. . aby dyju G mtL iy(j-1)
fy e ¥ eH fy e f, e

gts, Syed) Ee heelys n_ iy(j-1)
f, e Sar fp oe +f, e (3,174)

From Eq. (3.173)

res (21 siny) + rf"? = 2,"C24 siny) + rf,” (3.175)

From Eq. (3.174)

n+l Pg DAU n 2 a
fy (2i siny) + at f, = £, (2a siny) + a1 (3,176)

r

Bet 2 eee ed =b

ai r f a mai r f, a
= (3.177)

b ai f, b ai f,

a mel ai ar: wai r fy 2
= (3,178)

ft, -b ai b aot: fy
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n+l 2 :
ft oe 1 (a°-rb) 2rai fy

ir 2 e 2
f, (a°+rb) 2bai (a°-rb) i,

ntl n
f = x oO f)

fy ° a f,

let Fac ery 1 oe

(arb) _ 2rai orl °
c c =

2
2bai (a“-rb)
= eel ie °

x? - ate%en) N+ dpetr + Ce*-rb)? © =
c 2 2

c c

x? o¢ePerb) N+ ea = 0
c

3
Ae = (a7=rb) m3 (a?=rp)” =¥

(a+b) (a24xb ic

(lee)

2 2

A = lia a (xp)?] =- [ia a py}
(a+rb) [xa- (rp)? ] [iar crn)? |

4 = - sa+(rb)? = -1
ia-(rb)
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(3,180)

(3,181)

(3,182)

(3.183)



(a)

ae
eae e da=Gb)e 9) (3.184)
g iat(rb)*

ril = 1, the scheme is linearly unconditionally stable

and also non-dissipative: all truncation error is phase error,

Since

Linear Stability of the Implicit Transport - Diffusion Scheme

From Eq. (3.76) the finite difference equation, with inflow terms

set to zero is written as:-

n+1 az u D ml | 1 Di Seerj+1 | 4At 4Ax Axe 4 2At 2

Reet > ers eee Sg ise?”
5-1 4At Ax 2 P jan at aAx

n ib D n 1 u DFine fe rica a TO aco ee -2,]-0 (3,185)
j Lk dt me ek 4ht 4Ax 2hx2

let a= ot and b = ea
Ax Ax?

n+1 n+l n+l
P54 (+a - b) +p; (2+ 2b) + 05 (lea - b) =

n n n
* Pyar ISS Bea) Bt of (2 - 2b) + p44 (l+a+b) (3,186)

Expressing Eq. (3.186) in matrix form together with its boundary

conditions gives
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m1 of n
1 ° ° 23 1 ° ° 03

(ita-b) (2+2b) (1-a-b) | | 0 = | (-atb) (2-2b) (l+atb (3.187)
2 2

Oo ° 1 ey oO oO 1 Oy

The inverse of the left hand side matrix is multiplied by the

right hand side matrix to give

n+l in
3 1 oO ° (2+2b) O Oo 3

1Po = (db) (l-atb) (2-2b) (l+atb)|-(1+a-b) 1 (l-a-b Pg (3,188)

04 °O oO 1 ° O (2+2b) Py

palo (242b) 0 ° e3 |”

oh
Po = (rap) -4(a-2b) (2-2b) 4(a+2b) Po (3.189)

ey ° 0 = (2#2b)] | 0,

If the eigen values are represented by the symbol X then

n+1 n
Pg eG. “=O: Pg

Po =]0 2% O}] 6, (3,190)

04 Om OL ks Py

Subtracting Eq. (3.190) from Eq. (3.189) gives

Ga) 0 o 04 2 |

-4(a-2b) (2-2b) a 4(at+2b) 25 = oO (3,191)
(24+2b) — (2+2b) (2+2b)

9 °
° ° q-d) 2
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We obtain

2 | (2-2b) s(-h) [ex = | = 0 (3,192)

i=b

Ry = NS SOP GS = ash (3.193)

Since b 2 O then | rg | <1, and therefore all three eigen values

have an absolute value less than or equal to unity, Because the

von Neumann necessary condition for linear stability is satisfied

this difference scheme is unconditionally stable,

Writing the dependent variable as a periodicity condition, using

a Fourier series:-

ml _ ppt) i iMk(j+1)Ax/L = yet] iy (j+1)
(3,194)

P54

From Eq. (3,186)

gel | a+a-p) elY + (242b) + (1-a-b) e -1y|

e [c-atp) o¥ + (2-2b) + (Ltatd) ov] (3.195)

pee (2 cosy + 2ai siny - 2b cosy + 2+2b) =

a (2 cosy - 2ai siny + 2b cosy + 2-2b)

mt1 _ .n | cosy(1tb) + I-b - ai siny|}_ ,na s acne + 1+b + ai siny | - ive (3-196)

where A, is the amplification factor,
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To satisfy the von Neumann necessary condition for linear stability

[A | <1, hence

cosy(1+b) + 1-b-ai siny

cosy(1-b) + l+b+ai siny
lies an (3.197)

Because b = 1, lagl is always less than or equal to unity for all

wave numbers, therefore this scheme is unconditionally stable, It

will also be seen that since |A,| = 1 only for the longest wave

length, this scheme is amplitude dissipative.

(e) Influence on Stability of Minor Terms

Minor constant terms in the equations of motion such as wind shear

stress, Coriolis force and inflow-outflow terms have an unstabilising

effect on central difference schemes, This can be readily seen

from Eq. (3.170), where the left hand side matrix no longer equals

zero, but a negative number causing the amplification factor to be

greater thanunity. Fortunately this instability is weak and is

shown later to be counterbalanced by the strong stabilising effect

of the larger bed friction term,

3.7.4 Non-Linear Instability

Non-linear terms in the equations of motion such as the convective

acceleration term and the bed friction term were neglected in the previous

linear stability analysis. For shallow water estuarine flows, and

especially stratified estuarine flows these terms are not negligible and

can influence the overall stability of the difference schemes used,
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Non-linear instability can be recognised from linear instability by

reducing the time and distance steps by the same ratio. If the scheme

is linearly unstable this will not alter the instability. If non—linearly

unstable, matters will be made worse since the increase in calculation

steps will generate even more higher wave number components,

The occurence of non-linear instability in numericai methods is due to

the physical process of transferring turbulent energy from longer to

shorter wave motions through the non-uniform characteristics of the flow,

The numerical model endevours to copy this process, but it is limited by

the fact that it cannot transfer energy to waves smaller than twice the

grid size, For this reason energy tends to accumulate at a wave length

of 2Ax and this results in an explosive growth of oscillations which

completely swamp the correct solution after some time, This process by

which non-linear terms such as udu » give squared terms in the difference

equations thereby halving the one, or doubling the wave number is
called aliassing, As an illustration consider the following difference

form of the term udu

ox

udu n,n n
Rey (ay 7 Uy) (3.198)

2hx

Written as a Fourier series where

SE 5 no itk(j+1)Ax/L
Yya1 = Uf e

eee fae. 2 coe EAZ/L) (3.199)
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Thus, components of wave number k, breed higher wave number components,

In the physical process, this aliassing produces steeper and steeper

waves which eventually break to form jumps, which at an interface in a

stratified fluid exhibit the phenomenon of entrainment.

It is not only non-linear terms in the equations of motion that produce

non-linear instabilities, An important contributor to the generation of

higher wave number components and consequent non-linear instabilities is

when a difference scheme is used with incorrect algorithmic structures

or boundary equations, For example, data must be supplied to every grid

point in a difference scheme depending on the number of positive and

negative characteristics at that point. If data correct for a subcritical

flow is supplied where the flow is supercritical, higher wave numbers

will be generated and the numerical scheme will become non-linearly

unstable, Similarly if the equations of motion are not correctly

represented at boundaries, again higher wave numbers will be generated

and the calculation will eventually become unstable,

One method used to suppress the growth of these parasitic waves is to

introduce a pseudo-viscosity type energy dissipation into the mathematical

model, ‘This has the effect of artificially smoothing the numerical

solution enabling the computation to continue. The procedure adopted by

Vreugdenhil (146) and others is to spatially average the computed

velocities at each time step using a weighting factor § and an equation

of the type:-

amt. a-& ay * rca caer) (3.200)eer ea

where ox 0,01.
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Central implicit finite difference schemes of the type described in this

chapter, require for second order accuracy two complete computations at

every time step in order to centre the equation coefficients, This

iteration process was shown by the author ( 52) to be an effective

dissipative mechanism for small scale damping of parasitic waves. Since

this dissipation is achieved by the difference scheme itself, it does not

have the disadvantage of the pseudo-viscosity method where one is never

sure whether it is non-linear instabilities that are being damped or the

small scale turbulent energy.

Another method used to suppress the growth of parasitic waves is to use

dissipative difference schemes, With these schemes the amplification

factor is usually unity for the longest wavelength but decreases as the

wavelength decreases, This means that parasitic waves and thus non-

linear instabilities can be suppressed while the longer wave components

may be very little influenced. Such a difference scheme that dissipates

the shorter wavelength components is called a dissipative difference

scheme, As remarked before with the pseudo-viscosity method, this

dissipative behaviour can either suppress unwanted parasitic waves or

cause an incorrect solution due to it diffusing the small scale turbulent

energy.

Dissipative difference schemes therefore have the property of simulating

higher order terms in the equations of motion when the flow approaches a

discontinuity. Since these dissipative terms are generated from the

truncation error of the difference equations, they should be small when

the flow is smooth and rapidly increase near a discontinuity in the flow

such as a hydraulic jump. A solution of this type is said to constitute

a weak solution of the equations of nearly horizontal flow, It should be
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remembered as pointed out by Abbott, Marshall and Ohno ( 7 ) that since

dissipative difference schemes possess both amplitude and phase errors,

the phase errors can either contribute to the dissipative process or

they may spoil it.

In order to study the properties of an amplitude dissipative scheme the

amplification factor is plotted against the wave number. As an example,

consider the amplitude portraits for the implicit transport-diffusion

scheme given by Eq. (3.197) and shown in Fig.3.11, It can be seen that for

b= 1 and a <0,1, the scheme attains its maximum amplitude attenuation

for the highest wave numbers while for b< 0,1 and a>1 the amplification

factor tends to unity for all wave numbers,

It follows that in order to prevent the formation of parasitic waves

caused by the generation of higher wave numbers and consequent non-linear

instability, 'b' must be chosen near to unity and 'a' less than about

0.25 , Thus

aphe 1 and BASS) 210.05 (3,201)
Ax Ax

The influence of non-linear terms on the stability of difference schemes

is not easy to prove, This is because different components of the

Fourier series will interact with one another through the non-linear

terms, However, following Richtmyer and Morton some idea of their

influence can be obtained by converting non-linear terms into linear

components with constant coefficients, The quasi-linearised momentum

equation becomes

2Q dA dA Eo é
at QU, SE ae = (3,202)

ca R
oo
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la,

1.0

On5}

0 i H i

0 iz

lad

1.0 b=0.1

f b=1

O.5}

o J i na ; ja

0 i 0 + +
k Ax/L > k Ax/L =>

b=5.0 a=5.0

FIG, 3.11 CURVES OF AMPLIFICATION FACTOR VERSUS WAVE NUMBER
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where suffix o denotes constant terms. The centred implicit difference

form of Eq, (3.202) is

a n+1 n u n+l n DAL ae
os @, @;) - a Aya Agel + aa Aj

eA: mee). n+l 2 n g/Q Bea Ce Aja + Aja Aj + «| Bl Q; = 0 (3.203)
Cc AR,

The centred implicit difference form of the mass equation is from

Eq. (3.162),

1 n+1 n+1 n n
tix jaa 7 Q Ge Q'j-1 A; = 0 (3,204)

Expressing as Fourier series where

ntl _ m1 inj(j+1)Ax/L ntl iy(j+1)
Qa =F oty e vf e

ml ntl ink(j+1)Ax/L ml iy(j+1)
Aye = vty e TEy e

Eq. (3.203) becomes

oe P ie 125] a fe ot [- 2u cosy = pode a, siny |
xc7a_R a

° °

apy © e | ou Goby Secon desing | = 0 (3.205)
" ale? “2ix
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Eq. (3.204) becomes

mAt tvcinylo moet eC’ a einy| — 2, = 0 (3.206)
ee 2 1 | 2Ax 2

ret o = & [ol*t ; 8 = au, cosy; ¥= Sot 5 8 = x
c7AR

oo

Expressing Eqs, (3,205) and (3,206) in matrix form

G@+a) -@+ya siny)] [2,]TM** 1 -(g-yi siny} [1,]”
(3,207)

6i siny 1 f, -6i siny a f,

Let a = Y6 sin’y and b = §6i siny

ee (1+bta) ya siny (24 -up] [£,]”
1face aK (3,208)

on (atb-a) (264 siny) (-btatlia) E

Also if \ are the eigen values

n+1 n
a » o| fz,

= (3.209)

ee 0 ae.

Subtracting Eq. (3.209) from Eq. (3.208) and letting c = (l1a+b-a) gives

2x - (24+2a+0) + + (-b74074+1400-2a-ag-bo) =—0 (3,210)
‘cS
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Solving Eq.(3.210) to find the eigen values we obtain

Qh = 2+2atat (a? + Bax #160 44b? +41)? (3,211)

For the longest wavelengths when y = 0, a= b=Oandc=1+4a.

21+ak=2+a 20"

A, =) == (3,212)

For the shortest wavelengths when y = z, a= 6, b= 0 and c = 110-76,

(2 +29 - 28. = 2+2yh 40 + G2 + anys +16Y5)2 (3,213)

2,2

Apa dg, = S404 Siar ay8) (3,214)
(1 +a + ¥76" - ayé - 276) + @ - Yea +07)

Ifa =.0 A, = 1. If Y&0O the flow is subcritical since e, = a - gH,

and la, <1 because a>0, If y&0O the flow is supercritical and we

have the stability condition as a —> 0, that y&1 or

a? ~ gh Sete (3,215)

In the limit if 2 >> gil, then approximtely

u_ At

_ <u (3.216)
2 Ax
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The above analysis shows that provided the bed friction is zero,

non-linear terms in the equations of motion do not alter the unconditional,

non-dissipative properties of the scheme. It can be seen that for all

wavelengths, bed friction increases the stability of the scheme, This

is an important property of the centred implicit scheme since this

effectively counterbalances the unstabling effects of wind shear stress

and Coriolis forces,

For the highest resolvable wave numbers to be continuously dissipated in

a real supercritical flow the non-linear stability condition given by

Eq. (3.215) is necessary,
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CHAPTER 4

EXTENDED IMPLICIT FINITE DIFFERENCE SCHEMES

4.1 Characteristic Structure of Well-Mixed Equations

The characteristic directions for well-mixed flows using

the extended equations with density as a dependent variable will

be obtained by matrix analysis after expansion and rearranging

of the equation system (2.1), (2.2) and (2. 10)><

Substituting Eq.(2.1) into Eq.(2.2) the dynamical equation

becomes

a Pigub hes - (u2b - ae3 (pQ) 2 3 (ph) (u*b Alp ay u*bip

2

+ egolol + (2u- v cos$) aso; - 2
C2AR ox

- k,o,u, lu, [> oO (4.1)

From Eq. (2.1)

20 Bor noe aD Pe teOno Pee pb Eat bh oe 45P5 n (4.2)

from Eq. (4.1)
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QQ.) 2uhb. 9p 0? 8b 28 Ce = ayn ohOs oe ioe (u*b 9A) 3y
ot pA 0x

4Ps

EC aay Chee aglOl Sows Su2ub a CZAR (2u - v cos¢) B + u*br

k ou, lu |b
cea ae = m" (4.3)

Equations (4.2) and (4.3) together with the equation for

the mass convection of the solute (ea. (2.10) with the

diffusion coefficient set to zero), that is

90cl Behe. ds ze enag +u Ox x (0, p) r (4.4)

plus the following three equations of variation

3Q 32 san OX + Bp at dQ (4.5)

ah ah ro
ox OX + op at = Gh (4.6)

3p 30 ieOx dx + at dt = dp (4.7)

can be written in the following matrix as:

AT



-(u2b-gA)

Oo u

° °

dt °

° dx dat

8Q
ox

2Q
ot

If this matrix is rearranged and x is written for dx/dt

8 for dQ/dt, etc., it may be expressed in the form

xe

° -(u2b-gA)

eb Q

-2w (- ©

oO (u-x)

fe} Oo

1s oO

° x
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bh

1
p (Q-2uhb)

Oo

(m"-9)

(x"-6)

dp

(4.8)

(4.9)



The condition that the first 6x6 determinant of this matrix

be zero defines the characteristics directly, this condition

reducing, by excluding rows and columns containing a single

unity, to

ep O° pb Q bh

ge) 1-x -(u2b-gA) -2ub (- 2) = (Q-2uhb)g pA ji Q

° ° ° (u-k) ° = 0 (4.10)

o x 1: ° °

° ° ° x i

we obtain

o [(u2b-aa) (u-x) + x (-2ub) (wo | + 2 [poco | = 0

ef. . 2
op(u-io[ #2 - 2ux + (BP | = 0 (4.11)

b b

hence

x) 23[i B tori? | (u-x) = 0 (4,12)
gA

The characteristic directions are seen to be

. . as
x = 7a; x “sata d (gA/b) (4.13)
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For a rectangular channel where A = bd, the characteristic

directions become

x = ur; x = us (gd) (4.14)

Equation (4.13) indicates that there are three

characteristic directions associated with well-mixed flows,

for the convection of the three dependent variables Q, h and p.

Two of these characteristics are associated with the convection

of level and discharge and the third x =u is associated with

the convection of the density. There are two more

characteristics to be added to the above three, namely those

associated with the diffusion of the solute. Since the signal

velocity of the diffusive shock wave travels at the speed of

sound, which is effectively infinite, these characteristic

directions are

Re ck 50S, (4.15)

The direction of the characteristics define the data

input to the field of calculation both at the boundaries of

the model and internally. Since it is necessary to know when

this data input or algorithmic structure changes a scan

procedure which monitors the number of positive and negative

characteristics is used. Clearly the algorithmic structure

changes when one of the characteristic directions passes
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through zero. From Eq.(4.12) the control function becomes

utb
ual - = 2) os (4,16)

gA

If T changes sign then the algorithmic structure has changed,

and the new characteristic directions are then calculated

from Eq. (4.13).

4.2 Extended Implicit Solution for Well-Mixed Flows

Equation System

The three relevant equations for well-mixed flows are

Eqs. (4.2), (4.3) and (2.10) which are the continuity, dynamical

and solute continuity equations respectively. Writing these

equations down again we have

3h 8g 3 - =eb an Pia + o 2 + hb 45°, ° (4.17)

OD argon Wh yy 2h, Qe y 22. OE eo
Fe tl eg ene omen pMig at. | RA

a.o, kp.ulu |b
+ Wels (ou - v cose) ee = 0 (4.18)

DS BA. (ps api) Sheep ohwhere A = B'h and ox (B' +h ah ) ox Bo

Say OP ayeeee. pM. 6 (4.19)
ot ox x2 A az i"

B' and B are called mathematical and dynamical breadths

respectively.
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Implicit Difference Schemes

The difference schemes coresponding to Eqs. (4.17) and

(4.18) are:

Hie) ijclee jel) =+ A505 (4.20)

n+l n n+l n+l n n

(3 By 23) e (2 2 wa) (2 Bie2e cjezie 5-2)
At 4Ax 4x

ges eee

n+l n

uhb Ce 5 Psa =i )ch fb joel ics lla = eee) 1ee

2 (She oj Pha fist) i pei( 1l8 a 9)
“2a 2 C“AR Ap
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qo. v cos¢ q.p. k pu Ju |b
Fok pipe PEE ahs (4.21)

cmAP 2 e

Eqs.(4.20) and (4.21) are written in the pentadiagonal

forms

n+1 n+l n+l n+l n+l
AQ... +B 40h" +p" +80. = F, (4.22)
52542 jo 541 J227 5° 5-1 4° 4-2 5

n+1 n+l n+l n+l n+l
Ath + Be sha CR Oie cae eee + Eth, = F* (4.23
gnge2 * P5P 342 * °3°5 3P 5-1 7 *9"5-2 meee

where

ieee ae eae ee = ehes
Piet six) « -24 ctnidae Cranes Sy ra

pe oe See i aay
D5 ax Zee 7 BG BAx /

n n n n n

e & 80+ Oh +A 2 Oy +Bopt, - :

i sega * CyMy * A5Ry-2 7 P4Pgaa * P4P4-2 7 Pa

ee ROEE gk Lub 7
3 Bix BAx At °

A fgtns ole eaubbe, 205 ee.
5 2pAt pdt 4padx *

n

Q.19 4,9;es Igilo geek
3 At C2AR pA

A ebtl, -a1Q 1%) why, Oats Y
; 2pAt pAt 4pAdx ’
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a eee

= Bix gdx At *

n n

Fe = E*h, + D*p. *J j j+2 541 iS (z-> + By). 1
v cos$ GPs k, eo. 4, lu,| b

n

+ A*h, . + ————— + ;

3 3-2 © ® ‘

For Eq.(4.19) the following difference scheme is used:

n+1 n+l

(cic) (5) «(eS ")

n+l n+l pa

3(22 7. Pua Pe

ae aa n n

_ 0(% tole a P42 P 542 2 204 a P-2 )
2 4Ax:

q.

+ oye +n n) - ° (4.24)

Eq. (4.24) is written in the tridiagonal form

n+l n+l n+l
A**, + B¥*p, + Cee = (pk (4.25
3 P5342 io 3 P5-2 3 }

where

1 u D
ie = aus

aj zat * GAx ~ 4hx2
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Z D az
BAN SS ee oe
J At | 2Ax2 (2A &

Gn 20 oS D
2At 4dx 4Ax?

a,
1 u D n 1 D 4) n

ee Peni eoe one eek

DS (sz Zax * oz) P5427 ( Be ~ 2x2 ~ 2al °5

q,e,
1 u D n Lodee: ;ere 4x iz) 2 * Be ge

It can be shown (Section 3.7), that Eqs. (4.20) and (4.21)

are unconditionally consistent with Eqs. (4.17) and (4.18) to

truncation error o(Ax2, At”) ana have almost zero amplification error

for all wave numbers, so that they are linearly unconditionally

stable. Also Eq. (4.24) has been shown in Section 3.7 to be

unconditionally consistent with Eq. (4.19) to truncation error

O(Ax2,At2), while its amplification factors tend to unity as

dispersion effects tend to zero.

Algorithmic Structures

In well-mixed estuaries the flow conditions are always

subcritical therefore as shown in Section 4.1, the dynamical

equation system provides one positive and one negative

characteristic. At every grid point in time and space there

will therefore be two negative characteristics, x=u- (ga/b) 2

and x = - », the former transmitting information concerning the

level or discharge convected and the latter concerning the

density diffused. Likewise there will be two positive
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characteristics, x=ut (ga/o)" and x = ©, the former again

transmitting information concerning the level or discharge

convected and the latter concerning the density diffused. As

well as these four characteristics there is one more, x =u

associated with the convection of the density. Since the

direction of this characteristic depends upon the flow direction,

a generalized algorithm must be introduced such that when the

flow direction changes so does the algorithm.

Consider Eqs. (4.22), (4.23) and (4.25) on the grid of

Fig.4.1 and the algebraic relations:

el n+l n+1
myey = By Pye 88 Ty (4.26)

Ree =e, a 3, i +8, (4.27)

bane wae ng’) + By os + 8g (4.28)

eee. wes Git eee os + os (4.29)

As is indicated in Fig.4.1 by the double circles, two-point

boundary data are required at both ends of the grid, one data

point being an elevation or discharge and the other a density.

However, if the flow direction is positive at a grid point, no

data concerning the density being convected can enter that

grid point from the right. Thus, in the generalized equations,

Eqs. (4.28) and (4.29), the recurrence coefficients, a* and = *
4]

must be set to zero at that point.
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DENSITY #QUATION

ee ee

MOMENTUM EQUATION
OW Or

MASS EQUATION

ae ain ia

Q p h p Q h )

©——_© ~O. o- oS fe ©——-©
j=0 1 2 3 4 dure jj ji+1

* * *

e= 0 a=0O a . € a

Cs Peto ea G *

0=% S=—p, 8 8" 8 7

FIG. 4.1 COMPUTATION GRID FOR WELL-MIXED FLOWS
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Recurrence Relations

By substituting Eqs.(4.26), (4.27), (4.28) and (4.29) into

Eqs. (4.22), (4.23) and (4.25), recurrence relations can be

puilt between the coefficients of Eqs.(4.26), (4.27), (4.28)

and (4.29) and from these a double sweep algorithm can be

constructed.

From Eq. (4.23)

A*h + BY, + C*#Q, + D¥p, , + E*h = F*
stp pyre sed, a a-k, a 32 j

substitute Eq. (4.26) for hao

ath... + BY, + C#Q, + D*, + E*(a.9, , + +6 = F*

Shyaa * PZPgan + $24 * PGPg—a * BPlyPy-a * 85% * 4) 5

substitute Eq. (4.29) for P51

Ath, + 3% + Q,(C* + E*B,) + (D* + E*a,)
FPya2 * PPP jar * 255 * F5P5 joes

* * * = te *

C $4125 + Fan Pyar * Sar! Kae

[cx + E*8, + (D* + E*a,)e* J = 0, le B* - (D* + E*a,)o*
25 J i a 33 3+ P54] J j 3 3 haa

-h,,,a* +[F* - EX, - (D* + E*a,)0* ]jt2 5 [3 i A jj +1
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comparing with Eq.(4.27) the recurrence relations at the h

sections are

= [- p* - (+ * * mn SAS
cya 7 [PP OPT PP Gales Be ag/x

: = Ee — Bf a XG 4.30ae [ se ea $05) 88.4 ]/ (4.30)

in which xX = C* + E*g, + (D* + E*a,)e* aif th
n whicl ; 385 ( ; 705) e541 or 2

discharge is positive X = (cj + Eye)

From Eq. (4.22)

AOe et B +C,h, +D, +E = F
42542 7 B4Pgaa * CyPy 7 P4P5-2 > PUP5-2 7 By

substitute Eq. (4.27) for 25-2

A +B, + Ch, + D
ySjaeee Ese Sel

FEY (Ee, te ease = F

pesmi a 5

substitude Eq. (4.28) for Pyna

A +B. + (C, + E dh
AWP542 * ByPjsa aa

Ds (oF jh, + OF Re 6.

# (Dy + Bye) (OF shy + Baayen * Shan) Fy My%y
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He{Ga + Bot. ascn (Dei E ess[ Hea jesus ciel 4 53) |

_..[- B, - (D, + E,e,)8%,,] - 4,2,esa 37 5 5€3) 834] 52542

BPE 0. — (Det Boe oe[ Asa 4 583) 5ha

comparing with Eq. (4.26)

oy le By et Bs ee at) Byag oye

an [F, - £0, - (0, + Bse5)63,.)/% (4.31)

in which xX = c yi Bity + era a Eh or if the

discharge is positive xX = (c, EF Byo,)-

From Eqs. (4.26) and (4.28)

Psa = 9554005 * PsraQyer * Syaa) * 9g + 95

substitute for P52 from Eq. (4.25)

1
= *, + B¥*p =— D*e*) ——

Ogg, Fes ase

= oF (45 4105 - 85412541 + S541) + 84, + 6*
j J
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B**

ae - Bt) = *

byt Ge Geta ey 542 (58 54)

ae nee

* ha+ cy P 542 + (038 543 + 83 oF )

comparing with Eq. (4.29)

aA**

* = * : * ee :
Fo OS jue ee 422 ‘ - yam

pee

i On aR a OPS ae xi (4.32)
5

Bx*

in which X oe oF =) eT = 83) or if the discharge

(4.33)

is positive

* Ol; * = - A**/(BE* + CHRB*) ;eS o342 5 7¢ 5 5 85)

ox = (Dt = C#REH) /(BE* + CH*B*) |

jx em ge as?

From Eqs.(4.27) and (4.29)

Ore mete

substitute for p

sieetjeae

2 from Eq. (4.25)

+ O*

ee

j-

- (A**p + Bt*p, - p**)
Suet wale o ee

met (en Opt Cee tae tO) hep + Oe
jog j+1 j+1 j+1 3h BI)
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=e See eee Nic *p56 - ee 53) Pyar (55541)

Axe p**

Bere Wr Pes oay 185 F ae )

comparing with Eq. (4.28)

aAt*

Fin = SFE yua/X? Biya = | oF Y/k 5

pe*

Se = (e40,,, + 03 — ce )/X; (4.34)
j

Bee

a -Ge ate eein which X ( Ci Set op). or if the discharge

is positive

a* = 0; Be = A**/(BY* + CK* T*) |

jx PB oa) AGS ohare 53?

8%, = (D** - C#* 0%) /(BS* + CH* 8) 3 4.35
jae Berg Ca ceas) ean ces: 4738)

The recurrence coefficients are calculated from the

left-hand side of the grid by setting the boundary data there

to the coefficients at grid sections 2 and 3, as shown in

Fig.4.1. At the seaward end of the grid the density is a

function of the upland discharge and therefore cannot be

used directly as a boundary condition. It is found, however,

that the density gradient at the mouth of an estuary is

independent of the upland discharge, and this is used instead.

If the density gradient here is denoted by Ei. in which
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n+l n+l
P55 = 5541 - Pg5-1)/ (24x) then from Eq. (4.28)

n+l n+1
= Monee + hae, 1-8, 4.

ert nae en Sager a

Using this boundary data plus the vertical tide at section jj,

Eqs. (4.26), (4.27), (4.28) and (4.29) are used alternately to

calculate the dependent variables. For second-order accuracy,

this computation is executed twice in order to centre the

equation coefficients.

Characteristic Structure of Two-Layer Stratified Equations

The characteristic directions for the two-layer stratified

flow equations will be derived, by matrix analysis, and their

use as data or algorithmic structure controls in stratified

models explained. It is necessary first to expand and

rearrange the Eqs.(2.11) to (2.14) into a form suitable for

matrix analysis.

