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Abstract

Theoretical objections to the concept of a spacetime singularity

and the scanty, and sometimes controversial, nature of the

available experimental data concerning the existence of black

holes, has heightened interest in the search for viable, non-

singular alternatives to Einstein's theory of gravitation. One

way of developing such alternatives is to perturb or deform the

solution spacetimes of the Einstein model in such a manner that

essential singularities are either eliminated or avoided, but

useful features, such as the weak-field prédictions, are retained.

The aim of the present work is to study the feasibility of such

a programme, and to analyse and classify some of the possible

perturbations.

Our approach to the problem is novel for this field of work,

_the objective being to associate dynamical systems with the flows

of the geodesic equations. Since dynamical systems are defined :

for all values of the flow parameter, the proper-time in our case,

the resulting geodesic flows will be complete. This means that

any singularities on the original manifolds will either be changed

into regular or critical points, or isolated by critical sets in

which case they are effectively disconnected from the spacetimes

of all observers.

The thesis commences with a general introduction in which we

discuss the pros and cons of the singularity argument and motivate

our approach. In chapter 2 we review the Einstein model, paying

particular attention to the definitions and proofs of the singularity

theorems, while chapter 3 is devoted to a presentation of those

aspects of dynamical systems theory which are needed for our

purposes. However, since the latter is not a subject which is

usually associated with conventional gravitation theory, we have

attempted to make this presentation more or less self-contained.



The next three chapters contain our new results. Thus, in

chapter 4 we 'translate' the singularity theorems into the language

of dynamical systems theory and examine their possible breakdown,

Then, in chapters 5 and 6, we construct and analyse several

amended versions of Newtonian and Schwarzschild gravitation

respectively; the Newtonian amendments being necessary to preserve

the use of the Newtonian limit as a boundary condition. Finally,

in chapter 7, we discuss the physical interpretation of our

results and assess the viability of the method used.



Chapter One: “Introduction

1.1) Preliminary comments

Same of the more important and interesting problems of classical

gravitation today are those concerning the singularities and other

pathological features of Einstein's theory. Because of the very

restricted nature of the experimental data, the acceptability or

unacceptability of the Einstein model depends, to a large extent on

whether its theoretical structure and predictions seem reasonable or

not,

It must be admitted, that of the many metric theories that agree

with the experimental data in the immediate post-Newtonian domain,

the Einstein model is the most compelling. If we accept the basic

philosophy that general relativity is a geometrical symmetry of nature

and hence, via the equivalence principle, that gravitation is a

manifestation of a curved spacetime!’/3, then the vacuum field

equations Riv = 0 are the simplest nontrivial structure that one can

impose on a psuedo-Riemannian manifold. In addition, if we restrict

ourselves once again to these vacuum equations, the Einstein model is

“pure", There are no free parameters or potentials to specify and,

in this sense, it shares with Maxwell's free-field equations the

distinction of being one of the only two strictly nonphenomenological

theories of physics that we have today.

Now the interpretation of gravitational dynamics in temns of

Riemannian geometry together with the simplicity of Einstein's

equations, does lead to an elegant and, same would say, beautiful

theory. But physical theories are not judged by beauty alone and work

done over the last three decades has shown that the very features which

are responsible for the beauty and elegance of the Einstein model, may

also be responsible for significant "deficiencies" in its theoretical

and predictive structure. Thus, in the first place, it is an isolated

theory. All attempts at unifying the principles of general relativity

with those of classical electromagnetism or quantum theory have

resulted in formulations which are either ambiguous, highly contrived

or both’, secondly, it is an essentially singular description and



leads inevitably to gravitational collapse with all its attendant

pathologies. For example, the bizarre extrapolations of the

consequences of the singularity theorems are in sharp contrast to

the physically reasonable assumptions needed to prove them®?7, Let
us examine these deficiencies of the Einstein theory in more detail.

1.2) Geamnetry: Truth or Convenience?

The isolation of gravitation is due to its interpretation, by

Einstein and his followers, as being entirely geanetric in origin, i.e.,

a consequence of the curvature of spacetime. Thus, the Newtonian

concept of motion under the "force" of gravity is replaced by "free"

motion along the geodesics of a curved, “‘four-dimensicnal, differentiable
manifold which has the synmetry of general relativity and is locally

Minkowskian. There are two points to notice about this description.

Firstly, a particular geametry has been elevated to the status of the

eal or true geametry of spacetime. Thus, this geometry is no lenger a

convenience, but a necessity. Secondly the covariance group of

general relativity, even in specially selected asymptotic situations®’?,
is very much larger than the symmetry groups which arise in other’ areas

of physics. As a result, it appears to be impossible to define an

unambiguous, irreducible and nonredndant set of canonical observables,

and this, of course, has serious consequences in any quantum treatment of

the gravitational field and its interactions with matter),

Now the debate on the geometrisation of physics goes back to Riemann

and Clifford in the last century", who began to suspect that at least
some branches of physics could be expressed in terms of the non-Euclidean

geametrics that were a matter of current interest at the time. It is,

more or less, axiomatized developments of these ideas that have found

their expression in general relativity, the various unified theories of

electramagnetism and gravitation and the already unified theory of

Raivich and Misner!?, According to this view, there is one geametry of
spacetime such that matter moves along geodesics in this geometry. The

job of the physicist is to campute this geametry in terms of the sources

such as mass and charge etc., and general relativity tells us how to do

this. Once we know this, we know all there is to know about the universe.

Einstein himself believed that there exists a generalisation of his theory

which will be sufficient for a description o all physical phencmena,

3



including quantum phenanena, and this philosophy, followed with a

religious fervour by the geanetrodynamicists, is stated most clearly

by John Wheeler, prophet of geanetrodynamics, who says" ahs "There is
nothing in the world except empty curved space. Matter, charge,

electromagnetism and other fields are only manifestations of the

curvature of space".

Fortunately, for those with more secular Hnelinations ) there is
an opposing point of view which was developed by the conventionalist

philosophers of science of whom Henri Poincaré was the leading

advocate. Their point of view is that geometry is a product of

mathematics, there is a wide variety of geametrics that the mathematician

has invented and the physicist can choose any of these geometrics

against which to describe the behaviour of matter. Furthermore, the

physicist always deals with a combination of geometry and matter, never

with the two separately, and he may choose to express a theory in one

geametry or another just as he can choose to use English, French or

Chinese with which to express his ideas. It may, on occasions, be

easier to express a theory in a particular geametry, but this does

not make this geanetry the "real" geometry. This philosophy is summed

up in Poincaré's own words a "One geometry cannot be more true than
another; it can only be more convenient".

The conclusions to be drawn fram the above discussion can be summed

up as follows. At the classical level, if the Einstein model is an

accurate description of gravitation it does not really matter whether

it is expressed in the geometrodynamicists' language or not. However,

at the quantum level it may be necessary to recognise the possible

separation of geametry and gravitational fields before further progress

can be made towards producing a quantised theory of gravitation.

1.3) Singularities: Fact or Fiction?

Since the original work of Penrose and Hawking on the existence of

geometrical singularities in the time development of physically reasonable

solution spacetimes of the Einstein mcdel, much attention has been paid

to these specific predictions of the theory. For example, the problems

of the definition and structure of the singularities and further theorems



on their existence have been the subjects of an enomous number of

vesearch papers over the last decade or so.

Singularities are predicted to occur in two areas. The first

is in the past at the beginning of the present expansion of the

universe. This is thought to be the "big bang" and is generally

regarded as the origin of the universe. The second area in which

singularities are predicted is in the collapse of isolated regions

of high mass concentration such as burnt-out stars. Now these

predictions follow fran an extrapolation of the Einstein model by

many orders of magnitude beyond the range for which its validity

has been established, i.e., they are predictions in the domain of

very high curvatures and very strong fields, and, as a consequence,

there are two opposing views regarding their relevance. On the

one hand, the geametrodynamicists, and other firm believers in

Einstein's theory, regard these singularities as useful, valid and

physically meaningful predictions of relativistic cosmology, i.e.,

the so-called "black holes". On the other hand, the conventionalists

take the point of view that singularities in any theory are, to say

the least, physically and mathematically ambiguous "objects", and

that their occurence is an indication of the limitations of the theory.

If this is the case, then it follows that the Einstein model is

incorrect or, at best, approximate in regions of high curvature and

strong fields.

Now which of these opinions turns out to be the correct one should,

of course, be decided by experiment, but one must distinguish

between consistency and uniqueness in assessing experimental

verification. In the case of the big bang, the Hubble expansion and

the isotropic 3°K radiation are consistent with an initial singularity,

but the experiment is not repeatable and to compute a unique path

back to a singular origin, without any other "fossil" guide seems to

be more in the realm of a theological speculation rather than a

scientific explanation. As far as the black holies are concerned, the

geanetrodynamicists "holy-grail" lies in Cygnus X-1. Preliminary x-ray

data indicate that there is a massive object in this binary system

which they claim to be a black hole. However, the evidence is scanty

and eoneroversialas tnd, besides, there are other possible explanations

11



of the data which do not involve a black hole!®, another

feature which complicates the interpretation of this, or any other

data, and indicates the dangers inherént in treating singularities

as physically meaningful objects, is that the theoretical picture

of the black hole keeps changing. Having started out life as

evergrowing, cosmic vacuum cleaners, it now appears that they can

merely evaporate away’.

Quite apart from the experimental status of black holes, there

also exists the theoretical problem of defining precisely what is

meant by a "singular spacetime", when the whole spacetime manifold

is not specified a priori at present singularities are associated

with incomplete null and timelike geodesics. Thus, a spacetime is

said to be singular if it contains inextendible null and (or) timelike

geodesic segments with finite affine parameter. (Note that

completeness has to be defined via the tangent bundle rather than

on the manifold itself, since the metric on the latter is not

positive-definite!’+18 ) However, incompleteness does not necessarily
involve an infinity of a physical variable nor does it necessarily

prevent the extension of a cosmological model towards the past. -For

example, Taub-NUT spacetime has incamplete geodesics in a region which

is locally nonsingular??+20 and if a cosmological model has an infinite
density in the past, this infinity (which undoubtedly represents a

singularity) and the incampleteness of geodesics need not have any

relation2}, Thus it seems that completeness or incompleteness of a
spacetime is not the whole answer and the search for a more satisfactory

definition of singularities continues.

The conclusions to be drawn from the above arguments are threefold.

Firstly, singularities, in the accepted technical sense, seem to be a

cammon feature of a large number of otherwise physically reasonable

solutions of the Einstein equations. Secondly, the definition of a

singular spacetime is far fron being physically intuitive and does not

always correspond to infinities in physical variables. Thirdly, the

interpretation of a mathematical singularity as a physical cbject leads

to an "anything-goes" situation in which even the most fanciful and

bizarre speculations are permitted. Thus, it seems very probable that

the Einstein model is not a useful description of gravitation at the

1X



strong-field end of the spectrum.

1.4) Nonuniqueness in the Weak Field

The flaws in the Einstein model, discussed above, lead us to

take a closer look at its experimental successes. The first

conclusion we cane to is that the three "classical" measurements

of red shift, light deflection and perihelion advance together with

the more recently proposed radar reflection experiment, merely

test the weak field behaviour of a diagonal Ricci tensor. In

other words, if we assume that the spacetime of the solar system

is static, spherically synmetric and asymptotically flat, then its

Ricci tensor, Rv? is diagonal and obviously goes to zero in the

limit of zero field. The experiments then tell us that these diagonal

camponents are still zero in the limit of weak fields. The vacuum

equations of the Einstein model, i.e., R FOr satisfy this condition

and, hence, are consistent with the observational data. However,

they are not unique in this respect. For, if we probe further and

assume that the diagonal components of Ry can be represented by power

series expansions in m/r, then the only restrictions that the

experiments place on these expansions are that Ror Ro and R33 have

to be at most of otm?/r) , while R,, can be of O(m2/r2). One can take
advantage of this fact to construct other models of gravitation which

also satisfy the weak field tests and, indeed, many authors have done

so. For example, the scalar-tensor theories of Brans and Dicke2?
Yilmaz’? and of Tupper** £al1 into this category.

1 of

No doubt, as techniques improve and experiments became more precise,

tighter limits will be placed on the diagonal camponents of the Ricci

tensor. However, it is unlikely that any degree of accuracy in weak-

field measurements will ever eliminate all but one theory of gravitation.

Thus, the superiority of the Einstein model in the weak-field domain is

based more on its simplicity and elegance rather than on its agreement

with the experimental data.

1.5) Alternative Strong-Field Models

The singularity theorems and the chronic problems of quantizing a

i3



noncanonical theory, indicate that the weaknesses of Einstein's

model lie at the strong-field rather than the weak-field end of the

gravitational spectrum. Thus, there is a need for alternative

strong-field models and any indication in this direction is "a priori"

interesting. The hope is that such models, if they can be devised,

would be free fran singularities, except in obviously artificial or

pathological situation, and at the same time be sufficiently flexible

so that they can be "adjusted" to fit the experimental data at the

weak-field end. The nonumiqueness of the Einstein model in this

latter domain gives us confidence that such an adjustment should be

possible.

If we accept the need for alternative strong-field models, then

the question arises as to which is the best possible approach to the

construction of such models and here, of course, opinion divides.

Many authors?” believe that singularities and quantization are closely
related and that a strong-field model must inevitably be a quantum

model. they?’2° generally argue that a quantized version of the Einstein

theory would lead to a better understanding of the singularities and

perhaps even prevent them from occurring; much in the same way that

Planck's quantization of blackbody radiation eliminated the

Rayleigh-Jeans catastrophe and Bohr's quantization of the atan

prevented its classically predicted collapse. However, the problen

of developing a quantum formalism for Einstein gravity has been under

study for at least the last twenty-five years and, as yet, there exists

no convincing mathematical evidence either to support or deny these

speculations. The many attempts at constructing quantum models within

the Einstein framework, have generally led to nonrenormalizable

thearies®?/2° which, as a consequence, have given little, if any,

insight into the nature and significance of singular spacetimes. Since

the outlook for further progress in this direction is not very encouraging,

we have no other option, but to return to the classical domain.

Now within the classical domain, and if we restrict outselves to

essentially metric theories, there are three possible avenues of

approach. The first is to develop alternative field equations using

curvature alone. For example, models which make use of the derivatives

of the Ricci tensor, rather than the Ricci tensor itself, would presumably

[4



give more information about the high curvature or strong-field regime.

Thus, we could consider free-field equations of the form

which were first studied by Stephenson?’ and by Kilmister”®, and more
recently revived by vang??
third differential order, of Einstein's free-field equation ave O and

have a large variety of interesting solution spacetimes. These include

both "dressed" and "undressed" Schwarzschild solutions” as well as
spacetimes in which gravity is repulsive and, in same cases, periodic? :
Another class of models which falls into this first category and which

we might mention, are those based on nonlinear Lagrangians in which the

curvature scalar has a finite upper bound. The hope is that by limiting

the curvature one might avoid gravitational collapse and a specific

exanple in this class has been stuiied by Muller et 21.7?

. ‘These equations are a generalisation, to

The second approach is finding nonsingular classical models is to

introduce additional geometrical features into the theory. For example,

‘Trautman?? has proposed that spin and torsion may avert gravitational

collapse when treated in the framework of Einstein-Cartan theory. This

seems a pranising line of attack and sane interesting results have been

obtained by Prasanna** is

The third approach is perhaps the least ambitious of the three,

but, in same ways, is the best defined. The idea is to consider specific

singular spacetimes of the Einstein model and to perturb or deform them

in such a mamer, that essential singularities and other pathologies are

either eliminated or avoided, but useful features, such as weak-field

predictions, are retained. In this thesis we study the feasibility of

such a programme by analysing and classifying scme of the possible

deformations.

1,6) Spacetime Deformation via Dynamical Systems

As we mentioned earlier, singularities of the Einstein model are

predicted to occur in two areas. The first is in the past of

cosmological solutions which represent spacetimes of an expanding

is



universe, while the second is in more specific situations representing

the collapse of localized concentrations of large mass. Now

cosmological models have additional assumptions built into them and

are not suitable candidates for a preliminary investigation into the

possibility of eliminating singularities. Thus, in the present work,

we concentrate on the second area, i.e., that of gravitational collapse.

In this case, the final or black hole states are represented by the

Schwarzschild and Kerr solutions® (or their charged counterparts), and

to these must be added the Newtonian model, since the latter is an

essential boumdary condition for the former. Furthermore, since the

Kerr solution can be obtained from the Schwarzschild solution by a

transformation involving the replacement of the real mass m by the

camplex quantity m+ ia, where a is the angular momentum®, TCS
reasonable to suppose that the same thing can be done with an amended

Schwarzschild spacetime. Thus, we restrict our analysis to the

Schwarzschild and Newtonian solutions.

Our approach to the problem is novel for this field of work, the

objective being to associate dynamical systems with the flows of the

geodesic equations. Since dynamical systems are defined for all values

of the flow parameter, the proper-time in our case, the resulting

geodesic flows will be complete. This means that any singularities

on the original manifolds will either be changed into regular or

critical points, or isolated by critical sets in which case they are

effectively disconnected from the spacetimes of all observers. As

a point of interest, we might add that dynamical systems, or the

qualitative theory of differential equations, is a geametric approach

to the study of differential equations on a manifold initiated by

Poincaré. Thus our work is also an attempt to bring together the ideas

of Einstein and Poincaré.

The main body of the thesis consists of five chapters. In chapter

2 we give a survey of gravitation and the structure of spacetime with

particular reference to Einstein's theory. The need for looking at the

large scale structure of the universe as opposed to its local properties

is brought out and the reason for assuming spacetime to be a differentiable

manifold is also discussed. We then turn our attention to the problems

of singularities in this structure, i.e., the problem of their definition

ié



and their occurrence. The possible breakdown of the present

singularity theorems is then discussed. Lastly, we present a case

for looking at the equations of motion fran the point of view of

dynamical systems.

Chapter 3 is devoted to a rigorous presentation of those aspects

of dynamical systems theory which are needed for our purposes.

However, since this subject is not usually associated with conventional

gravitation theory, we have attempted to make this presentation more

or less self-contained. Thus, we give examples of the abstract

concept of a dynamical system before showing, again with examples, how

vector fields acting on manifolds can give rise to dynamical systems.

The idea of the phase portrait is then introduced together with

relevant definitions, theorems and further examples. The unimportant

notions of stability of orbits and of structural stability are also

discussed.

The next three chapters contain our new results. Thus, in

chapter 4 we 'translate' the singularity theorems into the language of

dynamical systems theory. The aims of this exercise are, firstly to

explore the possibility of using dynamical systems theory to give more

transparent proofs of the singularity theorems and, secondly, to identify

the 'simplest' amendments which would lead to a breakdown of these

theorems. Then, in chapters 5 and 6, we use same of these ideas to

construct and analyse several amended versions of Newtonian and

Schwarzschild gravitation respectively. The theoretical analyses in

these chapters are supported, in many cases, by detailed computer

calculations of both radial and nonradial orbits to ensure that the

weak-field conditions can be met. However, for reasons of space we

have not included lengthy programme descriptions.

To summarise our main results, we find shat singularities .can be

avoided in three general situations. The first is if the gravitational

force remains attractive, but becomes weaker at small distances leading

to an “asymptotically free" theory. The second is if the effective

gravitational potential develops a repuls. core implying that

gravitation changes fran being attractive to being repulsive at small

distances. While the third is if there is a dissipative mechanism

IF



which slows down the collapse to such an extent that it takes an

infinite time to become singular. A discussion of the physical

interpretation and implications of thése results, together with

an assessment of the inability of the method and suggestions for

improvements and further research, is given in the final chapter,

i.e., chapter 7. a
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Chapter Two:

Gravitation and the Singularity Problem

In this chapter, a review of Einstein's geometric theory of

gravity is presented. The theory divides basically into two

parts, that of local structure of the universe and that of global

structure. After the mathematical preliminaries needed in such

a theory are given, the local theory is discussed. In the next

section, a review of space-time singularities and the part they

play in the large scale structure of the universe is given and

the chapter continues by investigating the singularity theorems ,

which predict the occurrence of singularities based on fairly

general assumptions. .

In the last section, the difficulties involved in defining

singularities is made explicit and the possible breakdowns of

Einstein's theory and the global techniques which predict the

- occurrence of singularities are looked into.

2.1). Gravitation and the Structure of Space and Time

Gravity plays the daninant role in the shaping of the structure

of the universe, although it is the weakest of the four fundamental

interactions (the other three being the strong and weak nuclear

interactions and electro magnetism). This is because gravity

has a long range and is a force which affects every particle in

the same way.

Einstein's theory of General Relativity is concerned with the

structure of space and time from the geometrical point of view and

what effects gravity has on this geanetry. Newton based his theory

of gravitation on the existence of absolute, uniform, space and

time, both of which could not be affected by anything external.

The Einstein theory of Relativity, in contrast to this, assumes

that space and time are inseparabie from each other and divides

into the theory of uniform, pseudo-Euclidean space-time which

possesses the Minkowski metric! and the theory of non-uniform
pseudo-Riemannian space.



The uniformity of pseudo-Euclidean space-time gives rise

to the existence of a group of transfontations, the most general

being the Lorentz transformation, which leaves invariant the

four-dimensional metric. The theory of Special Relativity is based

on these transformations.” é

It is now known that universal gravitation does not fit into

the framework of pseudo-Euclidean space. Attempts to modify

Newton's equations of gravity to four-dimensional geametric fom

within the framework of Special Relativity lead to serious short-

camings - all fail to agree with present experimental evidence,

or the modifications are inconsistent. Straightforward steps to

repair any inconsistency lead ultimately to General Relativity

theory and to the existence of a pseudo-Riemannian (Lorentz)

space-time. In fact, Schild?’4”> nas shown that the existence
of the gravitational redshift proves that a consistent theory of

gravity cannot be constructed within the framework of Special

Relativity.

Einstein found it possible to base a theory of universal

gravitation on a non-uniform space-time which is locally

pseudo-Euclidean, + is, the theory assumes that space-time has

the structure of a manifold, which is curved in sate sense. It is

assumed that the curvature of space-time interacts with the

various matter fields which describe the matter content of

space-time, so that the existence of matter produces the curvature

and, in turn, the curvature influences the motion of the matter.

Thus, gravity is thought to be a manifestation of the curvature.

Until the early 1960's interest in gravitation theory centred

mainly on local techniques,that is, the study of local laws

satisfied by the various physical fields, expressed in the form of

differential equations. In order to build w 2 understanding of

the global structure of the universe, local camutations were

performed near each event and these local results were patched

together. It was realized, however, that in order to apply any
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theory of gravitation to physical problems, the large scale

structure of the universe had to be looked into. It was the

proof of Penrose's first theorem on the occurrence of

singularities, based on the Einstein theory, that gave rise

to global techniques for studying space-time.

Before the mathematical formulation of the local and global
structure of the universe can be given, some preliminaries are

needed and these are given in the next section.

2.2). Differential Geanetry

In this section, the areas of differential geametry needed

for General Relativity theory are presented. The definition of

a manifold is first given, followed by such notions as the

metric, vectors and tensors and curvature.

2.2.1). Manifolds

A manifold is essentially a space which is locally similar to

Euclidean space. The structure permits differentiation to be

defined, but does not distinguish between different coordinate

systems.

Definition 2.2-1.

LetTMM be a set. A local n-dimensional chart onTM ts a bijection

wy from a subset VootM to an open subset of Ry is usually denoted

by (Uo,p) to indicate the domain Wof y.

AC n-dimensional atlas cn M is a family of n-dimensional

charts {(,v,)} such that,

w © -U fe}

(11) For two charts (W4,W,) and (U3 05) with (b,1) Uy #2,

¥5 09 7-H; lyn ,) is aC’ mp on RTM.
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A setM witha given cy atlas of dimension n is known as

aC” n-dimensional differentiable manifold.

The concept of an atlas is needed as it is usually not

possible to construct a suitable chart for a set M whose domain

is M. It is assumed in the definition that the C” atlas is

complete, in the sense that it is not contained in any other

Cc” atlas of M. Notice that a setM may admit more than one C”

atlas into RTM

Definition 2.2-2

Let x be a chart of a differentiable manifold M, of dimension

n. Such a chart defines on its damain lba set of coordinate

functions x, such that x = Gree) Ié melb, x(m) = (x, (m) p26 +, On))

€ Rm, is the set of coordinates of m in the chart x.

Us is a coordinate damain of M and also a coordinate neighbourhood

of me M. :

Thus, choosing a new chart (of an equivalent atlas) in a

neighbourhood of m corresponds to the classical technique of

transforming coordinates. The coordinate neighbourhoods on TM define

a topology and so any differentiable manifold is a topological space.

Thus, all the usual concepts on topological spaces hold for

differentiable manifolds.

This work is concerned with differentiable manifolds with

reasonable local behaviour and by a 'manifold' will usually be meant

a Hausdorff, second countable, C” differentiable manifold.

Examples of manifolds abound, such as the set of all real r x s

matrices, the n-dimensional sphere S", the Mcbius strip and the

figure of eight.® ® is trivially an n-dimensional manifold
with the identity chart.

The manifold model for space-time possesses a few extra
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characteristics, one of which is orientability:-

Definition 2.2-3

A manifold is said to be orientable if it possesses an atlas

such that in every non-empty intersection of coordinate danains

lb, V, the Jacobian | 2%:/ 50, where (Kp e+ee%) and (yyr-++/¥,)
BY,

are coordinate functions in \b,V respectively.

The Mobius strip is an example of a non-orientable manifo1a.©

2.2.2). Vectors, One-Forms and Tensors

A generalization of partial differentiation on Euclidean space

is introduced. This leads to the concept of a tangent vector and

tangent space, which has the structure of a vector space, at each

- point of the manifold. One-forms and tensors are defined in temns

of maps acting on these vectors. The metric defined on a manifold .

is a special type of tensor.

Definition 2.2-4

Let ¥ be a chart of a manifold TM with damin‘ and let y' be

a chart with domain V of a manifoldN. Let f: M+N. Let mbea

point in the domain of f and assume me , fim) « V. Then

F=y'ofow-: m+ is a coordinate representative for £.

£: M-+N is differentiable at mif F is of class Cc at wim).

f£ is differentiable if it is differentiable at vary point of its

demain. If, in addition, £ is an injection anc #7} is also

differentiable, f is a diffecanorphism.

It can be shown that the definitions are incependent of the

choice of coordinate representative. Relative =o a chart » with

domain 4, on a manifold TM and the identity char: on R, a differentiable

fumction f: M-+ {R with domain V has coordinat= representative F so
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that nm UNV, £=Foy. Then = may be defined as
i

F,, 0) + M +IR, These are differentiable fimctions with

domain UN V and clearly, in general, behave just like partial

derivatives.

Definition 2.2-5

IfTM is a manifold, the set of differentiable functions

f: M- [R.whose damain includes a given point me M, will be

denoted by Fn). A derivation on 3 (m) is a function A: F(m) + R

such that, és

A(fg) = (£(m)) (Ag) + (Af) (gin); Ege Fm).

It is fairly easy to show that the set of all derivations

on % (m) has the structure of a real vector space which is called

the tangent space at m and is denoted by TM. An element of TM

is a tangent vector at m

Proposition 2.2-17

If » is any chart of M whose domain includes a given point m,

the vectors (2—) (i=1,...,n) forma basis for TM, called
vim m7

the canonical basis (coordinate basis) for TM associated with y.
aq

The union of all tangent spaces TM as m varies over can be

shown to have the structure of a vector bundle and of a 2n-dimensicnal

manifold TM, called the tangent pundie.®

Having defined vectors at a point me M, one-forms and tensors

may be defined in terms of these vectors.

Definition 2.2-6

A one-form w at me M is a real valued linear function on the

space T.M. w: TM +IR is given by y(v) = <w,v> e R for each

ve TM
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It can be shown that the space of all one-forms at me M is an

i n-dimensional vector space, called the dual space TM of TM.

Definition 2.2-7

£: M-~> i defines a ome-form df at me M, by the rule <df, v>

= v(£) for each vector v « TM. df is called the differential

of £.

Le {e,} is a basis for TM, the components of v « TM with

respect to this basis, denoted by v' are given by v = v'5,. A
unique basis Et for the set of one-forms may be defined by

<t,ny = 614, where $j is the Kronecker-delta. Then if

we a M, w= wE, and for any v ¢ TM <u,;v> = ov. In particular,

if - is the coordinate basis for TM associated with a chart
a

.x, the set of differentials (xq 7+ + + E,) at m from a basis for

*

T, M- In terms of this basis, the differential of f: M~* [R is given

by df = ge )ax, at each point of the coordinate danain, which is
a

just the classical ‘total differential’ of a function of n variables.

If df # 0, the surfaces jf = constant} in M are (n-1)-dimensional

manifolds and df can be thought of as a normal to the surface

£ = constant} . These concepts will be used at a later stage,

when hypersurfaces are defined.

Definition 2.2-8

*

Fram the spaces TM and Th M can be fomred the cartesian product,

m= 1
* 

5

TM X..sxX TM x TM xX...X TM , that is, the

So Pie factors ig factors —

ordered set of one-forms and vectors (Ghee ay. reeerVq) at m

A tensor of type (p,q) at me M is a multi-linear function

cP _M, that is, a function which is linear in each argument. The
Sn

space of all such tensors is denoted by TP m. thus, TI = TM
dy oe;
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Addition of tensors and multiplication of a tensor by scalars

are defined as for arbitrary multilinear functions. With these

rules, the space —s is a vector space of dimension rtd over (R.

Tere M, the, ccmmcoaphs of 5 with reopect to the dunt

bases fe } and fe} for TM, 7M respectively are given by,

ee i
te » = tte ae 3) E, ;..+/E, ) where each i, and 4,
ned a a

run fron 1 ton. For simplicity, tensor relations are usually

given in terms of the components with respect to same chosen

basis. ;

Definition 2.2-9

The contraction of a tensor t of type (p,q), with camponents

with respect to same given basis See , on the a and e indices,

is defined to be the tensor of type (p-1, q-1) whose canponents

with respect to the same basis are oe .

Similarly, a tensor can be contracted over any pair of upper

and lower indices and it can be shown that the result is independent

of the basis used, in its definition? (I£ the tensor is contracted
over two upper or two lower indices, the resultant tensor would

depend on the basis used).

Definition 2.2-10

The components of the symmetric part of a tensor on the set of

lower indices are denoted and defined by,

by...b

te 2 y = a {sm over 211 peritations of the indices
s+ sp ie by.

arpsenrat es s i} .
els Pp a2 0a,

ae



The components of the antisymmetric part of a tensor on

the set of lower indices are denoted and defined by,

Dives by
++ Dg 

oe

‘p a ies! sum over pemmtations ofyt -3p] p! eas all ic oO:
00k)

45 a qthe indices a,,...,a(t ) }
ay Pp ayes,

There are exactly similar definitions for the upper indices.

A tensor is symmetric in a given set of indices if it is equal to

its symmetrized part on these indices and is antisymmetric if it

is equal to its antisynmetrized part.

There are several tensors having symmetric properties, which

play an important role in determining the properties of a manifold.

The first of these is the metric. :

Definition 2.2-11

A metric tensor at m € M, denoted by Gy is a symmetric

tensor of type (0,2) at m. Ametric, g, mMisa symmetric

field which assigns to each point m ¢M a metric tensor.

; he fey 9 ij
At any point me M, g,(urv) = 9,(Bj/E,) u w= 3,50 wv,

where u,Ve TM and ff is a given basic for TM.u and v are

orthogonal if Jy (rv) =0. g is said to be non-degenerate at m

if there is no non-zero vector u € TM such that Gp, (4) =0,

for all vectors v « TM. Thus, if a metric is degerate, u is

orthogonal to every vector.

It can be seen that degeneracy is not a desirable property and it

will be assumed from now on that the given metric tensor is

non-degenerate. Then the matrix of components {o,5] is

non-singular at every point m «M. In this case, there exists

a unique symmetric tensor of type (2,0) with components gd
at each point, where og, = a so that the matrix [g3]
of components is the inverse of the matrix {9351 . ‘The tensor

g? and cs can be used to give an isamorphism between any

upper tensor argument and any lower one, that is, they can be

used to “raise and lower indices":-
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acd... ad... ad... aka...

Definition 2.2-12

The signature of g at me M is the number of positive

eigenvalues of the matrix (s.5] at m, minus the nutber of

negative ones. A metric whose signature is n at each point is

positive definite. A metric whose signature is (n - 2) is

called a Lorentz metric.

If g is non-degenerate and continuous, the signature is

constant on M. By choosing an orthonormal basis for TM, the

metric camponents at m can be brought into the form,

Ga, = diag { PL ctl; lemwgi the SLpreselg: @1 b
tints) 1 t-4(n-s)t

° : terms tems

where s is the signature of g.

t °If g is positive definite, Sq VrV) > O with Sy (vev) =

only if v = 0, where vc TM. T£ M possesses a positive

definite metric, it possesses a metric in the topological

sense!°, This is not true if M possesses a Lorentz metric.

Definition 2.2-13

Let g be a Lorentz metric. A vector ve TM is called

timelike, null, or spacelike, according to whether

g, (vv) <0, gy (vv) =Oor 9, (vv) > O respectively.

It can be shown that any non-compact manifold admits a

Lorentz metric. This is not always true of compact manifolds.
For example, the sphere, $?, does not admit a Lorentz metric.
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Definition 2.2-14

A manifold admitting a positive definite metric is called

Riemannian. A manifold admitting a Lorentz metric is called

Lorentzian. i

2.2.3) Maps on Manifolds and Submanifolds

In this subsection, certain special maps on manifolds are

considered. The derived linear function, which maps tangent

spaces to tangent spaces is defined and this leads to the

definition of a submanifold. A curve on a manifold is defined

in tems of a mapping.

Definition 2.2-15

Let m be a point in the domain of a differentiable function

-¢: M+N. (M,N do not necessarily have the same dimension) .

let n=¢(m) éN. If fe 5(n) then f o g eS (m) and so a vector

ve TM determines a function Bx v(£) = v(£ o g), which is a

derivation on§(n). Thus, de, Ve T.N. The function dx, : TM+ TN

is known as the derived linear function on TM.

Clearly, if x,y are charts of M,N respectively, with the domain

of x including m and the danain of y including n, :,, is determined

by its action,

gens a a -m (EI = ty Ce om (Gp), za)

on the basis for TM associated with x.

+ is a linear function on the vector space T|M. Thus, by

standard vector space theory, its range Ba (TM) and kernel

,,)"70 are vector subspaces of TN, and TM respectively.

Definition 2.2-16

The dimension of the range of Be is called the rank of Ba
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The rank of a differentiable function g: M-+WN at a point m

of its domain is the rank of Bs

Notice that the rank of ¢: M-+N is equal to the dimension

of M if and only if ds is an injection.

Definition 2.2-17

The tangent bundle TTM admits a projection 1: TM + M defined

by n(v) =mif and oly if ve TM. A differentiable function

g: M-+N determines a function ¢, : TM-+ TN defined by

gx(v) = Bx Vr where m= 1(v). This is the differential of ¢.

(9, is sometimes called the tangent of g. It is easily shown

that * is a covariant functor in the categorical sense).

If g: M-+N, it is also possible to defined functions which
*

map TM to T"N, where me M and n « N and also functions which
ae in terms of the derived linear function. It

m :

also plays an important role in the study of dynamical systems

on manifolds (see chapter three).

Definition 2.2-18

A differentiable function J: M+ N is an inmersion if its

rank is equal to the dimension of M, at each point of its domain.

let i: M-+N be the natural injection whereMCN. (This is

the function which maps an element in the subset M to itself,

regarded as an element of the whole set N).

A manifold M is a submanifold of a manifold Nif itisa

subset of N and if the natural injection i: M-+N is an inmersion.

For example, the set of real symmetric n x n matrices is a
7

submanifold of the set of all nxn real matrices.

Definition 2.2-19

A curve c in a manifold M is defined to be the differentiable
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function c: [R + M whose domain D is an open interval of R.

A curve c is said to be timelike, null or spacelike if a

tangent vector at each point is timelike, null or spacelike

respectively. .

Notice a tangent vector to a curve y can be expressed as

amiltiple of ( 3-) , in temms of the identity chart t for R -

the tangent vector can be taken to be ( +), , without loss of

generality.

Freely falling particles on a space-time manifold will

follow timelike geodesic curves and light rays will follow null

geodesic curves. The concept of a geodesic curve is defined in

tems of a linear connection, in the next subsection.

2.2.4) Linear Connections, the Curvature Tensor and Geodesics

In this subsection, an extra structure on a manifold is

introduced - a linear connection. The Riemannian tensor, which

gives a 'measure' of the curvature of the manifold can be defined

in tems of this connection. Also, a generalized derivative of

tensor fields, the covariant derivative, can be defined with this

extra structure. By considering the covariant derivative of the

tangent vector along a curve, a geodesic curve may be defined.

Definition 2.2-20

a CX tensor field T of type (p,q) on a set Uo ¢ M, a manifold,
is a map which assigns an elenent of T|? M to each point mc Ub,

m

such that the camponents of T with respect to any coordinate basis
defined on an open subset of Ub are c* functions. a cX tensor
field of type (1,0) isa xX vector field and a C” tensor field is
simply called a vector field.

If f: M+ (R is differentiable, and X is a vector field whose

domain intersects the domain of f, Xf: M+ MR is defined by

X£(m) = (X(m))f, me M. £X is a vector: field with (£X) (m) = £(m)X(m).
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In the following definitions, by a 'function' will be

meant a function mapping M to the real Line.

Definition 2.2-21

A linear connection V at a point m ce M is a rule which

assigns to each vector field X at ma differential operator

ie which maps an arbitrary c” vector field Y into a vector

field VY where,

(i) Vv. Doe ENS we
EX+gY

(11) V(a¥ + 82) =a VY + BVZ

(iii) Vv, (£¥) =X(f)Y+f v,¥-

for any functions f,g; a,8 « fR and at least C' vector fields

X,Y,Z.

Definition 2.2-22

Let X,Y be vector fields on a manifold M whose domains meet

on an open set U. Let f: M>R, whose domain meets U.

Then (x,Y]£ = X(¥£) - ¥(X£) is a differential operator,

called the Lie bracket of X and Y.

The set of all vector fields whose domain meet on U, with

multiplication taken as the Lie bracket can be shown to be a

Lie algebra??, Two important tensors on M can be defined in terms
of the Lie bracket and the connection:-

Definition 2.2-23

The tensor field of type (1,2) given by the relation,

T(X,¥) = VY - vyx - [x,¥]

for arbitrary C” vector fields X,Y is called the torsion tensor

field.
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The tensor field of type (1,3) given by the relation,

R(KY)Z = Vy (y2Z) — Vy (02) — Vey y72

for arbitrary C’ vector fields X,¥,Z is called the Riemann

(curvature) tensor field.

In general, the torsion tensor field will not vanish for arbitrary _

vector fields. If T = 0, the connection is torsion-free.

As usual, these tensors are manipulated in terms of local

camponents. Let {=,} ; {s*} be dual bases for the tangent and

one-form space on a neighbourhood = M. The Sa conngction

on bis completely determined by n°? functions Tae where Dye
£

<Et, "p,; E, >. Note that Tak do not transform as the

components of a tensor.

Using coordinate bases for the tangent and one-form spaces,

the components of the torsion tensor and Riemann tensor can be

shown to be respectively,

qo) = Seo
Hen Sek aks

fk Bed hy rt rP i P (2.2-3)y

sy for ie bly ek
noe

Kg ~ ox, "yg 7 oxy Ry

where the Riemann tensor components with respect to arbitrary

2 : ele a4 4dual bases {e,} 7 {e } are defined by Rice =<E, REE E>

i i
Thus, the connection is torsion-free if Ta = Ny - Only

this type of connection will be considered.

ific °It can be veri: ed that Rj gc) = fo}Aay *

Rrjkeg
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Definition 2.2-24

If v is a linear connection and X,Y are vector fields,

the field v,Y is called the covariant derivative (with respect

to V) of Y in the direction X at a point. The covariant

derivative of Y, denoted by VY, can be defined as the tensor

field of type (1,1) which, when contracted with X, produces the

vector field VyY.

The components of VY are written as are = (W_.¥)° in terms
J

of a local basis {s,}. If f: M> R, Vf = df.
i,

| The definition of a covariant derivative can be extended to

any C” tensor field and, in tems of components with respect to
a coordinate basis becames,

Asay ee erg nee epiDeeed

@)co7;he a Oy, 2069 hj ‘“ef...g + (all upper indices)

wy en 15
Te Se (all lower indices) }5,

Definition 2.2-25

If T is aC” tensor field defined along a curve y(t), the

covariant derivative of T along 1(t) is defined as 7 =, 7

at

where T is any C’ tensor field extending T onto an open neighbourhood
of y. T is parallelly propagated along y if = =0.

@ is independent of the extension T).

Parallel transfer along a curve y is a linear map from

T? M to TP M which preserves all tensor products and contractions.
Sn In

Definition 2.2-26

Let Y be a curve with tangent vector 2- at each point of the
curve (with respect to the identity chart t m 1R). The curve y
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i. Bee Dens: : 3
is said to be a geodesic if vs Gey is parallel to Gey A

tie. if 2 =x, x |x? = 2x for some function £.
;

In this case there exists a new parameter A(t) along y such

that 2 e, = 0. In tems of local coordinate bases this

relation becomes 5

ax, ax

SE ake) i Seat =0. (2,2-4)
an? be aa aa

y is an affine parameter and is determined up to an additive and

multiplicative constant.

Definition 2.2-27

If the domain of a geodesic, when parameterized by an affine

parameter, “is the whole of [R, the geodesic is complete. The

‘manifold M is geodesically complete if all the geodesics on M are

canplete.

The concept of geodesic campleteness plays an essential role

in defining singularities, as will be shown later.

If a vector is parallelly transported along a curve Y, starting

from m ¢ M and ending at m, in general, a different vector will be

obtained. The vectors will be the same for arbitrary closed curves,

for each m eM only if Ret = O at all points of me, In this case,

the space is flat in the intuitive sense.

Definition 2.2-28

If Rhee = © at all points of a manifold M, the defining connection

is said to be flat.

