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Abstract

Theoretical objections to the concept of a spacetime singularity
and the scanty, and sometimes controversial, nature of the
available experimental data concerning the existence of black
holes, has heightened interest in the search for viable, non-
singular alternatives to Einstein's theory of gravitation. One
- way of developing such alternatives is to perturb or deform the
solution spacetimes of the Einstein model in such a manner that
essential singularities are either eliminated or avoided, but
useful features, such as the weak-field prédictions, are retained.
The aim of the present work is to study the feasibility of such
a programme, and to analyse and classify some of the possible
perturbations.

Our approach to the problem is novel for this field of work,
_the objective being to associate dynamical systems with the flows
of the geodesic equations. Since dynamical systems are defined
for all values of the flow parameter, the proper-time in our case,
the resulting geodesic flows will be complete. This means that
any singularities on the original manifolds will either be changed
into regular or critical points, or isolated by critical sets in
which case they are effectively disconnected from the spacetimes
of all observers.

The thesis commences with a general introduction in which we
discuss the pros and cons of the singularity argument and motivate
our approach. In chapter 2 we review the Einstein model, paying
particular attention to the definitions and proofs of the singularity
theorems,while chapter 3 is devoted to a presentation of those
aspects of dynamical systems theory which are needed for our
purposes. However, since the latter is not a subject which is
usually associated with conventional gravitation theory, we have
attempted to make this presentation more or less self-contained.
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The next three chapters contain our new results. Thus, in
chapter 4 we 'translate' the singularity theorems into the language
of dynamical systems theory and examine their possible breakdown,
Then,in chapters 5 and 6, we construct and analyse several
amended versions of Newtonian and Schwarzschild gravitation
respectivelys the Newtonian amendments being necessary to preserve
the use of the Newtonian limit as a boundary condition. Finally,
in chapter 7, we discuss the physical interpretation of our
results and assess the viability of the method used.



Chapter One: Introduction

1.1) Preliminary caments

Same of the more important and interesting problems of classical
gravitation today are those concerning the singularities and other
pathological features of Einstein's theory. Because of the very
restricted nature of the experimental data, the acceptability or
unacceptability of the Einstein model depends, to a large extent on
whether its theoretical structure and predictions seem reascnable or
not,

It must be admitted, that of the many metric theories that agree
with the experimental data in the immediate post-Newtonian damain,
the Einstein model is the most campelling. If we accept the basic
philosophy that general relativity is a geametrical symmetry of nature
and hence, via the equivalence principle, that gravitation is a
manifestation of a curved spacetimel'z'3, then the vacuum field
equatians RW = 0 are the simplest nontrivial structure that one can
impose on a psuedo-Riemannian manifold. In addition, if we restrict
ourselves once again to these vacuum equations, the Einstein model is
"oure", There are no free parameters or potentials to specify and,
in this sense, it shares with Maxwell's free-field equations the
distinction of being one of the only two strictly nonphencmenological
thecries of physics that we have today.

Now the interpretation of gravitational dynamics in terms of
Riemannian gecmetry together with the simplicity of Einstein's
equations, does lead to an elegant and, same would say, beautiful
theory. But physical theories are not judged by beauty alone and work
done over the last three decades has shown that the very features which
are responsible for the beauty and elegance of the Einstein model, may
also be respensible for significant "deficiencies" in its theoretical
and predictive structure. Thus, in the first place, it is an isolated
theory. All attempts at unifying the principles of general relativity
with those of classical electrcmagnetism or quantum theory have
resulted in forrulations which are either ambiguous, highly contrived

or both4'5. Secondly, it is an essentially singular description and
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leads inevitably to gravitational collapse with all its attendant
pathologies. For example, the bizarre extrapolations of the

consequences of the singularity theorems are in sharp contrast to
the physically reasonable assumptions needed to prove themG’T. Let

us examine these deficiencies of the Einstein theory in more detail.

1.2) Geametry: Truth or Convenience?

~ The isolation of gravitation is due to its interpretation, by
Einstein and his followers, as being entirely geametric in origin, i.e.,
a cansequence of the curvature of spacetime. Thus, the Newtonian
concept of motion under the "force" of gravity is replaced by "free"
motion along the geodesics of a curved, four-dimensional, differentiable
manifold which has the symmetry of general relativity and is locally
Minkowskian. There are two points to notice about this description.
Firstly, a particular geametry has been elevated to the status of the
real or true geametry of spacetime. Thus, this geametry is no lenger a
oconvenience, but a necessity. Secondly the covariance group of
general relativity, even in specially selectad asymptotic situatimsa'g,
is very much larger than the symmetry groups which arise in other' areas
of physics. As a result, it appears to be irpossible to define an
unambiguous, irreducible and nonredndantset of cancnical observables,
and this, of course, has serious consequences in any quantum treatment of

the gravitational field and its interactions with matter .

Now the debate on the geametrisation of physics goes back to Riemann
and Clifford in the last century'r, who began to suspect that at least
sane branches of physics could be expressed in terms of the non-Euclidean
geametrics that were a matter of current interest at the time. It is,
more or less, axiamatized developments of these ideas that have found
their expression in general relativity, the warious unified theories of
electranagnetism and gravitation and the alrsady unified theory of
Raivich and Misne.rlz. According to this vise, there is cne geametry of
spacetime such that matter moves along gecdesics in this geametry. The
job of the physicist is to campute this gearetry in terms of the sources
such as mass and charge etc., and general reiativity tells us how to do
this. Once we know this, we know all there is to know about the universe.
Einstein himself believed that there exists a generalisation of his theory
which will be sufficient for a description o all physical phenamena,

9
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including quantum phenamena, and this philosophy, followed with a
religious fervour by the geametrodynamicists, is stated most clearly
by John Wheeler, prophet of geametrodynamics, who sayslB: "There is
nothing in the world except empty curved space. Matter, charge,
electramagnetism and other fields are only manifestations of the

curvature of space".

Fortunately, for those with more secular inclinatiOﬁS, there is
an opposing point of view which was developed by the conventionalist
philosophers of science of wham Henri Poincaré was the leading
advocate. Their point of view is that geametry is a product of
mathematics, there is a wide variety of geametrics that the mathematician
has invented and the physicist can choose any of these geametrics
against which to describe the behaviour of matter. Furthermore, the
physicist always deals with a cambination of geametry and matter, never
with the two separately, and he may choose to express a theory in one
geametry or another just as he can choose to use English, French or
Chinese with which to express his ideas. It may, on occasions, be
easier to express a theory in a particular geametry, but this does
not make this geametry the "real" geametry. This philosophy is summed
up in Poincaré's own wordsl‘i: "One geametry cannot be more true than
another; it can only be more ccnvenient”.

The conclusions to be drawn fram the above discussion can be sumed
up as follows. At the classical level, if the Einstein model'is an
accurate description of gravitation it does not really matter whether
it is expressed in the geametrodynamicists' language or not. FHowever,
at the quantum level it may be necessary to recognise the possible
separation of geametry and gravitaticnal fields before further progress
can be made towards producing a quantised thecry of gravitation.

1.3) Singularities: Fact or Fiction?

Since the original work of Penrose and Hawking on the existence of
gecmetrical singularities in the time development of physically reascnable
solution spacetimes of the Einstein mcdel, much attention has been paid
to these specific predictions of the theory. For example, the problems
of the definition and structure of the singularities and further theorems

o



on their existence have been the subjects of an enormous number of
research papers over the last decade or so.

Singularities are predicted to occur in two areas. The first
is in the past at the beginning of the present expansion of the
universe. This is thought to be the "big bang" and is generally
regarded as the origin of the universe. The second area in which
singularities are predicted is in the collapse of isolated regions
of high mass concentration such as burnt-out stars. Now these
predictions follow fram an extrapolation of the Einstein model by
many orders of magnitude beyond the range for which its validity
has been established, i.e., they are predictions in the damain of
very high curvatures and very strong fields, and, as a consequence,
there are two opposing views regarding their relevance. On the
one hand, the geametrodynamicists, and other firm believers in
Einstein's theory, regard these singularities as useful, valid and
physically meaningful predictions of relativistic cosmology, i.e.,
the so-called "black holes". On the other hand, the conventionalists
take the point of view that singularities in any theory are, to say
the least, physically and mathematically ambiguous "objects", and
that their occurence is an indication of the limitations of the theory.
If this is the case, then it follows that the Einstein model is
incorrect or, at best, approximate in regions of high curvature and
strong fields.

Now which of these opinions turns out to be the correct one should,

of course, be decided by experiment, but ocne must distinguish

between consistency and uniqueness in assessing experimental
verification. In the case of the big bang, the Hubble expansion and
the isotropic 3% radiation are consistent with an initial singularity,
but the experiment is not repeatable and to campute a unique path

back to a singular origin, without any other "fossil" guide seems to
be more in the realm of a theological speculation rather than a
scientific explanation. As far as the black holes are concerned, the
geanetrodynamicists "holy-grail" lies in Cygnus X-1l. Preliminary x-ray
data indicate that there is a massive adbject in this binary system
which they claim to be a black hole. However, the evidence is scanty
and controversial®™ 3nd, besides, there are other possible explanations

11



of the data which do not involve a black hole o, Anokher

feature which camplicates the interpretation of this, or any other
data, and indicates the dangers inherént in treating singularities
as physically meaningful objects, is that the theoretical picture
of the black hole keeps changing. Having started out life as
evergrowing, cosmic vacuum cleaners, it now appears that they can
merely evaporate away-’.

Quite apart from the experimental status of black holes, there
also exists the theoretical problem of defining precisely what is
meant by a "singular spacetime", when the whole spacetime manifold
. is not specified a priori at present singularities are associated
with incamplete null and timelike gecdesics. Thus, a spacetime is
said to be singular if it contains inextendible null and (or) timelike
geodesic segments with finite affine parameter. (Note that
canpleteness has to be defined via the tangent bundle rather than
on the manifold itself, since the metric on the latter is not
positive-definitel7’18.) However, incampleteness does not necessarily
involve an infinity of a physical variable nor does it necessarily
prevent the extension of a cosmological model towards the past. -For
example, Taub-NUT spacetime has incamplete geodesics in a region which
is locally nonsmgularlg'zo and if a cosmological model has an infinite
density in the past, this infinity (which undoubtedly represents a
singularity) and the incompleteness of geodesics need not have any
relationzl. Thus it seems t-h:.at campleteness or incampleteness of a
spacetime is not the whole answer and the search for a more satisfactory
definition of singularities continues.

The conclusions to be drawn fram the above arguments are threefold.
Firstly, singularities, in the accepted technical sense, seem to be a
camon feature of a large number of otherwise physically reascnable
solutions of the Einstein equations. Secondly, the definition of a
singular spacetime is far from being physically intuitive and does not
always correspond to infinities in physical variables. Thixdly, the
interpretation of a mathematical singularity as a physical cbject leads
to an "anything-goes" situation in which even the most fanciful and
bizarre speculations are permitted. Thus, it seems very probable that
the Einstein model is not a useful description of gravitation at the

I



strong-field end of the spectrum.

1.4) Nonunigueness in the Weak Field

The flaws in the Einstein model, discussed above, lead us to
take a closer look at its experimental successes. The first
conclusion we came to is that the three "classical" measurements
of red shift, light deflection and perihelion advance together with
the more recently proposed radar reflection experiment, merely
test the weak field behaviour of a diagonal Ricci tensor. In
other words, if we assume that the spacetime of the solar system
is static, spherically symmetric and asymptotically flat, then its
~ Ricci tensor, RW, is diagonal and cbviously goes to zero in the
| limit of zero field. The experiments then tell us that these diagonal
| camponents are still zero in the limit of weak fields. The vacuum
equations of the Einstein model, i.e., Ruv=0, satisfy this conditicn
and, hence, are consistent with the cbservational data. However,
they are not unique in this respect. For, if we probe further and
assume that the diagonal campconents of Ruv can be represented by power
series expansions in m/r, then the only restrictions that the
experiments place on these expansions are that Ry R22 and R33 have
to be at most of O(m3/r3) » while Ry, can be of O(m2/r2). One can take
advantage of this fact to construct other models of gravitation which
also satisfy the weak field tests and, indeed, many authors have dcne
so. For exanple, the scalar-tensor theories of Brans and Dickézz, of
fall into this category.

No doubt, as techniques improve and experiments became more precise,
tighter limits will be placed on the diagonal camponents of the Ricci
tensor. However, it is unlikely that any degree of accuracy in weak-
field measurements will ever eliminate all but one theory of gravitation.
Thus, the superiority of the Einstein model in the weak-field domain is
based more on its simplicity and elegance rather than on its agreerent
with the experimental data.

1.5) Alternative Strong-Field Models

The singularity theorems and the chronic problems of quantizing a

3



noncanonical theory, indicate that the weaknesses of Einstein's
model lie at the strong-field rather than the weak-field end of the
gravitational spectrum. Thus, there is a need for alternative
strong-field models and any indication in this direction is "a priori"
interesting. The hope is that such models, if they can be devised,
would be free from singularities, except in cbviously artificial or
pathological situation, and at the same time be sufficiently flexible
so that they can be "adjusted" to fit the experimental data at the
weak-field end. The nonuniqueness of the Einstein model in this
latter damain gives us confidence that such an adjustment should be
possible.

If we accept the need for alternative strong-field medels, then
the question arises as to which is the best possible approach to the
construction of such models and here, of course, opinion divides.
Many autl'xcurs25 believe that singularities and quantization are closely
related and that a strong-field model must inevitably be a cuantum
model. They5’25 generally argue that a quantized version of the Einstein
theory would lead to a better understanding of the singularities ard
perhaps even prevent them fram occurring; much in the same way that
Planck's quantization of blackbody radiation eliminated the
Rayleigh—Jeans catastrophe and Bohr's quantization of the atam
prevented its classically predicted collapse. However, the problem
of developing a quantum formalism for Einstein gravity has been under
study for at least the last twenty-five years and, as yet, there exists
no convincing mathematical evidence either to support or deny these
speculations. The many attempts at constructing quantum models within
the Einstein framework, have generally led to nonrencrmalizable
thec:r.i.eszs"z6 which, as a caonsequence, have given little, if any,
insight into the nature and significance of singular spacetimes. Since
the outloock for further progress in this direction is not very encouraging,
we have no other option, but to return to the classical damain.

Now within the classical damain, and if we restrict outselves to
essentially metric theories, there are three possible avenues of
approach. The first is to develop alternative field equations using
curvature alone. For example, models which make use of the derivatives
of the Ricci tensor, rather than the Ricci tensor itself, would presumably

14



give more information about the high curvature or strong-field regime.
Thus, we could consider free-field equations of the form

R
Rugie =es v 7

which were first studied by Stepherxsmz'? and by Kilm:Lste.r;l‘8 , and more
recently revived by Yangzg. These equations are a generalisation, to
third differential order, of Einstein's free-field equaticn Ruv= 0 and
have a large variety of interesting solution spacetimes. These include
both "dressed" and "undressed" Schwarzschild soluticms30 as well as
spacetimes in which gravity is repulsive and, in same cases, periodic3l.
Ancther class of models which falls into this first category and which
we might mention, are those based on nonlinear Lagrangians in which the
curvature scalar has a finite upper bound. The hope is that by limiting
the curvature one might avoid gravitaticnal collapse and a specific

example in this class has been studied by Muller et e.l.32

The second approach is finding nonsingular classical models is to
introduce additional geametrical features into the theory. For exanple,
Prautman>> has proposed that spin and torsicn may avert gravitaticnal
collapse when treated in the framework of Einstein-Cartan theory. This
seams a prcr:‘iéing line of attack and same interesting results have been

obtained by ‘E’xasannag4 .

The third acproach is perhaps the least ambitious of the three,
but, in same ways, is the best defined. The idea is toc consider specific
singular spacetimes of the Einstein model and to perturb or deform them
in such a manner, that essential singularities and other pathologies are
either eliminated or avoided, but useful features, such as weak-field
predictions, are retained. In this thesis we study the feasibility of
such a programme by analysing and classifying same of the possible
deformations.

1.6) Spacetime Deformation via Dynamical Systems

As we mentioned earlier, singularities of the Einstein model are
predicted to occur in two areas. The first is in the past of
cosmological scolutions which represent spacetimes of an expanding

5



universe, while the second is in more specific situations representing
the collapse of localized concentrations of large mass. Now
cosmological models have additional assumptions built into them and
are not suitable candidates for a preliminary investigation into the
possibility of eliminating singularities. Thus, in the present work,
we concentrate on the second area, i.e., that of gravitational collapse.
In this case, the final or black hole states are represented by the
Schwarzschild and Kerr solutions’ (or their charged counterparts), and
to these must be added the Newtonian model, since the latter is an
essential boundary condition for the former. Furthermore, since the
Kerr solution can be obtained fram the Schwarzschild solution by a
transformation involving the replacement of the real mass m by the
camplex quantity m + ia, where a is the angqular nunentuns, it 1s
reasonable to suppose that the same thing can be done with an amended
Schwarzschild spacetime. Thus, we restrict our analysis to the
Schwarzschild and Newtonian solutions.

Our approach to the problem is novel for this field of work, the
objective being to associate dynamical systems with the flows of the
geodesic equations. Since dynamical systems are defined for all values
of the flow parameter, the proper-time in our case, the resulting
geodesic flows will be camlete. This means that any singularities
on the original manifolds will either be changed into regular or
critical points, or isolated by critical sets in which case they are
effectively disconnected from the spacetimes of all cbservers. As
a point of interest, we might add that dynamical systems, or the
qualitative theory of differential equations, is a geametric approach
to the study of differential equations on a manifold initiated by
Poincaré. Thus our work is also an attempt to bring together the ideas
of Einstein and Poincare.

The main body of the thesis consists of five chapters. In chapter
2 we give a survey of gravitation and the structure of spacetime with
particular reference to Einstein's theory. The need for looking at the
large scale structure of the universe as cpposed to its local properties
is brought out and the reason for assuming spacetime to be a differentiable
manifold is also discussed. We then turn our attention to the problems
of singularities in this structure, i.e., the problem of their definition

6



and their occurrence. The possible breakdown of the present
singularity theorems is then discussed. Lastly, we present a case
for locking at the equations of motion fram the point of view of
dynamical systems.

Chapter 3 is devoted to a rigorous presentation of those aspects
of dynamical systems theory which are needed for our purposes.
However, since this subject is not usually associated with conventicnal
gravitation theory, we have attempted to make this presentation more
or less self-contained. Thus, we give examples of the abstract
concept of a dynamical system before showing, again with examples, how
vector fields acting on manifolds can give rise to dynamical systems.
The idea of the phase portrait is then introduced together with
relevant definitions, theorems and further examples. The unimportant
notions of stability of orbits and of structural stability are also
discussed.

The next three chapters contain our new results. Thus, in
chapter 4 we 'translate' the singularity theorems into the language of
dynamical systems theory. The aims of this exercise are, firstly to
explore the possibility of using dynamical systems theory to give more
transparent proofs of the singularity theorems and, secondly, to identify
the 'simplest' amendments which would lead to a breakdown of these
theorems. Then, in chapters 5 and 6, we use scme of these ideas to
construct and analyse several' amended versions of Newtcnian and
Schwarzschild gravitation respectively. The theoretical analyses in
these chapters are supported, in many cases, by detailed camputer
calculations of both radial and nonradial orbits to ensure that the
weak-field conditions can be met. However, for reascns of space we
have not included lengthy programme descriptions.

To summarise our main results, we f£ind that singularities .can be
avoided in three general situations. The first is if the gravitational
force remains attractive, but beccmes weaker at small distances leading
to an "asymptotically free" theory. The second is if the effective
gravitational potential develcps a repulsive core implying that
gravitation changes fram being attractive to being repulsive at small
distances. While the third is if there is a dissipative mechanism
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which slows down the collapse to such an extent that it takes an
infinite time to became singular. A discussion of the physical
interpretation and implications of these results, together with
an assessment of the inability of the method and suggestions for
improvements and further research, is given in the final chapter,
i.e., chapter 7. i
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ter Two:
Gravitation and the Singularity Prcblem

In this chapter, a review of Einstein's geametric theory of
gravity is presented. The theory divides basically into two
parts, that of local structure of the universe and that of global
structure. After the mathematical preliminaries needed in such
a theory are given, the local theory is discussed. In the next
~ section, a review of space-time singularities and the part they
play in the large scale structure of the universe is given and
the chapter continues by investigating the singularity theorems,
which predict the occurrence of singularities based on fairly
general assumptians. )

In the last section, the difficulties involved in defining
singularities is made explicit and the possible breakdowns of
Einstein's theory and the global techniques which predict the
- occurrence of singularities are locked into.

2.1). Gravitation and the Structure of Space and Time

Gravity plays the daminant role in the shaping of the structure
of the universe, although it is the weakest of the four fundamental
interactions (the other three being the strong and weak nuclear
interactions and electro magnetism). This is because gravity
has a long range and is a force which affects every particle in
the same way.

Einstein's theory of General Relativity is concerned with the
structure of space and time fram the gecmetrical point of view and
~ what effects gravity has cn this geametry. Newton based his theory
of gravitation on the existence of absolute, uniform, space and
time, both of which could not be affected by anything external.

The Einstein theory of Relativity, in contrast to this, assumes
that space and time are inseparable fram each other and divides
into the theory of uniform, pseudo-Euclidean space-time which
possesses the Minkowski metr:‘.cl and the theory of non-uniform
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The uniformity of pseudo-Euclidean space-time gives rise
to the existence of a group of transformations, the most general
being the Lorentz transformation, which leaves invariant the
four-dimensional metric. The theory of Special Relativity is based
on these *:.ratns:fo::rrr:ﬂ:i-nns.2 3

It is now known that universal gravitation does not fit into
the framework of pseudo-Euclidean space. Attempts to modify
Newton's equations of gravity to four-dimensional geametric form
within the framework of Special Relativity lead to serious short-
canings - all fail to agree with present experimental evidence,
or the modifications are inconsistent. Straightforward steps to
repair any inconsistency lead ultimately to General Relativity
theory and to the existence of a pseudo-Riemannian (Lorentz)
space-tine. In fact, Schild>’?’5 has shown that the existence
of the gravitational redshift proves that a consistent theory of
gravity cannot be canstructed within the framework of Special
- Relativity.

Einstein found it possible to base a theory of universal
gravitation on a non-uniform space-time which is locally
pseudo-Euclidean, that is, the theory assumes that space-time has
the structure of a manifold, which is curved in sare sense. It is
assumed that the curvature of space-time interacts with the
various matter fields which describe the matter content of
space-time, so that the existence of matter produces the curvature
and, in turn, the curvature influences the motiaon of the matter.
Thus, gravity is thought to be a manifestation of the curvature.

Until the early 1960's interest in gravitation theory centred
mainly on local technicues,that is, the study of local laws
satisfied by the various physical fields, expressed in the form of
differential equations. In order to build w an mderstanding of
the glcobal structure of the universe, loccal comutations were
performed near each event and these local resulzs were patched
together. It was realized, however, that in order to apply any
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theory of gravitation to physical problems, the large scale
structure of the universe had to be locked into. It was the
proof of Penrcse's first theorem on the occurrence of
singularities, based on the Einstein theory, that gave rise
to glaobal techniques for studying space-time.

Before the mathematical formulation of the local and global
structure of the wniverse can be given, some preliminaries are

needed and these are given in the next section.

2.2). Differential Cearetry

| In this section, the areas of differential geametry needed
for General Relativity theory are presented. The definition of
a manifold is first given, followed by such notions as the
metric, vectors and tensors and curvature.

2.2.1). Manifolds
A manifold is essentially a space which is locally similar to
- Buclidean space. The structure permits differentiation to be
defined, but does not distinguish between different coordinate

systems.

Definition 2.2-1.

LetM be a set. A local n-dimensicnal chart on™ is a bijection
¥ from a subset WofM to an open subset of R".y is usually denoted
by (W,p) to indicate the damain Wof y.

A C* n-dimensional atlas on M is a family of n-dimensional
charts {(Lbiﬂbi)} such that,

@ M =k1J {U’i}

(ii) For two charts (U3,v,) and (U§,¢j) with u,in Uaj # 8,
by oq,i'l/wicuinu;j) is a C* map on R".
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A setM with a given c* atlas of dimension n is known as
a C* n-dimensional differentiable manifold.

The cancept of an atlas is needed as it is usually not
possible to construct a suitable chart for a set M whose domain
is M. It is assumed in the definition that the C* atlas is
camplete, in the sense that it is not contained in any other
¢’ atlas of M. Notice that a setM may admit more than one C-
atlas into R.

Definition 2.2-2

Iet x be a chart of a differentiable manifold M, of dimension
n. Such a chart defines on its damain b a set of coordinate
functions x; such that x = (Xy,...,% ). If melb, xm) = (%, (m) ;00X (m))

€ [Rn, is the set of coordinates of m in the chart x.

Us is a coordinate domain of M and also a coordinate neighbourhood
of me M. ‘

Thus, choosing a new chart (of an equivalent atlas) in a
neighbourhcod of m corresponds to the classical technique of
transforming coordinates. The coordinate neighbourhoods on M define
a topology and so any differentiable menifold is a topological space.
Thus, all the usual concepts on topological spaces hold for
differentiable manifolds.

This work is concerned with differentiable manifolds wiﬂi
reasonable local behavicur and by a 'manifold' will usually ke meant
a Hausdorff, secand countable, C” differentiable manifold.

Examples of manifolds abound, such as the set of all real r x. s
matrices, the n-dimensional sphere S°, the Mcbius strip and the
figure of eight.® M is trivially an n-dimensicnal manifold
with the identity chart.

The manifold model for space-time possesses a few extra
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characteristics, one of which is orientability:-

Definition 2.2-3

A manifold is said to be orientable if it possesses an atlas
such that in every non-empty intersection of coordinate damains

W, Vv, the Jacobian I 0%y > 0, where (xl,...,xn) and (yl,...,yn)
Byj m

are coordinate functions in b,V respectively.
The Mobius strip is an example of a non-orientable manifold.®

2.2.2). Vectors, One-Forms and Tensors

A generalization of partial differentiation on Euclidean space
is introduced. This leads to the concept of a tangent vector and
tangent space, which has the structure of a vector space, at each
- point of the menifold. One-forms and tensors are defined in terms
of maps acting on these vectors. The metric defined on a manifold .
is a special type of tenscr.

Definition 2.2-4

Let ¢ be a chart of a manifold M with damain 0 and let y' be
a chart with donain V of a manifold N. Iet f: M+ N. ILet mbe a
pointinthedcmainoffaxﬁassmzems(b,f{m)ev. Then
F=1p'ofow-1: mn+mnisacoordinaterepresantative for L.

£: M~ N is differentizble at m if F is of class C at y(m).
f is differentiable if it is differentiable at svary point of its
daain. If, in addition, £ is an injection and 5 © is also
differentiable, f is a diffeamcrphism,

ih

It can be shown that the definitions are .ndependent of the
choice of coordinate representative. Relative -2 a chart ¢ with
damain Il on a manifold M and the identity char: on R, a differentiable
function £f: M -+ [R with damain V has coordinats representative F so
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that nUNV, £=F oy . Then -3—5 may be defined as
i

Fjg oy : M »>MR. These are differentiable functions with

damain U 1 V and clearly, in general, bshave just like partial
derivatives.

Definition 2.2-5

If M is a manifold, the set of differentiable functions
f: M > [R whose damain includes a given point m € M, will be
denoted by F (m). A derivation on 3 (m) is a function A:F(m) » R

such that, R
A(fg) = (£m)) (Ag) + (Af) (gm)); f,9¢ & (m).

It is fairly easy to show that the set of all derivations
ony (m) has the structure of a real vector space which is called
the tangent space at m and is denoted by TmM. An element of ‘I'mM
is a tangent vector at m.

Proposition 2. 2—17

If y is any chart of M whose damain includes a given point m,

the vectors (a—) (i=1,...,n) form a basis for T M, called
Wim - m

the canonical basis (coordinate basis) for T M associated with y.
u|

The wnion of all tangent spaces TmM as m varies over M can be
shown to have the structure of a vecter bundle and of a 2n—-dimensicnal
manifold ™, called the tangent l:undle.8

Having defined vectors at a point m ¢ M, cne-forms and tensors
may be defined in terms of these vectors.

Definition 2.2-6

A one—form g at m e M is a real valued linear function on the
space T M. w: .M + R is given by , (V) = <w,v ¢ R for each
VE:TmM.
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It can be shown that the space of all one-forms at m ¢ M is an
*
~ n—dimensicnal vector space, called the dual space T M of T M.

Definition 2.2-7

f: M~ R defines a one-form df at m € M, by the rule <df, v
= v(f) for each vector v ¢ TmM. df is called the differential
ob £, |

If {Ei} is a basis for TmM, the components of ve T M with

respect to this basis, dexwtedbyvi are given by v =vj'Ei. A

wnique basis {Ei for the set of cne-forms may be defined by

<&t Ep = 614, where §%§ is the Kronecker-delta. Then if
we Tm M, w= wiEi, and for any v € 'l‘mM, <w,w = mivi. In particular,

if %ic’ is the coordinate basis for T M associated with a chart
i

.x, the set of differentials (dX,,... 'dxn) at m fram a basis for
*
Tm M. In terms of this basis, the differential of £: M-+ [R 1s given
by df = (-g—}% )dxi at each point of the coordinate damain, which is
i

just the classical 'total differential' of a function of n variables.
If df # 0, the surfaces {f = constant; in M are (n-1)-dimensional
manifolds and df can be thought of as a nommal to the surface

f = constant} . These concepts will be used at a later stage,
when hypersurfaces are defined.

Definition 2.2-8

*
Fran the spaocss TmM and T M can be formmed the cartesian product;,

* * J iy
cp M 2 T M b S 4 TmM x T:d.‘d Ji...x .-:_..'. r ﬂlat lSr the
%a I}——p factors — g factors —

ordered set of one-forms and vectors (ml,...,w?,v ,...,vq) at m.

A tensor of type (p,q) at m ¢ M is a multi-linear function
Opqu, that is, a fuinction which is linear in each argument. The
spaceofallsuchtenson:sisdenotedbyTPM. 'I'hus,Tl =TM

"9 @ B
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*
and Tlo = Tm M.
m :
Addition of tensors and multiplication of a tensor by scalars

are defined as for arbitrary multilinear functions. With these
rules, the space qumM is a vector space of dimensicn P9 over R.

0 0 sy ‘Ipqu, the camponents of t with respect to the dual

bases {E i} and {Ei} for T .M Tm*M respectively are given by,

Jyeeed j

i LI i
tl jP = t(E 1'...,Eip' E.l,...,Ej ) where each iaandjb
g9 q

run fram 1 to n. For simplicity, tensor relations are usually
given in temms of the components with respect to same chosen
basis. '

Definition 2.2-9

The contraction of a tensor t of tvpe (p,q), with camponents

with respect to save given basis tﬁ""g

is defined to be the tensor of type (p-1, g-1) whose camponents

with respect to the same basis are tﬁ; s

, on the a and e indices,

Similarly, a tensor can be contracted over any pair of upper
and lower indices and it can be shown that the result is independent
of the basis used, in its defim‘.tim.g (If the tensor is contracted
over two upper or two lower indices, the resultant tensor would
depend on the basis used).

Definition 2.2-10

The camponents of the symmetric part of a tensor on the set of
lower indices are dencted and defined by,

Bj...b
t(a d ¥y i. {sun over 21l permutations of the indices
1x¢v%p pe by...b
A pusepd B~ )} -
1 P al....ap
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The camponents of the antisymmetric part of a tensor on
the set of lower indices are denoted and defined by,

_ £ LA
= =, lal all r tations of
t'Fl' : ap] B! } ternating sum over pexrmu (o)

g <
ras 1 q
the indices PR g = ) }

ayr P a]_...a,p
There are exactly similar definitions for the upper indices.
A tensor is symmetric in a given set of indices if it is equal to
its symmetrized part on these indices and is antisymmetric if it

is equal to its antisymmetrized part.

There are several tensors having symmetric properties, which
play an important role in determining the properties of a manifold.
The first of these is the metric. '

Definition 2.2-11

A metric tensor at m ¢ M, denoted by I is a symmetric
tensor of type (0,2) at m. A metric, g, on M is a symmetric
field which assigns to each point m ¢M a metric tensor.

At any point m¢ M, gm(u,v) = gm(Ei,Ej) uiv:j - gijuivj,

where u,ve TmM and {:r‘:l}' is a given basic for 'I‘mM.u and v are

orthogonal if gm(u,v) = 0. g is said to be non-degenerate at m
if there is no non-zero vector u eTmMsuchthatgm(u,v) =0,

for all vectors v ¢ T M. Thus, if a metric is degerate, u is
orthogonal to every vector.

It can be seen that degeneracy is not a desirable property and it
will be assumed from now on that the given metric tensor is |
non-degenerate. Then the matrix of camponents [g ] is
non-sinqular at every point m ¢ M. In this case, there estts
a unique symmetric te.nsor of type (2,0) with camponents g~
at each point, where g gjk = § ik, so that the matrix [glj]
of camponents is the inverse of the matrix Eg . The tensor

13 and g; 3 can be used to give ana.sccmrphlsmbetween any
uppe.rtensorargmenta:ﬁanylowerme, that is, they can be
used to "raise and lower indices":-
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r*-
A

ot
1

Definition 2.2-12

The signature of g at m ¢ M is the number of positive
eigenvalues of the matrix [gij_] at m, minus the number of

negative anes. A metric whose signature is n at each point is
positive definite. A metric whose signature is (n - 2) is
called a Lorentz metric.

If g is non-degenerate and continuous, the signature is
constant on M. By choosing an orthonormal basis for T M the
metric camponents at m can be brought into the form,

g’ab=di@' { '+’l; +1p “eey +1p -1' sy _1 }f

b—tme) 2 yms)
- * temms tems

where s is the signature of g.

|
(@]

If g is positive definite, gm(v,v) > O with gm(v,v) =
only if v = 0, where v ¢ T M. If M possesses a positive

definite metric, it possesses a metric in the topological

senselo. This is not true if M possesses a Lorentz metric.

Definition 2.2-13

Iet g be a Lorentz metric. A vector v e TmM is called
timelike, null, or spacelike, according to whether
gm(v,v) < 0, gm(v,v) =0 or gm(v,v) > O respectively.

It can be shown that any non-campact manifold admits a
Lorentz metric.ll This is not always true of campact manifolds.

For le, the 82 does not admit a Lorentz metric.
exanp > 3
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Definition 2.2-14

A manifold admitting a positive definite metric is called
Riemannian. A manifold admitting a Lorentz metric is called
Lorentzian. 2

2.2.3) Maps on Manifolds and Submanifolds

In this subsection, certain special maps on manifolds are
considered. The derived linear function, which maps tangent
spaces to tangent spaces is defined and this leads to the
definition of a submanifold. A curve on & manifold is defined
in tems of a mapping.

Definition 2.2-15

Iet m be a point in the domain of a differentiable function

. ¢;: M-+ N. (M,N do not necessarily have the same dimension).

Iet n=gm € N. If feF(n) then f o g ¢F (m) and so a vector
veTM determines a function gS*mv(f) = v(f o g), which is a
derivation on F(n). Thus, de Ve T N. The function gx : T M+ T N

is known as the derived linear function on TmM.

Clearly, if x,y are charts of M,N respectively, with the damain
of x including m and the damain of y including n, gS*misdetemmed

by its action,

Do e 2 2 :
o, )y = % low oo ) @2

on the basis for TmM associated with x.

pi*misaljnearfmctimmthevectorspaceTmM. Thus, by
standard vector space theory, its range gs*m (TmM) and kernel

(d*m)_lo are vector subspaces of T N, and T M respectively.

Definition 2.2-16

'I‘hedinensimoftherangeofﬁ*miscaﬂedtherarﬂcofé*m.
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The rank of a differentiable function g: M+ N at a point m
of its damain is the rank of pS*m.

Notice that the rank of g: M + N is equal to the dimension
of M if and only if ;zs*m is an injection.

Definition 2.2-17

The tancent bundle ™ admits a projection n: TM -+ M defined
by w(v) =m if and only if v ¢ T M. A differentiable function
p: M- N determines a function gx : TM » TN defined by
Bx (V) = gi*mv, where m = 7 (v). This is the differential of &.

(8, is sametimes called the tangent of g. It is easily shown
that * is a covariant functor in the categorical sense).

If g2 M~ N, it is also possible to defined functions which
* *
nEmeMtoTnN,meremaMa:xineNandalsofmctionsvmich

. maquPMtoTPN, in terms of the derived linear fumction. It
m -

also plays an important role in the study of dynamical systems
on manifolds (see chapter three).

Definition 2.2-18

A differentiable function g: M + N is an immersion if its
rank is equal to the dimension of M, at each point of its damain.
Iet i: M~ N be the natural injection where M < N. (This is
the function which maps an element in the subset M to itself,
regarded as an element of the whole set N).

A manifold M is a submanifold of a manifold N if it is a
subset of N and if the natural injection i: M+ N is an immersion.

For example, the set of real symmetric n X n matrices is a
submanifold of the set of all n X n real mtrices."z

Definition 2.2-19

A curve ¢ in a manifold M is defined to be the differentiable
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function c: R + M whose damain D is an open interval of [R.