From Eq. (2.11)

ah, 3p 92, p

bypweeger Pata ane target On cae = basPtneoaaiem se

he Pi es, se eatia Bea nae
2 8t ox Gia! g29 po ot py ox

ie 5 (4.37)
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From Eq. (2.12)

dh ap dh a a9
1 i 2 i iL

bP, Fe + Pyhy Ge 7 P21 Be 7 Paha “Ge * 1 “Ox

80,

+ Q, ~y - by (Ogay-Pyay) - aye, = 0 (4.38)

ah,

Substituting for te from Eq. (4.37) into Eq. (4.38)

3h: F000 30 b ae,
Bet eds ee ‘ a ii

Nl ogee ee) Be ae Pr A) *

See Fe: ey ee
®, dt py 22 121 dt 9, Ox

Q, 2
- a = b! (4.39)

2

From Eq. (2.13)

=

, os goo Zi eae ea ete oy eBD
2 ot 2 ot Zed; Ox A, ax 2 "2 Ox

an, an,

+ pyg(l-e)A, GE + 099 Ay Gy ~ Py (074,44 -PaIp"y)

©9212,
+, + aaa et (4.40)

Zope ares ' 1
let Ay Boh, and (A, + A) Buh, where By and By are called

mathematical breadths, then

—2 = @! +h —*) a (4.41)
ox
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ah oh
{es (4.42)

‘

1
ase Bade pals

a Ee sane algae 1 ox

where B, and Bo are called the dynamical breadths of the
1

channel.

aa,

Substituting Eq. (4.41) into Eq. (4.40) to remove a

8Q aQ. oh jh,
ee 2 ae i a 2 ]
Be 292 Tem oe ae. | Fox [sa Dey eho

2

gee eee Ot gtd}
0, ot P,A, 9 pe Sine aco

92,12,|
2s 2 ;

a= s lig (4.43)
Cc ALR 5

= - u2 =let [sa e)A, - Uy B, | e'

From Eq. (2.14)

2; Sauk Be od Set cig | 2. ( ive on,

ie wot 1 %t ll ox A, ox LUN! sex 2 ox

my °,92, 12, |

+ P\9B, Be ~ Py (Pya4Q¥y7P 4%) * CZAR,

- Tbh, = vy cos Cay = 0

20 2, oh ah,
i sok ye ok a2 2p. —2
ee Ou ors ope oman ear

>

Bee eee Pa eee et
re oe ee ae

9% || | 2, “a SSE ae vere
acme | ES = :
Gar, Py ey
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eae, etlet (ga, uy B,) £

Hence, the equations for the two-layer stratified flow can be

rewritten from Eqs. (4.37), (4.39), (4.43) and (4.44) as

Continuity Equation (Lower Layer)

2

bo at * Ox

oh aQ. 2

Continuity Equation (Upper Layer)

92,

1 ee * Ox * Oxb = b!

Dynamical Equation (Lower Layer)

92. 9Q. dh. oh
—2 m2, ak ee eee
Geet ox 9°21 ox eine

Dynamical Equation (Upper Layer)

i Beret oats 2 oleae

Rect, pent © poe, C2 noe ete

If level h in Eqs.(4.45) to (4.48) is replaced by flow

cross-sectional area A, then since

9A, 3h. oA oh oh
2 i. or t 5

me Sp oe eee Te . Da cae

aa, ah aa, ah ah
aE i a eee ae

Eqs. (4.45) to (4.48) become:
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Continuity Equation (Lower Layer)

Bho ee meaiag seek. fez the2ie es es ee s, =e 3
Be * x * be Ty ae Pel ia eee Cac

Continuity Equation (Upper Layer)

oA. 3Q. Q, ap op
RE er Sagres ae ae ele gee ee gle

ot ox ey ax Py 2:2) 01 Je gat

qe

ae n (4.50)a
= b,( 5 - a) + 2

= = "and let (bh, b,h,) k".

Dynamical Equation (Lower Layer)

Pea Ae. A eae oe
ae * 2 2 by b, | 2x

2
geA, 9A. 2, 202 Q ap.

axb, Ox Po at PA,

92, lo, | tb,
= b, (eq), -454,) = CARRS 7 > + gA,I = s' (4.51)

g(l-e)A geA,

and let -u,? + + =| = e"
2 Z

Dynamical Equation (Upper Layer)

22, aie 22) oo a 5, aa, a aa,

ot ox: b A: ax bi. trex
1 1

Q, 30 Q,? a au
do eh ah 1 2
eee te Bae =

6, oF PA) Ox bye = hy) At



_ 92,121 ¥, cos aye, tb,
+ = x (4.52)

2,
CAB ei oy

SAT.
and let (—~-u,?) = £".

Dee

Equations (4.49) to (4.52) together with the equations for

the mass convection of the solute Eqs.(2.15) and (2.16) with

diffusion coefficients set to zero , that is

3p 90 bog
2 de 2082 Smal i.

Bez oe 7 Ry (Py=P,) om MasO8)

8p 30 boa q.
ee ag ee tes eas (5 5 oeSet Oy Sax ay (05 °,) + a (6, °,) + (4.54)

plus the following six equations of variation

2Q, 9Q,

x + Z_ at = aQ, (4.55)

oA, 3A,

mag oe +E at = aa, (4.56)

225 2Q,

ag OF + Ge GEL = aQ, (4.57)

aa, aa,
Tan OX +e at = aA, (4.58)

80) 8p,
ae ape OH (4.59)

3p 3p
2 2 -

aa Ch arra at = dp, (4.60)

can be written in the following matrix as:
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691

2u

dx

°

dat

dx

a °

° i

O° °

O° 2u,

° °

° O°

O° O°

at °

° dx

O° °

° Oo

° °

dat

dx dat

dat
L at

be
ox

Py
ot

OA. l

“Ox
aA,

ot

,
ox

22,

ot

aa,

ox

8A,
ak.
at

90,

ax

ey

ot

a,

ax

ap

If this matrix is rearranged, and x is written for dx/dt, Qy for aQ, /dt, etc., it may be expressed in the form:

(4.61)



OLl

a Q) ao a
1 ° -x ° ° ° o ° = - o o (n'-A))

e

: : 2, Boho :
Oo fe} O° ° 1 fe} -x ° oO Oo —— — (m'-A,)

a P2 Po a
: oe. QT 2 ‘

(2u,-%) ° : o ° ° —_ 0 — = oO ° (y'-0,)
1 b 9,4 p v

i. it 1 .
geA, . Q, Qo a

° ° D ° (2u,-x) ° e" ° ° O° ar = (s'-Q,)
0272 i)

° ° ° ° o ° ° ° (u,-%) ° ° ° (t'-p,)

° ° ° ° ° ° ° o ° ° (u,-%) 0 (x'-6)
(4.62)

x 1 ° ° ° ° ° ° ° ° ° ° 9,

° ° x 1 ° ° ° ° ° ° ° ° A,

° ° ° ° x i ° ° ° ° ° ° 9,

° ° ° ° ° ° x i ° ° ° ° A,

° ° ° ° ° ° ° ° x 1 ° ° ey

° ° ° ° ° ° ° ° ° ° x 1 P»

The condition that the first 12x12 determinant of this matrix be zero defines the characteristics

directly, this condition reducing, by excluding rows and columns containing a single unity, to



(€9°)
°

=)
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we obtain

[ 52 2u,-50 (2u,-%) + e"x(2u,-*) + £"X(2u,-X)

gPeA,A, e .
terete J (a. =x) (uj-x) = 0

Be 1 Z

1

or

ee sé g7eA,A,
[(20,-#0 er "| [c2u,-%% + e"] = at

2

oy

(u,-») (a-x) = 0

gA. g(1-e)A, geA
Receeel eed “he pee Dimes

{ fee, x)x + By 23] [i20, x)x + Bp + By uy ]

2
geA,A, ‘ r

ee ee (u,-x) (u,-x) = 0
= a 2

ib

=x) 2 -x) 2(ay x) by (ay x) by by by

Lt Saat 1S ae aes =e ee
ak a2 uf 1

(a,-») (a,-x) = 0 (4.64)

Eq. (4.64) gives the characteristic directions for a

two-layer fully stratified flow in a channel with vertical

side walls. This equation can be simplified for a rectangular

channel, where b) = boi Ss = bid, and Ay = bod, to
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L= —=— ]h lt - ——__ 17 € (u,-x) (a,x) =O (4.65)

Eq. (4.65) indicates that there are six characteristic

directions associated with a two-layer stratified flow, for

the convection of the dependent variables. Four of these

characteristics are associated with the convection of level

and discharge (two in each layer) and the other two which are

seen to be x= ay and x = Up, are associated with the

convection of the density in the upper and lower layers

respectively. The characteristic directions associated with

the diffusion of the solute are x = + © in each layer, since

the signal velocity being the speed of sound is effectively

infinite.

Since the direction of the characteristics defines the

data input to the scheme we need to know when this data input

or algorithmic structure changes. Clearly it changes when an

x passes through zero, thus from Eq. (4.65) for rectangular

channels

2 2

ora Ge eae eee | teen (4.66)
12 a4, 3d, :

Hence, if I changes sign then the algorithmic structure has

changed, Eq. (4.66) is called the control function of the

equation system (4.49, 4.50, 4.51, 4.52, 4.53, 4.54).
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In each layer the three convective characteristics can

assume one of the four algorithmic structures shown in

Fig.4.2. Fig.4.2a shows a situation when the flow is

supercritical flowing from left to right so that the three

characteristic directions are positive. Fig.4.2b shows

that the flow is supercritical and flowing from right to left.

In Fig.4.2c the flow is subcritical flowing from left to

right whereas in Fig.4.2d the flow is again subcritical but

flowing from right to left.

Considering both layers coupled together, it is clear

that there are sixteen possible algorithmic structures for a

fully stratified two-layer flow. These various algorithmic

structures are shown tabulated in Table 4.1, using the

following abbreviations: sub for subcritical; sup for

supercritical; 1 for left; and r for right.

A computational system for the calculation of two-layer

stratified flows requires both a scan procedure and also an

eigen value procedure. The scan procedure scans all the grid

points at each time level using the control function T to see

iff any of the characteristics have changed sign. If a change

of characteristics is found then the values of the new

characteristic speeds are calculated from the eigen value

procedure and a new data-point matrix assigned to those points.

Using this data-point matrix information, the computation can

be directed to the correct computational procedure at each

grid point in turn.
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(a) (b)

O——O CONVECTIVE CHARACTERISTIC DIRECTIONS

O---O DIFFUSIVE CHARACTERISTIC DIRECTIONS

FIG. 4.2 CHARACTERISTIC CONVENTION FOR EACH LAYER
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DATA — POINT LOWER LAYER UPPER LAYER

MATRIX

(1) (2) (3)
pa eee

: a sup l+r sup l+r

3 e 1 a a pensu a UW ~my 3 2 ows ie sup 2

Oo3 sub l+r sup lr
2 1

0“ sub rel sup l+r
tog 2

0
0 ¥ sup r . af sup ral

03 4 re 1 7 r a r+l

0
2 sub l+r sup rel

2 i pas sen say
0

3 sub r+l1 sup rel
1 ee,

: e sub r>+l sub rel
1 2

1 2
sub l>r sub rel

2 1

1 2
0 3 sup r~+l sub r2-l1

; Z al b ni3 0 sup ~r sub r+

: : sy Dhue3 0 sup ~r su -r

‘ : ou b 10 3 sup re su ~~ =F

: A foal bies at3 1 su = s ~-r

2
1 sub rel sub ler

TABLE 4,1 DATA STRUCTURES
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The determinant given by Eq. (4.63) can be reduced to the

following determinant, when the characteristics associated

with the convection of the density are removed and a

rectangular channel is considered.

Uae g ° g

a, u-x ° °
x ic (4.67)

O° €g woos g

° ° a, u,-*

The four characteristic directions can be found accurately

using a standard eigen value procedure. However, even a

simple eigen value procedure needed to solve this problem

uses considerable time and computer storage, therefore it is

better to use the following approximate equations if the flow

conditions allow this.

au, + d,u
3 272 4Aare iE [s¢a,2,)] (4.68)

A my V2 4
Se saan Ee ute eric ed Gees

(a, 44,) (a74,) (a, +4,)

These equations are valid if ay and uy << [ocarap]* and

ee 1.
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Eqs. (4.68) and (4.69) give the characteristic speeds of

the surface and internal long waves respectively.

4.4 Extended Implicit Solution for Two-Layer Stratified Flows

It was shown in the previous section that for a coupled

two-layer stratified flow there are a total of sixteen different

algorithmic structures. However, if each layer is considered

separately there are only four different algorithmic structures.

It is therefore prudent to use a fractioned steps technique

so that each layer can be calculated separately, without

uncoupling the two-layer equation system.

This is achieved by splitting the centred implicit finite

difference equations for the lower layer into two halves, so

that a four level scheme is obtained. The second level of

this scheme then calculates new values for (hy, Q, and P,) at

time level (n + Z)at, from known values at time level nAt. The

third level calculates new values of (hy, Q) and e,) at time

level (n + 1)At and finally the fourth level calculates new

values of (hy, Q, and P4) at time level (n + 1)At.

Equation System

The equation system for a two-layer stratified flow is

given by Eqs. (4.45), (4.46), (4.47) and (4.48), which represents

the dynamic part, plus the two mass equations for the solute
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Eqs. (2.15) and (2.16). Eqs.(4.47) and (4.48) need to be

rearranged before the finite difference equations can be

3Q.

written. Substituting Eq. (4.45) into Eq. (4.47) to remove =.

22, oh ah, oh.
ames aoe ae aes ge onesie |= 'aah geA, a + e' Gy 2u,b, oC c 2u,a (4.70)

3Q,

Substitute Eq. (4.46) into Eq. (4.48) to remove a5.

3Q dh oh 9Q. oh
1 . a ge 2 2 Bo) e feck, S

eS epee Nae hicox yk, (2 ox ool peels

(4.71)

From Eqs. (4.45), (4.46), (4.70) and (4.71)

Continuity Equation (Lower Layer)

dh. 39. bh, 99 Q, 99
2 2 Diop ee 2 oe

bo ae *te +p, oe 8, ax ~ P2leaya) (Te)

Continuity Equation (Upper Layer)

paeie ese ly Pe ee
Lt ox ox P, a Py 22 21 at

Q, % Q, 3 q q.e
ee eo) ar 2 i

ee ee by ox = b, (= -a,) (re) + ; (4.73)

Ug)



Dynamical Equation (Lower Layer)

30. ah ah ah, 2 2h. 0
2 aaa Zines ane 2

fe Ap ae poe Peet, eS Se

22 Po
Soaps uy (boa9-2b,ea,) + uyPoa)°

92,|2,1
-a > (4.74)

BOR Pa

Dynamical Equation (Upper Layer)

20 ah ah 30 ah
Tee ne per: Sas

Re Sh aoe eT Oe Leake, Uh) cee Oe

9p)

[a + 2u, bjh,-b,,) | oe

2u,b,h. 3e5 2u,2, a5

2

Bis Pret
pA, ox ey

Lice

x usbo4, vy cos$ a,
(4.75)

er;

Implicit Difference Schemes (Dynamic)

The equation system (4.72), (4.73), (4.74) and (4.75) is

written in the following finite difference forms.
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From Eq. (4.72)

n+5 n n+l nts

Doe Gia? Beet.
b se IIe earl Ig ee ag eh

. At At

+1 +1 n+; ns n
oenalo.” -%, oe ag

Pt +2 5-2 oi 442 j-2 442 4-2

16Ax 16Ax 16Ax

nn; n n+; n

Boho P2441 _ <n ea mc -1ns J i a i j

Po 2at 2At

punted 5 aes peepee

2. Z, 2. 2.
” jt+l j+l e, ao ok

2At 2At

5 ey net Coe

Q 2. 25 22 25

Peete mete te
Po BAx BAx

+ (4.76)



From Eq. (4.74)

+1 ny
Cuan,
eee

At

a” im a? he ae

+ geA, Beg) tole) eer te 2:
8Ax 8Ax

ae - nee ee a te

co +2 2S 4+2 j-2

16Ax 16Ax

nh” i n," Bee os n”

j+2 3-2 +2 +2
+ =o 2u,b,

16Ax 2At

nee E a” noni “ mee es * Ay

" 3-2 3-2, +2 ja2 ‘j-2 3-2

2dt 2dt 2dt

n+5 n n+; n
° = 2: ep = 2

Q. 2b,h Zz ex 2. 2
¥ Ba. ae - 2) jt dey gd 4-1 4-1

Pe yi 2at 2dt

ntl ny n+l nts
Po ae Po Py

& j+1 j+t : gai tae

2At 2dt

aera es i

eee Zu at, yaa) yeu

eae BAx BAx
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261 j j n. n+5 n¥3 ntl!

+ BE Ait - 8 — (0, 1" 0,410, 19 0°
1 2 2c ALR, J j j 4

th

a (4.77)
Po

From Eq. (4.73)

ro +1 +1

a oy Rye ati Rys Oe
_ 4 Al "442 jez(-" re 442 4-2

‘ At 8Ax Ax

+eit oaths pears ep
oe cane oh, | 2, me

Ee | ee ena pe oee ee)

4x 93 At

Reece Re eee

If a ly :

as (bjhy-b,h,) erst sel hips moe lest al

a 2dt 2at

oe eo oe

Q 1 2 1 id
peu p+. jana +1 1

Py 4x 4hx

Q eg a. q q.e
ay 2 |) ee a - a,) (-e)+ Li (4,78)

22 2x 1
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From Eq. (4.75)

+qn u 2," ha tb Be ee a n,”

i ues 442 f225 | 442 4-2

At 8Ax 8Ax

oe on oe oes

Hoa ty gee a

2At 2ht

2 pie ee Peak ipa

eee a ee yeh raged

Pay 4hx 4hx

5 nH; 7 n

_ duybgh, | 2 2

pe at

ee gaan i ae ee a ae

i ante jt JET 25 +2 =2

up) 2dx 4hx

n+l n

bo x 24405 Ee= x2 |a,(-22) + 2a,0- 5) - =a eee
3 ou eg

body ont g (ie Po a) ‘ tb,
ema 2) CPa,R aioe 2}

(4.79)
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Four-Level Implicit Difference Scheme (Dynamic)

The difference schemes for the lower layer that is

Eqs. (4.76) and (4.77), are now split up into two halves.

The first half forms the second level calculation from time

level nAt to (n#s)At and the remaining half, the fourth

level calculation from time level (n+3)At to (n+1)At.

Eq. (4.72) is written in the following proposed difference

form for the second level of a four-level scheme.

From Eq. (4.76)

+ n Hy iin,” 7 h, me a, oe 4s Q Rees. ae

5 Se +2 4-2 +2 5-2
by + +

At 16Ax 16Ax

n#y n n+; n
boh Bol bes Po e "aD

+ 22 442 442 3-1 3-1

P2 2bt 2ht

n+; n¥; n n

a el 02 2a
re | ee ee

2 8Ax 8Ax

Pa
aa (eq,-4,) (4.80)
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Eq. (4.74) is written in the following proposed difference

form for the second level of a four-level scheme.

From Eq. (4.77)

5 2 mee ie 2a

ar Saye Ss Lee

16Ax 16Ax

noe ei hoy h nts _ n°

+2 542 25-2 j-2
- 2u,b, +

2ht 2dt

P nik Pon nts oo

p 2 ; 22) 2 yaa i Fee yea

Po Bo 2ht 2ht

n+; n+; n n

ee) | eo = Po Oo apne
oe” ‘41 d-2 , +1 j-1

Poo Ax BAx

n¥5 n

2% £ 25 boa e re

SG pap=2P ota? 7a Tones 1)
2 BS 3

n

g|2,|
oy nts eS

-—- Sg (4.81)

PAR, j e2
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Eqs.(4.73) and (4.75) provide the third level of the four

level scheme. The proposed difference schemes are given

by Eqs.(4.78) and (4.79) respectively.

Eq. (4.72) is written in the following proposed difference

form for the fourth level of a four-level scheme.

From Eq. (4.76)

+1 +H +1 +1n” co hn” a5 nae - ome 2," i" EP

_ ij Himes ins | pee oma) =2 ga2__ 3-2
a At 16Ax 16Ax

pa aes eae ont

b,h 2 2 Pe 2
pouzn2 41 jo 7e1 j-1

Po 2at 2at

n+; nt; n+l n+l

Op east eee Pea
—_ +

oe 8Ax 8Ax

Bo
= > (eq,-4,) (4.82)

Eq. (4.74) is written in the following proposed difference

form for the fourth level of a four-level scheme
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From Eq. (4.77)

+12" on hore x nt

ES Ue ee aca, Je 2

At BAx

h nt; _ Hoa ey = nt

Bas j+2 joo j+2 j-2

16Ax 16Ax

+ne Ly et no F a

j+2 j+2 j-2 j-2
i u,b, +

2dt 2dt

n+l n+; n+l n+5
=? ° -?

a eae 722) Py ys, set j-1
eo 2 2ht 2t

A n+; _ o n¥; - n+l bi n+1
n 

=

mes. ei 2 {eae eye)

PoPo hx Bhx

Ona - or Z

. qe

= (b,q,-2b,eq_) ee es nee
2 lieu: 4A 2A ai

2 a j

n+

g|2.| i b,t
n+l Z

= Q han (4.83)
2c?A,R, 4 2

Eqs. (4.80) and (4.81) can be arranged in the following

pentadiagonal forms for the second level calculation of a

four-level scheme.
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From Eq. (4.80)

i 9 nts ( Bobo a 7) ) na Dy not
Tees Sopa ose SRO 2a A Ay

{2 oO eee 1) ont

2p ,At Bp pix! °2, 5 tedx | *2,_

= (-s) 0," Se ) 0,”
Tax ’ 72,5 2p bt Bp,dx/ °2,,,

+ Bo h pe + ( Be2s2 + ee ) Pp Bp
At 2 2p At 8p Ax 25-1

cls n aaa 2 a 4.84
doremchipaes 42) aarti a2) eee

aoe)

From Eq. (4.81)

2

lege ata ent [ 22 an eases ie ee Je n+
16hx At Peg 2p At ay apa jbe J P25)

é gle,|"
Ins (2 419722*43) lets nts
Be 2 :

2 2c?a,R, 5
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( eh “22 & nt;
1eAx = At 25-2

e! UpPo n 25
+ ( T - Ho =<) |eop. at16Ax At 25 42 P 5

oe | me
0
nN

Nns
Nn
>
nN

Le}
N

n

<5

boae
( e! “2 i a os

2Iéhx ~ At Seas ty

n n
Rene eh,
1 42 1. 5 x th 2

arses Bax 20,

n+5 ns

AQ).
j+2

n+; as
ath,""7 + Btp,

fei c#g,"* a pip"

J 2540 Vey 25 32557,
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Eqs. (4.78) and (4.79) can be arranged in the following

pentadiagonal forms for the third level calculation of a

four-level scheme.

From Eq. (4.78)

Te eg ntls [ oe poor | pon iy pce
BAx T5420 49 4x 2p, At jt At 1,

: [- oie pees | Aone dele ig Ree
4p Ax 2p, At ea 8Ax 1yo

soa eat Be 2, b,h,-b h | ie

ve . 4p Ax 2p, At aL

Ser [ Qi pa at | oe i eg
At 1, 4p, Ax 2p, At yer 8Ax 19

n+; n+;
Q = 9.

Tes ej 32 25-2 2bhy Set = ny

4Ax °2y 24

Q

ss i (oe ag) ae (2- a) G _ e)
geL heal

q.p.

a (4.88)
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From Eq. (4.79)

( ais “P1) oy [ Q, + 2u,(bjh,-bjh))

Bax At 1ya2 2p At

2,7 | ntl eee Leen s Be 7 ae [a2 + 2a,0- 2)
4p A, Ax Lan At 2A 2 2 €

n

24,04 ] gl, |
3 n+l

aC AR, 2)

7m Q + 2u, (b oh -b h))

bop, 5 2p at

2

2 2) ] patilins 5 (eecinn “2 ntl
4p A, Ox er Bhx At 1y-2

a € fi “P1) neers eo Neoo teat!
8Ax At 1y42 2p ,At

ge b
1 n es 225. = eae+ ———_| Py +i — [a0 2e) + aq, (1. = ‘)

4p 4, 4* j41

if 2

=| nee [ at saihoo oma eee ee | n
AEiet Tat Danes aaeent featsbop) 1, 2p, At 40,4) x 1

u,b 2u.

= a 3 9) Beat ae as = a
* 4-2 = 542 4-2

i Fu,Poh> : n# 5 mys 4,29 (e n#s 4 ny—i22 = a i
p pdt 2, 2, 0,ox 2
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h, - hh.
po oice Nn ez gy ereete eon ue eaten

cA, Diy pe) 4x ey

tb

+4 (4.89)
ey

Eqs. (4.88) and (4.89) can be written as:

6,0," 4 tori + rn0t 2 a a oe oe

+2 J *541 as dri 315-2 4

(4.90)

ee ee ean ee. ote ee ie
ooh, + Boo, + 132) + 75°) + x = uy

j+2 jt j j-1 3-2

(4.91)

Eqs.(4.82) and (4.83) can be arranged in the following

pentadiagonal forms for the fourth level calculation of a

four-level scheme.

From Eq. (4.82)

1_o ml (22 « 25 ) ntl 2 ne
16Ax 2442 2p At 8p ,Ax 2
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bah, 8(= - 2) ig ey
2p ,At 8 Ax Bet 16Ax

b.ees +( ZuneneD )
16Ax 2542 2p At 8p ,Ax

boh, Q
2 ) n+3

Srarrey | 0
2p,At ~ 8p ,Ax 25-1

ie | >

b 2 ae if

b
a n+; 2

S35 (ea, a)Pans
16Ax 2522

From Eq. (4.83)

n+l

2442

en [ek
At

e' | “22) iz ss 27
1éhx ~ At 2p At

Hs
2 glo,|"

25) 2

89 2hpAx

Jem
2541

[ 25 2boh,

* 2e7A,R,
Ry

+
eee (eee

A A,205 i

e' “Pay noth a e'
2

a
~ T6dx ~ “At

2

| 29 (e 2) rapes | om
2p bt By ap,ajhe | P2544
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2h,b

¢- a

~ T6Ax

n+1

25-0

n+;

2541

(4.92)

‘)

eee om
aA, oh

5

uyb> n+5
At hy

+2



4d lee Body 24) ont
At 2.

J

2 2

eet ee cee nae
2p bt 4p ,A, Ax ae

zs els upPo ny bogie n+l
lehx At us Bee al

ge 4 nal Ped oe
Bix “ly yp 15-2 20

Eqs. (4.92) and (4.93) can be written as:

R,0,7* + 8,0, s ee, + 0,05"
V2542 j41 j P 25-1

nga 4 Sto." ae mrg,0*t zs vt."

442 441 325 F 25-1
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(4.93)

n+l
V0 = W.
J 7323 j

(4.94)

n+1
+ V*h, = wt

Jp45-9 i

(4.95)



Implicit Difference Schemes (Solute)

The two equations representing the mass conservation of

the solute in the lower and upper layers are Eqs. (2.15) and

(2.16) respectively. The difference scheme for the upper

layer is from Eq. (2.16)

pester ee oe eo

1 alee] Sip (peed see Oe

‘ At a At S At

pe eee Bi Stes

Et ta SEA tua 14-2
5S ers +

4hx 4x

n+l n+l +1D. Py - 2p) + By cao si 2p," w oan
CBee |eeeepeciea. Sa Boo Sh eeeaeai sag ine

2 4hx2 4hx2

eet
2a, j AL 2

q.P,

ae (4.96)
1

From Eq. (2.15)

n-

3 * Pa.
a j+2 +2

4At
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Dome 2p oF 02 82
fs nee A ee ee

4ht 4At

+1 n¥3ose is a °, = n

j=2 2 j=2 =2
Pn ee

4bt 4ht

n+l n+l n+; ns n n
© - Py (2 Py Po - Py

+0, ‘442 ie 542 4-2 442 4-2

16Ax 16Ax 16Ax

+ + +1 + += os ta ree dine os. (02 ae 2.0 i 5a )

gpa +2 i eZee 5 3+2 i j-2

4hx2 4hx2

n n

® - 20, +P
2 2 2 bog

i +2 -2 < 24 (°° top Ri 6, )

4hx2 2 5 j 5

bog
220 n+l n =

-+ (°° +o, ) = 0 (4.97)
2 j 3
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Four-Level Implicit Difference Scheme (Solute)

The difference scheme for the lower layer given by

Eq. (4.97) is split up into two halves. The first half forms

the second level calculation from time level nit to (ns) At

and the remaining half, the fourth level calculation from

time level (n+3)At to (n+1)At.

Eq. (2.15) is written in the following proposed difference

form for the second level of a four-level scheme.

From Eq. (4.97)

+ +pS aie Bee (20 - 2") pe es oe

j+2 gt DD 3 aera S 3-2 j-2

4At 4ht 4ht

n+; n
oot =" oem Pay

+2 =2 +2 -2
- Uy su

16Ax 164x

+. ont ss 20." Ay fy Rene oe H 20, £ P,

apee 3+2 i facet 442 5 4-2

. 4hx? 4x?

bag bog
21 n+; n _* Sead, neae ( nF iPs ) Score ale (4.98)

2 2 3
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Eq. (2.16) provides the third level of a four level scheme,

and the proposed difference scheme is given by Eq. (4.96).

Eq. (2.15) is written in the following proposed difference form

for the fourth level of a four-level scheme.

From Eq. (4.97)

5 n+l p n+; (° n+l 5 ny 7 n+l a nts

eae 2 eR ) ar Mabon
j+2 Aaa 2 ij i z dee 4-2

4dt 4At 4At

pac = Oa one 3 eae

442 j-2 +2 -2
* Uy +

16Ax 16Ax

n+l n+l n+l n+; nt n+3
D Po - 20, + Po Po - 20, ao Po
ee j+2 J gee 7b, 3+2 i 3-2

- 4hx? 4hx?

bg bog
2a: n+l n+y Dad n+1

* aR (6, ron ) 2A Py Mate)
2 3 2 j

Eq. (4.98) is written in the following tridiagonal form.

i teoane 2 ccs ieee |.
ne ae ee || ao Ae (Gee eee

eee 2) ns
+ | — - = Py

4st 16Ax 16Ax* 5-2
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sagt Sat eS) eee oh hn
abt 16dx 16Ax2 | 2442 eae oat 82 | 5

u,

a |e (4.100)
abt 16Ax

which can be written as:

arty 0h + Bttp 7 + cttp = pr (4,101)
a 442 al 5 J *4n9 3

Eq. (4.96) is written in the following tridiagonal form

We ea a 5 mt peepee ee oeee tt ont

4st 8Ax 8Ax2} 1442 2ht 4x2 an 7

u D. bog. q.0,

[2-2-3] my + ee nth see (4.102)
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which can be written as:

n+l +1
ute

3]

n+l n
ee + Fee + G** 4.103By Oy se Py Gs P, ( )

442 J Ss 5-2

Eq. (4.99) is written in the following tridiagonal form

ae a eee pings | ey poe ele

4ht 16Ax 16Ax2 2542 BAe WIBAS eee

| Ste ee Do o nth

4st 16Ax 16Ax? 25-2

D.