In metric theories of gravitation, the unique torsion-free

linear connection is determined by requiring &% = O, that is, in

texms of local camponents, S353 =0. Then, in tems of a basis

fs, for the tangent space in a coordinate neighbourhood, the
connection coefficients are given by De = eat E)) , and in
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tems of a coordinate basis { } these becae the usualoe
3 x

Christoffel relations,

da 3 3 3 U7Pee ged -1{& s eee an } (2.2-5)abe ad “be ax, ab " o%, ae ax, “be

The Riemann tensor of the linear connection defined by the

metric has the additional symmetry R(4.) 04 =O and asa

consequence, Ry g = R jab" This implies that the Ricci tensor,

given in the following definition, is symmetric.

Definitions 2.2.29

The Ricci tensor is defined to be the contraction of the

Riemann tensor, with components given by, "od = ee The

curvature scalar R is defined by R = Rea = RA ag.

Taking into account all the symmetries on the Riemann tensor,

Robod = 0m a one-dimensional manifold. If the dimension of the

manifold is two, there is one independent camponent of the Riemann

tensor which is essentially the curvature scalar and if the manifold

is three-dimensional, the curvature tensor is completely determined

by the Ricci tensor.

2.2.5) Surfaces in a Manifold

The concepts defined in this section play an important role in

the theory of the large scale structure of space-time and, in

particular, are needed in the following subsection on conjugate points.

It is assumed throughout the subsection that the manifold in question

' is Lorentzian.

Definition 2.2-30

Let M be an n-dimensional manifold. If ¢ is an (n-1)-dimensional

manifold and f: ¢ + M is an injective immersion, f(r) is a hypersurface
*

of M. Then there exists ne Te()M, Mee , such that for any vector
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Ve TM <n,f, v> =0. £(¢) is respectively a spacelike, null,
*m

timelike, hypersurface if Fan, <0, = OF: Of

Definition 2.2-31

A partial Cauchy surface is a spacelike hypersurface which

no non-spacelike curve intersects more than once. A Cauchy

surface is a spacelike hypersurface which every non-spacelike

curve intersects exactly once.

Notice a hypersurface is a special case of a submanifold of

M. Also needed for further discussion ate the concepts of

spacelike two-and three-surfaces, the three-surface being a

special case of a spacelike hypersurface where the one-formn

is derived from a function mapping M+R.

Definition 2.2-32

A spacelike two-surface ¢ is a two-dimensional submanifold

of M, defined locally by £, = 0, £, = 0 where £,,£, are C”

functions mapping M + R such that when £,=0, f£, = 0 then f).,
7

and fo.3 are non-vanishing and not parallel and
i

ab _
(E154 + ¥f2,—) {p+ Mfay)o = 0

for same real non-zero value of u.

There exist two real values Bar Ug which satisfy the above

equation. n° and N° the two null vectors normal to 7 are
: ab abdefined as proportional to g' (S15 + 4299p) and g' (fh + ufo .p)

respectively, and normalized by Ny ND” 1. A pseudo-Sp = 7

orthonormal basis can be completed by introducing two spacelike unit

vectors wee ag orthogonal to each other and to n,* and Me The

two null second fundamental tensors of ¢ are defined by,
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2 xa" Nyce [Yat Ya Yaa) (Wy, +X Mg)? = 12.

An example of a spacelike two-surface in M is the sphere s*.
The three-dimensional analogue is the spacelike three-surface:-

Definition 2.2-33

A spacelike three-surface, ¢, is a three-dimensional submanifold

defined locally by f = O where f is ac? function mapping M > IR and
gt £4, < O when £ = 0.

The unit normal vector, N, to the surface is given by

No = Ege feo gots and the second fundamental tensor
biG i

| 
E A 

;

x of ¢ by Xap = Pa Mp Nu,q where hy, = Sa, + NAL:

Notice any curve lying in a spacelike two-or three-surface must be

spacelike. The second fundamental forms give information about

the behaviour of the normals to the surface.

2.2.6) Variations of Curves and Conjugate Points

Conjugate points are basic to the proof of the singularity

theorems. (A point p conjugate to a point q can be thought of

as a point where infinitesimally neighbouring geodesics through

q intersect.) They are defined in this subsection in terms of a

vector field arising fram a certain kind of variation of a curve.

It is assumed that the manifold M in question possesses a metric,

which is not necessarily Lorentzian.

Definition 2.2-34

Consider a curve y : R~+Mand let y : [ry dg] > M denote

a segment of the curve (assuming that the parameter can be

extended to Ag) - Let p,q e M denote the end points of the segment,

that is, p= 1Q,), d= 7QQ)-

Let Rey denote the subset of m+ consisting of all points
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(tyetoe secrtyh) RTH at which,

Ap (ty resort) ZX Ag (tyre eet)

“e,)< =, < ef d= dy<06ej, < Ty e, i , 7

where each ce, > 0,
i

gp: Ree +M is a n-parameter variation of y(A) if the curve,

B(O,..-,0,4) = yA), and

Ap (Or. +10) = Apr Ag (Or- ++ 10) = Og

g is an n-parameter variation, with fixed end points, if

Bltyreeetyrry) = Pp Bltyreeertye Aq) =q. for all values of

Ty Loe Lissa pM

The length of a curve y (a) from p = y (A,) to d= y(aq) may be
defined as d,

mel Clgtte: 251 lh ais Stax" on S

(The above definition is usually expressed as

2
or aie es

where 954 are the camponents of g with respect to the co-ordinate basis

i} . ds? represents the infinitesimal arc determined by the
i

co-ordinate displacement x, > oc + dx;)

Variations can be used to determine whether or not a particular curve

is of stationary length, that is, one of maximal or minimal length,

between two fixed points. In a Riemannian manifold, an arbitrary

geodesic is a curve of stationary length.!® re the manifold is a

Lorentz manifold, a timelike geodesic curve is of stationary length

(assuming that each variation is also timelike), In both cases, the

result of whether or not a geodesic is maximal or minimal depends on

the existence of conjugate points. For a Lorentz manifold, it can be

shown that a timelike goedesic curve y fram p to q is maximal if and

only if there is no point conjugate to q along y in (p,q) = Also,

if a null goedesic contains conjugate points, it can be varied to

give a timelike curve. 19 These results are used in the proof of the

39



singularity theorems.

Variations of curves from a surface ¢ inM to a pointqeM

may also be considered. An n-parameter variation is defined as

before except that, with fixed end points,

Blty reeset yy) = Pr Bltyr+eerTyr Aq) = q is replaced by,

B(ty pee er TyrAp) lies on ¢, Bley reser tyrAq) =q.

Definition 2.2-35

Consider a one-parameter variation ¢ of a geodesic curve

y(A) (without fixed end points). The variation is a Jacobi

variation if, for arbitrary t « (-ee), the curve g(z,A) isa

geodesic.

Thus, in an interval in which )\ is defined, the set of

Jacobi variations constitute a congruence of geodesics, of which

the original curve is a member, (a congruence of curves meaning

a family of curves, one through each point of same subset of M).

Again if M is Lorentz ¢ is a Jacobi variation of a timelike, null,or

spacelike geodesic if, for arbitrary te (-e,e), the curve
d(t,r) is respectively a timelike, null, or spacelike geodesic.

Definition 2.2-36

A vector field Z on a geodesic y(A) is a Jacobi field if there

exists a Jacobi variation ¢ of the geodesic y (A) such that

Z(m) = 2d (0,4) at each point m= y O,) of the geodesic.

It can be shown that, in general, given a geodesic y(,) there

exists such a field-?. The Jacobi field Z can be thought of as
giving the separation of points equal distances from same arbitrary

initial points along two neighbouring curves in a congruence of

geodesics. It is fairly clear that the Jacobi field is related to

the curvature tensor associated with the manifold in questicn.
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Theorem 2.2-270

2,

A Jacobi field Z, cn y, satisfies 2% = Riv,z)v (2.2-6)
or

where V is the tangent vector field to y.
go

In general, the Jacobi field will have n components if M is

n-dimensional and the Jacobi equation (2.2-6) represents n equations.

- For the purpose of this work, it is sufficient to consider (2.2-6)

expressed in terms of particular bases.

Fram now on it will be assumed that M is pseudo-Riemannian

and four-dimensional. Only Jacobi fields on timelike and null

geodesics need be considered.

Case One:- Timelike Geodesics

Consider a timelike geodesic (i) with unit tangent vector

field V, that is, g,(V(m),V(m)) = -1 at each point me a Og)

Tet {5 be dual orthonommal bases of TM, T."M

respectively, with E ee Vim). If these are parallelly propogated

along y (A), E, remains equal to V(m) and the Jacobi equation, in

terms of components becames,

a ye (2.2-7)

(A taken to be the arc-length s).

In (2.2-7) a,b =1,...,4. However, Z(m) can be assumed to belong to

the subspace of vectors orthogonal to V(m), and in this case (2,2-7)

" reduce to three equations, that is, a,b =1,..., 3.

Case Two:- Null Geodesics

Consider now a congruence of null geodesics with tangent vector

field K, so that g (K(m) ,K(m)) = O at each point m of a particular

geodesic, Let = ’ {=} be a set of dual pseudo-orthonormal
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bases for TM, 7M. &, = K(m), E3 = L(m) another null vector

and g(E3/E,) = -1l and E/E, are unit spacelike vectors orthogonal

to each other and to E324). These dual bases can be parallelly

propagated along the geodesic with Ey = K(m) and, again, the

Jacobi equation in terms of camponents is (2.2-7). (A taken to be

the affine parameter). Projections of Z(m) into a subspace of

TM consisting of equivalence classes of vectors orthogonal to

K(m), which differ only by a multiple of K are considered without

loss of generality and in this case (2.2-7) reduces to two

equations, that is, a,b = 1,2. Equation (2.2-7) will be considered

again in Chapter four.

Definition 2.2-37

Two points on a geodesic y are said to be conjugate if there

exists on y a non-zero Jacobi field 2(\) that vanishes at these

two points.

Since the Jacobi field gives the separation of points equal

distances from same arbitrary initial point alang two neighbcuring

geodesics in a congruence, a point q conjugate to a point p isa

point where infinitesimally neighbouring geodesics through p

intersect.

The Jacobi field Z(\) vanishing at pe M satisfies (2.2-7)

with initial conditions given by Z(p) = 0. In the timelike case

there are three independent fields satisfying this condition and

in the null case, there are two. The Jacobi fields are determined

completely by specifying the values of Z(,) at p. If any of these

fields vanish again at q, then q must be conjugate to p.

It is also possible to define a point q conjugate toa

surface J the point q can be thought of as a place where neighbouring

geodesics normal to ¢ intersect.

Definition 2.2-38

Ad



Let ¢ represent a spacelike three-surface in the timelike

geodesic case and a spacelike two-surface in the null geodesic

case.

A point q « M along the geodesic y(\) normal to ¢, is

conjugate to ¢ if there exists on y(A) a non-zero Jacobi field Z

which vanishes at q and which is related to a second fundamental

tensor of 5 at pe t by 270) = XgplPs (In the case of null

geodesics, there are two families of null geodesics normal to

the spacelike two-surface. If the tangent vector K= Ny at ¢

Xen is taken to be ey i=1,2).

The Jacobi fields which satisfy (2.2-7) are determined completely

by specifying the values of 2(A) atpes in this case.

Definition 2.2-39

Let Z be a Jacobi field and let Z(m) = A(m)B for each point m= y(i,)

along a gecdesic y, where B is same constant column vector having the

same number of components as Z(m). A is a Jacobi matrix field.

It is easily seen that any Jacobi matrix field mst satisfy,

2
a = -) |
ee hab) “Ratos A) (2.2-8)

6= (aeta)7> < (det A) is called the expansion of the Jacobi matrix

field. In the case of definition 2.2-37, let a Jacobi matrix be

defined by 2(A) = AQ)20,) and in the case of definition 2.2-38, let

a Jacobi matrix be defined by 2(A) = AQ)ZO)). Clearly, in both

cases, the expansion 9 becames infinite at the conjugate point q.

This fact forms the basis of proof of the following theorems on the

existence of conjugate points.

Proposition 2.2-37)

(i) If at same point y(A3) (A3>0), the expansion 6 has negative

value e&< O and if Ry VV 2 O everywhere where V is the tangent
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vector field to the congruence of timelike or null geodesics, then

there will be a point conjugate to p along y(A) between yy) and

yy + (nf - 84)), n = 3 or 2 respectively, provided that y(A) can be

extended to this parameter value.

(i) TE Ry, VV? > 0 and Xgn0r < 0, there will be a point

conjugate to ¢ along a timelike or null geodesic y(A) within a distance

n lxy,0), n = 3 or 2 respectively, fram ¢, provided that y(’) can be

extended that far. Ei

(The second part of the proposition follows easily fran the first as

the initial value of 6 is Rou)

Proposition 2.2-472

IE Ry VV? 2 0 everywhere where V is the tangent vector field to

the congruence of timelike or null geodesics and if at sane point

p= vO)s VV aPrncateY £1 # O there will be bat M such that

q=yQ), r=yQ.) are conjugate along y, provided y can be

to these values.

2.3) ‘The Local Structure of Space-time

This section locks at Einstein's theory of gravitation from a

mathematical viewpoint. The relationship between the various matter

fields and space-time curvature is given in tensor form and the effect

of curvature on matter is given in terms of the geodesic equations.

The theory assumes that space and time are inseparable and so any

event in space-time is represented by three space coordinates and a

time coordinate. The Einstein theory is of the metric type and so the

model for’ space-time is a connected, four-dimensional manifold,

together with a Lorentz metric. (The manifold is taken to be connected

since clearly, there would be no knowledge of any disconnected

component). A Lorentz metric exists because of the assumptions of the

structure of space-time. Its canonical form is the Minkowski metric

of Special Relativity. (It is assumed to be at least C”, so that the
field equations can be defined at every point).
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In this work, it is also assumed that the manifold is orientable

and so it is possible to define continuously a division of non-separable

vectors into two classes, which are labelled future- and past-directed.°?

There are various matter fields on the space-time manifold which

Obey equations which can be expressed locally as relations between tensor

camponents. One of the assumptions of the theory concerns ‘these
equations:-

Postulate One: Local Conservation of Energy and Momentum

tensor

There exists a synmetric are which depends on the matter fields
and the metric and which satisfies,

(i) gab = 0 is a neighbourhood of the manifold if and oly if all
the matter fields vanish there.

oe is called the energy-momentum tensor.

The relationship between the curvature and the matter fields can

clearly be expressed as a tensor relation between the curvature tensor

and the energy-momentum tensor. In terms of local coordinate

components, these are the Einstein field equations.

Postulate Two: The Einstein field equaticns

The field equations,

Ry 7 RIy + AG = 8" Ty AeR (2.3=1)

hold on the space-time manifold.

Given the energy-momentum tensor, the equations (2.3-1) determine

the metric for the space-time manifold completely. Thus, any Lorentz

metric is a space-time metric if the energy-momentum tensor is defined

as the right hand side of (2.3-1). Naturally, most of these space-times

will be physically mreasonable. Any solution of (2.3-1) will only

_ lead to a realistic metric, if the given energy-momentum tensor has

physically reasonable properties. In general, given the components
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Tpt (2.3-1) are impossible to solve exactly, even for the free

space case, TS» =O.

Having obtained a suitable metric related to the energy-momentum

tensor, the fact that curvature has an effect on matter is expressed

mathematically by the fact that test particles mst follow the timelike

geodesics defined from the metric.

Obviously, solving the field and geodesic equations locally and

patching together the solutions is not a satisfactory way of looking

at the global structure of space-time, hence the need for global

topological methods as used to prove the singularity theorems.

2.4) The Global Structure of Space-time:- Singularities

The aspect of the global structure of space-time with which this

work is concerned is space-time singularities. This section is

- concerned with their definition and with the theorems which predict

their occurrence.

2.4.1) Space-time Singularities

Qne of the most alarming facets of the Einstein theory of

gravitation is the possibility of the existence of singularities in

the structure of space-time. In simple terms, a space-time

singularity can be thought of as a part of space-time where our

accepted laws of physics breakdown. It could be a region of infinite

gravitational forces or a region in which null or timelike geodesics

terminate. In short, it can be thought of as a part of the 'edge' of

space-time, which is at a finite distance instead of at infinity.

By a ‘singularity' is meant a singularity of the manifold structure

itself - the so-called ‘apparent singularities' do not came under this

heading. These are apparent singularities which occur in the space-time

due to the fact that the metric has been expressed in the wrong

choice of coordinate system in that particular region - in general, a

manifold has to be defined in terms of more than one coordinate system,

that is, in terms of more than one chart.
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2.4.2) The Schwarzchild Metric

Outside a spherical and static star, the space-time geanetry

is obtained fran the Schwarzchild metric,

2

as*=- 0-2) a?+ —&
Ga)

z

+x? (as% + sin’odg*) —(2.4-1)

in terms of Schwarzchild coordinates and M is the mass inside radius

of the star, which is constant outside the istar.72

The metric (2.4-1) appears to behave badly near r = 2M, the

Schwarzchild radius, as o- becomes infinite there and Set vanishes.

However, it is not certain, without careful study, whether this

pathology in the metric is due to the presence of a singularity in the

space-time manifold itself, or merely to a pathology in the

Schwarzchild coordinate system near r = 2M.

: If the curvature scalar is calculated fram the metric (2.4-1)

in tems of a travelling frame of reference, it can be seen that it

is a perfectly well-behaved function near r = 2M. Thus, there are

no huge gravitational forces at r= 2M. The non-singular nature of

the region r = 2M is supported by the fact that other coordinate

systems can be constructed fran which the pathology is absent:-

For example, consider the coordinates defined by,

we (e/a - 18 /TM cosh ityam) } ow
v= (c/a - 1% X/TM sinnit am)

(2.4-2)

2/4 inh (t/4M) }
rs

u=(1- r/TM)® e

ve (-2/my t/TM cosh (tam)

These are the Kruskal-Szekeres coordinates. Under the transformation

(2.4-2), the metric (2.4-1) becomes,

és? = (are/r)et/TM" (av? + du2) + x? (Ge? + sin®edd”) 24-3)

where wv -v= (x/aM - er:
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Another well-behaved coordinate system is the Novikov system.7*

By contrast, at r = 0, there exist infinite gravitational forces

- the curvature scalar becames infinite there. This region is a

singularity of the space-time itself and no transformation of the

coordinate system will bring about its absence. For example, it is

still present in the transformed metric (2.4-3).

2.4.3) The Definition of Space-time Singularities

One of the most troublesome facets of the study of singularities

is their very definition. Many hold the view that there still does

not exist a fully satisfactory definition of a singularity.

It must be supposed that a singularity cannot be part of the

space-time manifold itself, because of its very intuitive definition.

The manifold is defined as the region in which the laws of physics hold

. - the singularities are the regions where these laws break down. The

problem of defining whether the given space-time has a singularity |

now becames one of determining whether or not any singular points

have been 'cut out'. This should be recognized by the fact that the

space-time is incomplete in same sense. Unfortunately, as mentioned in

section 2.2), a Lorentz metric, unlike a positive-definite Riemannian

ic does not define a metric ‘in the topological sense and so

singularities of a space-time cannot be defined in terms of metric

incompleteness in the topological sense. However, in the case of

Riemannian manifolds, it can be shown that metric completeness implies

geodesic completeness. In fact, it can be shown that the two concepts

are equivalent.?> Thus, with a Lorentz metric, singularities may be
defined in terms of geodesic incampleteness - most of the more

successful definitions of singularities involve geodesic incompleteness.

The significance of spacelike geodesic incompleteness is not clear,

if the possibility of the existence of objects which follow spacelike

curves, such as tachyons, is excluded. Thus, we have,

Definition 2.4-1

A space-time is said to be singular if it is either timelike or null

geodesically incomplete.
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(Thus timelike and null geodesic completeness are minimum

conditions for space-time to be considered singularity-free) .

Note, however, that timelike and null geodesic campleteness do

not imply that the space-time contains no singularities.

The singularity theorems predict null or timelike geodesic

incompleteness, and so predict the occurrence of a singularity in

the sense of definition 2.4-1.

" 2.4.4) ‘The Singularity Theorens

Many of the exact solutions of the Einstein field equations,

which are realistic, contain singular points. However, all these

solutions assume a high degree of symmetry and it was originally

suggested by a number of people that singularities were simply the

result of the assumed symmetries in the given space-time and that

they would not occur in general solutions. This view was supported

-by Lifshitz and Khalatnikev’®, With the appearance of the
singulairty theorems, which predict the occurrence of singularities

under quite general assumptions, the claim has been withdrawn.

The first theorem concerning singularities which did not involve

any assumption of symmetry was given by Penrose, using his idea of a

closed trapped surface. It was designed to prove the occurrence of a

singularity in a star which collapses inside its Schwarzchild radius.

Definition 2.4-2

A closed trapped surface is a 2 compact spacelike two-surface
(mommally taken to be $7), without boundary, such that the two

. families of null geodesics orthogonal to ¢ are converging at ¢ (that

is, fas” and at < 0).

Theorem pueeia!

Space-time M cannot be null geodesically camplete if :-
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(i) Ry» KP 2 O for all null vectors K* at each point of M;

(ii) there is a non-compact Cauchy surface Gin M

(iii) there is a closed trapped surface ¢ in M.

It can be shown that assuming the Cauchy surface € to be

non-compact is not a serious restriction - the theorem still holds

if Gis compact, provided there is an observer who can avoid

falling into the collapsing star.28 1£ the following reasonable

condition is assumed for the energy-momentum tensor, then the

Einstein equations can be used to show that condition (i), the

null convergence condition, must ho: 28

The Weak Energy Condition

The energy-mamentum tensor at each point me M cbeys the

inequality tT Ww 2 O for any timelike vector we TM. By
. continuity, this will then also be true for any null vector

w, © TM. (This holds for all experimentally detected fields).

Notice if the Einstein equations are assumed and the collapse

of the star is exactly spherical, the equations may be integrated

to give an exact solution - this will always be a singular metric.

The theorem states that if exact spherical symmetry is not assumed, as

long as a closed trapped surface is present, the singularity must still

occur. It can be shown that a closed trapped surface will still occur

providing the departures fram spherical symmetry are not too great .29

Since the null convergence condition is assumed and even 'outgoing'

rays are dragged back to ¢ and are converging, something is bound to

go wrong. The conditions (i) and (iii) imply the existence of

conjugate points, if it is assumed that M is null gecdesically comlete

and this leads to a contradiction and the results of the theorem, using

condition (ii). (It is assumed in all the theorems that local causality

holds, which basically states that a signal can be sent between two

points of space-time which can be joined by a mique geodesic if and

only if they can be joined by a non-spacelike curve. This rejects the
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possibility of signals being sent along spacelike curves - this is

physically reasonable, since there is no practical evidence of the

existence of concepts such as tachyons).

The weakness of the theorem lies in the fact that a Cauchy

surface has been assumed to exist, whereas there is no reason to

suppose such an artificial construction exists in the real universe.

Thus, the theorem may not be useful in physically realistic

situations. The second singularity theoren does not assume the

existence of such a surface and has wider applicatims. It is also

concerned with timelike geodesic incampleteness as well as null

geodesic incompleteness. Before the theorem can be quoted, a few

more definitions are needed.

Definition 2.4-3

The generic condition is satisfied if every non-spacelike geodesic

“contains a point at which KR caceKeq xox! ¥ 0, where K* is the

tangent vector to the geodesic at any point.

If the generic condition holds on a manifold M, then M is

sufficiently general, that is, not too highly symmetric. The physically

reasonable condition requires M to be curved - this excludes the

possibility of Minkowski space-time being a model for the whole universe.

It can easily be seen that Minkowski space-time is geodesically camplete.

Another reasonable assumption for a space-time is that an observer

cannot travel away from a point in the manifold and arrive back just as

he was leaving, as this leads to all sorts of paradoxes. In this case,

the observer can traverse a closed timelike curve. A slightly stronger

condition is that there should be no non-spacelike curves and it is

also reaonable to exclude situations in which there were non-spacelike

curves which passed arbitrarily close to other non-spacelike curves

which then passed arbitrarily close to the origin of the first curve

- and soon. Thus, we have the following definitis:-

Definition 2.4-4

The chronology condition holds on M if there are no closed timelike
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curves and the causality condition holds on M if there are no

closed non-spacelike curves.

Definition 2.4-5

The strong causality condition holds at m € M if every

neighbourhood of m contains a neighbourhood of m which no

non-spacelike curve intersects more than once. The strong

causality condition holds on M if it holds at every point of M.

It can be shown that if the null convergence and generic

conditions hold, then the causality and chronology conditions are

equivalent. Also, if M is assumed to be campact, then there

are regions of M where the chronology condition does not hold.

Thus, the following singularity theorem assumes implicitly

that M is non-compact. It will be seen later that if M is

compact, M is geodesically camplete and, if this is the case,

causality and strong causality are equivalent.”

30

Definition 2.4-6

A set ¢ is achronal if there are no two points of ¢ with

timelike separation, that is, no two points of ¢ can be joined

by a timelike curve lying within cz. c is acausal if there are

no two points of ¢ with non-spacelike separation.

Notice every acausal set is necessarily achronal. The 'edge'

of an achronal set can be thought of as being a sort of boundary

where points have timelike separation. The precise definition is,

Definition 2.4-7

For Us cM, let 17(c,u), (¢ = + or -), denote the set of all

points in Ub which can be reached by a future-directed or past-

directed timelike curve fran ¢ inl, respectively. If ¢ is achronal,

the edge of ¢ denoted by edge (zc), is defined as the set of all

points q e« (where % denotes the closure of ¢) such that in every
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neighbourhood Ubof q there exist points p< I (q,W),

re I’ (q,lb) which can be joined by a timelike curve in Ubwhich

does not intersect x.

Notice an acausal set must be a spacelike hypersurface and it

can be shown that a partial Cauchy surface is an acausal set with

31
no edge.

The second singularity theorem can now be stated as,

Theorem 2. 4-22

Space-time M is not timelike and null geodesically complete if:-

(i) RK 2 O at each point of M for every non-spacelike

(ii) | The generic condition holds on M;

(iii) The chronology condition holds on M;

. (iv) There exists at least ae of the following:-

(a) A compact achronal set without edge

(b) a closed trapped surface

(c) a point me M such that the null geodesics from m are

focussed by the matter or curvature and start to reconverge.

a

As before, condition (i) holds for null vectors if the weak

energy condition holds. It holds for timelike vectors if the

following condition holds, using the Einstein equations:-2°

The Strong Energy Condition

The energy-momentum tensor at each m € M obeys the inequality

Ta WW? > 4 wwaT for any timelike vector we TM where T mae

In this case, (i) is called the timelike convergence condition.

Condition (i) holds if both the timelike and null convergence conditions hold.

Condition (iv) (a) is really equivalent to assuming the existence of a

partial Cauchy surface and so is a weaker requirement than condition

(ii) of theorem 2.4-1 and this is now only one of three alternatives.

Condition (iv) (c) is closely related to the existence of a closed

trapped surface. In the case in which the light cone is our om
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past light cone, it is possible to determine whether or not this

condition is satisfied. Recent observations of the microwave

background indicate that it is.

Conditions (i)-(iii) of the theorem imply that strong causality

holds, assuming that M is geodesically complete. If condition (iv)

(b) or (c) is assumed, that is, a converging effect on the geodesics,

together with condition (i), then conjugate points will exist and

things go wrong. Conjugate points will also exist under assumptions

(4) and (ii). (M assumed to be geodesically complete). As in theorem

2.4-1, the assumption that M is geodesically camplete together with

the existence of conjugate points leads to-a contradiction.

Notice, if in theorem 2.4-1, the chronology condition is also

assumed, then it is just a special case of theorem 2.4-2. Notice

also,that if condition (iv) (a) is assumed theorem 2.4-2, the

theorem is fundamentally different than the first singularity theorem,

_as in the former no converging effect is assumed in a region of M,

whereas in the latter, it is. This point is discussed again in

chapter four.

Theorem 2.4-2ha the disadvantage of not showing whether the

predicted singularity is in the future or the past.. If condition

(iv) (c) is strengthened to say that all past-directed timelike as

well as null geodesics fram m « M start to reconverge within a

campact region to the past of m, it can be shown that there is a

singularity in the past. This is the content of the third

singularity theoren:-

Theorem 2.4-3°?

If in M,

(i) the. null and timelike convergence conditions hoid;

(ii) the strong causality condition holds;

(iii) there exists a past-directed unit timelike vector w at a

point m and a constant b > O such that if V is the unit

tangent vector to the past-directed timelike geodesics

through m. then on each geodesic, v; I becomes < =
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within a distance b/c fran m, where c = Vi

then there is a past incamplete non-spacelike geodesic

through m. 
a

Notice that the theorem has a dual which predicts the occurrence

of afuture incomplete non-spacelike geodesic fram a point if, in

condition (iii), 'past' is replaced by 'future'.

The second and third singulairty theorems both use the

assumption that space-time does not contain any closed timelike

or non-spacelike curves. If the chronology condition is not

assumed, the first theorem still predicts the occurrence ofa

singularity under the artificial assumption of the existence of a

Cauchy surface. The following singularity theoren, which is the

timelike analogue of the first, predicts the occurrence of a

singularity without the chronology condition and the existence

of a Cauchy surface:-

Theorem 2.4-474

Space-time M is not timelike geodesically complete if,

(i) Rap we % O for every non-spacelike vector w at each point

of M;

(ii) There exists a spacelike three-surface ¢ which is compact and

without boundary, such that the unit normals to 5 are

everywhere converging (the second fundamental form of ¢ is

negative) and edge (c) is empty. a

Condition (ii) may be interpreted as saying that the universe

is spatially closed and contracting. It can be shown that the

theorem still holds if the uit normals to ¢ are everywhere diverging

- in this case, the universe is expanding. Notice ¢ is necessarily

achronal and so edge (c) is defined.

The converging effect predicts the existence of conjugate points

on every future-directed geodesic orthogcnal to the surface (assuming

M to be complete). ‘The proof proceeds by taking a covering manifold
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Min which each connected component of the image of 3 is

diffeomorphic to 6 and is a partial Cauchy surface in m If M

is assumed to be geodesically complete (and hence » , this leads

to a contradiction if conjugate points exist.

2.5) Resumé and Critique

At the present time, the Einstein theory has proved to

be one of the best for gravitation theory, one major reason being

that it agrees with all current experimental evidence. However,

we must bear in mind that although the Einstein model is widely

accepted at the present time, it may not be the exact model for

our physical universe - it may only be an excellent approximation,

within the framework of our present experience. It would be quite

naive to think just because the theory presents us with such

accurate local results, it is the exact model for large scale

structure of which we have no practical experience, or for the

very small scale structure.

First of all, it is not clear whether a continuous description

of space-time (under the assumption of a manifold structure) is

appropriate om a scale small enough so that quantum phenomena

become important. If it is accepted that present day quantum and

gravitation theory can be accurately extrapolated down to a

dimension of 10733 am, then the quantum fluctuations in the curvature

of space-time would be large enough to produce alterations in the

topology!

The assumption that there exists an energy-momentum tensor with

zero covariant derivative is physically reasonable as this just

expresses the fact that all fields have energy and implies approximate

conservation of energy, momentum and angular momentum in a small :

region of space-time. As stated in section 2.4), the weak enersy

condition on the energy-mamentum tensor holds for all experimentally

detected fields. A slightly stronger condition is the dominant

energy condition which also requires for every timelike vector w,

ru, is non-spacelike and implies that creaticn of matter is impossible
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in the sense that space-time must remain empty if it is empty

at one time and no matter comes in fram infinity. It is this

condition which leads to the result that matter cannot travel faster than

Light.?> It can be shown that the strong energy condition may break

down in extreme cases, but is physically reasonable almost everywhere.

The Einstein field equations are fundamental to the Einstein theory

of relativity. For reasons stated earlier, there is no guarantee that

the equations hold at or near a predicted singularity - there is no

experimental evidence to support that they hold in the strong field

region, that is, areas of high gravitational attraction. The

singularity theorems predict geodesic incampleteness in a lot of the

space-times derived fran the Einstein model due to the fact that a

lot of the solutions to the field equations became singular in sane

region. The predicted singularities can be thought of as in the

form of a 'black hole' within a collapsed star or as the highly

condensed and chaotic, initial state of the miverse in a cosmological

-model - a ‘white hole'. In the neighbourhood of such singularities,

the redii of curvature would become less than 10 °° cm and by

previous comments, we would expect the Einstein model to became

inadequate at such levels. Thus, the singularity theorems seem to

imply that the Einstein theory predicts its om downfall!

Both "black holes' and 'white holes' are unobservable. By

definition, not even light can escape fram a black hole and so there
can be no cammmication of any kind fran inside. Thus, from the

point of view of what can be observed, the 'black hole' has only a

metaphysical reality. The only observable facets are the effects

the "black hole' has on its surroundings. Certainly, there are

phenomena in the observable universe which ag with the theoretical

effects produced by a 'black hole'. However, = is not certain

whether the effects are produced by a very hic: gravitational

field in a non-singular region of space-time x cher than by an

infinitely large gravitational field in a singular region. Therefore,

it is impossible to verify the singularity thecrems experimentally

at the present time and perhaps, it may never possible and so they

remain a theoretical implication of the Einstein theory.
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The four singularity theorems are all based on the

fundamental assumption that the null and timelike convergence

conditions hold. The dirst, third and fourth theorems use these

conditions, together with same condition of a converging effect

to predict the occurrence of conjugate points, this being

inconsistent with the other assumptions of the theorem, such

as the existence of a partial Cauchy surface or the strong causality

condition, if space-time is geodesically camplete. If condition

(iv) (b) or (c) of theorem 2.4-2 is assumed, the message is similar

to that of the other three theorems - in fact, in this case the

generic condition is not needed, as the occurrence of a singularity

could be proved along similar lines to the other theorems. If

condition (iv) (a) of the theorem is assumed, the generic and the

timelike and null convergence conditions are used to predict the

occurrence of conjugate points. This is then shown to be

inconsistent if space-time is geodesicaily camplete.

If it is assumed that the Einstein equations do not hold in

regions of very large gravitational forces, the physically reasonable

weak and strong energy conditions may no longer predict the

timelike and null convergence conditims (a specific example is

given in section 6.4.4 ). Also, there is no reason to

suppose that there exists a Cauchy surface in the physical universe

as this really is just a mathematical device. If large departures

are made fran spherical symmetry, there is no reason to suppose

the existence of a closed trapped surface.

Singularities in space-time are both physically and mathematically

objectional features as we have no physical or mathematical control

in singular regions. The lack of mathematical control is brought

out by the fact there is still no suitable a tion of a

singularity. For instance, it may be thought that a non-singular

space-time is one in which timelike and null seodesically camplete.

However, Geroch has shown that geodesic incomleteness, which

appears to be ideally suited to formulating a definition of a

singularity turns out to lead to difficult problems. He gives

an example of a space-time which is spacelike, null and timelike

geodesically camplete and so seems to be nom-singular, but which
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contains a timelike curve of bounded acceleration and finite

total length 2° which seems to contradict the non-existence of
singularities in the space-time!

One might hope that a space-time-which was null, timelike

or spacelike geodesically complete would also be camplete in the other

two. Unfortunately, this is not necessarily so. In fact, Geroch

shows there are five different categories of space-time where

some of the types of geodesics are camplete and the others are

incanplete! ay

More recently, Schmidt?® nas produced a definition of a
singularity which seems to be slightly more satisfactory. He has

introduced a generalization of the concept of an affine

parameter to all C' curves, geodesic or not. He defines a

notion of completeness by requiring that every C' curve can be

extended to arbitrary values of its generalized affine parameter.

For a geodesic, this generalized affine parameter corresponds to

the affine parameter. Thus, completeness in the sense of Schmidt .

implies geodesic canpleteness, but the example by Geroch shows

that the converse is not true.

In most physically realistic situations the concept of

incompleteness by Schmidt corresponds to the existence of regions

where the curvature becames unboundedly large. However, an

example of a solution to the Einstein equations where this does

not seem to be true is provided by 'Taub-NUT’ space.?? thus,
even Schmidt's definition is not totally satisfactory.

In chapter four, the correspondence between gravitation and

singularity theory, as presented in this chapter and dynamical

systems theory is discussed. The following chapter records the

basic definitions and results of dynamical systems theory needed

for this discussion.
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Chapter Three : Dynamical Systems Theory

In this chapter, a survey of the theory of dynamical systems is

given and the more important results are mentioned. Of course, this

is by no means a thorough account and only results which are applicable

to the problen in question are given. References are given for the

proofs of the various theorems and for results which due to lack of space

are amitted. :

After giving an abstract definition of a dynamical system, the

close link with classical autonomous systems of ordinary differential

equations is made explicit. It is then shown how a vector field acting

on a manifold gives rise to an autonomous system of ordinary

differential equations and hence may:be to a dynamical system. The

qualitative behaviour of such systems is investigated with reference

to such topics as the behaviour of orbits ina neighbourhood of

critical elements, limits and minimal sets of the orbits, structural

stability and bifurcation theory.

ed) Dynamical Systems

The abstract definition of a dynamical system is given and a few

examples are presented, including the tie-up with systems of ordinary

autonomous differential equations.

3.1.1) Definition and Examples:

Definition 3.1 -1

A dynamical system (X,¢), is a topological space X, together with

a continuous mapping ¢: Xx IR + X which satisfies the following

axiams:-

(x,0) =x (al)

3(d(x,t\s) =o (x,tts) (a2)

for allxe« Xands,t eR.

(Al) is known as the initial value axiom and (A2) is the group axian.

A semi-dynamical system differs fram a dynamical system

essentially by the fact that the development of the system is specified

into positive values of the parameter only, that is, RM is replaced by
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the set Roo: A local dynamical system is defined as a dynamical

system, except that IR is replaced by same subset of IR.

Example 3.1-1

Let X = IR and define a function ¢ by,

g(x,t)=x+t for all x,teR.

Clearly this function satisfies both the axioms. Using the usual

metric on MR and a metric on re, it is seen that ¢: mR > Ris
continuous on R and so it follows that (2, is a dynamical
system.

Example 3.1-2) :-__ Involving a Partial Differential Equation

Consider the first order linear partial differential equation

aah One = uc) (3.1-1)

subject to the initial condition u(x,0) = f(x).

It is well know that the general solution to such an equation

u(x,t) = £(x-t) (3.1=2)

Consider a mapping 9 : Xx (R+ X defined by,

S(£,t) (x) =ulx,t) for all fe X, te (3.1-3)

where X is the space of bounded continuous functions.

Clearly, the function ¢ satisfies the given axioms (Al), (A2).

It remains to show that ¢ is continuous.

Suitable metrics for X and X x MR are given by,

o(£,g) =1l.u.b | flip) - gp) | for all f£,ge X (3.1-4)

peR

and

p((£,t),(g,s)) = lub [£(p) - g(p)| + [ts (3.1-5)
peR

for all (f,t),(g,s) ¢« Xx R.
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Now o(d(£,t), d(g,s) =1.u.b |d(£,t) (p) - d(g7S) (p)| -
peR

Let this value of p be denoted by p,.

-'. o((£,t), days) = |£(p\-t) - gp, - )| (3.1-6)

Now p ((£,t),(g,s)) <6Fl.u.b |£(p) - g(p)| <6, and |t-s|<6, (3.1.7)
peR

where O < 6) < 6, O< 64< 6

The function £ is continuous and bounded and so in

particular, it is continuous and bounded at PPS e TR.

<. |ts| < 6,>7/£()-t) - £(@)-s)| <n» say. (3.1-8)

Fram (3.1-6) it is seen that,

ts (d(E,t), (ges) = |£(2y-t) - F(Py-s) + EPs) - g(P,-s) |

< |£(y-t) - £,-s)| +/£(y-s) -g@-s)| (3-1-9)

Choosing 6 suitably to make 8, tn <e, it is seen fram

(3.1-8) and (3.1-7) that ¢ is continuous at any point (g,s)

of X x IR, and so (X,¢) constitutes a dynamical system.

Notice that if the initial condition of (3.1-1) is not

restricted to bounded fumctions, then (3.1-1) need not lead

to a dynamical system.

It is possible to construct more camplicated examples of

partial differential equations which lead to dynamical systems.+

3.1.2) Systems of Autonomous Ordinary Differential Equations

Consider the system of ordinary autonomous differential equations

in R’,
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ox =x = f(x) (354-10)
dt

where x = () Xpr eee %) € Rm, f: Rm > R andtc R.

Notice (3.1-10) can be taken to represent most

autonomous ordinary differential equations, for if an nt?
order equation is considered, it can be transformed to the

form (3.1-10) by taking each derivative, except the nTM, to be
a new dependent variable.” It is assumed that (3.1-10) has the

following properties:-

(i) £: ® + m is continuous

(ii) | The equation has uniqueness of solutions to the initial

problem, that is, there is only one solution of (3.1-10)

satisfying x(O) = x:

(iii) The equation has global existence of solutions. That is,

each solution can be extended to a solution defined on

the entire real line R.

A function defined on (R" x [R, called the flow, can be

associated with (3.1-10) as follows. For any xX, ®, te R,

consider the uique solution o: [R> IR” of (3.1-10) with

(0) = Xi then define ¢ at (x,t) by,

Blx rt) = o(t) (3.1411)

It is easily verified that if (3.1-10) satisfies the

conditions given, ( (R",d) is a dynamical system, (continuity

of ¢ being essentially the classical theorem concerning

continuous dependence on initial conditions). It will be seen

in the next section that a flow can be associated with any

given vector field on a manifold.

This work is concerned mainly with dynamical systems arising

from equations of the type (3.1-10) and to simplify terminology,

if (3.1-10) leads to a dynamical system, (3.1-10) will be called

a dynamical system.
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Example 3.1-3.

Consider the one-dimensional equation,

x=iInx

This is an autonomous equation but has a singularity at xO,

that is, Inx is discontinuous at x = 0. The equation does

not give rise to a dynamical system.

Example 3.1-4

In contrast to the above example, consider the one-dimensional

autonomous equation,

= -1x"

This time f(x) = ee is continuous, but the equation still does

not give rise to a dynamical system as

oa i rau
Blx,,t) = a(t) = cot (tt cot x)

and the solution is not defined on the entire real line.

The two cases above are examples of local dynamical systems.