A curve c is said to be timelike, null or spacelike if a
tangent vector at each point is timelike, null or spacelike

respectively.

Notice a tangent vector to a curve y can be expressed as

a multiple of (g—t) » in termms of the identity chart t for R -

the tangent vector can be taken to be (—?;—E)T,wiﬂzoutlossof
generality.

Freely falling particles on a space-time manifold will
follow timelike geodesic curves and light rays will follow null
geodesic curves. The concept of a geodesic curve is defined in
termms of a linear connection, in the next subsection.

2.2.4) Linear Connections, the Curvature Tensor and Geodesics

In this subsection, an extra structure on a manifold is
introduced - a linear connection. The Riemannian tensor, which
gives a 'measure' of the curvature of the manifold can be defined
in tems of this connection. Also, a generalized derivative of
tensor fields, the covariant derivative, can be defined with this
extra structure. By considering the covariant derivative of the
tangent vector along a curve, a geodesic curve may be defined.

Definition 2.2-20

Ack tensor field T of type (p,q) on a set b < M, a manifold,

is a map which assigns an element oquthoeach point me U,
m

such that the camponents of T with respect to any coordinate basis
defined on an open subset of W are c® functions. A C* tensor
fleld of type (1,0) is a C* vector field and a C” tensor field is
simply called a vector field.

If £f: M-+ (R is differentiable, and X is a vector field whose
damain intersects the damain of f, Xf: M- R is defined by
Xfm) = (X(m))£, me M. £X is a vector: field with (fX) (m) = £(m)X({m).
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In the following definitions, by a 'function' will be
meant a function mapping M to the real line.

Definition 2.2-21

A linear connection V at a point m ¢ M is a rule which
assigns to each vector field X at m a differential operator
v, which maps an arbitrary c’ vector field Y into a vector
field VxY where,

(1) vﬁﬁng =£ V2% gvyz

(ii) Vx(aY + BZ) =« va = avxz
(iii) vx(fY) =X(f)Y + £ va.

for any functions £,9; «,8 ¢ IR and at least C' vector fields
XY, 2.

-

Definition 2.2-22

Iet X,Y be vector fields on a manifold M whose damains meet
on an open set U. Iet f: M+ R, whose damain meets U.

Then (X,Y]f = X(¥f) - Y(Xf) is a differential operator,
called the Lie bracket of X and Y.

The set of all vector fields whose damain meet on U, with
multiplication taken as the Lie bracket can be shown to be a
Liealgebral3. Two important tensors on M can be defined in terms
of the Lie bracket and the connection:- '

Definition 2.2-23

The tensor field of type (1,2) given by the relation,
T(X,Y) = V¥ - VX - [X,¥]
for arbitrary C* vector fields X,Y is called the torsion tensor
field.
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The tensor field of type (1,3) given by the relation,
R(X,Y)Z = vx(vyz) = vY(vxz} - V[x,Y]Z

for arbitrary C° vector fields X,Y,Z is called the Riemann
(curvature) tensor field.

In general, the torsion tensor field will not vanish for arbitrary
vector fields. If T = O, the connection is torsion-free.

As usual, these tensors are manipulated in terms of local
camponents. Let {Ei} ’ {Ei} be dual bases for the tangent and

one-form space on a neighbourhood Ubof M. The lj:l:near conngct ion

on lb is campletely determined by n3 functions rjk where rjk =

i
<Ei, ij Ek" Note that ijdomttransformas the

camponents of a tensor.

Using coordinate bases for the tangent and one-form spaces,
the camponents of the torsion tensor and Riemann tensor can be
shown to be respectively,

'I'i P = e
sk < Tk T Ty
AL 308 1 U g = R £

whers the Riemann tensor campanents with respect to arbitrary

i : i - ¢ 14
dual bases {Ei} ' {E } are defined by Rjkl, = <E, R(El{'Eﬂ?Ej> :

Thus, the conrecticn is torsion-free if I';.“k = rli;j . Only

this type of connection will be considered.

i

Tanee i = -
It can be verified that Rj xke) = R[jk.!-] = Q.
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Definition 2.2-24

If v is a linear comnection and X,Y are vector fields,
the field V¥ is called the covariant derivative (with respect
to V) of Y in the direction X at a point. The covariant
derivative of Y, denoted by VY, can be defined as the tensor
field of type (1,1) which, when contracted with X, produces the
vector field VYo

The camponents of VY are written as Ya;b - (VE.Y)‘—’l in terms
J
of a local basis {El} If f: M-» [R, VE = df.

; The definition of a covariant derivative can be extended to
anycrtensorfieldand, in terms of components with respect to
a coordinate basis becares,

a...d pa—y a . ...d + ra ij-..d

e"'g;h ) 3%1 e-o.g hj ef...g i (a'll w jm-ims)

& 5 o 15
o T‘;?_“g (all lower indices)™.

Definition 2.2-25

IfTisaCrtensorfielddefinedalmgamrveYtt),the
covariant derivative of T along )\ (t) is defined as % =va T
at
vmere"f'isanycrtensorﬁeldexterﬂjnngtoanopenneighbourhood

of y. T is parallelly propagated along y if % = Q.
(-gr-Eis independent of the extension T).

Parallel transfer along a curve y is a linear map from
'Lgmm to mgn M which preserves all tensor products and contractions.

Definition 2.2-26

let Y be a curve with tangent vector :—t at each point of the

curve (with respect to the identity chart t on fR). The curve y
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- PR ¢ : 3
is said to be a geodesic if ¢ (ﬁ)ﬂr is parallel to (a_t“)x A

“i.e. if—g? =X, Xa_bxb=fxaforscmef1mctim £.

In this case there exists a new parameter A(t) along Y such

that%; (%T)y=o' In terms of local coordinate bases this

relation becanes 5
dx dx
g +r§c d—xbi- w10, (2.2-4)
dxa dx dx

A is an affine parameter and is determined up to an additive and
multiplicative constant.

Definition 2.2-27

If the domain of a geodesic, when parameterized by an affine
parameter, 'is the whole of [R, the geodesic is complete. The
‘manifold M is geodesically camplete if all the geodesics on M are
camplete.

The concept of geodesic campleteness plays an essential role
in defining singularities, as will be shown later.

If a vector is parallelly transported along a curve Y, starting
franm ¢ M and ending at m, in general, a different vector will be
obtained. The vectors will be the same for arbitrary closed curves,
for each m € M only if R;.'kL-—- O at all points of Mls. In this case,
the space is flat in the intuitive sense.

Definition 2.2-28

If R§u= 0 at all points of a manifold M, the defining connection

is said to be flat.

In metric thearies of gravitation, the unique torsion-free
linear connection is determined by requiring % = O, that is, in
terms of local camponents, gij-k = 0. Then, in terms of a basis
{Ei for the tangent space in a coordinate neighbourhood, the
connection coefficients are given by T . gCE:a,VEb Ec) , and in
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tennsofacoordjnatebasis{—g-x—}thesebeccmetheusual
ad

Christoffel relations,
: = (= e a_ 3 o _pydd
Tabe = 9ad Tbe ™ 5 {axc Jab 8%y Jac 3X, e } (2.2-5)

The Riemann tensor of the linear connection defined by the
metric has the additional syrrrretryR(ab)od=0, and as a
consequence, Rabod = Rodab' This implies that the Ricci tensor,
given in the following definition, is symmetric.

Definitions 2.2.29

The Ricci tensor is defined to be the contraction of the
Riemann tensor, with camponents given by, Rbg = Rabad' The
curvature scalar R is defined by R = R% = R badgbd'

Taking into account all the symmetries on the Riemann tenscr,
Rabcd = 0 cn a one-dimensicnal manifold. If the dimension of the
manifold is two, there is cne independent camponent of the Riemann
tensor which is essentially the curvature scalar and if the manifold
is three-dimensional, the curvature tensor is campletely determined
by the Ricci tensor.

2.2.5) Surfaces in a Manifold

The concepts defined in this section play an important role in
the theory of the large scale structure of space-time and, in
particular, are needed in the following subsection on conjugate points.
It is assumed throughout the subsection that the manifold in question
~ is Lorentzian.

Definition 2.2-30

ILet M be an n-dimensional manifold. If ¢ is an (n-1)-dimensicnal
manifold and f: £ = M is an injective immersion, f(z) is a hypersurface
&*
of M. Then there exists ne T f(m)M' me ¢ , such that for any vector
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Ve TmM, <n,f, v > =0. £(z) is respectively a spacelike, null,

*m
timelike, hypersurface if gabnanb <0,=0, >0.

Definition 2.2-31

A partial Cauchy surface is a spacelike hypersurface which
no non-spacelike curve intersects more than once. A Cauchy
surface is a spacelike hypersurface which every non-spacelike
curve intersects exactly once.

Notice a hypersurface is a special case of a submanifold of
M. Also needed for further discussion ate the concepts of
spacelike two-and three-surfaces, the three-surface being a
special case of a spacelike hypersurface where the cne-form n
is derived fram a function mapping M - R.

Definition 2.2-32

A spacelike two-surface 7 is a two—dimensional submanifold
of M, def:l.nedlocallybyf1=0, f2=0where fl'f2 areC2

fmcticmsmappingM+Rsud1thatvmenfl=0, f2=0'1:.‘n1amfl.a

and £

2;a are non-vanishing and not parallel and

ab _
(flsa + ”fZ:a) (fl;b + “fz;b}g =0

for same real non-zero value of u.

There exist two real values Hyr Hg which satisfy the above
equation. Nlaansza, the two null vectors normal to r are
; ab ab '
defined as proportimnal to g (fl;b - “292;b) and g (fl;b + uzle;b)

respectively, and normalized by NlaNza AR 1. A pseudo-
orthonormal basis can be completed by introducing two spacelike unit

vectors Yla, Yza orthogonal to each other and to Nla ansza. The

two null second fundamental tensors of ¢ are defined by,
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Ny = A (chYla + Ychza) (¥ ¥qy + deyzb)’ n=1,2.

An example of a spacelike two-surface in M is the sphere 52.

The i;lmee-dinensional analogue is the spacelike three-surface:-

Definition 2.2-33

A spacelike three-surface, t, is a three-dimensicnal submanifold

defined 1ocallybyf=0wherefisac:2 function mapping M + R and

e £ < Owhen £ =0,

The unit normal vector, N, to the surface is given by
¥ = (- f-bf-c)-% gadf.d and the second fundamental tensor
. % a 4
x of ¢ by Xy = achb Nc;dmmerehab—gab-i-NaNb.
Notice any curve lying in a spacelike two-or three-surface must be

spacelike. The second fundamental forms give information about
the behaviour of the normals to the surface.

2.2.6) Variations of Curves and Conjugate Points

Conjugate points are basic to the proof of the singularity
theorems. (A point p conjugate to a point g can be thought of
as a point where infinitesimally neighbouring gecdesics through
q intersect.) They are defined in this subsection in terms of a
vector field arising from a certain kind of variation of a curve.
Tt is assumed that the manifold M in question possesses a metric,
which is not necessarily Lorentzian.

' Definition 2.2-34

Consider a curve y : R+ Mand let y : [3_, 2] + M denote
a segment of the curve (assuming that the parameter can be
extended to I\q). let p,q € M denote the end points of the segment,
that is,p=¥(kp},q=1'(1q).

Let [R;H'l denote the subset of lRm 1 consisting of all points
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(71,12, ...,Tnl) € Rn+1 at which,

lp(‘[‘l;-..,‘l'n) S l s Xq(Tlp...;Tn)
-Ei<'[i< eii=l,...,n
where each e; > 0.

@ Rl:'l + M is a n-parameter variation of y(\) if the curve,
ﬂ‘(O,...,O,l) = T(A), alﬂ

XP(O;-.-,O) = Ay Aq(O;---:O) = Ay

@ is an n-parameter variation, with fixed end points, if
é(.'flr---p'fnplp) = Ps ﬁ(-rl:--o"[nf Aq) = J. for all values of

Tif i e l]cnn;nq

The length of a curve y (1) franp=y(Apl toq='y(Aq)maybe
defined as Aq ,
o By
L—jkp(|g(31;al)| % .

(The above definition is usually expressed as

2 _
ds” = g; ax; dx

where gij are the camponents of g with respect to the co-ordinate basis

{g—x } . ds’® represents the infinitesimal arc determined by the
i

co-ordinate displacement X > x.i + dxi)

Variations can be used to determine whether or not a particular curve
is of stationary length, that is, one of maximal or minimal length,
between two fixed points. In a Riemamnian manifold, an arbitrary
geodesic is a curve of stationary length.’® If the manifold is a
Lorentz manifold, a timelike geodesic curve is of staticnary length
(assuming that each variation is also timelike). In both cases, the
result of whether or not a geodesic is maximal or minimal depends on
the existence of conjugate points. For a Lorentz manifold, it can be
shown that a timelike goedesic curve y fram p to g is maximal if and
only if there is no point conjugate to g along y in (p,q) e Also,
if a null goedesic contains conjugate points, it can be varied to
give a timelike curve.19 These results are used in the proof of the
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singularity theorems.

Variations of curves from a surface ¢ in M to a point g e M
may also be considered. 2An n-parameter variation is defined as
before except that, with fixed end points,

g‘}(-rl,...,rn,lp) =p, ﬂﬁ(‘rl,...,rn, J\q) = q is replaced by,

¢(Tl,...,’tnglp) lieS CE'I Cf ﬁ(Tlro.lanflq) = q.

Definition 2.2-35

Consider a one-parameter variation @ of a geodesic curwve
v (1) (without fixed end points). The variation is a Jacobi
variation if, for arbitrary t e {-¢g), the curve g(z,1) is a
geodesic.

Thus, in an interval in which A is defined, the set of
Jacobi variations constitute a congruence of geodesics, of which
the original curve is a menber, (a congruence of curves meaning
a family of curves, one through each point of same subset of M).
Again if M is Lorentz @ is a Jaccbi variation of a timelike, null,or
spacelike geodesic if, for arbitrary T e (-¢,e), the curve
#(t,\) is respectively a timelike, null, or spacelike geodesic.

Definition 2.2-36

A vector field Z on a geodesic y(A) is a Jaccbi field if there
exists a Jacobi variation g of the gecdesic y(A) such that

Z(m) = %g (O,Am) at each point m = y (J\m} of the gecdesic.

It can be shown that, in general, given a geodesic y(A) there
exists such a £ie1d?C. The Jacobi field Z can be thoucht of as
glving the separation of points equal distances fram same arbitrary
initial points along two neighbouring curves in a congruence of
geodesics. It is fairly clear that the Jacobi field is related to
the curvature tensor associated with the manifold in questiocn.
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Theorem 2.2—220

2
A Jaccbi field Z, an v, satisfies 2 = R(V,2)V (2.2-6)
3n

where V is the tangent vector field to vy.
g
In general, the Jaccbi field will have n campcnents if M is
n-dimensional and the Jacobi equation (2.2-6) represents n equations.
- For the purpcse of this work, it is sufficient to consider (2.2-6)
expressed in tems of particular bases.

From now on it will be assumed that M is pseudc-Riemannian
and four-dimensional. Only Jacobi fields on timelike and null
geodesics need be considered.

Case One:- Timelike Geodesics

Consider a timelike geodesic y(\) with unit tangent vector
field v, that is, g (V(m),V(m)) = -1 at each point m ¢ y O+
Let {Ei {Ei} be dual orthonommal bases of T M, T "M
respectively, with E, = V(m). If these are parallelly propogated
along Yy (1), E, remains equal to V(m) and the Jaccbi equation, in
terms of components becames,

723 = - R, 20 (2.2-7)

(A taken to be the arc-length s).

In (2.2-7) a,b=1,...,4. However, Z(m) can be assumed to belong to
the subspace of vectors orthogonal to V(m), and in this case (2.2-7)

" reduce to three equations, that is, a,b =1,..., 3.

Case Two:- Null Geodesics

Consider now a congruence of null geocdesics with tangent vector
field K, so that g_(K(m) ;K)(m)) = 0 at each point m of a particular
geocdesic. ILet 3:} ’ {EJ‘J\ be a set of dual pseudo-orthonormal
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x
bases for TM, T M. (E4 = K(m), Ey = L(m) another null vector

and g(EB,E -1 and El’E are unit spacelike wvectors orthogonal

g = 2

to each other and to E3,E4) These dual bases can be parallelly
propagated along the geodesic with E4 = K(m) and, again, the

Jacobi equation in terms of camponents is (2.2-7). () taken to be
the affine parameter). Projections of Z(m) into a subspace of

M consisting of equivalence classes of vectors orthogonal to

" K(m), which differ only by a multiple of K are considered without
loss of generality and in this case (2.2-7) reduces to two

equations, that is, a,b = 1,2. Equatim_(2.2—7) will be considered
again in Chapter four.

Definition 2.2-37

Two points on a geodesic y are said to be conjugate if there
exists on y a non-zero Jaccbi field Z(\) that vanishes at these
two points.

Since the Jacobi field gives the separation of points equal
distances from same arbitrary initial point alang two neighbcuring
geodesics in a congruence, a point g conjugate to a point p is a
point where infinitesimally neighbouring geodesics through p
intersect.

The Jaccbi field Z()) vanishing at p ¢ M satisfies (2.2-7)
with initial conditions given by Z(p) = O. In the timelike case
there are three independent fields satisfying this condition and
in the null case, there are two. The Jacobi fields are determined
campletely by specifying the values of Z(A) at p. If any of these
fields vanish again at g, then q must be conjugate to p.

It is also possible to define a point g conjugate to a
surface 3 the point g can be thought of as a place where neighbouring
geodesics normal to ¢ intersect.

Definiticn 2.2-38
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Let ¢ represent a spacelike three-surface in the timelike
 geodesic case and a spacelike two—surface in the null gecdesic
case.

A point g € M along the geodesic y()) nomal to g, is
conjugate to ¢ if there exists on y()) a non-zero Jacobi field 2
which vanishes at q and which is related to a second fundamental
tensor of ¢ at p e ¢ by 22(0) = xabzb‘ (In the case of null

geodesics, there are two families of null geodesics normal to
the spacelike two-surface. If the tangent vector K = Ni at ¢
Xab is taken to be 1 Xab’ $=1,2).

The Jacobi fields which satisfy (2.2-7) are determined cawpletely
by specifying the values of Z()) at p e ¢ in this case.

Definition 2.2-39

et Z be a Jaccbi field and let Z(m) = A(m)B for each point m = y(1 )
along a geodesic y, where B is some constant colum vector havz‘ng_the
same mmber of camponents as Z(m). A is a Jacchi matrix field.

It is easily seen that any Jaccbi matrix field must satisfy,

2
4 ~ S
al Ap() = Roycg By ) (2.2-8)

9 = (detd) = %}T (det A) is called the expansion of the Jaccbi matrix

field. In the case of definition 2.2-37, let a Jaccbi matrix be
defined by Z() = A(\)Z(\,) and in the case of definition 2.2-38, let
a Jacobi matrix be defined by Z(1) = A(Z0 ). Clearly, in both
cases, the expansion @ becames infinite at the conjugate point g.
This fact forms the basis of proof of the following theorems on the
existence of conjugate points.

Proposition 2 .2—321

(1) If at same point v (}4) (x,>0), the expansicn 8 has negative

valueel-:OamiifRabVaVJ:aOever}wherevmeraVisthetangent
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vector field to the congruence of timelike or null gecdesics, then
there will be a point conjugate to p along y{1) between 'Y(/\l) and
y(ay + (n/ - 8;)), n = 3 or 2 respectively, provided that y()) can be
extended to this parameter value.

(1) IfFR, VWP 3 0 and x.,g°° < O, there will be a point
b ab

conjugate to z along a timelike or null geodesic y()) within a distance
n |(-xabgab), n = 3 or 2 respectively, from g, provided that y(1) can be
extended that far. 3
(The second part of the proposition follows easily from the first as
the initial value of 6 is xabgab).

Proposition 2. 2—421

IfRabValpaoever}nmerewhereVis the tangent vector field to
the congruence of timelike or null geodesics and if at same point

p= y(lp}, chdv[aijcdtev £ # O there will be J\q, A'r such that

a=vQ), r=Y(;\r) are conjugate along y, provided y can be
to these values.

2.3) The Iocal Structure of Space-time

This section locks at Einstein's theory of gravitation fram a
mathematical viewpoint. The relationship between the various matter
fields and space-time curvature is given in tensor form and the effect
of curvature on matter is given in terms of the geodesic equations.

The theory assumes that space and time are inseparable and so any
event in space-time is represented by three space coordinates and a
time coordinate. The Einstein theory is of the metric type and so the
model for space-time is a comnected, four-dimensicnal manifold,
together with a Lorentz metric. (The manifold is taken to be connected
since clearly, there would be no knowledge of any discannected
campanent). A Lorentz metric exists because of the assumptions of the
structure of space-time. Its canonical form is the Minkowski metric
of Special Relativity. (It is assumed to be at least C°, so that the

field equations can be defined at every point).
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In this work, it is also assumed that the manifold is orientable
and so it is possible to define continucusly a division of non-separable
vectors into two classes, which are labelled future- and pas‘.t—dj_rectexfl.22

There are various matter fields on the space—time manifold which
cbey equations which can be expressed locally as relations between tensor
camponents. One of the assumptions of the theory concerns these
equations:-

Postulate One: Local Conservation of Eneroy and Mamentum

‘enSor
There exists a symmetric “'I‘ab which depends on the matter fields

and the metric and which satisfies,

(i) 'I.'ab = 0 is a neighbourhood of the manifold if and only if all
the matter fields vanish there.

'1‘ab is called the energy-mamentum tensor.

The relationship between the curvature and the matter fields can
clearly be expressed as a tensor relaticn between the curvature tensor
and the energy-momentum tensor. In terms of local coordinate
camponents, these are the Einstein field equaticns.

Postulate Two: The Einstein field equaticns

The field equations,

Rab—%Rgab+Agab=81rTab, AeR (2.3-1)
hold on the space-time manifold.

Given the enexgy-rtmentlm tensor, the equations (2.3-1) determine
the metric for the space-time manifold camletely. Thus, any Lorentz
metric is a space-time metric if the energy-momentum tensor is defined
as the right hand side of (2.3-1). Naturally, most of these space-times
will be physically unreasonable. Any solution of (2.3-1) will only
~ lead to a realistic metric, if the given snergy-momentum tensor has
physically reasonable properties. In general, given the camponents
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Tab" (2.3-1) are impossible to solve exactly, even for the free
space case, Tab = 0.

Having cbtained a suitable metric related to the energy-mamentum
tensor, the fact that curvature has an effect on matter is expressed
mathematically by the fact that test particles must follow the timelike
geodesics defined from the metric.

Obviously, solving the field and geodesic equations locally and
patching together the solutions is not a satisfactory way of locking
at the global structure of space-time, hence the need for global
topological methods as used to prove the singularity theorems.

2.4) The Glcbhal Structure of Space-time:- Singularities

The aspect of the glcbal structure of space-time with which this
work is concerned is space-time singularities. This section is
- concerned with their definition and with the theorems which predict
their occurrence.

2.4.1) Space-time Singularities

One of the most alarmming facets of the Einstein theory of
gravitation is the possibility of the existence of singularities in
the structure of space-time. In simple terms, a space-time
singularity can be thought of as a part of space-time where our
accepted laws of physics breakdown. It could be a region of infinite
gravitational forces or a region in which null or timelike gecdesics
teminate. In short, it can be thought of as a part of the 'edge' of
space-time, which is at a finite distance instead of at infinity.

By a 'singularity' is meant a singularity of the manifold structure
itself - the so-called 'apparent singularities' do not came under this
heading. These are apparent singularities which occur in the space-time
due to the fact that the metric has been expressed in the wrang
choice of coordinate system in that particular region - in general, a
manifold has to be defined in terms of more than cne coordinate system,
that is, in terms of more than cne chart.
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2.4.2) The Schwarzchild Metric

_ Outside a spherical and static star, the space-time geametry
is obtained fram the Schwarzchild metric,

2 _
a?=-q-Fya?s E 42 @rsiniag) @4

M
a-<)
in terms of Schwarzchild coordinates and M is the mass inside radius
of the star, which is constant outside the star.23

The metric (2.4-1) appears to behave badly near r = 2M, the
Schwarzchild radius, as - becanes infinite there and It vanishes.
However, it is not certain, without careful study, whether this
pathology in the metric is due to the presence of a singularity in the
space-time manifold itself, or merely to a pathology in the
Schwarzchild coordinate system near r = 2M.

: If the curvature scalar is calculated from the metric (2.4-1)
in terms of a travelling frame of reference, it can be seen that it
is a perfectly well-behaved function near r = 2M. Thus, there are
no huge gravitational forces at r = 24. The non-singular nature of
the region r = 2M is supported by the fact that other coordinate
systems can be constructed from which the pathology is absent:-

For example, consider the coordinates defined by,

u= (x/M - 1)!5 /2 osh (t/4M) } =
v = (x/2M - 1);5 er"“n“1 sinh (t/4M) 2.4
4-2)
u= (1 - ::/2.'2«!)!5 er/tlbi sinh (t/4M)
r<am

ve= (- /27 &M coeh(t/m)

These are the Kruskal-Szekeres coordinates. Under the transformation
(2.4-2), the metric (2.4-1) becaones,

a2 = (2002 - + @d) + (@02 + sin%eddd)  (2.4-3)

where u2 -tk (x/21 - l)er/m.
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Another well-behaved coordinate system is the Novikov system.24

By contrast, at r = O, there exist infinite gravitational forces
- the curvature scalar becames infinite there. This region is a
sinqularity of the space-time itself and no transformation of the
coordinate system will bring about its absence. For example, it is
still present in the transfarmed metric (2.4-3).

2.4.3) The Definition of Space-time Singularities

One of the nost troublesame facets of the study of singularities
is their very definition. Many hold the view that there still does
not exist a fully satisfactory definition of a singularity.

Tt must be supposed that a singularity cannot be part of the
space-time manifold itself, because of its very intuitive definition.
The manifold is defined as the regicn in which the laws cf physics hold
. = the singularities are the regicons where these laws break down. The
prcblem of defining whether the given space-time has a singularity
now becames one of determining whether or not any singular points
have been 'cut out'. This should be recognized by the fact that the
space-time is incamlete in sare sense. Unfortumately, as mentioned in
section 2.2), a Lorentz metric, unlike a positive-definite Riemannian

ic does not define a metric 'in the topolcgical sense and soO
singularities of a space-time cannot be defined in terms of metric
incamleteness in the topological sense. However, in the case of
Riemannian manifolds, it can be shown that metric campleteness implies
geodesic camleteness. In fact, it can be shown that the two cancepts
are equivalent.25 Thus, with a Lorentz metric, singularities may be
defined in terms of geodesic incampleteness - most of the more
successful definitions of singularities involve geodesic incampleteness.
The significance of spacelike gecdesic incampleteness is not clear,
if the possibility of the existence of dbjects which follow spacelike
curves, such as tachyons, is excluded. Thus, we have,

Definition 2.4-1

A space-time is said to be singular if it is either timelike or null
geodesically incamlete.
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(Thus timelike and null geodesic campleteness are minimum
conditions for space-time to be considered singularity-free).
Note, however, that timelike and null geodesic campleteness do
not imply that the space-time contains no singularities.

The singularity theorems predict null or timelike geodesic
incampleteness, and so predict the occurrence of a singularity in

the sense of definition 2.4-1.

" 2.4.4) The Sinqularity Theorems

Many of the exact solutions of the Einstein field equatians,
which are realistic, contain singular points. However, all these
solutions assume a high degree of symmetry and it was originally
suggested by a number of pecple that singularities were simply the
result of the assumed symmetries in the given space-time and that
they would not occur in general solutions. This view was supported

by Lifshitz and Khalatnikov2?. With the appearance of the
singulairty theorems, which predict the occurrence of singularities

under quite general assumptions, the claim has been withdrawn.

The first theorem concerning singularities which did not involve
any assumption of symmetry was given by Penrcse, using his idea of a
closed trapped surface. It was designed to prove the occurrence of a
singularity in a star which collapses inside its Schwarzchild radius.

Definition 2.4-2

A closed trapped surface is a ? camact spacelike two-surface
Y (narmally taken to be S2), without boundary, such that the two
. families of null gecdesics orthogonal to ¢ are converging at z (that
ts, o™ and x g™ < 0).

Thecren 2.4

Space-time M cannot be null gecdesically camplete if :-
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(i) RabKa}PgOfcrallnuJ_lvectorsKaateachpointofM;
(ii) there is a non-cawpact Cauchy surface fiin M
(iii) there is a closed trapped surface ¢ in M.

Tt can be shown that assuming the Cauchy surface € to be
non-campact is not a serious restriction - the theorem still holds
if € is canpact, provided there is an observer who can avoid
falling into the collapsing star.2® If the following reascnable
candition is assumed for the energy-mamentum tensor, then the
Einstein equations can be used to show that condition (i), the

null convergence condition, must ho 28:—

The Weak Energy Condition

The energy-mamentum tensor at each point m ¢ M cbeys the
inequality T, W > O for any timelike vector w e T M. By
. continuity, this will then also be true for any null vector
w) € TM. (This holds for all experimentally detected fields).

Notice if the Einstein equations are assumed and the collapse
of the star is exactly spherical, the equations may be integrated
to give an exact solution = this will always be a singular metric.
The theorem states that if exact spherical symmetry is not assumed, as
long as a closed trapped surface is present, the singularity must still
occur. It can be shown that a closed trapped surface will still occur

providing the departures fram spherical symmetry are not too qreat.29

Since the null convergence ccndition is assumed and even 'outgoing!'
rays are dragged back to ¢ and are converging, samething is bound to
go wrong. The conditions (i) and (iii) imply the existence of
conjugate points, if it is assumed that M is null geodesically camlete
and this leads to a contradiction and the resulis of the theorem, using
condition (ii). (It is assumed in all the thecrems that local causality
holds, which basically states that a signal can be sent between two
points of space-time which can be joined by a wmique geodesic if and
only if they can be joined by a non-spacelike curve. This rejects the
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possibility of signals being sent along spacelike curves - this is
physically reasonable, since there is no practical evidence of the
existence of concepts such as tachyons).

The weakness of the theorem lies in the fact that a Cauchy
surface has been assumed to exist, whereas there is no reason to
suppose such an artificial construction exists in the real universe.
Thus, the thecrem may not be useful in physically realistic
 situations. The second singularity theorem does not assume the
existence of such a surface and has wider applications. It is also
concerned with timelike geodesic incampleteness as well as null
geodesic incampleteness. Before the theorem can be quoted, a few
more definitions are needed.

Definition 2.4-3

The generic condition is satisfied if every non-spacelike geodesic
- contains a point at which X R 30 K & # 0, vhere K* is the

tangent vector to the geodesic at any point.

If the generic condition holds cn a manifold M, then M is
sufficiently general, that is, not too highly symmetric. The physically
reasonable condition requires M to be curved - this excludes the
. possibility of Minkowski space-time being a model for the whole universe.
It can easily be seen that Minkowski space-time is geodesically camplete.

Another reasonable assumption for a space-time is that an cbserver
cannot travel away fram a point in the manifold and arrive back just as
he was leaving, as this leads to all sorts of paradoxes. In this case,
the observer can traverse a closed timelike curve. A slightly stronger
condition is that there should be no non-spacelike curves and it is
also reacnable to exclude situations in which there were non-spacelike
curves which passed arbitrarily close to other non-spacelike curves
which then passed arbitrarily close to the arigin of the first curve
- and so on. Thus, we have the following definiticns:—

Definition 2.4-4

The chranology condition holds on M if there are no closed timelike
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curves and the causality condition holds on M if there are no
closed non-spacelike curves.

Definition 2.4-5

The strong causality condition holds at m € M if every
neighbourhcod of m contains a neighbourhood of m which no
non-spacelike curve intersects more than once. The strong
causality condition holds on M if it holds at every point of M.

It can be shown that if the null convergence and generic
conditions hold, then the causality and chronology conditions are
equivalent. Also, if M is assumed to be cawpact, then there
are regicns of M vhere the chronology condition does not hold.>
Thus, the following singularity theorem assumes implicitly
that M is non-campact. It will be seen later that if M is
campact, M is geodesically camplete and, if this is the case,
causality and strong causality are equivalent.w

Definition 2.4-6

A set ¢ is achronal if there are no two points of ¢ with
timelike separation, that is, no two points of z can be joined
by a timelike curve lying within z. ¢ is acausal if there are
no two points of 7 with non-spacelike separation.

Notice every acausal set is necessarily achronal. The 'edge'
of an achranal set can be thought of as being a sort of bcundary
where points have timelike separation. The precise definition is,

Definition 2.4-7

For z,Us ¢ M, let I°(z,u), (o =+ or =), denote the set of all
points inUswhich can be reached by a future-directed or past-
directed timelike curve fram z inlb, respectively. If ¢ is achronal,
the edge of ¢ denoted by edge (z), is defined as the set of all
points q ¢ Z (where 7 denotes the closure of z} such that in every
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neighbourhood W of q there exist points p ¢ I (q, W),
re I (q,W) which can be joined by a timelike curve in Wwhich
does not intersect r.

Notice an acausal set must be a spacelike hypersurface and it
can be shown that a partial Cauchy surface is an acausal set with
31
no edge.

The second singularity theorem can now be stated as,

Theorem 2. 4—232

Space-time M is not timelike and null geodesically camplete 1f:-

(1) R KK > O at each point of M for every non-spacelike

'\rectorl-(gl;J

(ii) The generic condition holds on M;
(iii) The chronology condition holds on M;
. (iv) There exists at least cne of the following:-

(a) A campact achronal set without edge

(b) a closed trapped surface

(c) a point m ¢ M such that the null geodesics from m are
focussed by the matter or curvature and start to reconverge.

g
As before, condition (i) holds for null vectors if the weak
energy condition holds. It holds for timelike vectors if the
following condition holds, using the Einstein equations:-2°

The Strong Energy Condition

The energy-mamentum tensor at each m € M cbeys the inequality
'I‘abwa'wba lswawaT for any timelike vector we TM, where T =Taa.

In this case, (i) is called the timelike convergence condition.
Condition (i) holds if both the timelike and null convergence conditions hold.
Condition (iv) (a) is really equivalent to assuming the existence of a
partial Cauchy surface and so is a weaker requirement than condition
(ii) of theorem 2.4-1 and this is now only one of three alternatives.
Condition (iv) (c) is closely related to the existence of a closed
trapped surface. In the case in which the light cone is our own
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past light cone, it is possible to determine whether or not this
condition is satisfied. Recent cbservations of the microwave
background indicate that it is.

Conditions (i)-(iii) of the theorem imply that strong causality
holds, assuming that M is geodesically camplete. If condition (iv)
() or (c) is assumed, that is, a converging effect on the geodesics,
together with condition (i), then conjugate points will exist and
things go wrong. Conjugate points will also exist under assumptions
(1) and (ii). (M assumed to be geodesically camplete). As in theorem
2.4-1, the assurption that M is geodesically camwplete together with
the existence of conjugate points leads to-a contradiction.

Notice, if in theorem 2.4-1, the chronology condition is also
assumed, then it is just a special case of theorem 2.4-2. Notice
also,that if condition (iv) (a) is assumed theorem 2.4-2, the
theorem is fundamentally different than the first singularity theorem,
.as in the former no converging effect is assumed in a region of M,
whereas in the latter, it is. This point is discussed again in
chapter four.

T eorem 2.4-2has the disadvantage of notshowing whether the
predicted singularity is in the future or the past.. If condition
(iv) (c) is strengthered to say that all past-directed timelike as
well as null geodesics fram m ¢ M start to reccnverge within a
campact region to the past of m, it can be shown that there is a
singularity in the past. This is the content of the third
singularity theorem:-

Theorem 2.4=3-°

If in M,

(1) the.null and timelike convergence conditicns hold;

(ii) the strong causality condition holds;

(iii) there exists a past-directed unit timelike vector w at a
pomtmmﬂacmstantb>05uchthatifv15themit
tangent vector to the past-directed timelike geodesg,cs

C

through m. then on each geodesic, ?; a becames < =
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within a distance b/c fram m, where c = —ana;

then there is a past incomplete non-spacelike geodesic

through m. a
Notice that the theorem has a dual which predicts the occurrence

of a future incamplete non-spacelike geodesic fram a point if, in

condition (iii), 'past' is replaced by 'future’.

The second and third singulairty theorems both use the
assunption that space-time does not contain any closed timelike
or non-spacelike curves. If the chronology condition is not
assumed, the first theorem still predicts the occurrence of a
singularity under the artificial assumption of the existence of a
Cauchy surface. The following singularity theorem, which is the
timelike analogue of the first, predicts the occurrence of a
singularity without the chronology condition and the existence

of a Cauchy surface:-

Theorem 2 .r;l—434

Space-time M is not timelike geodesically camplete if,
(i) -Rabwawb » O for every non-spacelike vector w at each point
of M;

(ii) There exists a spacelike three-surface ¢ which is campact and
without boundary, such that the unit normals to ; are
everywhere converging (the second fundamental form of ¢ is
negative) and edge (z) is empty. -
Condition (ii) may be interpreted as saying that the universe

is spatially closed and contracting. It can be shown that the

theorem still holds if the unit normals to 7 are everywhere diverging

- in this case, the universe is expanding. Notice g is necessarily

achronal and so edge () is defined.