= ie a) coe i gs ae
= 2 a oa fhe

4dt 16x 16Ax* 542 ob dt 8Ax? 2 5

u D boa

+ [++ 2~+— ot + 22 pnt (4.104)
4st 16Ax 16Ax2 5-2 oes

which can be written as:

14%) 07 ¥ ee & Ket re (4.105)
j 5+2 3 j-2
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Algorithmic Structures

For stratified estuarine flows unlike well-mixed flows,

the possibility of supercritical flow conditions in either

layer is very high and must always be considered. It

therefore follows that for the convection of the three

dependent variables there can be three characteristics of the

same sign in each layer as is indicated in Table 4.1. Since

the number of characteristic directions of the same sign

dictates the number of data points in that direction, this

number must be reflected in the algebraic relations required

for the double sweep algorithm.

For calculation at the second level consider the Eqs. (4.86),

(4.87) and (4.101) on the grid of Fig.4.3 and the algebraic

relations:

ee ra ert rg a re es +6 (4.106)
4-2 Daye 3°25 J 2540 j

on ae ioe “Ne al on me +0 (4.107)

5-2 225 345 T2512 4

Baas = ogn 7 + ate ot + 140," on eo2205)
5-2 3) j-1 ye3 j 3+1 J

aft exo. + epg + nn + 0% (4.109)
4-2 j-1 i gu?
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DENSITY EQUATION
oe

MOMENTUM EQUATION
seplonte peeeckeacrnenl a ola pet la,

MASS EQUATION

- eae oes

Q ) h p Q p h p
. i a a ihe z 3

j=0 1 2 3 4 5 6 1

€ a* a <* € a*

*

4 B B oe Bt

1 a Y * 7 Ve

@ & & e 8 S

FIG. 4.3 COMPUTATION GRID FOR STRATIFIED FLOWS
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According to conditions at the left hand side of the

calculation grid point for the lower layer at time level

(n#;)At, appropriate coefficients can be set to zero as

shown in Table 4.2. Then, by substituting Eqs.(4.106), (4.107),

(4.108) and (4.109) into Eqs. (4.86), (4.87) and (4.101)

recurrence relations can be built between the coefficients of

Eqs. (4.106) to (4.109) for each data structure. From these a

double sweep algorithm can be constructed which can be used

in an identical way for calculations not only at the second

level but at the third and fourth levels also.

Table 4.2 indicates that there are four algorithmic

structures corresponding to the four characteristic structures

for each layer, compared with three algorithmic structures when

the density is not included in the algorithm. Thus instead of

nine data structures being associated with a two-layer

stratified flow ( 51 ), there is now sixteen data structures

as indicated in Table 4.1. Since the computation uses a

fractional steps technique enabling each layer to be calculated

separately, these sixteen data structures are effectively

reduced to four.

For calculation at the third level consider the Eqs. (4.90),

(4.91) and (4.103) on the grid of Fig.4.3 and the algebraic

relations Eqs. (4.106) to (4.109) with the time level changed

from (n#s)At to (n+1)At and the dependent variables (hy, Qos 05)

changed to (hy, Q P,)- For calculation at the fourth level
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PLOW DATA POINTS GIVEN | COEFFICIENTS SET

TYPE AT LEFT BOUNDARY 0 ZERO

(1) (28 (3)

sup rm 1 (p) NONE

sub r-> 2 (p,hor Q) YY"nn*

sub 1+ 2 (p,h or Q) VoYomin ase"

*

sup 1+ 3 (p,h and Q)] YY nna e"Bz

TABLE 4.2 APPROPRIATE COEFFICIENTS SET TO ZERO
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consider the Eqs.(4.94), (4.95) and (4.105) on the grid of

Fig.4.3 and the algebraic relations Eqs. (4.106) to (4.109)

with the time level changed from (n+4)At to (n+1)At.

Recurrence Relations

Because of the four different algorithmic structures in

each layer shown in Table 4.2, each algorithmic structure or

flow type will be treated separately. Also since the

algorithmic structure of the equations is the same at each

level of the calculation, the indices denoting time level and

layer number will be deleted.

(a) Supercritical Flow (Right to Left)

Eqs. (4.106) to (.4109) become

jaa SP yn2 * B94 F Vgh aa Oy

= h oe
Bien: nt ybtea BaP GR sa ne

= ath * * ie 4.112
Pye = BPgna * O50) * PP PG eae

= E* <0, *h “oTM 4,113
Oyna 9-2 755%) * mga 7 OG Bee
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°° as °° 10 co) > °° 10 ° m2

Oo 2) -O—O- O

15 2 a 4 5 6 7 43-2 35-1 33

a*=0 a oF € a* a ek

B*=0 8 ce c Br 8 ct

ya=0 Y n* n ve Y n*

S*=p) 6 6* 8 é* 6 e*

Fig.4.4 Boundary Conditions and Starting Values for Case (a)

From Eq. (4.86)

Qs 40 + BSP saa + c,h, + Dy aa + E,Q,_5 = Fy

substitute Eq.(4.111) for Q5-2

Pyryra 305je g 75°51

+ By e505) oF bby + 752542 + 9,) = E

24-1 (Py + Bye) = - ey + Sa - BSP oar

(A, +E- , - E,6
25425 3°) i (5 ,Je)
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comparing with Eq. (4.112)

(Cr BAG)
a = - tts os, =~ —4—
3 jt.

E D. E .(, + 5°) ( 5 + 5°)

(A, + E.n,) (F, - E,6,)
en eee gs (4.114)
tL 34

(D, + E.e,) (D, + Ee.)
J pe 3 ae

From Eq. (4.87)

*h BY, * * E*h = Ft

ABs. + P¥Psur + 5% * P§Py-2 * FG}-2 7 73

substitute Eq. (4.110) for hyo

ABDy 49 * BFPg4a * O25 + P§ 5-1

. ae

BSS Ds ay AG yeT Y4Pyya oy) = FS

ates Bese cant) Pas

Pyar P5 P8523) 25 (CF + BFBS) ~ PSP 541

z Fa ae

og > Say *3s)

comparing with Eq. (4.113)
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(Ct + BSB.) Be
edet 2s i oo = J i

j (Dt + Eta.) i (Dt + Eta.)
Se ded i j

(AX + By.) (F* — ES.)
uv jaye ogy an* == 7 oa = (4.115)

Bi (Dt + EY.) j+1 (pe + Eta,)
Ses jue) J

From Eq. (4.87)

ie ae a * * = Ft
AS sayaa 7 PjaaP442 * C4242 * P541?y * Bee eae

substitute Eq. (4.101) for P 542

Bian+)

At oh. 4 + (D** - B**p, - C¥*, + ce
ee, 3 Ps ee ae

3

* * niet+ D5 41°5 + Le Piel

substitute Eq. (4.112) for P5-2

B**B* p**B*

Aen. Liceeon + 0,(0% ese cial) eeea e,
j41%543 7 54a? y4a 7 P4541 nae a

J J

Bt,,ct*
oct

age ee gene at BOO) Oem es
jt ate dd Ai! VHP 41 i jtl j-1
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Be _C#*a* B**B* B* c*#B*

h. itl ji _ gs | aes E See ee ee Sp 4
3123

j-1 At* jt j+l aA‘ Axe
j 3 j

BY cHty*

ap fe IES |
jtl sel aee 3+3 J+L

i

reerpeat ne cane

+ - Fe -

oe ae
2 2}

comparing with Eq. (4.110)

tay = [Dantt Ryne ecnen J / x:
gH [>ysaag* - Bfaatege + 979g) J /

= * we * Mk Kay :
ee con, Ae ~ Be crys) 2x

a Re

Yoan Po ae

z oa denenjee eensoan [Etats - 09°85) RS ae slieZcs (4.116)

where

Se ert aeieles abe
x aa x E j415

From Eq. (4.86)

Fy 41543 + Byaa?jsa + Spar gaa * Pyaas * Fh®j-2 ~ Py4a
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substitute Eq.(4.101) for P 542

B,

J+) (pee — Betyg - Cee
By eyes ee ls ae ay er Ease rate pal

au

Dy5P4 t Bh 41% 1 Py

substitute Eq.(4.113) for P52

B, | B** D**B

) ++1

Fy41%443 * Sy4aPy4 * 3(>54 * at ays

okB Prk
i“ ee aL ey

Pyar” age ($22 * 905 * My * OF

~ F541 25-1

BasSfet

25-1 ae

De*5. Bae te

e ( ae se
a tl a
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comparing with Eq. (4.111)

- ae Rae :ee [P5245 By 4, (BE + Cf =p | 1%;

tains = By 4,C5*nj) 7X

Bune ay) xt

Sa [= ei UE C805) Rated / x (4.117)

where X = B,,,.C**e* - E, ,A** ,

(b)

geld jt j

Subcritical Flow (Right to Left)

Eqs. (4.106) to (4.109) become

hyp = 505.7 + 852, + 8, (4.118)

25-2 = 505-1 * Bh, ne eS (4.119)

P52 = nal + 83°, BP By (4.120)

5-9 = eh Beate + 55°5 + ls (4.121)



© © O O ©

° Bt 2 3 45-2 33

e=0 a*=0 a e* €

t=O B*=0 8 c* c

8-29 8 *=p, 6 o* 8

Fig.4.5 Boundary Conditions and Starting Values for Case (b)

From Eq. (4.87)

+ B* + C*Q, + D*; + E*h = F*
,° 525 * PyPy-2 * P5%5-2 jAR 542 341

substitute Eq. (4.118) for hep

ey taeD + BP 44 38 C525 + D5 ae,

* ae

eerie ts

substitute Eq. (4.121) for P5-1
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Ath. + BY +°C#Q. + * eheee : =
j i 525 + (aa) 7 Shaa?gaa 7 g
te aie cee

(D* + E*q. E* (8.0. '

J j 3) c 5 (525 us 55)
i "y Ue

_ [cx + Ete, + e*,, (Dt + Eta, =2, [ $5 + 8}, €3+1 3+ 80.) |

- BY - ¢*,, (D¥ + E* - h,,.A*yaa [- BF - Fan * Bo) ] - y2%

F* - E*5, - 0%, (D* + EX ]Be [ 6 8541 5 5°5)
3 J

comparing with Eq. (4.119)

ea ieslety 2 pay tape des

Cho sie, 5 2 pox >

ios [ PS - E48, - 0,, (3 + Eta,) { / x

where X = c + Bye, + 54105 + Bia5)
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From Eq. (4.86)

A.Q. + Bio. + Os DB. + £E,Q. = F
42542 J 341 JJ 5° 5-1 5°5-2

substitute Eq. (4.119) for 25-2

+C.h, + Do, , + Ele, +0 + Om) om ES
_ Beja a ae s- ddB

Seiad

substitute Eq. (4.120) for P41

A542 7 | Pye # Cony + Ds Cad By + BF .P441 * SSaa?

+e, [ 2, (og h, + 6*Saahy SerPyaa t+ 8341) +h, + 8, ] = F
one) j

hy [¢ + BSS, ose 24° >]

Pyar [85 > (yey * Fan ] = AQ, 4

= [ Bye Dy Syren ate so4av Ey ]
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comparing with Eq. (4.118)

gue [-3,- &e + D844, | (xe

B40 er ~ 1%;

Shae PEt Sat Stale

where X = C, +E + a*,,(D, + E,e,) -
fe 559) ae os ads

From Eqs. (4.118) and (4.120)

°

substitute for P52 from Eq. (4.101)

- (A**p,.. + B¥*p, - D¥* cee
: 4 P442 ond J Ue j

‘ aa

95 (454104 * By21%er * Sya) * B33 * 95

216

ga AFM sayy Oger at Shee 5

(4.123)



Bt

i)

* * * =5t542 65) 541° 98542

Dee

iii+ (assy. + 85 )

comparing with Eq. (4. 121)

e* = a%8 1% (S =
j+2 47 341 j+2 J

hag = (938541 + 93 - IT OG) 7 *

where X = - Bie / ae - Fa - 85 2

From Eqs. (4.119) and (4.121)

Psp = 25025414 * SyuaPgur * O54

substitute for 5-2 from Eq. (4.101)
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A**

oe 542

ax* / (ce* xX(c3 )

(4.124)

+ 0*
J



- (A**p.. + B¥*p, - D**) / C¥*
3 P5442 pas j 4 3

= e*(e€.,,0, + © Cy + tkp, + o*

37 3713 a)gige * 95 5

PERLE.) Gye betes %

py (Bee / cee = ches) 3) Byan5? 44

aa

Ea * * — pee / cee
* ae Peete a in by 1 3

comparing with Eq. (4.120)

* a ek F * a -
5 42 oF e541 1% B542 a / ee X) 5

gas ae iL cs*) /X (4.125)
Sea) gu soad 4

where X = - B** / C** - e*e, = 5%
Wie s3aeigla
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(c) Subcritical Flow (Left to Right)

Eqs. (4.106) to (4.109) become

h. = “Dr - £6. (4.126
Hepes Sabo © M3%y S95 Y

; meu Oh to heat On (4,127)
25-2 Pete de3 j

= Jpape HOF (4,128
Oje 2 ediaed )

= Gp, + 05 (4.129)
P4-2 aes j

Q ° h ® Q ® h

© o © ©

° io 2 a 43-2 pat 33

€=0 B*=0 a c* €

t=0 S*=p, 8 e* c

8=Q0 6 8

Fig.4.6 Boundary Conditions and Starting Values for Case (c)
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Since - and e in Eqs. (4.120) and (4.121) respectively

equal zero, this gives from case (b)

eget aes ep =

Shen 7 7 ey f Bir

ee [ PE - EHS, - 03,, (D5 + Efa,) J 1x (4.130)

where X = oF + Bye,

similarly

aye [ -B, - (ye, +o, | P23

By yo == BS REM

F = FP, - D,é* - (6 a E, x 4.131
Bagi Ag Oe 18s + 89h ]/ Goda

where X = C, +E.f.
J a3
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From Eqs. (4.101) and (4.128)

aX*p, , + Bt*p, + C#*(B*p, + 64) = D**
3 P5342 sis 3 8595 A al

(BEY + C#*B*) = - A¥*p. | + (DEF - CHAS*
PSE Ane jeg Bifgea hg 4 e9)

comparing with Eq. (4.129)

- ate (D¥* - c#*8*)
* pape see eee 9x = (4.132)
j+2 (BRI FICtNE Oa +2 BY* + C¥¥B* :el 4 5 85 j ¢ Are Ss 83)

From Eqs. (4.101) and (4.129)

Ae + Bto, 4 Cetlr%s. + 04) = Dee

fifa oe P4 SION EsPS yl 3

,(BE* + C#e*) = - AM + (D¥* - Cx*O*
ej a 5 P4542 J j ;

comparing with Eq. (4.128)

- at* (D** - C#*O*)

opin cke oP eee * a i

542 jerome 1 Sh42 (Bt + CEES) Sanaa
j J J Ji aed

221



(a) Supercritical Flow (Left to Right)

Eqs. (4.106) to (4.109) become

hyp = 9503-1 + 85 (4.134)

Qy-2 = €45-1 * % (4.135)

Pye2 = 8505 a 83 (4.136)

= ox ; 4.137
Paeeh a je) (4.137)

9 h e Q 9 h ° Q

© © O O @- - --0----0--- -0

1 2 3 4 jj-1 33 jj+1 33+2

€=0 B*=0 a=0 t* € B* a

0-0, 6*=p, — S=h2 6* ® 6* 6

Fig.4.7 Boundary Conditions and Starting Values for Case (a)

From Eq. (4.86)



substitute Eq. (4.134) for ey Eq. (4.135) for Q5-5 and

Eq. (4.136) for P54

A051 * By_305-2 * C5-3"%5-195-2 * 85-1’

: *

+ D,_3(B3_204_5 + 85_,) + By_3(€5 305-4 * 5-3

substitute Eq. (4.136) for P54

Ay 35-1 * P5-3°y-2 + Oy-3!%4-1°3-2 * 85-2!

2 . ‘

B43? 5-1 P57 (By_ + 53% 5-1 + y-384-2 * ¥4-3°5-3°5-2)

- * * -
(Cy 365-1 ef Dye sae + Bs _3°4-3°5-2 + a Fj-3
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substitute Eq. (4.137) for P5-2

Ay e = (cap. + 9%) (B + Cad, Des5-3°5-1 ep) Wee) > j-3 5-1 5-3°5-2

ae :

# By 565-3852) ~ [5-38j-1 * 4-3°5-2

* aBoe ya (eyo30y 2) Ogg lnm 3a ]

Ay 3051 = ~ 0455 (By_g * C3551 * P5285-2

ees free *

# By 35-3632) ~ [°F)W3 * Sy-a%-2 + 25-389-2

* *tf B5_3°4-3°5-2) + Cy 3° 5-1 + D5_385-2

+B, _3(€5 365.2 + 94-3) - Fy_3 ]

comparing with Eq. (4.135)

ct
pee Cc 

’

Se ee (By_g + C4985 _1 + D5 385-2 + Bya3°5-3°9-2) ?
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8. = = oa +C. A +), *[° j-3 5-3 5-1 j-3°5-2

+ ricke 5

B,_3€5-38$-2) * C5-355-1 * P5-3°5-2

* =+B, 5(e, 48505, + 84-3) = "jeg i (4.138)

From Eq. (4.87)

: aoe A A /

Ag shy. + BF_305-2 + C$-325-3 + 5-aPy-4 * BYa%y-5 73-3

substitute Eq. (4.135) for 25-3" Eq. (4.134) for yes and

Eq. (4.137) for P54

ot )
Ag shy 1 + BS_3°5-2 * $3 €4-1°5-2 * 5-1

+ 0* ,) + E*Sea

+ DS_3(03 559 + OF_2) + BF_3 (05 305-4 * 3-3 a3

substitute Eq. (4.137) for P54
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At jh, | + BY +c +
SoaPyea + BFaPy2 * S93! 5-2%y-2 * 95-1

)eee * r * *

+ DY_3(04_90 52 + 8F_p) + BG_3%5-3%5_295-2 * 5-2

+ eae = Fi-3

substitute Eq. (4.136) for P52

Bessa ac. 05-2 (B3_3 + C$_5°5-1 + DY _3t4_2

+ BY 405 365.2) ~ (C$_304-1 + P§_303-2 * ES _304-305-2

Ei Be aces s Fj-3)

substitute Eq. (4.136) for P42

AY ch, = - (6%, + 6%) (B*_, + Ct + Dt tt
5a30j-1 B4p, + $$) (BE_s + Ch_3e5-1 * Pj-3°4-2

- (ce * 9x
y= (64 3054 + 253°5-2* ¥

+ BY_9%4-3°5-2
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+ E* 3 e* + E* - F*

§-3%4-3°)-2 * Bj-a°3-3 7 *5 3)

A® h,. = - p.B*(B*_, + C* + D* oct
5-30j-1 0585 (85_3 + C5-3°5-1 * 75-3°5-2

% Beane sen) v— <(Be)> + Cf ace
$y ath-2 ~ [85323 * Sh-se4-1 + P5-385-2

ae etnregt 5) 4.-c0 ws

§—3%4-36}-2) * C§-3°3-1 * °5-3°5-2

+ EX. (a,
: Fit

34-2032 * 85-3) - 75-5 |

comparing with Eq. (4.134)

By
aul. =: (B* + C* + D* * * * ?

441 Beggs st f-364-2 * F5-3%4-3%5-2) 7

6 Se Oe (Be a Cree a tT DMG
541 Mis Ld? sah” 9-332

+E* a, Ce.) +C* 0, , + Dt ,6*
q-304-3-4-2 4-3°j-1 © §-3°4-2

#E* (a, 0%. +6, )\- FtPor, tte a : (4.139)
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From Eqs. (4.101) and (4,136)

At*p,.. + B¥*p, + C¥* (B¥p, + 5%) = DE*
j °5+2 Ne 3 3, j 3

(Be 4 CRRA) = - At*p, + (DEF - CH*S*)
05°85 3°85 5 P5342 3 no

comparing with Eq. (4.137)

at ee

Cho = (ere aceps) * 9 9542 ~ (BEF + ceBH)
3 dad j sy

From Eqs.(4.101) and (4,137)

At*p,.. + BY*p, + C¥* (o%p, + 0%) = D¥*
pense esa j

(Be* + Ce*c*) = - A**p,., + (D** - C¥*O%)
Cans ‘oe 3 542 3 a0)

comparing with Eq. (4.136)

- att (p** — c#*O*)

Bt = (ere rors 7 S42 ~ (eee a icR*CH)
j deed j 3 3
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Depending upon the algorithmic structure recurrence

coefficients are calculated from the left-hand side of the

grid by setting the boundary data there to the starting

recurrence coefficients as shown in the Figs. (4.4) to (4.7).

Eqs. (4.106) to (4.109) are then used alternately (with the

appropriate coefficients set to zero) from the right-hand

side of the grid in order to calculate the dependent variables.

At the seaward end of the grid the density is a function

of the upland discharge and the degree of interfacial mixing,

therefore it cannot be used directly as a boundary condition.

The density gradient at the mouth of an estuary is however
,

independent of the upstream flow conditions for well-mixed

estuaries. Assuming that density gradients of different

magnitude occur in both the upper and lower layers at the

mouth of an estuary, the density in either layer is calculated

as follows.

Let the density gradient in a layer be denoted by P, then

P _p / (2ax) (4.142)
S3iee gs iidtem

For Subcritical flows

From Eqs.(4.120) and (4.142)

+ 2AxP, .B* AOR Ra / Gomi pag es) (4.143)
ae: = (6% anos vil

P45-1 54155 §3° 5341 ~ °5541 3341
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For Supercritical Flows

From Eqs. (4.113) and (4.142)

es = (e*, : + ne ane + 8%,P55-1 55-1253-2 33-133 33-1

ONS Be vay af pl reg) (4.144)
33-2 553-2

If the flow direction is from left to right then in

* = * * =
Eq. (4.143) OF 541 O, and in Eq. (4.144) 35-1 and 35-1 oO.

Computations for Partly-Mixed Flows

Estuaries like the Thames which have a low upland flow

and follow a meandering course fall into the category of

partly-mixed estuaries. In such estuaries the interface

formed between the salt water wedge at the bed and the

overflowing brackish water is partly eroded away due to mixing

between the layers. This mixing takes place when the relative

velocity between the layers exceeds a certain critical value,

and occurs especially at the bends in the river where

secondary currents cause highly turbulent flow conditions.

The degree of mixing is however not sufficient to form a

homogeneous vertical density distribution, and a partly-mixed

estuary still exhibits the characteristics of a two-layer flow.
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The main differences between an estuary of the fully

stratified type and that of the partly-mixed type are the flow

directions in the upper and lower layers during a tidal cycle.

In a fully stratified flow, because of the high upland

discharge and low tidal range, the fresh water velocity is

downstream throughout the tidal cycle while the salt wedge

moves slowly upstream and downstream as the tide changes from

fllood to ebb flow. In a partly-mixed estuary however, such as

the Fraser River in British Columbia ( 63 ) both layers can

ebb and flood at almost the same time, the maximum velocities

in the upper layer being almost double those in the lower

layer. Clearly flow conditions in the Fraser River resemble

those of a well-mixed estuary except that the two-layer

stratification is still prominent.

For the mathematical modelling of a partly-mixed estuary

a decision has to be made as to whether a single layer well-

mixed model is to be used or a two-layer stratified model.

The actual program used would be the two-layer stratified

program since this is built so as to operate also as a single

layer model, as it must do upstream of the wedge. However,

the boundary conditions used in the model necessitate a

decision as to whether the partly-mixed estuary behaves more

like a well-mixed estuary than as a two-layer stratified

estuary.

231



A third alternative exists, and that is to treat the

partly-mixed estuary as consisting of several layers.

Although this may appear reasonable at first sight, in reality

it is not for the following reasons. Firstly, the computer

time greatly increases as the number of layers increase.

For example, whereas a two-layer flow requires a four level

computational scheme, a three-layer flow would require an

eight level scheme and a four-layer flow a twelve level scheme.

This increase in computer costs would have to be justified by

a substantial improvement in the accuracy of the model.

However, the accuracy of any mathematical model is only as

good as the boundary data available and even for a two-layer

model this is rather meagre, especially in regard to interfacial

mixing. For a multi-layer stratified model it is economically

impossible to supply boundary data of sufficient accuracy to

justify using such a model for river estuarine flows.

In conclusion, a partly-mixed river estuary should be

treated mathematically as a two-layer stratified estuary

provided boundary data can be supplied for each layer. If the

interface cannot be easily located and therefore boundary

conditions for each layer cannot be reliably determined then

it is best to treat the estuary as well-mixed.
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4.6 Advantages of Extended Implicit Difference Schemes

It was shown in sections 3.4 and 3.5 that in order to

compute the average longitudinal density variations in
a

well-mixed estuary two separate models are required. Firstly

a dynamic model is needed which computes water levels an
d

discharges along the estuary, and secondly a transport-

diffusion model which calculates density variations. By

inserting the density model between the time steps of th
e

dynamic model a crude coupling was achieved which enabled

computed velocities to be fed into the density model and

computed densities to the dynamic model. In this way values

of water level, discharge and density could be calculated

for the estuary. This method was used again by the author

(514 ) to calculate the average longitudinal density

variations in each layer of a two-layer stratified flow.

In section 3.7, the stability conditions of this density

model were calculated and found to be unconditionally stabl
e

as far as the von Neumann linear stability was concerned bu
t

conditionally stable for non-linear stability. Since this

method of computing density must ignore the direction of the

convective density characteristic, non-linear instabilities

in the form of 'parasitic waves' are generated by the

computation. In order to suppress these parasitic waves,

which are caused by the generation of higher wave numbers,

the computation is restricted to very small distance and 
time

steps. As an example, for the well-mixed River Hooghly in
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West Bengal, the maximum distance and time steps were

calculated to be 100m and 25s respectively.

When extended implicit finite difference schemes are

used the direction of the convective density characteristic

is taken into account by changing the algorithmic structure.

In this way there are no ‘parasitic waves' developed by the

computation and the scheme is governed only by its linear

stability conditions, which for both the dynamic and trans
port-

diffusion equation systems are unconditionally stable.

Applying this new scheme to the River Hooghly ( 53 ), distance

and time steps of 5km and 900s respectively were used giving

a Courant number of 2.

It can be concluded that although the extended schemes

are mathematically more complicated than existing schemes,

especially for stratified flows, the fact that they can be

run thousands of times faster on the computer than existing

schemes proves their worth. In fact for the River Hooghly

with a tidal limit 280km from the sea, the computer time

required to calculate water level, discharge and salinity

variations was five minutes on an IBM 360/65 machine at a cost

of about one hundred pounds. To make the same computation

using existing finite difference schemes would have require
d

about six days computer time at a cost exceeding one hundred

thousand pounds.
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CHAPTER

ANALYSIS OF SALT WEDGE FLOWS

5.1 The Arrested Saline Wedge

In deep estuaries where the tidal range is

very small and the upland discharge constant a wedge of

salt water intrudes into the estuary from the sea and remains

fixed in position. The fresh water flowing over the wedge

imparts a velocity to the salt wedge just below the interface

and the resulting velocity gradients if large enough can

induce a transfer of mass across the interface in both

directions. In many cases the velocity of the fresh water

over the landward half of the wedge is not high enough to

induce entrainment across the interface and entrainment

and mixing are usually confined to the seaward half of the

wedge where the velocities are higher.

The removal of salt water near the interface

is balanced by an inflow of salt water from the sea near

the bottom of the salt wedge. In this way the salt wedge

remains constant in position even though there is a

circulation velocity set up within the wedge, as shown in

Figst.1.

At any cross-section the average velocity in

the salt wedge is almost zero and for a typical arrested

salt wedge shown diagrammatically in Pig.5.1, the important

variables can be expressed in the following dimensionless

groups.
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FIG. 5.1 DIAGRAM OF ARRESTED SALT WEDGE
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0

1/2
where Vy = [« Ho (1- e)] (5.2)

is called the densimetric velocity; Va Ho the
Vv.
1

densimetric Reynolds number, and € = P;/Pp

If the flow is critical at the river mouth then

v2 = 6( Hy- @5,)( 1 -€) (5-3)

also V, ( Hj- d5,) = V, Ho (5.4)

2/3
thus 4,,/H, = hie [1% ¥,)/C,¥) | (5.5)

Experiments were carried out to find an expression for the

length of an arrested saline wedge in terms of the variables

shown in Eq.(5.1).

The apparatus used is shown in Figs. 5.2a,b

and consisted of a perspex channel 2.5m long by 3.5cem wide

gradually enlarging into an experimental sea 0.9m wide by

0.6m long and 0.4m deep, all mounted on top of a tilting

flume. Fresh water was introduced at the one end and with-

drawn at the seaward end using a system of syphon tubes

supported in a polystyrene block. The horizontal dimensions

of the model were scaled such that a typical arrested saline

wedge of length 20km became 2m in the model, and a river

width of 350m became 3.5cem giving a scale ratio K = 104,

The vertical scale was chosen such that a depth of 15m became

6cm in the model, giving a scale ratio Y = 250. These

237





522bFIG.

239



prototype values correspond roughly to those for the salt

wedge in the South Pass of the Mississippi River (79).

For the successful modelling of a stratified flow it is

necessary that the densimetric Froude number should be the

same in both model and prototype. Therefore the first

dimensionless term on the right hand side of Eq.(5.1),

should be the same in model and prototype. This is equivalent

to saying that the characteristic directions should

correspond in model and prototype and such a condition can

be shown to be sufficient as well as necessary for correct

scaling (3). Using these horizontal and vertical scales

the velocity ratio becomes yo2F 15.8 ; the discharge ratio

mw! = 4.0x 107, and the time ratio x/y*) = 633. Hence

a river discharge of 2200m?/s in the South Pass of the

Mississippi River becomes 3.3 litres/min, which is a

convenient flow rate to control with syphon tubes. These

syphon tubes did not pass right through the polystyrene

block but ended up in slots 1.5cm deep just above the base

so that salt water could not be sucked up into the syphon

tubes through the fresh water. By hanging suitable weights

beneath the block, it could be made to float rigidly at a

level such that the water surface was just beneath the roof

of the slots.