Notice it may be possible for a given system of equations to have

global existence of solutions, but which is not dynamical.

Example 3.1-5

Consider the one-dimensional equation,

<3
x

so that f(x) is discontinuous at x =O. The general solution is

x= 3/5(EES) and so the equation has global existence of

solutions but is not dynamical - it does not have uniqueness of

solutions.

It can be seen that, in general, it is difficult to prove that
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a given autonomous systen of differential equations is dynamical.

In particular, it has to be shown that every solution is defined

for all t « IR. This cannot be done directly without solving

the equations explicitly which is impossible in general. 
However,

there are same theorems which do assure us of global existence of

solutions, if the equations have certain properties :-

Theorem see

Té in (3.1-10), f(x) is continuous for all xe ®” and,

moreover, if each component of f, £, Gyr ey%) =0 ([xq|+]Q1+-+14,1)

for |x| +-.-+ |x,] > @, then the solutions of (3.1-10) are defined

an the whole axis, -=<t<». 
‘

Other theorems exist which prove a given system is semi~dynamica
l,

either by using Lyapunov functions’, or by considering perturbations

of a known dynamical systen>.

All of these theorems are difficult to apply in practice and

theorem 3.1-1 is of strictly limited use.

Having proved that the solutions can be extended to arbitra
ry

values of the defining parameter, it is still necessary to show t
hat

the given autonomous system has uniqueness of solutions. This is, in

general, a lot easier to show. 5

Theorem 3.1-2°

If, in (3.1-10), each of the partial derivatives ae (1,3 = 1,2,.--7n)
J

exists and is bounded by k in same convex set D of the n-dimensional

x space, then (3.1-10) has uniqueness of solutions in D.

Note that uniqueness of solutions still holds if the conditions

of the theorem are replaced by a wesker requirenent.° The conditions
of the theorem also assure us of local existence of solutions

.

Example 3.1-6

Consider the one-dimensional equation,
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k=x

From theorems 3.1-2, 3.1-1, it has uniqueness and global existence

of solutions and so is dynamical. It is one of the simplest

examples of a dynamical system.

3.2) Vector fields and Dynamical Systems

Recall that a vector field assigns a tangent vector to each

point of a manifold. It is shown in this section how a vector

field may give rise to a dynamical system, with the manifold as

the underlying topological space.

Notation Let }{(M) denote the set of all vector fields on M.

Recall that when me U, a damain of a chart x for M, the

vectors Gn form a basis for TM. Thus, for any vector field
xu

-X whose domain W meets U,

Xap bh oe ow (3.21)

i= ore

where the f, are differentiable functions defined on UNW.

Let c be a curve in M with domain D. te 2. is the

vector field corresponding to the identity chart on IR,

oC= 40 R>TM (352-2)
2

is a curve in TM with domain D. Notice ¢ satisfies the

equatim roG=c. IfXe XM),

¢=X ec : (3.2-3)

is a differential equation of the first order mM. Notice

if X satisfies (3.2-3), it can be thought of as being the

tangent vector to the curve in the classical sense.
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Definition 3.2-1

A curve c in M satisfying (3.2-3) and the initial condition

c(O) =m for a specific me M is called an integral curve

starting fromm, of the vector field xX.

To see that (3.2-3) actually is an autonamous system of

. differential equations, choose a chart of M whose domain U meets

c(D) and let C=xoc. It follows from (2.2-1) that c is an

integral curve of X when,

ay
FE = FylCyreercy) Lyon) (3.2~4)

using (3.2-1).

The equations (3.2-4) are a set of autonamous equations and

from 3.1.2), with slight amendments, from a local dynamical system,

but do not, in general, form a global dynamical system.

Notice, in particular, the geodesic equations are derivable

from a vector field and constitute a local dynamical system.

It follows from the definition of a vector field and Theorem

3.1-2, that,

Proposition 3.2-1

If the integral curves c,,c, of Xe Jé(M) with domains D

respectively, both start. fram the same point of M, they must

coincide on Dy n Do. 0

Pie

; It follows that the union of the domains of all the integral

curves of X which start fromm ec M is an open interval Dim) of (IR

on which is defined a 'maximal' integral curve y_, starting from m.

Definition 3.2-2

A vector field is complete if D(m) = [R for each point me M.
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Example 3.2-1) A System of Differential Fouations on the Sphere

the sphere, $2, is the set of zeros of the function f: RoR

defined by,

£24 4Zy/25) = 2)? + 25° + 23° - 1. (3.2-5)

An atlas for 2 can be obtained by sterographic projection of

s2 from the points (0,0,1) and (0,0,-1) onto z, = 0.

Suppose that U,U' are two punctured spheres obtained fran

s? by omitting these two points respectively. The functions

x: s2>0R2, y: S* >I? defined cn U,U' by,

Zs Zz
X,2 = a y,;z2= _ii =, i —_— (3.2-6)

ne 23 iz,

can be shown to be charts for $7. 7 The change of co-ordinates

defined on U'\ U' is a diffeomorphism defined on R - {o by,

(352-7)

Thus, the charts x,y fran a Cc atlas for s*, called the
sterographic atlas of S* into i.

In terms of the charts y, a vector field on u' is given by,

Ba 2 2{9y,¥2 ty ty + w,)? (3(y2)“-8yi)- (v1) Bw)" + aera} a
yy)? + (y,)? 8)Nik

2 2 2 2
ue fay, = ¥p- HY + (yq)*(9(y9)* - 16yy)- 4)" 9%)" - 8 22s

2 2
(y,)" + (¥p) aY5

(3.2-8)

Using the chain rule for partial derivatives, it is easy to

show that the above vector field agrees on UU! with the

linear vector field,
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ax,
1 3- ces S5y 2 eSZG PS eae 9) (35259)

As (3.2-8), (3.2-9) agree on the intersection of their domains,

together they define a vector field on s.

As (3.2-9) is more tractable than (3.2-8), its integral

curves are found. Such a curve c is defined by xo c = (C,,Cp)

where,

" ale (3 - 2C, + 2Co),

(3.2-10)aL BBaS ale (-9 + 2Cy + 6Cy)

It follows that if the initial condition is xoc (0) = (0,0),

ie.,c(0) = (0,0,-1),

te a

Be ogee 58 |xO C= GC . ee geen 3) (3.2-11)

In general,xoc = (3 + ae“ + 3ac*, 6asink t) (3.2-12)

where a is uniquely determined by the condition that ¢(0)

is any chosen point of U Nu’. Notice the solution of

(3.2-10) is defined for all t and‘so the vector field is

complete.

There is a condition which assures us that the system

(3.2-4) is dynamical:-

Proposition 3.2-2

Every vector field om a compact manifold is complete.

Any camplete vector field gives rise to a dynamical system

of differential equations, by definition. The fumction ¢, which

when associated with M is a dynamical system in the sense of

definition 3.1-1, is known as the flow of the vector field:-

()



Definition 3.2-3

Given any-vector field X on a manifold M there exists a

maximal integral curve Tat danain D(m), starting fran any point

me M. £9 is the set of points (m,s) of Mx IR such that

se Dim), there is a fmctim ¢: Mx [R>Mwith domain 6

defined by

o(m,s) = ¥(9) (3.2-13)

@ is called the flow of X.

It can be shown that ¢ is differentiable? and it is clear
from the definition that it satisfies the axians of definition

3,1-1. Thus, if X is camplete, (M,¢) is a dynamical system.

3.3) Phase Portraits and Critical Elements

In most cases, we cannot hope to determine the maximal integral

curve of a given vector field, starting fran a given point of the

manifold. However, it may be possible to get same qualitative

picture of the integral curves of X on the manifold. For example,

it may be possible to say whether or not the vector field has a

periodic integral curve.

The first step in the qualitative theory is to define the

concepts of an orbit of a vector field and the phase portrait.

Phase portraits on a given manifold are numerous and complex, so

that a camplete classification is difficult. However, same progress

has been made for the simplest manifolds of dimension two.?

A useful concept in the qualitative theory of vector fields is

that of a critical point. This is a point of the manifold where

the vector field vanishes identically. These points are defined

and studied in this section, together with the periodic orbits.

Definition 3.3-1

If X « 4(M), an orbit of X is the image Yq) of a maximal
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integral curve y,' D+Mof X. The set P(X) of all orbits of X

is known as the phase portrait of X.

It is possible for two distidct vector fields to have the same

phase portrait.

Benple

The equations { x= £,(x,y) and f x= £, Guy)g Gy)

¥ = £, (x,y) ¥ = £5 Cxy)g Gey)

lead to the same phase portraits on the plane Rr. Thus, it is
possible for a non-dynamical system to have the same phase portrait

as a dynamical system.

It is also possible for two distinct vector fields to possess

phase portraits with the same topological properties. As it is

these properties which the qualatative theory is concerned with,

the phase portraits can be thought of as being equivalent.

Definition 3.3-2

Let M be a manifold and X,Y « J{(M). P(X), P(Y) are equivalent

phase portraits if and only if there is a hameamorphismh: M>+M

such that Ym € P(x) if and only if h(y,,) e P(Y).

The above relation is clearly an equivalence relation in the

algebraic sense.

Definition 3.3-3

let Xe %€(M). A point me M is a critical point of X if and

only if X(m) =0.

As any vector field has integral curves given by equation (3.2-4),

any property of a vector field can be thought of as being a property

of (3.2-4). In particular, critical points of an autonomous set of

differential equations are points at which the right hand sides of the

equations vanish. 7
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Definition 3.3-4

A closed orbit y of X <)€(M) is an orbit on which X does not

vanish and which is compact. A critical element of X is a set

nh where m e M is a critical point or a closed orbit of X. Tf.
the union of critical elements of xX.

x

The following theorem shows that a closed orbit must be a

periodic orbit in the classical sense. —

Proposition 3.3-1"°

Let X © bn) with flow o:$ CMx R>M. IfyCMisa

closed orbit of X, then y x IRC $6, y is a connected

one-dimensional submanifold and there exists a positive real

number t(y), such that. for anyme y , #(m,t) =m if and only

i£t=kr(y), for sek eZ. (The mutber 1(y) is the period

of y).

If the period of a critical point of X is defined to be zero,

a critical point may be thought of as the degenerate case of a

periodic orbit.

The beauty of autonanous systems arising from a vector field

as opposed to just an autonomous set of equations is brought out

by the following theorems, the results following essentially by

local uniqueness of solutions.

Theorem 3.3-2

No orbit y,Q0 of a vector field X enters a critical point for

a finite value of t and any point me M which is not a critical

point has at most one orbit passing through it.

Theorem 3.3-3

An orbit Yb of a vector field X that passes through at least

one ordinary point cannot cross itself, unless it is a closed orbit.

(A point which is not critical being ordinary).



Notice the above results hold, whether X is camplete or not.

3.4) Systems of non-autonamous Equations

_ It has been shown that the autonomous system (3.1~-10) can

be thought of as being derived fran a vector field acting on

an n-dimensional manifold.

Consider now the non-autonanous generalization of (3.1-10) ,

that is, where f(x) can also depend explicitly om t,

x = £ (x,t) (3.4-1)

Clearly, the system (3.4-1), which is n-dimensional, can

be re-written as an autonomous system of (n+l) equations: Let

¥ = (kj /Xqr-++/% rt) and so (3.4-1) becomes,

a, = £,) (3.4-2)

where now one of the equations of the systen is $f =1.
a

Thus, any non-autoncmous n-dimensional system can be thought

of as having been derived fram a vector field acting on an

(nt1)-dimensional manifold.

It may happen that (3.4-2) constitutes a dynamical system,

so that the solution y can be extended for all values of ty. Then

the solution of (3.4-1) can also be extended for all values of t.

If (3.4-1) also has uniqueness of solutions, it is dynamical in

some sense, although, being non-autcnamous it may not lead to a

dynamical system in the sense of definition 3.1-1.

Definition 3.4-1

Any non-autonamous system which has uniqueness of solutions

to the initial value problem and which has global existence of

solutions is said to be quasi-dynamical.

The results on uniqueness of solutions given in section 3.1)
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hold for (3.4-1) independent of t. Thus, if £(x,t) is continuous

with respect to x and all the partial derivatives, to prove (3.4-1)

is quasi-dynamical, it is sufficient to show that it has global

existence of solutions. ‘

Notice that (3.4-2) has no critical points in the sense as

defined in the last section, due to the presence of the equation
atae," 1. However, (3.4-1) may have points of equilibrium in the

n-dimensional x space. Thus, as extended definition of a critical

point is needed to cater far non-autonanous systems.

Definition 3.4-2

A critical point of (3.4-1) is any point x, ¢ IR", which is a

point of equilibrium. That is, an integral curve starting at X

remains there for all values of t and any integral curve not

starting at XS cannot reach X in a finite value of t.

In contrast to the autonamous case, a critical point XQ of

(3.4-1) may not simply be a point at which the right hand sides

of (3.4-1) vanish.

Exanple 3.4-1

Consider the one-dimensional, non-autonomous equation,

x= te

The solution is x = = (K constant) and so is not quasi-dynamical.
t+K

There is a critical point at x = 0, but not at t = 0.

Example 3. 4-2

Consider the one-dimensional, non-autonamous equation,

x = R(t)x (3.4-3)

The equation is linear and, as in the autonomous case, can have at

most one critical point. Clearly, (3.4-3) has general solution
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= exp {frterae + x},

(a) TER(t) =t", ne IR ,,, the equation is quasi-dynamical

and x = O is the critical point.

(b) If R(t) = & ‘a constant, the solution of (3.4-3) is x = Kt,

I£ a> 0, the system is quasi-dynamical and there is no

critical point. If a< 0, the system is not quasi-dynamical

but x = 0 is a critical point.

(c) te R(t) = 2. ,n>0,n#1, for O< n< 1, the system is
pa

quasi-dynamical for certain values of n but not others.

Té n> dl, the system is not quasi-dynamical and there is

no critical point.

For the purposes of this work, only linear non-autonamous

equations need be considered. In this case, the system (3.4-1) can

be written as,

x = A(t)x (3.4-4)

where A(t) is an (nxn) matrix function. (Taking the only possible

critical point to be at the origin, without loss of generality - any

linear system can be reduced to the form (3.4-4) by a transformation

of variables).

Clearly, in order for x = O to be the critical point of (3.4-4),

the right hand sides must be zero when x = O for all finite t.

Lenma_3.4-1

The system (3.4-4) has a critical point at x = 0 if the matrix

A(t) is continuous for all values of t. 
a

Notice, however, that (3.4-4) may have a critical point if A(t)

is discontinuous when it is not quasi-dynamical.

Although any linear autonomous equation must be dynamical (using
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theorem 3.1-1, theorem 3.1-2), (3.4-4) is not necessarily

quasi-dynamical, as the corresponding (n+1)~dimensional autonamous

system is not necessarily linear. Whether or not (3.4-4)is

quasi- dynamical depends on a large extent on the properties of A(t)

as shown in the previous example. Notice it may be quasi-dynamical

even when A(t) is discontinuous.

3.5) Properties of Orbits in the Neighbourhood of a Simple Critical Point

For the remainder of this chapter, only autonomous systems are

considered. An important aspect of their qualatative behaviour is the

nature of orbits in the neighbourhood of a critical point.

Consider a critical point m of a vector field X acting on an

n-dimensional manifold M. A neighbourhood of U of m can be made small

enough so that there exists a chart y: U> IR". Then the maximal

integral curve of X is given in temms of the autonanous system,

x = £() (3.5=1)

where y o c = x, from section 322).

It is assumed that the critical point in question is situated at

the origin, that is, £(0) = 0, without loss of generality. It is

always possible to make a linear transformation of (3.5-1) which

transforms any critical point to the origin. Iff (x) contains linear

tems (3.5-1) may be expressed in the form,

x = Ax + g(x) (3.5-2)

where A is ann xn constant matrix and g(x) contains only terms of

order higher than the first. The linearized system of (3.5-1) is

then,

x = Ax (3.5-3)

Definition 3.5-1

The eigenvalues of X at the point mc M are defined to be the
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eigenvalues of the matrix A. The characteristic multipliers of X

are the exponentials of its eigenvalues at any point me M.

These concepts may be defined without going into local coordinates

by treating the eigenvalues of X as eigenvalues of a certain linear

transformation mapping tT M> tT) M. Also, the above concepts may be

generalized to critical wigeer and so lead to eigenvalues of X at a
closed orbit y 1+

Definition 3.5-2

If Xe %(M) and m is a critical point of X, mis a simple critical

point if and only if none of the eigenvalues of X at m are Zero.

The characteristic mltipliers characterize the flow of the

linear approximation near the critical point. Local qualitative

behaviour near a simple critical point is especially elementary and

it is these types of critical points which are considered in this

section.

Only the two-dimensional case will be considered. By hypothesis,

Jet the matrix A have eigenvalues 1,1 # 0.

It twms out that there are only a few possibilities for the

behaviour of integral curves of (3.5-1) ina neighbourhood of (0,0),

(assuming (3.5-1) to be two-dimensional).

Definition 3.5-3

Let y= (yy r¥2) be a solution of (3.5-1). If there exists 6,

O<é< x such that for any orbit y of (3.5-1) which has at least

ern os r < 6 (x being the normal plane polar radius), the
solution exists over a t half line, and if Wyr¥2) > (0,0) ast+o>,

or as t+ -~, then the origin is called an attractor for (3.5-1).

Definition 3.5-4

The origin is a node of (3.5-1) if it isan attractor for which all
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orbits arrive at the origin in a definite direction. A node is

proper if every half line through the origin is tangent to same

orbit there.

Definition 3.5-5

The origin is called a focus for (3.5-1) if it is an

attractor such that [w(t)| + © as t + or t + -» where w(t) =

tan? Y2vee (A focus is sametimes called a spiral point).

2

Definition 3.5-6

If there exists a sequence of periodic orbits va} of
(3.5-1) each of which contains all later orbits and the origin

in its interior and such that Vat (0,0) as n+ , then the

origin is a centre of (3.5-1).

Definition 3.5-7

Suppose the two orbits on one eigenvector of A tend to the

origin as t + # and the two orbits on the second eigenvector

tend to the origin as t + -». Also suppose that, with increasing

t, every point tracing an orbit first moves closer to the origin

and after reaching a minimal distance, moves away fram the origin

with its orbit asymptotic to the second eigenvector. Then the

origin is a saddle point. The eigenvectors are the separatrices

of the saddle point and will be distorted to curves in the

non-linear case.

In the case of the linear system (3.5-3), the nature of the

critical point is determined completely by the eigenvalues A ,u:-

Lenma_3.5-1 a2 oe SF :

Consider the linear systen (3.5-4), with critical point at

the origin.

(i) If the eigenvalues of A are real, district and of the same

sign, the origin is a node.

(ii) If the eigenvalues of A are of opposite sign, the origin is a

saddle point. :
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(iii) If the eigenvalues of A are a camplex conjugate pair,

but not purely imaginary, the origin is a focus.

(iv) If the eigenvalues of A are purely imaginary, the

origin is a centre.

(v) If eigenvalues of A are real and equal, the origin is

a node. 
0

Consider now the non-linear system (3.5-2), (considered to be

two-dimensional), where it is assumed that g(x) x5) = O(r) as

r> 0° where r= he? + x. This guarantees that the perturbations
rend to the origin 'faster' than the linear terms in (3.5-2). In

general, (3.5-2) will have more than one critical point. It is

assumed that each one isjsolated. That is, there exists an open

neighbourhood about each critical point which contains no other

critical points.

Theorem 3.5-2 Ee

If the origin is an attractor for (3.5-3), it is one for

(3.5-2).

Theorem 3.5-3 22

If the origin is a focus for (3.5-3), it is also one for the

non-linear system (3.5-2).

Q

Although attractors of (3.5-3) are attractors of (3.5-2), it

is not, in general, true that a node of (3.5-3) is a node of

(3.5-2).

Theorem 3.5-4 ue

1te
Gp ran (Secs), G(X 1X) = O(r"") as r+0 for some ¢ > 0,

then if the origin is a proper node of (3.5-3), it is one for

(3.5-2) also. 5

If the origin is a saddle point of (3.5-3) it is also one for
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(3.5-2). More explicitly, suppose that (3.5-2) is assumed to

be in the canonical fomn,

hg I ax, +g, (x, /x,) ja ney (3.5-4)

x tl

2 = Wh + 99 bt x)

Then,

1a

Theorem 3.5-5

(i) There exists at least one orbit tending to the origin at

each of the angles O and 7.

aye re ogi) and EA exist and are continuous on
aX ox.

1

Oe rs ror there exists exactly one orbit tending to the origin

at each of the angles O and r. Any orbit starting sufficiently

near either of these orbits in the neighbourhood of the origin

tends away fram them ast +o.

Examples of the use of the above theorems to specific

non-linear equations abouna. 13

Unfortunately, if the origin is a centre for (3.5-3), it

need not be one for (3.5-2). In fact, it is either a centre,

a focus, or enclosed in a limit cycle, a special type of closed

orbit (see definition 3.5-10).

There are several procedures which give criteria for

distinguishing between a centre and a focus. In the case in which

f(x) in (3.5-1) is analytic, Poincaré introduced an alogorithm,

requiring only the solution of algebraic equations. 14 Also, in
this case, there is one condition, again due to Poincaré, which
assures us that the origin is a centre.
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Lemma _ 3.5-6

If the vector field giving rise to the system (3.5-2) is

symmetric with respect to either the x axis or X% axis, (that is,

the system does not change if x; is replaced by “Ky t by -t,

i= 1 or 2), then the origin is a centre.

There are several theorems which give criteria for the

non-existence of periodic orbits, the most useful being Dulac's

test, which includes Bendixson's test as a special case. (In

Bendixson's test, the fumction » defined below is identically

equal to one).

Theorem 3.5-7 Dulac's test.

Assume that (3.5-1) has uniqueness of solutions. Let G bea

simply connected subregion of the domain of definition of (3.5-1).

Let (%) %>) be a continuously differentiable function defined in

G such that the function

a= a WE, Oy /%5)) + , (WE, (x,1%5)) does not change sign,

Then there are no simple closed curves in G which are unions of

orbits of system (3.5-1).

Example 3.5-1

Consider Liénords equation, which plays an important role in

the theory of nonlinear oscillations,

oa + F(x)k, + 6Gq) = 0 (3.5-5)

Putting S = Xr the equation is transformed into the form

(3.5-1) with £, (41%) =X and £, Gx 5) =- F(x,)x5 o G(x).

Clearly if F(x) , G(x,) are continuous, the partial derivatives of

Bi



ofaf) + 32 =-F(x,). tus,£)/£, are continuous. Also,

ax, 8x5

if F(x,) does not change sign within a < x, < b then there are no

closed orbits in this strip.

There are various theorems concerning the existence of

periodic solutions of second order equations of the Liénard
type 16. However, these are not directly applicable to the
type of equations considered in this work.

As stated earlier, if the origin is a critical point of

(3.5-2), it may be enclosed in a limit-cycle. This is a

particular type of periodic orbit and a rigorous definition

is now given in terms of limit sets.

Definition 3.5-8

Let X © tM) have flow 6:9 C Mx R>+M. ApointmeM

iso ete (¢ = + or -, or=) if and only if

onf nh x mt contains allt > 0,t<Oorte R,
respectively.

Thus, if all points me M are + complete, (with respect to

Xe }t(m)), X is complete, and (M,¢) is a dynamical system.

Definition 3.5-9

Iet X ct (M). If miso complete, (with respect to x), the

limit set w’(m) is defined as the set of points m, « M for which

there exists a sequence {,} with t, + 0 and (mt) +m:

Let 0°, denote the set of all w” limit sets, with respect to X.

It can be show that if mis not c complete, w’(m) is empty.

Limit sets will be considered again in section 3.7).

Definition 3.5-10

A closed orbit of X is a limit-cycle if it is either the w’

Br



or w limit set of another orbit of X « (m).

By geometric means, the following theorem on the existence

of limit-cycles may be established.

Theorem 3.5-8 i

If there exist two constants, ror with r<Ty and such

2+ 2 mad
that F(x, /X5) Ey hai oO Foe eo ta ere andF <0

for me + xf = * and if there are no critical points of

2(3.5-1) in the region I: re € sf + x < a then Tf contains

a limit-cycle of (3.5-1). Similarly if F is negative on the

inner circle and positive on the outer circle.

Example 3.5-2

Consider the two-dimensional system,

2 aie zl . Pane
x = x(x)" - 1+ x) (x, + 2x) D) - %%(% ))

t
a = xyby - 22) +1 + bey + - 2) HQ by? YD

In this case, a suitable fimction is, F = tx? + x) tx? + = - 1)

and hence F< 0 for x7 +4,2=1-gandP>Oifx+x,"=1lte.

alte x? oF 2“, = 1 is a limit-cycle of the system.

Often, given a system, it is useful to make a transformation

of the coordinates to determine any possible limit-cycles.

Example 3.5-3

Consider the two dimensicnal system in the plane me given in

33



terms of cartesian coordinates,

ae 2 eens
x = xy +X 1) Xy

ee 2 Zena?
Xy = X (x +X) 1) +x

In terms of polar coordinates, x, = x cose

system (3.5-7) becomes,

ie = r(x? = a2

@e W w

The general solution to system (3.5-7) is,

1

he i [er = cezt

es l [272A = cett

(C an arbitrary constant).

(3.5-6)

xX, =x sing , the

(3.5-7)

Ast>te,r +l and r=1 is a limit-cycle of the system

(3.5-6). Thus, the critical point at the origin is enclosed in

a limit-cycle.

Further methods of differentiating between centres and foci

and nodes and foci are given in section 3.10) on bifurcation theory.

The idea of characterizing critical voints can be extended to

the general case where (3.5-3) is an n-dimensional system. The
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nature of the orbits in a neighbourhood of the critical point in

question is again determined by the eigenvalues of the matrix A.

Various characterizations of the critical point can be made which

are generalizations of the two-dimensional definitions. The

three dimensional case is treated fully ieee where the authors

define such notions as nodes, saddle-nodes, stellar nodes, foci

and centres in three dimensions;?” goes a stage further and treats
, the n-dimensional case.

The task of determining the nature of the critical points of

(3.5-2) based on the nature of the corresponding critical points

of the linear system (3.5-3) is much more formidable in the

n-dimensional case than in the two-dimensional case. The more

important theorems are instead concerned with the stability of the

various critical points of (3.5-2).

The proof of existence of periodic solutions in the n-dimensional

case is far more camplicated than the two-dimensional case. Some of

the methods use the idea of a Lyapunov rotation fumction and are a

generalization of Poincaré's method of contact curves. 2°

3.6) Multiple Critical Points

3.6.1) Multiple Critical Points of the First and Second Kind

In the last section the character of various types of simple

critical points was investigated. In this section critical points

of two-dimensional non-linear systems of the type (3.5-2) are

considered, where one or both of the eigenvalues of the matrix

could be zero. Only the elementary case is considered, that is,

where the expansions of the right hand sides of the system contain at

least one linear term. It is also assumed, once again, that the

critical points are isolated. As the section deals exclusively

with two-dimensional systems, the notation is changed slightly. The

two dimensional form of (3.5-1), by hypothesis is,
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Me Wl £ (x,y)
(3.6-1)

g(x,y)Kee i

It is assumed, as usual, without loss of generality, that

(0,0) is the critical point in question. By hypothesis, (3.6-1)

can be written in the form,

x ax + by + £, (x,y) Oe

y cx + dy + 9, (x,y)

where a,b,c,d e [Rare not all zero. Clearly, ad - be =0, if

at least one of the eigenvalues of A = (: b ) are zero. Both

cha

. eigenvalues will be zero if a+d=0.

tet = 2£ p+ 4 0) =a+a (3.6-3)

(using Taylor's series) .

Definition 3.6 -1

Ifo #0, the critical point at the origin is a mltiple

critical point of the first kind. If o = 0, the origin isa

multiple critical point of the second kind.

3.6.2) Multiple Critical Points of the First Kind

By hypothesis, 0 = a + d # 0, ad - be = 0, £1 (0,0) = gy (0,0) =0

in (3.6-2). It will also be assumed that £, (x,y) gy Gy) are

analytic in a neighbourhood of the origin (the series expansions

involving only terms of at least the second order).

Under these assumptions, there exists a nonsingular linear
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transformation reducing the system to the following fom,

x= £, by)
(3.6-4)

Y= gy) +y¥

(where the labels of the dependent variables have been changed).

Thus, equations of this form are considered without loss of

generality.

Consider the equation,

y+9,(x,y) =0 (3.6-5)

By the implicit function theorem, the equation has a solution

y = d(x) in a small neighbourhood of the origin, where 4(x) is

- analytic and ¢(0) = 0, g'(0) =O.

Using the above solution to (3.6-5), the possible phase

portraits in the neighbourhood of the origin can be described,

as in the next theorem.

Theorem 3. ie

et (0,0) be an isolated critical point of (3.6-4). Then,

let y = d(x) be the solution to y + g,(x,y) = 0 in a neighbourhood

of the origin and let (x) = £,(x,d(x)). (x) can be expressed in

the form } (x) =A, x" +... where m2 2 anda, #0.

(i) If m is odd and A, > O, (0,0) is a node

(ii) If m is odd and Sn < 0, (0,0) is a saddle point, two of whose

separatrices tend to (0,0) in the directions of O and 7; the

other two in the directions I , = .

(iii) If m is even, (0,0) is a 'saddle-node' (see the figures below).
ae
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(a) 4 <0 b) 4, > 0.

Figure 3.6-1:- 'Saddle-Node'

3.6.3) Multiple Critical Points of the Second Kind

In this case, the system under consideration is again (3.6-2)

where £5159 satisfy the same conditons as in the previous sub-section

_and this time, ad - be = 0, o=a+d=0, |al +| bl + |e] + la] #0.

Because of the existence of a non-singular transformation reducing

(3.6-2) to the following form, only this special case needs to be

considered:-

x ay £, (xy)

{ : (3.6 -6)

Gq (x+y)Ke
I

(3.6-6) can be simplified still further by the use of the transformation,

E =x ,n=yt £,(x,y) (3.6 -7)

where the inverse of the transformation is of the form,

x=E&, y=hlE,n) (3.6 -8)

to get,

gen

A= Gy (Er ME) + fa (Eh(En))n + £ oy (E, hlEsn) gp (E sh CE mn))

(3.6 -9)
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Clearly, if (0,0) is a critical point of (3.6-6), it is

one for (3.6-9). It can also be shown that the paths of the system

(3.6-6) passing through a sufficiently small neighbourhood of the

origin correspond in one-to-one fashion to the paths of the system

(3.6-9) near the transformed origin.

Thus, only the system,

x Y.
(3.6-10)

y 93 (x,y)

need be considered, which is the form of (3.6-9).

Notice this is precisely the form obtained when any analytic

second order equation is expressed as a system of first order

equations.

By hypothesis the function 33 (x,y) can be expressed as,

giv) =a {r+aco} +nxty {r+neo} +7 cow)

(3.6-11)

where A(x), B(x), C(x,y) are analytic in a neighbourhood of the

origin, A(0) = B(0) =0, kz 2, ay #0. (The coefficient bo may

vanish: if b, #0, ne 1s

Theorem 3 bees

Let (0,0) be an isolated critical point of (3.6-10)

(a) If the number k in (3.6-11) is odd, let k = 2m+1 (mz 1)
ae

and A =b’ + 4m+ Days:

Gi) TE ayy =a? 0, (0,0) is a saddle point, of a degenerate

type (see figure (a) below).
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(ii)

(b)

(i)

(ii)

aN

NOL AA

TE a < 0, (0,0) is (1) a focus or centre if b, =0,

or if b, #Oandn>m, or if b, ‘£0, n=mand Aes 0;
(I) a node if b, #0, nis even andn<m, or if
b, OUR EeeS nae A 2 0; (III) a critical
seine with elliptic region (see figure (b) below), if
b, #0, n is odd andn<m, or if b, # 0, n is odd,

n=m,) A 3,0.

If the number k is (3.6-11) is even, let k = 2m (m2 1).

(0,0) is a degenerate critical point if

=Oorb, #0 adn3m. (see figure (c))

A saddle-node if b, # 0, and n < m (see figure (a).

eo
N

)

TiS
(a)

x

cy

jenerate Saddle point (b) Critical Point with Elliptic

y Region Y

ae
Cee. tage

D
(c) Degenerate Critical Point (a) le node

(a5, 7 2) > 0, a, < O)



3.6.4) Example

Consider the system,

{ % Ge (3.6-12)

y =x +y?

where « is a constant. The origin is an isolated critical point.

It is a multiple critical point of the first kind if a # O and

a multiple critical point of the second kind if a =0.

Case One. Suppose that a # 0, -.take for example, a = 1.

Let = Yr ¥, =X + y, so that (3.6-12) is transformed to,

Pee oo 2

tee Wey aaa caer
{ (3.6-13)

ae 2 2

Yap meee

3 Z ae 2
This is of the form (3.6-4), with £,(x,,¥}) = 95 (/¥,) =Y°y ~ ey, + 2°).

= 2s ail :
¥, + 91 @eyr¥)) = O-7y, + y°) ~2xy) + 2x") = 0 and the solution of

this equation for which g(0) = 0 is easily seen to be,

¥, = 8) = (2 - D+ T= oo eT

2

WOE) = £ bey Bq)) = 6 - 24d + 2x7) = - Bbq), and 50, by

expanding by the binanial theorem in a small neighbourhood of x, = oO,

es 202 eee
Og) =k - x) RPK tL HK] +. HLT.

Thus, by theorem 3.6-1, the origin of (3.6-13) and hence of (3.6-12)

is a 'saddle node’.
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Case Two

If a =O, system (3.6-12) is already of the form (3.6-10),

where 93 (xy) = x + y*. Hence, in (3.6-11), a = ip k= 2; bo =0,

c(x,y) = 1. A(x)= 0, so that, by theorem 3.6-2, the origin-is a

degenerate critical point.

Notice the topological nature of the phase portrait ina

neighbourhood of the origin of (3.6-12) is changed when a passes

through 0. The point a = O is said to be a bifurcation point.

(see section 3.10).).

3.7). Limit and Minimal Sets:- Poincaré - Bendixon Theory

The notion of a limit set of an orbit of a vector field has

already been defined (see section 3.5.). Both attractors and

4 limit-cycles are necessarily members of the limit set, if they

exist. Clearly, if the given vector field does not lead toa

dynamical system, same of the limit sets will be empty. It could

happen that, if the vector field is not complete, all the limit

sets are empty.

Closely related to the limit sets are the minimal sets, which

are generalizations of the critical elements. It tums out, that,

in two dimensions, the possibilities for the limit sets and minimal

sets are limited.

The following lemmas are intuitively cbvious. (¢ = +, -, + as in 3.5))

Lenma_3.7-1

If me M is o-complete and the limit set w (m) contains a unique

element, then that point is a critical point.

Lemma _3.7-2

If o(m,t) = yh) is a periodic orbit, associated with a vector field

22



X, for each m c M, o. = te, = ¢(m,t)~
u

The definition of a minimal set only applies when the

associated vector field leads to a dynamical system:-

Definition 3.7-1

Let X © 2 (M) be complete with flow #. A subset of M is

positively invariant if and aly if 0/, © § for all t 2 0

and negatively invariant if and only if ¢/,c $ for all t < 0,

where /, , the restriction of to $ is given by 9/s = {0(s,t),s ¢ $}.

$ is called invariant if it is both positively and negatively

invariant.

Definition 3.7-2

$ CM is a minimal set if and mly if $ is closed, non-empty,

invariant, and no proper subset of $ has these properties.

It can be seen that, as stated earlier, critical elements are

examples of minimal sets.

If M is a compact two-dimensional manifold, Xe }{(M) and A is

a minimal set of X, then it can be shown that there are only two

possibilities. Either A is a critical element of X, or A=M,

the torus 1? = st x ee These two alternatives form the basis of the

proof of the Poincaré-Bendixen theo: :
22.

Theorem 3.7-3 (Poincaré - Bendixon - Schwartz)

Let M be a campact, connected, two-dimensional manifold,

Xe €(TM) ‘and me M. Suppose that w° (m) contains no critical points.
Then either,
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(a) w'(m) =M = rT; or

(b) w'(m) = y is a closed orbit, that is, y is a limit-cycle. 2

In the second case, the orbit fran m can be show to wind

towards y in the usual intuitive sense, that is, it can be thought of

as approaching y in a spiraling motion. This notion of one orbit
winding towards another can be defined precisely in terms of a

Poincare map acting on a transversal section of a manifola.?3

The condition that M is compact is no real restriction if it is

assumed that the orbit fran m lies in a campact subset of M.

Unfortunately, there are no general results concerning the limit

and minimal sets of orbits on higher dimensional manifolds at the

present time.

3.8) The Stability of Orbits of Vector Fields

There exist many different notions of stability of an orbit of a

vector field. Several different types are defined in this section

and results concerning the stability of critical elements, in particuler

critical points are given. One of the most important methods for

determining the nature cf stability of a critical point is also given -

that cf Lyapunov.

The concept cf a non-wandering point is also introduced and its

relationship to stability is studied.

Recall that it is not, in general, true that a manifold M possesses

a metric in the topological sense. For example, the manifold model,

of space-time given in chapter two, which possesses a Lorentz metric

(in the geometrical sense) is net metrizable. However, every manifold

is a topological space and the various forms of stability can be

defined in terms of the continuity of a function mapping M to its

power set, also a tcpolegical space.?4 TE the given manifold does
possess a metric, the various forms of stability reduce to the
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definitions given in this section. Recall every manifold possessing

a positive definite geametrical metric, possesses a topological

metric. Thus, if the possibility of space-like vectors on the

space-time manifold is excluded, it possesses a metric.

Definition 3.8-1

Let M be a manifold and Xe X(M), with flow 9: OCMx R>M.

For me M, ret m, = U {on,0)| (mt) eO,t20

m=) {omt) |imt) eo, t < of :

Also, let m, = mn U m.

Thus, m, gives the total range of an orbit in the positive

direction and m_ gives the total range of the orbit in the negative

- @irection. As in section 3.5), o is taken to represent +, - or +.

Definition 3.8-2

Let M be a manifold with metric p, Xe tm) and me Mbe

o-complete. Let 7 denote the Hausdorff pseudometric on OM), the

power set of M, that is, the set of all subsets of M.

Then m is a? stable if and only if for every e« > O, there

exists a § > O such that p(m',m) <6 =>

G) a=1, pm, m',)<e

(ii) a = 2, lim ' a
eee p(m, o(m',t)) =O.

(idi)a = 3, lim p(¢(m,t), @(m',t)) =O.
trom

(iv) a= 4, olm', (m,t))<e.
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If mis 1 stable, it is sometimes called stable and if mis on

stable, it is cometimes called asymptotically stable.

a=1 stability requires that if the orbits start at a distance 6

apart, they remain within a given distance e of each other. a = 2 or 3

stability requires that the orbit starting at m' actually approaches

the orbit starting at mast +*ort-+> -#, ifm, m' e Mare

sufficiently ¢lose. a= 4 stability requires that the orbit starting

from m, at a distance § fromm!' remains within a distance « of this

point. It can be show that if me M is 3° stable, it is 2° stable and

that if it is 2° stable, then it is 1° stable.

Definition 3.8-3

If y is a closed orbit of X « tM), y ts a” stable if and only

if mis a° stable for smemey.

s (It can be shown that if one such point is a? stable, then they all are).

Thus, a limit cycle is 3° stable if orbits wind towards it for

inoreasing t and 3° stable if orbits wind towards it for decreasing t.

Naturally, there is an opposite concept to that of stability - that

of instability:-

Definition 3.8-4

If me M is not a° stable with respect to X « X(M),it is a7

unstable with respect to X.

Closely related to the limit sets and critical elements of.a vector

field are the non-wandering points, which play an important role in the

study of stability.

Definition 3.8-5

If X < }t) with flow o:$ CMx R+Mandme M, thenmis

a non-wandering point cf X if and only if (m,t) eS for allt > 0
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and for all neighbourhoods U of m and all t, 3 0 there exists a

t > t, such that uN s(x 4t}) is non-empty. Let N, be the

set of all non-wandering points of X eX).

Thus, the non-wandering points are a generalization of the

critical points. It can be shown that, in fact, if M is compact,

re c (a, = Ny. Clearly, every point 4° stable is non-wandering.

The non wandering points also play an important role in the

study of generic properties of vector fields and structural stability,

as seen in section 3.9).

Besides the types of stability already mentioned, there is a

different kind, but equally important, that is due to Lagrange,

which concerns the boundedness of solutions in same sense.

. Definition 3.8-6

Any orbit y,,¢ is L° stable (co -stable according to Lagrange)

if mi, is compact.

If M is compact, all motions are stable according to Lagrange.

In the case of IR", stability L’ implies that the orbit is situated

in a bounded porticn of (R". Clearly, for an orbit which is L° stable,

a°, is non empty. It can be shown that, in this case, 9%, contains

a minimal set. It can also be shown that if a system possesses at

least one motion stable w, then the set of non-wendering points is

non-empty.

Definition 3.8-7

A vector field is completely unstable if all its points are

wandering.

If all of the orbits of the vector field are unstable according
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to Lagrange, the vector field is said to be unstable.

It can be shown that a campletely unstable system is unstable

and that in Rm, every unstable system is campletely unstable.

The stability of critical points is now considered. Notice if

m is critical, then m is 3° stable if and only if it is 2° stable.

4° stability becomes redundant. Thus, we are left with stability .

and asymptotic stability. Stability of an elementary critical

point, which is now defined, can be deduced from the eigenvalues

of the matrix of the linearized system in a neighbourhood of the

critical point, as the following theorem shows.

Definition 3.8-8

If Xe 4 (M) andme M is a critical point, m is elementary if

and only if none of the characteristic multipliers of X at m have

modulus one.

Thus, all elementary critical points are simple, but a point whose

matrix has purely imaginary eigenvalues is not elementary. ‘The above

definition and following theorem also hold for closed orbits when

the multipliers are defined in tems of a Poincaré map,

Theorem 3.8-1

If me M is a critical point of X « }{(M), there exist submanifolds

s*, (2, C, CS, S of M such that,

(i) Each is invariant under X and contains m.