The converging effect predicts the existence of conjugate points

on every future-directed geodesic orthogcnal to the surface (assuming
M to be complete). The proof proceeds by taking a covering manifold
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M in which each connected camponent of the image of 3 is
diffeamorphic to ¢ and is a partial Cauchy surface in M. IfM
"is assumed to be geodesically complete (and hence M) , this leads
to a contradiction if conjugate points exist.

2.5) Resumé and Critique

At the present time, the Einstein theory has proved to
be one of the best for gravitation theory, cne major reason being
that it agrees with all current experimental evidence. FHowever,
we must bear in mind that although the Einstein model is widely
accepted at the present time, it may not be the exact model for
our physical universe - it may only be an excellent approximation,
within the framework of our present experience. It would be quite
naive to think just because the theory presents us with such
accurate local results, it is the exact model for large scale
structure pf which we have no practical experience, Or for the
very small scale structure.

First of all, it is not clear whether a continuocus description
of space-time (under the assumpticn of a manifold structure) is
apprépriate on a scale small encugh so that quantum phenarvena
became important. If it is accepted that present day quantum and
gravitation thecry can be accurately extrapolated down to a
dimension of 10-33 cm, then the quantum fluctuations in the curvature
of space-time would be large enough to produce alterations in the
topology: :

The assumption that there exists an energy-marentum tensor with
zero covariant derivative is physically reasonatle as this just
expresses the fact that all fields have energy and implies approximate
conservation of energy, mamentum and angular mcrentum in a small '
region of space-time. As stated in section 2.4), the weak energy
candition on the energy-mamentum tensor holds Zor all experimentally
detected fields. A slightly stronger condition is the daminant
energy condition which also requires for every timelike vector w,

Tal'J W is non-spacelike and implies that creaticn of matter is impossible
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in the sense that space-time must remain empty if it is empty

at one time and no matter comes in fram infinity. It is this

condition which leads to the result that matter cannot travel faster than
light.3® It can be shown that the strong energy condition may break
down in extreme cases, but is physically reasonable almost everywhere.

The Einstein field equations are fundamental to the Einstein theory
of relativity. For reasons stated earlier, there is no guarantee that
the equations hold at or near a predicted singularity - there is no
experimental evidence to support that they hold in the strong field
region, that is, areas of high gravitational attraction. The
singularity theorems predict geodesic incampleteness in a lot of the
space-times derived fram the Einstein model due to the fact that a
lot of the solutions to the field equations became singular in same
region. The predicted singularities can be thought of as in the
form of a 'black hole' within a collapsed star or as the highly
condensed and chactic, initial state of the wniverse in a cosmological
-model - a ‘white hole'. In the neighbourhood of such singularities,
the radii of curvature would becare less than 10733 cm and by
previous caments, we would expect the Einstein model to became
- inadequate at such levels. Thus, the singularity theorems seem to
imply that the Einstein theory predicts its own downfalll :

Both 'black holes' and 'white holes' are uncbservable. By
definition, not even light can escape fram a black hole and so there
can be no camumication of any kind from inside. Thus, fram the
point of view of what can be cbserved, the 'black hole' has only a
metaphysical reality. The only cbservable facets are the effects
the 'black hole' has on its surroundings. Certzinly, thers are
phenamena in the cbservable universe which agrzz with the theoretical
 effects produced by a 'black hole'. However, 1t is not certain

whether the effects are produced by a very hich gravitaticnal
field in a non-singular region of space-time r :lier than by an
infinitely large gravitational field in a singilar region. Therefore,
it is impossible to verify the singularity theorems experimentally
at the present time and perhaps, it may never e possible and so they
remain a theoretical implication of the Einst=in theory.
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The four singularity thecrems are all based on the
fundamental assumption that the null and timelike convergence
conditions hold. The dirst, third and fourth theorems use these
conditions, together with same condition of a converging effect
to predict the occurrence of canjugate points, this being
inconsistent with the other assumptions of the theorem, such
as the existence of a partial Cauchy surface or the strong causality
condition, if space-time is geodesically camplete. If condition
(iv) (b) or (c) of thecrem 2.4-2 is assumed, the message is similar
to that of the other three theorems - in fact, in this case the
generic condition is not needed, as the occurrence of a singularity
could be proved along similar lines to the other theorems. If
condition (iv) (a) of the theorem is assumed, the generic and the
timelike and null convergence conditions are used to predict the
occurrence of conjugate points. This is then shown to be
inconsistent if spacé—time is geodesically camplete,

If it is assumed that the Einstein equations do not hold in
regions of very large gravitational forces, the physically reasonable
weak and strong energy conditicons may no longer predict the
timelike and null convergence conditions (a specific example is
given in seclicn b.&4- ). Also, there is no reason to
suppose that there exists a Cauchy surface in the physical universe
as this really is just a mathematical device. If large departures
are made fram spherical symmetry, there is no reascn to suppose
the existence of a closed trapped surface.

Singularities in space-time are both physically and mathematically
objectional features as we have no physical cr mathematical control
in singular regions. The lack of mathematical control is brought
ocut by the fact there is still no suitable definition of a
sinqularity. For instance, it may be thoucht that a non-singular
space-time is cne in which timelike and null ceodesically camplete.
However, Geroch has shown that geodesic incarmzleteness, which
appears to be ideally suited to formulating a definition of a
singularity turns out to lead to difficult prcblems. He gives
an example of a space-time which is spacelike, null and timeliks
geocdesically camplete and so seems to be non-singular, but which
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contains a timelike curve of bounded acceleration and finite
total leng‘l:h..36 which seems to contradict the non-existence of
singularities in the space-time!

One might hope that a space-time-which was null, timelike
or spacelike geodesically camplete would also be camplete in the other
two. Unfortunately, this is not necessarily so. In fact, Geroch
shows there are five different categories of space-time where
same of the types of gecdesics are camplete and the others are

incamplete. 2

More recently, Schnim:38 has produced a definition of a

singularity which seems to be slightly more satisfactorv. He has
introduced a generalization of the concept of an affine

parameter to all C' curves, geodesic or not. He defines a

notion of campleteness by requiring that every C' curve can be
extended to arbitrary values of its generalized affine parameter.
For a geodesic, this generalized affine parameter correspaonds to
the affine parameter. Thus, campleteness in the sense of Schmidt
implies geodesic campleteness, but the example by Geroch shows
that the converse is not true.

In most physically realistic situations the concept of
incampleteness by Schmidt corresponds to the existence of regions
where the curvature becames unboundedly large. However, an
example of a solution to the Einstein equaticns where this dees
not seem to be true is provided by 'Taub-NUT' space.39 Thus,

even Schmidt's definition is not totally satisfactary.

In chapter four, the correspondence between gravitaticn and
singularity theory, as presented in this chapter and dynamical
systems theory is discussed. The following chapter records the
basic definitions and results of dynamical systems theory needed
for this discussion.

59



Chapter Three : Dynamical Systems Theory

In this chapter, a survey of the theory of dynamical systems is
given and the more important results are menticned. Of course, this
is by no means a thorough account and only results which are applicable
to the problem in question are given. References are given for the
proofs of the various theorems and for results which due to lack of space
are amitted. '

After giving an abstract definition of a dynamical system, the
close link with classical autonamous systems of ordinary differential
equations is made explicit. It is then shown how a vector field acting
on a manifold gives rise to an autonomous system of ordinary
differential equations and hence may be to a dynamical system. The
cjualitative behaviour of such systems is investigated with reference
to such topics as the behaviour of orbits in a neighbourhood of
critical elements, limits and minimal sets of the orbits, structural
stability and bifurcation theory.

3.1) Dynamical Systems
The abstract definition of a dynamical system is given and a few
. examples are presented, including the tie—up with systems of ordinary
autonamous differential equations.

3.1.1) Definition and Examples
Definition 3.1 -1
A dynamical system (X,8), is a topological space X, together with
a continucus mapping g: X x R + X which satisfies the following
axions: -

¢b{l0) =X (A1)
g@(x,tys) =2 (x,t+s) (A2)

for all x e X and s,t e R.
(Al) is known as the initial value axiom and (A2) is the group axiam.

A semi-dynamical system differs fram a dynamical system
essentially by the fact that the development of the system is specified
into positive values of the parameter only, that is, [R is replaced by
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the set R 5 A local dynamical system is defined as a dynamical
system, except that R is replaced by same subset of fR.

- Example 3.1-1
Iet X = R and define a function g by,

glx,t) =x+t for all x,t ¢/R.

Clearly this function satisfies both the axiams. Using the usual
metric on R and a metric on I‘Rz, it is seen that ¢&: IR2+ R is
continuous on [R2 and so it follows that (IR2 #) is a dynamical

system.

Example 3.1-2) :- Involving a Partial Differential Ecuation

Consider the first order linear partial differential equation
u, + u, = 0 3 u-=ulx,t) (3.1-1)
subject to the initial condition u(x,0) = £(x).

It is well known that the general solution to such an eguation
is, i

u(x,t) = £f(x-t) (3.1-2)
Consider a mapping § : X X (R + X defined by,

BE,t) (x) =ulx,t) forallfeX, teR (3.1-3)
where X is the space of bounded continuous functions.

Clearly, the function @ satisfies the given axiams (Al), (A2).
It remains to show that g is continuous.

Suitable metrics for X and X x R are given by,

o(f,9) =1lub | £(p) - glp) | for all f,ge X (3.1-4)
peR :
and
p ((£,£),(g,s)) = L.u.b |[£f(p) - glp)| + ]t—s[ (3.1-5)
peR '

for all (£,t),(g,s) e Xx R.
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Now o(B(£,t), d(g,s) = l.ub |g(£,t) () ~ d(g,s) ()] .
p eR

Iettlﬁsvalueofpbedenotedbypl.

. o(@lE,), Blgs) = [£lpy-t) - glp; — s)| ' (3.1-6)
Now p ((£,t),(g,s)) <6@1l.ub |£(p) - glp)| <, and |t-s|<s,  (3.1.7)
p el

where0<<51<6, 0<52<6

The function £ is continuous and bounded and so in
particular, it is continuous and bounded at P;™s ¢ R.

L |tes] < a.‘,%’lf(pl—t) - £(p,-s)| < n , say. (3.1-8)
Fram (3.1-6) it is seen that,
.cr (B(f,t), B(g,s)) = [f(pl-t) - £lp,-s) + f(py-s) - g(pl-S)l

¢ [£lp;t) - £(py-s)| +|£(p;-s) -g(p;-s)| (3.1 -9)
Choosing 6 suitably to make 51+ n <e, it is seen fram
(3.1-8) and (3.1-7) that g is continuous at any point (g,s)

of X x R, and so (X,d) constitutes a dynamical system.

Notice that if the initial condition of (3.1-1) is not
restricted to bounded functions, then (3.1-1) need not lead
to a dynamical system.

It is possible to construct more camplicated examples of

partial differential equations which lead to dynamical systars.l

3.1.2) Systems of Autonamwous Ordinary Differential Ecuations

Consider the system of ordinary autonamous differential equations
in R,
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dx =x = f(x) (3.1-10)

dt

where x = (xl,xz,...,xn) € I'Rn, £3 IRn+ R and t ¢ IR.

Notice (3.1-10) can be taken to represent most
autonamous ordinary differential equations, for if an nth
order equation is considered, it can be transformed to the
form (3.1-10) by taking each derivative, except the nT', to be
a new dependent variable.? It is assumed that (3.1-10) has the

following properties:-

(1) f£: ® + ®" is continuous

(ii) The equation has uniqueness of solutions to the initial
problem, that is, there is only one solution of (3.1-10)
satisfying x(0) = X .

(iii) The equation has global existence of solutions. That is,
each solution can be extended to a soluticon defined on
the entire real line (R.

A function defined on R x (R, called the flow, can be
associated with (3.1-10) as follows. For any X, € (Rn, te (R,
consider the wnique solution o: R =+ R of (3.1-10) with
o (0) = Xy i then define g at (xo,t) by,

Blx ,t) = olt) ' (3.1-11)

It is easily verified that if (3.1-10) satisfies the
conditions given, ( = ,#) is a dynamical system, (continuity
of @ being essentially the classical theorem concerning
continuous dependence on initial conditions). It will be seen
in the next section that a flow can be associated with any
given vector field on a manifeold.

This work is concerned mainly with dynamical systems arising
from equations of the type (3.1-10) and to simplify terminology,
if (3.1-10) leads to a dynamical system, (3.1-10) will be called
a dynamical system.
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Example 3.1-3.

Consider the cne-dimensional equation,

X = In x
This is an autonomous equation but has a singularity at x=0,
that is, In x is discontinuous at x = 0. The equation does

not give rise to a dynamical system.

Example 3.1-4

In contrast to the above example, consider the one-dimensional
autonanous equatian,

% = -1

This time £(x) = -1 is continuous, but the equation still does

not give rise to a dynamical system as

Blx ) = olt) = cot(t+ oot x )
and the solution is not defined on the entire real line.
The two cases above are exanples of local dynamical systems.

Notice it may be possible for a given system of equations to have
global existence of solutions, but which is not dynamical.

Exanple 3.1-5
Consider the one-dimensional equation,

. 1
X u ==
x2

so that £(x) is discontinuous at x = O. The general solution is
X = 3/3_(1:71:_5) and so the equation has global existence of
solutions but is not dynamical - it does not have uniqueness of
solutions.

It can be seen that, in general, it is difficult to prove that
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a given autoncmous system of differential equations is dynamical.
In particular, it has to be shown that every solution is defined
for all t ¢ R. This cannot be done directly without solving

the equations explicitly which is impossible in general. However,
there are sare theorems which do assure us of global existence of
solutions, if the equations have certain properties:-

Theorem 3.1.-1 3

If in (3.1-10), £(x) is continuous for all x e ®* and,
moreover, if each camponent of £, £, (X/.wX) =0 ([xl|+|x2|+...+|xn[)

for |x4| +...+ |x] + =, then the solutions of (3.1-10) are defined

on the whole axis,—w<t<w. o
Other theorems exist which prove a given system is semi~dynamical,

either by using Lyapunov ftmctims4, or by considering perturbations

of a known dynamical systems.

All of these theorems are difficult to apply in practice and
theorem 3.1-1 is of strictly limited use.

Having proved that the solutions can be extended to arbitrary
values of the defining parameter, it is still necessary to show that
the given autonamous system has uniqueness of solutions. This is, in
general, a lot easier to show.

Theorem 3.1—26

of

If, in (3.1-10), each of the partial derivatives a‘i‘l" (1,9 = 1,2/+0-0)
J

exists and is bounded by k in same caonvex set D of the n-dimensiocnal
x space, then (3.1-10) has uniqueness of solutions in D.

Note that uniqueness of solutions still holds if the conditions
of the theorem are replaced by ew.ve.aker:ceaqu:I.re'.mel'lt.6 The conditions
of the theorem also assure us of local existence of solutions.

Example 3.1-6

Cansider the one-dimensional equatim,
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X=X

Fram theorems 3.1-2, 3.1-1, it has uniqueness and global existence
of solutions and so is dynamical. It is one of the simplest
examples of a dynamical system.

3.2) Vector fields and Dynamical Systems

Recall that a vector field assigns a tangent vector to each
point of a manifold. It is shown in this section how a vector
field may give rise to a dynamical system, with the manifold as
the underlying topological space.

Notation Iet }(M) denote the set of all vector fields on M.
Recall that when m ¢ U, a damain of a chart x for M, the

vectors (gT}n form a basis for TmM. Thus, for any vector field
< 1

‘X whose damain W meets U,

i=]

where the £ N are differentiable functions defined on UNW,

Iet c be a curve in M with domain D. If 3- is the
vector field corresponding to the identity chart on IR,

9.2

&¢=c,o0 T

R+ ™ (3:.2-2)

is a curve in ™ with damain D. Notice ¢ satisfies the
equation Toc =c. If Xe XM,

c=X oc : (3.2-3)

is a differential equation of the first order cn M. Notice
if X satisfies (3.2-3), it can be thought of as being the
tangent vector to the curve in the classical sense.
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Definition 3.2-1

A curve c¢ in M satisfying (3.2-3) and the initial condition
c(0) =m for a specific m ¢ M is called an integral curve
starting from m, of the vector field X.

To see that (3.2-3) actually is an autonamwous system of

. differential equations, choose a chart of M whose damain U meets
c¢(D) and let C = x 0o c. It follows from (2.2-1) that ¢ is an
integral curve of X when,

acy
'd".'_E' = fi (cl, . ,cn) (i=1; . n ;n) . (3. 2"4)

using (3.2-1).

| The equations (3.2-4) are a set of autonamous equaticns and
from 3.1.2), with slight amendments, fram a local dynamical system,

but do not, in general, form a glcbal dynamical system.

Notice, in particular, the geodesic equations are derivable
fram a vector field and constitute a local dynamical system.

It follows from the definition of a vector field and Theorem
3.1—2; tl’lat;

Proposition 3.2-1

If the integral curves c,,c, of X ¢ YeM) with domains D
respectively, both start . fram the same point of M, they rmust

coincide on Dl n D2. a

1P2

_ It follows that the union of the damains of zll the integral
curves of X which start framm e M is an open intarval D(m) of (R
on which is defined a 'maximal' integral curve e starting from m.

Definition 3.2-2

A vector field is camwplete if D(m) = R for sach point m e M.
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Example 3.2-1) A System of Differential Fouations on the Sphere

The sphere, Sz, is the set of zeros of the function f: fR3 + R
defined by,

A 2 2. 5
f(zl,zz,z3) =2, - z, + Zq i (3.2-5)

An atlas for 82 can be obtained by sterographic projecticn of
&2 from the points (0,0,1) and (0,0,-1) onto z4 = O.

Suppose that U,U' are two punctured spheres obtained fram

52 by anitting these two points respectively. The functions

X: 82 +i'R2, y: S2 -rle defined on U,U' by,

X,z = = i o
o ! Tz, ' T (3.2-6)

can be shown to be charts for Sz. 7 The change of co-ordinates
Sefined on UM U' is a diffecnorphisn defined on R’ —{o by,

R - ‘
¥y B 12 5 (3.2-7)
(x))% + (x,)

Thus, the charts x,y fram a c* atlas for 82, called the

sterographic atlas of S2 into le-.

In terms of the charts y, a vectar field on U' is given by,

2 2 2
%{gy vyttt ) S SOy lez}} Al
1 2 2
1 () 2(00y.)2 - 16y)-ty 20y ? - 8y,
"'"2“{3Y1'Y2‘3yly2+ 2 2 1 1 1 2}3
()2 + (7,)° 3
1 2 ¥
(3.2-8)

Using the chain rule for partial derivatives, it is easy to
show that the above vector field agrees on U N U' with the
linear vector field,
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X

2 3 1 .
E(3—2xl+23<2)5;i+ E(6x1+23{2—9)'—“2 [_3.29)

‘As (3.2-8), (3.2-9) agree on the intersection of their domains,

together they define a vector field on Sz.

As (3.2-9) is more tractable than (3.2-8), its integral
curves are found. Such a curve c¢ is defined by x o c = (Cl,czj
where,

S |
I -y (3-2C1+2C2),
dC2 1 (3.2-10)
b R (-9 + 2Cy + 6C3)
It follows that if the initial condition is xoc (0) = (0,0),
iﬂ,’C(O) e (0;03_1);
) =1
3-3e ~9%e -9
* ouom (i w S abg Tfsf.inht) (3.2-11)
- t -t X
In general,XoC = (—.‘—)- + ae” + 3ae ~, 6asinh t) (3.2-12)
where a is uniquely determined by the condition that c(0)
is any chosen point of U NU’. Notice the solution of
(3.2-10) is defined for all t and'so the vector field is
camplete.
There is a condition which assures us that the system
(3.2-4) is dynamical:-
Proposition 3.2-2
Every vector field on a campact manifold is camplete. b,
il

Any camplete vector field gives rise to a dynamical system
of differential equations, by definition. The function ¢, which
when associated with M is a dynamical system in the sense of
definition 3.1-1, is known as the flow of the vector field:-
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Definition 3.2-3

Given any vector field X on a manifold M there exists a
maximal integral curve Nt damain D(m), starting fram any point
me M. Ifs is the set of points (m,s) of M x IR such that
s ¢ D(m), there is a function ¢: M x [R > M with damain S
defined by

¢ (m,s) = AL (3.2-13)
¢ is called the flow of X.
Tt can be shomn that ¢ is differentisble’ and it is clear
fram the definition that it satisfies the axicms of definition

3,1-1. Thus, if X is camplete, (M,¢) is a dynamical system.

3.3) Phase Portraits and Critical Elements

In most cases, we cannct hope to determine the maximal integral
curve of a given vector field, starting fram a given point of the
manifold. However, it may be possible to get same qualitative
picture of the integral curves of X on the manifold. For example,
it may be possible to say whether or not the vector field has a
periodic integral curve.

The first step in the qualitative theory is to define the
concepts of an orbit of a vector field and the phase portrait.
Phase portraits on a given manifold are numerous and camplex, so
that a camplete classification is difficult., However, same progress
has been made for the simplest manifolds of dimension tw::>.9

A useful concept in the qualitative theory of vector fields is
that of a critical point. This is a point of the manifold where
the vector field vanishes identically. These points are defined
and studied in this section, together with the periodic orbits.

Definition 3.3-1

If X e X (M), an orbit of X is the image ym(D) of a maximal
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integral curve vy : D +» M of X. The set P(X) of all orbits of X
is known as the phase portrait of X.

It is possible for two distidct vector fields to have the same
phase portrait.

Brarple

The equations {x

fl(XIY) and { ;( = fl (xrngtxry')
£, (x,y)

|

1.’ }.’ = fz (x,y)g (x,¥)

lead to the same phase portraits on the plane I'R2. Thus, it is
possible for a non-dynamical system to have the same phase portrait
as a dynamical system.

It is also possible for two distiact vector fields to possess

phase portraits with the same topological properties. As it is
these properties which the qualatative theory is concerned with,
the phase portraits can be thought of as being equivalent.

Definition 3.3-2

Let M be a manifold and X,Y ¢ JX(M). P(X), P(¥) are equivalent
phase portraits if and only if there is a hameamorphism h: M-+ M
such that Yog € P(X) if and only if h(ym) e P(Y).

The above relation is clearly an equivalence relation in the
algebraic sense.

Definition 3.3-3

Iet Xe XM). A point me M is a critical point of X if and
only if X(m) = O.

As any vector field has integral curves given by equation (3.2-4),
any property of a vector field can be thought of as being a property
of (3.2-4). In particular, critical points of an autonomous set of
differential equations are points at which the right hand sides of the
equations vanish. ‘
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Definition 3.3-4

A closed orbit y of X ¢ (M) is an orbit on which X does not
vanish and which is camact. A critical element of X is a set
jm} where m ¢ M is a critical point or a closed orbit of X. T

the union of critical elements of X.

X

The following theorem shows that a closed orbit must be a
periodic orbit in the classical sense.

Proposition 3.3-12°

Let X ¢ X.(m) with flow 8: S CMx R+ M. If yCMisa
closed orbit of X, then y x R< 8, y is a connected
one-dimensional submanifold and there exists a positive real
nurber t (y), such that for anyme y , ¢ (m,t) =m if and only
if t =kely), for same k eZ . (The nmber t(y) is the period
of y).

If the period of a critical pcint of X is defined to be zero,
a critical point may be thought of as the degenerate case of a
periodic orbit.

The beauty of autonamous systems arising fram a vector field
as opposed to just an autonamous set of equations is brought out
by the following theorems, the results following essentially by
local uniqueness of solutions.

Theorem 3.3-2

No orbit Ynfit) of a vector field X enters a critical point for
a finite value of t and any point m ¢ M which is not a critical
point has at most one orbit passing through it.

Theorem 3.3-3

An orbit Ymﬂ:) of a vector field X that passes through at least
cne ordinary point cannot cross itself, unless it is a closed orbit.
(A point which is not critical being ordinary).
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Notice the above results hold, whether X is camplete or not.

3.4) Systems of non—autonamous Equations

It has been shown that the autonomous system (3.1-~10) can
be thought of as being derived fram a vector field acting on
an n-dimensional manifold.

Consider now the non-autonamous generalization of (3.1-10),
that is, where f(x) can also depend explicitly on t,

J.C = f(xpt) (3.4“1)

Clearly, the system (3.4-1), which is n-dimensional, can
be re-written as an autonomous system of (nt+l) equations: ILet
y = (xl,xz,...,xn,t) and so (3.4-1) becares,

giél = £, (y) (3.4-2)

vmerenwoneoftheequatimsofthesystanis% = 1.
1

Thus, any non-autoncmous n-dimensional system can be thought
of as having been derived from a vector field acting on an
(n+l)-dimensional manifold.

It may happen that (3.4-2) constitutes a dynamical system,
so that the solution y can be extended for all values of tl' Then
the solution of (3.4-1) can also be extended for all values of t,
If (3.4-1) also has uniqueness of solutions, it is dynamical in
same sense, although, being non-autoncmous it may not lead to a
dynamical system in the sense of definition 3.1-1.

Definition 3.4-1

Any non-autcnamous system which has unicueness of solutions
to the initial value problem and which has gldobal existence of
solutions is said to be quasi-dynamical.

The results on uniqueness of solutions given in section 3.1)
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hold for (3.4-1) independent of t. Thus, if f(x,t) is continuous

with respect to x and all the partial derivatives, to prove (3.4-1)
is quasi-dynamical, it is sufficient to show that it has global

existence of solutions. '

Notice that (3.4-2) has no critical points in the sense as
defined in the last section, due to the presence of the equation
at

B~ b However, (3.4-1) may have points of equilibrium in the

n-dimensicnal x space. Thus, as extended definition of a critical
point is needed to cater far non-autonamous systems.

Definition 3.4-2

A critical point of (3.4-1) is any point X_ ¢ ®®, which is a
point of equilibrium. That is, an integral curve starting at X
remains there for all values of t and any integral curve not
starting atxocanmtreamxoina finite value of t.

; In contrast to the autonamous case, a critical point x_ of
(3.4-1) may not simply be a point at which the right hand sides
of (3.4-1) vanish.

Example 3.4-1

Consider the one-dimensional, non-autonamous equatian,

x = b
The solution is x = -2—-1 (K constant) and so is not quasi-dynamical.
£t +K

There is a critical point at x = O, but not at t = 0.

Example 3.4-2

Consider the one-dimensional, non-autonamous equation,
x = R(t)x (3.4-3)

The equation is linear and, as in the autonamous case, can have at
most one critical point. Clearly, (3.4-3) has general solution
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X = exp {JR(t)dt + K}

(a) If R(t) = tn, ne R the equation is quasi-dynamical

20’
and x = 0 is the critical point.
a

) If R(t) = T ‘a’ constant, the solution of (3.4—35 is x = Kt2.

If a > 0, the system is quasi-dynamical and there is no
critical point. If a < O, the system is not quasi-dynamical
but x = O is a critical point.

(c) IfR(t)=9—,n>0,n;41,for0<n<1,thesystanis

tn

quasi-dynamical for certain values of n but not others.
Ifn> 1, thesystemisnotquasi—d;mamicalandthereis
no critical point.

For the purposes of this work, only linear non-autonamous
equations need be considered. In this case, the system (3.4-1) can
be written as,

x = A(t)x (3.4-4)

where A(t) is an (n x n) matrix function. (Taking the only possible
critical point to be at the origin, without loss of generality - any
linear system can be reduced to the form (3.4-4) by a transformation
of variables).

Clearly, in order for x = O to be the critical point of (3.4-4),
therighthamisidesmstbeze.mvmmx=0forall finite t.

Lema 3.4-1

The system (3.4-4) has a critical point at x = s s e i fhe matrix
A(t) is continucus for all values of t. ”

Notice, however, that (3.4-4) may have a critical point if A(t)
is discontinuous when it is not quasi-dynamical.

Althouch any linear autonamous equation must be dynamical (using
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theorem 3.1-1, theorem 3.1-2), (3.4-4) is not necessarily
quasi-dynamical, as the corresponding (n+1)—~dimensional autonamous
system is not necessarily linear. Whether or not (3.4-4)is
quasi-dynamical depends on a large extent on the properties of A(t)
as shown in the previous example. Notice it may be quasi-dynamical
even when A(t) is discontinuous.

3.5) Properties of Orbits in the Neighbourhood of a Simple Cfitical Point

For the remainder of this chapter, only autonawous systems are
considered. An important aspect of their qualatative behaviour is the
nature of orbits in the neighbourhood of a critical point.

ICmsideracriticalpointmofa{rectorfielanctingonan
n-dimensional manifold M. A neighbourhood of U of m can be made small
encugh so that there exists a chart y: U~ ([®'. Then the maximal
jntegralcurveofxisgivenintemsoftheautcnaroussystan,

% = £(x) (3.5-1)
where y o ¢ = X, fram section 3.2).

Tt is assumed that the critical point in question is situated at
the origin, that is, £(0) = O, without loss of generality. It is
always possible to make a linear transformation of (3.5-1) which
transforms any critical point to the crigin. If f(x) contains linear
terms (3.5-1) may be expressed in the form,

X = Ax + g(x) (3.5-2)

where A is an n x n constant matrix and g(x) contains cnly terms of
order higher than the first. The linearized system of (3.5-1) is
then,

X = Ax (3.5-3)

Definition 3.5-1

Theeigenvaluesof}(atthepointmaMaredefimdtobethe
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eigenvalues of the matrix A. The characteristic multipliers of X
are the exponentials of its eigenvalues at any point m € M.

These concepts may be defined without going into local coordinates
by treating the eigenvalues of X as eigenvalues of a certain linear
transformation mapping T M - T M. Also, the above concepts may be
generalized to critical elerrents and so lead to eigenvalues of X at a

A R SR

Definition 3.5-2

If Xe XM and m is a critical point of X, m is a simple critical
pointifandmlyifmmeofﬂaeeigmluesof)(atmarezero.

The characteristic multipliers characterize the flow of the
linear approximation near the critical point. Local qualitative
behaviour near a simple critical point is especially elementary and
it is these types of critical points which are considered in this
section.

Only the two-dimensional case will be considered. By hypothesis,
let the matrix A have eigenvalues A,p # O.

It turns out that there are only a few possibilities for the
behaviour of integral curves of (3.5-1) in a neighbourhood of (0,0) ,
(assuming (3.5-1) to be two-dimensional) .

Definition 3.5-3

let y = (Yl,yz) be a solution of (3.5~1). If there exists §,
05 6 g r, such that for any orbit y of (3.5-1) which has at least
-c:nepomtino-c r < & (r being the normal plane polar radius), the
solution exists over a t half line, and if ('\rlp(z) (0,0) as t+ = ,
or as t + —=, then the origin is called an attractor for (3.5-1).

Definition 3.5-4

The origin is a node of (3.5-1) if it is an attractor for which all
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orbits arrive at the origin in a definite direction. A node is
proper if every half line through the origin is tangent to same
orbit there.

Definition 3.5-5

The origin is called a focus for (3.5-1) if it is an
attractor such that |w(t)| + = as t + = or t » — where w(t) =
tan L Y2

it (A focus is sametimes called a spiral point).
1

Definition 3.5-6

If there exists a sequence of pericdic orbits yn} of
(3.5-1) each of which contains all later orbits and the origin
in its interior and such that vy - (0,0) as n » » , then the
origin is a centre of (3.5-1).

Definition 3.5-7

Swsethehmorbitsmmeigenvectorofiktendtothe
originast+=band‘chetmoorbitsontheseccndeigemrector
tend to the origin as t + —». Also suppose that, with increasing
t, every point tracing an orbit first moves closer to the origin
and after reaching a minimal disténc:e., moves away fram the origin
with its orbit asymptotic to the second eigenvector. Then the
origin is a saddle point. The eigenvectors are the separatrices
of the saddle point and will be distorted to curves in the
non-linear case.

In the case of the linear system (3.5-3), the nature of the
critical point is determined campletely by the eigenvalues A,u:-
Lerma 3.5-1 ' " 2 =

Consider the linear system (3.5-4), with critical point at
the origin.

(1) If the eigenvalues of A are real, district and of the same

sign, the origin is a node.

(ii) If the eigenvalues of A are of opposite sign, the origin is a
saddle point. '
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(iii) If the eigenvalues of A are a camplex conjugate pair,
but not purely imaginary, the origin is a focus.

(iv) If the eigenvalues of A are purely imaginary, the
origin is a centre.
(v) If eigenvalues of A are real and equal, the origin is

a node. u]

Consider now the non-linear system (3.5-2), (considered to be
two-dimensional) , where it is assumed that g(xlxz) = 0(xr) as
r+ 0 where r = -6(12 + xz?) This guarantees that the perturbations
rend to the origin 'faster' than the linear terms in (3.5-2). In
general, (3.5-2) will have more than one critical point. It is
assumed that each ane is jsolated. That is, there exists an open
neighbourhood about each critical point which contains no other
critical points.

Theorem 3.5-2 12

If the origin is an attractor for (3.5-3), it is one for
(3.5"'2)0

Theorem 3.5-3 12

If the origin is a focus for (3.5-3), it is also one for the
non-linear system (3.5-2).

u]

Although attractors of (3.5-3) are attractors of (3.5-2), it
is not, in general, true that a node of (3.5-3) is a node of
(3.5-2).
Theorem 3.5-4 b

Ty 1+

If, in (3.5-2), g(x),x,) =0(" ") as r + O for save ¢ > O,
then if the origin is a proper node of (3.5-3), it is one for
(3.5-2) also. D

If the origin is a saddle point of (3.5-3) it is also one for

12



(3.5-2). More explicitly, suppose that (3.5-2) is assumed to
be in the canonical form,

e
Il

AX +g(xf )
1 1 1% (3.5-4)

o
]

p = WXy 9y0%,x%))

Then,

1a
Theorem 3.5-5

(1) There exists at least ane orbit tending to the origin at
each of the angles O and .

(i) 1If %) and 392 exist and are continuous on

3x2 Bxl
Os,rsro, there exists exactly one orbit tending to the origin
at each of the angles O and v. Any orbit starting sufficiently

near either of these orbits in the neighbourhood of the origin
tends away fram themas t + = .

Examples of the use of the above theorems to specific
non-linear equations abound.13

Unfortunately, if the origin is a centre for (3.5-3), it
need not be cne for (3.5-2). In fact, it is either a centre,
a focus, or enclosed in a limit cycle, a special type of closed
orbit (see definition 3.5-10).

There are several procedures which give criteria for
distinguishing between a centre and a focus. In the case in which
f(x) in (3.5-1) is analytic, Poincaré introduced an alogorithm,
requiring only the soluticn of algebraic equations.’® Also, in
this case, there is cne condition, again due to Poincaré, which
assures us that the origin is a centre.
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Ierma 3.5-6

If the vector field giving rise to the system (3.5-2) is
symmetric with respect to either the x; axis or X, axis, (that is,
the system does not change if %y is replaced by Xy t by ~t,

= ] or 2), then the origin is a centre.

There are several theorems which give criteria for the
non-existence of periodic orbits, the most useful being Dulac's
test, which includes Bendixson's test as a special case. (In
Bendixson's test, the function ¥ defined below is identically
equal to one).

Theorem 3.5-7 Dulac's Test.l5

Assume that (3.5-1) has uniqueness of solutions. ILet G be a
simply connected subregion of the damain of definition of (3.5-1).
Iet ¥ (xl,xz) be a continuously differentiable function defined in
G such that the function

g 3 - :
= '51 o‘bfl(xl'x2)) ¥ -3;2 (lbfz(xlrxz)) does not change sign,

Then there are no simple closed curves in G which are unions of
orbits of system (3.5-1).

Example 3.5-1

Consider Liénards equation, which plays an important role in
the theory of nonlinear oscillations,

321 + F)x, + Glx)) =0 (3.5-5)

Putting ;{1 = Xy the equation is transformed into the form
(3.5-1) with fl(xl,xz) = x, and £, (xl,xz) = - F(xl)x2 - G(xl) .

Clearly if F(xl) : G(xl) are continuous, the partial derivatives of
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Bag ¢ a_f_z_ = - F(x,). Thus,

fl,f2 are continuous. Also, _ .
1. P

9x

ifF(xl)doesnotchangesignwithﬁqagxlsbﬂaenﬂmereareno
closed orbits in this strip.

There are various theorems concerning the existence of
periodic solutions of second order equations of the Liénard
type 16. However, these are not directly applicable to the

type of equations considered in this work.

As stated earlier, if the origin is a critical point of
(3.5-2), it may be enclosed in a limit-cycle. This is a
particular type of periodic orbit and a rigorous definition
'is now given in terms of limit sets.

Definition 3.5-8

Let X ¢ Yt(M) have flow 3: 5 € Mx R>M. Apointme M
is o lete (c =+ or -, ort) if and only if
\9“{ m} b rR} contains all t > 0, t<Oorte MR,
respectively. '

Thus, if all points m ¢ M are + camplete, (with respect to
Xe H(m)), X is caplete, and (M,8) is a dynamical system.