The procedure for creating an arrested salt

wedge in the apparatus was to first ensure that the salt

water in the sea end was at a density of at least 1032kg/m? A

The reason for maintaining this high salinity for the salt
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water is that the interfacial stability is proportional

to the relative density of the two liquids. By maintaining

a high relative density between the fresh and salt water

perfectly stable arrested salt wedges could be created which

were free from interfacial waves. This salt water was then

coloured with potassium permanganate solution and with the

flume tilted back a wedge of salt water initially lay in the

dry channel. By slowly increasing the fresh water supply and

gradually lowering the flume to the required slope a salt

wedge was formed in the channel with the fresh water flowing

over it. By adjusting the syphon tubes they could be made to

eject fresh water at the seaward end of the model at the

same rate as the inflow, thereby ensuring that an arrested

salt wedge was formed. After several minutes of constant

flow to ensure that the salt wedge did not move in the

channel the depth of the interface and surface were recorded

along the whole length of the channel by direct measurement

from scales on the side of the channel. The temperature of

the fresh water was then recorded together with the slope

of the channel. After a block had been wedged into the

chamnel to prevent the salt water from flowing into the

fresh water inlet the fresh water supply pipes were removed

and their discharge measured volumetrically using a two-

litre measuring jar. This procedure was repeated for different

channel slopes, fresh water discharges and depths of water

at the seaward end until enough results had been obtained

to draw the required graphs. In all, one hundred and forty
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eight stable arrested salt wedges were examined and the

data from these used to plot Figs. 5.3 and 5.4.

From Eq.(5.1) the ratio Ip/Ho is seen to be

a function of the densimetric Froude number (HoV,.)/(H,Vq) ;

the densimetric Reynolds number (VgHo)/v, » and the depth

to channel width ratio H/» - Because only one channel was

available for these experiments the influence of H/b ;

which varied from 0.5-1.5 was impossible to assess. From

the results of Keulegan (79) who experimented on three

channel widths namely 5.2, 11.3 and 22.9cm; for a change in

Ho/b ratio from 1-2 the length of the arrested wedge decreased

by 30% .

Figure 5.3 indicates that I)/H) is strongly

dependent on the densimetric Froude number but only weakly

dependent on the densimetric Reynolds number. The slight

dependence on the densimetric Reynolds number can be seen

in Fig.5.4 , and from these two graphs the equation for

the length of an arrested saline wedge becomes:—

0.45 =2.5

meth a (4S) (fz)a ve (5.6)

for Ho/b = 0.5 - 1.5

The constant Ao was found from the gradient of the line in

Fig.5.5 , to be 1/30, giving a final equation for the length

to depth ratio of a model arrested saline wedge of :-

0.45 2.5

(a) (hE) ow
sod
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Although the above expression applies to a laboratory

channel maintaining large flows, providing the interfacial

and bottom shear stresses in the model are scaled with the

prototype this equation should predict the length of a salt

wedge in the prototype. The narrow laboratory channel is an

advantage since the side walls provide increased frictional

resistance to the flow. This is a necessary requirement in

a physical river model since the viscous stresses are

undervalued when scaling is made to Froude numbers alone.

As an example to the relevance of Eq.(5.7), the

length of the salt wedge in the South Pass of the Mississippi

River, using the data of Keulegan(79) will be computed. With

a river discharge of 100,000 cfs the length of the arrested

saline wedge is 14 miles. The width of the river is 1,500ft

depth 45ft, relative density (1 -€) = 0.02 and water

temperature 20°c.

V,= 1048 ft/s, V,= 5.38 ft/s, Vato = 2,25 x 107
Ny:

Toft = ate (2025 x 107) (1448/5.38)-2"9 = 1708.7fly = gor (2 4813s :

Ip = 1708.7 x 45/5280 = 14.56 miles

Thus the agreement between the observed and computed values

is close.

Another equation for the length of an arrested

saline wedge has been derived theoretically by Poggi(104).

This equation depends on the value chosen for the interfacial

friction coefficient f, defined by the relationship:-
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Tes ttp,v (5.8)

where Tt is the interfacial shear stress.

The equation is:-

8H 1/3 2/3wo- 2 [abe - $+ Fe - | (5.9)

where F, = ( V,/Vq )? (5.10)

When the data for the South Pass of the River Mississippi

is inserted into this equation a value of f = 2.1 x 1073

is required to obtain the actual length of 14miles. Since

Keulegan's (79) experiments predicted interfacial friction

factors of 2.0 x 1079 for the South Pass of the River

Mississippi the accuracy of Eq.(5.9) is worthy of note.

The condition for the flow in the upper layer

to be critical at the mouth of the estuary is given by

Eq.(5.5). The left and right hand sides of this equation

were plotted as shown in Fig.5.6 for all the tests made on

the arrested saline wedge. The results indicate that for

most of the tests, flow conditions were critical at the

mouth of the experimental river. The average affine form

of the experimental arrested saline wedges is shown in

Pig.5.7, which agrees exactly with the shape found by

Keulegan(79). The actual shape for the wedge in the South

West Pass of the River Mississippi is slightly different

and is shown in Fig.5.7 as a broken line. The reason why the

shapes are different is that all the experimental arrested

salt wedges tested were completely stable whereas in a
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real river the level of turbulence is higher and mixing

between layers is present. Stommel and Farmer (130) have

shown that at the mouth of an estuary flow conditions in

the upper layer are kept critical due to turbulent diffusion

mixing eroding away the interface and consequently increasing

the thickness of the upper layer. At the other end of

the wedge critical conditions in the lower layer occur

from x/L = 0.8 - 1.0 . Even though the velocities here

are much smaller than at the mouth of the estuary, the

velocities are still high enough to cause some entrainment.

This mixing erodes the interface causing the lower layer

thickness to increase thereby keeping the densimetric

Froude numbers below unity.

5.2 Review of Existing Front Theory

In this section it is necessary to investigate

the line or surface of demarcation which separates a

stratified flow of two layers from an adjacent one layer

flow. This line of separation between the two conditions

of flow is called a fluid front and depending on the front

conditions it can be conveniently classified as will be

indicated later as either a St. Venant or a wave front.

The St. Venant front is characterised by the

coincidence of two characteristics at zero depth and was

first investigated by St. Venant to describe the fluid

front caused by the sudden failure of a dam. From experimental

studies of flows following the sudden failure of dams it

is known that such a front cannot exist for this condition,
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in fact another type of front characterised by a vertical

wall of water exists which because of its physical

resemblance to a bore or travelling wave is called a wave

front.

The occurrence of these two types of fronts

can be best illustrated when considering the motion of a

salt wedge in an estuary. When the wedge is advancing

upstream so that the front is invading its ambient fluid

then the front is a wave front having a front celerity

which is proportional to the relative velocity between

the layers. As the relative velocity decreases due to a

decrease in upland discharge for instance then the height

of the front decreases. When the relative velocity reaches

zero the front height becomes zero and since now two of

the characteristics coincide in the time stationary position

there is a transition from the wave front to the St. Venant

front as shown by Abbott and Torbe (2). This St. Venant

front persists as long as the wedge is retreating in its

ambient fluid and can only become a wave front after two

of the characteristics again coincide in the time stationary

position.

The above discussion of the two different

fronts indicate that the St. Venant front is always

associated with supercritical flows retreating in their

ambient fluid and the wave front to subcritical flows

invading their ambient fluid. Because of the resemblance

of the wave front to a hydraulic jump one can guess that
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one of its characteristics must be close to the time

stationary position. Rayleigh (110) in fact investigated

the circumstances in which a two layer fluid becomes unstable

and found that this was indeed when one of the characteristics

became time stationary. It is now necessary to review

various experiments and theories associated with the

formation of fronts in order to discover if front conditions

coincide with the stability conditions for real flows.

Wave fronts: The front portion of a moving

underflow has been observed to have a characteristic 'head'

or bulge of greater thickness than the uniform current

behind it. Since the head represents a negligible length

of a saline wedge, and it is the depth of the current

following the head which influences the speed of the front,

the shape of the head is of no significance in estuarine

saline wedges. For underflows initially released into a

shallow river the shape of the head may be of interest and

experiments have been carried out by Braucher (26) to find

this shape. The reason for the formation of this head is

that a greater driving force is required at the front of

the density current in order to overcome the work needed

to accelerate the ambient fluid over the front and to

overcome the interfacial and boundary resistance. Consequently

this increased driving force for the head calls for an

increase in the initial depth of the density current.

The speed of a gravity current advancing along

the bed in an ambient fluid of infinite extent was
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investigated by von KA4rm4n (74) in 1940. Figure 5.8 shows

a typical underflow density current, the depth of the

eurrent is denoted by dy and this advances at speed V,

under an infinite ambient fluid of density p, . The relative

velocity between layers is therefore V. If the density

current is brought to rest with a Galilean frame moving at

velocity V in the same direction to the lower layer,

then by applying the Bernoulli equation to points A and B

on the boundary of the layers yields.

= ¥ (5.11)
2g

but, since the lower layer is now at rest

P

ac oF + dy (5.12)
Po& PoE

where Pa and Pp are the pressures at points A and B

respectively. From Eqs.(5.11) and (5.12)

v= [28@5( Pp - Py )/ Py] 1/2 (5.13)

The same result was found by Engelund and Christensen (43)

if the equation for an internally advancing density current

is modified to that of a front advancing at the free surface.

If the ambient fluid is not of infinite extent

the result is quite different, although for small differences

in density between the layers, numerically the same (155).
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Consider the exchange flow shown in Fig.5.9, where d,=d,=d,

and U,=UQ=U. The relative velocity V between layers is

equal to 2u . In time At the wedges will have advanced a

distance u At, since for all practical purposes the two

wedges can be assumed antisymmetric. The kinetic energy

gained by both fluids per unit width is

0.5( Py + Py ) u? ( u At a) (5.14)

The lighter fluid gains potential energy of

[e p, ( 4/2 )J] ( ut a) (5.15)

and the heavier fluid loses potential energy of

[e Pp ( a/2 )] (a dt a) (5.16)

From the principle of conservation of energy

(pe, + Po) wu = g4(P,-P,) (5.17)

or V= [46 a ( Py - Py / py + By J '/? (5.18)

It cam be seen that Eq.(5.18) differs from Eq.(5.13) only

in that 2 p, in the denominator of Eq.(5.13) is replaced

by ( Po + Py ) in Eq.(5.18) . This is due to the fact that

the heavier fluid has to accelerate from a velocity of

zero tou.

If Pp, % Po then since ( Py - Py )/P, =(1 - €)

and g' = g (1-€) , Eqs.(5.13) and (5.18) become

V= 1.41 (gta, )'/2 (5.19)

With dy in Eq.(5.19) replaced by H/2, since for an initially
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formed exchange flow, H is the depth behind the front

driving it forward.

ve(gth)'/2 (5.20)

Since V/( g' H yi/2 has the dimensions of a densimetric

Froude number the coefficient 1.41 in Eq.(5.19) and unity

in Fq.(5.20) can be looked upon as densimetric Froude

numbers describing their particular fronts.

Experiments by Yih (153) om exchange flows in

1947 and Keulegam (78) whose work was done before 1947,

on saline fronts, both found a densimetric Froude number

at the front of between 0.9 - 1.0 . Experiments by Abbott

(1) with oil over water gave values for the densimetric

Froude number of 1.3 when the oil slick was stationary and

1.0 when the ambient fluid was stationary. It was stated

that the turbulence in the frontal zone was less for the

later case suggesting that this experimental procedure was

the more accurate. Tests by Barr (19) with warm water

exchange flows suggested values for the densimetric Froude

number of between 0.85 - 0.95 for underflow fronts and

between 0.95 - 1.05 for overflow fronts. Other experiments

on a smaller scale were those conducted by Bata (23) with

gasoline fronts over water which gave values for the

densimetric Froude number of between 0.8 - 1.0.

Lean and Whillock (84) studied the two-dimensional

motion of a warm-water layer flowing over calm water.
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Values for the front densimetric Froude number calculated

using integral quantities are reported for thirteen

experiments. Wright and Coleman (151) studied mixing of

freshwater river outflow near a river delta, including

consideration of lateral front motion. Both investigations

found that the assumption of an initial front densimetric

Froude number equal to 1.41 locally yielded a result after

integration of the layer depth, that the average densimetric

Froude number for the front is very close to wiity. Finally,

formulas are derived theoretically by Kao (73) for the

velocity of propagation of a variety of gravity motivated

density currents. These include flow of surface warm

discharge, spreading of a slug of sewage sludge at a

thermocline, and the spreading of an oil slick on the water

surface.

If one now considers free surface flows then one

can relate the front conditions of the free surface flow

to that of exchange flows by noting that the only real

difference between the two is the manner in which decelerating

forces act on the fluid in order to produce a critical

condition at the front. The densimetric Froude number is

approximately squared in the free surface flow to what it

would be for an exchange flow, this fact being confirmed

by many experiments performed by Bata (23) and others. All

the available data on dam break experiments performed by

Schoklitsch (121), Trifonov (139) and Levin (87) are grouped

together in a graph by Bata (23). This graph indicates a
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densimetric Froude number at the front immediately after

dam break of between 1.8 - 2.0 , which for exchange flows

would be between 1.3 - 1.4.

Since the wave front suggests an instability

in the stratified system it can be compared again with

the same phenomena that would occur in a free surface flow.

In this case one can use the Vedernikov (142) stability

eriterion which separates long wave motion from short wave

motion. The stability criterion if one considers wide

rectangular channels is, for stability.

nFS1 (5.21)

Where m = index of hydraulic radius in the uniform flow

law u= KRM, i.e. m= 0.5 and 0.67 respectively for

Chézy and Manning resistance laws. Using the equations of

Chézy and Manning the Froude numbers at which roll waves

or instabilities are initiated are 2.0 and 1.5 respectively.

This suggests that a wave front in an exchange flow may

have a densimetric Froude number of between 1.4 - 1.2,

if one assumes that the resistance law at the front is

similar to that in open channel flows.

The above data concerning exchange flows, free

surface flows and instabilities all suggest that the

initial densimetric Froude number of an exchange flow

is (2) 1/2 . After the current has travelled a short

distance so that friction effects influence its speed

then it has a limiting densimetric Froude number of unity.

Barr and Hassan(21) have shown that dilution of the front

also reduces its speed.
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®hus, the limiting wave front condition coincides with

the stability condition, and that in this limiting case

a wave front can be defined as one invading its ambient

fluid with one of its two characteristics time stationary.

St. Venant fronts: It remains now to consider

the velocity at the St. Venant front, for which there

appears to be no experimental data. However, according to

the theory of fluid behaviour following the failure of a

dam, as originally proposed by St. Venant the equation

governing the motion of long waves are assumed to hold

over the entire range of flow, including the fluid front,

for all times following the failure. The physical

characteristics corresponding to this assumption are shown

in Fig.5.10, whilst in Fig. 5.11 the equivalent shape of

actual dam break water surface profiles (116) compared with

the St. Venant front profile, and a wave front profile at

a front Froude number of two are shown.

It can be seen that the St. Venant front is

formed due to the coincidence of positive and negative

characteristics so that the front velocity u, is identical

with the characteristic speed. By following a positive

characteristic such as AB from the upstream reservoir

boundary through the critical flow section ec, to the

negative characteristic of the downstream front boundary,

we find equating positive Riemann invariants that.

a(g u)'/2 =u, + 2(g a,)'/? = a, (5.22)
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Since at the critical flow section u, = (g a,)1/2 then

a " 4/9 H (5.23)

and a, = 3(g a,)'/2 (5.24)

Hence, the front velocity for the dam break St. Venant

front is three times the fluid velocity at the critical

section. It must be made perfectly clear at this stage

that the dam break St. Venant front does not exist in

reality, since it breaks down into a wave front with a

Froude number of about two. How this imaginary dam break

St. Venant front corresponds to the exchange flow St. Venant

front is not known, but assuming that the retreating

stable front can be treated as a reflection of the unstable

invading front, then the same front celerity applies to both.

5.3 Additional Front Theory

In order to ascertain the St. Venant front

velocity for the retreating front consider the front shown

in Fig.5.12 , where the lower layer depth is small compared

with the upper layer depth. Also, by using relative velocities

in the lower layer, the top layer remains roughly a constant

state and does not affect the lower layer. Using the method

of characteristics it is shown in Fig.5.12 that the effect

of this front with zero depth is the same as if the fluid

is extended to the left with depths and velocities the

same as those on the right. The reflection front on the

left has the form of an invading St. Venant front, and

since the characteristic structure is continuous over

both front types, the relative velocity of the retreating
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front is equal to the relative velocity of the advancing

front with equal Riemann invariants RY and R .

For the case of a free surface flow the relative

velocity at the front is three times the velocity at the

eritical section. If one assumes that the relationship

between Froude numbers for a theoretical free surface

St. Venant front and an exchange flow St. Venant front is

the same as for the wave front, then the densimetric Froude

number becomes (3) 1/2, instead of a Froude number of 3.0 .

In an exchange flow the driving potential is the

hydrostatic pressure difference which in the case of

Fig. 5.13 is H(1 -e€) , and therefore a constant for all

front types. This driving force is responsible for all

motions of the front and if relative velocities are used

it is very simple to calculate the front velocities. For

half the exchange flow the driving potential is H(1-«)/2

and this equals the kinetic energy in the front.

For the wave front :-

2 Aree
H(1 - €)/2 = (2u, )°/(2g) = V,/(28) (5.25)

where ve is the relative velocity of the wave front.

= v= (ern 2 (5.26)

which is the same result as found before in Eq.(5.20) .

For the St. Venant front :-

feH(i -¢€)/2 = 1/(2g f dx (5.27)
”

where V is the relative velocity at distance x from origin.
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For the St. Venant front the critical flow section must

be at the centre line for an exchange flow. Also, the

velocity between the centre line and the front tip varies

linearly with distance, evident from the fan shape of the

centred simple wave shown in Fig.5.10 . Therefore :-

Oa V+ (Vea ve) x / by (5.28)

where oe and Ms are the relative velocities at the front

tip and fetes section respectively.

2fe eft + (Wy = Vy)?x2/tP + avy(V, = V,)x/Iy] ax
0

b [ve x+ (v, - ¥,)? 2/(317) + ¥,(¥, = ¥ 274)
oy

2 2 2= ve +(¥-¥,)7/3+V.V,-Vo= (v2 + vv, + V2)/3

hence (Ve+V,V,+V5)=3eH (1-8) (5.29)

put at the critical flow section :-

v2 =gH(1-¢c)/2 (5.30)

thus Vo +V,¥,-5V5 = 0 (5.31)

oor t( v2 420 v2)'/2 _-v. + 4.5y,

2 2

VW = 1.75 Vy (5.32)

since d, = H/2

¥, = 1.75 (gt a, 1/2 (5.33)
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From this calculation the densimetric Froude number of the

St. Venant front in terms of the critical depth is found

to be 1.75 . The same result can be obtained by equating

specific energies between the critical section and the

front tip for any St. Venant front.

Equating the specific energy head between the

front tip and the critical section shown in Fig. 5.14 gives.

(H- a.)e +4, + V2/(2g) = He + VO/(2e) (5.34)

also at the critical section

ve= ga, (1-€) (5.35)

from Eqs.(5.34) and (5.35) 3/2 e = 1/2 4

therefore v= (3) 1/2 ¥ (5.36)

and ¥_= 1.73 (gt a, )'/? (5.37)v ce -

It is concluded from Eqs.(5.32) and (5.36) that the

relative velocity for a retreating St. Venant front in a

stratified fluid is 1.73 times the relative velocity at

the critical flow section, in the absence of friction.

With friction the front velocity is-reduced and if one

compares the reduction in the wave front densimetric Froude

number from (2) 1/2 to unity or less, then the St. Venant
y1/2

front coefficient should reduce from (3 to about 1.2 or

less. Because the St. Venant front has zero depth the front

velocity will be influenced by laminar shear stresses, which

will probably reduce the densimetric Froude number to unity.
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It has been shown that the St. Venant front

retreating in its ambient fluid is a reflection of the

St. Venant front advancing in its ambient fluid. The reason

why the former is physically stable and why the latter

decomposes into a wave front is now suggested. It was

shown by Rayleigh (110) that for all flows, short wave

motions are developed whenever one of the characteristics

becomes time stationary. It is the propagation of these

short waves which determines whether or not a St. Venant

front remains stable.

In Pig. 5.15(a) a dam break type St. Venant front

is shown with its velocities and rates of energy propagation.

Short waves developed near the critical section ¢ travel

at the speed of energy propagation (2u,) which is less than

the actual front velocity (3a,), therefore in the absence

of friction this front is stable. With friction the front

travels at less speed enabling the short waves to reach

shallower depths. Here they break or are reflected causing

considerable turbulence so that the resulting front takes

the form of a wall of water, the depth of which is some

function of the velocity depending on the friction factors

involved.

Fig. 5.15(b) shows a St. Venant front advancing

in its ambient fluid. The short waves developed at the

eritical section travel at a speed (2v,), which is greater

than the fluid at the front (1.73V,). Therefore even in

the absence of friction this front is wmstable, friction
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increasing its instability. Fig. 5.15(c) shows a St. Venant

front retreating in its ambient fluid. The short waves

developed at the critical section travel at a speed greater

than the fluid at the front and away from the front, so that

they can never be reflected or amplified. With friction

the front velocity will decrease just the same as with the

advancing front, so with friction the stability of the

front increases and is therefore perfectly stable.

5.4 Experimental Determination of Front Conditions

In the previous section, theoretical and

experimental results were reviewed for the densimetric

Froude number of wave fronts, and found to agree with

one another. Also, the St. Venant front was analysed

theoretically but since there were no known experimental

tests performed on St. Venant fronts, the theoretical

results could not be checked. This section records the

experimental front results obtained from tests carried out

in the channel shown in Fig.5.2,firstly with exchange

underflows and secondly with fronts formed due to saline

wedges moving up and down the channel due to tidal action.

The progress of exchange flows in the channel

was recorded photographically. Results of one such test

are shown with the times elapsed after raising the barrier

in Fig.5.16 . This particular flow (Test 2) had an initial

depth Hy at the sea of 80mm and a channel slope I of

9.6 x 107 . All the tests used fresh water for the lighter

fluid and salt water of density 1032kg/m, coloured with
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potassium permanganate solution for the heavier fluid.

The results from four exchange underflows at different

initial depths and channel slopes is shown in Fig.5.17

where the front densimetric Froude number is plotted

against the ratio of the wedge length 1p to the depth Ho.

It can be seen that the fronts have an initial densimetric

Froude number of about 1.4 reducing to about 0.75 as Ip/Ho

becomes large. For the arrested saline wedge in the South

Pass of the River Mississippi, To /Hp between critical

sections is about 1400. Since the horizontal scale of the

model X = 104, and the vertical scale Y = 250 the equivalent

model Ip/Ho ratio for the River Mississippi is 35. This

suggests from Fig.5.17 that the front densimetric Froude

number for the saline wedge in the River Mississippi is

between 0.89 - 0.97 .

To form St. Venant fronts experimentally

it is necessary to reproduce the tidal motion of the sea

in the model, so that the salt wedge is drawn back towards

the sea on the ebb flow. This was achieved by placing a

car tyre inner-tube on the bed of the experimental sea,

weighted down and loosely held to a stout board to which

three 10 kg weights were firmly bolted. The open valve

of the inner-tube was connected by a pipe through a simple

gate valve to a portable electric compressor shown in

Fig. 5.18 . With the gate valve set to a fixed opening

the compressor was alternately switched on and off for

set periods, and as the tube inflated and deflated so the
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water level in the sea rose and fell producing a rather

good copy of a shallow water tidal wave, without any

valve regulation. The insert of Fig.5.19 shows the vertical

tides produced at the seaward end of the channel when the

compressor was switched on for periods of 30s, alternating

with periods of 90s when it was switched off. The insert

of Fig.5.21 shows the vertical tides produced when the

compressor was switched alternately on for 60s and off

for 90s. The time scale for the model is x/ye? = 633,

therefore a tidal period of 12.5 hrs in the prototype is

equivalent to 71s in the model. The actual model tidal

periods of 120s and 150s are longer than this because it

was necessary to move the fronts over sufficient distance

to be able to calculate their velocities accurately.

The progress of the saline wedge in the first

test is show in Fig.5.19, which was recorded photographic-

ally after a stabilising period of five tidal cycles. The

head of the wave fronts has been omitted since this is

not relevant to the wedge shape and only confuses the

diagram. The channel slope for this test was 1.28 x 1 -2

the density of the saline water 1023ke/m>, with a constant

upland fresh water discharge of 67.Tem?/s - Fig.5.19 clearly

shows that the wedge advances as a wave front on the flood

flow and retreats as a St. Venant front with zero depth on

the ebb flow. The front height and position with time,

plus the resulting upper layer velocity u, and lower layer

velocity Uy at the front with time, and the calculated
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front densimetric Froude number with time are shown in

Fig.5.20 . For this particular tide, the initial densimetric

Froude number for the wave front has a value greater than

2.0 reducing to a value of about 1.2 for most of the

flood period. The St. Venant front has a densimetric Froude

number in terms of the critical depth varying from 0.9-1.0.

For the second test the flood period was

increased to 60s, the bed slope set at 0.96 x 1072, the

salt water density at 1024kg/m? and a constant upland

fresh water discharge of 98.5em?/s - The progress of this

new wedge is shown in Fig.5.21 and illustrated graphically

in Fig.5.22 . It can be seen from Fig.5.22 that the initial

densimetric Froude number for the wave front is about 1.4

decreasing to 1.0 for the latter half of the flood period.

The densimetric Froude number of the St. Venant front in

terms of the critical depth has a constant value of about

0.95 over the whole of the ebb period.

The conclusions drawn from these experiments

concerning the front types formed when a salt wedge

advances and retreats in an estuary, is that a wave front

exists during the flood period and a St. Venant front

during the ebb period. The densimetric Froude number for

the wave front for most of the flood period is close to

unity. For the St. Venant front the densimetric Froude

number in terms of the critical depth is also close to

unity, indicating that for real flows both front types

are governed by stability conditions.
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5.5 Application of Front Conditions to Mathematical Models

In a mathematical model of a stratified estuary

the computation is usually made from the seaward end of

the estuary to the tidal limit. The computation mst

therefore compute flow conditions within the two-layer

regime of the estuary occupied by the salt wedge and also

in the one-layer regime upstream of the wedge. The connecting

link between the two different computational models is

the front condition of the salt wedge.

It has been shown experimentally that both front

types are governed by stability conditions, therefore for

both fronts irrespective of their particular frontal shapes,

the front can be taken as a vertical wall of water located

at the critical flow section. This is reasonable since

although the actual St. Venant front has the visual

appearance of a theoretical exchange flow St. Venant front,

the fluid velocity between the critical section and the

front tip is constant. It follows that this fluid is not

really part of the front at all, since relative to the

eritical section it is stagnant. The various frontal shapes

ranging from the 'head' of the wave front to the wedge of

the St. Venant front are therefore different facies of

the same front, which effectively ends at the critical

flow section. Since these various front facies do not

influence the flow conditions in the subcritical fluid

beyond the critical section, there is no need to include

them in the two-layer flow computations.
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With the fronts ending at the critical flow section

the programming of the St. Venant front is simplified since

supercritical flow conditions close to the frontal tip are

avoided. It is also necessary computationally since there

is a rapid change from one front type to the other as the

tide reverses, and trying to follow this change would only

lead to numerical instabilities. The actual wedge shape of

the St. Venant front can be calculated separately and added

on after the main computation is completed.

5.6 Conditions at the Mouth of an Estuary

Since the mathematical model must have a boundary

at the mouth of the estuary, the location and flow conditions

of this boundary need to be considered. In the case of a

highly stratified salt wedge estuary with little or no tidal

motion, the end of the estuary is according to Schijf and

Schénfeld (120) that point at which critical flow conditions

occur. For a waterway which has a fairly constant cross-

section and then rapidly widens or deepens at its mouth,

eritical flow conditions will occur at the change of section.

This is confirmed by the results shown in Fig. 5.6, from the

experiments on arrested saline wedges. At the mouth of a

fjord the fresh water surface layer develops a shape

resembling the 'head' of an underflow wave front. It has

been shown by Long (90) that, allowing for mixing, the end

of a fjord can only reasonably occur just upstream of the

critical flow section. Also, Stommel and Farmer (130) have

shown that at the mouth of an estuary without tidal

motion, the flow conditions in the upper layer are kept
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eritical due to turbulent diffusion mixing eroding away

the interface and increasing the thickness of the upper

layer as shown in Fig.5.7 .-

If the estuary is tidal so that the salt wedge

moves up and down the estuary as the flow floods and ebbs

then the boundary conditions are more complicated. This

is because the celerity of the interfacial long waves is

much smaller than that of the surface waves. Consequently

the interface cannot change its level fast enough at every

moment to maintain critical conditions at the mouth of

the estuary. Hodgins Osborn and Quick (63) found that for

the partially-mixed Fraser River estuary the flow at the

mouth in the upper layer remained critical for all flow

conditions. For the lower layer however, supercritical

outflows as well as subcritical were common although on

the flood tide they recorded only one case of supercritical

inflow.

The inability of the interface to adjust itself

to critical flow at each moment is clearly recorded in the

experimental tidal profiles shown in Figs. 5.19 and 5.21.

For the first test the critical depth in the upper layer

at the sea is given approximately as:-

ay, = [a2/ ett?) ] 1/3 — 2.57 om (5.38)

where Q. is the upland fresh water discharge.

This particular value of critical depth is underestimated

since no account has been taken of mixing reducing the

relative density between layers.
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It can be seen from the insert of Fig. 5.19 that critical

conditions exist throughout the ebb period but since the

depth is less than critical throughout the flood period,

supercritical inflow conditions exist during this part of

the tide. Exactly the same conditions are seen to occur

during the second test shown in Fig. 5.21 where the critical

depth in the upper layer at the sea is calculated to be

3.25 cm.

It is evident from the changing boundary

conditions at the mouth of a stratified estuary that the

mathematical program must have the capability of scanning

the whole estuary to see if the flow is subcritical or

supercritical. From this information the correct algorithmic

structure can be selected for the computation, and in this

way instabilities due to incorrect data presentation are

avoided.
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CHAPTER 6

INTERFACIAL INSTABILITY AND MIXING IN STRATIFIED FLOWS

6.1 Interfacial Instability

Inviscid Flow — It has been shown by Groen

(49) and Heyna and Groen(62) that for simple harmonic

small amplitude gravity waves within vertically inhomo-

geneous, stable stratified, incompressible fluids, either

unbounded or bounded by one or two rigid horizontal planes

the following two theorems hold.

1. The periods of the waves are monotonic increasing

functions of the wave length.

2. A positive lower limit exists for the period T of the

waves, which is the minimum value given by:-

T = 20 [- p/(e 2 | ue (6.1)

where g = gravitational acceleration; p = local fluid

density at position z; and dp /dz = rate of change of

density with elevation at position z.