(it) 1 (S") (respectively 7 (cs), TC), TCS"), T,(S)) is the

sum of the eigenspace in TM of characteristic multipliers of

modulus < 1. (respectively < 1, =1, 2 1, > 1) and 1, {n} -
(iii) Ifm' c se then Wim!) =m (oc =+or-).

(iv) st, $7 are locally umique.



st, S” are extendable to globally unique manifolds, by

expanding st, S” by means of the flow of X. The manifolds are

called respectively, the local stable (S*), centre-stable (cs"),
centre (C), centre-unstable (CS) and unstable (S ) manifolds

of m. Notice, if all the characteristic multipliers of the

linearized system about m have modulus <1, m is asymptotically

stable. A centre is stable, but never asymptotically stable.

A useful tool in the investigation of the stability of the

origin of a non-linear system,

x = £(x) f (3.8-1)

where x = (Ky reee De f= (Eyres rE) is the Lyapunov function.

It is assumed that f and its partial derivatives with respect to

each x, are continuous in a neighbourhood of the origin, an

- isolated critical point of (3.8-1).

Let V(x) be a scalar continuous function defined on sane

region G of IR" containing the origin.

Definition 3.8-9

V(x) is positive definite on G is and only if v(0) = 0 and

v(x) > O for x #0 andxeG. V(x) is negative definite on G

if and only if -V(x) is positive definite on G.

It is further assumed that V(x) has continuous first order

partial derivatives at every point of G.

Definition 3.8-10

The derivative of V(x) with respect to the system (3.8-1)

is the scalar product,
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*

V (x) =gradv. £= mm, fit t x fe
n

That is, along a solutim x= y(t), the total derivative of V

with respect to t coincide with the derivative of V with respect

to the system, evaluated at x = w(t).

The original theorems of Lyapunov for autonamous systems

may be stated as follows.

Theorem 3. 8-27

(i) If there exists a scalar function V(x) that is positive
*

definite and for which V (x) < O on same region containing the

origin, then the origin of (3.8-1) is stable.

*

_ (ii) If V(x) is positive definite and V (x) is negative definite

on some region containing the origin, the origin is asymptotically

stable.

0

Theorem Besse

(i) If there exists a scalar functicn V(x), V(O) =O, such that

v (x) is either positive or negative definite on same region
G containing the origin and if there exists in every neighbourhood

U of O, where U CG, at least one point a such that V(a) has the

same sign as v (x), then the origin is unstable.

*

(ii) If V (x) = AV(x) + W, where A > O is a constant and W is

either identically zero or is a non +ve or non -ve fumcticn such

that in every neighbourhood U of O, U <G, there exists at least

one point a such that V(a).W(a) > O, then the origin is unstable.

Bb

There are also corresponding theorems for nen-autonamous systems .?°

The difficulty in applying the above theorems to any particular
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system is in finding a suitable function V(x) satisfying

the given conditions. For example, although V(x) = ot a ie

is positive definite in two dimensions, it is not in three

dimensions as V(x) = 0 at x, = x, = O independent of the value

of X3-

However, it may be possible to find a function V(x) such

that v* () < 0. In this case there is a theorem concerning

asymptotic stability which does not require v (x) negative definite

as in theorem 3.8-2. In general, (3.8-1) will possess more than

one critical point, same of which may be unstable. Thus, the

region of asymptotic stability of a particular critical point

may not be the whole of TM. If the region is the whole of IR",

the critical point is said to be globally asymptotically stable:-

Theorem 3.8-2°

Let there exist a scalar function V(x) such that,

(i) V() is positive definite on (R” and V(x) + © as |x| +

(where | | denotes the euclidean norm on Rr)

Gi) vi@ som ®?
(iii) the origin is the only invariant subset or

E= {x | v" (%) - of

Then the origin of (3.8-1) is globally asymptotically stable.
QO

Example 3.8-1

Consider the third order equation defined on the real line,

ae :
xte (x+x) + 2x=0.

This is equivalent to the system,

= y

2 2
-2y-e (+2)

(3.8-2)

Nekts Me tl
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defined on R, with a critical point at the origin - in fact, this

is the only critical point. A Lyapunov function is given by,

QWxiyi2) = (+ y") + Ge + 2)?

Clearly V is positive definite and,

22
av OWiE | = pet’ eee 2Wis { 2y-e w+ 2} 2a, x Fez) <0.* owve ae

Thus, the origin of (3.8-2) is stable by theorem 3.8-2. Notice

v(x) =O when x = -z, and soE= j (x,y,z) |x =- z} - Clearly,
=-z is not a solution of (3.8-2) and the cmly invariant subset

of E is (0,0,0)..’. By theorem 3.8-4,the origin is globally

asymptotically stable.

3.9) Structural Stability

The concept of structurally stable systems of differential

equations was first introduced by A. Androvonov and L. Pontrjagen

for a certain class of two-dimensional autonanous differential

equations on the plane. 2° In simple terms, structurally stable
systems are those systems for which a small perturbation does not

change the topological nature of the set of orbits. Structural

stability is quite different fram classical notions of stability of

orbits, such as Lyapunov stability; the latter refers to individual

orbits, whereas the former refers to the whole system. Structurally

stable systems are useful when models of physical systems are being

considered. If a structurally stable model is perturbed slightly

to fit new experimental evidence, its theoretical qualatative

conclusions are not radically altered.

A vector field is structurally stable, if the first order

autonomous system it gives rise to is structurally stable.

In this section, the formal definition of a structurally stable

vector field is given, together with useful results in this area

of study. Before the definition can be given, a topology on the set

of all vector fields on a particular manifold has to be defined.
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Definition 3.9-1

Let 57) denote the vector space of C” mappings from U

to F, with each kth derivative bounded (k = 0,1,...r where the

Oth derivative is the mapping itself), where F is a real, finite

dimensional vector space and 4 is an open subset of a real,

finite dimensional vector space. } *(U,F) is a Banach space if,

zr

Hell, = ow { wo lI D¥e(u) || ? vet}

Let 7 (M) be the set of C” vector fields nM. If (U,9)

is a chart on M, ¢g(U) =U' ¢ mm” and for X © 4TM(M) there is a
coordinate representative X4: U' + mR". If T' is contained in

the image of a larger chart and is bounded in (R", then

xyes WU, m"). ‘Thus, there exists an atlas

k= {,.6)} on M such that, Hye FTW y, fR") for

every i and the 4 uniform topology on 3{ (M) is the smallest

topology such that the mapping XX is continuous for all i.

i

If M is compact, this topology is independent of the atlas. If

M is not compact, the union of topologies for all atlases bon M
having the boundedness property stated above is the Whitney Cc”
topology on %7TM(M). The space of CTM vector fields with respect

to the Whitney topology is denoted by ¥TM(m).

One of the more recent aspects of the qualitative theory of

vector fields to be investigated is that of generic properties.

rex eX"), P(X) is a generic property of X is the subspace

of vector fields possessing this property is dense in (*(TM).

Thus, if P(X) is a generic property, almost every vector field has

this property.?*

A traditional concept in the theory of differential equations

is that of a first integral of the system of equations under

consideration. This leads to one example of a generic property.
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Definition 3.9-2

A regular first integral of a vector field X « X() isa

function f: M> fR of class C", such that f is not constant on any

open subset of M and de).[x(m)] = 0 at each point me M.

If M is compact, the property that X has no regular first integral

is generic.27

Definition 3.9-3

Tet X,Y « }#{(M). If X and Y have equivalent phase portraits, we

write X~Y. X is C” structurally stable if and aly if there is a

neighbourhood Usof X « }{(M) in the Whitney C” topology, such that

Yeh ?xry.

X is structurally stable if it is Ca structurally stable for all

Let the set of all cTM structurally stable vector fields on M be

denoted by =” (M).

Example 3.9-1

Consider the n-dimensional disc D, x2 + eee +x? & dyanyove
n

in Euclidean space and vector fields X = mak as
n

= ,E g,

i ox, i=l "i ox,

of class C' defined on it. These give rise to the autonomous systems,

£ (x) (3.9-1) (a)

x = g(x) (3.9-1) )

x "

where x = (x. ever), £5 (Eyreeerf ys g= (Syr++erd,)-

A suitable metric for X,Y < }¢ (D) is given by,
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n ef. ag.
leg | oe i —t }(x,y) = max { 2 . 32, |=

Og = tee 2 SE ial aK, a

Then x = -x, n 3 2 is structurally stable, with respect to

the above topology. 2

The elementary closed orbits can be defined in temms of the

eigenvalues of a Poincaré map, or can be defined in terms of a local
chart, as in the following definition, which is restricted to two

dimensions.

Definition 3.9-4 é

If x = dls), y = ¥(S) is a closed path of the two-dimensional

systen,

x = £(x,y)

y =9(x,y)

Tv

having period t and I= { (£',, ls), v(s)) + g'y@ls), v(s)) ds #0,
°

then the closed path is elementary.

Theorem 3. 9-129

Let M be a two-dimensional manifold. Xe J{(M) is structurally

stable in G CM is and oly if

(4) there are only a finite number of critical elements and they

are all elementary.

(ii) Ny = Ty

(iii) There are no orbits going fran saddle point to saddle point.
0

Notice if there are a finite number of closed paths these will

usually be limit-cycles. Also, if a closed path is elementary it

will still contain a critical point in its interior which will be

non-elementary. Thus, in this case, the region of structural
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stability cannot include the critical point.

For a compact manifold, it can be shown that T, pee cn.
x bg

If ‘the number of critical elements are finite, clearly Ty = Ns and

then condition (ii) of the theorem is equivalent to My CT yr

(as Ty ¢ 9, holds for all manifolds). Thus, by theorem oa) :

for a compact, connected, orientable manifold which is not the

torus, condition (ii) is virtually redundant.

Example 3.9-2

Consider again the n-dimensional system (3.9-1) (a) with

£(x) =-x. The system is linear and has only one critical point

at the origin. In the two-dimensional case, the origin is a

node by lemma 3.5-1 - the system is structurally stable by

. theorem 3.9-1.

“It can be shown that structural stability in two dimensions

is a generic property”. This is not the case in higher dimensions” 7.

The best result for structural stability in higher dimensions

at the present time is, i

Theorem 3.9-2" a

If X « )€(M) and X is C' structurally stable then,

(i) critical elements are elementary

(ii) Ny =Ty

(iii) X has no regular first integral.

3.10 Bifurcation Theory

If a given vector field gives rise to a system of equations

106



which contains one or more parameters, which can change, then

an alteration in the parameter values may lead to changes in the

qualitative properties of the system. For example, orbits

which were stable could become unstable or the phase portrait could

camipletely alter. The study of such changes is bifurcation theory.

If the phase portrait changes at a particular set of parameter values,

the set of parameter values is known as the bifurcation point. For

instance, a = O is a bifurcation point of 3.6-12.

Bifurcation theory was originally devised by Poincaré for the

purpose of finding periodic solutions of the equations of celestial

mechanics. The theory has been extended, developed and applied by

various people, but mostly in the case of periodic solutions=°.

| The most useful results of the theory in relation to dynamical

amendments of the Newtonian and Schwarzchild equations, are those

which deal with changes in the nature of certain non-elementary

critical elements in two-dimensional phase space. (Clearly, only

non-elementary critical elements are considered as elementary

critical elements are structurally stable).

First of all, the case of a multiple focus, a certain kind of

non-elementary critical point, is considered.

Definition 3.10-1

A critical point whose matrix of the linearized system has

purely imaginary eigenvalues, which is not a centre, is a miltiple

focus.

Before stating the main theoren, sane new definitions are needed.

Definition 3.10-2

Tet £,(x, seer %) be analytic (or C) in a region G andra
natural number such that r < k if £, is C’.

loft



A function EG ree eX) of class ky 2 r or analytic inG

is said to be é-close to rank r to the function fy in G if at

any point of G,

a,(2)‘fem 6 £ a a. a

| ol < «| 1 x2 ibs Aiea, | <6
(2)OH -f

Xb Kye ey °

where ®% =1,2,...r, all a; are non-negative and

Oy tog tee + O, = LG aye eZ.

Definition 3.10-3

Consider the two autonomous systems,

ie = F(x) (3.10-1) (a)

x =G&) . (3.10-1) ()

defined in a bounded region of m, where x = (1X qree 7%) and

Fa (PP, -eesFa)1 G= (GyrGyr +++ 1G,)-

The systems are CX or of analytic class if F, G are &*
functions or anlytic in G.

IE both systems are of analytic class or C*, system (3.101) (b)

is 6-close to rank r to system (3.10-1) (a) in G is each component of

Gis 6-close to rank r to each corresponding camponent of F.

As well as these definitions being useful in bifurcation theory,

they are also useful in the study of structural stability. Clearly,

the concept of structural stability in (mR may be re-defined by using

the definition of close systems as these represent a neighbourhood of

the original system and these neighbourhoods iead to a topology on

the space of autcmamcus systems of analytic class on [Ree
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The definitions are also of considerable value when proving

certain systems of autonamous equations are dynamical and will be

used in Chapter Five.

For the rest of this chapter, only autonanous systems defined

on the plane are considered. Before statingany theorems concerning

multiple foci, it is necessary to define the concept of the

multiplicity of such foci. The method of determining the

multiplicity leads to a systematic way of differentiating between

a multiple focus and a centre.

It is assumed that the two-dimensional system under consideration

has a critical point at the origin, without loss of generality. A

necessary condition for the presence of a multiple focus is that the

matrix of the linearized system about (0,0) has purely imaginary

eigenvalues. Then the system can be reduced to the canonical form,

& - gy + dlx,y) = f£lx,y)
{ (3.10-2)
x ex + (xy) = glx)

where g is a constant greater than zero. It is assumed that ¢,y

contain no linear terms and that (3.10-2) is analytic or cs,

W

Transforming to polar coordinates x = p cos 6, y=p sin 6,

(3.10-2) becanes,

a
& +ro,0), Z=8+66.0) >

= = Flo,6)& = R(p,6) = EEG.) ' (3.10-3)

where it is assumed that G(0,6) = O for all e.

Definition 3.10-4

let p =fla 5 O, Pg) be the solution of (3.10-4) satisfying the
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initial condition £(0;0,0,) = ~, where lel <6,acsmall

positive number. The functions Elo), Glo.) are defined by

£(o,) = £(2m7 0, p.), Alo.) = £(2m; 0, ».) - eY-
oO o oO ° °

The value of the ith derivative of Alo) at oo aa O is the ith

focal value of the critical point at (0,0).

It can be show that if there exists r « Z,,, such that

a'(0) =0, ..., a@) (0) 40, x must be oddTM4:-

Definition 3.10-5

If there exists r such that d'(O) =0, ... a (0) #0,
let r = 2m+1, m2 0. Then (0,0) is a focus of multiplicity m.

(x ¢ k)

Clearly, in general, equation (3.10-3) is difficult to

solve explicitly for p = £(6). However, if the system under

consideration is analytic, focal values may be calculated by

first series-expanding R(p,8) in (3.10-3) in powers of p and

expanding f (6; O10) in powers of 9° The coefficients of

the later expansion (fumcticns of 6) can be obtained froma

set of recursive differential equations. For a multiple focus,

it can be shown that the first two focal values must be zero,

but, clearly, at least one of the focal values do not vanish.

In the case of a centre, all focal values vanish and so a centre

is thus observed when an infinite number of conditions are

satisfied. An example of the method for calculating focal values

is given in Chapter Five - the method is too long for a simple

example to be given here.

There are several theorems relating to small perturbations of

systems possessing a multiple focus, the most sophisticated being,

ito



Theorem 3.10-17°

Let (0,0) be a multiple focus of mitiplicity m of a

two-dimensional autonanous system of class N 3 2m+ 1 or of

analytic class. Let Ue,(0) be an open ball, radius Egr Centre

(0,0). Let os > O where Egor 6, are so small that any system

6o0-close to the original system has a single critical point in

Ue, (0) which is a focus.

(ie Egr 54 Such that any system 59 -close to rank 2m+l to the

original system has at most m closed paths in Ue, (0) 7.

(ii) For anye and é, O<es bor OS 5 < 5 and for

any s, 1 < s ¢ m, there exists a system of class N

(or an analytic system) which is 6é-close to rank

2m + 1 to the original system and has in U_ (0) precisely

s paths.

(iii) If a system is 87close to rank 2mtl to the original system

and has m limit-cycles in Ue, (0), all these cycles, and

likewise the focus of the perturbed system lying in

Ue 9) , are structurally ‘stable (simple) . .

It is also possible to investigate topological changes in the

phase portrait in a neighbourhood of a multiple (that is, non-elementary)

limit cycle, resulting from a small change in the right hand side of

the two-dimensional autonamous system. It can be shown that any

system close to the given system can have amost m closed paths

in a neighbourhood of the miltiple limit-cycle of miltiplicity mm,

Finally, we consider what happens to closed paths (not necessarily

limit-cycles) when the right hand side of a two-dimensional system is

changed. ‘The simplest and most useful result in this area relates to

Hamiltonian systems.
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Definition 3.10-6

A system of the form,

ox _ _ 2H(x,y)
dt ay

(3.10-4)
ais 3H (x,y)
dt ax

wherel (x,y) is a single-valued function defined in a closed

region G, and is called a Hamiltonian system in G.

If a system has concentric closed paths in the phase

portrait as orbits, for instance, if the origin is a centre,

it must be related. to a Hamiltonian system in a simple manner,

as the following theorem states:-

Theorem 3.10-29!

Let (3.10-2) be an analytical system and G a closed annular

region completely filled with concentric closed paths of (3.10-2).

Then there exists an analytic function p (x,y) defined in G which

satisfies the condition,

30, 30, sf, yopx try) + 28 gxy) telat ay ) °

and the systen 2 = of, & = og is Hamiltonian.

(The theorem applies equally well if the given system is not in

canonical form). In the case of bifurcations of Hamiltonian systems,

the following theorem is appropriate:-

Theorem 3. 10-378

Let C be a closed path of the Hamiltonian system, (3.10-4);

x = f(t), y = v(t) the moti corresponding to the path, tthe period

of the functions ¢g, », & the regicn enclosed by C and,

HZ



oe 2apa = + nf, xy) + £, (x,y) es

(3.10-5)

2

#" Fe tua beny) + wap bey) + --

a perturbation of (3.10-4), (pa small parameter).

Then, if

r= {f (ey bey) + g'yybuy)) ax dy = 0 and,

&

T

u={ te"), Ble), vis) +9'j, Gls), ¥(s))é5 #0,
fe}

there exist « >0, § > O such that

- (a) for every un, |u| < 8, (3.10-5) has one and only one closed

path in Ue, (C) and this contracts toC for »>0.

(ob) this path is a structurally stable limit- cycle.

3.11) Concluding Remarks

This chapter has been concerned with dynamical systems and their

properties, in particular with the behaviour of orbits in a neighbourhood

of a critical element and their stability and structural stability and

bifurcation theory of the system itself. A lot of the definitions and

theorems given hold also for arbitrary autonamous systems. Dynamical

systems have been studied fram the point of view of vector fields acting

on manifolds and also as sets of autonamous differential equations,

although most of the abstract theorems and definitions given in terms

of the flow of a vector field hold for dynamical systems in the abstract

sense of definition 3.1-1,

As stated at the beginning of the chapter the results presented

are far from complete. Indeed, the global properties of orbits on manifolds

is an active area of research at the present time. For a more thorough
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account, see for instance, the works of A. Andronov, E. Leontovich,

I. Gordon and A. Maier, V. Nemyteskii and V. Stepanov, and

R. Chillingworth??.

Having looked at dynamical systems in a general setting,

the theory is now applied specifically to gravitation theory.

In particular, the language of dynamical systems is employed

in a translation of the singularity theorems in the next chapter

and the various properties presented here hold for the dynamical

amendments to the equations of motion in the following two

chapters.
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Chapter Four:-

The Singularity Theorems in the Language of the

Qualitative theory of Differential Equations

In this work, space-time is assumed to have the structure of a

Lorentz manifold and so there is a great similarity between the study

of the geodesics and their defining second-order differential

equations and the general theory of dynamical systems and differential

equations as outlined in the previous chapter. In particular, the

geodesic equations derived fram the given metric are autonomous and

the notion of geodesic incompleteness, introduced in order to get

sone sort of definition of a space-time singularity, corresponds to

whether or not the geodesic equations have solutions which can be

extended to arbitrary values of the affine parameter. If the geodesic

equations are dynamical, the geodesics are camplete.

In this chapter, it is shown how the singularity theorems may be

translated into the language of autonanous differential equations and

vector field theory. It is shown how same of the hypotheses of the

theorems may be false in the dynamical case.

As stated in Chapter Two, conjugate points are basic to the proofs

of the singularity theorems and in order for a space-time to be

considered singular in the sense of definition 2.4-1, it is necessary

that there exist conjugate points. However, the presence of conjugate

points alone does not guarantee geodesic incampleteness. It is shown

in the second subsection that conjugate points divide naturally into

two classes:- those of the regular type and those of the singular

type. The assumptions of the singularity theorems imply the existence

of singular conjugate points, which lead to geodesic incampleteness.

It is assumed throughout this chapter that the model for space-time

is as in the Einstein case, except that for reasons discussed in

Chapter Two, the field equations do not necessarily hold exactly in the

strong field region.

4.1) ‘The Causal Structure of Space-time and Space-time Singularities

us



By hypothesis, space-time is a four-dimensional manifold,M,

which is orientable, and which possesses a Lorentz metric. Any

curve on the manifold is an orbit of same particular vector field -

its tangent vector field. (assuming that the curve is continuous with

respect to the induced topology, where it is defined). In particular,

each geodesic curve is derivable from a vector field, although the

set of geodesic equations as a whole satisfy the second order

autonamous equations,

2

or ee+r ° (4.1-1)

ar dx
an? be

in the co-ordinate domain of a chart [ate if co-ordinate bases are

used. Expressed as an eight-dimensional, first-order system,

(4.1-1) becanes,

- 1 YbYo (4,.1-2)ae ALR
Thus, the geodesics can be thought of as being orbits of one

particular vector field acting on the eight-dimensional manifold

consisting of points of M and their derivatives. (They can also be

thought of as orbits of a particular vector field called the

geodesic spray, acting on the tangent bundle of M - the second

order equation (4.1-1) is derivable from this field"). The
completeness of geodesics can thus be defined in terms of the

campleteness of any one of the vector fields discussed above. Thus,

we could have,

Definition 4.1-1

Space-time contains a singularity if there is an incamplete

non-spacelike geodesic vector field defined on M. (A geodesic

vector field being a vector field all of whose orbits are geodesics).

Notice that it takes more than cne vector field on M to define all the
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non-spacelike geodesics on M. The above definition is really

equivalent to the previous definition of a 'singularity' (definition

2.4-1), Notice that it may be generalized to include any vector

field and so include the possibility of 'space-like singularities',

or be generalized to include any non-spacelike vector fields. The

former case is given in the form of the definition below, while the

latter generalization agrees partially with Schmidt's b-campleteness.

Definition 4.1-2

Space-time contains a singularity if the geodesic spray is

incomplete. (This means in effect that the set of equations (4.1-2)

has a solution which cannot be extended to arbitrary values of the

affine parameter. It is this definition that will be used in this

chapter.)

Any vector field acting on a compact manifold must be camplete by

proposition 3.2-2, and so the geodesic vector fields mist be complete

which implies that the gecdesic spray is also complete. Thus, we

have,

Lema _4.1-1

I£ space-time is compact, it is singularity- free.

¥ Q

Fram now on, unless otherwise stated, the space-time manifold is

assumed to be non-compact.

The notions of the chronological future (past) and the causal

future (past), given in Chapter Two, may be defined in terms of the

sets ym, (= + or -) given in Chapter Three (definition 3.8=1)e—

Definition 4.1-3

Let (7 (m) be the set of all timelike vector fields on M and
ret} em) denote the set of all non-spacelike vector fields. Then,

a U7 (mn) = go Pp Pay Soy. zxeyS ) ee (M) xo (o= + or -)
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vhere me M. TE aeM, 37a) = U. 3% (m) (similarty for 17a).

(Notions such as J°(A,lb), Uo CM and E°(A) can be defined in tems

of the above sets as in Chapter Two).

Three important concepts as far as the second and third singularity

theorems are concerned are the chronology, causality and strong causality

conditions. The chronology and causality conditions can be re-phrased

as 'no timelike (respectively, non-spacelike) vector field has periodic

orbits in M'. It can be seen that closely related to the concept of

strong causality is the concept of a non-wandering point (see

definition 2.4-5 and definition 3.8-5). A wandering point has a

neighbourhood which never returns to intersect itself and so the strong

causality condition holds if every non-spacelike vector field has no

non-wandering points, except for the critical points:-

Definition 4.1-4

The strong causality condition holds on M if every non-wandering

point of a non-spacelike vector field is critical.

Defintion 4.1-5

Let C: [R> Mbe a curve mM. pe M is a future end-point of

C if, for every neighbourhood V of p,j ¢ domain of the parameter,

such that C(\,) © V for every 4, € damain of the parameter 11 > s

Notice, if C is an orbit of a camplete vector field, the only

possibility for a future end point is a critical point.

If c has no future end point, it can either leave M at infinity

or a possible singularity, or became imprisoned in a set A C M:-

Definition 4.1-6

A curve c: IR>M is imprisoned in a compact subset A of M if it

has no future (past) end point and given any 1,]j Appa such that $ (m,A4)

e A where $(m,0) =m.

(18



Thus, an imprisoned curve enters and remains in a campact set

A or continually re-enters but does not remain in A. For instance,

if the limit set of a curve is a limit-cycle, the curve is

imprisoned in a neighbourhood of the limit-cycle. Clearly, if a

limit-cycle is present in M, the strong causality condition cannot

hold. It can be shown generally that imprisonment is incompatible

with strong causality:-

Proposition 4. oe

If the strong causality condition holds on a compact set A CM,

then there is no non-spacelike curve imprisoned in A.

Notice that the definitions 4.1-4 and proposition 4.1-2 can be

generalized to arbitrary curves and, in fact, hold for any general

manifold and so the following general corollary can be stated:-

Corollary 4.1-3

I£ every non-wandering point of the vector field X defined on a

compact set MA are critical, there are no orbits of X imprisoned

in A. In particular, there are no limit-cycles of X in A.

4.2) Regular and Singular Conjugate Points

It is shown in this subsection that conjugate points can be

divided into two sub-classes, occuring at perfectly well-behaved

points of space-time and the other in singular regions.

It has been assumed that the metric for space-time is at least

c2, (recalling that singularities are not assumed to be part of the

space-time manifold and so the metric only has to be C” in non-singular

regions.- it may also not be differentiable at apparent singularities

due to the fact that it has been expressed in tems of the wrong

co-ordinate basis). Then, as the affine connection coefficients rT >,

involve the derivatives of g. lab! F ie must be at least once-

differentiable. ‘Thus, the right-hand sides of (4.1-2) are continuous

and have continuous partial derivatives and so by theorem 3.1-2,

solutions of the initial value problen are unique, except in a small
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region of the singularity; that is, the orbits of (4,1-2) never

intersect except at any singularities and at any critical points.

If (4.1-2) is dynamical in all regions of space-time, that is,

the geodesic vector fields are complete, the only possible points

of intersection are critical points. Thus, there are no regular

points of intersection in the eight-dimensional phase space of

(4.1-2). However, this does not imply that there are no regular

points of intersection of the geodesics on the four-dimensional

manifold.

Although there is uniqueness of solutions to the initial

value problem, starting at a particular point on the manifold,

taking two distinct conditions on the derivatives say, will give

| two distinct curves passing through the same point. If the curves

converge again at same other point, the original point may be

conjugate to this, but does not represent a point of termination

of the geodesics.

Thus, a conjugate point in a congruence of geodesics can

represent a critical point, that is, a critical point of the first

integrals of the geodesic equations, a singularity, or a regular

point as above. The singularity theorems predict that the conjugate

points under consideration are singular.

Notice, as far as the test particle or light ray is concerned,

a critical conjugate point can never be reached in a finite value

of the affine parameter, by theorem 3.3-2, whereas a singular

conjugate point represents a point off the manifold where the

geodesics converge such that a test particle or light ray can never

escape and a regular conjugate point is a point at which geodesics

converge and then diverge, with no effects to the test particle or

light ray. In the case where the geodesic equations are dynamical,

any conjugate points must be regular or critical.

The above concepts can be defined in terms of a Jacobi field

defined along a geodesic as shown shortly. Recall that the Jacobi

field along a null or timelike geodesic satisfies (2.2.7), (where

in the timelike case, a,b=1,...,3 and in the null case, a,b=1,Q ;
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} is the affine parameter). Then, without loss of generality, in

both cases, the Jacobi field satisfies the single vector field

equation,

Z = -hoz (4.2-1)

where a dot represents differentiation with respect to the parameter

d and Z represents the colum vector of components of Z at any point,

ois a matrix field, whose typical (a,b)th element is R,4, at any

point.

Notice (4.2-1) is a linear equation, but is non-autonamous as the

matrix field.&is, via the geodesic equations, implicitly a function

of the parameter A.

. . Zz

Let Z = Y in (4.2-1) so that Y=-2%Z. Also, let X =) and
Oo; =

the block matrix field G ( a ) , all elements being at most 3 x 3,
where I is the identity matrix of order two or three, Then (4,.2-1)

can be written as the singie first order vector field equation,

Xx =@x (4.2-2)

If the geodesic equations (4.1-1) have global existence of

solutions, the separation of two neighbouring geodesics must be

defined for all values of the parameter, so that, in this case, the

system (4,2-2) must be quasi-dynamical, (or at least have global

existence of solutions). Similarly, if (4.2-2) is quasi-dynamical, the

separation along geodesics is defined for all values of the defining

parameter and so the geodesics must have global existence of solutions.

Thus, the concept of geodesic completeness could be re-defined in terms

of the nature of the Jacobi equation (4.2-1).

It has been stated that the Jacobi field measures the separation

of neighbouring gecdesics in a congruence and that two points are

conjugate if there exists a non-zero Jacobi field which vanishes at

the two points. Thus, if the first point is regular, we can start where

the separation is zero (Z (,) #0) and follow the geodesics along to

the next point of separation (that is, there are two distinct geodesics

passing through each point). However, if the starting point happens to
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be a critical point (so that Z(4) = 0) ora singularity, then

we cannot follow the geodesics away. Hence the reason for taking

a starting point arbitrarily close to a point of intersection in

the definition of conjugate points.

Suppose that q « M, the space-time manifold, is conjugate to

peM. Then Z(p) = 0, 2(q) = 0. Let Z(p) = Bi) and Z(q) =C,

where B,C are constant column vectors. If g is conjugate toa

spacelike surface ¢, and pe ¢ , let the initial conditions for the

Jacobi field Z be Z(p) = B so that Z(p) = x(p)B, where x(p) is the

matrix whose elements are the components of the second fundamental

tensor at p. (see section 2.2)). Let 2(q) =C as before. Then,

in either case, if (A) is continuous and C = 0, q is also a critical

point of (4.2-1), (by lemma 3.4-1). Notice, however, that the

majority of conjugate points are not critical points of (4.2-1).

(The only possible critical point of (4.2-2) being X = 0).

Consider now the concepts of regular, critical and singular

conjugate points introduced previously. Clearly, the following

definition characterizes each of these:-

Definition 4.2-1

Let q be a conjugate point (with respect to p, or a spacelike

surface). Then gq is a regular, singular or critical conjugate point

(with respect to p, or a spacelike surface), if it is a regular,

singular or critical point of (4.2-2) respectively. (In this context,

a critical point of (4.2-2) reached infinite parameter time is classed

as singular as it represents a finite termination point of the

geodesics) .

Consider first of all the case of a regular conjugate point, so

that Z(q) =0. If C = Z(q) #0, there is no problem - there is no

turning point of separation (negative convergence can be interpreted

as divergence and negative divergence as convergence). Suppose

then, that C = 0. Nsw q is not a critical point, so that R(\) is

necessarily discontinuous at q. Recall, fran section 3.4), that

this condition is not sufficient, however. If (4.2-2) is quasi-

dynamical, q is a regular conjugate point if c # O or if C=0 with
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&(Aq) singular.

If q is a critical conjugate point, then C = O and &(,) must

be continuous at q (by lemma 3.4-1). This is the only possibility.

I£ q is singular, then &(A) must necessarily be singular there, with

either C = 0 or C #0, but, once again, if C = 0, the condition is

only necessary.

As stated before, if the geodesic equations are dynamical, the

only conjugate points occuring are critical or regular types, However,

the geodesics may still be camplete if the geodesic equations have

global existence of solutions (so that if a singularity is present

it can never be reached - the possibility of starting at the singularity

being excluded). In this case, there may be singular conjugate points,

but these will never be reached (so that the geodesics can only leave

the space-time manifold at infinity). Both proposition 2.2-3 and 2.2-4,

predicting the occurence of conjugate points, predict regular or

singular conjugate points.

Notice that, in the definition of conjugate points, p and q need

not be distinct, that is, it is possible for a point to be conjugate

to itself, if the geodesics can return to an arbitrarily small

neighbourhood of it. Clearly fran definition 2.4-5, we have,

Lemma _ 4.2-1

A point p cannot be conjugate to itself if the strong

causality condition holds at p. a

However, usually, a ‘singularity’ will consist of a set of

non-isolated singular points (for instance, the ‘singularity" in the

Schwarzchild metric, is the region r = 0, for all co-ordinate time)

and so it is certainly possible for a singularity to be conjugate to

itself, in the sense that infinitesimally neighbouring geodesics

arbitrarily close to one point of the region can intersect at another

point of the region.

Example 4.2-1

Consider the dynamical system on the plane,
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{ para (4.2-3)

yy _

The critical point at (0,0) is a degenerate node, a point

of intersection of all the orbits of (4.2-3), in this case straight lines.

However, this critical point is not conjugate to another point (except

possibly to infinity), although it can be conjugate to any curve, in

which case it is a critical conjugate point.

Example 4.2-2

The geodesic equations derived fran the four-dimensional

Minkowski metric are,

c,e R, i= 12,2274 (4.2-4)

and so the geodesics are straight lines and camplete. There are

regular points of intersection on the manifold, but not for constant

cy. However, these points are not conjugate to any other as any pair

of geodesics only intersect once. The null and timelike convergence

conditions hold trivially as the space is flat, but the generic

condition does not hold, hence the reason for the absence of conjugate

points. 5

Example 4.2-3

Consider two-dimensional anti-de sitter space, given by the metric,?

2ds? = - (14x?) at? + ax? (4.2-5)(14x?)

This is a space of constant negative curvature, that is, the

solution of the Einstein field equations in two-dimensions for which

R= -2 (1 =0).

The camponents of the Ricci tensor are,

l

(14x)

12.4.

= 2 S23 Z = 2G: shRy =ltx, Ryo= se Riots Boy =O: (4.2-6)



and, in this case, the generic condition holds.

is a null or timelike vector,

Rywrwe = R Saar =-g. ee 2 O,

Notice, if wu

so that the geodesic convergence conditions hold. Thus, by theorem

2.2-4 there will be conjugate points. However, the global metric (4.2-5)

is non-singular and so the geodesic equations may be dynamical - this is

indeed the case:- The geodesic equations derived fran (4,2-5) are,

2.

ot Be at o_o (a)
a" lex dy aa

2. 2 2

setae) + xan? (*) =0
a” lx \dh dy

(4.2-7) (a) can be integrated directly:-

a 2dt, _ ats hoe
a COR Sa) =o Vay Beer K constant

x

Then (4.2-7) (b) becames,

aes {2 - o?} =0 =>
lix 4

du , 2x 2 a _ O%2ai {x - a} = 0, where u= GB

aec

lx lx?
# ined . = Ve(itxF?

where c is a constant.

Thus, (4.2-7) has a first integral given by (4.2-8).

(4.2-7)

(b)

(4.2-8) (a)

(4.2-8) (b)

It can be

shown that (4.2-8) has global existence of solutions, simply by solving

explicitly.

be Rot sin(tt,); t+t = tan’ fktan (r+) =>

ints ie

(Fs
125°

For instance, in the case of timelike geodesics, } = t,

the proper time, c = -1 and solving (4.2-8) we get,

(4.2-9)



5 of tor constants of integration.

In this case, x and t can be extended for all values oft. x =O,

x - 1 (K positive or negative) are points of intersection of the

geodesics but are regular points.

Thus, any predicted conjugate points in this case are regular

as required.

Example 4.2-4

The geodesic equations, derived fran the Schwarzchild metric

(2.4-1) are integrable and the first integrals are given by,

den. 5a
dA n= rc

de _ _ at 2c
payee re, (4.2-10)
302061 coe eeaa 2 c - L'cosec’ 6

O65 ets
a4 r’sin“6

where K,L,C,e are constants of integration (¢=-1,0,1, in the

timelike, null, spacelike case respectively). The equations are not

dynamical as r = O represents a true singularity of the equations and,

dn fact, do not have global existence of solutions - see section 6.1).

This agrees with the fact that r = O is a region of dense singular

conjugate points.

Having made this distriction between various types of conjugate

points, we are now in a position to look at the singularity theorems

in a new light.

4.3 The Singularity Theorems

It is clear fram the previous section that the existence of
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conjugate points alone does not imply that certain geodesics are

incomplete. Hence the reason for imposing extra conditions in the

singularity theorems, such as the existence of a closed trapped

surface. In fact, in all the singularity theorems, the existence

of a 'trapping' effect on the geodesics is assumed. (In theorem

2.4-2, the existence of a campact achronal set without edge implies

the existence of a future/past trapped set, that is, a set ¢ which

is achronal and such that EB’ (r)/E (z) is compact).

As stated in Chapter two, if the Einstein field equations hold,

the weak and strong energy conditions on the energy-momentum tensor

imply that the null and timelike convergence conditions hold. However,

under the assumptions of the present chapter, the field equations may

only approximately hold. For instance, dynamical amendments to

singular models or amendments. possessing global existence of solutions,

may not exactly satisfy the field equations. In these cases,

i J,
Ry ~ 5 IapR = 84 Ty + Kay (4.3-1)

where K,,, is same correction tensor, at any point. (so that K,, +0

in the weak field region). Note however, that certain dynamical

models, such as the one derived fram the Minkowski metric satisfy

the field equations and there is no need for amendment. In these

cases, Kp = 0, at all points..

The Null Vector Case

Let w be an arbitrary null vector at me M with components with

respect to the co-ordinate basis, ee Then,

b 1Row = for, + Ky, + 3 aur} 0% =>

using the weak energy condition. There is no guarantee that

K ae should be positive or zero at or near the predicted singularity.

Clearly the null convergence condition only holds if the corrected

weak energy condition,

(Ory, + Ky,)v%s? » 0 (4.3+2)
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holds for all null vectors w.

Using proposition 2.2-4, we have,

Lema_4.3-1

There exist conjugate points in congruence of null geodesics

when M is geodesically camplete if the corrected weak energy condition

(4.3-2) holds and the generic condition holds.

a

The Timelike Vector Case

Letw be an arbitrary timelike vector at me M, with components
a

a vatie -{ $ Gy R + 8rTy, + pF ue

oe Rapa? = 3 Row, + 85 Toe + Kyou: (4.3-3)

by (4.3-1). Contracting the field equations (4.3-1), it is clear

that, :

“R= 8rT +K . (4.3-4)

and substituting (4.3-4) into (4.3-3) we obtain,

Rapuu? = (SnT + Kumug + (Bry, + KyJa*w?y

so that the corrected strong energy condition,

(Ory, + Ky duu a F rt + Ka a, (4.3-5)

implies that the timelike convergence condition holds. Of course,

if Ky, = 0, (4.3-5) reduces to the strong energy condition. Using

proposition 2.2-4, the following lemma may be deduced.

Lema_4.3-2

There exist conjugate pcints in congruences of timelike geodesics

when M is geodesically complete if the corrected strong energy condition

holds on M and the generic condition holds.
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OQ£ course, the conjugate points predicted by lemma 4.3-1,

lemma 4.3-2, must be regular, or if singular, not reached.

In the free space case, that is, TTM =0, if the Einstein

equations hold, the null and timelike convergence conditions are

trivially satisfied. This is not true in the case Ky #0. In

chapter six, an example of a dynamical amendment to the Schwarzchild

equations will be given which does not satisfy the corrected weak .

and strong energy conditions.

Notice that lemma 4.3-1 and 4.3-2 basically say that the corrected

energy conditions imply that the non-spacelike geodesic convergence

condition holds. :

Examining the conditions of theorem 2.4-1, we have, from previous

comments,

- Lemma 4.3-3

If the corrected weak energy condition holds at each point of M,

and M contains a closed trapped surface, then there exist points

conjugate to the surface. In addition, these points must be regular

or singular. vo

Proof

By previous analysis, if the corrected weak energy condition holds,

then the null convergence condition must hold and so there exist points

conjugate to the closed trapped surface by proposition 2,2-3 and these

must be reached in a finite value of the affine parameter, as required.
v

O£ course, if the geodesics begin to converge at any surface, there

will be conjugate points (which will again be regular or singular), but

with no 'trapping' effect present, there is nothing to stop the geodesics

diverging again and so in most cases, the predicted conjugate points

will all be regular. If a closed trapped surface is present, even the

"outgoing' null geodesics are dragged back and the predicted conjugate

points are more likely to be singular.

Notice that the two conditions of lemma 4.3-3 alone are not enough
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to ensure that the predicted conjugate points are singulax.*
For instance, the 'outgoing' geodesics may get dragged back to

a conjugate point different fran the first and so on and then
all these conjugate points could be regular. This sort of

behaviour cannot occur if there is a spacelike hypersurface which

every null geodesic intersects exactly once, that is, a Cauchy

surface. Hence, we have the following equivalent to theorem 2.4-1:-

Theorem 4.3-4

If the corrected weak energy condition holds at each point of

M, and there is a closed trapped surface and a Cauchy surface in M,

then there exist singular conjugate points (with respect to the

closed trapped surface). u

If the geodesic equations are dynamical, then singular conjugate

points cannot occur, so that one of the three conditions of theorem

4.3-4 must break down. It has already been stated that the corrected

weak energy condition may not hold in this case. Even if it did,

there is no reason to suppose the existence of a Cauchy surface or

the existence of a closed trapped surface if the field equations do

not hold, so that departures fram spherical symmetry are greater than

expected. Even if the geodesic spray is complete, but the geodesic

equations are not dynamical, no singular conjugate points can occur

as in this case, any such points would be reached in a finite value of

the affine parameter.