Definition 3.5-9

Iet X et (M). Ifmis o cawplete, (with respect to X), the
limit set W’ (m) is defined as the set of points m_e M for which

there exists a sequence {tn} with t -+ o= and ¢ (m,tn) + m.

Let o°  denote the set of all w’ limit sets, with respect to X.

It can be shown that if m is not ¢ camplete, w° (m) is empty.
Limit sets will be considered again in section 3.7).

Definition 3.5-10

A closed orbit of X is a limit-cycle if it is either the w+
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or w limit set of another orbit of X e (m).

By geametric means, the following theorem on the existence
of limit-cycles may be established.

Theorem 3.5-8 17

If there exist two constants, r Ty with r, < rlandsuch
that F(x %) = % f. + f>0forx2 +x2=r2andF<O
A Al o WY, 34 ¢ 1. 7% o &

for x12 + x22 - rl2 and if there are no critical points of

2

(3.5-1) in the region T': I 2

5x12+x225r1,thenrcon’cains

a limit-cycle of (3.5-1). Similarly if F is negative cn the
inner circle and positive on the outer circle.

Example 3.5-2

Consider the two-dimensicnal system,

o7 5 21 g 5 Y2
X, =x00°-1+x (+2x - 1) -x06-1)

b 2

ky =x 00 - 28+ 14 x00 + %) - 2) +x2(x22—1)

In this case, a suitable functicn is, F = (:»cl2 4 x22) (xlz + x22 -1)

2 2 .
arxihenceF<0forxl +x2 :.1-gand1=‘>01fxl

2

2+x =1+ €.

2

% xlz + x22 = 1 is a limit-cycle of the system.

Oftén, given a system, it is useful to make a transformation
of the coordinates to determine anv possible limit-cycles.

Example 3.5-3

Consider the two dinensicnal system in the plane fRz given in
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terms of cartesian coordinates,

AT 2 e o
X =x0T+x" 1) *5 ~ (3.5-6)
;:2 =x2(x12+x22-1)2 + %

Intemsofpola:coordinates,xl=rcose x2=rsine,the

system (3.5-7) becames,

r® - 1)° (3.5-7)

.
I

D
I
=

The general solution to system (3.5-7) is,

1
,}1+ 1 ze'zl =ce?t r>1

1
-t 2
B aet 1 LR = Ce r<l
5 —-:_1 Z 1

r=1
(C an arbitrary constant).

As t+ie , r =l and r =1 is a limit-cycle of the system
(3.5-6). Thus, the critical point at the origin is enclosed in
a limit-cycle. .

Further methods of differentiating between centres and foci
and nodes and foci are given in section 3.10) on bifurcation theory.

The idea of characterizing critical ooints can be extended to
the general case where (3.5-3) is an n—dimensional system. The
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nature of the orbits in a neighbourhood cf the critical point in
question is again detemined by the eigenvalues of the matrix A.
Various characterizations of the critical point can be made which
are generalizations of the two-dimensienal definitions. The

three dimensicnal case is treated fully inl®, where the authors
define such noticns as nodes, saddle-nodes, stellar nodes, foci
and centres in three ch'.rne:nsicns;l9 goes a stage further and treats

. the n~dimensional case.

The task of determining the nature of the critical points of
(3.5-2) based on the nature of the correspending critical points
of the linear system (3.5-3) is much more formidable in the
n-dimensional case than in the two-dimensional case. The more
impartant theorems are instead concerned with the stability of the
various critical points of (3.5-2).

The proof of existence of periodic solutions in the n—-dimensional
case is far more camplicated than the two-dimensicnal case. Same of
the methods use the idea of a Lyapunov rotation function and are a
generalization of Poincaré's method of contact curves.zo

3.6) Multiple Critical Points

3.6.1) Multiple Critical Points of the First and Second Kind

In the last section the character of various types of simple
critical points was investigated. In this section critical points
of two-dimensicnal non-linear systems of the type (3.5-2) are
considered, where cne or both of the eigenvalues of the matrix
could be zero. Only the elementary case is considered, that is,
where the expansions of the right hand sides of the system contain at
least one linear term. It is also assumed, once again, that the
critical points are isolated. As the section deals exclusively
with two-dimensional systems, the notation is changed slightly. The
two dimensional form of (3.5-1), by hypothesis is,
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x = £ (er)
' (3.6-1)

y = glx,y)

It is assumed, as usual, without loss of generality, that
(0,0) is the critical point in question. By hypothesis, (3.6-1)
can be written in the fom,

;c = ax+by+f1(x,y) -

Y

m+@+%mw

where a,b,c,d ¢ [R are not all zero. Clearly, ad - bc =0, if
at least one of the eigenvalues of A = (a b ) are zero. Both
' e-a

. eigenvalues will be zero if a + d = 0.

= 3f 39 =
Iet 0 = = (00) + T (0,0) =a+d (3.6-3)
(using Taylor's series).

Definition 3.6 -1

If ¢ # O, the critical point at the origin is a multiple
critical point of the first kind. If ¢ =0, the origin is a
multiple critical point of the second kind.

3.6.2) Multiple Critical Points of the First Kind

wnwmmaaa=a+d#mad-m=0,ﬁ@£)=%@£)éo
in (3.6-2). It will also be assumed that f, (x,¥) . 9 (x,y) are
analytic in a neighbourhood of the origin (the series expansions
involving only terms of at least the second order).

Under these assunptions, there exists a ncnsingular linear
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transformation reducing the system to the following form,

;‘ = f2 (x,y)
(3.6-4)

¥= gz(rer) il g

(where the labels of the dependent variables have been changed).
Thus, equations of this form are considered without loss of

generality.

Consider the equation,

Yy + 9,y =0 (3.6-5)

By the implicit function theorem, the equation has a solution
y = #(x) in a small neighbourhood of the origin, where #(x) is
. analytic and g(0) = 0, g'(0) = O.

Using the above solution to (3.6-5), the possible phase
. portraits in the neighbourhood of the origin can be described,
as in the next theorem.

Theorem 3. 6-121

Iet (0,0) be an isolated critical point of (3.6-4). Then,
let y = g(x) be the solution to y + g, (x,y) = O in a neighbourhood
of the origin and let ¥ (x) = £,(x,8(x)). ¥(x) can be expressed in
the fom ¥ (%) =Amxm+ «+s Where m 3 2andnm#0.

(1) Ifmisoddandam‘»o, (0,0) is a node

(ii) If m is odd and A < O, (0,0) is a saddle point, two of whose
separatrices tend to (0,0) in the directions of O and w; the
other two in the directions %,-231

(iii) If m is even, (0,0) is a 'saddle-node' (see the figures below).

g
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(@) A_<O ) a4, > 0.

m
Figure 3.6-1:- 'Saddle-Node'

3.6.3) Multiple Critical Points of the Second Kind

In this case, the system under consideration is again (3.6-2)
where :Ez,g2 satisfy the same conditons as in the previous sub-section
_and this time, ad -bc=0,0=a+d =0, la] +] b] + |e| + |d]| # 0.
Because of the existence of a non-singular transformation reducing
(3.6-2) to the following form, only this special case needs to be
considered:-

(3.6 -6)

Yy = gztx,y)

(3.6-6) can be simplified still further by the use of the transformation,

£ X N =y fzcxr}’) (3.6 -7)

. where the inverse of the transformation is of the form,

x=£, y=h(m) (3.6 -8)
to get,
£ =n
n =gy, h(En) + £ EhE)n + £, &, hEm)gEhEM)

(3.6 -9)
3S



Clearly, if (0,0) is a critical point of (3.6-6), it is
ane for (3.6-9). It can also be shown that the paths of the system
(3.6-6) passing throuch a sufficiently small neighbourhood of the
origin correspond in cne-to-cne fashion to the paths of the system
(3.6-9) near the transformed origin.

Thus, only the system,

X =y

y = 93y

need be considered, which is the form of (3.6-9).

Notice this is precisely the form cbtained when any analytic
second order equation is expressed as a system of first corder
equations.

By hypothesis the function 93 (x,y) can be expressed as,

g3 x,y) = akxk {1 + A(x)} + bnxny {1 + B(x)} + y2 C(x,y)

(3.6-11)

where A(x), B(x), C(x,y) are analytic in a neighbourhood of the
origin, A(0O) = B(0) =0, k 2 2, a # 0. (The coefficient bn may

vanish: ifbn;éo, a3 1)

Theorem 3 .6-221

Let (0,0) be an isolated critical point of (3.6-10)

(a) If the number k in (3.6-11) isodd, letk=2m + 1 (m 3 1)

i
arlik-bn+4(m+l)a2m_|_l.

(1) Ifa, =3 > 0, (0,0) is a saddle point, of a degenerate
type (see figure (a) below).
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(ii) Ifak< 0, (0,0) is (I) a focus Qrcentxeifbn=0,
orifbn;éOarxin>m,orifbn;£0,n=mand A < O;
(II)anodeifbn#O,nisevenandn<m,orif
bn%o,niseven,n=mand A2 0 (ITII) a critical
point with elliptic region (see figure (b) below), if
bn#O,nisoddandn<m,orifbn#O,nisodd,
n=m, A3 0.

(b) If the nurber k is (3.6-11) is even, let k = 2m (m > 1).

(1) (0,0) is a degenerate critical point if
bn=00rbn;50andn;m. (see figure (c))

(i1) A saddlenode if b # 0O, and n < m (see figure (@)).

N W a
\\'\ o ‘ /(/ >x (\p
e, T
(a) Degenerate Saddle point (b) Critical Point with Elliptic

N Region Y

A

(c) Degenerate Critical Point (@) Saddle ncde
(aZm>O] (bn>0, a2m<0)

Figare 3.6-2

0
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3.6.%) Example

Consider the system,
{ e Tl 5 (3.6-12)
y =x>+y°
where « is a constant. The origin is an isolated critical point.
It is a multiple critical point of the first kind if a # O and
a multiple critical point of the second kind if a = O.

Case One. Suppose that o # O, - .take for example, o = 1.
let x, =y, ¥ =X+ ¥, 50 that (3.6-12) is transformed to,
' 7 2 2

% = Ny By vaEg)
{ _ (3.6-13)

. 2 2
Y =¥+ @ -2y + X))

. . - % sl G 2
Y1 + 9y (xl,yl) = 0=?yl - yzl —leyl - 2x21 = 0 and the solution of

this equation for which g(0) = O is easily seen to be,

> e " o e T
y, =) = (2 - 1) + /I= & - &

2

Ceowlry) = £y0,800)) = & - 208 + 2y = - Blx)), and so, by

expandingbythebinanialtheoreminasmallneighbourhoodofxl=o,

s A S 12 e

Thus, by theorem 3.6-1, the origin of (3.6-13) arnd hence of (3.6-12)
is a 'saddle node’'.
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Case Two

If o =0, system (3.6-12) is already of the form (3.6-10),

where gB(x,y) = x2 + y2. Bence, in (3.6-11), ak =1, k=2, bn =0,

c(x,y) = 1. A(x)= O, so that, by theorem 3.6-2, the origin.is a
degenerate critical point.

Notice the topological nature of the phase portrait in a
neighbourhood of the origin of (3.6-12) is changed when o passes
through O. The point a = O is said to be a bifurcation point.
(see section 3.10)).

#.7). Limit and Minimal Sets:- Poincaré'-Bmdixm'I‘l'leory

The notion of a limit set of an orbit of a vector field has
already been defined (see section 3.5.). Both attractors and
3 limit-cycles are necessarily members of the limit set, if they
exist. Clearly, if the given vector field does not lead to a
dynamical system, sare of the limit sets will be empty. It could
happen that, if the vector field is not camplete, all the limit
sets are empty.

Closely related to the limit sets are the minimal sets, which
are generalizations of the critical elements. It turns out, that,
in two dimensions, the possibilities for the limit sets and minimal
sets are limited.

The following lemmas are intuitively cbvious. (o =+, -, £ as in 3.5))
© Lemma 3.7-1

If me M is o-camplete and the limit set W (m) contains a unique
element, then that point is a critical point.

0
Lemma 3.7-2

If ¢(m,t) = v n{ﬂ is a periodic orbit, associated with a vector field
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X, for eachm ¢ M, n"’x = “_x = ¢ (m,t) .
8]
The definition of a minimal set only applies when the

associated vector field leads to a dynamical system:-

Definition 3.7-1

Let X £ ¥ (M) be camplete with flow 6. A subset Sof M is
positively invariant if and only if ¢/ ¢ O for all t > O
and negatively invariant if and only if ¢/, ¢ S for all t 5 O,
vhere /s , the restriction of ¢ to $ is given by 9/s = {¢(s,t),s ¢ S} .
S is called invariant if it is both positively and negatively
invariant.

Definition 3.7-2

S CM is a minimal set if and only if S is closed, non-empty,
invariant, and no proper subset of ﬁnas these properties.

It can be seen that, as stated earlier, critical elements are
examples of minimal sets, '

If M is a camact two-dimensicnal manifold, X ¢ X (M) and A is
a minimal set of X, then it can ke shown that there are only two

possibilities. Either A is a critical element of X, or A = M,

the torus T2 = Sl X Sl. These two alternatives form the basis of the

proof of the Poincaré-Bendixon theo e

Theorem 3.7-3 (?oincaré - Bendixon - Schwartz)

Let M be a camact, connected, two-dimensional manifold,
Xe (M) andme M. Suppose that w° (m) contains no critical points.
Then either,
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(@ W =M=17% or

(b) w(m) =y is a closed orbit, that is, y is a limit-cycle.
8]
In the second case, the orbit fran m can be show to wind
towards y in the usual intuitive sense, that is, it can be thought of
as approaching y in a spiraling motion. This notion of cne orbit
winding towards another can be defined precisely in terms of a

Poincare map acting cn a transversal secticn of a manifold.23

The condition that M is campact is no real restriction if it is
assumed that the orbit fram m lies in a campact subset of M.

_ Unfortunately, there are no general results concerning the limit
and minimal sets of orbits on higher dimensional manifolds at the

present time.

* 3.8) The Stabilitvy of Orbits of Vector Fields

There exist many different notions of stability of an orbit of a
vector field. Several different types are defined in this section
and results concerning the stability of critical elements, in particuler
critical points are cgiven. e of the most important methods for
determining the nature cf stability of a critical point is also given -
that c¢f Lyapunov.

The concept cf a non-wandering point is also introduced and its
relationship to stability is studied.

Recall that it is not, in general, true that a manifold M possesses
a metric in the topological sense. For example, the manifold model,
of space-time given in chapter twe, which possesses a Lorentz metric
(in the geametrical sensz) is nct metrizable. Ecowever, every manifold
is a topological space and the varicus forms of stakility can be
defined in terms of the continuity of a finction mapping M to its
power set, al=o a tcpological s:_:at:e.z4 If the given menifcld does

possess a metric, the varicus forms of stability reduce to the
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definitions given in this secticn. Recall every manifold possessing
a positive definite geametrical metric, possesses a topological
metric. Thus, if the possibility of space-like vectors on the
space-time manifold is excluded, it possesses a metric.

Definition 3.8-1

et M be a manifold and X ¢ (M), with flow ¢: SCMx R > M.
For me M, 1etm+=U{¢(m,t)| (m, t) ES, tz0

m_=U{¢(mrt) I&nrt)Esrtso} .

Also, letm, =m Um..

Thus, m, gives the total range of an orbit in the positive
direction and m_ gives the total range of the orbit in the negative
* direction. As in section 3.5), o is taken to represent +, - or t.

Definition 3.8-2

Let M be a manifold with metric p, X ¢ (m) ard m € M be
o-camplete. Let 7 denote the Hausdorff pseudametric on M), the
power set of M, that is, the set of all subsets of M.

Then m is o stable if and only if for every ¢ > O, there
exists a § > Osuch that p(m',m) < 6§ ==

(1) a=1, plm,m' ) <e

(ii)3=2, ljm D&n'@(‘“';t))=0.
tro=

(iii)e = 3, 1lim p(é (m,t), ¢(m',t)) = 0.
tro=

(iv) a = 4, olm', ¢(m,t)) <€ .

95



If m is 17 stable, it is sometimes called stable and if m is 2°
stable, it is cometimes called asymptotically stable.

a=1 stability requires that if the orbits start at a distance §
apart, they remain within a given distance ¢ of each other. a = 2 or 3
stability requires that the orbit starting at m' actually approaches
the orbit startingat mas t + 2= ar t + ==, if m, m' ¢ M are
sufficiently ¢lose. a= 4 stability requires that the orbit starting
from m, at a distance § from m' remains within a distance ¢ of this
point. It can be shown that if m ¢ M is 37 stable, it is 2° stable and
that if it is 27 stable, then it is 1° stable.

Definition 3.8-3

If y is a closed orbit of X ¢ ¥t (M), y is o stable if and only
if m is o’ stable for sarem e vy .

* (It can be shown that if one such point is o° stable, then they all are).

Thus, a limit cycle is 3+ stable if orbits wind towards it for
increasing t and 3 stable if orbits wind towards it for decreasing t.

Naturally, there is an opposite ccnoept to that of stability - that
of instability:-

Definiticn 3.8-4

If me M is not o’ stal:;le-.x-.rithrespecttoXe)t(r-i),itismcr
unstable with respect to X.

Closely related to the limit sets and critical elements of a vector
field are the ncn-wandering points, which play an important role in the

study of stability.

Definiticn 3.8-5

If X ¢ H(M) with flowv ¢: § CMx R>Mandme M, then m is
a non-wandering point cf X if and only if (m,t) anor gllt>0
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and for allneighbourhoodonfmandalltoaOthereexistsa
t>t such that U N &(U x {t} ) is non-enpty. Iet‘Nx_be the
set of all non-wandering points of X e X ().

Thus, the non-wandering points are a generalization of the
critica_?l_points. Tt can be shown that, in fact, if M is campact,
Fx (o (9.; ] < Nx‘ Clearly, every point 4° gtable is non-wandering.

The non wandering points also play an important role in the
study of generic properties of wvector fields and structural stability,
as seen in section 3.9).

Besides the types of stability already mentioned, there is a
different kind, but equally important, that is due to Lagrange,

which concerns the boundedness of solutions in same sense.

. Definition 3.8-6

Any orbit v mt is 1° stable (¢ -stable according to Lagrange)
if ﬁc is campact.

If M is camact, all motions are stable according to Lagrange.
In the case of R, stability L implies that the orbit is situated
in a bounded portion of R°. Clearly, for an orbit which is L7 stable,
9°x is non empty. It can be shown that, in this case, 9°  contains
a minimal set. It can also be shown that if a system possesses at

least one motion stable 1°, then the set of non-wandering points is
non-enpty.

Definition 3.8-7

A vector field is campletely unstsble if all its points are
wandering.

If all of the orbits of the vector field are umstable according
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to Lagrange, the vector field is said to be unstable.

It can be shown that a campletely unstable system is unstable
and that in IR2, every unstable system is campletely unstable.

The stability of critical points is now considered. Notice if
m is critical, then m is 3° stable if and only if it is 2° stable.
4° stability becames redundant. Thus, we are left with stability .
and asymptotic stability. Stability of an elementary critical
point, which is now defined, can be deduced from the eigenvalues
of the matrix of the linearized system in a neighbourhood of the
critical point, as the following theorem shows.

Definition 3.8-8

If Xe (M) andm e M is a critical point, m is elementary if
and only if none of the characteristic multipliers of X at m have
modulus one.

Thus, all elementary critical points are simple, but a point whose
matrix has purely imaginary eigenvalues is not elementary. The above
definition and following theorem also hold for closed orbits when
the multipliers are defined in temms of a Poincaré ma;:.ll

Theorem 3.8-1

If m e M is a critical point of X ¢ } (M), there exist submanifolds
s*, cs*, c, cs7, §7 of M such that, -

(i) Bach is invariant under X and contains m.
(1) T (s (respectively T (csh), T (0, T, (csT), T (ST)) is the

sum of the eigenspace in 'I'mM of characteristic multipliers of
modulus < 1. (respectively <1, =1, 32 1, > 1) and'l‘m{m} .
(1i1) Ifm' e &, thenw ') =m. (o =+ or -}.

(iv) ST, s~ are locally wnique.



s*. §™ are extendable to globally unique manifolds, by
expanding St, S” by means of the flow of X. The manifolds are
called respectively, the local stable (S+) , centre-stable (CS+) 7
cenitre (C), centre-unstable (CS™) and unstable (S ) manifolds
of m. Notice, if all the characteristic multipliers of the
linearized system about m have modulus <1, m is asymptotically
stable. A centre is stable, but never asymptotically stable.

A useful tool in the investigation of the stability of the
origin of a non-linear system,

x = £(x) ‘ (3.8-1)
where x = (xl,...,xn), f = (fl,...,fn), is the Lyapunov function.
It is assumed that £ and its partial derivatives with respect to
each X, are continuous in a neighbourhood of the origin, an

- isolated critical point of (3.8-1).

Iet V(x) be a scalar continucus function defined on same
region G of [Rn containing the origin.

Definition 3.8-9

V(x) is positive definite on G is and only if V(0) = O and
V(x) > 0 for x # 0 and X € G. V(x) is negative definite on G
if and only if -V(x) is positive definite on G.

It is further assumed that V(x) has continuous first order
partial derivatives at every point of G.

Definition 3.8-10

The derivative of V(x) with respect to the system (3.8-1)
is the scalar product,
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*
VX =gradV ., £ = W ¢ o fn'

axl 1 ax

n

That is, along a solution x = y(t), the total derivative of V
with respect to t coincide with the derivative of V with respect
to the system, evaluated at x = y(t).

The original theorems of Lyapunov for autonamous systems
may be stated as follows.

Theorem 3. 8-225

(1) If there exists a scalar function V(x) that is positive
*

definite and for which V (x) ¢ O on same region containing the

origin, then the origin of (3.8-1) is stable.

(1) If V(x) is positive definite and V* (x) is negative definite
on save region containing the origin, the origin is asymptotically

stable.
u}

Theorem 3.8-32°

(1) If there exists a scalar functicn V(x), V(0) = 0, such that
V* (x) is either positive or negative definite on same region

G containing the origin and if there exists in every neighbourhood
U of O, where U C G, at least one point a such that V(a) has the
same sign as V* (x), then the origin is unstable.

*
(1) IfV (x) = A2W(X) + W, where 1A > O is a constant and W is
either identically zero or is a non +ve or non -ve function such
that in every neighbourhocd U of O, U € G, there exists at least

one point a such that V(a).W(a) > O, then the origin is unstable.
]

There are also corresponding theorems for ncn—-autonarous systans.zs

The difficulty in applying the above theorems to any particular
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system is in finding a suitable function V(x) satisfying

the given conditions. For example, although V(x) = le + xzz

is positive definite in two dimensions, it is not in three
dimensions as V(x) =0atxl=x2=0‘;|.rﬂependa'1tofthevalue
of Xqe

However, it may be possible to find a function V(x) such
that V*(x) < 0. In this case there is a theorem concerning
asymptotic stability which dees not require V1i|r (x) negative definite
as in theorem 3.8-2. In general, (3.8-1) will possess more than
ane critical point, same of which may be unstable. Thus, the
region of asymptotic stability of a particular critical point
may not be the whole of ®'. If the region is the whole of R,
the critical point is said to be globally asymptotically stable:-

Theorem 3.8-42g

Iet there exist a scalar function V(x) such that,

(1) V(%) is positive definite on R and V(x) + = as |x| > =
(where | | denotes the euclidean nom on ')

(1) V& 50 B
(iii) the origin is the only invariant subset of '
E= {x | v ) =o}

Then the origin of (3.8-1) is globally asymptotically stable.
0

Example 3.8-1

Consider the third order equation defined on the real line,

ek x2 - .
X+ e x+x) + 2x =0.

This is equivalent to the system,

i
= 2 2

=-2y-& (x+2)

(3.8-2)

N b bde
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defined on (R°, with a critical point at the origin - in fact, this
is the only critical peint. A Lyapunov function is given by,

Wix,y,z) = 6+ D) + (x +2)°
Clearly V is positive definite and,

2 &

*
A4 o¥ -Q-Y-{—Zy—ex {x+z)}=—2ex(x+z)250.

V = a—xy+ Efz"'az

Thus, the origin of (3.8-2) is stable by theorem 3.8-2. Notice
V*(x} =Owhen X = -z, and SOE = {(x,y,z) |x = - z} . Clearly,
X = -z is not a solution of (3.8-2) and the only invariant subset
of E is (0,0,0)... By theorem 3.8-%,the origin is globally
asymptotically stable.

3.9) Structural Stability

The concept of structurally stable systems of differential
equations was first introduced by A. Andrcvonov and L. Pontrjagen
for a certain class of two-dimensional autonamous differential
equations on the plane.% In simple terms, structurally stable
systems are those systems for which a small perturbation does nct
change the topological nature of the set of orbits. Structural
stability is quite different fram classical notions of stability of
orbits, such as Lyapunov stability; the latter refers to individual
orbits, whereas the former refers to the whole system. Structurally
stable systems are useful when models of physicai systems are being
considered. If a structurally stable model is perturbed slightly
to fit new experimental evidence, its theoretical qualatative
conclusions are not radically altered.

A vector field is structurally stable, if the first order
autonamous system it gives rise to is structurally stable.

In this section, the farmal definition of a structurally stable
vector field is given, together with useful results in this area
of study. Before the definition can be given, a tooology cn the set
of all vector fields on a particular manifold has to be defined.
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Definition 3.9-1

let gr(U,F) denote the vector space of C* mappings fram W
to F, with each kth derivative bounded (k = O,1,...r where the
Oth derivative is the mapping itself), where F is a real, finite
dimensional vector space and Y is an open subset of a real,
finite dimensional vector space. ¥y - (U,F) is a Banach space if,

:

€], =sup{ ok ||_Dkftu)|| ; u..:u}

Let X¥ (M) be the set of C* vector fields on M. If (U,%)
is a chart on M, g(U) = U' C R and for X ¢ XX (M) there is a
coordinate representative X;: U' » R®., If T' is contained in
the image of a larger chart and is bounded in l'Rn,then
Xﬁegrm', fRn). I'I'I'ms,,1:h&'.ree>*::i.stsanatt.'l‘.au's

-0%= {(Ui,pii)} on M such that, Xﬁiegrw'i' |‘Rn) for

every i and the Jb uniform topology on X (M) is the smallest
topology such that the mapping X-‘rx¢ is continuous for all i.
i

If M is compact, this topology is independent of the atlas V. If
M is not campact, the unicn of topologies for all atlases fbon M
having the boundedness property stated above is the Whitney CT
topology on X. T (M). The space of C* vector fields with respect
to the Whitney topology is denoted by XX (M).

One of the more recent aspects of the qualitative theory of
vector fields to be investigated is that of generic properties.
If X sxr(M), P(X) is a generic property of X is the subspace
of vector fields possessing this property is dense in JET(M).
Thus, if P(X) is a generic property, almost every vector field has
this property.”

A traditional concept in the theory of differential equations

is that of a first integral of the system of equations under
consideration. This leads to one example of a generic property.
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Definiticn 3.9-2

A regular first integral of a vector field X ¢ X (M) is a
function £f: M - fRofclasan,sudithatfisnotcmstantonany
open subset ofManddfm).[X(m)] = 0 at each point m ¢ M.

If M is cawact, the property that X has no regular first integral
is genaric.z.?

Definition 3.9-3

Iet X,Y ¢ %M). If X and Y have equivalent phase portraits, we
write X ~Y. X is C¥ structurally stable if and only if there is a
neighbourhood Wof X ¢ ¥ (M) in the Whitney C- topology, such that
Y elb=>X~Y. '

X is structurally stable if it is o5 structurally stable for all

Let the set of all C* structurally stable vecter fields on M be
denoted by Er(M).

Example 3.9-1

Consider the n-dimensicnal disc D, xl?+...+xnzsl,n;2

3

£ 2 Y= g
1ax, © * T 18195

n
iIn Euclidean space and vector fields X = i&

of class C' defined on it. These give rise to the autonamous systems,

x = £(x) (3.9-1) (a)
x = g(x) (3.9-1) (b)

where x = (xl,...,xn), £=(f,eeerf)r g= (gl,...,gn).

A suitzble metric for X,Y £ X (D) is given by,
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- 121 xg afi agi
p &e¥) idgesrs { iy E-ggl + 1,351 l—aij § | }

Then X = -x, n 3 2 is structurally stable, with respect to
the above tcpology.28

The elementary closed orbits can be defined in terms of the
eigenvalues of a Poincaré mapll, or can be defined in terms of a local
chart, as in the following definition, which is restricted to two
dimensions. :

Definition 3.9-4 s

Ifx=¢(s), y= rb(s) is a closed path of the two-dimensional
system,

x = £(x,y)
i’ o g(xtY)

. T
having period + and T= [ (£, @(6), ¥(s)) + ', B(s), ¥(=)) ds # 0,

=]

then the closed path is elementary.

Theorem 3. 5-3—1.29

Let M be a two-dimensional manifold. X e X (M) is structurally
stable in G C M is and only if

(i) there are only a finite number of critical elements and they
are all elerrentary.

(11) Ny =

(iii) There are no orbits going from saddle point to saddle pomt
d

Notice if there are a finite nurber of closed paths these will
usually be limit-cycles. Also, if a closed path is elementary it
will still contain a critical point in its interior which will be
non-elementary. Thus, in this case, the region of structural
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stability camnot include the critical point.

For a compact manifold, ;i.tcanbeshs:v.omtl'latFXC(nt x) < N

If the nutber of critical elements are finite, clearly FX = I, and
then condition (ii) of the theorem is equivalent to Qg C Tyr

(as Ty ¢ @, holds for all manifolds). Thus, by theorem aF-3
for a campact, connected, orientable manifold which is not the
torus, condition (ii) is virtually redundant.

Example 3.9-2

Consider again the n—dimensicnal system (3.9-1) (a) with
f(x) = -x. The system is linear and has only one critical point
at the arigin. In the two-dimensicnal case, the origin is a
node by lemma 3.5-1 - the system is structurally stable by
_ theorem 3.9-1. |

"It can be shown that structural stability in two dimensions

. is a generic propertyzg. This is not the case in higher dime.nsimsso.
The best result for structural stability in higher dimensicns

at the present time is, 3

231, 33

Theorem 3.5-

If Xe X(M) and X is C' structurally stable then,

(i) critical elements are elementary
(1) N =T,
(iii) X has no regular first integral.

3.10 Bifurcation Theory

If a given vector field gives rise to a system of equaticns
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which contains one or more parameters, which can change, then

an alteration in the parameter values may lead to changes in the
qualitative properties of the system. For example, orbits

which were stable could became unstable or the phase portrait could
campletely alter. The study of such changes is bifurcation theory.

If the phase portrait changes at a particular set of parameter values,
the set of parameter values is known as the bifurcation point. For
instance, a = O is a bifurcation point of 3.6-12.

Bifurcation theory was originally devised by Poincaré for the
purpose of finding periodic solutions of the equations of celestial
mechanics. The theory has been extended, developed and applied by
various pecple, but mostly in the case of periodic solutims33.

; The most useful results of the theory in relation to dynamical
amendments of the Newtonian and Schwarzchild equations, are those
which deal with changes in the nature of certain non-elementary
critical elements in two-dimensional phase space. (Clearly, only
non—elementary critical elements are considered as elementary
critical elements are structurally stable).

First of all, the case of a multiple focus, a certain kind of
non-elementary critical point, is considered.

Definition 3.10-1

A critical point whose matrix of the linearized system has
purely imaginary eigenvalues, which is not a centre, is a multiple
focus.

Before stating the main theorem, same new definitions are needed.

Definition 3.10-2

Ietfo(xl, ...,xn)beanalytic (oer) inaregionGand r a
natural nuber such that r s k if £ is C~.
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A function f(xl,...,xn) of class kl > r or analytic in G
is said to be s-close to rank r to the ‘function fo in G if at
any point of G,

(2) ' ' (2)
£~f 8 : 2 9% G a - £ oy o
| ol <8¢ | xll x22 S o xllx22 cosap| < 8

where % =1,2,...r, all a; are non-negative and

ay F gt e oo = LG oagd sk

Definition 3.10-3

Consider the two autonamous systems,

{:’c = F(x) (3.10-1) (a)
bx el . (3.10-1) (b)

defined in a bounded region of IRn, where X = (xl,xz,...,xn) and
F= (Flszr sen an)r G = (Gl;Gzp --.;Gn).

'Ihesystezrsareck oa:‘of.analyticclassifF,GareCk
functions or anlytic in G.

If both systems are of analytic class or Ck, system (3.10-1) (b)
is §-close to rank r to system (3.10-1) (a) in G is each campcnent of
G is é-close to rank r to each corresponding campcnent of F.

As well as these definitions being useful in bifurcation theory,
they are also useful in the study of structural stability. Clearly,
the concept of structural stability in (R may be re-defined by using
the definition of close systems as these represent a neighbourhood of
the original system and these neighbourhoods lead to a topology on
the space of autonancus systems of analytic class on R,
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The definitions are also of considerable value when proving
certain systems of autonamous equations are dynamical and will be
used in Chapter Five.

For the rest of this chapter, only autonamwus systems defined
on the plane are considered. Before statingany theorems concerning
multiple foci, it is necessary to define the concept of the
multiplicity of such foci. The methed of determining the
multiplicity leads to a systematic way of differentiating between
a multiple focus and a centre.

It is assumed that the two-dimensional system under consideration
has a critical point at the origin, without loss of generality. A
necessary condition for the presence of a multiple focus is that the
matrix of the linearized system about (0,0) has purely imaginary
eigenvalues. Then the system can be reduced to the canonical form,

% o A ¢(x:Y) f(XrY)

{ (3.10-2)
% Bx + v (x,y) = glx,y)

where g8 is a constant greater than zero. It is assumed that 4,y
contain no linear terms and that (3.10-2) isanalyti.coré‘.

|
Il

Transforming to polar coordinates x =p cos 8, y =p sin g,
(3.10-2) becares,

ds

g% +Fl,8) , at =B +Glp,8) ==
% = Rp,8) = :—f’gg—rg ' (3.10-3)

where it is assumed that G(0,6) = O for all s.

Definition 3.10-4

Let p = £(8 3 O, p ) be the solution of (3.10-4) satisfying the

[69



initial condition £(0;0,0,) = ¢, where [p | < & , a small
positive number. The functions f(po) ' d(po) are defined by

f(po) = £(2n; O, °o)' d(po) = £(2r; O, oo) =P

The value of the ith derivative of d(po) at Ry 0 is the ith
focal value of the critical point at (0,0).

Itcanbeshmnthatifthe.reexistsrez_)osuchﬂaat

a'©) =0, ..., d% ©) # 0, r mst be caa>:-

Definition 3.10-5

| If there exists r such that 4'(0) =0, ... d(r) (0) # 0,
letr=2m+ 1, m> 0. Then (0,0) is a focus of multiplicity m.

Clearly, in general, equation (3.10-3) is difficult to
solve explicitly for p = £(8). However, if the system under
consideration is analytic, focal values may be calculated by
first series-expanding R(p,8) in (3.10-3) in powers of p and
expanding £(6; O,QO) in powers of Po The coefficients of
the later expansion (functions of 6) can be obtained fram a
set of recursive differential equations. For a multiple focus,
it can be shown that the first two focal values must be zero,
but, clearly, at least one of the focal values do not vanish.

In the case of a centre, all focal values vanish and sc a centre
is thus observed when an infinite number of conditions are
satisfied. An example of the method for calculating focal values
is given in Chapter Five - the method is too long for a simple
exanple to be given here.

There are several theorems .felating to small perturbations of
systems possessing a multiple focus, the most sophisticated being,
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Theorem 3.10-13°

Let (0,0) be a multiple focus of multiplicity m of a
two-dimensional autonamous system of class N 2 2m + 1 or of
analytic class. Let Ue (0) be an open ball, radius ey Centre
(0,0). ILet 5, > O where eyt 8 aTe SO small that any system
So~close to the original system has a single critical point in
Ue O(O) which is a focus.

@y 3 €0 Gosuchthatanysystem 8o =close to rank 2mt+l to the

original system has at most m closed paths in Ue, (0).

(i) Foranyeandd, O<es §,0<8 g Goandfor

any s, 1 ¢ s ¢ m, there exists a system of class N

(or an analytic system) which is §-close to rank

2n + 1 to the original system and has in U_ (0) precisely
s paths.

(1ii) If a system is Go—close to rank 2m+l to the original system
and has m limit-cycles in UEOCOJ, all these cycles, and
likewise the focus of the perturbed system lying in
Ue <:’(0) , are structurally .stable (simple) . 5

It is also possible to investigate topological changes in the

phase portrait in a neighbourhood of a multiple (that is, non-elementary)

limit cycle, resulting from a small change in the right hand side of

the two-dimensional autcnamous system. It can be shown that any

system close to the given system can have &most m closed paths

in a nefghbourhood of the multiple limit-cycle of miltiplicity m>C.