Brunt (28) and Vaéis&1& (141) independently

determined that the period of oscillation of a fluid

particle displaced from its position of neutral buoyancy

would be given by theorum 2 and hence shear generated

internal gravity waves arereferred to as Brunt-Vaisala

waves.

For inviscid flows, criterion for interfacial

wave stability have been worked out by Taylor(132),

Goldstein(47) and others since (37,96, 137,60,85). For a
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two-layer stratified flow with an interfacial mixing

layer of thiclmess 6 in which the velocity varies linearly

and the density is the mean of the bottom and top layers,

Taylor and Goldstein defined a region of instability shown

in Fig.6.1 . Prom this figure a convenient condition for

instability is that R,/a < 0.5 (Helmholtz 1868), where Ry

is the Richardson number, R= g'éb/ v2 and a is the

dimensionless wave number in which L= the wave length and

Ve U, — Uy 5 see Fig.6.2 .

If the interfacial layer has an exponential

density distribution whilst the velocity distribution is

linear, Goldstein obtained a result that harmonic oscillations

are stable for R; > 1/4 and unstable for all wavelengths

for O€R< 1/4 - If the thickness of the interfacial layer

becomes smaller, Miles(95) showed that this model approaches

the Helmholtz model. Miles and Howard(96) showed that for

a linear variation of density within the interfacial layer

a much smaller region of instability exists, see Fig.6.3,

than is predicted by the Taylor - Goldstein model.

It can be concluded from the work on

hydrodynamic stability of stratified flows that when the

interfacial Richardson number is less than some critical

value, the flow will be unstable to disturbances that fall

within a certain range of wave lengths.

The celerity c of short period internal

gravity waves is given by Keulegan(77) as

172
o=[etz/(en)] (6.2)

where g' = g(1-€)
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The celerity of the unstable waves forming at an interface

were measured by the writer from experiments to move at

0.4 times the relative velocity between layers (i.e. c=0.4V).

If it is assumed that the period of these waves is given

by Eq. (6.1) then

1/2

meen 8 A Se Lio (6.3)
& —€

and L = 16 (6.4)

It also follows that the critical interfacial densimetric

Froude number is

1/2
Fe = V,/(e'd ) = 1.25 (6.5)

Based on this analysis it would be expected

that when the interfacial densimetric Froude number is

greater than 1.25 or the Richardson number less than 0.64

interfacial mixing due to turbulent diffusion will occur.

Before a mixing layer and hence turbulent diffusion develops

there is however interfacial instability and mixing due to

the entrainment of breaking waves. Therefore the critical

interfacial densimetric Froude number is best given as

1.0 < Fo< 1.25 (6.6)

especially since Keulegan's(76) experiments on entrainment

gave the celerity of the unstable interfacial waves as

c= 0.5V . The foregoing analysis does not include the

effects of fluid viscosity in the determination of critical
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conditions for incipient wave breaking.

Viscous Flow — The conditions of instability

governing waves at an interface between two liquids must

be similar to that of wind generated surface gravity waves.

The latter were studied by Jeffreys(70) who obtained a

criterion of stability in the form of a dimensionless

parameter © equal to 0.215, where

© = (% ary (6.7)

From experiments with fresh water and sugar solutions, |

where a light surface layer flows over a stationary lower

density layer, Keulegan(76) found that with a flow

Reynolds number > 450, the interfacial waves broke when

the upper layer had a velocity V, given by the value of

©= 0.178 .

From dimensional considerations if 6 is the

thickness of the interfacial mixing layer, then any

stability parameter should be a function of the interfacial

Reynolds number Rs = (V 8)/V> and the interfacial densimetric

Froude number F, = w/(g' 8 2 . Since O= (Re Re 1/3,

this parameter is of considerable practical importance as

a criterion for interfacial wave instability.

From all the above theories the important

facts that emerge concerning the stability of a density

interface are as follows. The density difference between

fresh and salt water is capable of suppressing turbulent

mixing at the interface, by converting kinetic energy into
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potential energy. This is explained in simple language

by Schijf and Schénfeld (120) as follows. If, for example,

a volume element of denser water from a lower layer is

raised to a higher layer, and in the lower layer replaced

by an element of less dense water from the higher layer,

both elements acquire an amount of potential energy. If

then the elements dissolve in the new environment by

molecular diffusion, the potential energy acquired dissipates.

Hence, in a flow with a density gradient, the equilibrium

between energy supply and dissipation is attained by less

developed turbulence than in a flow without a density

gradient. This means that the density gradient attenuates

friction as well as mixing.

Lee (85) has indicated that the important

physical mechanisms for the existence of a salt wedge flow

are.

1. Strong stabilizing influence of the large density

change at the surface.

2. Weak stabilizing influence of the small density change

across the interface.

3. The destabilizing influence of the shearing parallel

flow.

The stabilizing influence of the free

surface and the interface have been found to be dependent

on the wave number of the disturbances. Also, that the

instability at large wave numbers is not of practical

interest because of the stabilizing effects of viscosity.
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6.2 Interfacial Mixing

Mixing of fluid between strata of slightly

different densities plays a critical role in various

phenomena of meteorology, hydraulics, and oceanography.

These usually involve the motion of one stratum relative

to another, such as that of warm or cold layers in the

atmosphere, a sediment laden current beneath the clear

water of a reservoir, superposed fresh and salt water in

estuaries, and thermal streams in the ocean. In each

instance the rate of intermixing depends upon an as yet

uncertain relationship between the velocity, viscosity,

and density characterizing the relative motion.

Rouse and Dodu (117) found from experiments

on a two-layer stratified fluid where turbulence was

produced artificially in one of the layers only, two

pertinent facts. First, fluid is entrained from the surface

of the non-turbulent layer and diffused throughout the

turbulent layer. Second, so long as the turbulence is

produced by some external mechanism, there is a finite

rate of entrainment across the interface for any Froude

and Reynolds numbers. Pedersen (103) carried out similar

experiments on a fresh water saline water interface and

concluded that entrainment is a one-way transport process

directed from the nonturbulent to the turbulent fluid.

In the preceding section it was seen

that for inviscid flows, the criterion for interfacial

wave stability depended upon the formation of an interfacial
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mixing layer across which the density changed. This mixing

layer can only be formed when turbulent diffusion mixing

is taking place at the interface. There are in fact two

distinct types of mixing, one is called entrainment mixing

and the other turbulent diffusion mixing. When one of the

layers is laminar flow, the lack of turbulence means that

the mixing is confined to the interface and therefore plumes

of fluid are ejected from the non-turbulent to the turbulent

layer only. This type of mixing in which plumes from the

non-turbulent fluid are entrained within the turbulent

fluid is called entrainment mixing. If both layers are

in a turbulent state then plumes of fluid are ejected

across both sides of the interface, the rate depending

on the level of turbulence. If both layers are equally

turbulent an interfacial mixing layer is formed which has

the effect of maintaining a high density gradient at the

interface and thereby suppressing turbulent mixing. Eddy

motions are now observed within the interfacial mixing

layer and the mixing is described as turbulent diffusion

mixing. In many natural stratified flow situations such

as a saline wedge estuary and especially fjord flows where

the velocities in the lower layer can be very low, both

types of mixing can be present at the same time to a

greater or lesser extent.

The rate of interfacial mixing has for

many years been thought to be a function of the overall

Richardson number, this is however no longer the case.
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Experiments by Kantha, Phillips and Azad (72) were unable

to show that the rate of entrainment was a function of

the overall Richardson number as other experimenters such

as Turner (140), Kato-Phillips (75) and Moore-Long (97)

had suggested, and concluded that it certainly has no simple

power law dependence on the overall Richardson number.

Experiments by Sumer and Fischer (132) on natural channels

found that the rate of transverse mixing increased by

density stratification if the channel cross-section was

irregular. They suggested that the same probably applies

to vertical mixing and that in natural channels no

relationship exists between the rate of mixing and the

overall Richardson number, or if it does, it may be in

the opposite direction from what has usually been assumed.

Barr (20) also states that the condition for similarity

between model and prototype for mixing does not directly

involve the Richardson criterion, only the relative density

between layers. Keulegan (76) suggested from experience

and showed by experiment that:-

a=k (Vv -V,) (6.8)

where q = rate of mixing, V = relative mean velocity

between layers, Va = relative mean velocity at critical

conditions, and k,= coefficient of mixing. This equation

can be shown to have a theoretical as well as an experimental

basis even though it is not entirely satisfactory; since

as Barr (20) has stated,the mixing is a function of the
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relative density between layers, and should therefore

appear in the equation.

From the velocity distribution across an

arrested salt wedge shown in Fig. 5.1 it is found that if

Vis the average velocity in the upper layer then referring

to Fig.6.4a, Uy = 0.8V and uy = 0.3V. The velocity at the

interface is about 0.55V. If it is assumed that this

velocity gradient creates eddies from the breaking plumes

as shown in Fig.6.4a, then this mixing between layers

should be responsible for the average interfacial shear

stress T. The velocity gradient of the flow tL = (u,-u,)/8

since o,~ 3, and 3, + 5, = One

The eddy motion across the flow relative to the mean motion

is 3 5 ge . Every unit mass of fluid changes its momentum

by an amount 8 2s - The total rate of change of momentum

between layers equals the shear force at the interface,

thus

1 au 1 du Qu
Nappies Ouse Sip) ae One) Ogee = Ar (6.9)

where a= base area of plume.

A,= surface area of interface/wave length.

N = number of waves breaking/wave length at

any particular instant.

since (822)? = (u,-u,)? (6.10)

Na 2c
T= 35 (u, - )° (Po + Py) (6.11)
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but T= Py 4, % - Po Ip Uy (6.12)

hence since P5 = py

Ts BS a — Uy)? py = Py ( a4¥y - Agu) (6.13)

Because the mixing between layers is due to turbulent

diffusion, 4 =4-

T= a Wy — Up)? Po = Po a (a, - Uy) (6.14)

Ts tk, P2 V° = 0.5 p, a7 (6.15)

a= 2,Y (6.16)

Eq.(6.16) suggests that there is mixing at the interface

for all velocities. Since this is not the case, and mixing

only begins when the average velocity in the upper layer

exceeds a certain critical value V, ; V in Eq. (6.16) must

be replaced by ( V - Ways

doom Ree ate) (6.17)

where K= Na/(2A,) , and (Vv - Vale, is usually less than 0.5.

It will be seen that Eq.(6.11) is strictly

only valid when interfacial mixing is taking place. It is

however also used to calculate the stresses before mixing

takes place of a laminar or quasi-laminar nature.
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6.3 Experimental Results and Analysis for a Saline Wedge

Two sets of experiments were performed

on arrested saline wedges . The first set was to ascertain

the conditions at which the interface became unstable, and

the second series of tests to measure the amount of

mixing from the lower to the upper layer. In a laboratory

channel free from wind effects the generation of short

interfacial waves is caused by shearing stresses generated

at the bed of the channel by the circulation current and

possibly also by secondary currents. Eddies formed at the

bed spread upwards towards the interface increasing in

size as they go and on reaching the interface cause it

to assume a wavy surface. Mortimer, McNaught and Stewart

(98) were of the opinion that the generation of short

internal waves in a natural lake was caused by the

influence of eddies generated at the surface and spreading

down to the interface. It follows that in saline wedge

estuaries the interfacial waves must be generated both

through the action of wind stresses at the surface and

also shearing stresses at the bed resulting from the

circulation current. It is probably not a coincidence

that the average thickness of the interfacial mixing

layer in a salt wedge estuary is about 1/5 of the total

depth when the average von Karman mixing length or eddy

diameter either generated at the surface or the bed is

also 1/5 of the total depth, at mid-depth where the

interface is.
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When fresh water flows over a salt water wedge,

the following conditions are observed to occur. If the

velocity of the upper fluid is low no interfacial waves

are evident and the wedge is perfectly stable. As the

velocity increases interfacial waves are observed along

the whole length of the wedge which increase in amplitude

as the velocity increases. These waves are observed to

break intermittently near the tip of the wedge where the

depth is small and at the seaward end of the wedge where

the velocity is high. As the velocity is further increased

waves are observed to break intermittently along the whole

length of the wedge and it is at this point when critical

conditions are said to occur,( see Figs. 6.4b , 6.4c ).

From the experiments to determine the critical

conditions at which intermittent wave breaking begins the

following results were obtained. Pig.6.5 shows the

variation of the criterion of mixing ©, with the Reynolds

number of the upper fluid at the tip of the wedge. It can

be seen that © is independent of the river Reynolds

number and has a value of 0.140 . The hydraulic radius R

was defined in its normal way as Hob/(2Hp+b), where b is

the width of the channel. The results are also shown

plotted in Fig.6.6 together with the data of Keulegan(76),

Rumer(11g) and Ippen and Harleman(67). It can be seen that

over the range of Reynolds numbers tested the scatter of

the points is large but suggests that © is a constant.

It should however not be assumed that O is still the
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same constant for Reynolds numbers of the order of 107

as found in real estuaries. The results of Ippen and

Harleman(67) in the laminar region ( VigP/ V4 < 400),

indicated to them that © is a function of Reynolds number.

However, more tests at lower Reynolds numbers are necessary

in view of the large scatter of the data, before this

assumption can be accepted without question.

Fig.6.7 shows the variation of © with the

relative densities of the two liquids. In this case 0 is

a function of the relative density and can be expressed

with the following equation.

© = 0.526 ( 1 - €) + 0.127 (6.18)

The results are again shown plotted in Fig.6.8 together

with the data of Keulegan(76). It is evident from this

figure also that O is a function of the relative density,

and this alone strongly suggests that the rate of

interfacial mixing should also be some function of the

relative density.

Fig.6.9 shows the critical shear velocity

for interfacial wave breaking in the upper fluid, and

Fig.6.10 similarly for the lower fluid. Figs.6.11 and

6.12 show the relationship between wave length and

thickness of the upper and lower parts of the interfacial

mixing layer respectively. These results are combined

in Fig.6.13 to give the variation of critical velocity

V, with interfacial densimetric velocity (g'8 7/2. 3

can be concluded from these results that the theoretical
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stability condition expressed by V, = (g*d yi/2 is

sufficient but not necessary for stability and that a

better lower bound for critical velocities is that

¥ = V,/( e'8)/? < 1.25 (6.19)

The variation of wave length L with thickness

of the interfacial mixing layer 6 is shown in Fig.6.14 .

The white circles with the limit lines represent the

combined data given in Figs.6.11 and 6.12 . The black

circles are data from tests for the measurement of

interfacial mixing and therefore represent conditions

where the velocities were greater than critical. The

theoretical relationship L=16, given by Eq.(6.4) which

is obtained using Brunt - Véiséla's hypothesis for the

shortest period of internal waves in a stratified fluid,

provides a lower bound. This also agrees with the results

of Thorpe (138) shown in Pig.6.15 and as Rumer (118) has

noted these results seem to support the hypothesis that

interfacial instability is intimately related to the

natural frequency of oscillation of displaced fluid

particles in a nonhomogeneous density field. Actual field

measurements to support this theory are given by Mortimer,

McNaught and Stewart (98), from Central Ieke Michigan.

All the results obtained from the tests are

plotted on the Taylor-Goldstein stability diagram shown

in Fig.6.16 . Again the white circles with the limit lines

are the results at critical conditions whilst the black
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circles represent the data from the mixing experiments.

This particular stability diagram represents a situation

where the interfacial mixing layer has a constant mean

density and a linear velocity distribution. It can be seen

that the data obtained from the tests agrees reasonably well

with the stability conditions represented by Fig.6.1 .

The data however does not fit the stability conditions

of Miles and Howard (96) shown in Fig.6.3, where the density

distribution is assumed to be linear or the results of

Goldstein (47) for an exponential density distribution.

It could be construed from these results that the density

distribution within the experimental interfacial mixing

layers should be a constant mean value. It can be seen in

Fig.6.17, from the average of the measured density |

distribution profiles that this interpretation is wmtrue in

this case. Although the results agree reasonably well with

the Taylor-Goldstein stability condition, the simple

Helmholtz stability condition plus the Brunt-Vaiséla

hypothesis give even closer agreement, that is :-

R, /a < 0.5, and a <2 (6.20)

The results indicate that it is the waves

of intermediate wave length that are unstable and that

the short waves are stabilized according to Yih (155), due

to the vorticity being confined to a finite region by

viscous forces. The maximum wave number at which waves

break appears to be about two, and the tests show that
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for an experimental saline wedge a region of instability

exists for

R, /a <0.4, and a<2 (6.21)

Also, Ellison and Turner (42) have shown that for

R, > 0.8 ( Fy<1.1) mixing at the interface of a

stratified fluid is negligible, which agrees with the

experimental results obtained.

The rate of fluid transfer from the lower

to the upper layer was assumed to be given by the equation

a =k (V-V,) (6.22)

where k,is an unknown function of the relative density.

This equation was summed along the whole length of the

wedge using values of V, calculated from © given by Eq. (6.18).

From the density gradient of the upper mixing layer

measured at the seaward end of the wedge, an average value

for the coefficient of mixing k along the wedge was

calculated for each test. The density gradient was measured

using a wave monitor with a probe consisting of a pair of

stainless steel wires 1.5mm diameter and 12.5mm apart. By

insulating the probe along its whole length except for the

tips a record of the density at any particular depth could

be obtained on a chart recorder. The chart recorder trace

wes also used to calculate the average wave length and also

the thickness of the upper and lower mixing layers for each

test.
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The wave monitor and UV chart recorder, which

used 1600B galvanometers, are shown in Fig.5.2 . The

calibration curve which was constantly checked, had to be

calibrated within the channel where the profile was being

taken since the readings altered significantly for the

same solution of saline water when contained in either a

test-tube, beaker or the channel. The calibration curve

is shown in Fig.6.18 and a typical UV recorder trace (Test 1),

in Pig.6.19 . The density profile for the upper mixing

layer, obtained from this trace is shown in Fig.6.20, and

the arrested saline wedge from which it was obtained is

shown in Fig.6.21 .

In all, thirty nine different wstable arrested

saline wedges were tested with the relative density (i-e )

varying from 0.012 - 0.052 , and from these an average

value for the coefficient of mixing i along the wedge was

calculated for each test. A typical calculation for k along

the wedge shown in Fig.6.21 is as follows.

Test 1

For the saline wedge shown in Fig.6.21, the following data

was obtained:-

5, = 0.60em; Ip = 155em; a, = 6.50cem; b = 3.5cm;

17235em/s°;Q = 129.10m?/s; Vp = 0.99 x 1072em?/s; g!

Since (1 -€) = 0.0177, from Eq.(6.18), © = 0.136 .

Q= (g' vy)'/3/ Vy = 0.136 hence V, = 4.09cm/s «

From Fig.6.20 the average density in the upper interfacial
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mixing layer at the seaward end of the wedge was calculated

to be 1000.566 kg/m? . Since a, = k,( V- V,) then equating

salinities.

* ( )q. 1—e) dx0.566/1000 af Se ee (6.23)
V5,

0

kK (1 -«€) Viba0.566/1000 = ae [ (1 = S5+)ax (6.24)
1 0

0.566/1000 = k, x0.0177 x 155/0.60 (1- 4.09x3.5x6.50/129.1)

0.566/1000 =1.28 k,

hence k= 4.42 x 1074 when ( 1 = €) = 0.0177

The results for kare plotted against the relative density

(1 -€) in Fig.6.22 . Since the slope of the line is equal

to minus one, the resulting equation for mixing is :-

ao = ki (V-¥,)/ (1-6) (6.25)

where kt = 0.94 x 107,

From the experiments the average diameter

of an entrainment plume was about imm. The surface area

on which the shear stress acts is Lxb. It was observed

that in a channel of 3.5cm width, two plumes developed

across the width of the channel. Over the whole length

of the wedge an average of only about one half of all
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waves are breaking at any particular instant, therefore

N= 1. The average wavelength L= 4.5cem. The theoretical

coefficient of mixing in Eq.6.17 is therefore :-

= = ~4i 0.5 Na/A; = 2.5 x 10 (6.26)

The measured rate of mixing in the upper layer for

(1 -e) = 0.02 gave a coefficient k,, Show in Fig.6.22 of

4.7 x 1074, The mixing coefficients obtained from theory

and experiment are very similar indicating that the

assumed mixing process due to momentum exchange of turbulent

motion is valid.

6.4 Application of Results to Mathematical Models

As stated in the previous chapter, for the

successful modelling of a stratified flow it is necessary

that the densimetric Froude numbers should be the same

in both model and prototype. The second dimensionless

term in Eq.(5.1) is the densimetric Reynolds number, which

has only a minor influence on the flow conditions. Since

the density in the model was the same as that in the

prototype, one can better refer to the scaling simply in

terms of Froude and Reynolds numbers. The experimental

work of Rigter (115) indicated that the Reynolds number

of the flow is a minor but relevant term for a stable

arrested saline wedge, but decreased in importance as

turbulent mixing at the interface increased. The unimportance

of the Reynolds number for a salt wedge where both layers

are in a turbulent state is suggested by Fig.6.5 where it
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is seen to be independent of the stability parameter O.

This is in contrast to the findings of Ippen and Harleman

(67) who conducted tests on laminar stratified flows and found

© to be a function of Reynolds number.

Since the wavelength L is not a geometrical

element of the channel but proportional to the wave celerity.

L(prototype) = L (model) x ¥ (6.27)

where Y = prototype/model vertical scale ratio.

In the prototype the ratio of the interfacial mixing layer

thickness § to the total depth should from Eq.(6.4) be the

same as in the model. Extra proof is given by Long(90), and

Simmons (126) where the interfacial layer thickness for

highly stratified estuaries, such as the South-West Pass

of the River Mississippi was found to be about one fifth

of the total depth, which agrees with the model tests, hence.

S (prototype) = 6(model) x ¥ (6.28)

Also, since the interfacial densimetric Froude number in

model and prototype are equal, V, in Eq. (6.5) must increase

in the prototype by the same ratio as all the other prototype

velocities. Because the viscosity is a function of the

relative density and the variation of © with relative

density is given in Eq.(6.18), then from Eq.(6.7), @ec1/V, .

The value of the stability parameter © in the prototype

becomes.

© (prototype) = ©(model) / ye (6.29)
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Eq. (6.25) remains unchanged for the prototype since the

rate of mixing has the dimensions of a velocity and the

densities in model and prototype are equal.

It can be seen from Eq.(6.15) that the interfacial

shear stress can be expressed as :-

T= 0.5 Pp a, V (6.30)

but T can also be written as :-

r= £77 (6.31)

where f is the interfacial friction coefficient.

From Eqs. (6.30) and (6.31)

f= 4.0 4,/ V7 (6.32)

substituting into Eq.(6.25) gives

£=3.8x 107% (¥-v,)/[v(1 - e)] (6.33)

For (1 -¢€) = 0.02, £<1.0 x 1073, which can be compared

with the values used in various mathematical models of

saline wedges ( 79,25,146,63 ) shown in Table 6.1 . It

can be seen that the value for f obtained in the physical

model is less than that used in the mathematical models.

This is due to the fact that conditions in the physical

model produced a more highly stratified flow than can be

expected to occur in a real estuary. Table 6.1 clearly

shows that as the level of stratification decreases so the

interfacial friction coefficient increases. This is

consistent with the increased level of turbulent mixing

at the interface, due mainly to tidal action. Also, it
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92E

. 5 a Tidal 5Estuary Type of estuary (1 =e) range in| £ x 10

| metres

(1) (2) (3) 68) (5)

South Pass lississippi Highly stratified 0.020 0 2

Grand Rhone Highly stratified 0.025 |o13~0.40 35o05

Rotterdam Waterway Partly mixed 0.024 1.6 42

|
Fraser River Partly mixed 0.022 I) 60

Note : im = 3.28 ft

TABLE 6.1 INTERFACIAL FRICTION COEFFICIENTS USED IN ESTUARINE MATHEMATICAL MODELS



should not be forgotten that friction coefficients in

mathematical models are not truly representative of the

shear stresses acting. This is because these coefficients

have to absorb all the errors in the mathematical model,

to enable a reasonable comparison with the prototype to

be made. Therefore when a set of equations for a highly

stratified estuary are used for a partly mixed estuary the

value of the interfacial friction coefficient used will

not reflect the true level of mixing at the interface.

However, this does not mean that the model should not be

used for partly mixed estuaries because an alternative

multi-layer stratified model could prove to be very

expensive and still give no better results.

Computer tests were carried out for the salt

wedge in the South Pass of the River Mississippi in order

to compute the interfacial mixing coefficient for this

estuary. The program used was the writers extended implicit

finite difference scheme for fully stratified flows

described in Section 4.4 . The data used is that given by

Keulegan (79), with a bed slope of 2 x 107? (27) and a Chezy

bed friction coefficient of 60 n*/s - It was assumed that

conditions were critical in the upper layer at the seaward

end of the estuary and that the wedge at its landward limit

assumed a wave front form at a densimetric Froude number

of unity. These conditions gave an upper layer depth at

the sea of 5.81m and a lower layer depth of 7.91m, plus

a front height of 1.26m for the salt wedge. These depths
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were used as boundary data for the model plus the river

discharge of 2831. 7m?/s and the upper and lower layer

densities of 1000kg/m? and 1020kg/m? respectively.

It is kmown that the length of the arrested

saline wedge in the South Pass is 14 miles (22.5 km), and

that the average discharge in the salt wedge should be zero.

By running the program for different wedge lengths and

interfacial mixing coefficients qh given in Eq.(6.25), the

corresponding discharges in the wedge at the seaward end

were obtained. Figure 6.23 shows the relationship between

wedge discharge and wedge length for different values of

the interfacial mixing coefficient. It can be seen that

for zero wedge discharge and a wedge length of 22.5 kn,

Kn =A4x 107? - For a moving salt wedge in a fully stratified

estuary it is reasonable to conclude from the results that

the interfacial mixing coefficient kb can vary from 5 x 107°

on the flood flow to 3x 107? on the ebb flow. The average

value of (V - FAR where mixing is taking place is 0.3

and since (1 -€) = 0.02, then from Eqs.(6.25) and (6.32)

£= 4.0 kt (v-v,)/[v (1 -€)] = 60K) (6.34)

Therefore the average value of the interfacial friction

coefficient for the South Pass (Mississippi River) saline

wedge is 2.4 x 1073 - This compares very favourably with

the analytically derived value of 2.1 x 1073 obtained by

Poggi from Eq.(5.9). For Moving fully stratified saline

wedges the value of f will vary from 3 x 107 on the flood
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flow to 2 x 107° on the ebb flow, whilst a good value

for the interfacial friction coefficient during quasi-

laminar flow conditions before mixing takes place is

f= 1x 107,

Other types of stratified flows give different

values for the interfacial friction coefficient. Pedersen

(103) indicated that for fjord flows where brackish water

flows over a stagnant salt water pool, so that the entrainment

is from the lower to the upper layer only, f is about

tox 1073 Lofquist (89) studied the stability of the interface

for a forced turbulent underflow beneath a stagnant upper

layer and found that for densimetric Froude numbers between

0.32 and 0.71, £ varied from 2.4 x 1074 to 4 x 1077, For

comparison the densimetric Froude number in the upper layer

over most of the model salt wedge varied from 0.45 to 0.75.

For lock exchange flows the results of the Delft Hydraulics

Laboratory, Project M 772,1968, reported by Abraham and

Eysink (15) showed that for high Reynolds numbers at a

densimetric Froude number of 0.8, f tends to a constant

value of about 6 x 1073. These results suggest together with

energy considerations that the interfacial friction coefficient

is proportional to the square of the densimetric Froude

number.

The results obtained indicate that in order

to model mathematically a highly stratified estuary, the

shear stress at the interface, when mixing is taking place

can be represented in the momentum equation of the upper
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layer by Eq.(6.12) as shown in (51). When mixing is not

taking place Eq.(6.31) cam be used with f = 1 x 1077.

The rates of mixing q, and q, are calculated from Eq. (6.25)

using values of V, obtained from Eqs.(6.18, 6.29 and 6.7) .

The coefficient of mixing kt in Eq.(6.25) needs to be

estimated depending on the level of stratification of the

estuary. For a highly stratified estuary, k}, will vary from

2x 107° to 6x 107 depending on the phase of the tide.

If the average velocity in the salt wedge is not zero, as

it will not be for a moving salt wedge, then V becomes the

average relative velocity between layers. If an estuary of

the partly mixed type is to be modelled, it will probably

be found necessary in order to obtain a high interfacial

shear stress without too much entrainment, to use two terms

in each momentum equation. The first term will be Eq.(6.12)

which will provide the necessary mass transfer together

with its associated interfacial shear stress, plus a term

such as Eq.(6.31). The friction coefficient f in Eq. (6.31)

will need to be estimated by trial and error until a good

correspondence between model and prototype is obtained.
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APPLICATIONS OF EXTENDED IMPLICIT MODEL

Tol The River Hooghly

An estuary is classified highly stratified,

partly mixed, or well-mixed by determining the ratio of

mean upland discharge flowing into the estuary during a

tidal cycle to its mean tidal prism. The estuary is highly

stratified if the ratio is > 1, partly mixed if the ratio

is > 0.25, and well-mixed if the ratio is < 0.1. Applying

this criterion to the Hooghly, computations show that this

ratio varies between 0.07 and 0.064 at Saugar for an average

tide. The estuary is thus well-mixed.

The Hooghly is formed by the confluence of three

rivers: the Bhagirathi, the Jalengi and the Churni as shown

in Fig.7.1 . The Bhagirathi and the Jalengi meet at

Swarupganj, the river then being known as the Hooghly. The

Churni meets the Hooghly about 68km below Swarupganj.

Calcutta is situated about 140km below Swarupganj, on the

left bank of the Hooghly. The estuary is funnel-shaped,

meeting the Bay of Bengal at Saugar at a distance of about

140km below Calcutta.

The Bhagirathi, once the main branch of the

Ganges, has silted up to such an extent in the course of

time, that the flow from the Ganges to the Bhagirathi now

takes place only when the level in the former rises by about

4.6m over the general dry season level. The offtake is
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FIG, 7.1 HOOGHLY RIVER SYSTEM
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unstable and has shifted by about 38km longitudinally and

16km laterally in the last few decades. However the Bhagirathi

remains almost the only source of freshwater flow into the

Hooghly, as the Jalengi flows are small and of short duration,

while the Churni is practically a moribund channel. Owing

to the nature of the offtake, there is almost no freshwater

flow into the Hooghly in the dry season from November to

June, the discharge rises steeply around mid-July to a

magnitude of about 3000m?/s, falling suddenly to very low

values at the end of the monsoon season around mid-October.