Recall that the timelike analogue to theorem 2.4-1 is theorem

2.4-4. In contrast to the above case, timelike geodesic imcanpleteness

canes about without assuming the existence of a Cauchy surface. This is

because a closed trapped surface may not be a partial Cauchy surface,

whereas its three-dimensional analogue can always represent one, in

effect. Thus, we have,

Theorem 4.3-5

If the corrected strong energy condition holds at each point of M

and M contains a campact spacelike three-surface ¢ such that unit
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normals to ¢ are everywhere converging, then there exist singular

conjugate points (with respect to the given surface). A

Notice that in the case of lemma 4.3-3, the null geodesics

entering § (the closed trapped surface) will not have a future

end point if all the conjugate points are regular (so that there

is no Cauchy surface). Thus, the null geodesics are imprisoned

within J, and by proposition 4.1-2, this cannot occur if the strong

causality condition holds. Thus, we have the following alternative to

theorem 4.3-4:-

Theorem 4.3-6

If the corrected weak energy condition and strong causality

condition hold on M and there is a closed trapped surface, then there

exist singular conjugate points (with respect to the closed trapped

surface) . me

This can be seen to be equivalent to part of theorem 2.4-2,

Considering the first two conditions of the theorem 2.4-2, we have,

Lenma_4.3-7

If both the corrected weak and strong energy conditions hold on

M and the generic condition holds on M, then there are conjugate points

(which may be regular, singular) in congruences of null and timelike

geodesics. i
0

Proof

By previous comments the corrected weak and strong energy

conditions imply that the non-spacelike geodesic convergence condition

holds and so by proposition 2.2-4, the result follows. a

It was stated in Chapter Two, that the chronology and causality

conditions are equivalent in physically realistic situations. This is

only true if the field equations are assumed to hold exactly. There

is no guarantee in the amended cases where the weak and strong energy
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conditions do not hold that the chronology and causality conditions

are equivalent. The precise statement is,

Proposition 4.3-8°

If (a) the null geodesic convergence condition holds,

(b) the generic condition holds on M; and

(c) the chronology condition holds on M,

then the causality condition holds on M. If, in addition, M is

null geodesically camplete, then the strong causality condition holds

on M. Q

Thus, the chronology and generic conditions do not, in general

imply that the strong causality condition holds. This will only be

the case if the corrected weak energy condition holds and the

geodesic spray is complete. However, if the strong causality condition

is assumed, then we have the following corollary to lemma 4.3-7:-

Corollary 4.3-9

If both the corrected weak and strong energy conditions hold on M

and the generic and strong causality conditions also hold then there

exist distinct regular or singular conjugate points in congruences

of null and timelike geodesics. (That is, no point may be conjugate to

itself). a

The case where a closed trapped surface is assumed to exist in

theorem 2.4-2, has already been dealt withm in the form of theorem

4.3-6 and so this leaves the remaining hypotheses of theorem 2.4-2

to be dealt with (i.e. conditions (a) and (c)). In fact, all three

alternatives can be cambined into one hypothesis, due to the following

lemna:-

Lemma 4.3-10°

If the non-spacelike geodesic convergence condition holds and

there exist one of the following in M:-
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(a) a compact achronal set without edge,

(b) a closed trapped surface,

(c) a point p such that the null geodesics fran p are focused

by the matter or curvature and start to reconverge;

then there is an achronal set ~ such that E*(c) or E (z) is compact.
0

(I£ (a) holds,z is the achronal set; if (b) holds ¢ is the

closed trapped surface; and if (c) holds,z is the point p). An achronal

set t with E'(c) or E-(c) compact, is usually called future trapped or

past trapped respectively.

Similar to the case of theorem 2.4-1, the conditions of corollary

4.3-9 alone are not enough to ensure the existence of singular

conjugate points, without a 'trapping' effect, provided by one of

| the three alternatives of lemma 4.3-10. Notice that the achronal set

¢ in lemma 4.3-10, can be thought of as being almost a partial Cauchy

surface - it is a non-timelike surface which no timelike curve

intersects more than once. Also, if E*(¢) (or E(¢) is compact),

non-spacelike curves through zt, which are not timelike must have a

future (or past) end-point, which must be singular or critical. Thus,

these particular curves must contain singular points (noting that

points cannot be conjugate to themselves). As null geodesics containing

conjugate points can be varied to give timelike curves (as stated in

Chapter Two), the timelike geodesics must contain conjugate points, of

the singular kind. This is a fairly loose justification for the results

of theorem 2.4-2, which can be translated as,

Theorem 4.3-11

I£,

(i) the corrected weak and strong energy conditions hold on M,

(ii) the generic condition is satisfied on M,

(iii) the strong causality condition holds on M, and

(iv) there is a future or past trapped set cn M, then

M contains singular conjugate points. a

Once again, if the geodesic equations are dynamical, then one of

more of the above conditims cannot hold. By proposition 4.3-8, if the

causality condition holds then condition (iii) will hold and if the
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space-time is not too symmetric, the generic condition will hold.

However, there is no guarantee that the corrected energy conditions

hold, and even if they do, there can be no 'trapping' effect on the

geodesics, caused by the presence of a trapped set. If the geodesic

spray is complete, but the geodesic equations are not dynamical any

singularity present cannot be reached and so once again, there can

be no singular conjugate points. Such a singularity (that is, one

which does not consist of conjugate points) does not hinder the |

progress of any geodesics and so the situation is really equivalent

to having no singularity present at all - none of the singularity

theorems predict the existence of such a singularity.

As stated in Chapter Two, theorem 2.4-3 is just a slightly

strengthened version of theorem 2.4-2 - it is almost equivalent to

| strengthening condition (iv) of theorem 4.3-11 by requiring that

there exists a past trapped set in M,

The theorems presented in this section predict singular conjugate

points in congruence of geodesics on a particular four-dimensional

manifold. Notice however, that it may be possible to generalize the

results to any given manifold and any set of curves. Looking at the

theorems from the point of view of differential equations may give

greater insight into the methods of generalization than the

topological methods used to prove the singularity theorems of this

section. :
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Chay Five:

Models of Gravity Approximating to the Newtonian Equations

This chapter sets out to find various amendments to

the non-relativistic Newtonian equations of gravity in one and two

dimensions. Various properties of the amended equations are

investigated, in particular, the change in character of what was

the singularity of the Newtonian equations.

The model for the universe is taken to be the flat manifold Rm,
where each point has three space co-ordinates only and time is the

parameter along the orbit of any observer. In this case, a test

particle will deviate from a geodesic (in (R° a straight line) when

acted on by the external gravitational force.

5.1) ‘The One-Dimensional Newtonian Equation

Newton's equations are derived fran Newton's second law of gravity

and are well know to be, in three dimensions.

ar
out - vd (6.1-1)
dat’

where r is the radius vector of a test particle and ¢ represents a

gravitational potential and is given by, where r = |r|,

g=- g (521-2)

in free space, being the basic solution satisfying various boundary

conditions, of Laplace's equation. c is a constant, generally the
product of two or more constants including the gravitational constant

G. For the purpose of amending the equations, it is convenient to

treat ¢ as a single, positive constant, without loss of generality.

If the gravitational force is central, that is, it only acts in
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the direction of the radius vector, (5.1-1) reduces to, in effect,

Newton's equation in one dimension,

wot a 
(5.1-3)

Clearly this autonomous equation is not dynamical as the

right hand side is singular at r= 0. In fact, in this case we can

prove that the equation does not have global existence of solutions

as. an explicit solution can be obtained as,

2 vax? Ft - 3S In { var + Yar F2c } =t+b
a a2

abe R

(5.1-4)

So, for example, taking a= 1, b= 0, r = O-2c In(V2c) = t and

so t is finite at the origin, that is, the singularity is reached

in finite time.

5.2). Feasible Amendments of the One-Dimensional Newtonian Equation

Equation (5.1-3) is a member of a class of more general equations

given by,

r= £(r) F (5.2-1)

A sub-class of equations of the above type with f(r) continuous

are certainly dynamical. It is shown in this section that certain

members of this sub-class are feasible amendments of (5.1-3).

Generalizations of (5.2-1) are then considered, the most useful

being of the Liénard type.

5.2.1) Equations of the Form r = £(r)

There are basically two ways in which (5.2-1) could be a viable

amendment to (5.1-3). First of all, there may be models in which

the singularity is still present, but is not reached, so that the

equations are not dynamical but the solutions can be extended to

arbitrary values of t. Secondly, there may be models in which the
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singularity no longer occurs and which are dynamical. As stated

in Chapter three, the condition that f(r) is continuous is necessary

for (5.2-1) to be dynamical, but not sufficient. For example,

Y= xr is dynamical, whereas r = r* is not dynamical, (These

results can be verified by solving each equation explicitly).

Example 5.2-1

Consider the equation,

LS aor ere eo R (se2-2)

which, as a system can be written

(5.2-3)os He He W 1
ie]

-c

vr? + at

There are critical points at (+ », 0). The only singularity

occurs in the region of infinite p.

The equation (5.2-2) has a first integral given by,

tan (z) +b
a

where b is a constant of integration. The right hand sides of

(5.2-3) are continuous and have continuous partial derivatives and

so any critical points are reached in infinite time by theorem 3.3-2-

Also, p is a well-behaved fumcticn of r and never becanes

infinite. As the critical points and singularities are not eached.

in finite time and it is precisely these which curtail the progress

of a solution, the solutions can be extended for all t, that is, the

system (5.2-3) is dynamical. Notice if |a| <<1l, (5.2-2) approximates

to (5.1-3).

The possibility of having models in which a singularity is not

reached in finite time is now considered. A couple of preliminary
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theorems concerning improper integrals are first needed.

b es

Recall that { F(x)dx is a Cauchy improper integral of the
a

first kind if a or b are infinite.” Suppose that b is infinite.
The integral is defined as lim S F(x)dx (similarly for a). If the limit

Seo a

exists, the integral is convergent, otherwise it is divergent. There

are various tests for convergence, the most useful being,

Theorem 5.2-17

Let lim x"F(x) =A. Then,
xo

(i) f F(x)dx converges if n > 1 and A is finite.
a ‘

(ii) [ Fooex diverges if n < 1 and A #O (possibly infinite) .
a a

=D

If the integral of | F(x)dx becames infinite at x=c,a¢ce¢h,

the integral is a oe # Cauchy improper integral of the second

kind.? the sum, f F(x)dx + iE F(x)ax is considered and if the
a Cte

limit as « > O of the sum is finite, the integral is convergent at

x= c. Otherwise it is divergent. Again, there are various tests

of convergence, the most important being, :

Theorem 5 “22?

b

If in, | rtoee, F(x) becanes infinite at x =c, ag cg b,

Jet lim, (x - c)"F(x) =A.
xc

b

(i) { F(x)dx converges if n< 1 andA is finite.
a

b

(ii) j F(x)dx diverges if n 2 1 and A # O (possibly infinite),
a

oO
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(TE F(x) becomes infinite at x=b, A= lim (b-x)"F(x)).
xb

Lema_5.2-3

If, in the equation (5.2-1), f(r) becomes infinite at same

finite value r=aand |f(r)dr + -» as r +a, then not all solutions

can be extended to arbitrary values of t.

Proof

(5.2-1) has a first integral given by,

r= V2 feorar we {_—=—— (5.24)=ttt

pee S

- The singularity at r = a will always be reached in finite time,

except possibly when 2 e(c)ér[, +K=0, if the integrand is real

in a neighbourhood of r = a, as for most solutions, the integral in
x

(5.2-4) is perfectly well behaved in a region including r = aC i Z £(r)dr,
+1

ry) sagry being either convergent or divergent). If

£(x)dr +2 -~ as r + a, there will always be same choice of K making

the root positive in a neighbourhood of r = a.

2

TE (2 frcer|, +K=0, | £(r)dr must be convergent and
x1

2) “sah Ged aa
is an improper integral of the second kind.

xr, / aff teyarex

in:
However, the latter integral is convergent when ee

¥2|£(r)dr + K

is finite for same n < 1, by theorem 5.2-2 and this will always be

the case due to the hypothesis on f(r).

Thus, the only way in which the singularity cannot be reached in

finite time, for all values of K, is if the integrand is camplex in

an arbitrarily small neighbourhood of r = a for any K, that is, if
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fetcrar +o asr>a.
: a

Fran the above lemma, (5.1-3) does not have global existence of

solutions as already known, but r= 23 does, even though it is
r

not dynamical, (if the possibility of starting from r =O is excluded).

Theorem 5.2-4

(a) The equation r = f(r) is dynamical if
(i) £(r) and £'(r) are continuous; and

(ii) i€ f(r) becomes singular at infinity, that is, lim f(r) does
I> +00

not exist and feterar = as r++, then lim f'(r) must be
Loto

finite.

(b) The equation Leaf (x) is not dynamical if either

(i) £(x) and £'(r) are discontinuous; or

(ii) if £(r) becames singular at infinity and fe (r)dr +> -» as *
rte, then lim gry, n> 0 is finite,

rete
D

Proof

Condition (i) of (a) is necessary from section 3.1).
Thus, if (i) fails to hold, the equation cannot be dynamical.

If (a) (i) holds, then by theorem 3. 3-2 , all critical points

of (5.2-1) are reached in infinite time. This result can also be

proved by considering the divergence of the integral in (5.2-4).

As £(r) is assumed to be continuous, the only possible singular

regions occur at infinity. Suppose, without loss of generality, that

lim f(r) does not exist, (the analysis being exactly similar if

re :

lim £(r) does not exist).
re

Fram theorem 5.2-1, with n = 1, it is clear that P f£(r)dr is
1

divergent, so that, from (5.2-4), p+° asr-+o , if the root is

real. (If |£(r)dr + - as r + ~, the root is not real and so the

singularity cannot be reached. In this case there is no problem).
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©

dr

If the root is real, ia Pea is an improper integral
mS

of the first kind, which may or may not be convergent.

ae
Let A= lin —————_ =

mm / 2i£(c)ar + K

provided that the limit exists.

2n

CT ieee ee By hypothesis on f(r), this
re ager +K

(5.2-5)

is of a form suitable for the application of 1'Hopital's rule.

Paras lim © 2n(2n-1) r
Stee) eo roe f(r

2n-2

-. Le lim

ro

(5.2-6)

Then from (5.2-5), (5.2-6), by theorem 5.2-1,
00

dr

ie aFtelde +x converges if n > 1 and L is finite and so the

singularity is reached in finite time (as in case (b)) and diverges

if n < 1 and L # 0, so that the singularity is reached in infinite time.

(as in case (a)).

As critical points and singularities are the only points which curtail

the progress of a solution, the result follows.
a]

Notice that r = r and (5.2-2) are dynamical by theorem 5.2-4, as

stated earlier ani that f= r*

(choose n = 1 in (b) (ii)).

is not dynamical using the same theoren

In order that (5.2-1) is a viable amendment to (5.1-3), it mist

reduce to (5.1-3) in the weak field region, that is, f(r) + O as

r+ +, so that there are no singularities at infinity. Thus by

theorem 5.2-4, (5.2-1) will be dynamical, provided f(r) and f(r) are

continuous.

Now fram Lemma 5.2-3, the only way in which (5.2-1) can bea

feasible amendment to (5.1-3) if f(r) is singular at r= 0, is if

£(r)dr + - as r+0. In this type of model, any orbit approaching

the origin must came to a halt at scme point r = a, a > O and then

start going backwards. Thus, these models do not seem to be satisfactory
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amendments to (5.1-3).

Example 5.2-2

Consider the equation

res +33 lal<d (5,2-7)Kip
In the weak field region, it reduces to (5.1-3), but

fe (x)dr = {g = 3 and so is negative in a small enough

neighbourhood of r = 0 (x? < a/3c) and f£(r)dr+>-e asr>0.

Thus, the singulatity is never reached. All soluticns of (5.2-7)

are camplete by lemma 5.2-3. Notice F = 0 when r? = 2 and r=0

when K = a oo and this can always be satisfied.
3r ta

Notice, in these types of models, at same stage the gravitational

force becames repulsive. F

Fron now on, this work concerns itself with dynamical amendments

of the one-dimensional Newtonian equation, so that the origin is

actually reached, even if this is done in infinite time, (that is,

orbits in phase space pass through r = 0).

5.2.2) Dynamical Amendments to the One-Dimensional Newtoian Equation

of the type r = f(r)

In this sub-section, various examples are given of possible

dynamical amendments to the cne-dimensicnal Newtonian equation. These

can basically be divided into two types. In the first type of model,

f(r) is (5.2-1) becomes very large near r = O, but never becomes

singular. In the second type of model f(r) may not be large at the

origin but becanes large in same neighbourhood.of it. In both types

of model, f(x) (5 as r+ , so that they reduce to (5.1-3) in

the weak field region.
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Example 5.2-3

2c tan (br) es
v

Consider the equatio r = z z 7on em (5.2-8)
ze

Asr+o, tan ter"}> E and r+ >nid
Now lim -2c tan ‘(br _ lim - ben x?

mo T 2 x0 2. 2ny
2 a (1+b*r’

by 1'Hopital's rule and so there is no singularity at the origin

ifn? 2. In fact, r= Oat r=Ocmly ifn> 2 andr = 22 at

r= 0 whenn= 2.

Thus, by theorem 5.2-4, (5.2-8) is a dynamical amendment of

(5.3-1) ifn2 2. Ifn= 2, the first integral of (5.2-8) is

given by,

ae ite a) aay ce } te
xr 2 \br? -/2br + 1

and, if n = 3, the first integral is,

Ay EL ee OAS
ce)? = He {tas ry _b ain (p reepegoe tree \ 23= 4c b |Lin/b, x +2 r +1) 43

om Gane 2 lee ib ersee cee ce) / 3

2/3 2
tant ae } ke (et2=10)

¥3

using integration by parts and standard integrals. With increasing

values of n, integration becomes much more difficult - neither it is

easy with fractional values of n. : i

Now for any particular value of r, lim tan br) = >
Dro rv? 2r

and so, in the limit as b> ~, the right hand side of (5.2-8) reduces

to the Newtonian case. It is desirable to have the amended first

integrals reducing to the Newtonian first integral in this limit.
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In the case n = 2, it is easily seen that

2

in net Sat =O and lim tan4 Pero.
bre \ br” “Vober + 1 be b*r?-1,

Applying 1'Hopital's rule to (5.2-9) gives lim (x)? = 2s + Kas
bow

required. This will not always be the case.

4/3 4
For n = 3, Lim in? rg

Be eh enero r

2/.
he on os 1) = a

2/3 >

Tewastiake =o but

4

lim tan 5 and so, in this case,

bee v3

lim (2 4 2Vr 4 x,
bee

eT}

Notice that - fe (r)dr = 2 J tan“! dr represents the
xr

amended Newtonian potential, and in both cases (n=2 and n=3) tends

to zero or a constant as r + = and so the essential character of

the potential as r + » is retained, whereas the singular character

at r = 0 is erased.

¢

Example 5.2-4

The equation,

= -ctanh(br); bne R (5.2-11)
2
8

has similar qualitative behaviour to (5,2-8).

Asr>., tanhibrTM)> 1°. r +S, as r+ as required.
r

Also, lim -c tanhtbr)_ - ben lim rTM? , so that there
mo x 2 0

is no singularity at the origin if n > 2 and in this case, (5.2-11)

is dynamical by theorem 5.2-4. Again, r = 0 at r = 0 if and only if n> es

However, with this particular equation, the first integral is far

less tractible than in the previous example, for any n.
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Example 5.2-5

An example of an amendment of (5.1-3) possessing a different

qualitative character in a neighbourhood of the origin is provided

by,

r= Em ae Roo n ee as (5.2-12)
Yrs

Again, by theorem 5.2-4, (5.2-12) is dynamical and r=0 when

r= 0 if and oly ifn> 1 as r+o, r+ S, as required.
x.

Clearly, as smaller and smaller values of a are taken, the closer

(5.2-12) approximates to (5.1-3).

If n= 1, the first integral of (5.2-12) is,

-1 ‘

22. oece tan Wi 4K rs
lS ibaa = (5.2-13)

" and if n= 2, the first integral is given by,

2\2,2 1 -1 [ar/2 1 x?- avo + a” \ a(c)7 Se { tan ( ) - In } + K (5.2-14)
av2 rea? 2av2 x? + aye + 2) J

Again, with increasing values of n, integration becomes more

difficult, but in this case is possible. e Notice ifn = yy ae (2)? # i
yr

but lim (x)? is a constant. In the case n= 2,
re

-1 
2

ao (33) 38 Lim In/ poets ss) = 0 and using 1'Hopital's
x° ta/2r +a

rule on (5.2-14) gives lim (2)? = 20 Sar K as required. Also,
20

lim (x)? = K as in the Newtonian case.
roo

Example 5.2-6

Consider the equation,

35
Sig 2 aye 7 ace Ro. (5.2-15)

eee
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It has all the required properties of a feasible dynamical

amendment to (5.1-3). In particular, lim r=Oandasr>e,
0

r+ 5), lim r=
zr ad x

id
2+

In this case, a first integral is particularly simple, being given

by

ce 2c
Ome (5.2-16) .

Wee):

This clearly reduces to the Newtonian case as a tends to zero.

Example 5.2-7

In all the previous exanples, an amended equation was considered

and the first integral found. A slightly different approach is to

start with a non-singular first integral which approximates to the

Newtonian case and derive the amended second order equation.

For instance, consider the first integral of the form,

*)2 2c ae(r Toe are at ae Ror nel, (5.2-17)

As ra @ ) (e)> > 2o4aK ond as dim (x)> =) 22 + XK.
- Pas. i

Differentiating (5.2-17) gives a second order equation of the

fomn,

” 2n-2. 4n-2
r= eee (5.2-18)

(7442)

By hypothesis, this is a dynamical amendment to (5.1-3) by

theorem 5.2-4. Also, lim r = s and lim r =0 as required.
a0 a Teo

5.2.3) Equations of the fom r= £(r) + ag (r,t)

The amendments so far considered are not sufficiently general to

allow certain desirable properties. In particular, they all have first

integrals and are structurally unstable. Thus, more general amendments
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to the Newtonian equation (5.1-3), of the type,

Y= £(r) + aglr,r) . (5.219)

are considered, where a is a small constant. (5.2-19) includes

the special case of (5.2-1), but does not, in general, have a first

integral. There are two basic questions to be answered. Firstly,

if £(r) = =) as in (5.1-3), can g(r,t) be chosen so that (5.2-19)
xr

has global existence of solutions? Secondly, if for a = 0, (5.2-19)

is dynamical, what class of functions do g(r,r) belong to so that

(5.2-19) remains dynamical for a # 0?

It is assumed that g(x,r) is not a function of r only, as

otherwise the equation is of the previous form. Notice that a

necessary condition for (5.2-19) to be dynamical is that both f(r)

and g(r,r) are continuous (g is both r and x) 2

Example 5.2-8

Consider the following special case of (5.2-19):-

F = f(r) + alt)? (5.2-20)

In this case, the equation ‘possesses a first ee which is,

(2)4 = 26 {Ec e 28 ar + x} =

{ —#e________— -tre, (5.2-21).
[20 { iE (x) eo ay M x]

where K and ts are constants of integration.

Suppose that f(r) becomes singular at same finite value of r = a say.

‘Then j £(r)e 2"“ar is mimproper integral of the second kind in a
neighbourhood of r = a. Whether or not this is convergent, the

integrand in (5.2-21) is perfectly well-behaved for almost all values

of K in a neighbourhood of r = a and so if the root is real in this

neighbourhood, the singularity is reached in finite time. Thus, if

144



(5.2-20) does not have global existence of solutions when a = O,

it does not have global existence of solutions for the given choice of

g(x,r) when a #0.

Suppose now then that (5.2-20) is dynamical for r = O, so that

f(r) is continuous and if lim f(r) does not exist, lim f'(r) is

rete rote

finite (f'(r) being continuous) ,if {ewyars>~ asr+io,
Whether cr not lim £(r) is finite, lim 26205 {Fee eo” ar + “|

to to

will be infinite for almost all choices of K (it will be infinite

for all choices of K if lim f(r) is infinite, for if ( fit (rye 2""ar +x) =|
rte

sin| 26" {{eereTMTM ax + x} = lim fe" |
ie ro mde" 205

Now as r+ , the integral of (5.2-21) is an improper integral

of the first kind, if the root is real. By theorem 5.2-2, and

1'Hépital's rule, the integral will be convergent as the denominator

will be infinite, independent of the number of times of differentiation

from the above coments. ‘Thus, fron (5.2-21) p = r will always
become infinite in finite time (for almost all values of K) and hence,

even though (5.2-20) is dynamical for a = 0, it is not for a #0,

(if fecerac+— asr+to).

Example 5.2-9

Consider now another special case of (5.2-19), namely,

P= f(r) + ofle)r (5.2-22)

The equation has a first integral given by,

ar
te 7 oR), dite tie fecsar +K. (5,223)

(a #0). (K a constant of integration).

Equation (5,.2-22) contains possible singularities at infinite

x and £, assuming that for a= 0, the equation is dynamical. It will
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only contain a singularity at infinite r if lim f(r) is finite.
roto

Suppose in this case that lim fewrar is also finite, so that
Toto’

op
lim h(r) exists. Now lim © = lim e®P and so is infinite,
rete prtafl + ap) pete

Thus, if lim h(r) exists, by (5.2-23), X can never became

heteo

infinite and so the equation is dynamical. However, if

lim Jeqrar does not exist, even if lim f(r) is finite, the
rote Lote

equation may not be dynamical.

Notice that the chosen g(x,x) is bounded in the above example,

when (5,2-22) is dynamical and that the chosen g(r,r) in the

first example is not bounded, for values taken in phase space,

if £(r) A> ~~ asr+t om,

For the rest of this section, it will be assumed that (5.2-19) is

dynamical for a = 0. It is seen fram the examples above that the

properties of (5.2-19) depend on the function g(r,r) as well as on

£(r). Certain properties that f(r) and g(r,t) must possess in order

that (5.2-19) is dynamical are now deduced.

Recall the definitions of closeness of analytical functions and

dynamical systems (definitions 3.10-2, 3.10-3). For functions of

two values, the usual norm is used, that is, if g,) are real fumctions

of two variables and are continuous in a region G of the x,y plane,

|d - »| = sup [dcx,y) - ¥ (x,y) | (5.2-24)
(x,y) eG

Consider the two-dimensional system (5.2-1) in (r,p) space and

the perturbed systen (5.2-19).

Let P(r,p) =p and Q,(r,p) = f(r) + ag(r,p). Denote

Qo (e-p) by Q(r,p). Clearly, any function is 6-close to rank $ to

itself for any s and so (5.2-19) is é-close to rank s to (5.2-1) inG

if Q, is é-close to rank Ss to Q in G, where G is a region of the

(x,p) plane. 7
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Theorem 5.2-5

If g(r,p) is a continuous function of both values and is

analytic or c and bounded for all values of r and p taken in phase space,

then Q (cr,;p) is 8-close to rank s to Q(r,p) and so (5.2-19) is

$-close to rank s to system (5.2-1).

oO

Proof

Now |Q(rsp) - 2, (erp)| = [£le) + agiryp) - £(2)| = [al |gteep)|. (5.2-25

(nyng) (yin (ny) (ny) erin)
Ges cer Gul oie ee ee) = oF pn, |

ony 22 tne Ip 2

(nyng)

= [all FnacPy (x,p)| (5.226)

where ny +n Sr lytpecerSs

g(r,p) is bounded for all values of r and p and so, Iotep)| < M

say, where M « Ro Then fran (5.2-25),

| Qte-p) - 0, (e,P)| < Jal M

Thus, if |a| M < sal, Q, is 6-close to rank 0 to Q

(nj +n2)

If g(r,p) is bounded and analytic,or co Io | < N, where
xr 1ph2

i a if oe y
N eR (,for nyiny =1,...8.<k. If |a| < ee Q, is 6-close

to rank s to Q.

Hence the result. ®

Having proved that (5.2-19) is 6-close to rank s to (5.2-1), if

it is known that (5.2-1) is dynamical, it is an easy step to show

(5.2-19) must also be dynamical, using the following theorem ('3-clcse'

meaning $-close to rank 1' if no rank is stated).
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Theorem 5.2-6

Teter = dlt-tyy XorPo) 1Pp= ¥(t-to To rP,) be the solution

of (5.2-1) corresponding to initial conditions tor XorPor that is,

BrP.) =Xor ¥lOrr P,) = Pp: Let the solution be defined

for all t in scme interval 1<t< T. Let ty, To be two numbers

such that, t < TM%< t <1) T. If L is the orbit corresponding to

the above solution, let the segment of L corresponding to 18 tee T,

be completely contained in the closed region G and let r =
* * * * * *,

Blt - tor Xo 1 Py) P=¥ (t- tyr 1 PB, ) be the solution of

* *

(5.2-19) corresponding to the initial conditions tor Yor Po:

‘Then for any c¢ > 0,dn > 0, 6 > O such that if,

* *

(i) Ixg - rol <n IP, = hl <n

(id) system (5.2-19) is 6-close to system (5.2-1) in G, the

solution of system (5.2-19) is defined for all t, TM] tis

and in this time interval, \3* - p| < « and
*

ly ~vl < er.

Tos

If system (5.2-1) is known to be dynamical, the soluticn

r=, p= is defined for all t and sot and T and hence 1,,t,

can be chosen arbitrarily large. If (5.2-19) is $-close to

(5.2-1) in the whole (r,p) plane, then the region G can be made

arbitrarily large, and by theorem 5.2-6, the solution r = oe p= re

can be defined in an arbitrarily large interval of t.

Thus, we have the following Corollary, using theorem 3.3-2.

Corollary 5.2-7

If, for a = 0, (5.2-19) is dynamical, and g(r,p) is continuous

and analytic or cx and bounded for all values of r and p taken in
phase space, then (5.2-19) is dynamical for a # 0.

o
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Consider again equation (5.2-20) of example 5.2-8. In this

case,

gte,2) = g(t) = 2% = 26° { [etre ar +K } (5.2-26)

from (5.2-21). It was show in the example that r + » in finite

time for almost all values of K if © is real, so from (5.2-26),

g(r,r) can certainly become arbitrarily large in finite time.

This agrees with the fact that (5.2-20) is not dynamical for a #O

in this case.

Consider now equation (5.2-22) of example 5.2-9. Here,

g(x,t) = f(x). A necessary condition for g(r,r) to be bounded

is that f(r) is bounded for all values of r taken in phase space.

Fram the example, if lim fe()ar is finite, r never becomes
rte

unbounded, so that by Corollary 5.2-7, the equation (5,2-22) must

be dynamical, agreeing with previous results. This result is

generalized in theorem 5.2-8.

One of the most useful sub-class of equations of the type

(5.2-19) are equations of the Liénard type

Y= £(r) + ogh)r . (5.2-27)

By Corollary 5.2-7, if (5.2-27) is dynamical for a = 0, ity

will be dynamical for a #0, as long as pg(r) is bounded and analytic

(or at least ct) for values of r and p taken in phase space. Clearly,

for this to be so, g(r) must be bounded and analytic (or at least

cl) , for values of r taken in phase space. However, this condition,

although necessary, is not sufficient.

Theorem 5.2-8

Tf, in (5.2-27), £(r) and g(r) are analytic and tend to zero as

r+ +t, and, in addition, lim femer and lim |g(r)dr are finite,
ete Loto’

then the equation is dynamical for all values of a.
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Proof

The equation is dynamical for a = O by theorem 5.2-4. Also,

£(r) and g(r) must necessarily be ct in order that (5.2-27): is

dynamical from theorem 3.3-2. As a first order system, the equation

becames,

eee (5.2-28)
p= £(r) + apg(r)

Fram Corollary 5.2-7, it is sufficient to show that p is

also bounded for all r taken in phase space. Now fram (5.2-28),

te f(r) + apg(r) (5,229)

If £(r), g(r) do not contain singularities for finite values

of r, p(r) cannot contain singularities for finite values of r.

(To see this let p os eee where ae IR for each n and p may

be fractional or negative. Substituting into (5.2-29), it is easily

“geen that p = 0, so that if f and g are analytic in r, so is p).

Thus, p(r) can only possibly became unbounded asr+io.

let q =/|e(e)ae +K+afgidr =>

qq! = {z) + ag(r)q (5.2-30)
(q- a] g(r)dr)

Thus, by hypothesis, (5.2-30) is asymptotic to (5.2-29).

Notice also that lim q is finite and so p must also be finite as
rte

required.equ. B

Of course, (5.2-27) may still be dynamical if not all the

conditions of theorem 5.2-8 are satisfied. For instance, f(r) and

g(x) need only be cn Also, in certain cases, lim {omar need
roto

not be zero, so long as r+ + = in infinite time. For example,

poe =5 is dynamical.
rita’
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5.2.4) Dynamical Amendments to the One-dimensional Newtonian Equation

of the type r= f(r) + otg(r)

In order for (5.2-27) to be a viable amendment to (5.1-3),

f(x) > = as r + +@ as usual, so that f(r) satisfies the conditims
x

of theorean 5.2-8 if f(r) is also analytic. Notice in (5.1-3) that r

is bounded as r > + and so in any reasonable amendment r should be

bounded and g(r) should therefore satisfy the conditions of theorem
5.2-8 if it is analytic. The condition on |g(r)dr will be satisfied

if lim r" g(r) is finite for n> 1. So, for instance, viable amendments
neo

to (5.1-3) are given by (5.2-27) with g(r) satisfying the above criterion

and f(r) as in examples 5.2-3 to 5.2-7. Specific examples will be

given in the next section when certain properties of the amendments

are considered.

5.3) Properties of the Amended One-Dimensional Newtonian Equations

In this section, various properties of the dynamical amendments

of (5.1-3) of the Lignard type,

Y= flr) + agix)r (5.3-1)

are investigated. In order that (5.3-1) is a viable, dynamical

amendment to (5.1-3), [al <<1, f(r) ~ “S, as r >t» and is
ie

at least C+ and g(x) is also at least cl * with | “g(r)dr finite.
R

These conditions will be assumed throughout the section.

5.3.1) Critical Points

As a system, equation (5.3-1) becames,

2 . (5.3-2)
p= f(r) + ag(r)p

One of the most important aspects of (5.3-2) is the nature of

its critical points, if any, especially if (r,p) = (0,0) is a critical

point, for then we are considering, in effect, the nature of the
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transformed singularity. Notice critical points are given by

p=0, f(r) =O. It is shown in this sub-section that the critical

point can be assigned any topological character by choosing the functions

£ and g suitably.

Let (r,p) = (a,0) be a critical point of (5.3-2), so that

f(a) =0. The linearized system is given by

r ° 1 r
i (5.3-3)

p £" (a) ag (a) Pp

expanding the right-hand side of (5.3-2) about (a,0) using Taylor's

series.

Eigenvalues of A = o a are given by,
£'(a) aga)

w- aagla) -£(a)=0 =>

aga) + ag? (a) + 4£*(a)

2

(5,3-4)

Clearly, (a,0) is simple if f'(a) #0. The following lemma

easily follows fran lemma 3.5-1, theorems 3.5-2 to 3.5-4,

Lemma _5.3-1

Let (a,0) be a critical point of (5.3-2). (a,0) is simple if

£'(a) #0 and, in this case,

(i) TE £"(a) < 0 and a2g”(a) > -4£"(a), (a,0) is a node,

(ii) I£ £'(a) > O, (a,0) is a saddle point.

(iii) If g(a) 40 and ag" (a) < -4£'(a), (a,0) is a focus.
(iv) I£ g(a) = 0 and f'(a) < 0, (a,0) may be a multiple focus

(and possibly enclosed in a limit cycle) or a centre.

(v) I£ £'(a) < O and g(a) = eo , (a,0) is a node.
a
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Notice if « = O in (5.3-2), this is equivalent to having

g(r) = 0, and only parts (ii), (iv) of the lemma are appropriate,

that is, it is not possible to generate all types of critical

points.

Suppose now that (a,0) is a multiple critical point, so

that f'(a) =O. Then \ =O and A = ag(a) are the roots of (5,3-4).

Thus, (a,0) is a multiple critical point of the first kind only

if g(a) #0, (and a #0).

Theorem 5.3-2

Let (a,0) be a critical point of (5.3-2). (a,0) is multiple

of the first kind if f'(a) = 0, ag(a) #0. Let ny be the lowest

integer such that £TM (a) #0: I£ n, is even, (a,0) is a saddle

node. If ny is odd, (a,0) is a node if £) (a) < O, otherwise

it is a saddle point. ;

Proof

It is assumed that, without loss of generality, a=0O. (If

a # O, the proof is the same except that functions are expanded

about r = a where appropriate).

In order to apply theorem 3.6-1, (5.3-2) has to be expressed

in the canonical form (3.6-4). Let ag(O) = 8 and,

p- 6r

=p (5.3-5)

gta i

It is easily seen that the linear transformation (5.3-5) reduces

(5.3-2) ‘to the fom,

{ R= V/s n@P) (5.3-6)
BP = P+1/g hiR,P)

where hir,P) = £ FB) +0 @ER)-s@)r — 6.3-7

(so that h(R,P) contains no linear terms and h(Q,0) = O as required), and

a dot now denotes differentiation with respect tor.
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Following the notation of theorem 3.6-1, let,

2P= i) = aR ta a3 : 7ge + aR + oe. (5,3-8)

where a.4 eR (i 2 2), be the solution to,

£F 5) + argG® -0 (5.3-9)

as, by hypothesis, ¢ is analytic where g(0) = g'(0) =0.

As f and g are analytic, the power series (5.3-8) can be

substituted into (5.3-9) and coefficients campared, so that

values are obtained for the unknown constants ays Then,

om =i {e@Q-8) + afg EBS - g1or} sexo} (5.310)

using (5.3-6). By theorem 3,6-1, y(R) has the form a,7”" where

TM 2, x #0. As w(R) is analytic, the coefficients of x" in

its power series can be found using the values of its derivatives

at O, that is, m! A, = 6 Ofor each m. Using (5.3-10) it can
be seen that,

yi) =£" (0/89
; :

By (0) = -£ "(0)/s? - 38." ()6" (0)/s” - gt 0S” (0)

avo) = £8) oy /e4 + 6" Od" 01/8?

+ 3£"(0)8"(0)/e2 - 4£ "O18" ©)/e7

-4ag ''' (0)g" (0)/e + Gad” (0) {s " @y/e2 + gore " core}

Gre)

with higher order derivatives becaning increasingly camplicated:- Using

Liebnitz theorem,

ay) (0) = BBS) + ac wy ng ABB
° 8 °

(R)-R2. 2 a
i a,c98TM ) wo eee is anCy-28"(R) x

2p Sb (5.3-12)
n-2_ ¢ (R)-R,

Dg Eine
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The above expressions may be simplified by expressing the

derivatives of ¢ in terms of the derivatives of f ang g. Substituting

(5.3-8) into (5.3-9),

B 3 2 2 3 B
A) a. a. a aREMO) [Ry Sao ee MO) A(ER | odie eS
2 {+4 tap +... f +20 6 tet oe toate

+ala 2 ap? + arts VE + (0) + eea Rk ‘ eae g? 2 a woes

rs+20 (2 E+ as Pie ~} 20. (5.3-13)
2

Comparing coefficients in the above identity and substituting

the results into (5.3-11),

v"@=£ O/—e

vy) =-€TM a! + 3") {8 ") +48 g" (0) f ree

yo) = £4) 795 - £ "orf 6£"" (0) +3£ (O)a + 6aag" of /s!

+ 6 ag" (0) (¢ "(0))7/8°
(83-14)

ae "(0) + aga con} x {e " 0)/8? - 6£ "(0)/8° x

“

\s o) 2] } 73

Higher derivatives are obtained by substituting for the derivatives

of g in (5.3-12). Every texm except in the expression for yTM) (0)
is multiplied by an mth derivative of f, evaluated at R = O, where

m <n, as can be seen for n = 2,3,4 from (5.3-14). Thus by theorem

3.6-1, if £" (0) #0, the critical point is a saddle-node, If

“ (0) =0 and £"" (0) £0 then the critical point is a node if

(0) < Oo a saddle point if £ (0) >0. If £ (0) =0,
ev) (0) #0, (0,0) is a saddle-node, and so on. Hence the

result. u

It is interesting to note that the character of the critical point

does not depend on g(r) beyond the fact that g(a) #0.
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Clearly, if (a,0) is a multiple critical point of the second

kind, then £'(a) = g(a) =O, (or else a =0).

Theorem 5.3-3

If (a,0) is a critical point of (5.3-2), it is multiple of

the second kind if f'(a) =O = ag(a). Let k be the lowest integer

such that 2) (a) #0. Let 2 be the lowest integer such that

a (a) #0.

(i) If k is even, let k= 2m. (a,0) is a degenerate point if

2 m and a saddle-node if 2< m.

(2 (k)

(ii) If k is odd, let k = amt] and yp = je + 4 (mp2

(a) 1 £") (a) > 0, (a,0) is a saddle point.

(b) Tf £) (a) <0, (a,O) is a focus or centre if 2 > mor
2=mand 4 < 0; anode if 2 is evenand £<mor is

even and £ =m and u 2 O03 a critical point with

elliptic region if 2 is odd and 2£<mor L=m, u20.

0

Proof

The system (5.3-2) is already in the canonical form (3.6-10),

assuming without loss of generality that a = 0.

= £( 0 + wae >

\W

wor, tor, EV is
3 i Breese

Ny Bye Mt 3+ ap ne +L OF a, } (5.3-15)
Camparing (5.3-15) with the canonical form (3.6-11) and

using theorem 3.6-2 the result follows.

Example 5.3+1 -

Consider the system,
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{ ah = ope= 3
2 -2c tan xD ap
p= aos + (5.3-16)

T xr? ltr?

where a,c e IR, and a e IR.

at 1S)
TE Ae enay to Soe that. £0) = 22 EE aa giny » ho

7 .

satisfy the conditions of theorem 5.2-8 and so (5.3-16) isa

dynamical amendment to (5.1-3).

The only critical point is situated at (0,0), and £'(0) = “2b ’
g(0) = 1. Thus, by theorem 5.3-1, the origin is a simple critical

point. Using the same theorem, there are three possibilities:-

(a) (0,0) is a focus if ie . Ske

(b) (0,0) is a node if w 2 pe

(c) (0,0) is a centre or multiple focus if «=0.