Finally, we consider what happens to closed paths (not necessarily
limit-cycles) when the right hand side of a two-dimensional system is
changed. The simplest and most useful result in this area relates to
Hamiltonian systems.
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Definition 3.10-6

A system of the form,

die. 3H(x,v)
at 3y
(3.10-4)
&y . 3H(x,y)
dat ax

wherel(x,y) is a single-valued function defined in a closed
region G, and is called a Hamiltonian system in G.

If a system has concentric closed paths in the phase
portrait as orbits, for instance, if the origin is a centre,
it must be related to a Hamiltonian system in a simple manner,
as the following theorem states:-

Theorem 3.10-237

Iet (3.10-2) be an analytical system and G a closed annular
region campletely filled with concentric closed paths of (3.10-2).
Then there exists an analytic function p (x,y) defined in G which
satisfies the condition,

3 30 3f L 39y _
5% f(x,y) + 3y g(x,y) + ol =t ay) 0

dx dy : :
and the tem =— = pf, = pg is Hamiltonian.
. e P 0
(The theorem applies equally well if the given system is not in
cancnical form). In the case of bifurcations of Hamiltcnian systemns,
the following theorem is appropriate:-

Theorem 3. 1()—338

Let C be a cleosed path of the Hamiltonian system, (3.10-4);
x =g(t), y = ¢(t) the motion corresponding to the path, rthe period
of the functions g, ¥, Go the regicn enclosed by C ard,
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F= 0 tub ) vln Y + ..
(3.10-5)
g%= g—f; + ugy (X,y) + uzgztx,y) LR

a perturbation of (3.10-4), (pa small parameter).

Then, if

I= ” {f'lx(x,y) - g'ly(x,y}) dx dy = O and,
Go

T
L= ' 66, v + o' @), vias £ o,
o]

there exist € >0, § > O such that

. (@) for every u, |u| < §, (3.10-5) has one and only one closed
path in UE:O(C) and this contracts to C for u -+ O.

(b) this path is a structurally stable limit-cycle.

3.11) Concluding Remarks

This chapter has been concerned with dynamical systems and their
properties, in particular with the behaviour of orbits in a neighbourhood
of a critical element and their stability and structural stability and
bifurcation theory of the system itself. A lot of the definitions and
theorems given hold also for arbitrary autonomous systems. Dynamical
systems have been studied fram the point of view of vector fields acting
on manifolds and also as sets of autonamwous differential equations,

' although most of the abstract theorems and definitions given in terms
of the flow of a vector field hold for dynamical systems in the abstract
sense of definition 3.1-1,

As stated at the beginning of the chapter the results presented

are far from complete. Indeed, the global properties of orbits on manifolds
is an active area of research at the present time. For a more thorouch
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account, see for instance, the works of A. Andronov, E. Leontovich,
I. Gordon and A. Maier, V. Nemyteskii and V. Stepanov, and
R. Chillingworth>>.

Having locked at dynamical systems in a general setting,
the theory is now applied specifically to gravitation theory.
In particular, the language of dynamical systems is employed
in a translation of the singularity theorems in the next chapter
and the various properties presented here hold for the dynamical
amendments to the equations of motion in the following two

chapters.
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Chapter Four:-

The Singularity Thecrems in the Language of the
Qualitative theory of Differential Fquations

In this work, space-time is assumed to have the structure of a
Lorentz manifold and so there is a great similarity between the study
of the geodesics and their defining second-order differential
equations and the general theory of dynamical systems and differential
equations as outlined in the previous chapter. In particular, the
geodesic equations derived fram the given metric are autonamous and
the notion of geodesic incampleteness, introduced in order to get
sane sort of definition of a space-time singularity, corresponds to
whether or not the geodesic equations have solutions which can be
extended to arbitrary values of the affine parameter. If the geodesic
equations are dynamical, the geodesics are camplete.

In this chapter, it is shown how the singularity theorems may be
translated into the language of autonamous differential equations and
vector field theory. It is shown how same of the hypotheses of the
theorems may be false in the dynamical case.

As stated in Chapter Two,conjugate points are basic to the proofs
of the singularity theorems and in order for a space-time to be
considered singular in the sense of definition 2.4-1, it is necessary
that there exist conjugate points. However, the presence of conjugate
points alone does not guarantee geodesic incampleteness. It is shown
in the second subsection that conjugate points divide naturally into
two classes:- those of the regular type and those of the singular
type. The assumptions of the singularity thecorems imply the existence
of singular conjugate points, which lead to geodesic incampleteness.

It is assumed throughout this chapter that the model for space-time
is as in the Einstein case, except that for reasons discussed in
Chapter Two, the field equations do not necessarily hold 'exactly in the
strong field region.

4,1) The Causal Structure of Space—time and Space-time Singqularities
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By hypothesis, space-time is a four-dimensional manifold,M,
which is orientable, and which possesses a Lorentz metric. Any
curve on the manifold is an orbit of same particular vector field -
its tangent vector field. (assuming that the curve is continuous with
respect to the induced topology, where it is defined). In particular,
each geodesic curve is derivable from a vector field, although the
set of geodésic equations as a whole satisfy the second order
autonomous equations,

ax dx
A N e T (4.1-1)

b g a

in the co-ordinate domain of a chart {xaf, if co-ordinate bases are
used. Expressed as an eight-dimensional, first-order system,
(4.1-1) becares,

g

Lo = ek o
M= T N (4.1-2)

Thus, the geodesics can be thought of as being orbits of one
particular vector field acting on the eight-dimensional manifold
consisting of points of M and their derivatives. (They can also be
thought of as orbits of a particular vector field called the
geodesic spray, acting on the tangent bundle of M - the second
order equation (4.1-1) is derivable from this field’). The
canpleteness of geodesics can thus be defined in terms of the
campleteness of any one of the vector fields discussed above. Thus,
we could have,

Definition 4.1-1

Space-time contains a singularity if there is an incamplete
non-spacelike gecdesic vector field defined on M. (A gecdesic
vector field being a vector field all of whose orbits are geodesics).

Notice that it takes more than cne vector field on M to define all the
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non-spacelike geodesics on M. The above definition is really
equivalent to the previous definition of a 'singularity' (definition
2.4-1), Notice that it may be generalized to include any vector
field and so include the possibility of 'space-like singularities',
or be generalized to include any non-spacelike vector fields. The
former case is given in the form of the definition below, while the
latter generalization agrees partially with Schmidt's b-campleteness.

Definition 4.1-2

Space-time contains a singularity if the geodesic spray is
incamplete. (This means in effect that the set of equations (4.1-2)
has a solution which cannot be extended to arbitrary values of the
affine parameter. It is this definition that will be used in this

Any vector field acting on a compact manifold must be camplete by
proposition 3.2-2, and so the gecdesic vector fields must be camplete
which implies that the'gecxiesic spray is also camwplete. Thus, we
have,

Lemma 4.1-1
If space-time is campact, it is singularity- free.
i el

Fram now on, unless otherwise stated, the space-time manifold is
assumed to be non—campact.

The notions of the chronological future (past) and the causal
future (past), given in Chapter Two, may be defined in terms of the
sets ym, (0= + or -) given in Chapter Three (definition 3.8-1):-

Definition 4.1-3

Let T (M) be the set of all timelike vector fields on M and
let}(NS(M) denote the set of all non-spacelike vector fields. Then,

3% (m) = \J o ;3 I°(m) = U ™.

XEXNS o) xng (1) X C (o= + or =)
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where m ¢ M. If AcM, J°@) = ngA 3%(m) (similarly for 1°(a)).

(Notions such as @, WbCM ard E°(A) can be defined in temms
of the above sets as in Chapter Two).

Three important concepts as far as the second and third singularity
theorems are concerned are the chronology, causality and strong causality
conditions. The chronology and causality conditions can be re-phrased
as 'no timelike (respectively, non-spacelike) vector field has periodic
orbits in M'. It can be seen that closely related to the concept of
strong causality is the concept of a non-wandering point (see
definition 2.4-5 and definition 3.8-5). A wandering point has a
neighbourhood which never returns to intersect itself and so the strong
causality condition holds if every non-spacelike vector field has no
non-wandering points, except for the critical points:-

Definition 4.1-4

The strong causality condition holds on M if every non-wandering
point of a non-spacelike vector field is critical.

Defintion 4.1-5

Iet C: M>Mbe acurve on M. p ¢ M is a future end-point of
C if, for every neighbourhood V of p,] A e damain of the parameter,
suchthatC(Al) szoreveryxledanaMOfﬂxeparan‘eterAlal ‘

Notice, if C is an orbit of a camplete vector field, the only
possibility for a future end point is a critical point.

If ¢ has no future end point, it can either leave M at infinity
or a possible singularity, or became imprisoned in a set A C M:=

Definition 4.1-6

Acurve c: R+ M is imprisoned in a compact subset A of M if it
has no future (past) end point and given any A, 3 A;>A such that tb(m,kl)
€ A where 9 (m,0) = m.
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Thus, an imprisoned curve enters and remains in a campact set
A or continually re-enters but does not remain in A. For instance,
if the 1:|.m.1t set of a curve is a limit;cycle, the curve is
imprisoned in a neighbourhood of the limit-cycle. Clearly, if a
limit-cycle is present in M, the strong causality condition cannot
hold. It can be shown generally that imprisomment is incampatible
with strong causality:-

Proposition 4. l--22

If the strong causality condition holds on a campact set A € M,

then there is no non-spacelike curve imprisoned in A. o

Notice that the definitions 4.1-4 and proposition 4.1-2 can be
generalized to arbitrary curves and, in fact, hold for any general
manifold and so the following general corollary can be stated:-

Corollary 4.1-3

If every non-wandering point of the vector field X defined oh a
campact set M € A are critical, there are no orbits of X imprisoned
in A. In particular, there are no limit-cycles of X in A.

4.2) Regular and Singular Conjugate Points

It is shown in this subsection that conjugate points can be
divided into two sub-classes,occuring at perfectly well-behaved

points of space-time and the other in singular regiocns.

Tt has been assumed that the metric for space-time is at least
Cz, (recalling that singularities are not assumed to be part of the
space-time manifold and so the metric only has to be C2 in non-singular
regions.- it may also not be differentiable at apparent singularities
due to the fact that it has been expressed in temms of the wrong
co-ordinate basis). Then, as the affine connection coefficientsT |
involve the derivatives of g ab’ ' gc must be at least once-
differentiable. Thus, the right-hand sides of (4.1-2) are continuous
and have continuous partial derivatives and so by theorem 3.1-2,

solutions of the initial value problem are unique, except in a small
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region of the singularity; that is, the orbits of (4.1-2) never
intersect except at any singularities and at any critical points.
If (4.1-2) is dynamical in all regions of space-time, that is,
the geodesic vector fields are camplete, the only possible points
of intersection are critical points. Thus, there are no regular
points of intersection in the eight-dimensional phase space of
(4.1-2). However, this does not imply that there are no regular
points of intersection of the geodesics an the four-dimensional
manifold.

Although there is uniqueness of solutions to the initial
value problem, starting at a particular point on the manifold,
. taking two distinct conditicns on the derivatives say, will give
. two distinct curves passing through the same point. If the curves
. converge again at same other point, the original point may be
conjugate to this, but does not represent a point of temination
of the gecdesics.

Thus, a conjugate point in a congruence of geodesics can
represent a critical point, that is, a critical point of the first
integrals of the geodesic equations, a singularity, or a regular
point as above. The singularity theorems predict that the conjugate
points under consideration are singular.

Notice, as far as the test particle or light ray is concerned,
a critical conjugate point can never be reached in a finite value
of the affine parameter, by theorem 3.3-2, whereas a singular
conjugate point represents a point off the manifold where the
geodesics converge such that a test particle or light ray can never
escape and a regular conjugate point is a point at which gecdesics
converge and then diverge, with no effects to the test particle or
light ray. In the case where the gecdesic equations are dynamical,
any conjugate points must be regular or critical.

The above concepts can be defined in terms of a Jacobi field
defined along a geodesic as shown shortly. Recall that the Jacobi
field along a null or timelike gecdesic satisfies (2.2.7), (where
in the timelike case, a,b1,...,3 and in the null case, a,b=1,a ;
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A is the affine parameter). Then, without loss of generality, in
both cases, the Jacobi field satisfies the single vector field
equation,

% = -R3 (4.2-1)

where a dot represents differentiation with respect to the parameter
A and Z represents the column vector of components of Z at any point,
R is a matrix field, whose typical (a,b)th element is Ra4b4 at any
point.

Notice (4.2-1) is a linear equation, but is non-autonamous as the
matrix field £ is, via the geodesic equations, implicitly a function
of the parameter A.

- - Z
Let Z =Y in (4.2-1) so that Y = - R Z. Also, let X =(Y> and
OF E
the block matrix field @ =(__R° o) , all elements being at most 3 x 3,
where I is the identity matrix of order two or three. Then (4.2-1)
can be written as the singie first order vector field equation,

X =(@x (4.2-2)

If the geodesic equations (4.1-1) have global existence of
solutions, the separation of two neighbouring geodesics must be
defined for all values of the éarameter, so that, in this case, the
system (4.2-2) must be quasi-dynamical, (or at least have global
existence of solutions). Similarly, if (4.2-2) is quasi-dynamical, the
separation along geodesics is defined for all values of the defining
parameter and so the geodesics must have global existence of solutions.
Thus, the concept of gecdesic campleteness could be re-defined in terms
of the nature of the Jacobi equation (4.2-1).

It has been stated that the Jacobi field measures the separatiori
of neighbouring gecdesics in a congruence and that two points are
conjugate if there exists a non-zero Jacobi field which vanishes at
the two points. Thus, if the first point is regular, we can start where
the separation is zero (é (A) # 0) and follow the geodesics along to
the next point of separation (that is, there are two distinct ceodesics
passing through each point). However, if the starting point happens to
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be a critical point (so that Z(x) = 0) or a singularity, then

we cannot follow the geodesics away. Hence the reason for taking
a starting point arbitrarily close to a point of intersection in
the definition of conjugate points.

Suppose that g € M, the space-time manifold, is conjugate to
peM Then Z(p) =0, Z(q) = 0. Let Z(p) = B(0) and Z(q) = C,
where B,C are constant column vectors. If g is conjugate to a
spacelike surface z, and p € ¢ , let the initial conditions for the
Jacobi field Z be Z(p) = B so that Z(p) = x(p)B, where x(p) is the
matrix whose elements are the camponents of the second fundamental
tensor at p. (see section 2.2)). Let é(q) = C as before. Then,
in either case, if R ()) is continuous and C = O, g is also a critical
point of (4.2-1), (by lema 3.4-1). Notice, however, that the
majority of conjugate points are not critical points of (4.2-1).
(The only possible critical point of (4.2-2) being X = O).

Consider now the concepts of regular, critical and singular
conjugate points introduced previously. Clearly, the following

definition characterizes each of these:-

Definition 4.2-1

Let g be a conjugate point (with respect to p, or a spacelike
surface). Then q is a regular, singular or critical conjugate point
(with respect to p, or a spacelike surface), if it is a regular,
singular or critical point of (4.2-2) respectively. (In this context,
a critical point of (4.2-2) reached infinite parameter time is classed
as singular as it represents a finite termination point of the
geodesics).

Consider first of all the case of a regular conjugate point, so.
that Z(q) = 0. IfC= i(q) # 0, there is no problem - there is no
turning point of separation (negative convergence can be interpreted
as divergence and negative divergence as convergence). Suppose
then, that C = 0. Nsw g is not a critical point, so that R(}) is
necessarily discontinuous at g. Recall, fram section 3.4), that
this condition is not sufficient, however. If (4.2-2) is quasi-
dynamical, g is a regular conjugate point if C # O or if C = O with
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R (Aq) singular.

If q is a critical conjugate point, then C = O and &()) must
be continuous at g (by lemma 3.4-1). This is the only possibility.
If q is singular, then &()) must necessarily be singular there, with
either C = 0 or C # O, but, once again, if C = 0, the condition is
only necessary.

As stated before, if the gecdesic equations are dynamical, the
only conjugate points occuring are critical or regular types. However,
the geodesics may still be camplete if the geodesic equations have
global existence of solutions (so that if a singularity is present
it can never be reached - the possibility of starting at the singularity
being excluded). In this case, there may be singular conjugate points,
but these will never be reached (so that the geodesics can only leave
the space-time manifold at infinity). Both proposition 2.2-3 and 2.2-4,
predicting the occurence of conjugate points, predict regular or
singular conjugate points.

Notice that, in the definition of conjugate points, p and g need
not be distinct, that is, it is possible for a point to be conjugate
to itself, if the geodesics can return to an arbitrarily small
neighbourhood of it. Clearly fram definition 2.4-5, we have,

Lemma 4.2-1

A point p cannot be conjugate to itself if the strong
causality condition holds at p. q
However, usually, a 'singularity' will consist of a set of
non-isolated singular points (for instance, the ‘singularity' in the

Schwarzchild metric, is the region r = 0, for all co-ordinate time)
and so it is certainly possible for a singularity to be conjugate to
itself, in the sense that infinitesimally neighbouring geodesics
arbitrarily close to one point of the region can intersect at another
point of the region.

Example 4.2-1

Consider the dvnamical system on the plane,
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= (4.2-3)
” .

~_—
e N
l Il

The critical point at (0,0) is a degenerate node, a point
of intersection of all the orbits of (4.2-3), in this case straight lines.
However, this critical point is not conjugate to another point (except
possibly to infinity), although it can be conjugate to any curve, in
which case it is a critical conjugate point.

Example 4.2-2

The geodesic equaticns derived fram the four-dimensicnal
Minkowski metric are,

dzxi dxi

a? a

i E !R' i = 1—’2;-..;4 (4-2'—4)

and so the gecdesics are straight lines and camplete. There are
regular points of intersection on the manifold, but not for constant
Cy- However, these points are not conjugate to any other as any pair
of geodesics only intersect once. The null and timelike convergence
conditions hold trivially as the space is flat, but the generic
condition does not hold, hence the reason for the absence of conjugate
points. i

Example 4.2-3

Consider two-dimensional anti-de sitter space, given by the 1'matr.-n'_c,3

1

2 —
(14x%)

&k 2

= —(1+X2)dt2 + dx (4.2-5)
This is a space of constant negative curvature, that is, the

solution of the Einstein field equations in two-dimensions for which

R =<2 (T?° = 0).

The camponents of the Ricci tensor are,

2 1 ;
B = 1 # %2, - g el (4.2-6)
11 Ry T I Rgl

124



and, in this case, the generic conditicn holds. Notice, if o2
is a null or timelike vector,

Rabwawb = lZ'R g abmamb == gabmawb z O,

so that the geodesic convergence conditions hold. Thus, by theorem
2.2-4 there will be conjugate points. However, the global metric (4.2-5)
is non-singular and so the geodesic equations may be dynamical - this is
indeed the case:- The geodesic equations derived fram (4.2-5) are,

2

g—;’--}% d—t gﬂ:o (a)

Qe A SRl (4.2-7)

2 - Bl

d_g_%(@) + x(4x )(dt) =0 i

d\® 1" \dx d)

(4.2-7) (a) can be integrated directly:-—
((1+x) )—Oﬁ:’g: - X, K constant (4.2-8) (a)

1+x

Then (4.2-7) (b) becames,

25’2'?"2}{7{1(2-(}.()2} =0 ==

1+x
- _ dx,2
{ } = 0, where u = (m)
g% =c+ —K—z & o VoK (4.2-8) (b)
14+x 1+x dx

where ¢ is a constant.

Thus, (4.2-7) has a first integral given by (4.2-8). Tt can be
shown that (4.2-8) has global existence of solutions, simply by solving
explicitly. For instance, in the case of timelike gecdesics, A = 1,
the proper time, c = -1 and solving (4.2-8) we get,

x = VK - Lsin(h )i b+t = tan Wean(rhr ) = (4.2-9)

t+t°=tan-1Kx i

\f-l(z—l—x2
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T of to' constants of integration.
In this case, x and t can be extended for all values ofr. x =0,
Kz - 1 (K positive or negative) are points of intersection of the

geodesics but are regular points.

Thus, any predicted conjugate points in this case are regular
as required.

Example 4.2-4

The geodesic equations, derived fram the Schwarzchild metric
(2.4-1) are integrable and the first integrals are given by,

& . =K
ai l-22/r
dr KZ M c
- = +(1l-=)(e-=)
<,dl 5/ r ° (4.2-10)
de _ 1 / _ 12 2
d’l— r2 ¢ - L cosec ©
@ _ L
ax 7.2

where K,L,C, ¢ are constants of integration (e= -1,0,1, in the
timelike, null, spacelike case respectively). The equations are not
dynamical as r = O represents a true singularity of the equaticns and,
in fact, do not have global existence of solutions - see section 6.1).
This agrees with the fact that r = O is a region of dense singular
canjugate points.

Having made this distriction between varicus types of conjugate
points, we are now in a position to look at the singularity theorems

in a new light.

4.3 The Sinqularity Thecrems

It is clear fram the previocus section that the existence of
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conjugate points alone does not imply that certain gecdesics are
incamplete. Hence the reason for imposing extra conditions in the
singularity theorems, such as the existence of a closed trapped
surface. In fact, in all the singularity theorems, the existence
of a 'trapping' effect on the geodesics is assumed. (In theorem
2.4-2, the existence of a campact achronal set without edge implies
the existence of a future/past trapped set, that is, a set ¢ which
is achronal and such that E' ()/E (z) is campact).

As stated in Chapter two, if the Einstein field equations hold,
the weak and strong energy conditions on the energy-mamentum tensor
imply that the null and timelike convergence conditions hold. However,
under the assumptions of the present chapter, the field equations may
only approximately hold. For instance, dynamical amendments to
singular models or amendments possessing global existence of solutians,
may not exactly satisfy the field equaticns. In these cases,

R=8r T, +K (4.3-1)

By, = 3 % ab ¥ Xab
where K, 1is same correction tensor, at any point. (so that K +-0
in the weak field region). Note however, that certain dynamical
models, such as the cne derived fram the Minkowski metric satisfy
the field equations and there is no need for amendment. In these
cases, Kab = 0, at all points..

The NMull Vector Case

Let w be an arbitrary null vector at m ¢ M with camponents with
respect to the co-ordinate basis, w>. Then,

b 1 ab
Rabmam ={8ﬂTab+Kab+—2—gabR}wm =

Rabwamb 2z K abmamb

using the weak energy condition. There is no guarantee that

K abmamb should be positive or zero at or near the predicted singularity.
Clearly the null convergence condition anly holds if the corrected

weak energy cordition,

(8nT + K)o’ 5 0 _ (4.3-2)
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holds for all null vectors w.
Using proposition 2.2-4, we have,
Lema 4.3-1

There exist conjugate points in congruence of null geodesics
when M is gecdesically camplete if the corrected weak energy condition
(4.3-2) holds and the generic condition holds.

s}

The Timelike Vector Case

Letw be an arbitrary timelike vector at m ¢ M, with camponents

a
@ % Then, Robwawb {%gabk + 8T + Kab} ma.m]:J
o Rane®P = 2 R+ 8 T+ Kt (4.3-3)

by (4.3-1). Contracting the field equations (4.3-1), it is clear
that, :

-R = 8T + K - ' (4.3-4)

and substituting (4.3-4) into (4.3-3) we cbtain, -

ngawb = (817T + K wy *+ {B“Tab + Kab)mamb:
so that the corrected strong enerav corndition,
(BrTy + K)o’ 3 3 GrT + Ko, (4.3-5)

implies that the timelike convergence condition holds. Of course,
if Kp = Or (4.3-5) reduces to the strong energy condition. Using
proposition 2.2-4, the following lemma may be deduced.

Lemma 4.3-2

There exist conjugate pcints in congruences of timelike gecodesics
when M is geodesically camplete if the corrected strong energy condition
holds on M and the generic condition holds.

| 2%
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Of course, the conjugate points predicted by lemma 4.3-1,
lemma 4.3-2, must be regular, or if singular, not reached.
In the free space case, that is, T = 0, if the Einstein
equations hold, the null and timelike ccnvergence conditions are
trivially satisfied. This is not true in the case K #0. In
chapter six, an example of a dynamical amendment to the Schwarzchild
equations will be given which does not satisfy the corrected weak
and strong energy conditions.

Notice that lemma 4.3-1 and 4.3-2 basically say that the corrected
energy conditions imply that the non-spacelike geodesic convergence
condition holds. -

Examining the conditions of theorem 2.4-1, we have, fram previous
caments,

. Lemma 4.3-3

If the corrected weak energy condition holds at each point of M,
and M contains a closed trapped surface, then there exist points
conjugate to the surface. In addition, these points must be regular
or singular. Q

Proof

By previous analysis, if the corrected weak energy condition holds,
then the null convergence condition must hold and so there exist points
conjugate to the closed trapped surface by propositicon 2,2-3 and these
must be reached in a finite value of the affine parameter, as required.

)

Of course, if the geodesics begin to converge at any surface, there
will be conjugate points (which will again be regular or singular), but
with no 'trapping' effect present, there is nothing to stop the gecdesics
diverging again and so in most cases, the predicted conjugate points
will all be regular. If a closed trapped surface is present, even the
'outgoing' null gecdesics are dragged back and the pradicted conjugate
points are more likely to be singular.

Notice that the two conditions of lemma 4.3-3 alone are not enough
129



to ensure that the predicted conjugate points are singular.4

For instance, the 'outgoing' geodesics may get dragged back to

a conjugaté point different fram the first and so on and then

all these conjugate points could be regular. This sort of
behaviour cammot occur if there is a spacelike hypersurface which
every null geodesic intersects exactly once, that is, a Cauchy
surface. Hence, we have the following equivalent to theorem 2,4-1:-

Theorem 4.3-4

If the corrected weak energy condition holds at each point of
M, and there is a closed trapped surface and a Cauchy surface in M,
then there exist singular conjugate points (with respect to the
closed trapped surface). -

If the geodesic equations are dynamical, then singular conjugate
points cannot occur, so that cne of the three conditions of theorem
4.3-4 must break down. It has already been stated that the corrscted
weak energy condition may not hold in this case. Even if it did,
there is no reason to suppose the existence of a Cauchy surface or
the existence of a closed trapped surface if the field equations do
not hold, so that departures fram spherical symmetry are greater than
expected. Even if the geodesic spray is complete, but the geodesic
equations are not dynamical, no singular ccmjugaté points can occur
as in this case, any such points would be reached in a finite value of
the affine parameter.

Recall that the timelike analogue to theorem 2,4-1 is theorem
2.4-4. In contrast to the above case, timelike geodesic imcampleteness
canes about without assuming the existence of a Cauchy surface. This is
because a closed trapped surface may not be a partial Cauchy surface,
whereas its three-dimensicnal analogue can always represent one, in
effect. . Thus, we have,

Theorem 4,3-5

If the corrected strong energy condition holds at each point of M
and M contains a campact spacelike three-surface ¢ such that unit
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normals to ¢ are everywhere converging, then there exist singular

conjugate points (with respect to the given surface). =
Notice that in the case of lemma 4.3-3, the null geodesics

entering 3 (the closed trapped surface) will not have a future

end point if all the conjugate points are regular (so that there

is no Cauchy surface). Thus, the null gecdesics are imprisconed

within §, and by proposition 4.1-2, this cannot occur if the strong

causality condition holds. Thus, we have the following alternative to

theorem 4.3-4:-

Theorem 4.3-6

If the corrected weak energy condition and strong causality
condition hold on M and there is a closed trapped surface, then there
exist singular conjugate points (with respect to the closed trapped
surface) . o

This can be seen to be equivalent to part of theorem 2.4-2,
Considering the first two conditions of the theorem 2.4-2, we have,

Lenma 4.3-7

If both the corrected weak and strong energy conditions hold on
M and the generic condition holds on M, then there are conjugate points
(which may be regular, singular) in congruences of null and timelike

gecdesics.
0

Proof

By previous camments the corrected weak and strong energy
conditions imply that the non-spacelike geodesic convergence condition
holds and so by proposition 2.2-4, the result follows. -

It was stated in Chapter Two, that the chronology and causality
conditions are equivalent in physically realistic situations. This is
only true if the field ecuations are assumed to hold exactly. There
is no guarantee in the amended cases where the weak and strong energy

13



conditions do not hold that the chronology and causality conditions
are equivalent. The precise statement is,

Proposition 4.3-8°

If (a) the null geodesic convergence condition holds,
(b) the generic condition holds on M; and
(c) the chronology condition holds on M,
then the causality condition holds on M. If, in addition, M is
null geodesically camplete, then the strong causality condition holds
on M. 0

Thus, the chronology and generic conditions do not, in general
imply that the strong causality condition holds. This will cnly be
the case if the corrected weak energy condition holds and the
geodesic spray is camplete. However, if the strong causality condition
is assumed, then we have the following corollary to lemma 4.3-7:-

Corollary 4.3-9

If both the corrected weak and strong energy conditions hold on M
and the generic and strong causality conditions also hold then there
exist distinct regular or singular conjugate points in congruences
of null and timelike geodesics. (That is, no point may be conjugate to
itself). 5]

The case where a closed trapped surface is assumed to exist in
theorem 2.4-2, has already been dealt withm in the form of theorem
4.3-6 and so this leaves the ramaining hypotheses of theorem 2.4-2
to be dealt with (i.e. conditions (a) and (c)). In fact, all three
alternatives can be cambined into cne hypothesis, due to the following
lemma: - '

Lamma 4. 3—106

If the non-spacelike geodesic convergence condition holds and
there exist cne of the following in M:-
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(a) a campact achronal set without edge,
(b) a closed trapped surface,
(c) a point p such that the null geodesics fram p are focused
by the matter or curvature and start to reconverge;
then there is an achronal set  such that E' (z) or E (z) is compact.
sl
(If (a) holds,z is the achronal set; if (b) holds ¢ is the
closed trapped surface; and if (c) holds,z is the point p). An achronal
set ¢ with E+(c) or E (z) campact, is usually called future trapped or

past trapped respectively.

Similar to the case of theorem 2.4-1, the conditions of corollary
4.3-9 alone are not encugh to ensure the existence of singular
: conjugate points, without a 'trapping' effect, provided by one of
| the three alternmatives of lemma 4.3-10. Notice that the achronal set
¢ in lemma 4.3-10, can be thought of as being almost a partial Cauchy
surface - it is a non-timelike surface which no timelike curve
intersects more than once. Also, if E+(c) (or E (z) is canpact) ,
non-spacelike curves through z, which are not timelike must have a
future (or past) end-point, which must be singular or critical. Thus,
these particular curves must contain singular points (noting that
points cannot be conjugate to themselves). As null geodesics containing
conjugate points can be varied to give timelike curves (as stated in
Chapter Two), the timelike geodesics must contain conjugate points, of
the singular kind. This is a fairly loose justification for the results
of theorem 2.4-2, which can be translated as,

Theorem 4.3-11

1f,
(1) the corrected weak and strong energy conditions hold on M,
(ii) the generic condition is satisfied on M,
(iii) the strong causality condition holds on M, and
(iv) there is a future or past trapped set cn M, then
M contains singular conjugate points. =
Once again, if the gecdesic equations are dynamical, then cne of
more of the above conditions cannot hold. By proposition 4.3-8, if the
causality condition holds then condition (iii) will hold and if the
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space-time is not too symmetric, the generic condition will hold.
However, there is no guarantee that the corrected energy conditions
hold, and even if they do, there can be no 'trapping' effect on the
geodesics, caused by the presence of a trapped set. If the geodesic
spray is camplete, but the gecdesic equations are not dynamical any
singularity present camnot be reached and so once again, there can
be no singular conjugate points. Such a singularity (that is, one
which does not consist of conjugate points) does not hinder the
progress of any geocdesics and so the situation is really equivalent
to having no singularity present at all - none of the singularity
theorems predict the existence of such a singularity.

As stated in Chapter Two, theorem 2.4-3 is just a slightly

'- strengthened version of theorem 2.4-2 - it is almost equivalent to
- strengthening condition (iv) of theorem 4.3-11 by requiring that
there exists a past trapped set in M.

The theorems presented in this section predict singular conjugate
points in congruence of gecdesics on a particular four-dimensional
manifold. Notice however, that it may be possible to generalize the
results to any given manifold and any set of curves. Locking at the
theorems fram the point of view of differential equations may give
greater insight into the methods of generalization than the
topological methods used to prove the singularity theorems of this
section. '
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Chapter Five:

Models of Gravity Aporoximating to the Newtonian Fauations

This chapter sets out to find various amendments to
the non-relativistic Newtonian equations of gravity in cne and two
dimensions. Various properties of the amended equations are
investigated, in particular, the change in character of what was
the singularity of the Newtonian equations.

The model for the universe is taken to be the flat manifold IRB,
where each point has three space co-ordinates only and time is the
parameter along the orbit of any observer. In this case, a test
particle will deviate fram a gecdesic (in [R° a straight line) when
acted on by the external gravitational force.

5.1) The One-Dimensicnal Newtonian Equation

Newton's equations are derived fram Newton's second law of gravity
and are well known to be; in three dimensions.

dz_x:
at

where r is the radius vector of a test particle and @ represents a
gravitational potential and is given by, where r = ||,

g= - % (5.1-2)

in free space, being the basic solution satisfying varicus boundary
corditions, of Laplace's equatim.l ¢ is a constant, generally the
product of two or more constants including the gravitational constant
G. For the purpose of amending the equations, it is convenient to
treat c as a single, positive constant, without loss of generality.

If the gravitational force is central, that is, it only acts in

I35



the direction of the radius vector, (5.1-1) reduces to, in effect,
Newton's equation in one dimension,

rs = (5.1-3)

Clearly this autonomous equation is not dynamical as the
right hand side is singular at r = O. In fact, in this case we can
prove that the equation does not have global existence of solutions
as an explicit solution can be obtained as,

1 2em—m——  2C
E/?ﬁ+2cr-—;3-/2 ln{v’é'.r"+v‘ar+2c}=t+b (5,343

arb £ IR
So, for example, takinga=1, b=0, r = 0= -2c In(Y2c) = t and
so t is finite at the origin, that is, the singularity is reached
in finite time.

" 5.2). Feasible Amendments of the One-Dimensional Newtonian Ecquation

Equation (5.1-3) is a member of a class of more general equations
given by,

r = £(x) : (5.2-1)

A sub-class of equations of the above type with £(r) continuous
are certainly dynamical. It is shown in this section that certain
members of this sub-class are feasible amendments of (5.1-3).
Generalizations of (5.2-1) are then considered, the most useful
being of the Liénard type.

. 5.2.1) Equations of the Form r = f(r)

There are basically two ways in which (5.2-1) could be a viable
amendment to (5.1-3). First of all, there may be models in which
the singularity is still present, but is not reached, so that the
equations are not dynamical but the solutions can be extended to
arbitrary values of t. Secondly, there may be models in which the
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singularity no longer occurs and which are dynamical. As stated

in Chapter three, the condition that £(r) is continuous is necessary
for (5.2-1) to be dynamical, but not sufficient., For example,

Y =ris dynamical, whereas r = r2 is not dynamical., (These
results can be verified by solving each equation explicitly).

Example 5.2-1

Consider the equation,

r= o I e s a,ce IR (5.2-2)

which, as a system can be written

s
{ (5.2

p= _ -
r2+a2

There are crii:ical points at (+ =, 0). The only singularity
occurs in the region of infinite p.

The equation (5.2-2) has a first integral given by,

__/—2_c tan_l(£)+b
S a

where b is a constant of integration. The right hand sides of
(5.2-3) are continuous and have continuous partial derivatives and
so any critical points are reached in infinite time by theorem 3,3-2
Also, p is a well-behaved function of r and never becames

infinite. As the critical points and singularities are not eached.
in finite time and it is precisely these which curtail the progress
of a solution, the solutions can be exterded for all t, that is, the
system (5.2-3) is dynamical. Notice if |a| <<1, (5.2-2) approximates
to (5.1-3).

The possibility of having mcdels in which a singularity is not
reached in finite time is now considered. A couple of preliminary
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theorems concerning improper integrals are first needed.

b ;
Recall that J F(x)dx is a Cauchy improper integral of the
a

first kind if a or b are infinite.2 Suppose that b is infinite.

The integral is defined as lim JS F(x)dx (similarly for a). If the limit
s ‘a

exists, the integral is convergent, otherwise it is divergent. There
are various tests for convergence, the most useful being,

ecren 5.0~1°

Let 1lim X F(x) = A. Then,
x—l-oa

(i) rF(x)dx converges if n > 1 and A is finite.
a :

(ii) rF(x)dx diverges if n ¢ 1 and A # O (possibly infinite).
a ju

“h
If the integral of J F(x)dx becames infinite at x =¢C, ag c ¢ b,
the integral is a — . Cauchy improper integral of the second

kind.3 The sum, I F(x)dx + J’b F(x)dx is considered and if the
a cte’

limit as € - O of the sum is finite, the integral is convergent at
% = ¢. Otherwise it is divergent. Again, there are various tests
of convergence, the most important being, '

Theorem 5.2-—23

b
If in, [aF(x)dx, F(x) becames infinite at x =c, ag c g b,

let Lim (x - c)'F(x) = A.