The tidal ranges at the mouth of the Hooghly

exhibit large spring-neap variations (1.25 - 5.5m) and in

the dry season the tidal limit extends to Swarupganj. The

main component of the tide is semi-diurnal. During the

monsoon the major part of the river is practically free

from salinity, at Saugar the salinity drops to only 7 ppt,

but during the dry season the salinity at Saugar reaches

that of the ocean, about 34 ppt. The maximum dry season

salinity at Palta, where the river is a source of drinking

water supplies to the City of Calcutta, may reach 3 ppt.

This is well above the potable limit. In fact, supply of

drinking water to Calcutta beyond March is a serious problem,

and therefore salinity variations in the river for different

flow conditions is of great importance.

A program incorporating the generalized

algorithm described in chapter 4.2 was coded in ALGOL 60

and run on an IBM 360/65 computer in order to compute water
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level, discharge and density variations for the Hooghly.

The program was run using the data shown in Table 7.1

obtained from Ref.(144). The friction coefficient was

estimated by running the program with various roughness

heights, until the known maximum velocities on the ebb and

flood flows for zero upland discharge were obtained at

Calcutta. It is known from studies by the author (50) and

by Basu (22) that the roughness coefficient varies with

the phase of the tide. This variation in friction coefficient

with tidal phase is partly due to bed roughness, depth and

density changes, but primarily due to the errors caused by

using a normal flow friction parameter for unsteady flow

conditions. In this model however, because of its research

nature and therefore inadequate data input for a commercial

study, only one roughness height was used for the river.

Constant distance steps of 5km were used with time steps of

900s giving a Courant number of 2, although higher Courant

numbers are possible (52). The longitudinal diffusion

coefficient was taken as 200m?/s, since this is the value

recommended by Haag and Bedford (56) for estuaries when

only one constant value is to be used.

The computation grid used is shown in Fig.7.2.

At the left hand side of the grid the fresh water upland

discharge and density at Swarupganj are used as boundary

conditions at j=0 and j=1 respectively. At the right hand

side ef the grid a known vertical tide at Saugar Light House

with a range of 5.5m is used at section jj for the dynamic

boundary data. Since at the seaward end of the grid the
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Distance from Schematized Schematized

Seuger Light breadth of bed level with-

House, in channel, in zero datum at

kilometres metres lowest water level,
in metres

(1) (2) (3)

0 13500 -12.0

10 10800 -12.0

20 8400 -11.9

30 5900 11.9

20 4260 -11.8

50 3230 -11.7

60 2440 -11.5

70 1920 -11.4

80 1340 -11.2

90 1100 -11.0

4100 940 -10.7

110 790 -10.4

420 670 -10.1

130 570 -9.8

440 480 -9.4

150 420 -9.1

160 370 ~-8.7

470 320 8.4

180 300 -8.0

4190 280 -7.6

200 240 -7.2

210 210 -6.8

220 180 -6.4

230 150 569

240 130 5.5

250 120 5.1
260 110 -4.7

270 110 -A.3

280 100 -3.9

290 100 “Beh

TABLE 7.1 RIVER HOOGHLY DATA _
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density is a function ef the upland discharge it cannot be

used directly as a boundary condition. However, the density

gradient at the mouth ef the Hooghly remains almost constant

at 0.00016kg/m* and this is used in Eq.(4.36) to compute

the density at section jj+1.

The simultaneous tidal curves obtained by

running the program with low and high upland discharge are

shown in Figs. 7.3 and 7.4, respectively, together with

the observed prototype curves obtained from Ref.(144). The

salinity variations in the Hooghly are shown in Fig. 7.5 for

the low and high upland discharges and are compared with

the prototype data given in Refs.( 24) and (48).

Salinity variations in an estuary take mich

longer to settle down from guessed initial conditions than

do the water levels and discharges. It was therefore found

necessary to run the program over twelve tidal cycles in

order to achieve a constant cyclic state for the salinity.

The CPU time on the IBM 360/65 for calculating 150 prototype

hours for the Hooghly at a Courant number of two is less

than five minutes, and the storage requirement was 120kB.

The results indicate that although the computed

simultaneous tidal curves agree closely with the measured

curves, the computed longitudinal distribution of salinity

at low flow does not. The reason for this is partly due to

using a constant longitudinal diffusion coefficient for the

whole estuary, but mainly due to the fact that the channel

data plus the simultaneous tidal curves are for the Hooghly

in 1900 whereas the salinity profiles are for the Hooghly
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in 1963. It should be noted that there are no salinity

measurements for the Hooghly around 1900 and that the only

comprehensive published tidal data is that for the year 1900.

Tidal ranges in the Hooghly have increased

steadily from 1911 to 1958 by half a metre at Calcutta but

are now being controlled to a limited extent by dredging.

This indicates that the channel has been and still is

becoming wider and shallower and is in fact chocking up

from the upstream end. Because of the increased tidal range

and zero upland discharge, salinity intrusion is rapidly

progressing landwards affecting the industrial centres

located along the river.

During the dry season a tidal bore develops in

the Hooghly on the spring tide and reaches a height of 1.5m

at Calcutta. These tidal bores seriously hinder the day to

day activities of people in the vicinity of Calcutta and

reflect the deterioration of the river caused by too little

upstream discharge entering the river system. This lack of

upstream discharge has caused silting up of the river,

resulting in higher tidal ranges and steeper upstream bed

gradients all of which contribute to the formation of the

tidal bore. Usually tidal bores in numerical computations

cause stability problems, but the iteration of equation

coefficients in the centred implicit scheme causes enough

dissipation to accommodate the bore.
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Tez The River Gambia

This river flows through the West African country

The Gambia from which the country takes its name. The Gambia

is a long narrow country surrounded by Senegal and as shown

in Fig.7.6 follows the length of the river over its entire

500km tidal reach. The tidal range at the sea varies between

0.6m and 1.5m and the estuary is classified as well-mixed.

Because of the size of the estuary and its very small upland

discharge over nine months of the year, tidal variations at

the sea have a considerable effect on the movement of water

within the estuary. The tidal limit extends beyond Gouloumbo,

during the dry season, which is 520km from Banjul, whilst the

maximum extent of saline intrusion is 250km from Banjul.

A mathematical model of the Gambia estuary was

built by Sanmuganathan (119) using a very limited amount of

prototype data which was subsequently used in this thesis.

Sanmuganathan's model which was designed to predict salinity

variations in the estuary is an analytical solution of the

salt transport-diffusion equation using Laplace transformations.

The extended implicit model for well-mixed flows

was similarly used to predict salinity variations in the

Gambia, given a freshwater hydrograph, tidal conditions at

the sea, and an initial salinity profile. The seaward boundary

of the model was taken at Banjul and the landward boundary

at the tidal limit 510km from Banjul. The variation in cross-

sectional area of the estuary is shown in Fig.7.7 . The width

of the estuary had to be estimated from a map and from this

data it was decided to use a mean depth of water at Banjul
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of 12m . Since no information was available on bed levels,

a logarithmic bed profile was assumed given by the equation:-—

-5
Bed level = 0.01 e':! = 10° » where L is the distance

from Banjul. The landward boundary of the model was the

fresh water hydrograph shown in Fig.7.8, whilst at Banjul

a constant sinusoidal vertical tide of 12.5hr period and

Im range was used.

Since known prototype values for the

maximum tidal velocities along the Gambia were available,

the Chézy bed friction coefficient was estimated by running

the model with guessed values of Chézy coefficient and zero

upland discharge until the maximum tidal velocities agreed

with the prototype. It was found that a linear variation in

Chézy coefficient decreasing from 100m?/s at Banjul to 40m?/s
at 300km from Banjul and then remaining constant gave the

best results which are shown in Fig.7.9 .

In order to estimate the longitudinal

diffusion coefficient, several tests were made initially

with the coefficient constant and the resulting salinity

advance for salinities of 1.5g/1, 5.0g/1, and 10.0g/1

recorded. The salinity advance curves for a constant diffusion

coefficient of 200m2/s and 500m?/s are shown in Figs.7.10

and 7.11 respectively. These curves indicate that the

diffusion coefficient should be between 200-500m2/s at 150kn

from Banjul but that a value of 500m°/s is the right order

between 50-100km from Banjul. Since most estuaries have

diffusion coefficients of about 1000n2/s at the sea reducing

to about 100m°/s in their middle reaches, a diffusion

coefficient varying with distance as shown in Fig.7.12 was
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used. These values take no account of the considerable

variations in upland discharge shown in Fig.7.8, therefore

the final results for salinity advance will be very

approximate.

It should be made quite clear at this point

that the longitudinal diffusion coefficient is perhaps more

correctly called a longitudinal dispersion coefficient. This

is because its value includes not only a contribution from

molecular and turbulent diffusion but also a multitude of

dispersion effects. The two dominant influences on the

longitudinal dispersion coefficient come from the lateral

circulation caused by depth variations in the cross-section

and the width to depth ratio of the estuary. Clearly the

value of the longitudinal diffusion (dispersion) coefficient

will vary both with distance and time depending on the state

of the tide, the volume of fresh water entering the estuary,

the cross-sectional shape of the bed and the width to depth

ratio of the estuary.

The model was run for 250 prototype days with

distance and time steps of 5km and 30minutes respectively,

and took 100minutes of CPU time on an IBM 360/65 computer.

Using the new generation of IBM 370 series computers this

CPU time can be reduced considerably. A typical example of

water surface profiles over a tidal cycle is shown in

Fig.7.13 for day 62. Computed and observed longitudinal

salinity profiles are shown in Fig.7.14, whilst Fig.7.15

shows how the salinity varies over a tidal cycle; in this

case for day 62 at 100km from Banjul. It will be seen from
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Fig.7.14 that starting with a given initial salinity profile

the computed salinity profiles compare well with the measured

values for 169 days, that is until the middle of March 1973,

but then lag behind the observed salinities. It is difficult

to see why this should happen unless the tidal range at the

sea increased significantly at the spring equinoxe causing

greater dispersion of salt in the estuary. The salinity

advance curves for salinities of 1.5g/l, 5.0g/1 and 10.0g/1

are shown in Fig.7.16 together with the measured prototype

values. It can be seen that the computed salinities match

the measured values reasonably well for 190 days but then

there is a rapid increase in the prototype dispersion rate,

which reduces again after 240 days. As mentioned before it

is most likely that this surge in dispersion of salt is due

to increased maximum tidal velocities in the estuary caused

by higher tides at the sprimg equinoxe.
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7.3 The South Pass of the Mississippi River

The Mississippi forms a delta shown in Fig. 7.17

of the multilobate type with relatively large river branches,

indicating that the action of the river predominates over

that of the sea. Several of these branches have been

artificially widened and deepened by dredging so as to

impreve navigation from the Gulf of Mexico to New Orleans

150km inland.

The South Pass is one of these waterways and

is 14m deep, 450m wide and extends from the Gulf of Mexico

to meet the confluence of the delta rivers about 30km inland.

Because of the large fresh-water discharge into the South Pass

(2800m?/s) and low spring tidal range (0.6m), salt-water

enters the Pass from the sea along the bed and intrudes

landwards for about 23km. Since the tidal action at the sea

is slight, the salt-wedge has a maximum tidal excursion of

less than 2km. Also, because the waterway is deep and straight

there is relatively little mixing between the salt-wedge

and the fresh-water flowing above it, resulting in a highly

stable wedge. These conditions produce a fully stratified

two-layer flow which terminates landwards with the homogeneous

fresh-water flow through a discontinuity called a saline front.

A salt-wedge estuary such as the Mississippi

is a highly complex flow system which appears deceptively

simple. Even when there is no tidal action so that the wedge

is stationary there is still a circulation of salt-water

within the wedge as shown in Fig. 1.1 . Also, because the

circulation velocity causes the flow in the upper part of
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the wedge te become turbulent, entrainment - diffusion

mixing takes place which are two-way processes with equal

quantities of water being transferred between layers. This

mixing creates an interfacial mixing layer which has a

thickness of about one fifth of the total depth. It is

within this layer that most of the change in density from

fresh to salt-water takes place. Also, after the interfacial

mixing layer has been formed it acts as a barrier between

the two fluids, regulating mixing between the layers. If

this layer did not exist, mixing across the interface would

increase continuously until the flew became well-mixed,

since the rate of mixing is inversely proportional to the

density difference between layers.

It is this wedge circulation which ensures that

the salt front remains of high density. Without this

circulation the front would become less and less dense due

to entrainment mixing with the adjacent fresh water resulting

in the rapid erosion of the front and consequently the wedge.

Sea-water enters the wedge along the bed and flows towards

the salt-front. Some of this sea-water convects itself

vertically into the interior of the salt-wedge, replenishing

the salinity which is constantly reduced due to entrainment-

diffusion mixing across the interface. Salt-water on reaching

the wedge-front is then swept back out to sea either in the

upper half of the wedge due to the seaward velocities

imparted inte the wedge by the fresh-water flowing above it

or in the upper layer after being entrained or diffused

through the interface.
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It is still popularly believed that in an arrested

saline wedge salt-water enters the wedge frem the sea to

be progressively entrained through the interface into the

upper layer, resulting in a zero discharge at the tip of

the salt-wedge. However, as already explained this situation

does not arise, and can be shown to be wrong by considering

the solution of Eq.(5.9) for the length of an arrested

saline wedge. In this calculation so long as the discharge

in the wedge is taken everywhere to be zero, the length of

the wedge is predicted very accurately when the known

prototype value for the interfacial mixing coefficient is

used in the equation. This analytical solution first derived

by Schijf/Schénfeld (120) is based on the integration of the

combined upper and lower layer dynamical differential

equations. Results indicate that the average velocity in

the salt-wedge at any position must be zero, implying that

a circulatory flow is present in the wedge.

Under tidal conditions the salt-wedge moves landwards

as water flows into the wedge on the flood flow and retreats

seawards as water flows out of the wedge on the ebb flow.

Because the relative velocity between layers increases on

the flood flow and decreases on the ebb, more interfacial

mixing takes place on the flood than on the ebb. Whilst this

flooding and ebbing takes place in the lower layer the upper

layer discharge remains seawards, although it varies

depending on the phase of the tide. In a partially mixed

estuary however, even the flow direction in the upper layer

changes, and it is this that largely distinguishes it from

a fully stratified estuary.
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Any mathematical model capable of simulating the

range of estuary flow types from fully stratified salt-—wedge

to well-mixed homogeneous flow needs to be based on a two-

layer flow model. The well-mixed model is initiated when

the lower layer thickness becomes zero, whilst partially-

mixed flows can be approximated to saline wedges with

considerable interfacial mixing. Clearly it is not feasible

to model the interfacial mixing layer, and also not necessary.

This is because good results are obtained from analytical

solutions of the dynamical arrested saline wedge equations

when average layer velocities are used.

It is necessary to build into a salt-wedge model

realistic front conditions so that the saline wedge can move

correctly up and down the estuary with the tide. Also, the

amount of water exchanged between layers needs to be computed

since this not only changes the densities in the layers

but considerably alters the interfacial friction. In previous

finite difference and characteristic models the exchange of

water across the interface has always been neglected. Also,

many modellers have either approximated the frontal depth

to zero on the flood flows (146) or failed to understand

that a wave-front cannot exist on the ebb flows (63).

Clearly a knowledge of mathematics and computing is not

enough to build realistic estuary models, that is why

considerable effort has been directed towards investigating

frontal conditions, interfacial mixing and instability in

this thesis.

Using the extended implicit scheme for two-layer

stratified flows described in chapter 4.4, the program shown
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in appendix 1 was built te compute flow conditions in any

salt-wedge estuary. Because a four-level scheme has been

used, each layer can be computed separately without uncoupling

the layers. The computational domain of the upper layer is

therefore from the sea to the tidal limit whereas that for

the lower layer is from the sea te the tip of the salt-—wedge.

If the salt-wedge length is reduced to zero the program

should then calculate for a well-mixed estuary. It will be

seen from the stratified equations for the upper layer in

chapter 4.4 that when the lower layer thickness is reduced

to zero these equations are identical to those in chapter 4.2

for a well-mixed flow. For economic reasons however, since

the salt-wedge program has thirty times as many computational

steps as the well-mixed program, it should not be used for

well-mixed estuaries.

The complexity and size of the salt-wedge program

is due not only to the complicated difference schemes but

also to the special procedures required to scan and monitor

the flow and the movement of the salt-wedge. Initially the

four-level scheme was programmed to compute the flow

conditions in an arrested saline wedge. This program was

tested on the salt-wedge in the South Pass of the Mississippi

for various interfacial mixing coefficients. Because this

wedge was stationary the landward boundary could be taken

at the wedge front, enabling the entire computation to

embrace the two-layer fluid only. To extend this stable

stratified program to one that could compute across the

salt-wedge front into the homogeneous flow beyond, and also

monitor the movement and changing frontal conditions without
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the program going unstable took considerably longer. In

fact the time required to work out the mathematics of the

multi-level difference scheme plus the writing and testing

of the stratified flow program was less than that required

to extend the program so that it could calculate the tidal

excursions of the wedge.

The salt-wedge program shown in appendix 1 consists

of procedures each of which performs a specific task in the

computation. Each procedure can be readily isolated from

the program enabling improvements or modifications to be

made without interfering with the remainder of the program.

Since the program is designed to be used for any type of

estuarine flow, many of the procedures are concerned with

the organisation of the computation. A brief description

of the role of each procedure is given below.

INITIAL: This contains the initial guessed conditions plus

data concerning the channel such as bed widths and bed levels.

BOUND: Time dependent boundary conditions are given here

such as the upland discharge and vertical tide at the sea.

BSTART: Because the position and type of boundary relative

to the grid needs to be specified, integer numbers represent-

ing these data are read in with this procedure.

ITER: Since the equation coefficients in this type of

implicit scheme need to be computed with centred dependent

variables, this procedure centres these values before the

computation is entered for the second time.

RIVSEC: This procedure calculates flow cross-sectional areas,

hydraulic radii, mathematical widths and parameters required

by the interfacial mixing equations.
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EIGEN: This procedure calculates the number of positive

and negative eigen values in each layer, at every grid point.

ABCL1, ABCU2, ABCL2: These three procedures compute

coefficients for the lower layer at the second time level,

the upper layer at the third time level and the lower layer

at the fourth time level respectively.

FRONTCO: This procedure assigns starting recurrence

coefficients to the grid points in the vicinity of the salt-

wedge front.

PRECO: Depending on the number of positive and negative

characteristics (eigen values) at a grid point, this

procedure directs the computation into the correct procedure

for computing the recurrence coefficients. The calculation

is started at the left hand side of the grid using the given

boundary data there and ends at the right hand side of the

grid.

COLRSB, CORLSB, COLRSP, CORLSP: Using the above 'ABC...'

coefficients these four procedures compute a,B,Y... recurrence

coefficients in each layer depending on the flow direction

and whether it is subcritical or supercritical. For example,

if the flow is subcritical from left to right then procedure

COLRSB is called.

SEADENSITY: Since the density at the sea is a function of

the tidal discharges, it cannot be used directly as a

boundary condition. However, this procedure computes the

density at the sea in both the upper and lower layers from

given density gradients depending on whether the flow is

subcritical or supercritical.
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CALQRH: With the recurrence coefficients kmown, the dependent

variables namely discharge, level and density are computed

alternately starting with the given boundary data at the

right hand side of the grid, back te the left hand side.

CALFRONT: This procedure computes either the depth or

discharge at the salt-wedge front depending on whether the

front is adjacent to a level or flow grid section.

SHIFT: Since the salt-wedge front is a discontinuity or

boundary in the flow, it cannot move by itself. Therefore

at every time step the front must be shifted either landwards

or seawards, depending on the computed frontal velocity.

This procedure monitors the position of the front and also

calculates the new grid variables as the front crosses over

from one grid point to the next.

CONTROL: Because the flew does not usually change its

eigen values with every time step, it would be uneconomical

to use the eigen value procedure more than is necessary.

Therefore the procedure CONTROL is used which scans the

grid at each time step and detects using a simple control

function (Eq. 4.66) whether any of the eigen values have

changed sign. Only if a change is detected does the

computation enter the EIGEN procedure.

QUTL1, OUTU2, OUTL2: These three procedures output all the

computed values for the lower layer at time level two, the

upper layer at time level three and the lower layer at time

level four respectively.

Before the salt-wedge system just described

could be applied to the Mississippi river it was necessary

to compute the upstream fresh water discharge at 34km from

366



the sea, using a well-mixed model. The reason for this is

that the constant upland discharge of 2800m?/s in the South

Pass for an arrested saline wedge is not constant at 34km

from the sea when there is a tide. Also, it is far too

expensive and unnecessary to run the salt-wedge program for

say 150km of estuary when the salt-wedge only occupies the

first 24km. The well-mixed model used a boundary 150km from

the sea for the constant fresh water discharge of 2800m?/s,

and a sinusoidal vertical tide at the sea of 0.5m range.

Also, the downstream bed level was taken along the top of

the salt-wedge using a Chezy coefficient of 200m?/s, whilst

upstream of the wedge a bed friction coefficient of 50m?/s

was used. In order to ensure that any phase errors in the

well-mixed model were the same as those in the salt—wedge

model, the same distance and time steps were used in both

models. The computed fresh water discharge at 34km from the

sea is shown in Fig. 7.18, together with the corresponding

vertical tide at the sea.

The Mississippi model was run for five tidal

cycles with distance and time steps of 500m and 120s

respectively. The CPU time required on an IBM 360/65 was

60 minutes, and the storage requirement was 840kB. An

interfacial mixing coefficient kj, = 0.00004 was used together

with a quasi-laminar interfacial friction coefficient

ff = 0.0012; whilst longitudinal diffusion coefficients of

1000m2/s were used in each layer.

Critical flow conditions were assumed to occur

at the seaward end of the wedge giving variations in the

367



(W)  vaS  Ly  Hiddd  TyloLa é

z  e  s  Sx  es  4  a  eyT  i  T  ¥  t  Tr4

4

7

Z :
7

of‘
fe  a  =  =  on  nl'‘

\

\

fe  eee  Ee  =  Bie  ayXN

x

~~

XN

i

es  fg
N

XN

XN
‘

\

p—__#  4  __}  _____},_____+}_( \|

v

ee  ee  ee  ee  eee  Peek  See7 5‘ .pe ’ 8 &75 8=  SH  eee  238g ’s&  i  64  4  ae  aSg  :B a+

3 'o> «@ \

So  5  |S  eS  4XN

N

N

“

N

1  2  25  i:  1  =i"°  °  °  °  °  °  °° ° ° 2 ° ° °°  oO  Nn  o  sw  °  ost  o  o  N  Nu  Nn  acs/m)  VaS  WOud  WIPE  LY  FOUVHOSIG368
2018161412lo

TIME (HRS)

FIG. 7.18 BOUNDARY CONDITIONS IN MISSISSIPPI MODEL



69¢ LOWER IAYER THICKNESS (M)

16

14

12

lo

surface profile

—<—_—

=

gee a

2km from sea

Sere

lokm from sea

a

2okm from sea

—. ———--.

35 4o 45 5o 55

TIME (HRS)

FIG. 7.19 COMPUTED SALT WEDGE THICKNESS FOR THE RIVER MISSISSIPPI



LOWER IAYER DISCHARGE (M°/s)

+500

+400

+300

+200

+1loo

-loo

-200

-300

-4oo

-500

FLOOD

—+—+ okm from sea

+—4 6km from sea

~—»- 12km from sea

23km from sea

(wedge front)

P\

oe

‘N ee

N/

35 4o

TIME (HRS)

45 50

FIG. 7.20 COMPUTED DISCHARGE VARIATIONS IN THE MISSISSIPPI SALT WEDGE

370



ILE SALT WEDGE LENGTH (KM)

27

26

25

24

23

22

21

20

XN

os \ Pts
oN 7 \ \

ea / \ ‘ i
iL ‘ an ae NS 2 L

Py ie N \ ae / aN a EN \ /
4 \ / y <i \ / \ Malle 4 \ ~ ’ \ ‘ c A

/ \ oft ‘Yn Ny t WAN /. ‘ / Aa Be
y N ‘ \ / Sue 7
y NN 2 Zz x \

So N a 7
L ee / > Sy

Re :

owe £. #00010 oe
— — | £'s0.0018

£ = 0.0014

° 5 lo 15 20 25 30 35 40 45 50 55 60

TIME (HRS)

FIG. 7,21 COMPUTED TIDAL EXCURSIONS FOR THE MISSISSIPPI SALT WEDGE FRONT



lower layer thickness shown in Fig. 7.19. It will be seen

that at the sea a tidal wave of 0.5m range at the surface,

produces an interfacial tidal wave of about 2m range. Also,

the phase shift of the wave within the wedge indicates that

the internal wave celerity is initially about im/s compared

with a surface wave celerity of at least 10m/s. It is this

slow response of the interface to surface waves that

occasionally causes supercritical flows to occur in the

prototype where normally critical flow conditions would exist.

Computed discharges in the lower layer at various distances

from the sea are shown in Fig. 7.20. It can be seen from

the steep gradients of the lower layer discharge curve at

the sea, why in nature the lower layer flow has difficulty

in adjusting to critical conditions at every stage of the

tide. In Fig.7.21 the computed tidal excursions of the wedge

for various quasi-laminar interfacial friction factors are

shown. Since the length of the salt-wedge in the South Pass

is about 23km, the friction factor is seen to be about 0.0012

when a mixing coefficient k) = 0.00004 is used. With a tidal

range at the sea of 0.5m, the salt-wedge is seen to move

about 2km as the water ebbs and floods.

The computed average longitudinal density variations

in the upper and lower layers of the South Pass are shown

in Fig. 7.22. It must be noted that the only boundary

conditions for density specified at the sea were those of

density gradients. At 34km from the sea the water in the

upper layer was assumed to be fresh whilst in the lower

layer at the wedge-front the prototype wedge density of

1022k g/m? was used. It can be seen that only in the seaward
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half of the wedge are velocities high enough for interfacial

mixing to take place. This mixing increases the density

in the upper layer until it reaches a maximum value of

about 1002ke/m> at 2km from the sea and then decreases.

The increase in interfacial mixing on the flood flows over

the ebb is shown by the higher densities in the upper layer.

Since the density is not specified at the sea in the lower

layer, it can be seen that mixing through the interface

decreases the density in the wedge far more than propagation

of salt from the sea replenishes it. One might have assumed

that the density in the wedge would decrease continuously

from the sea to the wedge-front, but this is not the case.

However, one must remember that these are average densities

and that virtually all of the density changes for a fully

stratified flow take place in the interfacial mixing layer.

The higher density in the wedge on the flood flows indicates

that the increased rate of interfacial mixing on the flood

flow is not as significant as the increase in propagation

of salt-water from the sea on the flood flows. The salt-

wedge shown in Fig. 7.22 indicates how the computed average

densities may be distributed, bearing in mind the existence

of an interfacial mixing layer. The arrows show the flow

direction and indicate that most of the wedge flow changes

direction with the tide.

In a partly mixed estuary the increased tidal activity

results in more waves developing at the interface from

eddies originating at the bed than would occur in a fully

stratified estuary. These waves partially destroy the

interfacial mixing layer, allowing a greater level of mixing

to take place between layers for the same relative velocity.
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CHAPTER 8

CONCLUSIONS

8.1 Discussion of the Practical Results

The numerical results obtained in this thesis

for the rivers Hooghly and Gambia indicate that a new

completely stable, commercially viable, numerical scheme

has been developed. This scheme computes simultaneously

not only water level and discharge variations in any well-

mixed estuary but also variations in flow density. Its

numerical algorithm is a natural extension of the much used

and well-proven central implicit difference scheme using two

dependent variables namely water level and discharge. All

the knowledge learned over the past decade by engineers

and mathematicians engaged in using the basic central implicit

scheme for river and estuarine flow computations applies

equally well to this new scheme.

Because of the successful extension of the

central implicit algorithm to three dependent variables (53),

it was decided to incorporate this technique in a second

generation implicit stratified flow model. Knowledge about

generalized algorithms aquired from the development of the

first implicit stratified flow model (51), plus the

successful use of the ‘fractional steps' technique to a new

two-dimensional flow model (52) were brought together in

order to develop the stratified flow model described in

this thesis. The model has been tested for a salt-wedge in

the Mississippi delta and the results indicate that the
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algorithm works and remains stable over long periods of

computation. There are however problems when using central

implicit schemes for stratified flow computations, these

problems resulting from the fact that such schemes have

virtually no dissipative properties.

Since the interface in a stratified flow is

considerably more unstable than the surface, stratified flow

computations are much more likely to become unstable than

well-mixed flow computations. This is especially true when

starting the model with guessed initial conditions. In a

well-mixed model virtually any realistic initial condition

can be used, and the scheme will remain stable, but for

stratified flows and especially salt-wedge flows this is not

the case. If velocities and depths throughout the estuary

in both layers do not correspond closely with the initial

boundary data, large interfacial waves develop which rapidly

cause instabilities in the model. Without detailed prototype

data of velocities and depths at any instant in salt-wedge

flows, considerable time can be spent trying various initial

conditions just to start the computation. Once the calculation

has begun it should remain stable for fully stratified flow

conditions. However, the interface is unstable by nature

especially for partly-mixed flows and unlike a real flow

situation which develops an interfacial mixing layer to

attenuate interfacial instabilities, the central implicit

scheme has no equivalent built-in dissipative mechanisn.

Since the central implicit scheme needs to be retained for

stratified flow computations because of its economy and
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second order accuracy, non-linear instabilities if they

develop should be suppressed by artificially smoothing the

numerical solution.

The physical experiments with arrested saline

wedges proved that interfacial mixing is a two-way process

with equal amounts of water being transferred between layers.

This transfer of fluid must therefore be due to turbulent

diffusion mixing although intermittent entrainment mixing

in both directions will be present to a greater or lesser

extent. The rate of interfacial mixing was shown to exhibit

a straight line relationship with the relative velocity

between layers, and to be inversely proportional to the

relative density between layers. The point at which

intermittent interfacial mixing is initiated was shown to

depend on the interfacial Richardson number. Also, the ratio

of the thickness of the interfacial mixing layer to the

total depth was found to be the same in both model and

prototype salt wedges. These two facts indicate that the

value of Keulegan's interfacial stability parameter as

measured in the laboratory cannot be a constant for all

salt wedge flows but must be scaled up to prototype flow

conditions.