If (5,3-16) is to be a viable amendment of (5.1-3),

al<< 1, p >>1 and so case (b) is not at all likely! If, however,Pp

= 2c tan tbr®
1 rv?

irrespective of the value of a.

£(r) »n2 5 and odd in (5.3-1), (0,0) is a node

Example 5.3-2

In order that (5.3-1) has a saddle point, say at (0,0), £'(0) > O

by theorem 5.3-1 and so we can take a = O, without loss of generality.

If (5.3-1) is to be a reasonable amendment to (5.1-3), f(r) + 8 as
x

r2>e andso f(r) = 0 for same r, O<4r<-. Thus, the equation has

at least two critical points.

-1 3
Pil le, taking £(c) = 22 tan Galar")

T x2

f(r) =O at r=O and at r= 372. Using 1'Hopital's rule,
£(0) = 0, £"(0) = 2© > 0 and so (0,0) is a saddle point. Also,

a (773) = “se < 0 and so (7¥2,0) may be a centre or multiple focus.
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Example 5.3-3

Consider now the system,

Pe 2n-2 se (5.3-17)
on ee

+ at ler
1

where n z Q OxlKe2, ce Ror aeR, navel

(5.3-17) is dynamical using theorem 5.2-8 and theorem 5.2-1.

Again, the only critical point is situated at the origin.

Case One Ifm=0, g(O) = 1, £'(0) = 0, and so by theorem

5.3-2, (0,0) is a multiple critical point of the first kind.

Now f(r) =

ro an, an eee
Sern er ere ene ae lal

aan an Iz] < laa’ ]

errieo the first men eere cemivar ive sree) (0) = =S(m-2)!
a

Thus, (0,0) is a saddle-node for any value of n.

Case Two If m=1 or 2, g(0) = 0, £'(0O) = O and the origin is a

multiple critical point of the second kind - theorem 5.3-3 is

appropriate.

+ acer? ge rr } m dieneNow p= —— = +=7 -. + apr {r-x a
a Ree ee

Using the notation of the theorem, k is always even and 2 = 1 or 2.

Thus, if m= 1, (so that 2 = 1), (0,0) is degenerate if n =2 and

a saddle-node if n>2. (0,0) is degenerate for m= 2 (2 = 2) and

n= 2, of3 and a saddle-node ifn>3.

Notice, that if a =O in (5.3-1), there is no choice of f(r)

which will make a given critical point multiple of the first kind.

Also, the possibilities for a multiple critical point of the second

kind are limited. Using theorem 5.3-3, it can be seen that it can

only be a saddle point, focus, centre or a degenerate critical point.

It is interesting to note that exactly the same restrictions on the

types of critical points obtainable are imposed if in (5.3-1), a #0

lef



but f(r) = g(r).

5.3.2) Stability of Orbits

Equation (5.3-1) is of the Lignard type and it is well nom

that a suitable Lyapunov function is given by,

xr

birp) = dp? - fF eqryar (5.3-18)
°

for the equivalent two-dimensional system (5.3-2), where it is

assumed, without loss of generality, that (0,0) is the critical

point of (5.3-2) in question.

ie.

Now L(x,p) 3 0 if 5D” > f £(c)dr and so is trivially true
fo}

fo

if 16 £(r) is negative.

OLS joe ole Cae p obercoigees 2 :
Gea Ut See cee eeep cee (5. 3-19)

Thus, the stability of (0,0) depends on the nature of «a g(r)

in the neighbourhood of the point, r= 0. The following lemma

follows immediately fran theorem 3.8-2:-

«

Lenma_5.3-4

xr

rf} p?- [F e(e)ar > 0 and ag(r) ¢ O for allrisa
neighbourhood of r = O, then the critical point (0,0) of (5.3-2)

is stable. Do

Notice asymptotic stability cannot be concluded in this case

since & is never negative definite, no matter what the choice

of ag(r) is.

Notice also that in the case a=0, = = 0 from (5.3-19) and

so L is constant - this can also be shown to be true in this case

by substituting the known first integral (5.2-4) into (5.3-18).

Thus, so long as L > O in a neighbourhood of (0,0), the origin is

stable by lemma 5.3-4.
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Notice that from (5.3-18) L(r,p) + «as |(r,p)| +» , and

so in certain cases, theorem 3.8-4 may be useful:-

Lemma _5.3-5

If L(r,p) is positive definite in the whole of (r,p) space,

ag(r) < O for all r and (0,0) is the only invariant subset of

pag (r) = 0, then the critical point (0,0) of (5.3-2) is globally
asymptotically stable.

o

Notice asymptotic stability cannot be concluded in the case

a = 0 as then ag(r) = 0 om the whole of R”.

Recall that the eigenvalues of the matrix associated with the

| linearized system of (5.3-2) are given by (5.3-4), so that the

following lemma follows fran theorem 3.8-1:-

Lemma_5.3-6

If the origin of (5.3-2) is a simple critical point, it is

stable if ag(O) ¢ O and £'(0) < 0. The origin is asymptotically

stable if ag(O) < 0. a

Any of the above lemmas may be used on any particular system.

It may happen that one gives more information than the others. . In

certain cases, Lemma 5.3-4 can be used to conclude asymptotic

stability by constructing a modified Lyapunov function.®

In the case of a multiple critical point, Lemma 5.3-6 is not

applicable - clearly a saddle-node, or degenerate critical point

are not stable in the usual sense. However, there exist certain stable

multiple critical points such as nodes and in order to prove stability

in these cases, we must resort to the Lyapunov method.

If (0,0) is the oly critical point of (5.3-2), then the region

of stability must be the whole of phase space. If there exists more

than one critical point (for instance, if £'(0) > O in the amended

Newtonian cases) the region of stability may be calculated using the

Lyapunov function (5.3-18).
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Example 5.3-4

Consider the system,

r=p (5.3-20)

{ ee ee CE _opr”
a 3/2 4(x? + a’) oe

where ce [R,, and lal, |al<< 1.

cr
Wotice £2) «Sand ge) = ae

(x? + a2) Z ae

analytic and bounded and that lim fe (x)dr and Lin{g (x)dr are
ro Im.

both finite, so that (5.3-20) is a viable amendment to (5.1-3)

by theoren 5.2-8. (0,0) is the anly finite critical point and

£'0)= ~ £,< 0, g(0) = 0. Thus, by lema 5.3-6 (0,0) is
a

stable, (being simple). Notice that from lemma 5.3-1, the origin

must be a focus or centre.

Stability may also be concluded by the use of the Lyapunov function,

eee ¥ x dr te pet? he
Bee ae +f ae ee eat

hy @1a

c

Clearly L(0,0) = 0 and< for allr SL(r,p) is
tc? + a?)

aL a er?positive definite. GF = 225 => (0,0) is stable if a <0,
ete

by Lemma 5.3-4, but need not be asymptotically stable.

Notice, if (5.3-1) is assumed to be dynamical, all soluticns

must be extendable to all values of t. The equation is stable in the

sense of Lagrange, if, in addition, all the solutions are bounded for

all values of t and so, in particular, do not go to the edge of the

given manifold at infinity as t tends to infinity. If {5.3-1) is

defined cn 1R’, it can be shown that the solutions are bounded for
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t 2 O if the Lyapmov function L is positive definite on rR? and
tends to infinity as |(r,p)|+> and ist <o on me’.

5.3.3) Closed Paths of # = f(r) + ag(r)r

The question of existence of closed paths of equation (5.3-1)

is now looked into. Studying Dulac's test (theorem 3.5-7) and the

criteria for differentiating between a focus and centre using focal

values (section 3.10), it is clear that it is easier to prove there

do not exist closed orbits in phase space, rather than prove

existence!

Applying Dulac's test to the two-dimensional system, (5.3-2),

the following lemma is obtained,

Lemma 5.3-7 (Dulac's test)

Let G be a simply connected sub-region of the damain of the

system (5.3-2). Let B(r,p) bea C’ function defined in G such that

the function,

PB , 3B fs
aBg(r) + meets ap (£(r) + apg(r)) (5.3-21)

does not change sign. (It may vanish at finitely many isolated

points or on smooth curves, but has the same sign at all other points

of G). Then there are no simple closed curves in G which are wmions

of the paths of system (5.3-2). 0

In the case 4# 0, Bendixon's test may prove usefulif - B= 1 in

(5,3-21), Lemma 5.3-7 states that there are no simple closed curves

in G is g(r) does not change sign in G (g(r) can be zero at a finite

number of points). However, if a= O in (5.3-2), there is no ;

information as then (5.3-21) is identically zero, (and so is zero

at an infinite number of points). In this case, some information can

be obtained by letting B = p in lemma 5.3-7:-

Corollary 5.3-8
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Let G be a simply connected sub-region of the damain of

definition of the system (5.3-2). If £(r) does not change sign,

then there are no simple closed curves in G which are unions of

the paths of the system (5.3-2) with a =

It can be shown, using the Poincaré index, that any closed
curve contains a critical point in its Sneecion po ae (559-2)
has no critical points, there can be no closed orbits.

The most important cases of a system of the type (5.3-2), as

far as dynamical amendments of (5.1-3) are concerned are where

£(0) = O and (0,0) is the only critical point. Then in order for

there to be a closed orbit, it is necessary for the linearized

system about (0,0) to have a matrix with purely imaginary

eigenvalues, that is, g(0) = 0 and £'(0) < O (by theorem 5.3-1).

If it is possible to differentiate between a focus and a centre,

it is possible to prove there exists a pericdic solution, or no such

periodic solution exists. One way this may be able to be done is

by using Lemma 3.5-6:- In the case of (5.3-2), it can easily be

seen that orbits are symmetric with respect to the p axis if

£(r), oag(r) are odd functions of r.

Lemma _5.3-9

If (5.3-2) has a critical point at (0,0) and g(0) = 0, £'(0) < O,

and in additio, f(r) and ag(r) are odd functions of r, then (0,0)

mast be enclosed in one or more periodic orbits.
Qo

Notice in the case = 0, all orbits are symmetric with respect

to ther axis, no matter what the character of f(r), and so by Lema

3.5-6, we have,

Lema_5.3-10

If (5,3-2) with A= 0 possesses a critical point at (0,0) and

£'(0) < ©, then (0,0) must be enclosed in a system of one or more
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periodic orbits.

It can be seen that if a = O in (5,3-2) and f(r) is an odd

function, orbits are symmetric with respect to both r and p axes.

Example 5.3-5

Consider the dynamical amendment to (5.1+3),

2 fir )e— Set eRe fale: te (5.3-22)

(see Example 5.2-1). Clearly f(r) never changes sign and so

(5.3-22) has no periodic solutions by Cor. 5.3-8.

(The equation, as a system is (r,p) space, has no critical

points and so the result follows without using the Corollary in

this case).

Example 5.3-6

Consider the dynamical amendment of (5.1-3), (by theorem 5.2-8),

i =p caja e TR, [al<< 1. (5.3+23)
. r *

ne)P (r2ta2) 2/2

<r
Clearly £(r) = =- ec g(r) are both odd functions

(x2 + a)3/2
and (5.3-23) possesses a critical point at the origin. Moreover,

g(0) = 0 and £1(0) = “S, 0. Thus, by Lemma 5.3-9, the origin
a

must be enclosed in a pericdic orbit. The result also follows by

Lemma 5.3-10 if a =0.

le 5.3-7

Consider the equations,

lot



3 =is -1, 3 (5.3-24)

ren pee aOR SP
2S 2 :

7 r ltr

These represent a dynamical amendment of (5.1-3) by theorem 5.2-8

The only finite critical point is situated at (0,0).

Ifa #0, g(r) = +, > © for all r and so there are no closed
ltr’

paths. In contrast, if a =0, £'(0) < O=7the origin is a centre

or multiple focus, By lemma 5.3-10, (0,0) must be enclosed in one

or more closed orbits.

If a # O and f(r) and g(r) are not oda functions, in general it
is difficult to prove the existence of closed orbits. However, if a

given critical pointhas a purely imaginary eigenvalue it can be

proved to be a focus using a finite number of equations. This then

excludes the possibility of the origin being a centre and hence an

infinite number of closed orbits, although it does not exclude the

possibility of the existence of limit cycles.

Consider the system,

{ nine (5.3-2)
p= f(r) + apg(r)

with £(0) = 0, £'(0) < 0, g(Q) = 0, so that (0,0) is a centre or

multiple focus. («a #0, otherwise (0,0) is known to be a centre

by lemma 5.3-10.)

Consider the linear transformation,

Bergen (5.3-25)
P= p

where ne = -f£'(0) > O. Then (5.3-2) is reduced to canonical form,

R= 6P
: (5.3-26)os = -8R+ [es +£@) + aR]
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Assuming f£,g to be analytic in a neighbourhood of the origin,

let

i Pe 2d a oe 3 ds 1d
f = fr +8 fpr +8 far +B fyr toe (5.3-27)

ote? san 5 4 4
(x) = agyr + B Gor +B gar +B gyr +...

where £595 are constants and f) = es Transforming to polar

co-ordinates P = pcosé, R= psine, (5.3-26) becames, using (5.3-27),

S = {e5%sin®s + £=p*sin°e +...+ apcosé (g,psine + g,07sin“6 +..9} cosé

B+ £,psin’e + £,p7sin“s +...+ asinécoss (g,sine + Gop"sin“6+...)

(5.3-28)
| nly n eee
Let { A = f£,sin @cosé + acos’ésin gy

_ tano (5.3-29)

Ene 8 Ant

Substituting the expressions (5.3-29) into (5.3-28), we get,

se = ep” + ep? + eo Feeet Gogh te. (5.3-30)

where ny
Be, = A, - AL1X) + Ay o¥y tee-+ (-1)"AX, 5

= (5.3.31)XS a .

XY a's i it+2n-1
n ALL i (-1) B,

ti=n =
COMBINATIONS

As in definition 3.10-4, let p = F(6;0,0_) be the solution of

(5.3-30) satisfying the initial condition F(O +94) = 9

Expanding F(6; 0,0.) in terms of powers of t

x

initial value,

0 = F(87 Orp,) = uz (8)p, + U,(8)0% +uzle)oy +... (543-32)

where, by hypothesis, u, (©) =1, uy (Oye= Fe u, (0) =0.

Substituting (5.3-32) into (5.3-30) yields a differential
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recurrence relation for u, (8) by camparing coefficients of p ae

By definition,focal values are calculated fran,

a'(O) = uy (27) =u

{ (5.3233),
a (0) = kt u, (2n)

Thus, by finding each u; (9), it is clearly possible to obtain

conditions on £(0), g(0) so that (0,0) is a multiple focus of

multiplicity n. In this work, only the third focal value is

considered and this leads to a simple condition for (0,0) to be

a multiple focus of multiplicity one and hence exclude the possibility

o£ (0,0) being a centre.

From (5.3-32), (5.3-30),

u," (9) °

2 (5.3-34)
uu,' (8) enn,

u,'(6) = 2e,u,u. Hanae
3 ease Dials

6
ie =. 17+ uy (0) = l=u,(e) = a [5% de.

e 6‘ Sg" 2 Znse U9 (0) = 3 Jotezsin @ cose + acos’esineg,)de =>

HER Lae:(8) = 3 (Ep sins - agy cose) (5.3-35)

Thus, fram (5.3-34), (5.3-35), (5.3-33),

3Us am 2e9 , B

dad (0) =6 (Sp 61n8 i> ag, cos 6) + e3) de (5.3-36)
OF cop

Substituting the expressions (5.3-31), (5.3-29) into (5.3-36) and

noting some terms are zero when integrated,

2nwy

d (0) =6 I. 2ag,f, (sin’a cos“e - cos ‘esin“a)
2

38

a5 Fy f (5.3-37)
i aoe

8

+ (agycos"esin”s eee) sin 9cos70 i} de =
ES er Sk ae Jea. SORES & Sp

ifo



using Wallis's reduction formula ®

Substituting for Jy1Gqr8, and £, in (5.3-37), the following

theorem is obtained:-

Theorem 5.3-11

If (0,0) is a critical point of (5.3-2), it is a multiple focus

of multiplicity one if a #0, £'(0) < 0, g(O) =O and,

£'(0)g"(0) + g'(O)£"(0) 4 O. a

The conditions of the theorem are no satisfied if o = 0 or if

g(r), £(r) are both odd, agreeing with lemmas 5,3-9, 5.3-10.

5.3.4) Structural Stability and Bifurcations

Applying theorem 3.9-1 to (5.3+2) defined on R’, we have,

Theoren 5,.3-12

The system (5.3-2) is structurally stable in.a closed region G

of R? if and only if, :

(i) there exists a finite number of critical points at (a, ,0) say and

‘e (a;) # O for each ay and g(a;) =0, £'(a,) < O do not hold

simultaneously for any r = asi

(ii) if there exist closed paths, then these are simple limit cycles,

that is, if r= ls), p= v(s), thn J =a f Pcie Oneere
°

t is the period of ¢ and yp.

(iii) there are no orbits going fram saddle point to saddle point,

Notice that the conditions of the theoren are not satisfied

throughout the plane if (5.3-2) is dynamical and a =O and this

agrees with the fact that (5.3-2) with a =O has a regular first

integral. i
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Suppose that (5.3-2) has no closed orbits. If it is to he

a viable dynamical amendment to Newton's equation, it has been noted

earlier that the origin is a saddle point only if there are at

least two finite critical points (see example 5.3-2). If the

origin is the only finite critical point, condition (iii) of

theorem 5.3-12 is trivially satisfied in a closed regim G © me,
Thus, we have the following corollary. 3

Corollary 5.3-13

If in (5.3-2), £(r) > Sas rt+e(ce R,,) and the system
=

has only one finite critical point situated at the origin and

g(0) = 0, £'(0) < O do not hold simultaneously, then the system is

structurally stable in a closed region G of IR’.
u

Example 5.3-8

Consider the dynamical amendment of (5.1-3) given in example

5.3-1, namely,

PiC

Geepe 2 tan (br) ap

7 r2 ltr?

(5.3-16)

where b >>1, |al<< 1.

The origin is the only finite critical point of the system and

£'(0) < O, g(0) = 1. By Corollary 5.3-13, the system is structurally

stable if a #0.

Having looked at the sub-class of equations of the type (5.3-2)

which are structurally stable, we now look at the bifurcations of the

structurally unstable types. If (5.3-2) has a multiple critical

element, there are systems close to (5.3-2) which have a number of

simple critical elenents equal to’ the multiplicity,

Suppose that a critical point of (5.3-2) is a centre or multiple

focus. A way of differentiating between the two cases has been discussed

Ch2



in the previous sub-section. If, without loss of generality,

(0,0) is a multiple focus of (5.3-2) of multiplicity k, then

by theorem 3.10-1 , there is a systen close to (5.3-2) which possesses

exactly k closed paths.

Example 5.3-9

Consider the following dynamical amendment to (5.1-3),

r=p

-2c tan br? | apr? (5.3-38)
+

T r? art

where b>>1, Ja|<<i. The origin is the only finite critical point and

£1(0) = PE < 0, £"(0) = 0, g(0) = 0, g'(0) = 0, g"(0) = 2.

The systen is structurally unstable by Corollary 5.3-13 and (0,0) is

a multiple focus of multiplicity one if a # O, by theorem 5.3-ll.

Thus, by theorem 3.10-1, , there is a system close to (5.3-38)

possessing one simple limit cycle. For example, consider the

systen,

Re u P (5.3-39)
=o 2 .2 tan “be ent 28 oi)

if z=
Se

7 lir

where » is a snall parameter.

It can be shown that, in this case, for sufficiently small values of u,

(a) if a> 0, for » < O, there exists a stable focus and one

unstable cycle; for u > 0, there exists an unstable focus and

no cycle.

(b) if <0, for y > O, there exists a stable focus and no cycle 5

for u < O, there exists an unstable focus and a stable cycle?

Consider now the case where (0,0) is a centre of (5,3-2) (for

example, if a = O and £'(0) < 0). In this case, there isa

neighbourhood of the origin which can be completely filled with

concentric paths of (5.3-2). ‘Thus, by theorem 3.10-2 there is an

analytic function p(r,p) defined in G such that,
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{ siete (5.3-40)
pf£(r) + ap pg(r)oS

1

is Hamiltonian. If a = 0, p = 1 trivially satisfies the partial

differential equation of theoren 3.10-2 , and the systen (5.3-2)

is already Hamiltonian in this case, with,

2

H(c,p) = fetrar -8 :

In this case, theorem 3.10-3 , is appropriate and so there exist

systems close to (5.3-2) possessing an infinite number of structurally

stable limit cycles. One particular perturbation of (5.3-2) with

a= 0 is (5.3-2) with a #0, Using the notation of theorem 3.10-3,

it is seen that in this case,

£, (rp) =... = £, (rrp) =... = 0,

Sy (ep) = pglr); gy lryp) =... = g rip) = »-. = 0,

so that,

T

=a ff g(r)drdp and L = af g(d(s))ds, where G is the
°

region enclosed inside a chosen closed path C and r = @(t) is the

motion corresponding to the path C.

Notice I can be integrated with respect to p first as (5.3-2)

has a first integral (5.2-4 ) if a =0. Notice also that any

closed curve must be symmetric about the r axis by lemma 3.5-6

r1

wf. I= 2s j (gto 2 fetear + a dar
To °

where Yor, are the least and greatest roots of afftraria, =0
and L, is given by p* = 2)f(c)ér + A,

Thus, we have the following Corollary to theorem 3,10-3

Corollary 5.3-14

Let C be a closed path of (5.3-2) witha = 0, r = A(t) the
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motion corresponding to the path,t the period of the function ¢,

and G& the region enclosed by C.

1 .

If I= Ge enue dr =0, where rs]
Xo ep °

are the least and greatest roots of afe (r)dr + Ace O respectively
and C is given by oe = 2 £)drer Ay and,

T

n= | gWts))as # 0,
°

there exist « > 0, 6 > O such that for everya, lal <6 ,

(5.3-2) with a # O has a structurally stable limit cycle in U, (C)

and this contracts to C for a+ 0.
0

5.4). The Two-Dimensional Newtonian Equation

In this section, the special two-dimensional case of (5.1~1)

is considered. Using cartesian coordinates (x,y), (5.1-1) reduces

to,

ax .
=

at? r
2 (5.4-1)

eye CY.

at? 3°

and so has a four-dimensional phase space. It is again convenient

to treat c as a single positive constant, without loss of generality.

It is well known that (5.4-1) possesses periodic solutions:-

transforming to polar coordinates, x = rcos8, y = rsin0, the

following equations are cbtained,

oe 104 (5.4-2) (a)
K

2x6 os re ° (5.4-2) (b)

The equations have a first integral, obtained by integrating
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(5, 4-2) (b) and substituting into (5.4-2) (a):-

Vac/c = k2/x? + A (5.4-3) (a)a=

ges :ee : (5.4-3) (b)

where k,A are constants of integration.

The solution to (5.4-3) can be expressed in the form,

Vc? + kA (5.4-4)= A* cos (sta) +S, eueae
k

Rie aot
k2

(k 4 0), where a is a constant of integration. (5.4-4) represents

ask? A
an equation of an ellipse if <1 > vc% +kA< cand sodA

c

must be negative.

The right-hand sides of (5.4-1) become singular at the origin

and the first integrals in polar co-ordinates (5.4-3), also becane

singular at r= 0. It is clear that, by integrating (5.4-3) (a),

that this singularity is reached in finite time, if k= 0. Thus,

(5.4-3) does not have global existence of solutions and so neither

can (5.4-1), as both systems of equations must have the same

general solution.

5.5). Feasible Amendments of the Two-Dimensional Newtonian Equations

In this section, the two-dimensional Newtonian equations are

amended in such a way that the resulting equations have global

existence of solutions and reduce to the amended one-dimensional
Newtonian equations (5.2-1) in the cne-dimensicnal limit. Amendments

of the first order equations (5.4-3) are considered, so that the

amendments will, in general, contain two arbitrary constants, as in

the Newtonian case. Notice that, assuming anendments of this type,

the one-dimensional case will not reduce to equations of the form

(5.2-27) as these, in general, do not have first integrals.
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By considering first order equations, the phase space will
be the space manifold, in this case the plane R, as opposed to

the position-velocity space, as considered in the one-dimensional

case. Thus, orbits in phase space will be orbits of a test

particle as seen by an external observer.

5.5.1). Equations of the Form r= F(r), 6 = Glr)

In this sub-section, equations of the form,

5

{,
are considered, which include (5.4-3) as a special case. At this

stage, no special properties of F(r) and G(r) are assumed.

F(r) (5.5-1) (a)

G(r) (5.5-1) (b)

Theorem 5.5-1

The equations (5.5-1) have global existence of solutions if

F(r) is imaginary in an arbitrarily small neighbourhood of all

finite singular points of F(r) and G(r), or if F(r) and G(r) are

continuous, and F'(r) is finite at each finite critical point and

at infinity, if F(r) becames singular there.

o

Proof

Fram (5.5-1) (a) we obtain,

dr = _hee = th te (5.5-2)
F(r)

Suppose that F(r) becames singular at a finite value of r, say

rer). The integral in (5.5-2) is well-behaved in a neighbourhood

of x =r, and sor = r, mist be reached in finite time if F(r) is

realin a neighbourhood of r = r). If G(r) becomes singular at r =r),

the same result applies, again using (5.5-2).

Suppose now that F(r) and G(r) are continuous and that F(r)

becomes singular at infinity. In this case, the integral in (5.5-2) is

le



an improper integral of the first kind. Then,

¥ n ole

Loelim —“— = lim = (5.5-3)
pte ta) rete F'(r)

by hypothesis. L is finite if lim F'(r) is finite and n is taken to

re

be 1. In this case, the integral diverges by theorem Boga), se

G(x) becemes singular at infinity but F(r) does n CE met
F(r)

diverge, again by theoren 5.2-1 and there is no problem.

Suppose now that (5.5-1) possesses a critical point at a finite

value of r, say r = a, so that F(a) = G(a) = 0. The integral in

(5.5-2) is then an improper integral of the second kind, ina

neighbourhood of r = a.

n ni,

Tae Tee im es ety ee (5.5-4)
ma F(z) ay F*(r)

by hypothesis on F(r). If F'(a) is not infinite, L, # O when n = Ae

so by theorem 5.2-2, the integral must diverge and the critical point

is not reached in finite time.

If (5.5-1) possesses a critical point at infinity, this point

can never be reached in finite time as the integral in (5.5-2)

diverges by theorem 5.2-1 in this case. Hence the result. TM

Notice that the derivatives of F(r) and G(r) do not have to be

continuous at all values of r for the solutions to be extendable

to any parameter value - they only have to be continuous at any

critical point. Thus, (5.5-2) may have global existence of solutions

without being dynamical in the usual sense.

5.5.2) Feasible Amendments of the Two-Dimensional Newtonian Equations

of the Form (5.5-1)

Clearly, any feasible amendment of (5.4-3) must agree as far as

possible with (5.4-3) - it must reduce to this case as r tends to

infinity. The equation (5.4-3) (a) involves the Newtonian potential

1#8



and also depends on §, Thus, in any amendment to (5.4-3) of the

form (5.5~1), it is reasonable to have F(r) depending on the

amended Newtonian potential and on G(r).

In the one-dimensional case, 8 = 0, so that G(r) =O. In

order that (5.5-1) agrees with (5.2-1) in this case, we have,

Fir) = val £txdax +A when 6=0 (5.5-5)

(A a constant of integration), where the second order one-dimensional

Newtonian equation is given by,

Y= £r) (5.2-1)

that is, where -fé (r)dr is the amended Newtonian potential. Thus,

= va[e (rar +A + 2H(r) (5.5-6)
{ § =ew)

where H(r) = O when G(r) = O, (so that G(r) and H(r) contain an

arbitrary constant) .

Ke

Now fran (5.5-6),

E-x1 8? = (€@) tut)? -reyy
r

wre+re = 2a/2{ £(e)ar +A + Hc) + xGl(x)r

£- x6? = £(c) +H (x) - re*(x) (5,5-7) (a)

2m +10 (26 (r) + rc! (r))V a{fmar + 2H(r) +A (5,5-7) (b)

Transforming back to cartesian co-ordinates,

X = cosa (x - 162) - sing (268+ x6)

= x {ew ener) re? wz {acrrst) Af cryarsante)4a } (5.5-8) (a)

sing (F-13) + cose (24343)

£{e0) +H" (ce) - x0" wi} {ctx Pa ete)art2H(r) +a bo.s-2 (b)
Ss "
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Now in the Newtonian case, by hypothesis, f(r) = S , and so
r

to agree as close as possible to (5.4-1), we need,

H'(r) - re’(r) =0 =>

Hix) = fc? teyar. (5.5-9)

If, 26 + x6! = 0 Gir) <3 (5.5-10) ,

the second order equations (5.5-8) are not coupled as in the

Newtonian case and the force is central. Otherwise the equations

are coupled.

Suppose it is possible to amend the equations (5.4-1), so that

the gravitational force is still central, and (5.5-1) has global

existence of solutions. Fram (5.5-10), (5.5-9), (5.5-6) takes

the fomn,

2 =Vafsmar +a - eA? (5.5-21)

‘ear
De

ba
nN

By previous analysis, this is a feasible amendment in the one-dimensional

case (k=O). However, when k # O, the right-hand sides of (5.5-11)

became singular at r = 0. By theorem 5.5-1, (6.5711) will only have

global existence of solutions if 2|f(r)dr +A - 5 is negative in
x

an arbitrarily small neighbourhood of r= 0. This will be true for

any choice of the arbitrary constants A, x it [eteyar + = as r +0.
(campare with lemma 5.2-3). As shown in section 5.2), this property

of f(r) does not give reasonable behaviour and so (5.5-11) may only

have global existence of solutions for certain values of A. This

means that the second order equations (5.5-8) may not be dynamical.

Fran section 5.4), periodic orhits are given by A < O and so ifA
2is chosen in the amendment (5.5-11) so that, [2{ trax + ae S10,

] x? Jot

these values of A represent periodic or almost periodic orbits which

never reach the origin.

igo



Example 5.5-1

Consider the amended one-dimensional equation given in example

5.26, namely

=e Sea (5.2-15)

(2742?)

where [a] << 1, so that f(r) = 257, + ‘The two-dimensional
2 £2

(x“+a)

equations (5.5-11) become, in this case,

; 2c 2
oe Sake a (5.5-12)

Py aes an
(x“+a*)

ay
Brame?

In this case, r will be imaginary when,

2 22ox® = k2 (x? + a2)? + ar? (e242) * = 2cr? - Kr + ar? < 0,
if |a| << 1. Thus, r will always be imaginary in a neighbourhood of

r=Oifk#0O. If k=O, the model is no-singular anyway.

Clearly, if k #0, 6 #0 for finite values of r, and r # O when

r= 0. Hence, (5.5-12) does not possess any critical points, and so

has global existence of solutions.

If (5.5-6) is required to be nonsingular, (5.5-8) are now coupled

and so in this case (5.5-6) are not the first integral of (5.5-8) as

the second order equations contain the arbitrary constant of G(r) and

H(r). However, if G(r) is chosen to be non-singular at infinity and G(r) #0

for any values of r in the two-dimensional case, then (5.5-6) are feasible

amendments of (5.4-3) if F'(O) is finite and F(r) is non-singular at infinity

by theorem 5.5-1.

Example 5.5-2

Consider the amended two-dimensional equation, (5.5-6), with

(8



k
Ja] << 1. From (5.5-9),G(r)

x? - a2 ‘

2 2

H(z) = zk, dra uesk (5.5-14)
(2422) 2(x74a")

and so (5.5-6) becomes, if £(r) = ens
(r74a2) 2

2
4 2c k'
r= - tt +a

5 =(r74a7) (24a?) (5.5.-15)

. k

6= rte

| If a=0, (5.5-15) reduces to the Newtonian case and if k= 0,

(5.5-15) reduces to (5.2-15) as (5.5-12). In this case, the

amendment is non-singular, even at infinity. Notice 6 #0 if

k # O except at infinity.

>

El + ae aoe. gk, Se ee
/ 2. 2} &290 Tusa?) Ge 2,02, iain ew

Using 1'Hépital's rule,

2 2

F'(0) = Pum /2f = 3/2 + k= H{ Sc 3. * EEm0 { (x44a2) (e402) 2) birPea%) (x42)?
{ -2cr er |
Pa 3 /2E he
pats teat)?

lim 4 Ke :4 dick r Petesrio) - {Be 3 9/2 re =, } } + and so ts sintte,
+a) (r“t+a*)

[$2



Thus, (5.5-15) has global existence of solutions by theorem

5.5-l. Notice F'(O) is finite as £(0) = O in this case.

2
2k -2rk 2ka’Now 2G + rG' = + —3e>) = (5.5-16)
rte? (r24a) (24a)?

and so (5.5-8) are coupled in this case, although the coefficients

of y in x and x in Y can be made arbitrarily small.
rc 2

Obviously, it is possible to consider the more general amendments

of (5.4-3) of the form,

Lad " F(r,6) (5.5-17)

= G(r,6)ae f

The systen (5.517) will have global existence of solutions if

it is § close to rank p to (5.5-1) at all points of (r,6) space,

so that F(r,), G(xr,6) remain bounded for all e (for fixed r). This

type of amendment will not be considered further in this work, the

most important reason being that any amended set of Schwarzchild

equations deniable fram a spherically symmetric metric must take the

form (5.5-1) and only amendments which do not affect spherical

symmetry are considered in Chapter six.

5.6) Properties of the Amended Two-Dimensional Newtonian Equations

In this section, various properties of equations of the type,

rt =v af ¢ceyae + afc? rar +A= F(x) (5.61)

(iis G(r)

are investigated, for reasons stated in the last sectim. For (5.6-1)

to be a feasible amendment of (5.4-3), it is necessary for |f(r) dr +

€ as r+ and Gr) + % as r+. It will also be assumed that
Xr

£(r) is continuous so that (5.6-1) leads to a one-dimensional, second

order equation which is dynamical, for G(r) = O. Due to the hypothesis

on F(r) and G(r), F(r) and G(r) are non-singular at infinity. In

addition, it will be assumed that (5.6-1) has global existence of

solutions, so that by theorem 5.5-1, F'(r) is finite at each finite

critical point and F(r) and G(r) are continuous or F(r) is imaginary

in an arbitrarily small neighbourhood of all finite singular points

of F and G. 183 .



Reverting to cartesian co-ordinates, (5.6-1) becames

{ x = ZF) - y G(r) ul P(x,y)
(5.6-2)

y = LP) +x Ge) = Oty)

(5.6-2) has the plane mR as its phase space. Qualitative
behaviour of orbits of (5.6~-2) will be exactly the same as

qualitative behaviour of solutions of (5.6-1) in two-dimensional

space. We first consider possible critical points of (5.6-2).

5.6.1) Critical Points

Now critical points of (5.6-2) are given by,

= =Z = es= F(r) -yG(xr) = £ F(x) + xG(r) = 0. (5.6-3)

Thus, critical points are given by F(r) = G(r) = O and there

is also a critical point at (0,0) if F(0) = 0, (noting that

F'(0) 4s assumed to be finite and lim 2& = F¥(0)),
mo

Suppose there exists a finite value of r, r = a say, at which F

and G both vanish. This region is a solution of (5.6-1) and

represents a circle of non-isolated critical points in R. Any

orbit approaching r = a will take an infinite time to get there, and

so in this sense, it has the same effect as a limit-cycle, Thus,

it has the same effect for any observer as the Schwarzchild radius

does for a distant observer in the relativistic case. It represents

an inpenetratable barrier surrounding the origin, and so in this

case, if (5.6-1) are singular at r = O, the singularity cannot be

reached. Notice, however, this will only be the case for the

particular choice of arbitrary constants in F(r), G(r), making

r= a, a critical circle.

Consider now the case where the only critical point is situated

at the origin, so that F(O) = 0.

“2 ©,0) = Lun tf P(h,0) - 10,0} by definition,
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2B 0) = Bo EL = rr). simitarty, 32 (0,0) =F) (5.6-4)

® 0,0) = BE t {Peo - P(0,0)}

lim 1sf OD Ming & {xc} =-G(0). Similarly, 22 8 2 (0,0) = G(0) (5.6-5)

Thus, by Taylor's series, the linearized system in a neighbourhood

of (0,0) must be,

x F' (0) -G(0) x
de ; (5.6-6)

y G(0) F' (0) y

Eigenvalues of the matrix in (5.6-6) are given by,

( - F'(0))? = -c?(0) =a = F'(0) + 1 G(0). (5.6-7)

The following theorem follows fran lemma 3.5-1, theoren 3,5-3, and

section 3. -

Theorem 5.6-1

Let (0,0) be a critical point of (5.6-2).

(i) IE F'(0) # 0, G(O0) #0, then (0,0) is a focus.

(ii) If F'(0) = 0, G(O) #0, then (0,0) is a centre or multiple focus.

(iii) If F'(0) 4 0, G(O) = 0, then (0,0) is a node or focus.

(iv) If F'(O) = 0, G(O) = 0, (0,0) is a multiple critical point.

(v) If F'(O) is imaginary, the linearized system in a neighbourhood

of the origin is complex and so there is a region of phase space

containing the origin where the orbits of (5.6-2) are not

defined. In this case, the origin is campletely isolated.

Q

The above theorem, and indeed, much of the analysis of this section

will prove useful for the discussion of amended Schwarzchild models in

Chapter six.

Using (5.6-1), the expression for F'(0) is easily obtained in terms

(85



of £(0), G(O):-

F'(0) = / lim {afe (h)ah + afc? (h)dh + ah , provided the limit
0 n? exists.

2
a lim 2£(h) + 2hG* (h) a= mo 2h ) \oeeae)

In order that the limit exists, £(0) = 0, and then,

F'(0) = /lim '(h) + e2(h)) = (£'(0) + 62))%. (5.6-9)
m0 :

| Notice that, by hypothesis, £'(O) exists. Also, from theorem 5.5-1,

and (5.6-8), any viable amendment of (5.4-3), possessing a critical

point at the origin, must have £(0) = 0. Using (5.6-9) and theorem

. 5.6-1, it is seen that the origin is a simple critical point if

£'(0) + G2(0) > 0, multiple if £'(0) + G7(0) = 0 and completely

isolated if £'(0) + 62(0) <0.

Recall that for negative values of A in the Newtonian case,

there exist periodic, closed orbits of the two-dimensional Newtonian

equations. ‘Thus, any viable amendment to the Newtonian equations

should have same periodic or almost periodic solutions. The

conclusions of theorem 5.6-1 are encouraging in this respect. In

case (iv) of the theorem, both eigenvalues are equal and the linearized

matrix is zero, and so the analysis of section 3.6) is inappropriate.

_ Consider now case (v) of theorem 5.6-1. As the origin is

completely isolated, it can only have a limited effect on the

topological nature of other orbits, and so the critical point is no

longer important.

Example 5.6-1

Consider again the models (5.5-12) and (5.5-15), which can be

canbined into the following systen of equations,
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ae ee +A (5. 6-10)

(74a?) (7407)

are: k
ae

x? - as

where |a] << 1,a=Oora. If a =0, the mdel is singular and

there are no critical points at finite values of r. Suppose that

a= a. There are no critical circles - the only critical point

is at (0,0) and this is when, kK’ee ee In this case,

a a

24%
£'(0) = { <4 x} , by (5.6-9).

a a

By theorem 5.€-1, the origin is a focus if re - ac > O, a centre
or multiple focus if x? = ac and campletely isolated if Ke < as

Example 5.6-2

Consider the models,

Ke (5.6-11)

8 é

where n = 1 or 3 and Ja] << 1. Ifk=0, (5.6-11) reduces to the

one-dimensional medels of example 5.2-7. Once again 6 # O for any

finite values of r. There are no critical points if a=O and in

this case, (5.6-11) is a feasible amendment to (5.4-3) iff is real is an”

arbitrarily small neighhourhood of r = O by theorem 5.5-1. There is a

critical point at (0,0) (r = 0) if

fai
ao

a

If n= 1, F'(0) does not exist using (5.6-8).

ist



%
re n= 3, Fr(0) = { +o} = =% by (5.6-9).

a2

Thus, for n=1, (5.6-11) is not a suitable amendment for

2

= a but for n= 3, (5.6-11) is a suitable amendment for all
a 2

values of A by theorem 5.5-1 and in this case, if A= wo the
a

origin is a focus by theorem 5.6-l.

In contrast to the one-dimensional Newtonian case, it is

difficult to construct a Lyapunov function for (5.6-2), so that

a region of stability is not easily concluded if (0,0) is a

multiple critical point. A canpletely isolated critical point

need not be stable in the usual sense - it may be if it is

surrounded by a limit cycle, but it is certainly never

| asymptotically stable. If (0,0) is a focus, the following lenma

follows fran theorem 3.8-1:-

Lema_5.6-2

If the origin of (5.6-2) is a simple critical point, it is

asymptotically stable if F'(0) < O and unstable if F'(O) > 0.
D

In (5.6-1), F(r) need not be analytic, even if G(r) and

£(r) are, due to the presence of a root, so that (5.6-2) is not

necessarily analytic (and so not necessarily dynamical). Suppose

that f(r), G(r) are analytic functions of r. Then F(r) can be

written,

F(r) = ao etear tere 4 (5.6-12)= 4a, + ay m gt teense 2

in a neighbourhood of the origin. Suppose that F(O) = F'(0) =0,

so that (x,y) = (0,0) is a multiple focus or centre & (5.6-2),

by theoren 5.6-1.

F(O) =O>a,=0 aes a, =0 for F'(0) to exist.

Sue ee) -x fa, tage tag? + ae =

ay = 0 if F'(0) =0.

(ss



Thus, F(r) can be written in the fom,

2 3 3Fir) =r {ar tay’ + agr + a (5.6-13).