X>C
b
(1) I F(x)dx converges if n < 1 and A is finite.
a
b
(ii) I F(x)dx diverges if n > 1 and A # O (possibly infinite),
a

o
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(If F(x) becames infinite at x =b, A= lim (b-x)"F(x)).
x>b

Lemma 5.2-3
If, in the equation (5.2-1), f£(r) becomes infinite at same
finite value r = a and |f(r)dr -+ -« as r - a, then not all solutions

can be extended to arbitrary values of t.

Proof

(5.2-1) has a first integral given by,

:':=V{If(r)dr+x—_—; J & -t (5.2-4)
o

/2[f(r)dr +K

; The singularity at r = a will always be reached in finite time,
except possibly when 2 |£(x)dr|, + K = O, if the integrand is real
in a neighbourhood of r = a, as for most solutions, the mtegra;rm
(5.2-4) is perfectly well behaved in a region including r = a( [ f(r)dr,

ry
rp§asr, being either convergent or divergent). If
f(r)dr +> —» as r + a, there will always be same choice of K making

the root positive in a neighbourhood of r = a.

2

It 2 Jf(r)drla+K=0, [ f (r)dr must be convergent and
r
1

r/—— is an improper integral of the second kind.
2\ f (r)dxr+

Rder: (x-a)"
However, the latter integral is convergent when i
Jz‘ f(r)dr + K

is finite for same n < 1, by theorem 5.2-2 and this will always be
the case due to the hypothesis on £(r).

Thus, the only way in which the singularity camnot be reached in
finite time, for all values of K, is if the integrand is camplex in
an arbitrarily small neighbourhood of r = a for any K, that is, if
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If(r)dr + - as r + a.
: e
Fran the above lemma, (5.1-3) does not have global existence of

solutions as already known, but r= 33 does, even though it is
r

not dynamical, (if the possibility of starting fram r =0 is excluded).

Theorem 5.2-4

(a) The equation r = f(r) is dynamical if
(i) £(xr) and f'(r) are continuous; and
(1i) if f£(r) becames singular at infinity, that is, lim f(r) does

- teo

not exist and Jf(r]dr-i---w as r » + », then lim £'(r) must be
It
finite.
(b) The equation r = £(r) is not dynamical if either

(1) £(r) and £'(r) are discontinuocus; or
(ii) if £(r) becames singular at infinity and [f(r)dr 4> —» as
n
r ++= , then lim f%,nz-Ois finite.

Yot
0

Proof

Condition (i) of (a) is nécessary fram section 3.1).
Thus, if (i) fails to hold, the equation cannot be dynamical.
If (a) (i) holds, then by thecrem 3.3-2 . all critical points
of (5.2-1) are reached in infinite time. This result can also be
proved by considering the divergence of the integral in (5.2-4).

As f(r) is assumed to be continucus, the only possible singular
regions occur at infinity. Suppose, without loss of generality, that

lim f£(r) does not exist, (the analysis being exactly similar if
o :

lim £(r) does not exist).
I‘-r—m

Fram thecrem 5.2-1, with n = 1, it is clear that f f(r)dr is

1
divergent, so that, fram (5.2-4), p+ =« asr » » , if the root is
real. (If |f(r)dr + == as r + =, the root is not real and so the
singularity cannot be reached. In this case there is no prcblem).
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53 dr
If the root is real, I is an improper integral
*1 v’zlf(r)dr + K

of the first kind, which may or may not be convergent.

2n
Let A = lim _rn = /lim 3 (5.2-5)
T /2Jf(r)dr+l{ yre 2Jf(r)dr+K
provided that the limit exists.
2n
Iet L = lim —= . By hypothesis on £(r), this
e 2If(r)dr + K
is of a form suitable for the application of 1'Hopital's rule.
g, g 2n-2
: Yy 2n r _ lim ° 2n(2n-l) r =
e LIS ;Lil: S R ' (D) (5.2-6)

Then fram (5.2-5), (5.2-6), by theorem 5.2-1,
dr

L:l /2If(r)dr K

singularity is reached in finite time (as in case (b)) and diverges

if ng 1l and L # O, so that the singularity is reached in infinite time.

(as in case (a)).

converges if n > 1 and L is finite and so the

As critical points and singularities are the only points which curtail
the progress of a solution, the result follows.

Notice that T = r and (5.2-2) are dynamical by theorem 5.2-4, as
stated earlier ard that r = r2 is not dynamical using the same theorem
(choose n = 1 in (b) (ii)). '

In order that (5.2-1) is a viable amendment to (5.1-3), it must
reduce to (5.1-3) in the weak field region, that is, £(r) + O as
r + + », so that there are no singularities at infinity. Thus by
theorem 5.2-4, (5.2-1) will be dynamical, provided f£(r) and f£'(r) are
continuous.

Now fram Lamma 5.2-3, the only way in which (5.2-1) can be a
feasible amendment to (5.1-3) if f(r) is singular at r = 0, is if
ff (r)dr + == as r + O. In this type of model, any orbit approaching
the origin must cane to a halt at same point r = a, a > O and then
start going backwards Thus, these models do not seem to be satisfactory
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amendments to (5.1-3).

Example 5.2-2

Consider the equation

e, & ;4 R T e (5.2-7)

In the weak field region, it reduces to (5.1-3), but

If (r)dar = {-s—, - %} and so is negative in a small enough
neighbourhood of r = O (r2 < a/3c) ard ff(r)dr +=-=asr >0,
Thus, the singularity is never reached. All soluticns of (5.2-7)
are camwplete by lemma 5.2-3. Notice r =Owhenr? =2 andr=0

c
vﬂuenK=~2~§'-§—-2-9
3r e

and this can always be satisfied.

Notice, in these types of models, at same stage the gravitational
force becaves repulsive.

Fram now an, this work concerns itself with dynamical amendments
of the one-dimensicnal Newtonian equation, so that the origin is
actually reached, even if this is done in infinite time, (that is,
orbits in phase space pass throuch r = 0).

5.2.2) Dynamical Amendments to the One-Dimensicnal Newtonian Equation
of the type r = £(x)

In this sub-section, variocus examples are given of possible
dynamical amendments to the cne-dimensicnal Newtonian equation. These
can basically be divided into two types. In the first type of model,
f(r) is (5.2-1) becames very large near r = O, but never becames
sinqular. In the second type of model f£(r) may not be large at the
origin but becames large in same neighbourhocd . of it. In both types

—-C

of model, f(r)-'-ar(r—ZJ as r + = , so that they reduce to (5.1-3) in

the weak field region.
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Example 5.2-3

-2 tan T
T r2 %

Consider the equation r = b,c,n e (5.2-8)

AS Y > ™, tan_]{brn)"-% and r 5

H 14

Now lim -2c tan ~(r) _ lim - ben 2

by 1'Hopital's rule and so there is no singularity at the origin
if ns 2 Infact,z:'=0atr=0c>nlyifn>2and§=-b—$1—- at

r =0when n = 2.

Thus, by theorem 5.2-4, (5.2-8) is a dynamical amendment of
(5.3-1) if n > 2. If n= 2, the first integral of (5.2-8) is
given by,

)2 < e | tan +/E[—_1_m(br2+/z—br+1) +tan"1( /ﬁor).l o
2 br

8 r 2 br? ~/2br + 1 2 _ 3
(5.2-9)
and, if n = 3, the first integral is,

S ahe L s o R - Y
2__4c{tan ) [1'111(10 r' +2b r+l)_+__3.

b
_b |1ln(b
2 13 \p7/3ASpS/3 .2 41]/3

2/3 5
tan T (2}’ L. = ]]J } +X (5.2-10)
T

using integration by parts and standard integrals. With increasing
values of n, integration becames much more difficult - neither it is
easy with fracticnal values of n. e

Now for any particular value of r, lim tan_]mrn) o —

S 2
by r2 2r
and so, in the limit as b + =, the right hand side of (5.2-8) reduces
to the Newtonian case. It is desirable to have the amended first

integrals reducing to the Newtonian first integral in this limit.
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In the case n = 2, it is easily seen that
(lmr2 +/2br + l)

lim In

b 2

br? -/3br + 1 2,2

=0 and lim tan_l -';—‘2}35 = 0.
bre b r'-1

Applying 1l'Hopital's rule to (5.2-9) gives lim (1..')2 = _E__C_l
by :
required. This will not always be the case.

4/3 4 2/3 7
For n = 3, 1:'111111}"‘!,‘/r +2‘?:_’/3r .
B b 3r4—b r? +

2/
3
=1 r2 - 1>= o

+ K as

L -0 but

1

lim tan 3

and so, in this case,
b0 /3

lim )2 # 2/r 4 g
bes

tan Tor"
r2
amended Newtonian potential, and in both cases (n=2 and n=3) tends
to zero or a constant as r + » and so the essential character of
the potential as r + » is retained, whereas the singular character

at r = 0 is erased.

= dr represents the

Notice that - Jf(r)d.r - Z—CJ

’

Example 5.2-4

The equation,

Y = =C tanh(brn}: bne R (5.2-11)
2
r

has similar qualitative behaviour to (5.2-8).

-

As r> =, tanh(br')> 1 .. r =5, asr - as required.
r

ben  lim R
2 -0

Also, lim -c tanh(br')_
r+0 %
r
is no singularity at the crigin if n > 2 and in this case, (5.2-11)

is dynamical by theorem 5.2-4. Again, r = O at r = O if and only if n > 2.

, So that there .

However, with this particular equation, the first integral is far
less tractible than in the previcus example, for any n.

|44



Example 5.2-5

An example of an amendment of (5.1-3) vossessing a different
qualitative character in a neighbourhocd of the origin is provided
by,

5 2n-—2
rm i a ey nel i (5.2-12)

X a

Again, by theorem 5.2-4, (5.2-12) is dynamical and r = O when

r=0if and only if n > 1, Asr*ﬂ,;4-£2 as required.
r

Clearly, as smaller and smaller values of a are taken, the closer
(5.2-12) approximates to (5.1-3).

If n = 1, the first integral of (5.2-12) is,

. - =1 b '
@2 = 2—2 tn 25K (5.2-13)

" and if n = 2, the first integral is given by,

. % — 3 2\‘
(r)2=c{_l_tanl (3?_%2) s el (r2 2/2r + a } + K (5.2-14)
a 2a

V2 \r“-a V2 r +a/7r+a2)-

Again, with increasing values of n, integration becames more

difficult, but in this case is possible. A Notice if n = l, Elrl% (f)z # +%’

but lim (r) is a constant. In the case n = 2,

Y-
=1 2
lim tan arv2 lim 1In -a/2r + a ) - .
= 0 and using 1'Hopital's
a»0 (2 2) a0 (r2+a/§r+a2
rule on (5.2-14) gives lim (,.::) = -2——2— + K as required. Also,
a0
lim (i‘)2 = K as in the Newtonian case.
Yoo
Example 5.2-6
Consider the equation,
v -cr
r= (r s / 3 a,cc fR)O. (5.2-15)
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It has all the required properties of a feasible dynamical
amendment to (5.1-3). In particular, lim r=O0andasr + =,

Y-

P -c .-— _c
r -+ ;2,11m s 2 .

a0 3

In this case, a first integral is particularly simple, being given

by

@? = Xy +x (5.2-16) .

? + a)

This clearly reduces to the Newtonian case as a tends to zero.

Example 5.2-7

In all the previous examples, an amended equation was considered
and the first integral found. A slightly different approach is to
start with a non-singular first integral which approximates to the
Newtonian case and derive the amended second order equation.

For mstance', consider the first integral of the fomm,
2n-1

r) 2 =—£‘—:—£—-—-—+K; a n 5e2=11
(r {r2n+ a2n £ IR>or EZBO ( )
Asr—>m,(;:)2 2C+Kandaslm(r) =-g-9+1<.
a0 =

Differentiating (5.2-17) gives a second order equaticn of the

form,

(2N4520) 2

r= (5.2-18)
By hypothesis, this is a dynamical amencent to (5.1-3) by

theorem 5.2-4. Also, lim r = -5-2 and lim r = 0 as required.
a0 r T

5.2.3) Bquations of the fom r = £(r) + ag(r,r)

The amendments so far considered are not sufficiently general to
allow certain desirable properties. In particular, they all have first
integrals and are structurally unstable. Thus, more general amendments
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to the Newtonian equation (5.1-3), of the type,

Y =£f(r) + oaglr,r) - (5.2-19)

are considered, where o is a small constant. (5.2-19) includes
the special case of (5.2-1), but does not, in general, have a first
integral. There are two basic questions to be answered. Firstly,

if £(r) = _92 as in (5.1-3), can g(r,f) be chosen so that (5.2-19)
h

has global existence of solutions? Secondly, if for o = O, (5.2-19)
is dynamical, what class of functions do g(r,r:-) belong to so that
(5.2-19) remains dynamical for o # O?

It is assumed that g(r,i') is not a function of r only, as
otherwise the equation is of the previous form. Notice that a
necessary condition for (5.2-19) to be dynamical is that both £(r)
and g(r,i‘) are continuous (g is both r and r).

Example 5.2-8

Consider the following special case of (5.2-19):-
¥ =) +al)? . (5.2-20)

In this case, the equation-possesses a first integral which is,

(r)2 = 2% {F(z) e 2L g 4 K} —

I dr Wb (5.2-21).
‘/29zmr {_ If (r)e gy + K]

where K and t0 are constants of integration.

Suppose that f(r) becames singular at same finite value of r = a say.
Then f £(r)e 2*T3r isanimproper integral of the second kind in a
neighbourhood of r = a. Whether or not this is convergent, the
integrand in (5.2-21) is perfectly well-behaved for almost all values
of K in a neighbourhood of r = a and so if the root is real in this
neighbourhood, the singularity is reached in finite time. Thus, if
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(5.2-20) does not have glokbal existence of solutions when a = O,
it does not have global existence of solutions for the given choice of
g(r,r) when a # O.

Suppose now then that (5.2-20) is dynamical for r = O, so that

f(r) is continuous and if 1lim £(r) does not exist, lim f£'(r) is
r+iw Yt

finite (f'(r) being continucus) ,if If(r)dr > - as r o+t e,

Whether or not lim f£(r) is finite, lim [Zezar {%(r) e T gr + K}:I
e rrie

will be infinite for almost all choices of K (it will be infinite

for all choices of K if 1lim f£(r) is infinite, for if ( IRf (r)e **Tar 4R) = |
Y+t

13'.m[2e2“r Uf(r)e"z“r de'+ K}] = lin flr)e OF )
oo o __.4e-2ar

Now as r + » , the integral of (5.2-21) is an improper integral
of the first kind, if the root is real. By theorem 5.2-2, and
1'H8pital's rule, the integral will be convergent as the dencminator
will be infinite, independent of the number of times of differentiation
from the above camments. Thus, fram (5.2-21) p = r will always
becane infinite in finite time (for almost all values of K) and hence,
even though (5.2-20) is dynamical for a = O, it is not for o # O,

(if Jf(r)d.r—**-w asr+>+=),

Exanple 5.2-9

Consider now another special case of (5.2-19), namely,
T=£f(r) + of(0)r (5.2-22)

The equation has a first integral given by,

ot o euzh(r)

m = ’ where h(r) = Jf(r)dr + K, (512-23)

(a #0). (K a constant of integration).

Equation (5.2-22) contains possible singularities at infinite
r and z.-, assuming that for o= 0, the equation is dynamical. It will
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only contain a singularity at infinite r if lim £(r) is finite.
Yot

Suppose in this case that lim Jf (r)dr is also finite, so that
rotm

ap
lim h(r) exists. Now lim s = 1im €*® and so is infinite.
I+teo p-*_'['_ma_ -+ G.__'D) p—rﬁw

Thus, if lim h(r) exists, by (5.2-23), r can never became
e

infinite and so the equation is dynamical. However, if

lim Jf (r)dr does not exist, even if lim f(r) is finite, the
Tt Yoo

equation may not be dynamical.

Notice that the chosen g(r,r) is bounded in the above example,
when (5.2-22) is dynamical and that the chosen g(r,r) in the
first example is not bounded, for values taken in phase space,
if f(r)> ~~as r + + =,

For the rest of this section, it will be assumed that (5.2-19) is
dynamical for « = O. It is seen fram the examples above that the
properties of (5.2-19) depend on the function g(r,r) as well as on
f(r). Certain properties that f(r) and g(r,#) must possess in order
that (5.2-19) is dynamical are now deduced.

Recall the definitions of closeness of analytical functions and
dynamical systems (definitions 3.10-2, 3.10-3). For functions of
two values, the usual nom is used, that is, if &,V are real functions
of two variables and are continuous in a region G of the x,y plane,

|8 - vl = swp [B(x,y) - v x,¥) | (5.2-24)
(x,y)eG
Consider the two-dimensional system (5.2-1) in (r,p) space and
the perturbed system (5.2-19).

Let P(r,p) = p and Q,(r,p) = £(r) + aglr,p). Denote
QO(r,p) by Q(r,p). Clearly, any function is §-close to rank S to
itself for any s and so (5.2-19) is s§-close to rank s to (5.2-1) in G
if Q, is §-close to rank s to Q in G, where G is a region of the
(r,p) plane. :
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Theorem 5.2-5

If g(r,p) is a continuous function of both values and is
analytic or Ck and bounded for all values of r and p taken in phase space,
then Qa (r,p) is &-close to rank s to Q(r,p) and so (5.2-19) is
§-close to rank s to system (5.2-1).

a
Proof
Now |Q(r,p) - Q (x| = |£() + aglr,p) - £()| = |a|[glz.p)]. (5.2-25)
(m+ny)  (ny+ny) (ny) (n,) (ny+ny)
md g 5o gl S e m e S o e
A £ p ¢ 1p 2
(I'll+n2)
'3 [U‘;“ grnlpnztr!p)l (5-2"26)

Whe-re nl + n2 = 1'2'..-'53

glr,p) is bounded for all values of r and p and so, |g(r,p)| < M
say, where M ¢ ER)O. Then fram (5.2-25),

| te/p) - o, (&P < o] M.

Thus, if [a] M < 6‘=‘:>lu[<%; Q is s-close to rank O to Q.
(n3+n2)

If g(r,p) is bounded and amalytic,or C°, |g | < N, where
Mpt2

& ok T ; .
N eR ,for nytn, =1,...s.<k. If Jo] e = GE ¢ % is §-close

to rank s to Q.

Hence the result. -
Having proved that (5.2-19) is §-close to rank s to (5.2-1), if

it is known that (5.2-1) is dvnamical, it is an easy step to show

(5.2-19) must also be dynamical, using the following thecrem ('3-clcse’

meaning $-close to rank 1' if no rank is stated).
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5
Theorem 5.2-6

Let x = £5(t-t°: rofpo) ¢ P = b(t-t_,r_,p) be the solution
of (5.2-1) corresponding to initial conditions t s T Py that is,
#O,x p) =r,, VO, ,p) =p,. Let the solution be defined

for all £t in sane interval t < £t < T. Let 1 be two numbers

(A
such that, Tt < Ty < to < Ty < T. If L is the orbit corresponding to

the above solution, let the segment of L corresponding to rlstsrz

be campletely contained in the closed region G ard let r =
* * * * * *
Bt - tyy X, rPy) P=y (t-t,x_, p ) be the solution of
* %

(5.2-19) corresponding to the initial conditions tor T4 0 Py

Iﬁlenforany e >0,dn > 0, § > 0 such that if,

* *
(1) les Fe] < w jpsirpiFean

(i) system (5.2-19) is d-close to system (5.2-1) in G, the
solution of system (5.2-19) is defined for all t, Ty § g Ty
and in this time interval, |g* - 4| < ¢ and
W -] <e .

If system (5.2-1) is known to be dynamical, the soluticn
r=g$,p=¢isdefinedforalltandsorandTandhencerl,rz
can be chosen arbitrarily large. If (5.2-19) is &-close to
(5.2-1) in the whole (r,p) plane, then the region G can be made
arbitrarily large, and by theorem 5.2-6, the solutionr =g , p = §

can be defined in an arbitrarily large interval of t.
Thus, we have the following Corocllary, using theorem 3.3-2.

Corollary 5.2-7

If, for a = 0, (5.2-19) is dynamical, and g(r,p) is continuous
and analytic or Ck and bounded for all values of r and p taken in
phase space, then (5.2-19) is dynamical for a # O.

D
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Consider again equation (5.2-20) of example 5.2-8. In this

case,

glr,2) = g(r) = 22 = 2e°°F { [f(r)e"z“rar + K } (5.2-26)

from (5.2-21). It was shown in the example that r + « in finite
time for almost all values of K if r is real, so fram (5.2-26),
glr,r) can certainly became arbitrarily large in finite time.

This agrees with the fact that (5.2-20) is not dynamical for a # O
in this case.

Consider now equation (5.2-22) of example 5.2-9. Here,
glr,r) = rf(r). A necessary ccndition for g(r,r) to be bounded
is that f£(r) is bounded for all values of r taken in phase space.
Fram the example, if lim [f(r)dr is finite, r never becames

Yrrtoo!
unbounded, so that by Corollary 5.2-7, the equation (5.2-22) must
be dynamical, agreeing with previous results. This result is
generalized in theorem 5.2-8.

One of the most useful sub-class of equations of the type
(5.2-19) are equations of the Liénard type

T =£@) + aglr)r . (5.2=27)

By Corollary 5.2-7, if (5.2-27) is dynamical for a = O, it
will be dynamical for a # O, as long as pg(r) is bounded and analytic
(or at least cl) for values of r and p taken in phase space. Clearly,
for this to be so, g(r) nust be bounded and analytic (or at least
Cl) , for values of r taken in phase space. However, this condition,
although necessary, is not sufficient.

Theorem 5.2-8

If, in (5.2-27), £(r) and g(r) are analytic and tend to zero as

r + t», and, in addition, lim |£(r)dr and lim Jg(r)dr are finite,
I+t It

then the equation is dynamical for all values of a.
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Proof

The equation is dynamical for o = O by theorem 5.2-4. Also,
f(r) and g(r) must necessarily be cl in order that (5.2-27) is
dynamical from theorem 3.3-2. As a first order system, the equation
becames,
r
{5

Fram Corollary 5.2-7, it is sufficient to show that p is
also bounded for all r taken in phase space. Now fram (5.2-28),

i

P (5.2-28)
f(r) + apg(xr)

PR = £(r) + apg(r) (5.2-29)

If £(x), g(r) do not contain singularities for finite values
of r, p(r) cannot contain singularities for finite values of r.

(To see this let p a e

“nko %n
be fractional or negative. Substituting into (5.2-29), it is easily
" seen that p = O, so that if f and g are analytic in r, so is p).

where ae R for each n and p may

Thus, p(r) can only possibly becane unbcunded as r »+ = = .
Let q = 2jf(r)dr + K+ aI g(r)dr ==

' = af ix) + aglr)g (5.2-30)
(g - uj g(r)dr)
Thus, by hypothesis, (5.2-30) is asymptotic to (5.2-29).

Notice also that lim g is finite and so p must also be finite as
rtow

required.
equ B
Of course, (5.2-27) may still be dynamical if not all the
conditions of theorem 5.2-8 are satisfied. For instance, f(r) and
g(r) need only be cl, Also, in certain cases, lim |g(r)dr need

Y>to
not be zero, so long as r + + «» in infinite time. For example,
oot B €

r =
r2+a2

is dynamical.
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5.2.4) Dynamical Amendments to the One-dimensional Newtonian Equation
of the type r = £(r) + arg(xr)

In order for (5.2-27) to be a viable amendment to (5.1-3),

f(r) -—7"92 as r + += as usual, so that f£(r) satisfies the conditions
r

of theorem 5.2-8 if £(r) is also analytic. Notice in (5.1-3) that r
isbcnmdedasr+iwandsomanyreasonableamenchrentfshouldbe
bounded and g(r) should therefore satisfy the conditions of theorem
5.2-8 if it is analytic. The condition on Ig (r)dr will be satisfied

if lim ™ g(r) is finite for n > 1. So, for instance, viable amendments
I
to (5.1-3) are given by (5.2-27) with g(r) satisfying the above criterion

‘and f(r) as in examples 5.2-3 to 5.2-7. Specific examples will be
‘given in the next section when certain prcperties of the amendments
are considered.

5.3) Properties of the Zmended One-Dimensicnal Newtcnian Equations

In this section, various properties of the dynamical amendments
of (5.1-3) of the Liénard type,

T =£(r) + aglr)r (5.3-1)

are investigated. In order that (5.3-1) is a viable, dynamical
amendment to (5.1-3), |a| <<1, f(x) —~ -9-2 as r ++= and is

+eo

at least Cl and g(r) is also at least c T with J g(r)dr finite.
R

These conditions will be assumed throughout the section.

5.3.1) Critical Points

As a system, equation (5.3-1) becames,
gyl - (5.3-2)
p=£f() +aglx)p

Il

One of the most impertant aspects of (5.3-2) is the nature of
its critical points, if any, especially if (r,p) = (0,0) is a critical
point, for then we are considering, in effect, the nature of the
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transformed singularity. Notice critical points are given by

p=0, £f(r) = 0. It is shown in this sub-section that the critical
point can be assigned any topological character by choosing the functions
f and g suitably.

Let (r,p) = (a,0) be a critical point of (5.3-2), so that
f(a) = 0. The linearized system is given by
r 0 1 r

g (5.3-3)
p £' (a) ag (a) P

expanding the right-hand side of (5.3-2) about (a,0) using Taylor's
series.

Eigenvalues of A = 9 : are given by,
£'(a) ag (a)

22 - aagla) - £'(a) =0 =

ag(a) + /azgz(a) + 4f' (a)
2

(5.3-4)

Clearly, (a,0) is simple if f'(a) # O. The following lemma
easily follows fram lemma 3.5-1, theorems 3.5-2 to 3.5-4,

Lemma 5.3-1

Let (a,0) be a critical point of (5.3-2). (a,0) is simple if
f'(a) # 0 and, in this case,
(1) If £'(a) < O and ag>(a) > -4£'(a), (a,0) is a node.
(ii) If £'(a) > O, (a,0) is a saddle point.

(iii) If g(a) # 0 and c:zgzta) < =-4f'(a), (a,0) is a focus.
(iv) If g(a) =0 and £'(a) < O, (a,0) may be a multiple focus
(and possibly enclosed in a limit cycle) or a centre.

(v) If £'(a) < 0 and g(a) = /£§5& , (@,0) is a node.
(s ]
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Notice if a = O in (5.3-2), this is equivalent to having
g(r) = 0, and only parts (ii), (iv) of. the lemma are appropriate,
that is, it is not possible to generate all types of critical
points.

Suppose now that (a,0) is a multiple critical point, so
that f'(a) = 0. Then A = 0 and A = ag(a) are the roots of (5,3-4).
Thus, (a,0) is a multiple critical point of the first kind only
if g(a) # 0, (and a« # O).

Theorem 5.3-2

ILet (a,0) be a critical point of (5.3-2). (a,0) is multiple
of the first kind if £'(a) = 0, ag(a) # 0. Let ny be the lowest
integer such that £ (a) # 0. If n, is even, (a,0) is a saddle
node. If ny is odd, (a2,0) is a node if f(nl) (a) < O, otherwise

it is a saddle point.

Proof

It is assumed that, without loss of generality, a = 0. (If
a # 0, the proof is the same except that functions are expanded
about r = a where appropriate).

In order to apply theorem 3.6-1, (5.3-2) has to be expressed
in the canonical form (3.6-4). Let ag(0) = g and,

R=p~- gr
= Bt

It is easily seen that the linear transformation (5.3-5) reduces
(5.3-2) ‘to the fom,

{ R = ]-/B h(RpP) ‘,5.3-6)
P = P+ 1/8 h(R,P)
where h(R,P) = £ ( ) (g( ) g(©0))P (5.3~71

(so that h(R,P) contains no linear terms and h(C,0) = O as required), and
a dot now denotes differentiation with respect to r.
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Following the notation of theorem 3.6-1, let,

P =g(R) = a2R2 +a®d+a S O (5.3-8)

where ay eR (i 3 2), be the solution to,

fci’%“-)i ¥ apgc-"'-’-'s;lia =0 (5.3-9)

as, by hypothesis, @ is analytic where g(0) = g'(0) = O.

As f and g are analytic, the power series (5.3-8) can be
substituted into (5.3-9) and coefficients campared, so that

values are obtained for the unknown constants a T Then,

VR = { c@-> + afgEBR) - g(O)}gscR)} (5.3-10)

using (5.3-6). By theorem 3.6-1, W(R) has the form o r" where

m 32, A #0. As y(R) is analytic, the coefficients of " in
its power series can be found using the values of its derlvatlves
at O, that is, m! A = wm@for each m. Using (5.3-10) it can
be seen that,

y'o) =£"©/¢

(o) " 0)/83 - 38" 018 " (0)/8% - :—“ gt 08" ©)

Il

B Y

8 v80) = £ 01" + 6" (016" 01/

+ 38" 08 " (0)/8% - 4 "O18 " (01/82
~tag "' 0)g" (0)/8 + 68" ©) {g ©0)/82 + go)g " cops}

(5.3-11})

with higher order derivatives becaming increasingly camplicated:- Using
Liebnitz theorem,

o B

o
+ 0,082 (rip%g EELR)) 2@,

"111—

i 29(-"—5-%"5)[03 ns 3, (5.3-12)
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The above expressions may be simplified by expressing the
derivatives of # in terms of the derivatives of f ang g. Substituting

2 3 2 2 3 3
\! a a a a R
£ ) (R , 3 R e %P P
T {§+—B + = +...}+ P2 {B+—B e +...}+..
a
+a(a2R2+aR3+a4R4+...){-@-+g (o){—% —:R—+ }
a.

+9___(0_{ =+ 2R } }so. (5.3-13)

2

Camparing coefficients in the above identity and substituting
the results into (5.3-11),

1] 3
£ )/
™ o)/p! + 3¢ " 0 if "o +dpgt ) § /¢’

v (0)

W

<=
S
I

o %%0) = £4Y) 0y g5 - £ ”(0){ 66 (0) + 3f  (0)8 + 6aggy" co>z Y

+ 6 og' (0) (£ " (0))2/8®

(53-1)

1] 1 3 | 3
4{f (0) +aBg'(0)}x{f ©)/8~ - 6£ (0)/B™ x

k &ug' éo) A 3 (g)] } /a3
8
Higher derivatives are cbtained by substituting for the derivatives

of ¢ in (5.3-12). Every temm except in the expression for ll'J(n) (0)
is multiplied by an mth derivative of £, evaluated at R = O, where
m< n, as can be seen for n = 2,3,4 from (5.3-14). Thus by theorem
3.6-1, if £” (0) # 0, the critical point is a saddle-node. If

“©) =0and £ (0) # 0 then the critical point is a node if

" ©0) <0 or a saddle point if £ (0) >0. IfE£ ' (0) =0,
£4%) 5) 20, (0,0) is a saddle-node, and so on. Hence the
result. w

It is interesting to note that the character of the critical point
does not depend on ¢(r) beyond the fact that g(a) # O.
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Clearly, if (a,0) is a multiple critical point of the second
kind, then £'(a) = g(a) =0, (or else « = 0).

Theorem 5.3-3

If (a,0) is a critical point of (5.3-2), it is multiple of
the secand kind if £'(a) = 0 = ag(a). Let k be the lowest integer
such that f(k) (a) # 0. Let 2 be the lowest integer such that
gm (a) # O.

(1) If k is even, let k = 2m. (a,0) is a degenerate point if
£ > m and a saddle-node if 2 < m.

(2 2 (k)
(ii) Ifk isodd, let k = 2+l and ¢ = (9-—{—);(&) + 4&n+1)iﬁ-!—@-

(a) If f(k) (@) > 0, (a,0) is a saddle point.

(b) 5 S 3 f(k) (a) < 0, (a,0) is a focus or centre if 2 > m or
L=mand u < O0; ancde if 2 iseven and 2% < m or is
even and £ =mand u 3 O; a critical point with
elliptic region if 2 isoddand 2 <mor 2 =m, 205

Proof

The system (5.3-2) is already in the canonical form (3.6-10),
assuming without loss of generality that a = O.

p=£(x) + opglr) =>
W '
£t o e e }

P% i i ' 4l

2 W

\\! 3 :
+np{9'(0)r+9—2—.@-r + 10, } (5.3-15)

Camparing (5.3-15) with the canonical form (3.6-11) and
using theorem 3.6-2 the result follows.

Example 5.3-1 .

Consider the system,



=P
o
{1', _ 2 tabr) , ap (5.3~16)
m r? L+r?

where a,c eIR>0a1ﬁ o €R.

ke i 3
Itiseasytoseet}mtf(r)=3—qgin—2—1bLa:ﬂg(r)r—"i—i—fz
T o

satisfy the conditions of theorem 5.2-8 and so (5.3-16) is a
dynamical amendment to (5.1-3).

The only critical point is situated at (0,0), and £'(0) = '"2—:‘9 ;
g(0) = 1. Thus, by theorem 5.3-1, the origin is a simple critical
point. Using the same theorem, there are three possibilities:-

2 < gbc
™

gbc
m™

(a) (0,0) is a focus if a
(b) (0,0) is a node if a2 P

(c) (0,0) is a centre or multiple focus if o = O.

If (5.3-16) is to be a viable amendment of (5.1-3),
la] << 1, p>>1 and so case (b) is not at all likely! If, however,
=2C tan b

f(r) = = rz r

nz5 and odd in (5.3-1), (0,0) is a ncde

irrespective of the value of a.

Example 5.3-2

In order that (5.3-1) has a saddle point, say at (0,0), £'(0) > O
by theorem 5.3-1 and so we can take a = O, without loss of generality.
=2C

If (5.3-1) is to be a reasonable amendment to (5.1-3), f£(r) » i as
r

r»>= and so £(r) =0 for sane r, O < r < = ., Thus, the equation has
at least two critical points.

-1 3
For example, taking £(r) = =& L2 (;nll bl
T I
f(r) =0atr=0and at r = 3/5. Using 1'Hopital's rule,
£(0) =0, £'(0) =% > 0 and so (0,0) is 2 saddle point. Also,

; iy (34/5) = -6~:— < 0 and so (3/5,0) may be a centre or multiple focus.
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Example 5.3-3

Consider now the system,

Y =
{ PN % ~ (5.3-17)
»  =cr opr
it VS
™+ a 1+r

where n 3 Q» &2, c¢ [R:»o' a e R, n',mez

(5.3-17) is dynamical using theorem 5.2-8 and theorem 5.2-1.
Again, the only critical point is situated at the origin.

Case One Ifm=0, g0 =1, £'(0) = 0, and so by theorem
5.3-2, (0,0) is a multiple critical point of the first kind.

2n 4n

l-£_ +£__ - -.-.} [r[ r [al

Now £(xr) =
aZn r:fm

—or 22 —cr 22 {

* 4 21‘1'|" azn azn

and so the first non-zero derivative is fmn_Z) (0) = %(2&1—2)!
' a
Thus, (0,0) is a saddle-node for any value of n.

Case o Ifm=1or 2, g(0) =0, £'(0) = O and the origin is &
mualtiple critical point of the second kind - theorem 5.3-3 is
appropriate.

D {l_r2n tn

o B G m w4 8_
Now p = 7 2n+a¢tn } + apr {lr o 22

Using the notation of the theorem, k is always even and & = 1 or 2.
Thus, if m= 1, (so that £ = 1), (0,0) is degenerate if n =2 and
a saddle-node if n >2. (0,0) is degenerate form=2 (2 = 2) and
n= 2 or3 and a saddle-nocde if n > 3.

a

Notice, that if o« = O in (5.3-1), there is no choice of £(r)
which will make a given critical point multiple of the first kind.
Also, the possibilities for a multiple critical point of the second
kind are limited. Using theorem 5.3-3, it can be seen that it can
only be a saddle point, focus, centre or a degenerate critical point,
It is interesting to note that exactly the same restrictions on the

types of critical points obtainable are imposed if in (5.3-1), a # O
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but £(r) = g(x).

5.3.2) Stability of Orbits

Equation (5.3-1) is of the Liénard type and it is well known
that a suitable Lyapunov function is given by,

L(r,p) = %pz = Jr £ (r)dr (5.3-18)
o]

for the equivalent two-dimensicnal system (5.3-2), where it is
assumed, without loss cf generality, that (0,0) is the critical
point of (5.3-2) in questicn.

r
p2 2 J f(r)dr and so is trivially true
‘o

S

Now L(r,p) > O if

>
if Jo £(r) is negative.

Lo L Z LR (5.3-19)

Thus, the stability of (0,0) deperds on the nature of o g(r)
in the neighbourhood of the point, r = 0. The following lemna
follows immediately from theorem 3.8-2:-

L

Lemma 5.3-4

r _
If%pz-Iof(r)dr>Oand ag(r) s O for all r is a

neighbourhood of r = O, then the critical point (0,0) of (5.3-2)

is stable. a

Notice asymptotic stability cannot be concluded in this case

since g—l'; is never negative definite, no matter what the choice

of ag(r) is.