Physical experiments with moving salt wedges

proved that basically two different frontal types can exist

in nature. When the salt wedge is moving into the estuary

on the flood flow the front is characterised by having a

wall or 'head' of fluid, and is called a wave front. As the

tide reverses and the salt wedge is drawn out of the estuary
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the front of the salt wedge becomes wedge shaped with zero

frontal depth and is called a St.Venant front. It was shown

that the relationship between frontal velocity and depth for

the wave front was not the same as predicted by theory, this

being due to the large energy losses in the frontal zone caused

by interfacial mixing. Similarly the relationship between frontal

velocity and critical depth for the St.Venant front was different

from that predicted by theory, but in this case the reason was

due to energy losses caused by the presence of a laminar sub-

layer in the vicinity of the front. It was deduced from the

experimental results that for mathematical modelling the physical

frontal conditions can be best represented by ending the salt-

wedge at the critical flow section.

8.2 Recommendations for Further Study

Computationally the only deficiency in the extended

central implicit scheme is its sensitivity to non-linear

instabilities in stratified flow models. This could be eliminated

if a second order implicit dissipative difference scheme was

used similar in performance to the Lax-Wendroff explicit

dissipative difference scheme. However, at the moment no such

scheme exists, but remains a challenge to anyone wishing to

work in this field of applied mathematics. Even with such a

scheme which dissipates energy only when the waves start to

steepen there is no guarantee that the small scale turbulent

energy will not be diffused as well.

The scheme proposed above must not be confused with

the normal implicit scheme which when weighted on the forward

time level can generate as much dissipation as one requires.

The disadvantage with a non-centred scheme is that it is not of
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second order accuracy and can in addition produce information

losses. For the salt-wedge flows the scheme was tested with the

interfacial shear stress terms mounted on the implicit side of

the algorithm. The result was to improve the stability of the

scheme but at the cost of damping out most of the flow in the

salt-wedge. The same results occurred when artificially smoothing

the solution and it was found that the degree of smoothing

necessary to damp out non-linear instabilities seriously affected

the flow conditions in the salt-wedge. For these reasons a fully

centred scheme was used without smoothing and more care taken

with the initial conditions when starting the computation.

The application of the mathematical model to the Gambia

estuary illustrated the extent to which the value of the

dispersion/diffusion coefficient affects the results. Although

previous attempts have been made to relate dispersion coeffi-

cients to simple estuarine parameters, these have only given

‘order of magnitude' estimates and it is thought that this area

still provides scope for further study, especially as field

measurements are constantly being recorded and published.

Experiments to obtain values for the interfacial

stability parameter suggest that this parameter varies depending

on whether the flow is in a laminar or turbulent state and that

it is a function of the flow Reynolds number. Since all the

laboratory experiments have taken place in 'smooth' channels,

further studies should be made to ascertain (a) the relationship

between the interfacial stability parameter and the flow Reynolds

number for laminar flow conditions and (b) what effect the

relative roughness of the channel has on the value of this

parameter for different flow Reynolds numbers under turbulent

flow conditions.
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APPENDIX 1 COMPUTER PROGRAM CODED IN ALGOL 60

*BEGIA®*REAL*® CXgEKs01,02,CFy CKy CCl, CO2,CHI,CH2,CRIGCR2,BBeZeF I,

XF sD YF, LENG THsAMP,AMPQS

SINTECERS Ne NNoMyMMy Jo JS eo SF oe Xe¥ oD Te JFS1L oe JFSZeN1e USFS

SYSAC 10156 5132)5 SYSACT(L 68 60 95SYSACT (1 .12,193

IN INTEGER (C,JJ)5

*RECIN’ *REAL** ARRAY" AyBeCoDo Ee Fe Aly ALS» EEy BESs GAyGASsDEsDESy

EP ,EPS,ZE ,ZES,ET,ETS,TH,THS ,EE,FFyAL ,A2 421 ,2B2,TA,UC SMX,

CA1,CA2, FEI, FE2,Q0Q1,002, UL], ULZ»RRI*RR2eLAM SHRI pPHI gLCl pHEB oV1 »

BMC1 »BMD2 48M1,8M2,T AU, TB, LC2,CI,RIZHR2C/O0245 #2/ I,

HY eQY RVC /C2SS+2,C22,122/) pBO( /C225/ 06

Tyklyt2eQleC2eRlyR2,UL U2 Vl eo V2C/02S S24 C2Z/) PL /122Z/)5

TTATEGERTT ARRAY! LBS,RES,LE,RBI/122/ 9 oPCS »NEG(/O2NS#2, 122/03

"PROCEDURE! INITIAL;

"BEGIN

TFOR E Jee" STEPPE EUNTIL! Jue2' 0c!

*BECINS

HBRU/J/) 2205S 0+2-J)*DX/5000003

QUIAd O/V FQ 1 / de 2/7) 2=QL Us dol/) 22CO1L-JEZ9C/(JJt2 05

VIFESKIFETEENS

Q20/ dC) S20 26/5 92/7) 2202 C/A gl/)?

Q20/d,0/)2=02(/S92/) 20/de1/)

RL (/Jd90/) 2=R1LI/ So2/ )2=RLI/ 5,17) R13

R20/deC/V 22R20/S92/) 2=R2 1/5 a1) R25

HLU/d,0/ D22F IW /S 9 2/2 =H Jy 1/) 2 =CHI1 FC St 2-Jd*DX/2500003

'TF® J>d J-8* TEEN?

H2(/J,0/) 20/59 2/) 22H2 0/001 /) 2 =HBB(/5/045.0#3.59(J-dJt81/10 "ELSE!
H2 (7d 90/ V2=F2(/ Se 2/ 2 =H20/d, 1/0 2=HBBU /5S/) +8. 0-( 5S. 0-1. 26)*

CSI-E-SP 055-3005

"IFVICJFETREN!

H2 (/599/) 22b2(/ do 2/ )22H26/ 591/02 =05

Bl(/J/) 2=BB; B2(/J/) 2=B83

LAM(/J/ 2 =RIC/S Se O/P/R20/ 5 C/D5

"TEP ICJFETHEN

UL /SeO/)S=U1( od 9 2/) 22010 sd CZ) AIB10 5/0 (HL (75 00/P-HEE(/J/ dd DY ELSE!

UL(/J5,0/7) L(/5Se2/) LOAD O77 (BIS S/S) FURL de CAV -H20/5 0 ODDS
ULC/doL/) t2U1L 0/50/93

TIFISSJFS TEENS

U2 (/d50/) 22U2(/552/) TELS E*

U2Z0/5,0/) S=U 20/0 62/7) S=021/ 5 C/A) SU B20/S/V* (EZ 1/5 OJ DF BRIS SSIS

U2 (/del/b2=UZ(/ 5, 0/93

STFEICIF THEN

Y1IC/590/) 22 V1 /d_92/) 22H10 sd eC/P-HBB(/d/) ' ELSES

VLC 00/0 2=Y1L(/ 592/92 =HLI/ 5 9/ -H21/ 50/0 §

TIE! SIF 'THENT

Y2(/JoO/D3=Y2( /S 92/0 3=C8EL SEF

Y2(/450/)2=¥2(/552/) 20/5 OS I-FEBL/I/§

TIFUJ<JF*THEN® 1073 ,0/) 2=C* ELSE!

T(/ 5907 03 U1 (45,97 bHUZI/ 5 C/PRCL ULL / S079 P#2/(GREYL(/ 550/09 -1)*

CU20/ oO 7 V8 27 [GREY2 T/J5e 07 VP-L IRL AMIS S/S

VIG/S/)2=C§% PHIG/S/) 2=3. 142/25
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RI(/J/)2=10CC§ OIL /I/b2=C5

LOL(/J5/ 92205462 (75/92 =05

TENDS S

=C5

*ENC® CF PRCCEDURE INITIALS

‘PROCEDURE’ BSTART;

‘RECIN' *FOR*# Ys=1,2 ‘D0

*BEGIN®

"IF" POS(/Jd-2,Y/) =

‘RECIN RESU/Y/)3=2

TEND';

YIF® POS(/JI-2¥/) =C STHEN!

*BECIN’ RES(/Y¥/)2=303 RBI/Y/)2=25

TENDS

SITES POS(/JJ-2,Y/) =24THEN!

*BEGIN® RES(/Y/P32115 REI/Y/ 93213

"END'S

SERC's

TEND® OF BSTARTS

"PROCEDURE' BOUND;

* BEGIN’

AMP3=(€. 253
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TENDS PEL SES
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UC(/JS/¥22 (0. COO001#S.E1*( I-LAM(/5/)) D##C. 23333/TAI/I/D3

TAL(/S/) FF ITFR TUS S/) #(UU2 (7 JJ UU S/S) FABS CUU 2K /S/I-UL LE SSD 85

TIF! ABSCUULI/I/) -UU2(75/709> UCIZ JA) STEED

LO2(/J/ d2 =EKA(ABS(UUL(/S /}-UU2(/S/b)-UCL SSA) /01L-LAM(/ 5/1) "ELSE?

LO2C/J5/) 2203

LOWUS/I/VF=LOZI/I/)5

"ERC'$

TEADSS

VFOR*IS=C*STEP* 1*UNTIL* JJ = SDOS

"BEGCIN’

BMDIC/J/) 22 (ALO /I/) A207 SAPD SHEL I/D 5

STFSSSSF TREN! BMD2(/JS/)2=B2(/J5/) SELSE!

BMD2U/J5/) 2=426/5/9/ BR2U/ 5/93

TEND;
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"FOR! Js=)'STEP* LP UNTIL * JJ-1' CC!

SRECING

DAIL/I/) SECALC/ StL SV WAL O/ 1799725

DAZ(/S/) 250A 20/5 t1/9-A20 /d-1/09 125

BML(/5/)3 =FELI/J/)*(BMDL A/S #1/ )-BMDLG/S- 1/0) /CRHAL S417 9- BHI sS- 1/0

BMDI(/J/)3

TIFSSCIFCLITEEN® BM2(/J5/}3=B2(/J/) ‘ELSE!

BM2C/J/) 2 =HH2(/ J/* CBMD2 (7 J#1/ )-BMO2 0/5 -1/09/ CHH20/3 #17 HH Zt JS 1/00 +

BMD2(/5/)3

TENC's

BM2(/JF/) 2=2*RM2(/JF41/) -EM2 (/ JF H2/93

SFORSUs e149 STEPS LSUNTIL SJ J=19D0*

“BEGIN’

FF(/d/) t=GREALI/I/) COLO / oJ) 2% BML ISS) ELIS I/ 99925

EE(/J/} RA CL“LAML/ I/D) FAZO/S/I-QO2( 75/8 929BM20/ SS) ISAZI/ S/F F 25

TEND'S

SEND! OF RIVSECS

*PROCEDURE’ ABCL1;

"BEGIN!

*FOR® Js=JFS] SSTEPS4SUNTILS JJID0!

"BECIN®

MX(/0/) 22BZ0/ S/R ULAM(/S/VRLOLOSS/V-LG2 US SAD AAG PREZ DG

A(/JS/ 2 =1/( 1LEADXD§

BO/J/) 2 =B20/ SJ) SHH2 C/ 5/97 (24 RR2C/ SS PSCT DP ECO ZI SZ AC BPRRZC/I/ VED KD GS
C(/J/)2=B 20 /5/) /0T5

DU/S/ 2 FB Z(/ IJV PRE2 S71 Z9RRZ0/ I/D ADT I-CO2C/ SA VC EFRRZC/S/V FO KDG

EC/JS/) 2 =-1/CLE8 DKS

FU/SADE=E C/I PROZAC /SH2eO/PED(SI/PFRZC/ IHL CAD EC IS ISDHHZ C/O Ot

BU/SAV#RZ(/d-1L OS DEALS I/ VAC21/5-250/ 0+

B27 I/D EC LAMO/S/VELQLI/S/)-LOZU/ 5/09 125
SENG F

TECRE Js sJFS2°STEPI4GTUNTIL' JJ-2' CO!

*BEGIN®

A(/S/ V2 =EE(/ I 97 (16 #0X )-UL2(/5/ ) FB 20/5/9075

BL/S/) 22002 0/5/08 (1 -2%82 (7 d/ 2AHH2 (7 S77 A2 1/5797 (24RR20/7 57 9 OT)

~QO20/S/ 9442/0 B¥RR2C/S/P AA Z(/ S/d *D Xd §

CU/I/) 221 SETH (8207 SS VAL O2 L/S 28 BZE/ IS DALAM U/S/DALQUL ASAD VAC GSPAZT/ IAD

#GRAABS(Q20 /d 6 O/) PRCKREZ/ (QR AZC/I/PEHRZA/ 0/995

DIS S/ 2 =OC2(/5/7 PHU L-29B20 /IS/PREE 20 /SSV/AZ0/ SAVY /C24RR20/ SAV #01)
#062 (/I/)8*2/ (BE RR2 L/S L217 VOX DS

EC /JS/)2=-(EEC/I/) JC LERDX) ELL2( /I/PeB 20/5/79 /0THS

FUSS 92 SEIS SS VFHZ (75 42,07 ADI / S/S PARAL /S HL C/AVFC L/D TH (B20 /I/)#LOZT/ IA)

2M BZI/I/VELAMOSI/VELOL OS SDDS AS AZ/ S/ YACZI/ S07)

#(CQ2(/JS/d4( 1-248 21/5 /3*

HE2Z(0/ 5/9 JA2 C/I V7 C29RR2 C/I ALT IP HQO2E/S/ VAM A/C BARRZAC/I/VBAZE /I/ IMD XDD

AR ZU /J-1,C/P CEE ( /S/) (1 680%) -UL2 0/5 / 9% B2 17S) / OT ISEZ1/ J-2407)

#R2(/I/ DALCLI/S/ DALAM (/S/ D/C 28AL( SSD FQ1L0 Ad C/I -GRELAMI/S/)*A21/ 5/9
CHILE /S#2 90/)-H1 (75-2 O79 V/A BRLX)V-TAU LS SJ IS C24 RR2E/ SV VA BZI/I DG
YEND'S

*FCR* Js=JFel*STEP'2° UNTIL *JJ-1°00"

‘BEGIN

ACAS/VE=1L/044D TH HC UUZ0/S7I-D2Z2*DA2(/S/PSUAZI/S/P* OXYDE (CL 6*EXD
~O02/ (16 *CXF*2 45

BC sS/V S21 /02*DT) #D2/ (Oe DX#E2Z) HB210/ S/S PELOL AS S/D/ (4922 (7 S/ DG
CU/S/ 92 =1/(440T b= (UU 2(/5 J b-D2*DA2( /S/) SE AZU/ 5/9 *0X)) S01 6*DX)
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-C2/ (1640X442)5

DO/S/) 22017 F4"DT) = (UU2 F/ SJ 028082 IC E2T/ S/S X D/C 1E4DX)

#D 2/( 16D X8* 2d) R20 /SH2,0/) C1 /(22DT) -D2/ (8% DX**2) -B2 (/ S/ DELO (/J/9/

(4 AZ (7 S/) VV PR20/ 59 OF VHC 1/04 9DT) #(UU 20/57 =D 29DA 20 /S/) JEAZI/I/)

HDD) /C16EOX) D2 JL G* DX 2) )SR2 (7 J-2 40/) # 1E2 WS S/ DALOLI/ I/O (29AZ(/5/9))
BRVG/Se C/OF

TENDONS

SEORE Js aC SSTEP* 1SUNTEL* Je2* 0c!

AL(/J/> LS (75/22 BE(/S/)2=BES(/J/) 2=GAU/5/) 2=GAS(/5/) 22DEU/U/) =

DESC/J/) 2 =EP{/I/) S=EPS(/S/) 3=ZEC/S/ V2 SZES U/ S/ VE=ETI SSS NE EETSI/S/ D0 3=

TH(/JS/) = THS(/JS/) 2= 03

"EAD? OF FRCCEDURE ABCL1;

"PROCEDLRE' ARCU2;

‘PECINS

*FCRe Jse2*STER*SIUNT IL? Ju CC?

‘BEGIN!

MX (/S/b22(B2 0/57 PHILOZI/SAP/LAM( /S/)-LOLE ASD VBC IL-LAMO/S/) 0+

QL CSSA) PRIA I/D SRRL GAIA 0 L2HRL ES 005

AU/S/)2= 1/0 EFDX)§

BUS S/92 =CCLI/I/ 17 14 #RRIU/ 7) #DX (B20 /5 7) tHH 20S /V-B AC JIS) *HHAC SAND
C2*RRU/I/)* DTG

CI/S/VS=BII/I/SI/0T3

D(/S/)22-CCL L/ SJ VS (4 ARPS S/ VPLX HC B2LSIS/ AREZC/I/I-BIC/S/PPHHU/ ISNT
CZ4RR USED TDG

E(/Jd/ 3 =-1/ VEADXDS

FOSSA 2 SECS S/V* CL (7542 607 DOLL /I/ VFR1(/ 0 41 07 VAC // FHI / I, C/)
tBU/I/V#RIC/S-1Le OAD EAL SIS PRQL( /S=-2 9 O/D— (C21 / dt 2 61/9 -02 (/ d-261/99/

(4 0X )-2*E2 1/579 #RHZ(/5/ ) #0R 20/59 W/9-R20/ Se C/V) JERR ZC / S79 907)
QO2C/I/PE(RAC/ StL gL /V-R2 (75-1 L/D 9/7 (2 RAZ I S/ VELXD
FB20/S/SPA(LOZ(/ S/S D/LAMUSS/P-LOI/S/P ORC L-LAMO/ S79)

FOWL /S/SVFRISSIZV/RRI CS I 5

"END';

SFCR# J: =44STEPS4SUNTIL ‘JS J-2900"

"BEGIN

MX (/5/) 32 VIC /S/ CO SCPHTL /U/P POLO /I/PERT CSIP CQRRRLAS S/S PRCCLI/S/ 093
AU/S/ 02 =FF(/S/)/ (8 *0X -UU LIS SJ BIL I7V /DT5

BO /I/V 2 =0CQLU/I/) #22 ULL (7 9% (B2 (7 SJ PHE2 A/S DBL AJ SS ME ELSI DDS
(C24RR ICSI PACT I-QOL(/ 5/9 #427( GERRI SI APRA IO /I/PRDXDG
CU/S/)2 FL /CT=B2C/ S/R CLOLI/S/ 09 (1-25 AM 6/5/90 #23L026/5/99
CL=T/LAMC/S/ 90-2801 (/S/) RE CASA) 0 B2 (SSS VAPREIS ISVS M28 ALIS S7 OD
GRABS (CV(/ Se D7 DV*CKFF2/ (29A1( /D/)FHRIG/ S/S

DUIS 2LCCL L/S) #22 ULL £7 799 (BZ (I/D SHR2 USS BLISS ERIS DDS
CZARRIUC/S A PACT I FQO LE SS7) 442/70 4ERRIUG/ IS /PEALI/ SSPE ONG
EC/S/)2=-FFU/S/ 1/18 #OXP-UU TIS JZ FEL SIS IV / OTS
FC/S/VS=EC/I/VRHL UZ St2 OJ DECI // PRL IJ S41 O/H (C ISI) -
GRAABS(Q1(/5 4 9/) PACK 4942/0 ZAA1(/S/P*HR UC /S/Dd ROLE / 07)
HBS I/D PRLS S-L O/) HAL SS FELIS 3-24.07 VAQPLULIS I/ VL O 2/2, DH
Q20/5=2,1/0) /( 48D Xd + 48UUL (SS /9% B20 SSA VEHEZ AS SZ) ORZ (Sd LZ DR 2A Se OF BAZ
CRRZ(/S/ FCT PHUU LISS / 9890 Z0/5/) FUR20 SH, 1/9-R20 Jd 1 yl /b) AC RRZC/S/) FOXD
#B2C/I/VPLC2C/S/V% 02 (7S LV CLAN U/ S/ DAZ (/5/ ))-UUL (5/89 29BM 21/57)
BUR20/S #25 1/9-H2( /S—- 25 L/D O/C 48D XD EVIL /IJP*COS(PHIU/ 5/0)
SC TIS SSPPRII/ IZ OS RRLE/ SZ DAT AUL/ S/S V/RRAG/S J ASBAL/ ING
TEND! 5

FFCR# J2=24STEPS 25UNTILSJJ-1°DO8

"BEGIN!
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AU/I/) 2=L/ L407) (UUL (J 57 HDL ACAL ESS 7 CALS 0X O/C BAD XD

=D 1/( E*D X88 205

B(/J/) /(29CTV#DL/(44DX 492) (BAUS SSA ALOIS ISI -CIA/S ADD AU 24 ALISA

CU/I/V 2 =1L /C4R OT) = CUUL (757 PCL AL (S77 CAT AZ S/O OX D7 CBRE)

=D 1/1 8*0X992 33

DO/S/) 2201/7 (440T = (UU LS SJ O-D LSD ALIS SAYS CALC/S/ ADDO EAOX)

4D /C EXD XHAZIPMRIC/ St 2 ,O/V (1/7 ( 2" OT) -C1L/ (44 OX*2 V- (EZ IS I/ VAL O2(/ S/d

HOTZ IZ PP (24 ALIS S/S DD VAR LEAS CAD CLS (44D TPC LULL SIA) -DI*DALI/I/I/

CALC/J/V®DX) )/ CB8OX) HDL / (8% OXH*2YPARLI/ S-2 60/0 *B20/ S/d PLOZI/S/V/

ALVI/I/VPRZ0/ de L/D FOL CSSA #RIG SSD SAL OS I/DG
TERGTS

TFOR' Ss =O8 STEPPLEUNTIL' JJ#2'0C!

AL (/J/P22ALS(/5/)3=BE0/S/)2=BES(/5/) 2=GA(/5/2 2=GAS(/5/) 220E(/S/d2=

DES(/J/) S2EPI/S/)SzEPSU/ S/D2=ZEC/I/SVZ=ZESC/I/S VSS ETI SSS VZFETS I/D Se

THU/J/) S=THSU/S/) 2205

SENC® QF PROCEDURE ABCU2;

‘PROCEDURE? ABCL2;

"BEGIN®

ECR? Jz=JFS1 *STEP'4°UNT IL *JJ"D0"

‘BEGIN’

AC/S/2=1L/(LEROXDS

B(/S/VS=E2U/ SV FKEZ IS S/ D7 (29 RR2C/ SS VALT AC C2 /SS IJ CEPRR ZC /S/ISD KING

CU/S/) 2B 20/5/)/0T5

CU/S/ 9 =B 20/7 S/ PAHHZE/ I/D SC Z#RRZU/S/) FOTIA“ CO20 I/D SC B*RR2C/S/) FOXNG

EC/S/) 3 2-1/0 168 DXI5

FU /S/VS=EC/S AMO 20 /St Ze LAV FDU /I/PHRIC/ IHL L/P HCI S/PEHZ I / del Jd

#BU/S/) #RZ0/ dade LZ) tAW/S/ DPQ 21/5 2p L/D FB 20S) ALAM /S/P FLOM SIS)

~LO20/I/00 125

‘ENC;

"FOR Js =JFS2°STEP*4 UNTIL *JJ-2°C0"

"BEGIN!

A/S 2 EEC / S797 C16 #OXP-ULZ0/I/ 9*B 20 SSS O15

BOSSA) 22 CC20/ 5/9 (1 -2B2 C/ SJ VRHEZ CA S/ AZ S/V DC 24RR2E/5/190T)

“QO20 /S/VPEZ/( BERRZC JSAP RAZ SI/PRDXDG

CL/ S/S zL/LT #GR*ABS (021/55 1/) 1 #CK PH2/ (029A 21/5 /) FHRZ(/S/1)-

CBZC/I/VRLO2 0/5/70 -28B2 07 SAP ALAMOS SJ VELCL US SJ D7 (442217975

DE /S/ 92 =Q020 S/d #0 1-248 2( SI/PRHH2( /S/P/SAZ(/ 5/99 7 (2*RRZ0/ 5/7 9%OTD

#062 (/5/9* 92/18 #RR2ZU/ I/D HE2T/ SJ AK DG

E(/5/)22-EE(C/5/) JC L6*DX) -LU2(0/5/)% 82 (/5/) / OTS
FUSI/ D2 SEIS S/VRHZU/ 5 #29 L/D HKOO20 7979 801-24 B20 / S/d FHHZ0/ S/N A207 S/T

C2BRR2C/I/PEOT) #002 C/I) 92/ (B®RRZU/ I/D RAZA SJ CX DIARZC/ S41, 1)

FC U/CTHCR ZC /S/PMLQZ0 JSP -Z4B20 /S/PRLAMOSS/PELOL IS SJ DDS (4*A2I/ SSID

*O2(/Jel/)

#( 0020/5 /)% 0 1-2%B20/75/)8HE2 1/7 S/9 7 A217 5/7) V7 (29 RR2 17S ACT

=QO2(/S/ PF42/1 BERR 2 /S/)*AZ(/I/P*D Xd VFR 20 /S—LeL/PECEE L/S S/D/ (1 6* 0X) -

UU2C/ 5/8 B20 SS VS DT EHC S- 201 DBZ SIS VALOUES SS VALAME/ IA IS C29A NAS /N)

POV de Z/V-GRELAMU/S/VEAZU/S/D /( BR OXIRCEL A/S #2 p27) -K LIS S-2 62/9)

-TAUI/SSO/ 1 2*RRZA/ SS VD ABQA0/ ISVS

SENDts

TFOR'Js=JF41*STEP* 2) UNTIL 'JJ-1'DO8

*BECIN®

AC/S/) 221 /049DT) & (UU2 (75/9 -D280A2 (757 97 (22 (7 SJ EEK YYZ CLOAK)

-D2/ (1640X442)5

BU/I/) 221 / (2207) #027 (88 DX882 2 EZ C/S/ ALOIS 7 C49 A2T/ SS

CO/S/) 2=1/0 48D T)=(UU2(/5/) -D2%DAZ 0 /I/V/ (A217 SS VOX DS (LO*EXD
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~DZ/( 164D X#% 2) 5

DU/S/)2 2017 1490T )-(UU 20/5 /)-02*0A20/5 7) JC AZ /S/) 8D XD) JL 1680 X)
#0 2/ (1680 we QPP RAC 7 S42 L/P HLL (2907 2-027 (8 OX%42)-22(/5/ VSLQII/I/I/
(4A DZ(/SAVPPARZC/ Se L/D L/L 48D TE # (LU2Z(/ 5/9 -D2EDAZL/S/SP SC AZA/S/ ALK DDT
(L6*CX) #02/ (160X424) #R2(/ S-251/ V+ B2L/S/) PLOLES IS I/L 298A 20/579)
ARICA I,2/03

SERC's

TFOR'J2=O0'STEP!INUNTIL' Jye2tcct

AL(/J/) 2=ALS(/JS/) 3=BE(/J/) 2=BES(/5/) 2=GAU/5/) 2=GAS (/J5/} 2 =
DES (/J/ )2sEP(/5/) PS(/J/V2=ZE(/S/02 =ZES(/S/V22ET(/S/) =
THI/S/) 2=THS(/J3/) 3=03

SEND! OF PROCEDURE ABCL2;3

*PRCCEDURE’ CCLRSB;

"BEGIN!

STFE(I#20/4= (S205794¢THENE

‘BEGIN

ZeaC(/I/VEC /I/VRZEC/I/D3

AL(/ 542/022 0-B(/S/)-(EI/S/) MEPIS S/O HDI/ SSD SBESL /S4 1/0) /23
BE(/J#2/) s=-AI/ 5/9/23

DEC /S#2/)2=0F(/I/ I-DO/S/ PADES( /S#1/) -( THU SSP H EPCS S/PHDES(/St1/))
ECA IANS

"END '3

STES( S41 0/42 (Jt lLd Ps 4tTHENs

"BEGIN

Z2=sB(/I/VHCO/S/SIRBES(C 5/93
ZES(/J#2/ )2=-A(/S/)/23

THS(/J#2/) 22100 /5/) -CU/ S/)®DES (/ S/9 723

TENDS:

"TF* J/4=5°/"4°THEN®

‘BEGIN!

Ze=C(/I/ HE (/IS/ PHBE / IZ)

EPU/S+2/) 220 -BL/ ISP -ZESE/S4L/ VSL DU/ S/ DEEL S/ VAAL US S/ 90/23
ZE (/J3#2/)2=-Al /S/V/23

THUS 427) 220 FU SZ DEUS SS V SDEUSS/ V-THSU/S 49/9) LDL SSD HEL SIA) BALL II/VID SLE.
TEND! $

PTFU(S-1)/4=(S-1Lb8/ 949 THENS

*BECIN’

Le=Bl/J/)#CU/I/P*ZESI/I/)§

BES(/JS#2/ 2 =-A(/5S/)/23
DESU/J+2/) 2= (DUS JP -CU/ S/ 8THS L/S ID / 25
TEND#'s

‘ENC CF FROCEDURE COLRSB;

"PRCCEDLRE® CORLSB;

*BECIN'

TTFY (S#29/4= (S207 °4°THEN?

‘BEGIN!

TEEC(/I/ VEC SSS PHZECSI/DHALS( St L/PR(DE JS /PEEC SS /PHEPL/I/NNG
ALU/ 342 /) 220 -BL/ IJV - CEU SS VEEP C/S/ AD U/S/ VPSBESL/5 41/00/23
BE(/J#2/)22-A(/S/)/Z23
RE(/ 42/922 (F(Z S7I-DU/S/ dD ADES(/S +1 9-0 THOS SS) HEP L/S /)8DES(/SE1/N)
MEC/ SIN 123
VEND'$

"IF* (StL) /4= (J+ 99/7 °4°THEN®

"BEGIN!

ZE=-E(/S/I/CU/S/ V-ALSC/S/9FAL 0/517) -BES(/ 0/13

CEU/J/ds=

ETSi/JI/) 32
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EPS(/JS#2/ b2=ALS(/J/d4BE(/ 41/9/23

LESL/S#2/ 9222 IVS UCI I 9293

THSC/J#2/) 22 (ALS(/S/)®DE (/S#L/)#DES(/I/V CUS I/II CUS S/T

HENDSS

TEEEG/4230/' 4" THEN!

"RECIN?

Zr=Cl/S/VFEU/I/)FBE(S ISD FEFS(/SH1/ DeIDIS SSD EEL SSS) PALL SS AIG

EP(/J#2/) BUS IS) -ZES(/ St JVB (DIS I DEE MS S/S VAL / STDIN TS

ZE(/J#2/) AUSSI 9/75

THI /J#2/) FES IJV -ELSI/ VALE LS IZ V-THSU/5 t1/ VAC DOS IS DEECS IS VPALL SAVIN ZG
SEND";

€TFE1I=19742 (5-1) 575 4° THEN?