Let a, be the first non-zero coefficient of a dn (5.6-13) -
Then,

2
/2 2

f(r) = ate fri +t ae “ne + Anat uf
Gr a

% pa/e= 2 3 . —'(n 3 3) Flr) =a’r (14m, yr + bir +b ort...) 7 “n> 3:7 (5.6-14)
n+3

for same coefficients b ait Thus, F(r) will only be analytic if n

is even, (so that nz 4). By hypothesis, G(0) # O and so ina

neighbourhood of the origin, G(r) can be expanded in the fomn,

i 2 3 s =G(r) =o, tor + cor + csr scans c, #0. (5.6-15)

Fran (5.6-14), (5.6-15), (5.6-1), we get,

1, 2 2
ae _ Flr) © ar (4b yr + bor A sain) =s

do” G(r) 2 3
Cy + yr + cor + csr faa sie:

n/2
& 2

a oF cor

= - 2 (Hb yr +h peecete.«) 1-(l + 2 Piss)
° ° °

2

aes ot )
cy Ce

ar 2 (5.6-16). rae8 Gear fatdnea® + dat *.-+}

for sane coefficients Gott (a, # 0).

In the analytic case, it can easily be seen that fran (5.6-16),

the second focal value will not vanish, as the coefficients of r
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are constants in this case and do not depend on 6. Thus, fram

section 3.10, the origin must be a multiple focus (not necessarily

of definite multiplicity). The only exception will be if F(r) =0

as then all focal values vanish and = = 0 and so (0,0) is clearly

a centre.

It can be seen that investigation of theazitical points of

(5.6-2) does not give nearly so much information as in the one-dimensional

case due to the fact that there may only be critical points for

particular values of k and A, whereas solutions of (5.6-2) need to

be investigated for all values of A,k and also, in same cases, the

critical points are completely isolated and give no information.

5.6-2) Existence of Closed Paths

The two-dimensional Newtonian equation has closed curves (elliptic

orbits) in its phase space and soone of the most important aspects of

the properties of the (5.6-2) concerns the existence of closed paths

or almost periodic solutions. Clearly, if for a given choice of

F(x), G(r), (5.6-2) has no periodic or almost periodic solutions, it

is not a feasible amendment to (5.4-3). If the right-hand sides of

(5.6-2) are non-singular and differentiable at most values of r and

the equations have no finite critical points, then there can be no

closed orbits. This is not, in general, true if the right-hand sides

of (5.6-2) are singular - a system of closed curves can contain a

non-critical point if it is singular, as in the Newtmian case,

In the non-singular case, Dulac's test gives conditions for the

non-existence of closed curves. A particularly useful form of the

test is the following lenma:-

Lemma _5.6-4

Let G be a simply comected sub-region of mR’ - {o} . There are
not closed curves of (5.6-2) in G if the functim,

#2) = 2 ear + 2x? rar +A4+r(E(r) +x C(x)

does not change sign in G.
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Proof

Applying theorem 3.5-7 to (5.6-2),

= 28 xe BY b 'ea Gr Sey CP+xG) +B (CF+F')

Let B= xrF(r) (and so is not continuously differentiable at the

origin). Then,

o= @r +o Gp - yo) + Gr + rth Or + xc)+ F? + rEF!

2052 +c) =>

re af2fetrrar + af zc? exbax $A + r(E(c) + rex) }

Notice that the test is also applicable in the singular case,

if the cnly singularity occurring in F(r) and G(r) is the origin.

In the non-singular case, lemma 5.6-4 could possibly be used to

differentiate between a focus and a centre, and could also be used to

detect limit-cycles in the case where (0,0) is campletely isolated,

but it may not detect a closed curve r = a where F(a) = 0.

Example 5.6-3

Consider again the model (5.6-11) withn=1,0=0. (Ifn=3

and a # 0, the model is non-singular and the only possible finite

critical point is situated at (0,0) and is a focus by theorem 5.6-1

and so there are no closed curves except possibly at r = a where

r(a) = 0.) In this case, the model is singular and may only be viable

for certain values of k,A - theorem 5.6-1 gives no information about

closed curves.

From lemma 5.6-4,
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2 2 2 2

a, (2) = Por ED alg) ee Cer he

rete? x? (x42?) 2 x

A(rt4a2)2+ or? + 3exa" (5.6-17)

teatje

If A=0, (5.6-17) becomes,

cor (c24+3a2 )
(x2 a2) 2

% (x) = (5.6-18)

For positive r, (5.6-18) does not change sign and so there can be no

closed orbits in Re = {chs (If A = 0, k can be chosen so that the
singularity is not reached), except possibly at r = a where rla) = 0.

In contrast to the one-dimensional Newtonian amendments, there

are no specialized theorems concerning the existence of periodic orbits

of equation (5.6-2). Lemma 3.5-6 is not appropriate either as,

P(x,-y) # P(x,y), P(-x,y) # +P(x,y) and similarly for Qix,y), so

that the orbits are not symmetrical about either axis, (assuming

that F(r) #0). This agrees with previous analysis which concluded

that if (0,0) is a critical point of (5.6-2), it cannot be a centre.

Theorem 3.10-8, concerning perturbations of the two-dimensional

Newtonian equations (5.4-3) is difficult to apply in practice, although

theoretically possible as G ¢ Re - 40>, where G is any closed annualar
region surrounding the origin is campletely filled with elliptic orbits

of (5.4-3) for certain values of A. This is because the first order

partial differential equation for p given in theorem 3.10-2 is impossible

to solve in general. A particular solution is p = Ft) (At

F(r) is analytic in G). However, with this choice of p (x,y), is the

notation of theorem 3.10-3, £, (x,y) ,9, (x,y) are given by,

£, ery) = -yn (4); 9, &y) = xn(r), for same function n(r) >

£h,0y) = -m' WE; ot bey) =a wd >

£'5,,(xy) + "yy Ory) =O:

(Oz



Thus, the theorem cannot be applied, with this particular choice of e-

Consider now equation (5.6-1), and suppose that F(a) = 0, a #0.

ot Gian, ee eed
(5.6-19)

ma F(r) .

Thus, in order for F(r) to be differentiable at r = a, f(a) + ac? (a) = 0

Clearly, if F(a) = 0, r = a is an isolated closed orbit of (5.6-1) if

ais real. As mentioned earlier,if G(a) =O (so that f(a) = O in order

that F(r) is differentiable at r = a), r = a is a critical circle and

must have the effect of a limit cycle. (If, in this case, F'(a) does

not exist, the system (5.6-1) does not have global existence of

solutions and is not a viable amendment to (5.4-3).) | Suppose that

G(a) #0. If F'(a) does not exist, (5.6-1) does not have uniqueness

o£ solutions on r = a and so any other orbit may cross r = a or reach

xr =a in finite time. Thus, a necessary condition for r=atobea

Limit cycle is that, from (5.6-19), f(a) + aG’(a) = 0. (This can
always be accamplished by choosing the arbitrary constant in G(r)

suitably).

Let plxy) = x ee -y cin} + xf Zr) + x(x)

+’. dy) = rF(r). (5.6-20)

Then, using theorem 3.5-8, fran (5.6-20) we have,

Lemma _5.6-5

In (5.6-1), let F(a) =O. Then r =a is a limit-cycle if F' (a)

exists (so that f(a) +a c?(a) = 0), and F(r) is real in a neighbourhood
of r=a. a

In this case, even if r = 0 is a singularity, (5.6-1) still

represents a feasible amendment as orbits cannot pass r = a.
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Example 5.6-4

“consider the model (5.6-11) withn=1,a=0, andd=* +,
=

so that,

2
: 2x _ k 212
rae ——e ae yee. +A.

vta2 rx
(5.6-21)

a= hy

Oieke; sae?
Now F(a) = (=-=,+y° a +A) =>

a a2

Pon kala
F(a) =OwhenA= =+- - ya (5.6-22)

a a2

k -k
Gla) = =, + y?G(a) = 0 when y= =,. (5.6-23)

a? at

Notice that in the case of (5.6-21), £(a) =O ard so from (5.6-19),

r =a is a critical circle if A= < (combining (5.6-22), (5.6-23}).

Suppose now that y = 0, so that G(r) 4 O for any finite r. Then

fron (5.6-19), r = a camnot be a limit-cycle. However, if r=b#a,

Deo 3
2 c(a“-b") k

£(b) + bab) = SP, + So -0 >
. ah my

3h

= a (5.6-24)
(a“+b*)

so that if A is chosen is in (5.6-22) ,with 2 as given in (5.6-24),

r=b is a limit-cycle of (5.6-21), by lemma 5.6-5.

If .(5.6-1) is a viable amendment to (5.4-3), F(r) may be

written in the form,

2

P(r) = 22 -E tat entry (5.6-25)
r ae

where « is a small constant and n(r) +O asr+e: For e« =O and

194



certain values of A, orbits of (5.6-1) are closed. If e #0, the

rate of change of r will be affected more and more as the origin

is approached and so orbits of (5.6-1) -will be perturbations of

closed orbits for these values of A and provided |e| <<l, it is

reasonable to suppose that the periodic orbits will be perturbed

to almost periodic orbits. This conjecture is supported by the

numerical results of various orbits of models given in section

5.8).

In polar form, equation (5.6-2) becomes (5.6-1) and so the

following integral is obtained:-

{ Sea 6+6 (5.6-26)
F(x) ad

where 85 is a constant of integration. The question of the type

of orbits obtained in the cases where (0,0) is a multiple critical

point of (5.6-2) or completely isolated and the question of closed

orbits may be answered if the integral (5.6-26) can be solved.

Substituting the expression for F(r) into (5.6-26) using (5.6-1),°

the following integral is obtained,

G(x)dr

J ee = = 048): (5.6-27)
wal ¢ (char + af? (r)ar +A

and the conditions on f(r) and G(r) make the evaluation of the

integral by analytical means, in general, impossible. However, there

are certain cases where (5.6-27) can be evaluated in terms of elliptic

functions.

Example 5.6-5

Consider the two-dimensional model,

3 2
en 2cr> + 2 kr ay Es ae +A

(x? + a?) eee

a ———> (5.6-28)
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where lal, Jy| << 1. From theoren 5.5-1, it is a viable amendment
to the two-dimensional Newtonian equation. (The only finite

critical point is at the origin, when a= *) - 4), m this
a a

case, (5.6-26) becomes

k dr Seg ta. 6) =>
I= eee °

(r*+a")
oer a Sey eK

(r2+a") rte’

i | xa (5.6-29)
WV ar! + 2cr3 + (207k?) 274 (2y-k2a"4Aa")

10
which is expressible in terms of elliptic functions

Now (5.6-9) gives,

: 2 ady Ke - WN 2.2F'(O) = £'(0) + G (0) = re tors fi a= ay} : (5.6-30)
a a

Using (5.6~30) , from theorem 5.6-1, there are three cases to
kconsider when A = = 4 , So that (0,0) is a critical point of
a a

(5¢6=2) o—

a2
(i) ify = =j, (0,0) is a centre or focus

202
(ii) ah “< cr dat (0,0) is a focus

2.2

(ii) ify > £2, (0,0) is completely isolated.

Case (i)

2.2 2 2

tet y= 42 and a=*,-4-*,, in (5.6-29).
a a 2a
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2cSo ce ee (5.6-31)

2 2) 2_,@7/2)(0+8,) “A

and it can be seen that the orbit in the (x,y) plane is a focus

and so in this case, we can differentiate between a centre and a

focus directly.

Case (ii)

K2

Take,for example, y= O and A= a)

a

Then I = | ee (5.632)
bx +200 nae" Xv. Ax?4+20r+ha

from (5.6-29). The integral (5.6-32) is standard and the following

results are obtained, (noticing that A > 0):-

Fe (S) “> GS) om

ass ee eae
x

H ti}

7 cA Aa. (5.6-33)

and so, fram (5.6-33), it can be seen that in either case, the

orbits are foci, agreeing with theorem 5.6-l.

Case _(iii)

2
ak eetNoy Ae ee
a a

r=| k_dr FE k dr

Var s20r3+(2aA-k?) x" v/a? 42er+ (2a7A-K2)

(5.6-34)

which is of the form of (5.6-32), but now, A < 0 372a"-k" < 0
(as y > k7a2/4).
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l ox + (2a°A - K*)
ok = sin” {

2 oan |r| YeP-a (227-K")

2a’a - 2

s+ = (2-7 (2a2a-k2) sin (o/KZ-2a2A) - c)

\ c # A(2a7A-k")

(9 =0) (5.6-35)

The orbits will be periodic in this case if,

Cs PES:

¥ 2-a(2a7A-k?)

(as then r cannot became infinite). This will always be the case

since A(2aA-k?) > 0. (It is assumed that 2 > A (2a7A-k*) so that
I in (5.6-34) is real).

If (0,0) is not a critical point of (5.6-28) expressed in tems

‘of cartesian co-ordinates (5.6-29) is expressible in terms of inverse

elliptic functions so that r is expressible in terms of elliptic

functions of 6, which are periodic. If r does not became infinite

for some value of 6, then the orbits must be closed, for given

specific values of A,c,k,y. However, (5.6-29) is difficult to

evaluate for arbitrary values of A,c,k,y.

5.6.3) Structural Stability

Although (5.6-1) is not structurally stable in the four-dimensional

(c,£,0,6) phase space it may be structurally stable in the plane. If

arbitrary constants in F(r), G(r) are chosen so that (5.6-2) possesses

no critical points and F(r), G(r) are chosen non-singular, then there

can be no closed orbits and by theorem 3.9-1, the system must be

structurally stable. If (5.6-2) possesses a critical circle, each

point on the circle is a non-elementary critical point and so the

system must be structurally unstable. If (0,0) is the oly critical

point of (5.6-2), by theorem 5.6-1, there can be no orbits going

from saddle point to saddle point. If (0,0) is campletely isolated,

orbits in the phase plane are not directly affected by its presence

and so from this point of view, it must be regarded as non-elementary.

(Notice if F(r) or G(r) are chosen singular in (5.6-2), we cannot

conclude structural stability as the equations are not derivable from

a vector field in a neighbourhood of the singularity).
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In conclusion, we have, using theorem 5.6-1, and theorem 3.9-1,

Lema_5.6-5

The systen (5,6-2) is structurally stable in a closed region

G of (R2 if, F(x) and G(r) are non-singular, and differentiable

at all points in G, and

(i) (5.6-2) contains no critical points, or

(ii) F'(O) # O and real if (0,0) is the aly critical point.

If (0,0) is the oly possible critical point of (5.6-2), only

specific values of the arbitrary constants in (5.6-2) will bring

about its presence, so that for most values of the arbitrary

constants, there are no critical points. Thus, no matter what the

character of the critical point at (0,0), (5.6-2) will be

structurally stable for almost all values of the arbitrary

constants.

Notice that the amendments (5.5-16), and (5.6-11) with

a #0, n= 3, are structurally stable by lemma 5.6-5.

5.7 Various Numerical Solutions of Specific Models

So far, viable amendments to the one and two-dimensional Newtonian

equations have been considered in a fairly general context. In this

section, various specific models are considered and numerical and

graphical solutions are obtained. It is thus seen how close the

considered model agrees with the one or two dimensional Newtonian model

within a given regicn. These solutions also support the general theory

of the previous section in the given specific cases.

A few selected models are considered, which have certain desirable

properties. Of course, from the given theory, it is possible to generate

any given number of models any of which are viable.

Example 5.7-1
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-1,.n,

oye 2 tan Or), ag(@)zme t (5.7-1)
T ie

From example 5.2-3, theorem 5.2-8,(5.7-1) is a dynamical amendment

of the one-dimensional equation (5.3-1) if n 2 2, and g(r) is analytic

with lim g(r)dr finite. In order to

rte

agree as close as possible with (5.3-1), while still retaining the

non-singular character, a and b are chosen so that b>>1, Ja|<<1,

ae R, b mR’. The equation has a critical point at (0,0) in (x,%)

space if n > 2, and £1(0) = - 222, n = 3, or O,otherwise. ‘thus, (0,0)

if simple if n = 3 and a focus if g(0) # O or centre/miltiple focus at

g(O) = 0 (including the case o = 0), by lema 5.3-1. Ifn> 3,040

(0,0) is any type of multiple critical point of the first kind, depending

on the choice of g(r) and if a = 0, (0,0) is any type of multiple critical

| point of the second kind depending on the choice of g(r). (See theorems

" 5,32, 5.3-3). I£n=3, (0,0) is stable if a = 0 or asymptotically

stable if ag(0)<O by lemma 5.3-6. The equation is not structurally

stable in (r,r) space if a = 0, but may be made structurally stable if

a #0 by choosing g(r) suitably (i.e. g(0) #0) (see theoren 5.3-12).

Various solutions are plotted, in (r,t) space for various values of

=0) and compared with

solutions of (5.3-1). If g =O and n = 2, the curves are not symmetric

about the f axis. This seems.to contradict the fact that there is a

central force at r = 0. However, there is no problem as in this case,

two equations are defined by a symmetric vector field about r = 0 -

one for r 2 O and one for r < O. The equations change sign at r =O.

Thus, curves (1) and (2) in figure 5.2, showing the cases b = 1, 10

respectively, do not represent the true path of a test particle, but

rather the solution curves of (5.7-1). The true paths of the test

particle in this case, will be the portion of these curves for rz 0,

together with their reflections inr=0. (In the figure, the test

particle starts from rest at r = 5 and c is taken to be 1 without loss

of generality. For r > 2, the amended paths more or less agree with the

Newtonian orbit, shown by curve (5). By increasing the value of b, the

time taken to reach r = O can be made arbitrarily close to the time taken

in the Newtonian case.

If n = 3, the solutions of (5.7-1) for a = O are periodic.
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Curves (3), (4) of figure 5.2, and (1), (2) of figure 5.1, show the cases

b= 1, 100 respectively. In these cases, a test particle will oscillate

backwards and forwards through the origin, attaining its maximum

velocity there.

T£ a is chosen non-zero in (5.7-1), the orbits in the (r,t) plane

will no longer be symmetric with respect tot =0. As stated earlier,

if r(0) = 0, (0,0) can be given any chosen character by choosing g(r)

suitably. For instance, if n = 3 and g(r) = a , (0,0)is a focus.
=

In this case, a test particle will oscillate irregularly through the

origin, the oscillations gradually increasing or decreasing, depending

on the choice of A. A specific orbit around a focus is plotted ina

later example.

The two-dimensional model of the form (5.6-1) corresponding to

(5.7-1) is, ‘

2 [£ir)ar + 2 [ro®iar +A ,{| j }fe

{ (5.7=2)
6= G(r)

a. n

where f(r) = - 2 tent . In the numerical solutions, G(r) is
7 xr

chosen to be, G(r) = = Jal<< 1. 'n' in £(r) is chosen to be
et

2 or 3, so that fear is easily obtained as (5.2-9) or (5.2-10)
respectively. Thus, the following equations are considered,

&
a Xr

pa OS gaa
rte{ : ¥ (5. 7-3)

a= Pee

where A,K are constants and F(r) is given by (5.2-9) or (5.2-10).

By theorem 5.5-1, the equations will have global existence of solutions

for almost ali values of A,K and will approximate to the Newtonian

equations (5.4-3) asr+e, b+ ,a+0O. If a=0, the force

producing the motion will be central and (5.7-3) will still have global
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existence of solutions if the possibility of starting at r = 0 is

excluded. The equations have a critical point.in the (x = rcos0,
2

*y = rsino) plane at (0,0) only if af terar -% +al =o,
a r=

(a #0). By theorem 5.5-1, (5.7-3) will only have global existence

of solutions for these values of A,K, if n= 3. Then by theoren

5.6-1 and (5.6-9), (0,0) is either completely isolated, multiple, or

a focus. If a is made small enough, it will be a focus.

By lemma 5.6-5 for most choices of A,k,a and b, the system

(5.7-3) will be structurally stable in (x,y) space.

Solutions to (5.7-3) with n = 2 or 3, are plotted for particular

values of A,k, as there are only two basic cases. Those which produce

elliptic orbits in the Newtonian case, and those which produce

non~closed orbits in this case. These values of A,k have to be amended

slightly when plotting solutions of (5.7-3) so that amended solutions

have the same initial conditions as the corresponding Newtonian

solutions. It can be seen from the diagrams that closed orbits are

perturbed slightly to almost periodic orbits.

The Newtonian orbit is taken to be a fairly eccentric one - this is

curve (1) in fig. 5.3, and starts from rest at x = 5, as do all the

amended orbits. ‘The values of A and k chosen are A =-0.98, k = 1.0.

(Recall that if A>O, the Newtonian orbits are parabolic or hyperbolic.

The orbits of (5.7-3) agree reasonably closely to thse orbits.)

Curves (2) and (3) in fig. 5.3 show the orbits of (5.7-3) for

b = 1000, n = 2 and a = 0.1 and approaching zero respectively, while

curve (4) shows the orbit of (5.7-3) for b = 1000, n= 3 anda

approaching zero. In all cases, the ellipse is lengthened at one end,

(curves (2) -(4) following approximately the same path) and a perihelion

shift is induced - the greater the value of a, the greater the extent

of the perihelion shift. The shift can be made clockwise or counter-

clockwise, depending on the value of a.

Example 5.7-2

Consider the set of equations given by,
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*e sor
ee eng (5.7-4)

pt nt 2

where |a| <<1, |al<<l, n ef

From example 5.2-5, the equations are dynamical if a # 0 and

n is even (o= 0). However, if a = O the equation may be perturbed

so that it is still singular but has global existence of solutions,

except at r = O - as in example 5,2-2. To keep the integration

of r(r) in the two-dimensional case, as simple as possible, n is

chosen to be O or 2. (5.7-4) with a #0 is then dynamical if a #0

and lim g(r)dr is finite, by theorem 5.2-8. The equation has a

Trteo :

critical point at (0,0) ifn=2. In this case, it is multiple and

can be taken to have a chosen character by choosing g(r) suitably -

see example 5.3-3. Thus, it is not stable in the usual sense and

unlike in the previous example, (5.7-4) cannot be made structurally

stable by suitable choice of g(r).

Once again, various solutions can be plotted in (r,r) space for

various values of a and choices of g(r) (a4) and compared with

solutions of (5.3-1). Ifa #0 anda =O, and the test solutions

start fran rest at r = 5, they have a very similar behaviour to the

amended orbits in the previous case. For instance if n = 0, the

acceleration at r = O is finite and the orbits of (5.7-4) will not

be symmetric about r = 0, but the orbit of a test particle in this

case will be an orbit of (5.7-4) for r 2 O, together with its

reflection r = O and will be symmetric about r=0. Forn2 4,

(0,0) is a critical point - a centre, and the motion of a test particle

will be oscillatory. This oscillatory nature can be made irregular

by taking a #0 and g(r) suitably, so that (0,0) is a focus,

The two-dimensional model of the form (5.6-1) corresponding to

(5.7-4) to (5.7-2) with en

Ce eae an

Once again in the numerical solutions, G(r) is chosen to be

GQ) =e [bl << fecaris easily obtained as (5,2-13) or

7n=0,2.
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(5.2.-14) for n = 0 or 2 respectively. The chosen system of equations

will approximate to the Newtonian equations (5.4-3) asr+e,b> O,

a+0. If b= 0, the force producing the motion will be central. The

equations haye a critical point in the (x,y) plane at (0,0) only if

2 £(r)ar -& +a] =0 (60), and, like in the previous case there
b2 x0

are no critical circles. By theorem 5.5-1, the chosen equations will

only have global existence of solutions for these values of A,K if

n= 2. Once again, if b is chosen small enough, (0,0) will be a focus

in this case. For most choices of A,K, a and b, the chosen equations

will be structurally stable in (x,y) space.

Solutions with n = 0 or 2 are plotted for particular values of

A,k and once again, perturbed closed orbits became almost periodic

orbits. (Once again A =-0.98, k = 1.0 in the Newtonian case, so that

a fairly eccentric orbit is obtained). In the case n= 0, the

amended values of A and k differ markedly from the Newtonian values

- the program is difficult to run due to the presence of large

constants, although the orbits have the same general character of

those of the previous example. The cases n = 2 with b = 1000 and

a = 0.1 and approaching O are shown as curves (2) and (3) respectively,

in figure 5.4. These have very similar behaviour to orbits in previous

cases. The curve (3) is extended to exhibit the perihelion shift in

figure 5,5.

Example 5.7-3

Consider now the set of equations given by,

a ar ‘

ss tt gle) (5.7-5)
(taey/2

where [al<< 1, [al<< 1.

The equations are dynamical so long as lim [atrar is finite
rte

(a4) or a =O (a #0). (see, for instance, example 5.2-6). In fact,

the equations are considerable more tractible than in the previous cases -

for instance, the first integral is given by (5.2-16) ifa =O. The
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equations have a critical point in (cr) space at (0,0), which is

simple and a focus, multiple focus, or centre in any feasible

case, by lemma 5.3-1 (see also example 5.3-4). (0,0) must be a

centre if a= O by lemma 5.3-10. If g(r) is chosen so that g(0) =O

and £*(0)g" (0) + g'(0)£"(0)A, where £(r) = oe , then
(c“ta*)

(0,0) can be made a multiple focus (of multiplicity one) by theorem

5.3-ll, ‘The equations can be made structurally stable in (r,r) space

by choosing g(r) so that g(0) # O by corollary 5.3-13.

Various solutions are plotted for choices of a and g(r) (a# 0)

and campared with solutions of (5.3-1). Once again, c = 1, without

loss of generality and a test solution starts from rest at r= 5.

Notice (5.7-5) always has a critical point at (0,0) in (r,r) space

and is a centre if the force is central by the above coments. In

this case, there is oscillatory motion, as in most previous cases.

The curves (1),(2),(3) of figure 5.6 show the cases ly 201,001)

respectively. Curve (1) of figure 5.7 shows the complete orbit

when a= 1. The original Newtonian orbit initially follows curves (2)

and (3) in figure 5.6 for r>0. If a #0 and g(r) = a
rta

oscillatory motion is irregular - the critical point at (0,0) becames

a focus, and orbits are no longer symmetric with respect to r = 0.

Curve (4) in figure 5.6 and (3) in figure 5.7 show the case E? =0.001

a = 0,001.

The two-dimensional model of the form (5.6-1) corresponding to

5.7-5) (a=O) is (5.7-2) wi i Scr an in,¢ ) (=O) is (5 ) with £(r) (rat) 72 Once again, for

simplicity, G(r) = a + |bl<< 1, and so the model becomes,
rb

2c
rics See +A

(r?4a°)

(5.7-6)

a k
8 =

r24be
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The equations have global existence of solutions and reduce to

(5.4-3) as r=, a0, b»O. (see examples 5.5-1 and 5.5-2). ‘The

character of the only possible criticdl point in (x,y) space,

namely (0,0), is investigated in example 5.6-1. Once again, (5.7-6)

is structurally stable for almost all values of A,k.

Solutions of (5.7-6) can be plotted for particular values of

A,k, a and b and are campared with the orbits in the Newtonian case.

(Once again A = -0.98, k = 1.0 in the Newtonian case and the test

solutions start at r = 5, fram rest), The solution of (5.7-6) for

a2 = 0,001, b? = .0Ol is shom as curve (4) in figure 5.4, Notice

it is closer to the original Newtonian orbit than the orbit of the

previous amendment for the same parameter value. In this sense, it

seems a better amendment than the previous one. (Once again, the

Newtonian orbit is shown as curve (1) in fig. 5.4).

Example 5.7-4

Finally, consider the set of equations given by,

ae elanijateet ce he
.

+ ag(x)r (5.7-7)

These are feasible dynamical amendments to (5.1-3), provided that

ae Ro and a<<1; a e R, a<<1, n Te and even; and lim |g(r)dr
to

is finite (see example 5.2-7) and theorem 5.2-8). As in the previous

example, the equations are quite tractible, having a first integral

given by (5.2-17). As far as numerical solutim is concerned, n is

taken to be lor 2- these are the only two fundamentally different

cases. If n= 1, wmlike all the previous cases, the critical point

in (r,£) space is not situated at the origin, but arbitrarily close

at r = +/2a (-/2a), r=0. If n=2, critical points are given by

(0,0) and (4732,0). If n=], (/Za,0) is a focus, miltiple focus, or

centre depending on the nature of g(r) (see lemma 5.3-1), and ifn =25

(47a,0) have this same character and (0,0) is multiple, being a

saddle-node, or degenerate (see theorems 5.3-2, 5.3-3). The simple

critical points must be centres in both cases if o=0, by lemma 5.3-10.
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If n= 1, the equations may be made structurally stable by choosing

g(r) suitably (theorem 5.3-12).

In comparing solutions of (5.7-7) with the original Newtonian

orbits, the usual starting values are assumed. Curves (1) and (2) of

figure 5.8 show the cases n=1, a=O with ate .1, .O1 respectively,
while curves (3) and (4) show the cases n=2, a=0, with a TL OL
respectively. Curve (5) is the original Newtonian case, and curves

(1) and (2) of figure 5.8 are the complete orbits of curves (2) and

(4). As the force is central, other possible orbits are reflections

of the curves in the figures in the line r= 0. These amendments

are different from previous cases as here, there is a critical point

at a finite positive value of r and the acceleration changes sign

there. thus, the gravitation becomes repulsive and a test particle

is thrown back out again.

The two-dimensional model of the form (5.6-1) corresponding to

(5.7-7) (o=0) is, if G(r) = 2 1 |bl<< 1, given by,
r“4

id
. ao 2

re {2 - +a} (5.7-8)
(+a) rth )

Peon
r? +b?

where n= 2or 4. (see examples 5.6-2). There are not critical circles

in (xsy) space, the only possible critical point being (0,0) when

a=,a#0. Ifn= 2, (5.7-8) is not a suitable ameninent for
b

these values, but for n = 4, (0,0) is a focus. The system is

structurally stable for almost all values of A and k.

Comparing with the original Newtonian orbit for A = -0.98,

k = 1.0, the amended orbits have an exactly similar behaviour to previous

amendments. Curves (5) and (6) of figure 5.4 show orbits of (5.7-8)

with n = 2, a = 0.001, and b = 0.1, 0.001 respectively, while curves

(7) and (8) show orbits of (5.7-8) with n = 4, a” = 0.001, and

b = 0.1, 0.001 respectively, in a neighbourhood of the origin.
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5.8) Concluding Remarks

In this chapter, various amendments of the one - and

two-dimensional Newtonian equations have been considered. General

properties of certain general classes of amendments have been

investigated. before specific examples have been more closely

studied. Of course, not all types of amendment have been considered

- the purpose of the chapter was not to classify all possible

amendments but rather to suggest several plausible alternatives.

A lot of seemingly different alternatives can be seen to produce

the same qualitative results.

Having introduced the possibility of Newtonian models, it would
be a useful exercise to classify possible amendments according to

their qualitative behaviour.
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Chapter Six:-

Models of Gravity Approximating to the Schwarzchild Equations

So far, we have been concerned with the non-relativistic

Newtonian equations of gravity and with feasible amendments of

them. As the Newtonian equations are non-relativistic, the

underlying manifold on which the Newtonian C° vector field is

defined is simply Euclidean space IR” (n=1,2,3). In this chapter,

the relativistic Schwarzchild equations and possible amendments

are studied. In contrast to the Newtonian case, the Schwarzchild

manifold is not flat and needs more than one chart to define it.

(Given the Schwarzchild metric in terms of one chart, the equations

denied fram the metric mst contain at least one apparent

singularity). Thus, the task of proving any amendment to the

equations has global existence of solutions becomes more difficult.

The amendments considered in this chapter reduce to the amended

Newtonian equations of the previous chapter in the weak field limit.

6.1) The Schwarzchild Equations of Motion

The Schwarzchild metric is a special case of the general

spherically symmetric metric of the form,

ds* = -A(r) dt? + B(r)dr? + x2 (a0 + sinZead2) (6.1-1)

The co-ordinate system and metric (6.1-1) have been used in

most theoretical models for relativistic stars since the pioneering

work of Schwarzchild, Tolman and Oppenheimer and volkofe.+

Having assumed a metric of the form (6.1-1), the Schwarzchild

metric, describing the geametry outside any spherically symmetric

metric centre of attraction of total mass-energy c, by simply noting

that the Ricci tensor associated with (6.1-1) must obey Einstein's

equations for free space. The metric is,

pares
a2(1 =)

2 =as? = - 2 pat? + + x7(de* + sin@od¢7) (6.1-2)
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The geodesic equations of motion are in general io

(2.2-4). If the {.,} are Schwarzchild co-ordinates fe 70 ,8,6} and

% are the connection coefficients of (6.1-2) in temms of these

co-ordinates, (2.2-4) have a first integral and so the equations

of motion are expressible as the following first order system:-

ik
a pe Se (6.1-3) (a)

(1-2c/r)

& 2/24 0-2) -%) (6.1-3) (b)
2

ae E, 4 k - k,7cosec”s (6.1-3) (c)
x

k.
ag 3Bak eae (6.1-3) (4)

ar r’sin%s

Ok, 4 = 1,2,3, are constants of integration). In (6.1-3), ¢« takes

on three values, depending on the nature of the geodesics in question.

e = 1 in the spacelike geodesic case, e = O in the null case and

e¢ = —-l in the timelike case. (In the timelike case,) can be taken

to be proper time - the time as measured by a travelling observer's

clock).

Of course, it makes no difference to the motion of a test

particle or light ray outside the centre of attraction - a star say,

what the geometry is inside, because the particle or ray never gets

there (before it can, it collides with the surface of the star).

Thus, if r > 2c, we need not face the issue of a ‘singularity’ at

r= 2c. However, in the limit of gravitational collapse the centre

of attraction is a 'black hole’. Then (6.1-2) applies arbitrarily

close to r = 2c and the apparent singularity in (6.1-2) leads to an

apparent singularity in (6.1-3). However, as shown in chapter two,

this apparent singularity can be removed fran the metric by choosing

a different set of co-ordinates in a neighbourhood of r = 2c, such as

Kruskal-Szekeres co-ordinates given by (2.4-2). If the geodesic
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equations (6.1-3) are expressed in terms of these co-ordinates, the

only singularity occurring is at r = 0.

As shown in chapter two, in contrast to r = 2c, r=Oisa

singularity of the space-time manifold itself and so represents a

true singularity of the geodesic equations (6.1-3). It is easy to

show that this singularity is reached in finite time. €s r= 2c

is not a singularity, nothing can prevent a test particle or light

ray approaching r = 2c from falling on inwards towards r = 0.) For

example, if ky = k, = 0, (6.1-3) (b) becames, in the timelike

geodesic case,

SIR = (K. 7-1)+ 26 >| en tO, (6.1-4)
iy 3 °

v (ky -1)+2c/r

and so if the root in the integral m (6.1-4) is real ina

neighbourhood of r = O, r = O is reached in a finite value of \. Also,

fram (6.1-3) (a) and (b),

| Ke _____ -trt, (6.1-5)
(1-2¢/2V'K, 7-1) +2

and so if r = O is reached in finite \, it is reached in finite

co-ordinate time (if the motion is observed inside r = 2c).

This chapter is concerned with the Schwarzchild equations in

two space dimensions, so that in (6.1-3), K, = K, and 6 = 5 say.

The behaviour of orbits in (c,d) space can be determined fran,

2c =+ Q- Dl - (6.1-6)
2

using (6.1-3) (b) with 6 = = The integration of (6.1-6) is not

easy, even in the case Kk) = 0, but qualitative behaviour of the

orbits can be ascertained by calculating trming points of an

‘effective potential'.? In the case of a test particle this is
given by,
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V(r) = (6.1-7)

Theoren 6.1-17

Let Vian’ Vinax Genote the minimum and maximum values of V(r)

respectively. (v(r) given by (6.1-7).) Then,

(4) x= xr() is a circular orbit when K, = V,

(ii) there is precession when kK, is a little more than vin

(iii) r = r(g) is an unstable, almost periodic orbit when K + V.

(iv) r= r(d) reaches the singularity at r = O when K > Vy

Notice that the tuwming points of the potential V(r) are given

2 {es 2

by, r= K +k, a Lc and so, in certain cases, there
2c

may be no turning points and the fourth possibility of the theorem

must hold.

In the case of light rays can again by deduced fran a potential.

The conclusions are contained in the following theoren,

Theorem Geleoe

a3
Let b= K- Then,

'

(i) if b > 3/3c, a photon which falls in from infinity is reflected

and returns to infinity:- if b >>3/3c the orbit is almost a

straight line and if O < b - 3/3 <<c, the photon circles the

star many times before flying back to infinity. A photon emitted

from r = 2c gets pulled back there.

(ii) if b < 3¥3c, a photon which falls in from infinity, falls into

xr = 2c and a photon emitted near r = 2c escapes to infinity.

u
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6.2) Feasible Amendments of the Schwarzchild Equations

In order for the equations (6.1-3) to have global existence

of solutions, the singularity at r = O must be removed. In this

section, amendments of (6.1-3) possessing global existence of

solutions are considered, which are derivable fran a metric. The

amendments considered reduce to the amended Newtonian equations

in the weak field limit.

6.2.1) A More General Set of Geodesic Equations

The purpose of this sub-section is to generalize the first

order system (6.1-3) in such a way that the resulting equations

are still derivable fran a metric. To this end, consider the

special case of the metric (6.1-1),

2 ds 2= -a(rjat? +, axXe) & + Flr) (a0? + sin*va¢”) tg 2-1)ds

(As only the two space dimensions case is considered, the

singularities at 6 =nt,n eZ, are no problem. In three

dimensions these are only apparent singularities anyway).

Connection coefficients associated with (6.2-1) are given

Zz:
by (2.2-5), where on md Bes 9o9 = Flr), 933 = F(r)sin’e,

all other components of the metric tensor being zero. If the

components of the Ricci tensor associated with (6.2-1) are all

zero, the functions A,F will be as in the Schwarzchild case.

However, if it is assumed that the Ricci tensor is only approximately

zero far away fran r = O, that is, the field equations (2.3-1) do

not hold in a neighbourhood of r = O, the equations of motion

associated with (6.2-1) for general functions A(r), F(r) can be

found. Fran(2.2-4), the second order equations of motion are,

as (At /a)ct = 10 (6.2-2) (a)
d + (F'/F)ZS + 2c0t86¢ = 0 (6.2-2) (b)

r+dm' (2-28 a2 ar’ (6) 3 aF'sin®s(g)* = 0 (6.2-2) (c)

0 + ('/F)E6 - sindcoss(f)?=0 — (6.2-2) (a)
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where a dot denotes differentiation with respect to the affine

parameter i and a dash denotes differentiation with respect to r.

The equations (6.22) have a first integral:-

ne 4 £

t+ avait =i wt) =o t= xy (6.2-3) (a)

(kK) a constant of integration).

Pr oe oe 2 dad 2 ¥

d+ (F'/F)rp + 2coseeg = —- — (Fsin“ef) =O =>
Fsine da

. K3

oP (6.2-3) (d)
F(r)sin“é

(Kk, a second constant of integration).

The general metric (6.2-1) gives,

G8)? See -a (Ge)? +z (&)? + F(r) {@? + sin’ ? } (6.2-4)

so that e = 1, O, -1 in the spacelike, null, timelike geodesic

cases respectively. Substituting (6.2-4) into (6.2-2)(c) and

using (6.2-3) (a), we obtain,

eek 2

Boia 2 Dok Ge)? - Lat [24 2 @} =i
a2 2 A 2 A ca 2 z= AF AF ‘di

1 t K,7a' SMa!
@+{F-R}u +P ee eet } =0 (6.2-5)
a FOUR A F F

dr, 2 : : ; ; 3where u = @ - This is a first order, linear equation with

integrating factor gE The solution is,

ns &? =k +a (- 2) (6.2.-3) (b)

where kK is a further constant of integration. Substituting for

t, d, £m (6.2-4),

@ = 2,/ x, - x,” cosec’s (6.2-3) (c)
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In conclusion, the following lemma may be stated:-

Lemma_6.2-1

The geodesic equations of motion derived fram the general

spherically symmetric metric (6.2-1) are,

ge = xh (6.2-3) (a)

ge ~ x? HR = 2 ) (6.2-3) (b)

= a z K, a (6.2-3) (c)

* e a Ba Sas
Kye i= 1,2,3 constants, ande = -l, O, or + 1.

Obviously, the equations (6.2-3) contain the Schwarzchild

equations as a special case, where A(r) = 1-2 and F(r) = r’.

In this work, only two space dimensions are considered and with

= "/2, Ky = K,7, (6.2-3) reduce to,

t

= = = (6.2-4) (a)
Ke

er _ 2 Riss eon Ky ate. Fa | (6.2-4) (b)
K.

eae 4 (6.2-4) (c)
wr F(r)

Notice that the equations for the space co-ordinates r and g

are independent of the co-ordinate time t and that they have the

same general form as (5.5-2) so that theorem 5.5-1 is applicable.

Thus, r and ei ee be extended to any value of 1, provided that

Ky A= am ) < O in an arbitrarily a neighbourhood of
K3

all finite pinata points of EK +Ale- =) and F(r), if each
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of these functions are continuous in r and (ey is finite at each
critical point of (6.2-4) (b),(c) and at infinity if £(r) becomes

singular there.

6.6.2) Feasible Amendments to the Schwarzchild Geodesic Equations

of the Form (6.2-4)

Looking at the apparent force on a test particle instantaneously

at rest and assuming that the gravitational field is weak, the first

component of the metric (6.1-2) is given by,

moa 2¢ +1 =A(r) (6.2-5)

where @ is the Newtonian potential. Thus the singular character

of the Newtonian potential, inevitably leads to a singular character

of the Schwarzchild equations.

It is seen that, fran (6.2-5), in order for (6.2-4) to reduce to

the amended two-dimensional Newtonian equations (5.6-1) in the weak

field limit, A(r) = 1 + 20*, where 6* is the amended Newtonian

potential, so that,

Air) = 2 fecrar (6.2-6)

where f(r) + - ©2 ar+e. -

7 :

Comparing (6.2-4) with this choice of A(r) with (5.6-1), F(r)

must be chosen so that F(r) +reasree + Notice that if
K3 = O, (6.2-4) reduces exactly to the one-dimensional Newtonian

equation (5.2-1) in this case, (along timelike geodesics).

Notice that if A(a) = 0 > fete = 4 fran (6.2-6),

r = a corresponds to an amended Schwarzchild radius, that is, the

right hand side of (6.2-4) (a) becames infinite there. In contrast

to the Schwarzchild case, in any particular amendment, there could

be several amedned Schwarzchild radii or none at all. As in the

original case, values of r satisfying A(r) = O are apparent

singularities and can be removed fran the general metric (6,.2-1)

by considering a transformation to generalized Kruskal-Szekeres
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co-ordinates, as shown in a later sub-section.