Notice also that in the case a=0, %—LE = C fram (5.3-19) and

so L is constant - this can also be shown to be true in this case
by substituting the known first integral (5.2-4) into (5.3-18).
Thus, so lang as L > O in a neighbourhood of (0,0), the origin is
stable by lemma 5.3-4.
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Notice that fram (5.3-18) L(r,p) + = as |(r,p)| + = , and
so in certain cases, theorem 3.8-4 may be useful:-

Lemma 5.3-5

If L(r,p) is positive definite in the whoie of (r,p) space,
ag(r) < O for all r and (0,0) is the only invariant subset of
p2ag(r) = O, then the critical point (0,0) of (5.3-2) is glcbally
asymptotically stable. ' ":

Notice asymptotic stability cannot be concluded in the case
o = O as then ag(r) = O on the whole of K.

| Recall that the eigenvalues of the matrix associated with the
' linearized system of (5.3-2) are given by (5.3-4), so that the
' following lemma follows fram theorem 3.8-1:-

Lemma 5.3-6

If the origin of (5.3-2) is a simple critical point, it is
stable if ag(0) ¢ O and £'(0) < O. The origin is asymptotically
stable if ag(0) < O. o

Any of the above lemmas may be used on any particular system.
It may happen that one gives more information than the others. . In
certain cases, Lemma 5.3-4 can be used to conclude asymptotic
stability by constructing a modified Lyapunov function.?

In the case of a multiple critical point, Lemma 5.3-6 is not
applicable - clearly a saddle-node, or degenerate critical point
are not stable in the usual sense. However, there exist certain stable
multiple critical points such as nodes and in order to prove stability
in these cases, we must resort to the Lyapunov method.

If (0,0) is the only critical point of (5.3-2), then the region
of stability must be the whole of phase space. If there exists more
than one critical point (for instance, if £'(0) > O in the amended
Newtonian cases) the region of stability may be calculated using the
Lyapunov function (5.3-18).
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- Example 5.3-4

Consider the system,

r=p _ (5.3-20)
il T,
e 3/2 4

@ + a) 1+r

where ¢ ¢ R,  and lal, |a| << 1.

2
Notice f(x) ST me R and g(xr) = L

3/
{r2 + a2) - 1+ :l:'4

analytic and bounded and that lim Jf (r)dr and l:lm[g (r)dr are
e oo

both finite, so that (5.3-20) is a viable amendment to (5.1-3)

by theorem 5.2-8. (0,0) is the only finite critical point and

£ro)= " 93 <0, g(0) = 0. Thus, by lemma 5.3-6 (0,0) is
a L

stable, (being simple). Notice that fram lemma 5.3-1, the origin
rmust be a focus or centre.

Stability may also be concluded by the use of the Lyapunov function,

s 2 - ¢
g WP 2 + "

2 J’r r ar

i (e
Ler,p) =5p° + ¢ « £
' 2 & (r2+a2) a

Clearly L(0,0) = O and g < for all r =2L(r,p) is
a (rz & a2)?5

2 2
positive definite. % - “—u——a— = (0,0) is stable if o < O,
t K o

by Lemma 5.3-4, but need not be asymptotically stable.

Notice, if (5.3-1) is assumed to be dynamical, all soluticns
must be extendable to all values of t. The equation is stable in the
sense of Lagrange, if, in addition, all the scluticns are bounded for
all values of t and so, in particular, do not go to the edge of the
given manifold at infinity as t tends to infinity. If (5.3-1) is

defined on [R2, it can be shown that the solutions are bounded for
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t 3 O if the Lyapunov function L is positive definite on R and

tends to infinity as |(r,p)|>= ad if S50 on R

5.3.3) Closed Paths of ¥ = £(r) + ag(x)r

The question of existence of closed paths of equation (5.3-1)
is now locked into. Studying Dulac's test (theorem 3.5-7) and the
criteria for differentiating between a focus and centre using focal
values (section 3.10), it is clear that it is easier to prove there
do not exist closed orbits in phase space, rather than prove
existence!

Applying Dulac's test to the two-dimensional system, (5.3-2),
the following lemma is obtained,

Lemma 5.3-7 (Dulac's test)

Let G be a simply connected sub~region of the damain of the
system (5.3-2). Let B{r,p) be a C function defined in G such that
the functim;

' RB 3B =
aBg(r) + se b %p (E(x) + apg(x)) ‘ (5.3-21)
does not change sign. (It may vanish at finitely many isolated
points or on smooth curves, but has the same sign at all other points
of G). Then there are no simple closed curves in G which are unions
of the paths of system (5.3-2). 0

In the case&# 0, Bendixon's test may prove usefulif - B =1 in
(5,3-21), Lemma 5.3-7 states that there are no simple closed curves
in G is g(r) does not change sign in G (g(r) can be zero at a finite
numnber qf points). However, if q= O in (5.3-2), there is no ‘
information as then (5.3-21) is identically zero, (and so is zero
at an infinite number of points). In this case, same information can
be cbtained by letting B = p in lema 5.3-7:-

‘Corollary 5.3-8
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Let G be a simply connected sub-region of the damain of
definition of the system (5.3-2). If f(r) does not change sign,
then there are no simple closed curves in G which are unions of
the paths of the system (5.3-2) with o = O. S

It can be shown, using the Poincare/ index, that any closed
curve contains a critical point in its interior?, s0 1f {5.3=2)
has no critical points, there can be no closed orbits.

The most important cases of a system of the type (5.3-2), as
far as dynamical amendments of (5.1-3) are concerned are where
£(0) = 0 and (0,0) is the only critical point. Then in order for
there to be a closed orbit, it is necessary for the linearized
system about (0,0) to have a matrix with purely imaginary
eigenvalues, that is, g(0) = O and £'(0) < O (by theorem 5.3-1).
If it is possible to differentiate between a focus and a centre,
it is possible to prove there exists a pericdic solution, or no such
periodic solution exists. One way this may be able to be done is
by using Lemma 3.5-6:- In the case of (5.3-2), it can easily be
seen that orbits are symmetric with respect to the p axis if
f(r), og(r) are odd functions of r.

Lemma 5.3-9

If (5.3-2) has a critical point at (0,0) and g(0) =0, £'(0) < O,
and in addition, f(r) and ag(r) are odd functions of r, then (0,0)
must be enclosed in cne or more periodic orbits. :
o
Notice in the case &« = 0, all orbits are symmetric with respect
to the'r axis, no matter what the character of f£(r), and so by Lemma
3.5-6, we have,

Lama 5.3-10

If (5,3-2) with & = O possesses a critical point at (0,0) and
£'(0) < 0, then (0,0) must be enclosed in a system of ane or more

|66



periodic orbits.

It can be seen that if o« = 0 in (5.3-2) and f(r) is an odd
function, orbits are symmetric with respect to both r and p axes.

Exanple 5.3-5

Consider the dynamical amendment to (5.1-3),
r=f() = Sl O e R, Ial << 1. (5.3-22)

(see Example 5.2-1). Clearly f(r) never changes sign and so
(5.3-22) has no periodic solutions by Cor. 5.3-8.

(The equation, as a system is (r,p) space, has no critical
points and so the result follows without using the Corollary in
this case).

Example 5.3-6

Consider the dynamical amencment of (5.1-3), (by theorem 5.2-8),

{5: = p c,a,a € R, |a|<< 1. (5.3-23)
: .
= =——m—a—— (op =~ C)
(r%+a?) /2
Clearly f(r) = . fia e g g(r) are both odd functions

(2 + a2)3/ 2
and (5.3-23) possesses a critical point at the origin. Morecver,
-C

g(0) = 0 and £'(0) = =3 < 0. Thus, by Lemma 5.3-9, the origin
a

must be enclosed in a pericdic orbit. The result also follows by
Lema 5.3-10 if « =0,

Example 5.3-7

Cansider the equatians,

l6F



s 3 S (5.3-24)
s L P ol lbr + oP
P S mueiie o

T r 1+4r
These represent a dynamical amendment of (5.1-3) by theorem 5.2-8

The only finite critical point is situated at (0,0).

If a #0, glx) =

12>0forallrandsotherearenoclosed
14r

paths. In contrast, if a =0, £'(0) < O=>the origin is a centre
or multiple focus, By lemma 5.3-10, (0,0) must be enclosed in one
‘or more closed orbits.

If o # 0 and £(r) and g(r) are not odd functions, in general it
is difficult to prove the existence of closed orbits. However, if a
given critical pointhas a purely imaginary eigenvalue it can be
proved to be a focus using a finite number of eguations. This then
excludes the possibility of the origin being a centre and hence an
infinite number of closed orbits, although it does not exclude the
possibility of the existence cf limit cycles.

Consider the system,

{r=p (5.3-2)
p = £(r) + apg(x) -

with f(OJ =0, £'(0) < 0, g(0) = 0, so that (0,0) is a centre or
multiple focus. ( o # O, otherwise (0,0) is known to be a centre
by lemma 5.3-10.)

Consider the linear transformation,

e (5.3-25)
P= p

where 82 = -£'(0) > O. Then (5.3-2) is reduced to canonical form,

(;

gP
€ R Ry
6R + E@g(s) +£8) + ¢r)

(5.3-26)

I
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Assuming f,g to be analytic in a neighbourhood of the origin,
let

s i, g -3 4. 4
C(r) = £ir 4+ 7L + 87T + 8T, r +ul (5.3-27)
2002 < [ 4 4
(r)=Bglr+Bg2r +Bg3r +8g4r B e
where fi'gi are constants and fl = —Bz. Transforming to polar

co~ordinates P = pcosd, R = psing, (5.3-26) becames, using (5.3—2:7),

% = {fzpzsinza + f3935m39 st cxpC'OSB(glpsinB + gzpzsinzs +...)} cosh

B + £,08in”0 + £30%sins +...+ asinocoss (g;psing + gye2sinZs+...)

(5.3-28)
i

- il n I
Let { An = fns:i.n 8cose + acos 6sin 69,1

— . tane (5.3-29)
Bn- 8 An+1

Substituting the expressions (5.3-29) into (5.3-28), we cet,

cd—i% = ezp2 + eBp3 + e4p4 +oeot enpn S (5.3-30)
where n,
8en = An - An-lxl + An_zhz e (_1) zxn_z
= \ (5.3.31)
Xo 1 {
X = Af.L i (-pital g }
i=n -
COMBINATIONS *“

As in definition 3.10-4, let p = F(8;0,0_) be the solution of
(5.3-30) satisfying the initial conditicn F(c:-vo,,:-o) g o
Expanding F(8; O,po) in temms of powers of thzs initial value,

p =F(0; Opy) = uy (0)p, + uy(0)p2 +ugle)o) + ...  (5.3-32)
where, by hypothesis, ul(O) =1, u, O) = ... = un(O) = 0.

Substituting (5.3-32) into (5.3-30) yields a differential
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recurrence relation for ui(B) by camparing coefficients of p On.
By definiticon,focal values are calculated fram,

a'(@) = u1(21r) s <
{ (5.3-33)

a% o) =kt u (2n)

| Thus, by finding each uy (8), it is clearly possible to cbtain
conditions on £(0), g(0) so that (0,0) is a multiple focus of
multiplicity n. In this work, only the third focal value is
considered and this leads to a simple condition for (0,0) to ke
a multiple focus of multiplicity one and hence exclude the possibility
of (0,0) being a centre.

From (5.3-32), (5.3-30),

Il

ul‘ (8) o]

2 (5.3-34)
St

1

uz‘ (8)

& : 3
u3' (8) = 2e2u142 + equy

0
. - = 1
Mg ul(e) = 1=‘;u2(e) 2 JO A2 de.
S 316 2 2
. uz(e) S Jo(fzsin g cosf + acos asmagl)de =3
s e Ly +k 23 !
u2(€=) =38 (;2 sin™® - ag, cos 9) (5.3-35)

Thus, fram (5.3-34), (5.3-35), (5.3-33),

/ 2" 2e .
a0 =6 I (2 (£, sin’ - ag; cos®) +e;) do  (5.3-36)

o If
Substituting the expressions (5.3-31), (5.3-29) into (5.3-36) and
noting some temms are zero when integrated,

1y 211'

a8 oy =e JD r“glfz (sins cos®s - cos’ssine)

——
38

+% (agcosssin’s - 209:fy  sindscos?s )} 8 =
111 B
a0y ek Bg - M5, (5.3-37)
2 9% =2
g
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using Wallis's reduction formula 8.

Substituting for 91'92'6' and £, in (5.3-37), the following

2
theorem is obtained:-

Theorem 5.3-11

If (0,0) is a critical point of (5.3-2), it is a multiple focus
of multiplicity one if a #0, £'(0) < O, g(0) = O and,
£'(0)g"(0) + g'(0)£"(0) # O. =
The conditions of the theorem are no satisfied if o = O or if

g(r), £(r) are both odd, agreeing with lemas 5.3-9, 5.3-10.

5.3.4) Structural Stability and Bifurcations

Applying thearem 3.9-1  to (5.3-2) defined on R°, we have,

Theorem 5,3-12

The system (5.3-2) is structurally stable in.a closed region G

of ®® if and only if, ;

(1) there exists a finite number of critical points at (ai,O) say and
ik (ai) # O for each a; and g(ai) =0, f'(ai) < 0 do not hold

simultaneocusly for any r = a;i

(ii) if there exist closed paths, then these are simple limit cycles,

that is, if r = g(s), p=¥(s), then J = a JT g(#)ds # O where
o)
t is the pericd of g and .

(11i) there are no orbits going from saddle point to saddle point.

Notice that the conditions of the thecrem are not satisfied
throughout the plane if (5.3-2) is dynamical and « = O and this
agrees with the fact that (5.3-2) with o« = O has a regular first
integral. '
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Suppose that (5.3-2) has no closed orbits. If it is to be
a viable dynamical amendment to Newton's eguaticn, it has been noted
earlier that the origin is a saddle point only if there are at
least two finite critical points (see example 5.3-2). If the
origin is the only finite critical point, condition (iii) of
theorem 5.3-12 is trivially satisfied in a closed region G < IRZ.

Thus, we have the following corollary.

Corollary 5.3-13

If in (5.3-2), £(r) -r-—g-zas r+= (Cce IR}O) and the system
r

has only one finite critical point situated at the origin and
g(0) =0, £'(0) < O do not hold simultaneously, then the system is
structurally stable in a closed region G of IR2.

o

Example 5.3-8

Consider the dynamical amendment of (5.1-3) given in example
5.3-1, namely,

r=p
¢ -2 tan (br) . op

£ w r2 1+r2

(5.3-16)

where b >>1, |a|<< 1.

The origin is the only finite critical point of the system and
£'(0) < 0, g(0) = 1. By Corollary 5.3-13, the system is structurally
stable if a # O.

Having looked at the sub-class of equations of the type (5.3-2)
which are structurally stable, we now lock at the bifurcations of the
structurally unstable types. If (5.3-2) has a multiple critical
element, there are systems close to (5.3-2) which have a number of
simple critical elements equal to the multiplicity,

Suppose that a critical point of (5.3-2) is a centre or multiple
focus. A way of differentiating between the two cases has been discussed
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in the previous sub-section. If, without loss of generality,

(0,0) is a multiple focus of (5.3-2) of multiplicity k, then

by theorem 3.10-1 , there is a system close to (5.3-2) which possesses
exactly k closed paths.

Example 5.3-9

Consider the following dynamical amendment to (5.1-3),

r

P
e 2 tan br> | op.r’ (5.3-38)
T I:2 1+1’:‘1

where b>>1, |a|<<l. The origin is the only finite critical point and

£'(0) = -??C— <0, f"(0) =0, gl0) =0, g'(0) =0, g"(0) = 2,

The system is structurally unstable by Corollary 5.3-13 and (0,0) is
a multiple focus of multiplicity one if a # O, by thecrem 5.3-1l.
Thus, by thecorem 3.10-1, , there is a system close to (5.3-38)
possessing one simple limit cycle. For example, consider the
system,

H .
il

P (5.3-39)
-1 3 2 '
I Y G S
T : Y 1+r

Lo K0
I

where p is a small parameter.
It can be shown that, in this case, for sufficiently small values of u,

(@) if a > 0O, for p < 0, there exists a stable focus and one
unstable cycle;for u > 0, there exists an unstable focus and
no cycle.

(b) if 4 < O, for > O, there exists a stable focus and no cycle ;
for yu < 0, there exists an unstable focus and a stable cycle?

Consider now the case where (0,0) is a centre of (5,3-2) (for
example, if a = 0 and £'(0) < 0). In this case, there is a
neighbourhood of the origin which can be campletely filled with
concentric paths of (5.3-2). Thus, by theorem 3.10-2 there is an
analytic function p (r,p) defined in G such that,
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°P (5.3-40)
pf(xr) + ap pg(xr)

—h—,
e K-
i

is Hamiltonian. If o =0, p = 1 trivially satisfies the partial
differential equation of theorem 3.10-2 , and the system (5.3-2)
is already Hamiltonian in this case, with,

2
H(x,p) = jfmar—g :

In this case, theorem 3.10-3 , is appropriate and so there exist
systems close to (5.3-2) possessing an infinite number of structurally
stable limit cycles. One particular perturbation of (5.3-2) with

a =0 is (5.3-2) with a # 0. Using the notaticn of theorem 3,10-3,

it is seen that in this case,

fltr,p) _JO fn(r,p) 8= O
g, esp) = pg(x); g,bep) = .. =g (x,p) = ou =0,
n

so that,

I=a ” g(r)drdp and L = ur g(#(s))ds, where G, is the
Go i
region enclosed inside a chosen closed path C and r = g(t) is the
motion corresponding to the path C.

Notice I can be integrated with respect to p first as (5.3-2)
has a first integral ( 5.2-4 ) if a = 0. Notice also that any

closed curve nust be symmetric about the r axis by lemma 3.5-6

rl

e I=2 J (g(r)\/z Jf(r)dr + A )dr
: 2 (o)

where X iry are the least and greatest rocots of ZJ’f(,r)dr%\.O =0

and L_ is given by p? = 2Jf(x)dr +A_.
Thus, we have the fcllowing Corollary to theorem 3,10-3

Corollary 5.3-14
Let C be a closed path of (5.3-2) witha =0, r = g(t) the
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motion corresponding to the path,t the period of the function g,
and Go the region enclosed by C.

1 ;
IfI= Jj'o (g(x) \éJf(r)dr + Ao dr = 0, where L ity

are the least and greatest roots of 2If (r)dr + Ao = O respectively
and C is given by p2 = 2|f(r)dr + A, and,

L

T
L= L g(8(s))ds # O,

there exist ¢ > 0, & > O such that for every a, |a| <8
(5.3-2) with o # O has a structurally stable limit cycle in U (C)
and this contracts to C for a =+ O.

ju]

5.4) . The Two-Dimensicnal Newtonian Ecuation

In this section, the special two-dimensicnal case of (5.1-1)
is considered. Using cartesian coordinates (x,y), (5.1-1) reduces
to,

Q‘w
b

Ox o =
3
dt2 r
2 (5.4-1)
@ Yoy
dt2 r3

and so has a four-dimensional phase space. It is again convenient
to treat ¢ as a single positive constant, without loss of generality.

It is well known that (5.4-1) possesses pericdic solutions:-
transforming to polar coordinates, x = rcosf, y = rsind, the
following equations are cbtained,

r—r92

= (5.4-2) (a)
T

o+ =0 (5.4-2) (b)

The equations have a first integral, cbtained by integrating
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(5.4-2) (b) and substituting into (5.4-2) (a):-

r = Ac/r - 3(2/1‘2 + A (5.4-3) (a)
{ k

sl . (5.4-3) (b)

0 r2 :

where k,A are constants of integration.

The solution to (5.4-3) can be expressed in the form,

= A* cosloh) +S, i A% = iz 2 + k% (5. 4-4)
K

K~

(k # 0), where o is a constant of integration. (5.4-4) represents
2
K 1>/ +xA<cad soA

an equation of an eilipse if
c

must be negative.

The right-hand sides of (5.4-1) became singular at the origin
and the first integrals in polar co-ordinates (5.4-3), also becane
singular at r = 0. It is clear that, by integrating (5.4-3)(a),
that this singularity is reached in finite time, if k = 0. Thus,
(5.4-3) does not have global existence of solutions and so neither
can (5.4-1), as both systems of equations must have the same
general solution.

5.5). Feasible Amendments of the Two-Dimensional Newtonian Ecquations

In this section, the two—dimensicnal Newtonian equations are
amended in such a way that the rezulting equaticns have global
existence of sclutions and reduce to the amended one-dimensional
Newtonian equations (5.2-1) in the cne-dimensicnal limit. Amendments
of the first order equaticns (5.4-2) are considered, so that the
amendments will, in general, contain two arbitrary constants, as in
the Newtonian case. Notice that, assuming amendments of this type,
the one-dimensional case will not reduce to equations of the form
(5.2-27) as these, in general, do not have first integrals.
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By considering first order equations, the phase space willl
be the space manifold, in this case the plane [R%, as opposed to
the position-velocity space, as considered in the cne-dimensional
case. Thus, orbits in phase space will be orbits of a test
pa;:ticle as seen by an external observer.

5.5.1). Equations of the Form r = F(r), 6 = Glx)

In this sub-section, equations of the form,

{ y = F(r) (5.5-1) (a)
5 = G(x) (5.5-1) (b)

~are considered, which include (5.4-3) as a special case. At this
' stage, no special properties of F(r) and G(r) are assumed.

Theorem 5.5-1

The equations (5.5-1) have global existence of solutions if
F(r) is imaginary in an arbitrarily small neighbourhood of all
finite singular points of F(r) and G(r), or if F(r) and G(r) are
continuous, and F'(r) is finite at each finite critical point and
at infinity, if F(r) becames singular there.

Proof

From (5.5-1) (a) we obtain,

ar =
J— =t+t (5.5-2)

F(r)
Suppose that F(r) becames singular at a finite value of r, say
r=r. The integral in (5.5-2) is well-behaved in a neighbourhood
ofr=rlarxisor=rlmstbereachedinfinitetimeiff‘(r) is
realin a neighbourhood of r = r;. If G(r) becames singular at r = e
the same result applies, again using (5.5-2).

Suppose now that F(r) and G(r) are continuous and that F(r)
becanes singular at infinity. In this case, the integral in (5.5-2) is
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an improper integral of the first kind. Then,

n n-1
S e i (5.5-3)
e F(r) r+te F'(x)

by hypothesis. L is finite if 11'311 F'(r) is finite and n is taken to

r+=e
be 1. In this case, the integral diverges by theorem 5.2=1. If

G(r) becames singular at infinity but F(r) does n g must

F(r)
diverge, again by theorem 5.2-1 and there is no problem.

Suppose now that (5.5-1) possesses a critical point at a finite
value of r, say r = a, so that F(a) = G(a) = O. The integral in
(5.5-2) is then an improper integral of the second kind, in a
neighbourhood of r = a. |

n n-1
Yot T = 1y SR gy R

5 (5.5-4)
=a . ) ra  E'(r)

by hypothesis on F(r). If F'(a) is not infinite, L, #Owhenn =1,
so by theorem 5.2-2, the integral must diverge and the critical point
is not reached in finite time.

If (5.5-1) possesses a critical point at J'.nfinity, this point
can never be reached in finite time as the integral in (5.5-2)
diverges by theorem 5.2-1 in this case. Hence the result. *

Notice that the derivatives of F(r) and G(r) do not have to be
continuous at all values of r for the solutions to be extendable
to any parameter value - they cnly have to be continucus at any
critical point. Thus, (5.5-2) may have global existence of solutions
without being dynamical in the usual sense.

5.5.2) Feasible Amendments of the Two-Dimensional Newtonian Ecuations
of the Form (5.5-1)

Clearly, any feasible amendment of (5.4-3) rust agree as far as
possible with (5.4-3) - it must reduce to this case as r tends to
infinity. The equation (5.4-3) (a) involves the Newtonian potential
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and also depends on §. Thus, in any amendment to (5.4-3) of the
form (5.5~1), it is reasonable to have F(r) depending on the
amended Newtonian potential and on G(xr).

In the one-dimensional case, é=0, so that G(x) = 0. In
order that (5.5-1) agrees with (5.2-1) in this case, we have,

F(r) = V2Jf(r)dr +A when 6=0 (5.5=5)

(A a constant of integration), where the second order cne-dimensicnal
Newtonian equation is given by,

T = £(r) (5.2-1)

that is, where -Jf (r)dr is the amended Newtonian potential. Thus,

¥ éjf(r}dr+a+21«:(r) (5.5-6)
{ 6 =Glxr)

where H(r) = O when G(r) = 0, (so that G(r) and H(r) contain an
arbitrarv constant).

Now frem (5.5-6),

F-rd? = (fr) B @)F -r Gy
r

21.-'5 +ré' =2@4If(r)dr+A+2H(r) +rG'£r);:

Dieifet =)+ H )« ) (5.5-7) (a)
256 + r‘e' = (2G(r) + xG'(x) )\/2If(r)dr + 2H(x) + & (5.5-7) (b)

Transforming back to cartesian co-ordinates,

~

X = cosd (r - réz) - sing (2F8+ 18)

& % {f(r) Pty b ertr)}_% {{2G+rG') 45(,_-)@2}1(:)%1 } (5.5-8) (a)

y = sing (F-rd2) + cosg (2ke+rs)
= -‘Ié{f (r) + H' (x) - er (r)}"% {(ZG-i-rG') Ajf(r)dr+2H(r)-:—A }(5.5—8) (b)
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Now in the Newtonian case, by hypothesis, f(r) =“—c-2 » and so
r

to agree as close as possible to (5.4-1), we need,
H'(r) - 1G2(r) =0 =>
Hx) = Jer (Flae, (5.5

If, 2G + xG' =0 =»G(x) = (5.5-10) ,

IR

the second order equations (5.5-8) are not coupled as in the
Newtonian case and the force is central. Otherwise the equations
are coupled.

Suppose it is possible to amend the equations (5.4-1), so that
the gravitational force is still central, and (5.5-1) has glcbal
existence of solutions. Fram (5.5-10), (5.5-9), (5.5-6) takes

the form,
r= \/2}rf(,r)dr +A - 1c2/r2 (5.5-11)
{riy
R

E

By previous analysis, this is a feasible amendment in the cne-dimensicnal
case (k=0). However, when k # O, the right-hand sides of (5.5-11)
becane singular at r = 0. By theorem 5.5-1, (5.5511) will only have

global existence of soluticns if 2Jf (r)dr + A - EZ is negative in
:

an arbitrarily small neighbourhood of r = 0, This will be true for

any choice of the arbitrary constants A, k if If(r)dr + == as r + 0,
(camare with lemma 5.2-3). As shown in section 5.2), this property

of f(r) does not give reasonable behaviour and so (5.5-11) may only
have global existence of solutions for certain values of A. This

means that the second order equations (5.5-8) may not be dynamical.
Fram section 5.4), pericdic orhbits are given by A < O and so if A

is chosen in the amendment (5.5-11) so that, [2 f(r)dr + A--E2 :[ < 0,

4
rzo

these values of A represent periodic or almost periodic orbits which
never reach the origin.
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Example 5.5-1

Consider the amended cne-dimensional equation given in example
5.26, namely

o b

S - (5.2-15)
2 2./2
(xr*+a”)
where |a] << 1, so that f(r) = e:4 37, ° The two-dimensicnal
2R
(r™+a”)

equations (5.5-11) became, in this case,

- 2
r=/2° \ - % +A (5.5-12)
(r?+a®) k.

WL

In this case, r will be imaginary when,

2cr® - kK2 (2 + a2) ¥ + Aar?(ri+a®) = 20r? - Kor + Ar° < O,

if |a| << 1. Thus, r will always be imaginary in a neighbourhood of
r=0if k #0. If k = 0, the model is non-singular anyway.

Clearly, if k #0, 6 # O for finite values of r, and r # O when
r = 0. Hence, (5.5-12) does not possess any critical points, and so
has global existence of solutians.

If (5.5-6) is required to be nonsingular, (5.5-8) are now coupled
and so in this case (5.5-6) are not the first integral of (5.5-8) as
the second order equations contain the arbitrary constant of G(r) and
H(r). However, if G(r) is chosen to be non-singular at infinity and G(r) # O
for any values of r in the two-dimensional case, then (5.5-6) are feasible
amendments of (5.4-3) if F'(0) is finite and F(r) is non-singular at infinity
by theorem 5.5-1.

Example 5.5-2
Cansider the amended two-dimensional equation, (5.5-6), with

(€1



o gL,

G(r) = 5 o |a] << 1. Fram (5.5-9),
r + a
2 2
H(r) = J L , dr = . (5.5-14)
(r2+a2) 2 (r2+a2)
and so (5.5-6) becames, if £(x) = -cr3
2 /2
(x +a’ )
2
4 2c k
r = - —— +A
% -
AZ+32) (r2+a2) (5.5.~15)
L] k
8 = r2+a2

| If a =0, (5.5-15) reduces to the Newtcnian case and if k = O,

(5.5-15) reduces to (5.2-15) as (5.5-12). In this case, the
amendment is non-singular, even at infinity. Notice 6 #0 if
k # O except at infinity. '

2
Nowr=0atr=03if A = %—2—c.
=} a
2 X2 % 2
In this case, F(x) = /—— i L e LS $
(r’+a )35 r+a?) R
2 2 2
F'(O)=im{cr 35 * } ¢ &
>0 (r2+a ) (r +a2) tr2+a ) +a2) a2
Using 1'H6pital's rule,
2 2
F'© = [1n 2{ I };:rz 2}{ it L
r»0 (r?+a?) )7 N (r®+a’) x™+a")
-2cr 2k2r
3/2
i (r2 +a2) {r2 +a2) 2
2 b

lim d -cr kr

+a?) (r%+a?)

(82
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Thus, (5.5-15) has global existence of solutions by theorem
5.5-1. Notice F'(0) is finite as £(0) = O in this case.

2
2k =2rk 2ka’
Now 2G + rG' = + r(———-—2> = @ —— (5.5-16)
r21a?  \(r%+ad) (r2+a2)?

and so (5.5-8) are coupled in this case, althmgh. the coefficients

ofy_in;:'amig in ¥ can be made arbitrarily small.
X r

Obviocusly, it is possible to consider the more general amendments
of (5.4-3) of the fom,

F(xr,0) (5.5-17)
G(r,0)

2
Il

Qre
I

The system (5.5~17) will have global existence of solutions if
it is § close to rank p to (5.5-1) at all points of (r,8) space,
so that F(r,8), G(r,8) remain bounded for all ¢ (for fixed r). This
type of amendment will not be considered further in this work, the
most important reason being that any amended set of Schwarzchild
equations denisble fram a spherically symmetric metric must take the
form (5.5-1) and only amendments which do not affect spherical
symmetry are considered in Chapter six.

5.6) Properties of the Amended Two-Dimensicnal Newtonian Ecuations

In this section, various properties of equations of the type,

v =/2If(r)d:c + ZIer (r)dr + A = F(x) (5.6-1)
s = G)

are investigated, for reascns stated in the last section. For (5.6-1)
to be a feasible amendment of (5.4-3), it is necessary for |£(r) dr -

€ asr>=and Glr) + -}52 as r+ . It will also be assumed that
19

f(r) is continuous so that (5.6-1) leads to a cne~dimensicnal, second
arder equation which is dynamical, for G(r) = O. Due to the hypothesis
on F(r) and G(x), F{r) and G(r) are non-singular at infinity. In
addition, it will be assumed that (5.6-1) has gldbal existence of
solutions, so that by thearem 5.5-1, F'(r) is finite at each finite
critical point and Flr) and G(r) are continuous or F(r) is imaginary
in an arbitrarily small neighbourhood of all finite singular points

of F and G. 183 '



Reverting to cartesian co-crdinates, (5.6-1) becames

x = ZF(E) -yGk) =Py
{ (5.6-2)

y = %F(r) + x G(x) = Qx,y)

(5.6-2) has the plane iRz as its phase space. Qualitative
behaviour of orbits of (5.6-2) will be exactly the same as
qualitative behaviour of solutions of (5.6-1) in two-dimensional
space. We first consider possible critical points of (5.6-2).

5.6.1) Critical Points

Now critical points of (5.6-2) are given by,
X F(r) -y6l) = LF(r) +x6(x) = O, (5.6-3)

Thus, critical points are given by F(r) = G(r) = O and there
is also a critical point at (0,0) if F(0O) = O, (noting that

F'(0) is assumed to be finite and 1:im-P—‘--(-’.—f-1 = F'(0)).

rro ©

Suppose there exists a finite value of r, r = a say, at which F
and G both vanish. This region is a solution of (5.6-1) and
represents a circle of non-isclated critical points in Rz. Any
orbit approaching r = a will take an infinite time to get there, and
g0 in this sense, it has the same effect as a limit-cycle. Thus,
it has the same effect for any cbserver as the Schwarzchild radius
does for a distant cbserver in the relativistic case. It represents
an inpenetratable barrier surrounding the origin, and so in this
case, if (5.6-1) are singular at r = O, the singularity cannot be
reached. Notice, however, this will only be the case for the
particular choice of arbitrary constants in F(r), G(r), making
r = a, a critical circle.

Consider now the case where the only critical point is situated
at the origin, so that F(0) = O.

‘%5 ©,0) = Lim %{ p(h,0) - p(o,o1} by definition .
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e E oo = - f—f}‘—= F'(0). Similarly, -g-% (0,0 = F'(0)  (5.6-4)
3p _ lim 1 %

® 00 =8 £ {eom 20,0}

. 2P A LT IS e 1 . 30 % =
. 00 =il E { hG(h)} = G(0). similarly, 22 (0,0) = G(O) (5.6-5)

Thus, by Taylor's series, the linearized system in a neighbourhood
of (0,0) must be,

X F' (0) -G(0) x
(. ) = : (5.6-6)
Y G(0) F' (0) y
Eigenvalues of the matrix in (5.6-6) are given by,

i - F'(o))2 = —G2(O) =)\ =F'(0) + i G(0). (5.6-7)

The following theqrem follows fram lemma 3.5-1, theorem 3.5-3, and
section 3.6):— i

Theorem 5,6-1

Let (0,0) be a critical point of (5.6-2).

(1) IfF'(0)# O, G(O) # O, then (0,0) is a focus.

(ii) If F'(0) = 0, G(O) # O, then (0,0) is a centre or multiple focus.

(iii) If F'(0) #£ O, G(0) = O, then (0,0) is a node or focus.

(iv) If F'(0) =0, G(0) =0, (0,0) is a multiple critical point.

(v) If F'(0) is imaginary, the linearized system in a neighkourhood
of the origin is camplex and so there is a region of phase space
containing the origin where the orbits of (5.6-2) are not
defined. 1In this case, the origin is camwpletely isolated.

D

The above thecrem, and indeed, much of the analysis of this section
will prove useful far the discussion of amended Schwarzchild models in
Chapter six.

Using (5.6-1), the expression for F'(0) is easily obtained in temms
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of £(0), G(O):-

F' (0) =/\/ lim = {2ff (hdh + zjhcz (h)dh + A} , provided the limit

h+0 h exists.,
2
o lim 2f (h) + 2hG™ (h) L
N b0 ( h ) (5.6-8)

In order that the limit exists, £(0) = O, and then,

F'(0) = /lim (€' () + ) = (£'(0) + a2 o)) . (5.6-9)
0 :

| Notice that, by hypothesis, f'(0) exists. Also, from theorem 5.5-1,
and (5.6-8), any viable amendment of (5.4-3), possessing a critical
point at the origin, must have £(0) = O. Using (5.6-9) and theorem
5.6~1, it is seen that the origin is a simple critical point if
£1(0) + G2(0) > O, multiple if £'(0) + G2(0) = O and campletely
isolated if £'(0) + G2(0) < O.

Recall that for negative values of A in the Newtonian case,
there exist periodic, closed orbits of the two-dimensicnal Newtonian
equations. Thus, any viable amendment to the Newtconian equations
should have same periodic or almost periodic solutions. The
conclusions of theorem 5.6-1 are encouraging in this respect. In
case (iv) of the theorem, both eigenvalues are equal and the linearized
matrix is zero, and so the analysis of section 3.6) is inappropriate.

Consider now case (v) of theorem 5.6-1. As the origin is
campletely isolated, it can only have a limited effect on the
topological nature of cther orbits, and so the critical point is no

longer important.

Example 5.6-1

Consider again the models (5.5-12) and (5.5-15), which can be
canbined into the following system of equations,
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K 2
r --/ 2c 3 - k +A (5.6-10)
(x%+a%) (r%+a?)

where |a] << 1, a =0 or a. If a =0, the model is singular and
there are no critical points at finite values of r. Suppose that

a = a. There are no critical circles - the only critical point

is at (0,0) and this is when, ¥ 2

A= e -
a2 a

In this case,

2 v%
£1(0) = { '93 + 54} , by (5.6-9).

a a

By theorem 5.6-1, the origin is a focus if k.2 - ac > 0, a centre
or mualtiple focus if k2 = ac and camletely isolated if k2 < ac.

Example 5.6-2

Consider the models,

n .
r -_:/——-———-—.——2 23 . k + A (5- 6"'11)
(rn+1+an+l) r2 + m2 .
5 k
o = 2.2

where n =1 or 3 and |a| << 1. If k=0, (5.6-11) reduces to the
one-dimensional mcdels of example 5.2-7. Once again é # 0 far any
finite values of r. There are nc critical points if =0 and in

this case, (5.6-11) is a feasible amendment to (5.4-3) iff is reai is an '
arbitrarily small neighbourhood of r = O by theorem 5.5-1. There is a
critical point at (0,0) (r = 0) if

Y.
o

If n=1, F'(0) does not exist using (5.6-8).