‘'BEGIN'

ZE=-B(/S/V/C US /IHEP S/S /PHEP( / SEL) =ZES USS 95

ALS(/J#2/) 2=EPS(/ S/ 1 #ZE(/ J 41/9/23

BES(/J#2/) 220 /S/) (CIS S/)82)5

DES (/S#2/ b= (EPS(/S/ PATHE /S# I/D HTHSE JSP 00 SSP ICUS 2S

TERD'S

‘END! OF CCRLSB3

*PRCCECURE! CORLSP;

"BEGIN

STE! (J#1) /42 (5410979 49 THEN!

"BEGIN

LEsBU/SEL/VECU/I/VBALS (ZI) -E MS SEL/ VRAIS I/V5

AL (/J#1/)2=(D(/S #17) 8AC/ S/P-BU/St L/P (BUS SAP ECO S/P*BESU/ S700 / 25

BEL/JAL/) eC CL/ IHL MALS SJ VHB ISS ALS VACI/S SS ACASL/IAVI/ZG

GAC/StL/) = ALS SAL RAT I I/ 75

DE(/J#1/) 2=( BU St L/D (DE SSAV-CUSI/SPEDE SIS SAPP -F US SHLD AS I/D 17 25

"ENDS

"TES S/425'/" 4" THEN!

"BEGIN?

ZesQ(/I/) EZ S/ FALLS I/ 5

EPS(/Jt1/) t=-(CO/S/) CEU / SPR BEC/ I/D) 25

ZES(/JSt1/ 33 =-B(/J5/9/725

ETSO/IHL/) 22-0 ACS ISD HESS SS OMER ISIS VN 75

THSC/S#1/) 22 (FCS SPEC /S/DBDEL SIS /Z5

TENDS

EFPECINL) 7480 J-1 8 /OSUTHENS

‘BEGIN!

ZrtB(/JtL/V9CU/ SS VERSES IJV EL/ I ELS PALI IDG

EP (/J#1/) 2=(D0/ St 1/) BAC / I/D -BA/dt L/P (BUS /) tCA7 S/H ZES (/ JJ) 9/25

ZE(/J4#1/) CISD FISD FAC/I/I-BU/S #170 PCO SAV FETSO SIAN /Z5
ETU/J#L/) t2AC/ SOL SV AC/ 5/0725

THU /S#1/) = (BC /St L/D (DC SIAP-COS I/D THS OS SAPD HFS StL SDA I/S I/D A/S

"ENDS

TTFUL #2) 242004209 /1 4! HED!

"BEGINE

ZreD(/I/ VEL I/D PEP L/S I/ 13

ALSO /Jt1/) 2=-(CU/ SSP FEC SS AVE ZEW SIAN 25

BES (/J+1/ =B(/ 5/9/23
GASU/SEL/D 22 - CALS SSD EELS ISVS ETI/ S/N 75

DES(/J+1/)2= (FU /S/) -EC/S/SDATHUSI/ID/ 25

VERGE Ss

TEND'CF CCRL SP;

*PROCEDURES COLRSPs
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'RECIN!
ULE? (S41) /4= (S410 97 '49THEN?

"BEGIN!

Z2=B(/S/ I 4C(/S/ ABES(/S/) 5

ZES(/J#2/ ACL SIV /23
THS(/J#Z/) 2= (DL /S/ D-CA /S/PADE SU /S/DD / 25

END =

VEEN /42d" /1 4! THENt

'BECIN'

EP(/JS#2/03=-2ES(/S#1/ )90BU/ 5-2/0 #CL/ I-27 VAAL U/S/ VDL /I- 27 SBE SC /J-1/)
FEC /J-2 /P#EP (15-27) *BES(0/ J-1/9) JAW /IS-2/05

THU/ 542/93 =-(THS (/5 €1/9% (BO / 5-27) HC 5-2/0 PALO / I/D EDU / 5-27) BES (/S-i/)

FE C/d-2/ PEP C/ 5-2/9 BES C7 5-1/9 400/53 -2/ PACES / S/ 9400 / 5-2/7 SDES(/J-1/)
FE (/S-2/ 09 (EP /S—2/) DE SC /J- 1/0 THO / I-27 DMF OS S27 BAU SH-27 95

VENOSS

SLES (=1) /4= 05-105 754 THEN!

‘BEGINS

Z2=B(/I/) #CU/S/ FZES W/V 5

BES(/d+Z/) 2=-Al/JS/)V/ 23

CES(/JSt2/ 2 = (DIS S/S O-CO/S J dATESISI/ VI /Z5

TEND'S

VIF (S+2) /4= (3+ 2)'/"4" THEN!

‘BEGIN’

AL (/J#2/) 22-BES(/JSt1/)#0BU/ 5-2/0) #CU/ S-2/ DA EP US S/ DELI /S-27 AZES(/S- 1/8

FE (/J-2/d4AL (/JS- 2/9 *ZES( /S-1/DD SAC /S-2/93

DEC/J#2/) 22- (DES (/J*1/) * LE I/ 5-2/0 tC / 5-27 AEP C/I / 0 400 / I-27 98Z ESL /S-1/)

FE C/I 2/PRALC/S-2/)®ZESO/S-L/AVV ECU /S-2/ OR TEMS S/O OC US S-2/ DATES (7-1/9

FE (/d-27 DAC AL (/5S—2/ DATHSO/5S-1/) #DEU /S-2/) VHF / IR 270) SAU / S205

"ENDS;

*ENCTOF COLR SP3
*PRCCEDURE® FRONTCO;

"BEGIN'

STFS JES 4a NF 8/84 “THEN®

"BEGIN®

THU/JFH2/) 22020 / SF X/D5 DESI /SFt3/) 2=R20/ CF tl oX/ D5

TENDESECSE*

"BEGIN

DE(/JSFEZ/ t= 20 /IF eo X/b§ DESC /JFtL/b 2 =R2(/ UF -1 4 X/d3

"END? §

HY(/S Jee ¥/) S2H20/ SI XG

RY (/JJ- 1, Xe¥/d2=R20/SI- Le ¥/95

OVI /dI-2 oXsV/P 2=02K/ SI-2 0 X/ 05

QVU/SFe Xe Y¥/) 2=Q20/5F p X/) FRYC/IF tL Xe V/) 2=F20/ JF HL X/)5

FY (/ SFaXeV¥/)2=H20/S Fy X/05

RYC/JF-1 9X9 ¥/) 2=RAC/ SFH1 oX/05

*ENC* OF FRONTCO;

*PRCCECLRE® CALORES

"BEGIN!

S FOR" J:=JJ 'STEP*-4'UNTIL #LB(/Y/}#4!D08

* BEGIN’

STFIRBC/Y/) =z TAND' J=JJ 'THEN''GCTC' SKIP3

STFORES (7Y/)=205 AND! J=JJ *TKEN®

RYU/d-L a Xe V/V S=ALSE/ SEL / DFEYV IS SoX VS DABES (/J41/ PARYI/J 10 X,Y/)

tDES(/J 41/95

QY (7-2 eX oV/)Z=EPU/ SJ VARY (SS Xo V/V FLZEL/ IS) FEVE SS a Xe VAVHETIS IS)
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#OV(/J#2 9X yV/VETHU/ I D5

SKIP:

RY (75-3 4X 9¥/ V2 =EPS( /J-1/P ACV (/S- 29 Xe V/PHZES( /J-L/V*

RYC/S=L 9X9 V/P GETS (/ S-L/ DEY I/D Xp VD ATHS L/ = 1/05

HY (/d—49 Xp V/) F=AL( /5=2/) RVC /S-3 XV SP EBE(/d-2/9*

CY (/J-2 Xo V/ V#GAL/S=2/) FEV (/S Xo V/D#DE( /J- 2/05

RY(/d=5 oX 4 V/) 2=ALSU/J-3/ DAHY (/ d-4 0X V/) BES (/ 5-3/4

RY(/S=39 Xe V/V #GAS( /S- 2/9 4OV /S-2 4X Y/PHDES(/S-3/5

TENDS

TRORJ2=2' STEP 4) UNTIL! JJ-49 D0

QV (7b 0X ¥/ 9220 OV 0/5 #24Xp V/VHOVE 5-29 Xo VIP I 12

QV (ASS 9X9 V/) FZ OY (7 SI-2 op XV V-CY SIH XV DG

TFOR 'Jz= 1 'STEP! 2! UNTIL! JJ-1'DC

QY (7d 9X 9 ¥/)2 = (QV U/S #1 9X9 V/) HOV I/ I= 1p X 9 ¥/D 9/25

'ECR TSTEPEAEUNTIL! JJ-410C
HY (/3 #29 Xp V/V2= CHU /S #4) XG V/P HY / dy Xp Y/)) 125

HY (/0 9X 9¥/) 2 =2#HY 1/2 oX9V/ VEY L/ 49 Xo V/05

'FOR' Jz=1"STEP# 24 UNTIL! JJ-1' CC!

EY (/d aX 9 ¥/ 92 =CHYC/S #19 Xp V/PHHY /S= 1 Xp VAP D125

"ECR? J2=2°STEP! 2 UNTIL! JJ-2' CO!

RY(/ de Xo V/)F=(RVE/SEL Xe VADER VE Sm Ly X V/V I/25

RY (/0 9X o¥/ 2 =24RY(/ Ly Xp V/I-RV(/ 26 XV / 05

RY L/S Se Xp V/) 2205 SR CRY L/S SEL 9X o¥/) RY (/ SS-1 4X 0/05

TTFVY=1 'TRENS JSPt=1 SELSE! JSPrsJF +];

FOR? Jz=JSP*STEP*L*UNTIL* JJ-1°C0"

QV(/d Xp VA) 2 (1-0. 0 LP#OY(/ Xo ¥/) 10. OLE ACY I/ OLX oV/IHCY (d= Le Xo V/V I/Z5

‘END! CF PROCEDURE CALORH$

‘PROCEDURE! CALFRCNT;

"BEGIN?

ULFOJF>L° TEEN?

"BEGIN!

SFOR'J2=08STEPSLOUNTILS JF-1'DC!

*BECIN

HYC/S eX eV) 22QV0/deX oV/) 2203 RYL/ TeX V/) 22CR25

TENDS |

TTEY JE/4=JF1/44 ' THEN

"BEGIN!

HY (/ JF eX 9¥/ )2=2 HY (/JSE429 Xp V/ I-EVI/SE $49 Xo V/) 5

HY C/JE HL Xp¥/) 2206 52H EVO oF 0X p¥/D CEY (/ SE 42 9X6 V/ VG

RY(/JFs Xp ¥/D2=24R VC /SF HLS Xe Y/P-RV/JF HZ 9 XS V/DG

"ENC? * ELSE?

"BEGIN!

QY (/J Fy X p¥/ )2=24OV(/SF EZ, Fy Y/I-OV( JSF H4 VAV/DG

OY (/SFHL OX o¥/) 2 20.5% (OVI SIF Xo V/V 4QY (/ SF 42 X0V/ 105

RY(/JFy Xp V/) 22 24R VC /SFEL yp V/P-RVU /SEH2 6 X 8 Y/P5

TEND’ 5

TENDS;

‘ENC! OF CALFRONTS

*PROCEDLRE’ CUTL1;

‘BEGIN!

OUTSTRINC(1,*(#SALT WEDGE IN THE SOUTH PASS CF THE MISSISSIFPI‘I"IS

LINELL, 105

DUTSTRINGL 1, C1 TIME(HPS ) =")'95 AFIX(1 4242 ¢N*DT/3600)3

QUTSTRING(1y%(°N=7)° D3 AFIX( 1,45 00ND §

QUTSTRING (1," (1 TIME STEP (SECS) =!)") AFIX(1,4,0,0T)3
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QUTSTRING(1,°{* DISTANCE STEF (M) =F) D5 AF

OQUTSTRING(1,4(*SALTWEDGE( KM}=") 595 AFIX( e3eLENGTH/1LOCC 33

OLTSTRING (Lo*l*Pl="9%)s FIX(1,0,95¢Pi/1/9)

OUTSTRING(1,°('P2= )

SUTST RING (1 HUN OK=

1X(1,4,0,0X)5

1,3

;

;+ FIX(1Ls0.59PL/2/)

AFIX(1,Ce4,CK)3

AFIX{1.0.4,FI)3

OUTSTRING(1, "('D AFI¥(1,4¢CeD1d5
CUTSTRING (1, *("D. AFIX(1+490,02)3
OUTSTRING(1L»S(PEK='D 8 )§ AFIX(1L,0,6,EK)§ LINE(L,2)3

OUTSTRING(1,4(*LOWER LEVEL (M} AT (N#C. SECT!) 8 D3 LINE(1 103

"FCR? Js sO*STEPPLEUNTIL® JJTCOS FIX{14263,h26/5,1/ 90 SL INE( 1,195

OUTSTRING(1,"(*LOWER DISCHARGE (M#e3/S) AT (N#O.59CTI PP DF LINE ML, 193

SFCR# Js =O'STEP*L®UNTIL*SJ*CO® FIX( 1,500,020 /5e 1/0) SLINE(161)3

CUTSTRING(1,'(# LOWER CENSITY (KG/¥9%3) AT INtO.5)CT*)* DSL INE( 1,193

"FORSSS=CESTEPPLEUNTILSSJSDO® FIX(1,4,2,RZ0/Jol/PISLINE(1 0393

"Enc OCF PROCEDURE CUTL1;

"PROCEDURE® CUTU2;

'BECIN®

QUTSTRING {15° {*UPPER LAYER POSITIVE CFARACTERISTICS')'); LINE(1

OUTSTRING( 1, '(* UPPER LAYER NEGATIVE CHARACTERISTICS! b'd3 LINECL

)

)

VECRT J *"STEP*2°UNTIL'JJ*0O" AFIX( 1s 1, Os POS(/J, 1/003 LINE( 161

TFORVS "STEP! 2UUNTIL! JJPCC! AFIX(1,1,0 NEGI/J,1/))% LINE(1,1

OUTSTRING(1,*(*UPPER LEVEL (Mb AT (N#1PDTSO* DF LINE (Lol D5

"FOR Jo=O'STEP*LPUNTIL® SJ COP FIX (1,25 29 FILE /So2/)0SL INE 1,193

OUTSTRING(1,*(" UPPER VELCCITY (M/S) AT (N#1LICTY DP DSLINE(1 61)

PFCR# J: =O*8STEPSELSUNTILSSJILO# FIX(1,2¢3eL1(/se2/)03 LINEC1,1

QUTSTRING (1,9 SUPPER CISCKARGE (M#43/S) AT CN#LIOT DT) ZLINEL

"FORNIZ=CISTEPPLFUNTILISS'DO® FIX(1e5 oD C 1M /de2/P VS LINE (1 1)

QUTSTRING(1,"(*UPPER CENS ITY (KG/M #83) AT (N#1LID T°) *)SLINEC 16195
FFORS JS=CUSTEPELE UNTIL! JJPCCTFIX(L 4 o2,¢R1LI/Jo2/) GL INE(1, 33

*END' OF PROCEDURE OUTU2;

*PROCECURE’ CUTL23

‘BEGIN!

QUTSTRING(1,*('LOWER LAYER POSITIVE CHARACTERISTICS*)%)$ LINE(1L,1)$

QUTSTRING(1,*{* LOWER LAYER NEGATIVE CHARACTERISTICS‘ )*)5 LINE(1,1)3

TFOR'S STEP#2SUNTIL'SJ#DC* AFIX(1 pl oQeFCS(/Jo2/9)5 LINE(1,19;

es MP | "STEP*2°UNTIL°SJ°CO" AFIX(1s 1, O+NEG(/Js 2/005 LINEC161)3
OUTSTRING(1,"(' LOWER LEVEL (M) AT (N#LICT' 9" DFLINE(1,193

SFORNSESCHSTEPELEUNTILS SJ SDOPFIX( 1e2e2eH20/Se2/) 05 LINECL o1)3

CUTISTRINCIL.° {LOWER VELCCITY (M/S) AT (NOLICTSOTDSLINEC 1,1)

FOR! J2=C' STEPS LPUNTIL® JJPOC® FIX(1,2530U2(/Je2/))3 LINE(1,1

QUTSTRING (1,8 (* LOWER CISCHARGE (M**3/S) AT (N+#1)DT") *)S5LINE(

TECRE Je =O'STEPELIEUNTILE SITCCE FIX C1 5 0 0026/Je2/ 0 DSL INE(1, 103

QUTSTRING (1, "(* INTERFACIAL DISCHARGE PER CISTANCE STEP (¥¥*3/S)49 94 D5

LINE(L,195 *FOR*J2:=0°STEP*1°UNTIL*JJ°DO"

FIX( Le SsC ob G20 /5/) S0X"B2 (75/005 LINE(L 61 )5

OUTSTRING(1,*( SLOWER DENSITY (KG/M¥*3} AT (N#1IDO TIO PFS LINE CL oLds

FOR® Sz=O'STEP*LOUNTIL® JS °LC FIX E16 49 2eR20/So 2/0 SL INES 14295

‘END! OF PROCEDURE QUTL23

"PRCCEDURE# PRECO;

‘BEGIN!

*FOR *J3=LB(/¥/) 3° STEP* 1* UNTIL’ JJ-RB(/Y/) #2 * DC!

RESIN’

"TFY POS(/J-2,Y/)=3' AND! NEGI/J-26Y/)=0 * TEEN?

‘BEGIN! Js=J-23 COLRSP§ Js=Jt25

;

3

Loli;
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TEND’

TTF? POS{/J-20¥/)=0° AND? NEG{/J-2,Y/)=3 ‘TEEN!

'BEGIN' Jz=J-13 CCRLSP3 Jz=Jel3

TENDS

TLE! POS(/S-24¥/)=2' AND! NEC(/J-2,Y/ )=1 "THEN!

"BEGIN! Jz=J-2; COLRSB; Jz=J+25

TEND?

"TFT POSL/S-2,¥/)=1 4 AND! NEG(/J-26¥/9=2 ' TREN

"BEGIN! Jz=J-23 CORLSB} Ji=J+25

"ENDS

‘END!

‘ENC! CF PRECO}

"PROCEDURE! EIGEN;

‘BEGIN!

PREAL® XL 9X2 9X34 X4p XXXF

TREALSN ARRAY! XDOTU/1 26/03

SFOR'Js=C*STEPHLIUNTIL'JJ#DC!

* BEGIN

X12=SORT(GRECYLC/d 92/0 #Y2 (1/5 2/0905

XZz=SQRTCABS C(GRACL-LAM(/ ISPD AYLC S59 27) FYZ0/So2AVI AVA 2A HV 2I/ 2D

=O UCUL EZ 9 270 U2 (/ So 27 PERZAYL (dg 27 YZ S27

CVU Sy Z/VEY ZC So 2/7) REZ) DG

XB E=CYL (7d 927) SUL bo 27 4YZ0/ 59 27 VU ZU / So AVI ALY Vd 200 HY ZE S927

XQ TECYLC S42 /VRUZ(/ 2A) EYZU/ S27 VRULU/ So 27 YL (SS 27 AY 21/59 27)

XDOT(/L/}2=X34X15 XDOT(/2/)2=X3-X15 XDOT(/2/)22UL( /do2/)3

XDCTI/4/) 22X4 4X23 XDOTL/5/02=2X4-X23 XCOTL/E/ 22 UZE /de 2/03

POS( /dy1/)2=POS(/J42/) 22NEG( del /) 22NEG U/u o2/) 2203

STF! XDCTI/4/}>0 ANC! XOCT(/E/I>C "THEN?

"BEGIN TIF! J>(JFeJSI)/2 ' THEN!

"BEGIN' POS(/J,1/)2=33 NEG /Jel/)?

* TE*XCOT (/6/ )>0"THEN®

"BEGIN! PCSU/J,2/)2=23 NEG(/J,2/)2213

SENCDESELSES

"BECIN® PCS{/Jy2/)2=13 NECI/Jo2/ 02225

"END;

TENCHPELSES

"BEGIN' PCS{/J,2/02=33 NECI/Jy2/2=03

"TF* x00T(/2/)>C * THEN!

*BECIN’ PCS(/Je1/)2=23 NEC(/Uel/)2=13

TENDITEL SED

'BECIN' POS(/J,1/}2=13 NEG(/d,1/b2=23

TERDY;

TEND "5

SENONS

TEEMXDOT(/4/1<0 "ANDEXDOT (/5/9<0 "THEN!

"BEGIN? POS(/J,2/)2=C3 NEG(/Ue2/) 2233

‘FY XOCT(/3/)>0 *THEN®

"BEGIN' PCS(/Jy1/)2=23 NEC(/J,1/) 2213

TENDETEL SES

"BECIN’ PCS(/J,1/)2=13 NECI/Jy 1/02

TEND 'S

FEADS;

TTF! XDCTU/4/)8XC0T £/5/9< C8 THEN

"BEGIN' "IF! XDOT(/3/)>0 "THEN!

SREGIN® FCS(/J,1/)2=23 NECU/Jel/)2

MG

391



Y ENDM ELS EF

‘BEGIN! POS(/J,1/)2=15 NEG(/Jel/):

"ENDS;

EFF =X00T1/6/1>0 —"TREN®

"BEGIN' PCS(/J,2/)2=23 NECGI/Je2/) 2=13

CENDESECSE*

"BEGIN' FCS(/J92/)2=15 NEC l/JSe2/)2=23

TEND =F.

TEROUS

"TEU ¥20/d92/0< 0, OOLT THEN! POS(/Je2/ D=NECI/ Se2/ 2205

UTFSS<JFE TREN?

*RECIN® *TF°ULL/ Jo2/)>0°TEEN®

‘BEGIN! POS(/J_1/)2=23 NEGI/Jel/) 2=13

VENDESEES E*

‘BEGGING PCS(/Jol1/) 2213 NECI/I,1/)2=25

‘END '3

TENDS:

"ENDS;

‘ENC! OF EICENS

*PRCCEDURE® CCNTRCL3

"BEGIN!

SFCR'Js =JFISTEPS LYUNTILS JJ*0O!

TO /So27) 2 2UL L/S 92/7) U2 C7 S27 VAC CUL/ S27 1 492/TGRAV 1 A/S, 2/ 00-19%

(UZ0/S 5 Z/)R*ZAUGREV20 dy 2A DP LE-LAMO/I/ODS
* FOR? J220* STEP? 1° UNT IL°S F-2°D0°

TO /d 927) 2EUL OAS p2/V AULA Ss 2S VRRZS GREY LAS de 27 Dd - 1G
*FOR'J2=O8 STEPS LIUNTILS JJ ‘DO!

IF? 10/0 92/041 (/550/0<0 * TEEN?

"BEGIN! EIGEN; J2=JJ5

eRe. sy

TENDS CF CCNTROLS

‘PROCEDURE’ SEADENSITY;

*PECIN®

"TFIPOS{/JJ-2 6¥/) =1 [PCS(/ c5-2 o¥/) =2° THEN!

RY (/SSt 1s Xe V/PZ=CAL SC /SI# ISP RHYL Side Ko VSD + 2*DX*P (/Y/)

+DES(/JIt1/) D/C L-BES T/SS 1/905

SIFY POSE /JJ-2,¥/) =O 1POS(/SJ-2,Y/)=3 ' TEEN

RY (Jd J—1 eX eV /d2= (EPSU/SI=1/) OVI JS 5-20 Xe YADFETSE SSIS) FHV I/ SS aXe Vd

# THSC/S J-1/) #22 OX PO/Y/D DVS TL-ZESI/SI-1/ 05

*END' OF SEACENSITY;

‘PROCEDURE’ NEGFRONT;

‘BEGIN' "FORS Js=JF+l,JF ‘OC!

‘FOR* 0,1,2*D08

*BECIN’

QU /SoX/) 22 29C LL dt Ly X/) - CLI /SH2 o X/D5

Q2 (5 9X/ 2=24C2(/S tLe X/V- 20/5 429 X/dG

HUC/J9X/) 2=28H1 C/ StL @X/P-FL L/S d 42 X05

HZ2(/d9X/)2= 24H 20 /St Le X/P-E 20 SH 20K) S

RLI/J9X/)

R20/5eX/)

YL(/5,X/)

PRLS StL eo X/I-RIL/S #29 X/ 95

BRAC / IHL oX/) F207 St2 oX/D5

W/ 59 X/P-H20 da XAG

Y2U/59X/) 20/ JS oX/)-HBBISIS/ 05

UL(/ J ,X/) W/ Se XA AIYL Ade X/PBBII/SS/))
U2U/ daX7V3=C 207 de XZ V/V 20/5) XAVFB 20/5/09

A2U/ 5/0 F=B20/S/VBY2 6/5 02195

;

;
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LAME /I/) SS2*LAMU/ IHL /P-LAB(/ 542/93

R2U/JF-1, ¥/)2=CR25

TO /d 90/9 22UL (7590/7) FU20/ 90/9 HSU LL/ 5 9/7) M#2/0GREYTE JS 0 C/))-104

(U20/ S59 C/VF*2/EGREY2 (1/5 90/0 -1) -L AMIS S/S 95

VENESs

EIGEN;

‘ENDS OF NEGFRONTS

©PRCCEDURE® POSFRONT;

SBEGIN' 'FCRE Js=JF-2 ,JF-1*CC!

YFOR*X2=(,1,2'D0!

* BEGIN’

QUC/S eX) S=28O10/ I 1 eX/) CLI /S-2 X/D5
HL(/ Jd oX/ D2 =24HL(/S— Le X/P- FV /S- 25 X/)5

RLG/JoX/) 2224RL L/S S-1 XS) -FL L/S I-29 X/ 05
Y1(/59X/9 =H 10/59 X/) -HBB I //95

UL (/SoX/ V2 =CL ISS oe X7 AAV L/S X/ IV #BII SIS) IG

LAME/J/) 322% LAM(/J-1/)-LAB(/ 5-2/3

R2(/SeX/P2=R2( /JFAX/) S=RZI/IF tL, X/P 2 =CR25

T(/ 5X7) 22Y2 (7S oX/) 2 eH2T/ Se XS DS=UZT/ Se XS V2=QZE/ Se X/VZ=C§

‘END 'S

EIGEN;

TEND? CF FCSFRONT3

‘PROCEDURE? SHIFT;

*BEGIN® OXF: sUU2Z(/JF/)*DT § XF2=DXF4XF5

‘TF® ABSLXF)SDX * THEN!

SBECING STFYXE<O*THENS JF s=JF-2°ELSE! JF S2JFt 23

"LTF*JF/42J5F°/°4 * THEN?

"BEGIN® LBS(/2/) 22203 LBU/2/) 2=JF #1;

TENDS VELSES

"BEGIN! LESC/2/) 22213 LBI/2/)225F3

"END '3

"IF® XF<O" TEEN’ NEGFRONT *ELSE*® POSFRONT;

"TF" YECC'THEN! XFs=XFe2eCxX 'ELSE® XFS=XF-290X3

TENDS

LENCTR2=(JU-JF) #OX-XF 3

‘END® OF SHIFT;

INREAL(O,0X)3 ININTEGER(O,CT)§

INREAL (0,019; INREAL(O,02);INREAL(C,GRI5

INREAL( CoCK) sINREAL (0 ,COLDZINREAL(C,CO2)¢INREAL(OeCHLDS INFESL (0,CH2 D5

INFEAL(0, CRL)$ INREAL (0,CR2)3 INREAL(0,BB) 3 ININTEGER( CoMM) 5

ININTEGER(C,NND§ INREAL(O,EK)$ INREALIO,F ID;

IN INTEGER (C,LBS( /1/}3 FININTEGER( Os LBS(/2/))5 ININTECER(O LB(/1/)95

ININTEGER(O,LEC/2/)) 3 ININTECER (0, RES{/1/) 13 ININTEGERLORBSI/2/905

ININTEGER(0 RBC /1/)9 FININTEGER(C REI /2/)95

INARRAY (OF dS ININTEGER(O, JF O35

INARRAY IC »BC)5

INITIAL ¢

EIGEN;

N ly

FACUE: Nz=N¢1l3

BCUNT$

BSTART;

2=0;3

DELFT: Ms=MeLs

ITER;
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RIVSECs

ABCLI$

sly) Y2225

FRONTCO 3;

PRECCS

SEADENSITY$

CALORES

CALFRCNT;
TFORS J2=ChSTEPT IT UNTIL? Ju*DC!t

BEGIN!

H20/J9X/) 2=

U2(/Je1/)2=

SENDS

TIFUNCICCCHANC! N©LT/7200=N8CTS/*7200' THEN!

OUTL 13

*ITF*NDO99"ANC® N*CT/1800=N*0T°/*°1800 "THEN?

OUTL1;

ABCU2;

*TFE*LES(/1/)=30 | LBS{/1/)=21°TEEN? CEL/4/92=H1E /25 2/05

TTF'LBS(/1/)=30 | LBS(/1/)=20" THEN® TH(/2/)22011/052/)3

DES(/3/ bt =R1(/1,2/)3

HY C/d 592 ¢1/) SSHLI/ IS 92/05 FY(/SJ-1 5201/2

QV (/J = 29 Zp 1/0 2=QU /SS-2 92/9 FOV /C 92 1/) 2

RY (/1,291/)2=RL(/1, 2/705 FY (/29251/)2=HU/2,

M3223) Y2=13

PRECO;

SEACENS ITY;

CALQRH;

‘FOR S220 *STEPSLSUNTIL' JJ DOF

*BEGIN®

HIC/ JS XS SHY So Xo LADGOL EA de Xd F=OVO So X LJ VG RL U/ dX Z=RY (J So Xe l/DG

QL (7d 91/0220 o5*1Q1(/ 59 2/) 4010/5 ,9/)03

TEND;

TTFINCICCCTANDSN*DT/7Z200=N4D 14 7/4 72008 THEN!

QUTL2;

TIFINDSSSTAND! NXDT/1800=N*CT#/'1800 ' THEN

OUTU2;

ABCL2;

Xs=23 Ys

FRCATCO$

PRECC3;

SEACENS ITY;

CALC;

CALFRONT;

SFOR*Js=O'STEP* LEUNTIL*JJ §DO!

*BEGIN®

H20/doX/) S2HVO/S Sg Xo 2/05 G20 Se XD S=QVO SD 9 X 2/5 R2A/ SoX/ PEARY (Se Xe 2/95

U2 (/J12/) 2(/d 9277 0B20/5/ 0 020/59 2/0-FBBI/ S/S

ULT/3027) LESS e270 7 EBL ES SS DATEL A/S 9 27 DF 20S So 275

Y1(/J,2/) WQ/S 9 2/P-H20 do 2/05

7 SaX 92705 C2 (Sa XS VE=CY (S59 Xo 27 VERA So XS VEERVIS Se Xe 2/05HY{
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