As the function A(r) is determined by an integral in (6.2-6),

the arbitrary constants Ky k in (6.2-4) may differ considerably

fran the arbitrary constants in (6.1-3) with 6= 5 , for any

given initial conditions.

At this stage, a couple of examples of amended models are

considered.

Example 6.2-1

Consider the system of equations,

oe ae
Ho 1Rc/atanTM (r/a)

2

dr / 2 2c hee 3
ST ea a 1) (6.2-7)a a ‘a a yr £ a2

i i ee ae
dh r £ a

dr a ; , ‘ ;
a’ a ae non-singular in r and are, in fact, continuous. Notice

that there are no finite critical points. Suppose that r(x=0) = 0,

so that Ky? = 1+%3°. then,
a

2 5

<a ax lim 1 (,2, (2c, -1r Kago) = (3 2 Ky +(2 tan = cia) to aoe }

and so does not exist. By theorem 5.5-1, (6,2-7) is a viable

amendment of (6.1-3) provided that EP Al+ K3° in the timelike
2
a

case with @ = 72. If K, = 0, (6.2-7) reduces to the one-dimensional

Newtonian amendment, (5.2-2) given in example 5.2-1. Notice that K,

in (6.2-7) differs considerably fran Ky in (6.1-3) for any given
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initial conditions. For example, suppose that in (6.1-3)

K, = 0, K, =1 = TM/2), so that in the timelike goedesic

case, $= 1, © = (4c-2)% when =1. With these initial conditions,
Ky, and K3 in (6.2-7) are given by,

%
Ky = {te + a? ~ tan? h AS + 20a }, K,=1+ a"

so that for |a| << 1, K, +1, but K will be complex:

The amended Schwarzchild radii of (6.2-7) are given by,

Thies é (a)
tan mee 26 and so in this case, r = a tan(5-), (the

principle branch of tan! being taken), so that for |al << 1, the

amended Schwarzchild radius approaches the origin!

Example 6.2-2

Consider the system,

Byot _ Fetiiem, EEE ES Jes pated

oe (1 = 2c (x? + a)74)

2

ax 2 2c BS
= Peele Vie oreo A) WV eee (6.2-8)a Js ¢ (r7+a’) J x2 +a? )

a» > wigs :
a omens

(a # O).

With «a =O, ris real ina neighbourhood of r = O for most values of

aandc (2c > a) in any reasonable amendment and so by theorem 5.5-1,

(6.2-8) is not a good amendment of (6.1-3) in this case. Ifa #0,

rand gd are continuous in r and there are no singularities at infinity

and no finite ss points. Suppose that r(r = 0) = 0, so that

x? 2c

Ge ae =)O + a0 oe
2

teeth Ot Gael a
(C9 GC
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and so is finite. (Notice that in this example F'(0) = 0, £(0) = 0.).

Thus, by theorem 5.5-1, (6.2-8) is a viable amendment of (6.1-3),

for any values of Kr K, in this case, This time, limA(r) +1 as
ree

in the Schwarzchild case and so far any given initial conditions, if

Jal, Jal <<1, the arbitrary constants in (6.2-8) and (6.1-3) can be

made arbitrarily close, unlike in the previous example. In the weak

field region, (6.2-8) approaches the amended two-dimensional Newtonian

model (5.5-12) and if K, = 0, it reduces exactly to the one-dimensional

amended Newtonian model (5.2-15).

The amended Schwarzchild radii are given by,

eta’ = deter =t c® =a .

Thus, in (x,y) space, there is one Schwarzchild radius if Ac? > at: as
in the Schwarzchild case, and no apparent singularity if 4c? < a7

As mentioned previously, if A(a) = 0, r = a is an apparent

singularity of the equations (6.2-4) as far as the travelling observer

is concerned and can be reached in a finite value of 4. Thus, although

(6.2-4) (b) and (c) may have Global existence of solutions and the

timelike geodesic is camplete, (6.2-4) as a whole has a singularity

which is reached in a finite value of the parameter. Therefore,

although the geodesic is camplete with respect to the travelling

observer, it is not apparently.camplete ‘om the space-time manifold
with respect to an external observer, due to the fact that the

continuous vector field defining the geodesic has to be expressed in

terms of more than one chart. Of course, this problem does not

arise if the Schwarzchiid equatioms are amended in such a way so that

no amended Schwarzchild radii are present. In this case, the space-time

manifold is expressible in terms of one chart.

6.3 Properties of the Amended Schwarzchild Equations

In this section, various properties of the system (6.2-4), are

investigated where K, #0, e= O or -1 and it is also assumed that, for

reasons given in sub-section 6.22), F(r) +x* as me and A(r) = 1 - 2{f(r)ar
where f(r) > -S asr+e. It is also assumed that the right-hand

r

sides of (6.2-4) (b) and (c) satisfy the conditions of theorem 5.5-l.
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Notice that from (6.2-4) (a) and (b) we get,

Kjdr

=t+t_ (6.3-1) (a)

i 24a (e- K,?/F) °
A

a

and from (6.2-4) (a) and (c),

= a 2 (6-3-1) (b)

In order to get some idea of the qualitatative behaviour of

orbits of (6.2-4) in space, that is, the orbits of test particles

which will actually be seen, it is sufficient to consider only

those equations which involve the space co-ordinates. The shape

of the orbits as far as an observer travelling along the geodesics

is concerned is given by the phase portrait of the system (6.2-4) (b)

and (c) with A as the affine parameter. The shape of the orbits

as far as the external observer is concerned is given by the phase

portrait of the system (6.3-1).

These two cases can be combined into the general systen,

P(r)

(6.3-2)

i Q(r)Sle SIF
where, for a travelling observer, P and Q are as in (6.2-4) and ) is

affine, and for an external observer P and Q are given by (6.3-1) (a),

(6.3-1) (b) respectively and A is cO-ordinate time.

Let x = rcosg, y = rsing so that (6.3-2) becomes,

SF = B P(x) - yor) = Rey)
(6.3-3)

Woe = P(r) + x(x) = Sy)

Equations (6.3-2) and (6.3-3) are the same as (5,5-1) and (5.6-2)

in the two-dimensional Newtonian case and so the analysis of chapter

226



five applies equally well here.

6.3.1) Critical Points

By the analysis of section 5.6-1), (6.3-3) has a critical point

at (0,0) if P(O) = O and the right hand side also became zero

at r=a if P(a) = Q(a) =0.

Suppose that P(a) = Q(a) = O, so that, as before, r = a represents

a circle of non-isolated critical points. In the external observer

case, this can only happen if A(a) = O, using (6.3-1), and sor=a

corresponds to an amended Schwarzchild radius, as expected. In the

travelling observer case ,(6.2-4) (b) and (c),r = a has the same effect

as the Schwarzchild radius with respect to both the external and

travelling observer. Thus, if every amended Schwarzchild radius is

a critical point of (6.2-4) (b) and (c), a collapsing star could not

collapse beyond the largest such radius.

Suppose now that (6.3-3) has a critical point at (0,0), then also

by the analysis of section 5.6-1) it follows, that the eigenvalues of

the matrix of the linearized system about (0,0) are given by,

4=P'(0) + iQ(0) (6.3-4)

In the travelling observer case,

7)

< 2 fe! 3)P(r) = Ky +A F

ee ee ee
2 1

P10) = Aim f {urG-S)+ x? : }

(where a dash on the right-hand side represents differentiation with

respect to h).

us D
a

Zs

tPA
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Now A(r) = 1 - 2/£(r)ar=A'(r) = -2£(r) and so £(0) = OF A'(O) =O.

Then in order for P'(0) to exist, F'(0) =O. If £(0) #0, then

ms K,” A(O)F* (0)
{ar (0) -—)+t 2} =O in order for P'(0) to

F(0) F* (0)

exist. Then P'(0) is given by, using (6.3-5),

2 2 2
kK. 2K,°A' (0)F'(0) _ K,°A(0)

u [> (0) ( 2 ) ete eee xPt (0) = S ress
2 F(0) F*(0) F>(0)

(6.3-6)

a) *
(F(O)F"(0) - 2(F'(0)) }

In the external observer case, using (6.3-1), P'(O) = A' (0)

if A(O) = 0, that is, if r =O is an amended Schwarzchild radius,

or P'(0) is given by the right-hand side of (6.3-6), multiplied

by a factor of A(O).

As far as the nature of the critical point (0,0) of (6.3-3)

goes, theorem 5.6-1 is appropriate (with F replaced by P, and G

replaced by Q).

The analysis of section 5.6.1) shows that (0,0) cannot be a

centre unless P(r) = 0, so that the possibilities for (0,0) are

a focus, a node, a multiple critical point or a completely

isolated critical point. Thus, the nature of critical points

gives limited information. Notice, also that lemma 5.6-2 also

applies to the general system (6.3-3).

Example 6.3-1

Consider the system (6.3-3) with P(r), Q(r) given by,

Z.

= 2 2c = as %P(r) = fx, + aa ae 2) GQ + or cae }

53
Ob) 32.

r+ a4

(6.3-7)
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so that (6.3-2) are the second two equations of the viable model

(6.2-7), with ®=a.

Notice that Q(r) # O for any finite values of r, so that

(6.3-3) has no critical circles in this case.

2

ne 2. 2c 25)P(0) 2/0. kK = a- (1+ +)

and, in this case, using the analysis of example 6.2-2,

2 2
K %

P' (0) ={- Gs] Sr 6 -22)(3)} (6.3-8)

2
Suppose that a > 0. Then P'(0) = 0 if aK,” - 3cK,” - ca” = 0 and

o

= rs 3c, - ca? > O. Otherwise, P'(O) is imaginary.

Thus, by theorem 5.6-1 and the later analysis of subsection 5.6:1),

(0,0) is a focus of (6.3-3) if aK,? - 3c K,2 - ca” > 0, in the3 3)

P'(0) =O if ak

travelling observer case.

In the weak field region, (6.3-2) with choices of P and Q given

by (6.3-7) reduces to the Newtonian model (5.6-10) given in example

5.6-1, with a =a and k3 corresponds to k, so that if (0,0) isa

focus for the amended Schwarzchild model case, it is a focus for the

amended Newtonian model, but not necessarily vice versa. Camparing

(6.3-7) with (6.2-4), it can be seen that a(0) = 122 ani so by

previous comments if a # 2c, the origin has the same character in both

the travelling observer and external observer (inside the amended

Schwarzchild radius cases) .

Example 6.3-2

Consider the system,

2 oS
(-20r3 (r44a4)

e t3 K, z
ae 23 eS 2cr \( )

P= AK el a (6.3-9){ s ¢ rie? a
. Kk

g= =.
te

22D)



i 2cr?
Comparing (6.3-9) with (6.2-4), A(r) = 1 - =—q—

(r'+a°)
a

F(r) = x? +a. There are no finite critical points and no real
singularities. Fram (6.2-6), £(0) = 0, so that P'(0) exists

using (6.3-5) and is given by,

2

pro) = 2 (3) =+

The equations (6.3-9) are a viable amendment to (6.1-3) by

theorem 5.5-1 and reduce to the Newtonian case (5.6~11) with

a = a, n= 3, in the weak field region and reduce to the model

(5.2-17 ) if K, = 0. Fram subsection 5.6.1), the origin of

(6.3-3) in this case is a focus for any choice of constants if

K =1+ st
at

(6.3-10)Ml

as in the case of (5.6-11) with n = 3, a =a.

The amended Schwarzchild radii are given by the four roots of

Pa gore net (a # 0)

which only has one tumingpoint (a minimm) at r = 3 and so

f here ate tao realerects if 16s4. "7c <0. one real root if
4 4 416a’ - 27c4 = 0 and no real roots if léa’ - 27c4 > 0. IE [al<<1,

the two real roots are r*2c and r= 0.

6.3.2) Existence of Periodic and Almost Periodic Orbits

In contrast to the two-dimensional Newtonian equations, the

Schwarzchild equations (6.1-3) do not possess a set Of non-isolated

periodic orbits in (r,é) space for a range of values of K,,K3. If

the amended equations (6.3-3) with P(r), Q(r) given in (6.2-4) (b)

and (c) contain no critical points, (6.3-3) can only have a finite

number of isolated closed orbits, which may or may not be limit-cycles.

Same information regarding the non-existence of periodic orbits may

be obtained fram Dulac's test. Applying theoren 3.5-7 to (6.3-3),

with B = rP(r) as in the proof of lemma 5.6-4, the following lemma

is obtained:-
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Lema 6.3-1

Let G be a simply connected subregion of we? ~ fo} . Then
there are no closed curves of (6.3-3) in G if the function

6 = P*(r) + rP(r)P' (x)

does not change sign in G. #

Notice that G cannot contain points at which P'(r) does not exist.

In the case of (6.2-4) (b) and (c) or (6.3-1), the lemma is

difficult to apply in practice due to the camplicated nature of

the function ¢, and is of limited use.

Consider again the general system (6.3-2), with P(r) and Q(r)

given either by (6.3-1) or (6.2-4) (b),(c). As in the Newtonian

case, if P(a) = O, r =a is an isolated closed orbit of (6.3-2)

if ais real. Suppose that Q(a) # O, so that r = a is not a critical

circle. As in the Newtonian case, if P'(a) does not exist, (6.3-2)

does not have uniqueness of solutions on r = a and so any other

orbit may cross r = a or reach r = a in finite time, so that a

necessary condition for r = a to be a limit-cycle is that P' (a)

exists. Then lemma 5.6-5 is appropriate (with F(r) replaced by

P(r)). Notice as (6.3-1) is just (6.2-4) (b),(c) multiplied by a

fimction of r, if r = a is a limit-cycle as far as the travelling

observer is concerned, it is also one as far as the external observer

is concerned (assuming that if r = a lies within an amended

Schwarzchild radius, the external observer is also within the

Schwarzchild radius).

Example 6.3-3

Consider the system,

os

ar De area
Gs 2G" +.a°S**}

: Ky yt 74a7))) 1
tofy? +(e b+ a) 6.3)
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2c

so that, camparing with (6.2-4), A(r) = 1 ~ (Pa?) ft

Ere y (r7+4a2) +k, \-1

Sewage
Ze.

Now P(b) = 0 =>K,? + (3.2) Bo 2%
(b“+a) (bo) cha)

Notice that A'(0) = O and F'(0) = 0, so that from (6.3-5), P' (0)

exists. Suppose that y # aa so that r = b is not a critical
bY4a?

Circle. Then (6.3-11) is a viable amendment to (6.1-3) by theorem

§.5-1. From Waa 6.2-2, the amended Schwarzchild radius is

given by r = hora’. Let 4c? > aa so that the apparent
singularity exists. If b = Vic*-a*, the amended Schwarzchild

radius coincides with an isolated closed path with respect to the

travelling or external observer. It acts as a limit-cycle if

P'(b) exists. It still erases the difference between what the

observers see even if P'(b) does not exist - the closed orbit is

just reached in finite, as opposed to infinite parameter time.
-K,

bt"

geodesics to be camplete, P'(b) must exist, by theorem 5.5-l. In

this case, the amended Schwarzchild radius is never reached. (P'(b)

is given by 6.3-6 with O replaced by b and exists if

x K,"A(b)E! (b)
~A' (b) {1 + —— J+ Sree fran (6.3-5).)

F(b) F*(b)

If y = , x =b is a critical circle and in order for the

Notice that the amended Schwarzchild radius r = b only coincides

with a critical circle, limit-cycle or a closed path reached in

finite time with respect to the travelling observer, for particular

values of y, Kj) /K3-

Recall that the nature of orbits of the Schwarzchild equations

can be determined by finding the tuning points of an 'effective

potential' (given by (6.1-7) in the material particle case). The

conclusions are given by theorems 6.1-1, 6.1-2. The amended equations

(6.2-4), also possess an effective potential, given by, in the material

particle case,
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é. =V(r) = +Ar) (2 +) (6.3-12)

and this clearly reduces to the potential given by (6.1-7) in

the weak field limit by the hypotheses on A(r), F(r). The

turning points of this amended potential are given by,

At (r) ( a - x (3) =0 (6.3-13)

and, so provided that departures fran the original Schwarzchild

functions, A(r) = 1-28, , F(r) = r, are not too great, departures

from the original turning points will not be too great, and orbits

will behave qualatively the same, except perhaps in a given small

neighbourhood of r = 0. In particular, if the original

Schwarzchild equations possess almost periodic solutions, any

feasible amendment of them should also possess almost periodic

solutions. This is, in fact, the case with the numerical examples

considered in section 6.5). Having obtained there exist almost

periodic solutions in a particular case, it is possible to talk about

peri-helion shifts of these orbits. Now, fram (6.2-4),

2

K? - Ae) (2. aaISe

3

' S =Oatr=r, andr, then,

x. dr+

p= | z .(6.3-14)
a F Vg - A/F + oA

gives the angle between opposite perihelions. Of course, in general,

the integral in (6.3-14) has to be evaluated numerically.

Fran the general system (6.3-3), the following integral is

obtained:-

j geo dr =p+4, (6.3-15)

as in the Newtonian case, so that by (6.2-4) (b) and (c) and (6.3-1),

in either the travelling observer or external observer case,
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ax:-| oe ieee er =6+4, (6.3-16)
F(

Far)

Once again, evaluation of the integral in (6.3-16) is, in

general, impossible by analytic means but in certain cases may be

evaluated in terms of elliptic integrals and the nature of orbits

may be ascertained.

Example 6.3-4

Consider the general model (6.33)

with Flr) =r? + a and A(r) = 1- 25%) where |ale< 1.
rta

In the timelike case, (6.3-16) becomes,

dr

ane |
es v4 (K,2-1) +2cr 42? (207K, 2-22" “kK 2) 4x (2ca" 42K, 2) 4 (K)7a4 nal-a'k,

(6.3-17)

Thus, if the constants are chosen so that K, = 1, c = %, a=l1,

K? = 2, (and so K,7a4 -2°x,? 4.0 and the model is a viable amendment

to the Schwarzchild equations) ,

ar ar
= J So = | 2 aefr3_2y 7437-2 Vie=1) (4) 24/4)

Lee ( 72 +1-r WE ys *) (6.3-18)"
p+p =2 cn ———, (5 - %

° 72 -l+r BS: (1).

Now cng is a periodic function (for real values of g) and

-lgcng ¢1, independent of the modulus. However, r becomes infinite

when cng = -1, and so the orbits in this case, cannot be closed. In

general, if the quartic in (6.3-17) is factorized as far as possible,

r can be expressed in terms of Jacobi elliptic functions, using the
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results of?

6.3.3) Structural Stability

As stated previously, the space co-ordinateSin the two-dimensional

amended Schwarzchild case are solutions of the system of equations

(6.3- 2), which have the same general form as (5.6-2). ‘Thus, the

analysis of subsection 5.6.3) is appropriate in this case. In

particular, lemma 5.6-5 will hold. Once again, (6.3-3) will be

structurally stable for almost all values of the arbitrary constants

contained in P(r), Q(r). The set of general equations (6.2-4), which

include the equation for the co-ordinate time, have no critical points

in (t,x,y) space by hypothesis and so are naturally structurally stable.

Example 6.3-5

Consider the feasible amendments to the Schwarzchild equations

(6.2-8), given in example 6.2-2. (2 # a). By lemma 5.6-5, the system

is structurally stable as a whole. The system has a critical point in

(xy) space at (0,0) if K?= fi - “Ie + e (see example 6.2-3).
a

This will be a focus if aK,” - 3c K,” - ca” 3 0 and so the system will

only be structurally unstable if Kj and kK satisfy the first condition,

but kK, does not satisfy the second.

6.4) Properties of the Amended Metric

In this section, various properties of the general metric fran

which the amended Schwarzchild equations are derived, namely,

2 i= -a(rjat? + 1. ar? + F(r) (a0? + sin*ead”) (6.4-1)gs A®)

where A(r), F(r) have the properties given in section 6.2), are studied.

6.4.1) Generalized Kruskal-Szekeres Co-ordinate S

As mentioned in section 6.2), the equations of motion (6.2-7) contain

an apparent singularity at r = a where A(a) =O. This value of r

corresponds to the amended Schwarzchild radius. There may be several
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Such values of r. In this sub-section, it is shown how these apparent

singularities may be removed fram the metric (6.4-1).

Consider the general co-ordinates given by,

u= a? (r) Ff) cosh (tk)
{6.4-2)

v= atic) 28) sinh (tx)

where a(x) is assumed to be real, K ec R.

Now du = { ka ‘a te" cosh (tx) + aig'e® (r) cost (tx) } dar

+ xa%e® sinh (tx)dt (6.4-3) (a)

av = {ia'a*e sinh (tx) + a7 'e® ) sinh (tx) } x

+ Kate® cosh (tK)dt (6.4-3) (b)

Squaring equations (6.4-3) (a) and (b) and subtracting, we obtain,

after same simplification,

aa" = av? = eo {ito + a's'? ar? - x2ueFat? =>

a. 12
Re) 26 (ie ee Sam? Pe aes aa?

ake ak? asec
(6.4-4)

where A(r) is the known function in the amended Schwarzchild case.

Comparing (6.4-4) with terms in the general metric (6.4-1), in
order to get -Aat? + x Gro easily initemi of duy -dv-y dt\is clear
that,

o

i G2 + a(e')? + a's") (6.4-5)

It is now supposed that 4 a' = g' (in keeping with the original

derivation of Kruskal-Szekers co-ordinates with r > 2c), and so (6.4-5)

represents a differential equation for the unknown function a(r), in

terms of the known function A(r). Fram (6.4-5) we get,

236



esate) EY) =>

ae* = eof: fx ar + %} (6.4-6)

where y is a constant of integration.

Now in the Schwarzchild limit, A = 1 - 7© and comparing
(6.4-6) with the Kruskal-Szekers co-ordinates case for r > 2c,

it is seen that,

ae

ee eiyelc ie exp { #2K(r + 2c In|[r-2c|)+ y }
2c

and so K= 4, y= (I+ In 2c) (positive signs being taken).

If, instead, it is supposed that 4a' = - 8' (in keeping

with the original derivation of Kruskal-Szekers co-ordinates

with (r < 2c), it is easily seen that the solution of (6.4-5) is,

cer = en :f ar + y} (6.4-7)

and once again, in the Schwarzchild case, positive signs are

taken and K =F: , y = ~(1+ In 2c). Notice, if r < 2c in the

original case, the roles of u and v are interchanged, so that

when a(r) changes sign (as a function of r), the transformed

metric does not. Thus, in this generalized case, the roles of

u and v need to be interchanged at r= a, Thus, u and v are

given by (6.4-2) for r > a and,

ee one sinh (tk) (6.4-8)
v= at(r)e®TM cosh (tx)

for r< a.

From (6.4-2), (6.4-8),

u? ~'v* =+ aer® (6.4-9)
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and from (6.4-4), (6.4-5),

2 ay? - vat? = = ie
a

A

and as r passes through a, the transformed metric remains

the same. The metric contains no apparent singularity at

ee Be = Lim BG) Gs finite, so that a! (a)
a' (r)

must be finite. Fran (6.4-6), (6.4-7),

e 28 (au? - av’) (6.4-10)

ta
ae" = F(r) say,-pa'e*"(1 + a) = F'(r) (6.4-11)

If constants in F(r) are chosen so that F(a) = O=>a(a) =O

(a condition required for continuity of co-ordinates), then

fram (6.4-11), a'(a) = F'(a). Now a always remains positive

and so r = a must be a turning point of F(r) and so F'(a) #0

as required. That is, the transformed metric will not contain

an apparent singularity at r =a if A'(a) is finite. (This

will be the case for all viable amendments).

The results of this analysis, can be summarized in the

following theorem:-

Theorem 6.4-1

An apparent singularity in the metric (6.4-1) at r =a, can

be transformed away by use of the co-ordinates,

u= at(r)e @kD) cosh (tk) “r>a
{ v= a¥ (rye S**D sinh (tK,)

{° = a¥ (rye "RD cin (tK,) r<a

v = ab(rye BD) cosh (tK,)

and ac = ow { +{ G2 ae +5} rea

ao op { +{ 52 ar + y} r<a

K,/Kyry constants. (Constants being chosen so that <(a) = 0).
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Example 6.4-1

In general, the co-ordinates given by the theoren may

be impossible to obtain explicitly and even in simple cases

can be quite camplicated:- consider the amended Schwarzchild

model given in example 6.2-2. In this case,

2c

A(r) = 1- (6 a small positive constant)

V2 = a

7. A(t) = OSr=a= Vict is the only amended Schwarzchild
radius. ( 6 taken smallenough so that 4c? 3 8? > 0).

phe 2
wow {Se -f VERA AEE TES ae eth oy [SOs ae

fe? + 8 ee 1746720

Let r = 6sinhé so that,

ar 5 2c dé ee[H-r+2 fo fee f (6.4-12)

8wow 1 = f de = 265 yeh no aoe
6cosh6-2c (

6 mie \ v6 2407

be -2c-74c*-5~ 4c?-52s 6<2c
[Fg TM |809-200/4c?0

8 3

cothy 6 =

In any viable amendment to the Schwarzchild case, 6§<2c

and the second case is appropriate.(As stated earlier, an

amended Schwarzchild radius will not exist if 6§>2c).

Substituting for I in (6.4-12), and then for 6,

=r + 2c In(r + c*+57) - 2c_1ns>If
4c? aes + Vr? 452 - 2c - aces

ines Ve2452 2Vset x + Vr“45* - 2c + V4c2-§2 2 (6-4-13)

8K 9c

wet Pes, 2 452 1 cap (2K rH) jews 4g? - 2c fants on ‘4c*-§
iC H/4c*~5ro+$
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Notice, at r = a, a =O, as required (independent of the

choice of y and k,) - Also, differentiating the right-hand-side

of (6.4-13), gives a'(a) # O as required.

It may happen that the function a(r) given for rea never

changes sign. In this case, only values of u and v given by

(6.4-2) need be used.

It has been assumed that there is only one apparent

singularity at r = a present in the metric (6.4-1). Clearly,

theorem 6.4-1 can be generalized to cater for any number of

apparent singularities by taking successive pairs of co-ordinates

and v and swopping these around and changing signs of a everytime

one of these 'singularities' are crossed.

6.4-2 Corrected Weak and Strong Energy Conditions

It was shown in section 4.3, how certain metrics which

give rise to geodesic equations having global existence of solutions

may not satisfy the weak and strong energy conditions. It was shown

that the null and timelike convergence conditios only hold if the

corrected weak and strong energy conditions hold in the space-time

defined by the given metric. Here, a specific example is given of

a metric where the null and timelike convergence conditions do

not hold. ‘i

Consider the general metric (6.4-1) where A(r), F(r) are

assumed to have the properties given in section 6.3), so that the derived

geodesics are camplete. The connection coefficients associated with

(6.4-1) are given by (2.2-5) and the components of the Ricci tensor by

Ree) a lg? i,
Ry =~ (e" -3" )-% Ryo (6.4-14)

a= 1-3 (A'F' + AF")

Ryg = sin“oR,,
all other components being zero. It is easily seen that, in the case
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of the Schwarzchild metric (6.1-2), Ry = 0 for all a and so the

Einstein field equations in free space (2.3-1), (with A =0, Ty = 0),

are satisfied.

Consider the special case where

eee 2.2
Ar) Lie Tua Fir) =x +a, Jal<< aS (6.4-15)

Ete

so that (6.4-1) gives rise to complete geodesics, by example 6.2-2

(chas been taken to be 1 for simplicity).

Substituting (6.4-15) into (6.4-14),

2 2

a {ae Ha"to ( Vr74a7 ) (x*4a2) /2
se cane a= niuat ce (6.4-16)

ae fee | ea Pe

2a”
822 Pa) 72

sin’6R,,Ra

Notice as r+ © , all components of the Ricci tensor tend to

zero as required, but the Einstein equations are not satisfied
exactly, especially at r= 0, if a#0O. Also, in the limit as

a+, all the components tend to zero (for constant r).

Consider a null or timelike vector with camponents we at any
point m of the space-time belonging to a co-ordinate danain of the

given chart, so that,

Oh, Owe) = cc S35 why) =-<% =>

- (2 - oe Jory? + @ e coe 7. ee
f2 452 2452

2+ (r24a’) { (w*)? + sin2e w)?} =-c (6.4-17)

where m has co-ordinates (r,6), andce R- {o} it w is a tinelixe
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vector and c = O if w is a null vector.

Wow Ry WW) = Rog tw)? + Ry (wh? + Ryo w)? + Rag)? —>

. 2 2
a a a 0, 2

Rw (oa 0 ae ) } w)
rota

2
2 2 eee a

2a’ ——_ 2i eee A ey : 5 } x wh{2 2,2 ( [2k ) (c24a2) /2
22a { 22 2. ore } .

+ (w°)“ + sine (w") (6.4-18)

(r24a*) 3/2 x

from (6.4-16) and so that in the Schwarzchild (a=0) case, the null

and timelike convergence conditions are trivially satisfied at all

points.

Substituting (6.4-17) into (6.4-18) we get,

Raww = tone 1- —2—) }x oh?
4 (x42) °/2 Viiee

2 2 -1 2
2a’ ——e a 2- Ft + (1 - a } (w){ (r74a°) 2 ( r2ta2 ) (r740*) 5/2 3

2
2a’ 2 2 a.
30 Sa 2 22F (ettaty?/2 {@ ~ e242 ) 0 ‘ Q Ve2+a2 ) Ww) 0

ey 2 2 - 2
fe i 3a’ — 0,2 3aoe Rgwhd = { 32 0- J} oe) cnij eee) /2\, Vee ary /2 x

22 =). 2a’ } (wl?

( a hs 2 a2 ) ap (r24a2)?
2a 20722

(r24a2)°/2 (6.4-19)

Clearly, fram (6.4-17) and (6.4-19), R, sw) < O when

2 2 ee 2

bar) 09? < (Gar) wh? +d ePadtoh? s E+
2

S + (x74a”) {(w?)?+sin?e w)?} < 3¢x4a")* (uly?
(6.4-20)

This inequality is clearly-satisfied at an infinite number of points,

by choosing the wi suitably. For instance, if w2 = w =0, wl =1,
R, ,wiw<0 for points where c2< 2(r2+a2)% and W° is obtained fram (6.4-17).
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6.5) Numerical Solutions of Specific Models

In this section, various numerical solutions of specific chosen

amendments of the Schwarzchild equations are considered, as in the

Newtonian cases. Only amendments in two space dimensions and of

the specific type (6.2.-4) are comsidered. Various solutions of

the equations are plotted for the material test particle case, so

that « = -l and i, the affine parameter, in (6.2-4), represents

the proper time. Solutions are only plotted for amendments with

F(r) given by F(r) = r“ta’, |al <<1 as it can be shown that there is

no significant difference in solutions of amendments with the same

choice of A(r), one having F(r) = r*#a* and one having an F(r)

possessing the same qualitative properties, for example,

2

F(r) = = , |b| >>1. As in the two-dimensional Newtonian
2tan ~(br~)

cases, k3 is taken to be unity, without loss of generality and kK) is

chosen so that orbits of a chosen qualitative character are obtained.

Thus, the general amended equations (including the original Schwarzchild

equations), are considered in the form,

tye, gall
ar > Bt)

ae {x,? ~ ate) 1+ ee (6.5-1)
at 1 Bae

ap! tee
at rte

(jal<<2)
where t denotes proper time, so that distinct amendments are defined

by a particular choice of A(r), (any particular choice satisfying the

conditions given in subsection 6.22)).

Recall that in the Newtonian case, the constants K,A in the first

order two-dimensional equations (5.4-3) can be chosen so that the orbit

is hyperbolic, parabolic, or elliptic. Then, with the considered

amendments of section 5.7) of the general form (5.6-1), with amended

constants, so that initial conditions remained constant for any amendment
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of each separate case, the amended orbits were almost hyperbolic,

parabolic, or almost closed with a peri-helion shift. In the

Schwarzchild case, (equation (6.5-1) with A(z) = 1 - 22 and a=0),
the qualitative behaviour of orbits is dictated by the conditions of

theorem 6.1-1, that is, the tuming points of the effective potential.

For instance, if kK, = 0.94, k3 = 4.0, the solutions are almost periodic

orbits (non-eccentric orbits), which never pass through the Schwarzchild

radius, and so never approach the origin. An orbit of this type is

shown in figure 6.1. Any orbits of amended equations, with the same

initial conditions, agree almost exactly with the Schwarzchild orbit,

as do the hyperbolic-like orbits (given in the Schwarzchild case, for

instance, by K, = 1.998, K, = 1).

Unlike in the Newtonian case, the constant K, can be chosen in

the Schwarzchild case, so that orbits pass through the Schwarzchild

radius and must approach the singularity at r= 0. Curve (1) in

figure 6.2 is such an orbit, and cannot be extended past the origin.

(In this case, c = 1, without loss of generality and kK, = 0,884). Thus

the Schwarzchild case is fundamentally different fran the Newtonian

case in the sense that Newtonian geodesics are only incamplete if they

approach the origin radially, whereas any Schwarzchild geodesic passing

through the Schwarzchild radius is incamplete. The amendments of

Schwarzchild orbits which pass through the Schwarzchild radius are the

most interesting, both fran a mathematical viewpoint and fran a

philosophical viewpoint, and it is these solutions which are now

examined.

Solutions of amended equations are campared with the Schwarzchild

orbit shown by curve (1) of figure 6.2. The orbit starts from rest

at x = 5 (at time t=O), and corresponds to the eccentric elliptic orbit

given by curve (1), figure 5.3 in the Newtonian case. K, is chosen in

the amended equations in such a way that the solutions under consideration

have the same initial conditions as this Schwarzchild orbit. The

amended solutions agree almost exactly with the Schwarzchild orbit until

they pass through the Schwarzchild radius at r= 2. It has been stated

earlier that the equations can be amended in such a way that a Schwarzchild

radius is no longer present. However, whether an apparent singularity
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is present or not, the qualitative behaviour of the orbit, as far

as the travelling observer is concerned, will remain the same. All

the amendments considered now have an amended Schwarzchild radius.

Clearly, as the amended orbits approach the origin, they will behave

qualitatively the same as the one-dimensional counter parts, with

respect to the proper time, as given in section 5.7. That is, an

orbit will pass through the origin and came back, get thrown outwards

again before it reaches the origin, or pass through the origin, so

that the radial co-ordinate changes sign, depending on the behaviour

of a radial orbit of the same set of equations. For instance, curves

(2) and (5) of figure 6.2 (together with curve (1)) are solutions

of (6.5-1), with A(r) = 1-2 £(e)ar, £(c) = 2 tan? ros , with

a? = 0.1, 0.001, respectively, (campare with the numerical solutions

of (5.7-1) - curves (1), (2) of figure 5.2). Curve (4) of the figure,

together with curve (1) is the solution of (6.5-1) with

A(r) =1- aft tnar, £(r) = = , (campare with the numerical
r+ 0.001

solutions of (6.7-4)). I£ the constant denaminator of f(r) is

0.1, the amended solution agrees approximately with curve (2)5e th
Sie

the function f(r) is perturbed slightly to f(r) = On * , the
(x* + 0.1)

corresponding solution is curve (3).

Curves (6) and (7) of figure 6.2 are typical solutions of an

amendment in which any orbit approaching the origin radially, passes

through and the r co-ordinate becomes negative. They are solutions

of (6.5-1) with A(c) = 1-454 and a = 0.001, 0.1 respectively.
)(x“+a’

The curves (5) and (6) are extended in figures 6.3 and 6.4 respectively.

The apparent contradictory nature of both the orbits is explained by

the fact that the motion of the test particle is described by two

sets of differential equations, as opposed to just (6.5-1), depending

on the sign of the radial coordinate r, as the motion along any radial

path must be symmetrical about the origin (see section 5.7). Thus,

although the solutions to (6.5-1) in the given cases have orbits as

described in the diagrams, the actual path of a test particle will be

an almost periodic orbit about the origin, that is, two of the loops

of the solution are not actually traversed. The particle will have
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almost the same qualitative motion as in the amended Newtonian

cases, and the almost-periodic Schwarzchild orbits which do not

pass through the Schwarzchild radius. As far as the travelling

observer is concerned, the orbit will be almost periodic (with

peri-helion shift). Of course, as far as any external observer is

concerned, the orbit never reaches the Schwarzchild radius and so

any motion inside the radius is not observed, Thus, although the

travelling observer passes through the radius, past the origin and

out again, it appears to the external observer that he has always

been on the outside! The orbit is elongated as far as the external

observer is concerned, (with respect to the true orbit).

6.6) Concluding Remarks

This chapter has been concerned with various properties of

amendments to the Schwarzchild equations of a specified general

nature. As stated in Chapter Five, the work is far from camplete -

it should be possible to classify general classes of amendments

according to their qualitative properties.

The amended Schwarzchild equations and the amended Newtonian

equations presented in this and the previous chapter seem to possess

similar qualitative properties - the solution bear a closer resemblance

than those of their traditional counterparts, (for example, peri-helion

shifts etc.). However, the properties of the amended Schwarzchild

equations introduce new philosophical problems, such as those associated

with orbits passing through an apparent singularity an infinite number

of times, as mentioned in the last section. These points are raised in

the following, final, chapter.
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Chapter 7

Conclusions and Speculations

In this thesis we have stwiied, from a mathematical point of view,

the feasibility of "regularizing" the geodesic equations of certain

singular, but otherwise experimentally viable, gravitational spacetimes.

That is, spacetimes which include the gravitational effects of matter

and which lead to predictions in accord with same of the experimental

observations, but in which the effective gravitational force becames

infinite at same point or set of points in the spacetime. The aim of

this study is to build a data-base of regularized spacetimes which can

then be used in an attempt to develop a nonsingular theory of gravity,

much in the same way that Newton used Kepler's data to synthesize his

model.

Since this has been a preliminary investigation, we have, naturally

enough, concentrated on the two most successful models of gravitation to

date. That is, Newtonian gravitation, where gravity is represented by a

scalar field acting in a Newtonian spacetime, and Einstein gravitation,

where matter gives rise to gravitational effects by deforming Minkowski

spacetime into a "curved" psuedo-Riemmanian manifold. Furthermore, we

anitted cosmological spacetimes and restricted our attention to the

simplest non-trivial solutions of these models. That is, the point-mass

field in the Newtonian case and the Schwarzschild spacetime in the

Einstein case. The fact that these are unique solutions of their

respective models, for the symmetry considered, is an added advantage.

Note, however, that our results for the Schwarzschild solution may be

transferred to the cylindrically symmetric Kerr metric by means of the

complex transformation mentioned in the introduction. ‘Thus, we have

effectively covered both the conjectured black-hole states of the Einstein

model.

The criterion we used for regularizing the geodesic equation is that

the amended equations should form a dynamical system. Since the limit

sets of dynamical systems are only approached asymptotically, the

resulting geodesic flows will be camplete. Our results have confirmed

that this is a sufficient criterion for the data-gathering process and, more

importantly, have shown that it certainly is possible to eliminate or avoid
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singular spacetimes by replacing the singular points by regular, critical

or isolated points of a dynamical system. Thus, using both central and

noncentral amendments, we have found limit set behaviour corresponding to

critical points, limit cycles and isolating limit sets where the critical

set disconnects the singularity from the observers' spacetime by forming

a natural unimpenetrable boundary. We have, in Chapters 5 and 6,

catalogued and analysed these amendments in sane considerable detail and

in same cases have verified, by numerical computation, that the

weak-field properties can be adjusted to fit the experimental data. Thus,

the first phase of our programme has been successfully campleted.

Our next step, from the mathematical point of view, is to partition

the amended geodesic equations into equivalence classes with each class

representing a particular type of qualitative behaviour. This would

enable us to carry out a detailed study of the differentiability and

stability properties of equivalent amendments and, in this wayrarrive at

a set of criteria to determine the "best" amendment in each class. One

could then, in principle, use these best amendments to set up field

equations for the corresponding spacetimes. Once this stage has been

reached then the conventional approach can be reintroduced.

From the physical point of view, the next step is fairly clear.

Each amended spacetime has to be examined carefully and the behaviour of

its geodesics must be shown to be "physically reasonable". Furthermore, the

final states of dying or collapsing stars must be reassessed now that the

plack-hole state has been eliminated. However, the broad picture that

emerges from our analysis so far can be expressed as follows. If we

assume that the gravitational constant’ is a function of the radial

coorfinate, i.e., G= G(r), then our amendments correspond to situations

in which (a) G(r)> 0 as r + O in such a way that the effective gravitational

force is either finite or zero at the origin, but always remains attractive

and (b) G(r) becomes negative for small r so that the effective

gravitational potential develops a repulsive core. In the case of

noncentral amendments G will, of course, depend on both r and f, implying

that there is a damping term which slows down the collapse to such an

extent that it takes an infinite proper time to become singular. Damping

usually means dissipation and consequent energy radiation, and this could
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possibly occur in the form of gravitational waves.

Now the requirement of a variable G in our interpretation, raises

the question as to whether there is any experimental evidence to

support this view and, surprisingly enough, there is. Recent work

by Longt2"3 indicates that there may be a departure from the inverse
square law at laboratory dimensions. In fact, his results show that

for 4<r<100, where r is measured in centimetres, the gravitational

constant should be replaced by the function

G(r) = 6, kt + (0-002) In r}.
I£ this can be extrapolated down to r=O, then it indicates that the

gravitational force vanishes very close to the origin and becanes

infinitely repulsive at =O. We must, of course, wait until these

results are confirmed by others before they can be taken seriously,

However, their existence is reassuring.

Another interesting point to note, in the case in which the

effective gravitational force always remains attractive, but goes to

zero as we approach the origin, is that it leads to an “asymptotically

free theory". For it is precisely theories of this type which are now

being considered in the investigations of the strong interactions

between the quarks of elementary particle theory.

Finally, we come to the question of- arbitrary parameters. Our

modifications must, of necessity, contain arbitrary parameters to give

us the flexibility to adjust the weak-field end of the models. At

this early stage of our programme we are inclined to think that they

are classical indications of -an underlying quantum structure; related,

perhaps to Planck's quantum of action or the so-called Planck length of

quantum geametrodynamics. In other words, we recover the theories of

Einstein and Newton when the parameters go to zero.
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