3%



X
Ifn==3,F'(O)={—4+O} = X 1y (5.6-9).

a

Thus, for n = 1, (5.6-11) is not a suitable amendment for

2
a=%X but for n=3, (5.6-11) is a suitable amendnent for all

o 2
values of A by theorem 5.5-1 and in this case, if A = &,
4]

the

origin is a focus by theorem 5.6-1.

In contrast to the cne-dimensional Newtcnian case, it is
difficult to construct a Lyapunov function for (5.6-2), so that
a region of stability is not easily concluded if (0,0) is z
maltiple critical point. A campletely isolated critical point
need not be stable in the usual sense - it may be if it is
- surrourded by a limit cycle, but it is certainly never
~ asymptotically stable. If (0,0) is a focus, the following lerma
follows from thecrem 3.8-1:-

Lemma 5.6-2

If the origin of (5.6-2) is a simple critical point, it is

asymptotically stable if F'(0) < O and unstable if F'(0) > O.
D

In (5.6-1), F(r) need not be analytic, even if G(r) and
£(r) are, due to the presence of a root, so that (5.6-2) is not
necessarily analytic (and so not necessarily dynamical). Suppose
that f(r), G(r) are analytic functions of r. Then F(r) can be
written,

Filr) = a+ar+ar2+ar3+ ; (5.6-12)
b eiiad o l 2 3 ..... -

in a neighbourhood of the origin. Suppose that F(0) = F'Q) = O,
so that (x,y) = (0,0) is a multiple focus or centre <& (5.6-2),
by thecrem 5.6-1.

F(0) =0=;:a0=0 al=0 for F'(0) to exist.
b
e SR ey {az + asr - a4r2 - ....} =

a2=0ifF'(O) = 0.
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Thus, F(r) can be written in the formm,

2 3 3
Fir) =r {aar - a,r + agr + } (5.6-13).

Let a be the first non-zero coefficient of rn"2 in (5.6-13).

Then,

n/2 2 2
£(x) = an!"r 1+ 5Pl + %2 + .. -1 [ 3t + B2t 4
e %n b %n %n

(;1>3)--—=,'-F(r)—a;5rn/2 (14b_,.r+ b r2+b r3+ J nz 3
% = n n-]-l - mz n_|-3 CRCW ]

for same coefficients bn+i' Thus, F(r) will only be analytic if n
is even, (so that n > 4). By hypothesis, G(0) # O and so in a
neighbourhood of the origin, G(r) can be expanded in the fomm,

4 _ 2 3 5 B
G(x) .-c°+clr+c2r +Cr” + .. g coyfo. (5.6-15)

Fran (5- 6_14) r (5-6-15) r (5.6-1) r we get;

%n/z 2
ar _Flx) _ a ’r (1+bn+1r+bn+2r * yee) —
de  G(r) 2 3
°o+clr+°2r + cyr Won oo
n/y
% 2
a cr Calk
gr __n 2 Sk 2
= - (1+bn+lr+bn+2r +ees) {1 (c e * aus)
(o] (o] o
2 2
C.r €
e i N Sy
(o] o
v @R . I 2 (5.6-16)

for sane coefficients d s (dn # 0).

In the analytic case, it can easily be seen that fram (5.6-16),
the second focal value will not vanish, as the coefficients of r
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are constants in this case and do not depend an 8. Thus, fraom

section 3.10, the origin must be a multiple focus (not necessarily

of definite multiplicity). The only exception will be if F(r) = O
dr

as then all focal values vanish and B 0 and so (0,0) is clearly

a centre.

It can be seen that investigation of thearitical points of
(5.6-2) does not give nearly so much information as in the one-dimensicnal
case due to the fact that there may cnly be critical points for
particular values of k and A, whereas solutions of (5.6-2) need to
be investigated for all values of A,k and also, in same cases, the
critical points are campletely isolated and give no information.

5.6-2) Existence of Closed Paths

The two-dimensional Newtonian equation has closed curves (elliptic
orbits) in its phase space and so one of the most important aspects of
the properties of the (5.6-2) concerns the existence of closed paths
or almost periodic solutions. Clearly, if for a given choice of
F(r), G(r), (5.6-2) has no pericdic or almost periocdic solutions, it
is not a feasible amendment to (5.4-3). If the right-hand sides of
(5.6-2) are non-singular and differentiable at most values of r and
the equations have no finite critical points, then there can be no
closed orbits. This is not, in general, true if the right-hand sides
of (5.6-2) are singular - a system of closed curves can cantain a
non-critical point if it is singular, as in the Newtonian case.

In the non-singular case, Dulac's test gives conditions for the
non-existence of closed curves. A particularly useful form of the
test is the following lemma:-

Lamma 5.6-4

Let G be a simply connected sub-region of IR2 - {O} . There are
not closed curves of (5.6-2) in G if the function,

6, (r) = 2Jf(r)dr i 2IrG2(r>dr +A+r(f(r) + r G2 r))

does not change sign in G.
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Proof
Applying theorem 3.5-7 to (5.6-2),

=8B X o _ 3B ¥ 1 '
o(r & (rF y(;)+ay (rF+xG)+B(rF+F)

Iet B = rF(r) (and so is not continuously differentiable at the
origin). Then,

¢ = GF+ 2D GF - y0) + (¥F+rF'¥)(%F+xG)+F2+rFF'

2(F% + FF') =

.

.

©
)

=
I

2{2ff(r)dr + ZJertr)dr + A+ r(f(x) + er(r)) }
]

Notice that the test is also applicable in the singular case,
if the only singularity occurring in F(r) and G(r) is the origin.

In the non-sinrgular case, lama 5.6-4 could possibly be used to
differentiate between a focus and a centre, and could also be used to
detect limit-cycles in the case where (C,0) is campletely isolated,
but it may not detect a closed curve r = a where F(a) = O.

Example 5.6-3

Consider again the model (5.6-11) withn=1, a =0, (Ifn=3
and o # O, the model is non-singular and the only possible finite
critical point is situated at (0,0) and is a focus by theorem 5.6-1
and so there are no closed curves except possibly at r = a where
r(a) = 0.) In this case, the model is singular and may only be viable
for certain values of k,A - theorem 5.6-1 gives no information about
closed curves. j

Fram lema 5.6-4,
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2
Q]_(r)= 2r _ K La4r ac-c” K
r2 +82 r2 (r2 +a2 ) 2 r3
2 A(r2+a2) 2+ C.‘.r3 + 3CI‘6.2 (5.6-17)
(r2+a2)2 '

If A =0, (5.6-17) becarnes,

cr (J:'2+3a2 )

oy (x) =
2 +a2}2

(5.6-18)

(r

For positive r, (5.6-18) %ioes not change sign and so there can be no
closed orbits in > - {Of’ (If A = 0, k can be chosen so that the
singularity is not reached), except possibly at r = a where r(a) = O.

In contrast to the one-dimensional Newtonian amendments, there
are no specialized theorems concerning the existence of pericdic orbits
of equation (5.6-2). Lemmna 3.5-6 is not appropriate either as,

P(x,~y) # #P(x,y), P(=x,y) # +P(x,y) and similarly for Q(x,y), so
that the orbits are not symmetrical about either axis, (assuming
that F(r) # 0). This agrees with previous analysis which concluded
that if (0,0) is a critical point of (5.6-2), it cannot be a centre.

Theorem 3.10-8, concerning perturbations of the two-dimensicnal
Newtonian equations (5.4-3) is difficult to apply in practice, althcugh
theoretically possible as G € fR2 - {0p, where G is any closed annualar
region surrounding the origin is campletely filled with elliptic orbits
of (5.4-3) for certain values of A. This is because the first order
partial differential equation for p given in theorem 3.10-2 is impossible
to solve in general. A particular solution is p = %&_) (if ‘

F(r) is analytic in G). However, with this choice of p (x,y), is the
notation of theorem 3.10-3, £, (x,vy) 19y (x,y) are given by,

fl(x;Y) = =y (x); (x,y) = xn(r), for same function n(xr) =2

|
£h,009) = -m' D% ¢ty =m0 =
£y Key) + g'ly(x,y) = 0.
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Thus, the theorem cannot be applied, with this particular choice ofe.
Consider now equation (5.6-1), and suppose that F(a) = 0, a # O.

Pra) = um £ +r )
rsa F(x)

(5.6-19)

Thus, in order for F(r) to be differentisble at r = a, £(a) + aG%(a) = O

Clearly, if F(a) = O, r = a is an isolated closed orbit of (5.6~1) if
a is real. As mentioned earlier,if G(a) = O (so that f(a) = O in order
that F(r) is differentiable at r = a), r
must have the effect of a limit cycle. (If, in this case, F'(a) does
not exist, the system (5.6-1) does not have global existence of
solutions and is not a viable amendment to (5.4-3).) Suppose that
G(a) # 0. If F'(a) does not exist, (5.6-1) does not have uniqueness
of solutions on r = a and so any other orbit may cross r = a or reach
r = a in finite time. Thus, a necessary condition for r = a to be a
limit cycle is that, fram (5.6-19), £(a) + aG>(a) = O. (This can
always be accamplished by choosing the arbitrary constant in G(r)
suitably).

a is a critical circle and

Let g(x,y) = X {%ﬂ -y G(r)} + y{ e + xG(r)}

. BX,y) = xF(x). (5.6-20)
Then, using theorem 3.5-8, fram (5.6-20) we have,
Lemma 5.6-5

In (5.6~1), let F(a) = 0. Then r = a is a limit-cycle if F'(a)
exists (so that £(a) + a Gzta) = 0), and F(r) is real in a neighbourhood

of ¥ = 3.
o

In this case, even if r = O is a singularity, (5.6-1) still
represents a feasible amendment as orbits cannot pass r = a.
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Example 5.6-4

Consider the model (5.6-11) withn =1, a =0, and 6 = &, +y ,
¢ &
so that,
(- 2cr K 3.2
g e P e Hpers bR
S o r
J\ (5.6-21)
o e T
8 = 2+Y
\
B Ko g
NowF(a)=(E-—2 y & '+ta) =-—
a’
I
Fla) =OwhenA = S+% - % (5.6-22)
a 3.2
k | *
Gla) ==, + y?G(a) = O when y= =,. (5.6-23)
a a

-

Notice that in the case of (5.6-21), f(a) = 0 ard so fram (5.6-19),
= a is a critical circle if A = ‘-g (cambining (5.6-22), (5.6-23)).

Suppose now that y = O, so that G(r) # O for any finite r. Then
from (5.6-19), r = a cannot be a limit-cycle. However, if r = b # a,

“ Pt
£(b) + baZ () = ola’b? ’ + 5 =0 =
ta2412) b
3.2 2
- 93—(—’95—-2—) (5.6-24)
(a +b“)

so that if A is chosen is in (5.6-22) ,with k2 as given in (5.6-24),
= b is a limit-cycle of (5.6-21), by lemma 5.6-5.

If .(5.6-1) is a viable amendment to (5.4-3), F(r) may be
written in the farm,

2
o r

+A + en(r) (5.6-25)

where ¢ is a small constant and n(r) + Oasr + »:. For ¢ =0 and
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certain values of A, orbits of (5.6-1) are closed. If ¢ # O, the
rate of change of r will be affected more and mere as the origin
is approached and so orbits of (5.6-1) -will be perturbations of
closed orbits for these values of A and provided |e| <<1, it is
reasanable to suppose that the periodic orbits will be perturbed
to almost periodic orbits. This conjecture is supported by the
numerical results of various orbits of models given in section
5.8},

In polar form, equation (5.6-2) becames (5.6-1) and so the
following integral is cbtained:-

I G(r) dr= 0 + 9 (5.6-26)
F(x) .

where 60 is a constant of integration. The question of the type
of orbits obtained in the cases where (0,0) is a multiple critical
point of (5.6-2) or campletely isolated and the question of closed
orbits may be answered if the integral (5.6-26) can be solved.
Substituting the expressicn for F(r) into (5.6-26) using (5.6-1), °
the following integral is obtained,

G(r)dr

Néjf(r)dr + ZI:GZ (r)dr + A

and the conditions on f(r) and G(r) make the evaluaticn of the
integral by analytical means, in general, impossible. However, there
are certain cases where (5.6-27) can be evaluated in terms of elliptic
functions.

Example 5.6-5

Consider the two-dimensicnal model,

o e L - iR
Rl (s e g o b
(xr© + a“) r+a
6 = o (5.6-28)
r +a 2

195



where ]a[r I'Yl << 1. Fram theorem 5.5-1, it is a viable amendment
to the two-dimensicnal Newtonian equation. ('I'Tzﬂ.e only finite
critical point is at the origin, when A= % -2L). m this

4
a a
case, (5.6-26) becomes
k dr s g4 8 -
I= ] 24 3 3 °
/ 2y e
2
(r2+a2) x:2-|-r=x2
& I kdr (5.6-29)
W art + 2 + (2a%a-K) 2 (2y-k2al+nad)
. 10
which is expressible in temms of elliptic functions -
Now (5.6-9) gives,
5 R e LN
F'(0) = £'(0) + G (0) = —% + == {k a - 47} < (5.6-30)
a a a

Using (5.6-30), 2frc:m theorem 5.6-1, there are three cases to

consider when 2= £ - &L, 5o that (0,0) is a critical point of
a a

(5.6-2) ;-
k2a2

(i) if y= T (0,0) is a centre or focus

(ii) if v < 7 (0,0) is a focus
k2a2

(iii) if y > 7 (0,0) is comwpletely isolated.

2.2 2 =£2
2 a4 2a2

o3, (5.6-29) .
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il 2c
€2/xe+s,) “a

(5.6-31)

and it can be seen that the orbit in the (x,y) plane is a focus
and so in this case, we can differentiate between a centre and a
focus directly.

Case (ii)
k2
Take,for example, y= 0 and A = = -
a
Thee) T | e - B (5.6-32)
VAr 420 +nale? arl+2crina®

from (5.6-29). The integral (5.6-32) is standard and the following
results are obtained, (noticing that A > 0):-

S

D {2k/Ar2+2cr+Aa2+2cr+2Aa2}

=

i c#Aa. (5.6-33)

ard so, fram (5.6-33), it can be seen that in either case, the
orbits are foci, agreeing with thecrem 5.6-1.

Case (iii)
2
E L
NwdA ==, == =2
a a
A I k dr = k dr
/artiocr3+ (2a2a-k2) 2 r/Ari+2crt (2a2A-k2)

(5.6-34)
which is of the form of (5.6-32), but now, A < O =72a2—k2 <0
(as y > k%a/4).
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2 2
o 1 e cr + (2a°A - ¥°9) } ¢ # A(2a2-%2)
A2 |z /c?-a (2a%%2)
2aA - k2

(8°=0) (5.6-35)

<+ = (JZa(2a%ak2) sin(6/i-2a%A) - c)
The orbits will be periocdic in this case if,

_c_..._.._ > 1
/ c2-a(2a%a-x?)
(as then r cannot becane infinite). This will always be the case
since A(Zazz\.—kz) > 0. (It is assumed that cz > A(ZazA-kz) so that

I in (5.6-34) is real).

If (0,0) is not a critical point of (5.6-28) expressed in terms
'of cartesian co-ordinates (5.6-29) is expressible in terms of inverse
elliptic functicns so that r is expressible in terms of elliptic
functions of 6, which are periodic. If r does not became infinite
for same value of 8, then the corbits must be closed, for given
specific values of A,c,k,y. However, (5.6-29) is difficult to
evaluate for arbitrary wvalues of A,c,k,y.

5.6.3) Structural Stability

Although (5.6-1) is not structurally stable in the four-dimensional
(r,r,0 ) phase space it may be structurally stable in the plané. If
arbitrary constants in F(r), G(r) are chosen so that (5.6-2) possesses
no critical points and F(r), G(r) are chosen non-singular, then there
can be no closed orbits and by theorem 3.9-1, the system must be
structurally stable. If (5.6-2) possesses a critical circle, each
point on the circle is a non-elementary critical point and so the
system must be structurally unstable. If (0,0) is the only critical
point of (5.6-2), by theorem 5.6-1, there can be no orbits going '
fram saddle point to saddle point. If (0,0) is campletely isolated,
orbits in the phase plane are not directly affected by its presence
and so fram this peint of view, it must be regarded as non-—elementary.
(Notice if F(r) or G(r) are chosen singular in (5.6-2), we cannot
conclude structural stability as the equations are not derivable from
a vector field in a neighbourhcod of the singularity).
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In conclusion, we have, using theorem 5.6-1, and theorem 3.9-1,
Lema 5.6-5

The system (5.6-2) is structurally stable in a closed region
G of rR2 if, F(r) and G(r) are non-singular, and differentiable
" at all points in G, and

(1) (5.6-2) contains no critical points, or
(ii) F'(0) # O and real if (0,0) is the only critical point.

If (0,0) is the only possible critical point of (5.6-2), only
specific values of the arbitrary constants in (5.6-2) will bring
about its presence, so that for most values of the arbitrary
constants, there are no critical points. Thus, no matter what the
character of the critical point at (0,0), (5.6-2) will be
structurally stable for almost all values of the arbitrary
constants.

Notice that the amendments (5.5-16), and (5.6-11) with
a # 0, n = 3, are structurally stable by lemma 5.6-5.

5.7 Various Numerical Solutions of Specific Mcdels

So far, viable amendments to the cne and two~dimensicnal Newtonian
equations have been considered in a fairly general context. In this
section, various specific models are considered and numerical and
graphical solutions are cbtained. It is thus seen how close the
considered model agrees with the one or two dimensicnal Newtonian model
within a given regicn. These solutions also support the general theory
of the previcus section in the given specific cases.

A few selected models are considered, which have certain desirable
properties. Of ccurse, fram the given theory, it is possible to generate
any given number of models any of which are viable.

Example 5.7-1
Consider the eguation.
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o] o h
e - -—tai—z@—)Jr ag(r)Eme § (5.7=1)

™ - 5

From exanple 5.2-3, theorem 5.2-8, (5.7-1) is a dynamical amendment
of the one-dimensional equation (5.3-1) if n 2 2, and g(xr) is analytic
with lim g(r)dr finite. In order to

ot

agree as close as possible with (5.3-1), while still retaining the
non-singular character, o and b are chosen so that b>>1, |a[<<l,

sc R b ¢mR'. The equation has a critical point at (0,0) in (r,f)
space if n > 2, and £'(0) = - 22, n = 3, or O,otherwise. Thus, (0,0)

if simple if n = 3 and a focus if g(0) # O or centre/maltiple focus if
g(0) = 0 (including the case o = 0), by lemma 5:3=1. Ifn> 3,8 #£0O
(0,0) is any type of multiple critical point of the first kind, depending
on the choice of g(r) and if « = O, (0,0) is any type of multiple critical
point of the second kind depending on the choice of g(r). (See theorems
5.3-2, 5.3-3). If n=3, (0,0) is stable if a = O or asymptotically
stable if ag(0)<0 by lemma 5.3-6. The equation is not structurally
stable in (r,r) space if a = 0, but may be made structurally stable if

a # O by choosing g(r) suitably (i.e. g(0) # O) (see theorem 5.3-12).

Various solutions are plotted, in (r,f) space for various values of
@=0) and campared with

solutions of (5.3-1). If 4 =0 and n = 2, the curves are not symmetric
about the r axis. This seems.to contradict the fact that there is a
central force at r = 0. However, there is no problem as in this case,
two equations are defined by a symmetric vector field about r = O -
one for r 3 O and one for r < 0. The equations change sign at r = O.
Thus, curves (1) and (2) in figure 5.2, showing the cases b = 1, 10
respectively, do not represent the true path of a test particle, but
rather the solution curves of (5.7-1). The true paths of the test
particle in this case, will be the portion of these curves forrz O,
together with their reflections in r = O. (In the figure, the test.
particle starts framrest at r=5and ¢ is taken to be 1 without loss
of generality. For r > 2, the amended paths more or less agree with the
Newtonian orbit, shown by curve (5). By increasing the value of b, the
time taken to reach r = O can be made arbitrarily close to the time taken

If n = 3, the solutions of (5.7-1) for a = O are periodic.
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Figure 5.2
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Curves (3), (4) of figure 5.2, and (1), (2) of figure 5.1, show the cases
b=1, 100 réspectively. In these cases, a test particle will oscillate
backwards and forwards through the origin, attaining its maximum
velocity there.

If o is chosen non-zero in (5.7-1), the orbits in the (r,%) plane
will no longer be symmetric with respect to t = O. As stated earlier,
if ¥(0) = 0, (0,0} can be given any chosen character by choosing g(r)

2
suitably. For instance, if n = 3 and g(r) = __ra_____ , (0,0)is a focus.
1+r

In this case, a test particle will oscillate irregularly through the
origin, the oscillations gradually increasing or decreasing, depending
on the choice of . A specific orbit around a focus is plotted in a
later example.

The two—~dimensional model of the form (5.6-1) corresponding to
(5.7-1) is, '

{2 Jf(,r)drﬂ- 2 Ier(r)dr + A} ;

$ =
{ (5.7-2)
6 = G(x)
-1l n
where f(r) = - a9 tﬂ——;-bl- . In the numerical solutions, G(r) is
m r
chosen to be, G(r) = Tl_—z" laj<< 1. 'n' in £(r) is chosen to be
r +a

2 or 3, so that If(r]dr is easily obtained as (5.2-9) or (5.2-10)
respectively. Thus, the following equations are considered,

{F(r) -—2-’52—2 J,Ja}li

T

{ r‘ + a
- K
o= 22

(5.7-3)

where A,K are constants and F(r) is given by (5.2-9) or (5.2-10).

By theorem 5.5-1, the equations will have global existence of solutions
for almost all values of A,K and will approximate to the Newtaonian
equations (5.4-3) as r+«, b>= , a+ 0. If a =0, the force
producing the motion will be central and (5.7-3) will still have global
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existence of solutions if the possibility of starting at r = O is
excluded. The equations have a critical point_in the (x = rcoss,

2
'y = rsing) plane at (0,0) only if ZJf(r)dr - 52— + Al =0,
a =0

(a # 0). By theorem 5.5-1, (5.7-3) will only have global existence
of solutions for these values of A,K, if n = 3. Then by thecrem
5.6-1 and (5.6-9), (0,0) is either campletely isolated, multiple, or
a focus. If a is made small enough, it will be a focus.

By lemma 5.6-5 for most choices of A,k,a and b, the system
(5.7-3) will be structurally stable in (x,y) space.

Solutions to (5.7-3) with n = 2 or 3, are plotted for particular
values of A,k, as there are only two basic cases. Those which produce
elliptic orbits in the Newtonian case, and those which produce
non-closed orbits in this case. These values of A,k have to be amended
slightly when plotting solutions of (5.7-3) so that amended solutions
have the same initial conditions as the corresponding Newtonian
solutions. It can be seen from the diagrams that closed orbits are
perturbed slightly to almost periodic orbits.

The Newtonian orbit is taken to be a fairly eccentric cne - this is
curve (1) in fig. 5.3, and starts fram rest at x = 5, as do all the
amended orbits. The values of A and k chosen are A =-0.98, k = 1.0.
(Recall that if A>0, the Newtonian orbits are parabolic or hyperbolic.
The orbits of (5.7-3) agree reasonably closely to thse orbits.)

Curves (2) and (3) in fig. 5.3 show the orbits of (5.7-3) for
b = 1000, n= 2 and a = 0.1 and approaching zero respectively, whilel
curve (4) shows the orbit of (5.7-3) for b = 1000, n = 3 and a
approaching zero. In all cases, the ellipse is lengthened at cne end,
(curves (2) -(4) following approximately the same path) and a perihelion
shift is induced - the greater the value of a, the greater the extent
of the perihelion shift. The shift can be made clockwise or counter-
clockwise, depending on the value of a.

Exanple 5.7-2
Consider the set of equations given by,
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= 3 ek Ty

r= . + aglo)r , (5.7-4)
3 rn+2 o an+ 3

where |a]| <<1, |a|<<l, n By i

From exanmple 5.2-5, the equatidms are dynamical if a # O and
n is even (a= 0). However, if a = O the equation may be perturbed
so that it is still singular but has global existence of solutions,
except at r = O - as in example 5.2-2. To keep the integration
of r(r) in the two-dimensional case, as simple as possible, n is
chosen to be O or 2. (5.7-4) with a 70 is then dynamical if a # O

and lim g(r)dr is finite, by theorem 5.2-8. The equation has a
Yt ]

critical point at (0,0) if n = 2. In this case, it is multiple and
can be taken to have a chosen character by choosing g(r) suitably -
see example 5.3-3. Thus, it is not stable in the usual sense and
unlike in the previbus exanple, (5.7-4) cannot be made structurally
stable by suitable choice of g(r).

Once again, various solutions can be plotted in (r,r) space for
various values of a and choices of g(r) (¢7#0) and campared with
solutions of (5.3-1). If a # 0 and a = O, and the test solutions
start from rest at r = 5, they have a very similar behaviour to the
amended orbits in the previous case. For instance if n = O, the
acceleration at r = O is finite and the orbits of (5.7-4) will not
be symmetric about r = O, but the orbit of a test particle in this
case will be an orbit of (5.7-4) for r > O, together with its
reflection r = O and will be symmetric about r = 0. For n > 4,
(0,0) is a critical point - a centre, and the motion of a test particle
will be oscillatory. This oscillatory nature can be made irregular
by taking o # O and g(r) suitably, so that (0,0) is a focus.

The two-dimensional model of the form (5.6-1) corresponding to

(5.7-4) to (5.7-2) with n
fir) = —= ;n=0,2.

Once again in the numerical solutians, G(r) is chosen to be
G(r) = R [b| << 1. j’f(r)dris easily obtained as (5,2-13) or
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(5.2.-14) for n = O or 2 respectively. The chosen system of equations
will approximate to the Newtonian eguations (5.4-3) as r+ > , b~> O,
a+ 0. Ifb=0, the force producing the motion will be central. The
equations hage a critical point in the (x,y) plane at (0,0) only if
2 firyar - £ +a| =0 (=0), and, like in the previous case there
b2 |r=0
are no critical circles. By theorem 5.5-1, the chosen equations will
only have glcbal existence of solutions for these values of A,K if

= 2. Once again, if b is chosen small enough, (0,0) will be a focus
in this case. For most choices of A,K, a and b, the chosen equations
will be structurally stable in (x,y) space.

Solutions with n = O or 2 are plotted for particular values of
A,k and once again, perturbed closed orbits becane almost pericdic
orbits. (Once again A =-0.98, k = 1.0 in the Newtonian case, so that
a fairly eccentric orbit is obtained). In the case n =0, the
amended values of A and k differ markedly fram the Newtonian values
- the program is difficult to run due to the presence of large
constants, althouch the orbits have the same general character of
those of the previous example. The cases n = 2 with b = 1000 and
a = 0.1 and approaching O are shown as curves (2) and (3) respectively,
in figure 5.4. These have very similar behaviour to orbits in previous
cases. The curve (3) is extended to exhibit the perihelion shift in
figure 5,5.

Example 5.7-3

Consider now the set of equations given by,

L _cr

r = Ao~ ST O~ 10 9 b (5.7-5)
a2tz

where [_(I![_<< 1, [ale«< 1.

The equations are dynamical so long as lim fg(r)dr is finite
rrie

(a#0) or « =0 (a #0). (see, for instance, example 5.2-6). In fact,
the equations are considerable more tractible than in the previous cases -
for instance, the first integral is given by (5.2-16) if « = 0. The
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equations 1'_1ave a critical point in (r,_f:) space at (0,0), which is
simple and a focus, multiple focus, or centre in any feasible

case, by lemma 5.3-1 (see also example 5.3-4). (0,0) must be a
centre if o= O by lemma 5.3-10. If g(r) is chosen so that g(0) =0
and £'(0)g" (0) + g' )" ()70, vhere £(r) = —o7— , then
(x™+a")

(0,0) can be made a multiple focus (of multiplicity one) by theorem
5.3-11, The equations can be made structurally stable in (r,r) space
by choosing g(r) so that g(0) # O by corollary 5.3-13.

Various solutions are plotted for choices of a and g(r) (o# O)
and campared with solutions of (5.3-1). Once again, c = 1, without
loss of generality and a test solution starts from rest at r = 5.
Notice (5.7-5) always has a critical point at (0,0) in (r,r) space
and is a centre if the force is central by the above caments. In
this case, there is oscillatory motion, as in most previous cases.
The curves (1),(2),(3) of figure 5.6 show the cases a2=1, 01, .001
respectively. Curve (1) of figure 5.7 shows the complete orbit
when a = 1. The original Newtonian orbit initially follows curves (2)

and (3) in figure 5.6 for r > 0. If a # 0 and g(r) = -4—r—-a-——,the
r-+a

oscillatory motion is irreqular - the critical point at (0,0) becames
a focus, and orbits are no longer symmetric with respect to r = O.
Curve (4) in figure 5.6 and (3) in figure 5.7 show the case a® =0.001
a = 0,001,

The two-dimensional model of the form (5.6-1) corresponding to

(5.7-5) (a=0) is (5.7-2) with £(r) = ——5—=> . Once again, for
(r%+a®) /2
simplicity, G(r) = —21—2—-— ¢+ |b|l<< 1, and so the model becames,
r +b
)
B 2C k
r ‘= - + A
\/(r2+a2) ; (x2+b?)
_ (5.7-6)
> K
9 =
r2+b2
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The equations have global existence of solutions and reduce to
(5.4-3) as rs=, a0, b*0. (see examples 5.5-1 and 5.5-2). The
character of the only possible critical point in (X,y) space,
namely (0,0), is investigated in example 5.6-1. Once again, (5.7-6)
is structurally stable for almost all values of A,k.

Solutions of (5.7-6) can be plotted for particular values of
Ak, aand b and are campared with the orbits in the Newtonian case.
(Once again A = -0.98, k = 1.0 in the Newtonian case and the test
solutions start at r = 5, from rest), The solution of (5.7-6) for
a2 = 0.001, b2 = .00l is shown as curve (4) in figure 5.4. Notice
it is closer to the original Newtcnian orbit than the orbit of the
previous amendment for the same parametér value. In this sense, it
seems a better amendn;ent than the previcus one. (Once again, the
Newtonian orbit is shown as curve (1) in fig. 5.4).

Example 5.7-4

Finally, consider the set of equations given by,

o o (o) a 2y 22 A2

+ .

+ ag(x)r (5.7-7)

These are feasible dynamical amendrrents to (5.1-3), provided that
ae R, ard a<<l; a ¢ R, a<<l, neZ and even; and lim |g(r)dr

>+

is finite (see example 5.2-7) and theorem 5.2-8). As in the previous
example, the equations are quite tractible, having a first integral
given by (5.2-17). As far as numerical soluticn is cancerned, n is
taken to be lor 2 - these are the only two fundamentally different
cases. If n= 1, unlike all the previous cases, the critical point
in (r,r) space is not situated at the origin, but arbitrarily close
at r = +/2a (-/2a), r = 0. If n=2 critical points are given by
(0,0) and (4/§“a,0). If =1 (/2a,0) is a focus, multiple focus, or
centre depending on the nature of g(r) (see lemma 5.3-1), and if n 2
(4,@?3,0) have this same character and (0,0) is multiple, being a
saddle-node, or degenerate (see thecrems 5.3-2, 5.3-3). The simple
critical points must be centres in both cases if a=0, by lemma 5:3-10.
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If n = 1, the equations may be made structurally stable by choosing
g(r) suitably (theorem 5.3-12).

In camparing solutions of (5.7-7) with the original Newtonian
oﬁ:bits, the usual starting values are assumed. Curves (1) and (2) of
figure 5.8 show the cases n=1, a=0 with a2— oty 0L respectlvely,
while curves (3) and (4) show the cases n=2, o=0, with 2= v A ) |
respectively. Curve (5) is the original Newtonian case, and curves
(1) and (2) of figure 5.8 are the camplete orbits of curves (2) and
(4). As the force is central, other possible orbits are reflections
of the curves in the figures in the line r = O. These amendments
are different fraom previous cases as here, there is a critical point
at a finite positive value of r and the acceleration changes sign
there. Thus, the gravitation beccmes repulsive and a test particle
is thrown back out again.

The two-dimensicnal model of the form (5.6-1) correspording to

(5.7-7) (4=0) is, 1if G(r) = —=——, |b|<< 1, given by,
r™+b
y
. n-1 2
r= { Zr___ - _2’-‘74,;;1 (5.7-8)
(r +a’) r“+b )
o _15.__2
:.'2 + b

where n = 2 or 4. (see examples 5.6-2). There are not critical circles
in (xéy) space, the only possible critical point being (0,0) when

A= %, a #0. If n=2, (5.7-8) is not a suitable amendment for
b

these values, but for n = 4, (0,0) is a focus. The system is
structurally stable for almost all values of A and k.

Camparing with the original Newtonian orbit for A = -0.98,
k = 1.0, the amended orbits have an exactly similar behaviour to previous
amendments. Curves (5) and (6) of figure 5.4 show orbits of (5.7-8)
with n = 2, a® = 0.001, and b = 0.1, 0.001 respectively, while curves
(7) and (8) show orbits of (5.7-8) with n =4, a" = 0.001, and
b = 0.1, 0.001 respectively, in a neighbourhood of the origin.
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5.8) Concluding Remarks

In this chapter, various amendments of the cne - and
two-dimensional Newtonian equations have been considered. General
properties of certain general classes of amendments have been
investigated. before specific examples have been more closely
studied. Of course, not all types of amendment have been cansidered
- the purpose of the chapter was not to classify all possible
amendments but rather to suggest several plausible alternatives.

A lot of seemingly different alternatives can be seen to produce
the same qualitative results.

Having introduced the possibility of Newtonian models, it would

. be a useful exercise to classify possible amendments according to
their qualitative behaviour.
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Chapter Six:-
Models of Gravity Approximating to the Schwarzchild Equations

So far, we have been concerned with the non-relativistic
Newtonian equations of gravity and with feasible amendments of
them. As the Newtonian equations are nm—relativist.ic, the
underlying manifold on which the Newtonian C° vector field is
defined is simply Buclidean space MR" (n=1,2,3). In this chapter,
the relativistic Schwarzchild equations and possible amendments
are studied. In contrast to the Newtonian case, the Schwarzchild
manifold is not flat and needs more than one chart to define it.
(Given the Schwarzchild metric in terms of one chart, the equations
denied fram the metric must contain at least one apparent
singularity). Thus, the task of proving any amendment to the
equations has global existence of solutions becames more difficult.

The amendments considered in this chapter reduce to the amended
Newtonian equations of the previous chapter in the weak field limit.

6.1) The Schwarzchild Equations of Motion

The Schwarzchild metric is a special case of the general
spherically symmetric metric of the farm,

ds? = -A(r) dt2 + B(r)ar? + r2(de2 + sinZedg?) (6.1-1)

The co—ordinate system and metric (6.1-1) have been used in
most theoretical models for relativistic stars since the pianeering
work of Schwarzchild, Tolman and Oppenheimer and Volkoff.l

Having assumed a metric of the farm (6.1-1), the Schwarzchild
metric, describing the geametry cutside any spherically symmetric
metric centre of attraction of total mass-energy c, by simply noting
that the Ricci tensor associated with (6.1-1) must obey Einstein's
equations for free space. The metric is,

2
as® = - - Eya? + L+ 2@

<2
- £9

2 + sinedd®) (6.1-2)
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The geodesic equations of motion are in general glven
(2.2-4). If the {xi are Schwarzchild co-ordinates t,r, @ and

rjk are the connection coefficients of (6.1-2) in terms of these
co-ordinates, (2.2-4) have a first integral and so the equations
of motion are expressible as the following first order system:-

f ‘_tk
%{‘ - —1 (6.1-3) (a)
(1-2¢c/r)
ae 2 B _2_C_ & .
ar ‘/kl + {3 e ﬁz) (6.1-3) (b)
X
g% _ 1 sk ey 3 E
a ;2 /kz k4 "cosec™s (6.1-3) (c)
as &
a - B A (6.1-3) (4)
< rzsi.nze

U{i,i = 1,2,3, are constants of integration). In (6.1-3), ¢ takes

on three values, depending on the nature of the geodesics in question.
= 1 in the spacelike geodesic case, ¢ = O in the null case and

e = -1 in the timelike case. (In the timelike case,) can be taken

to be proper time - the time as measured by a travelling observer's

clock) .

Of course, it makes no difference to the motion of a test
particle or light ray outside the centre of attraction - a star say,
what the geametry is inside, because the particle or ray never gets
there (before it can, it collides with the surface of the star).
Thus, if r > 2c, we need not face the issue of a 'singularity' at
r = 2c. However, in the limit of gravitational collapse the centre
of attraction is a 'black hole'. Then (6.1-2) applies arbitrarily
close to r = 2c and the apparent singularity in (6.1-2) leads to an
apparent singularity in (6.1-3). However, as shown in chapter two,
this apparent singularity can be removed fram the metric by choosing
a different set of co—ordinates in a neighbourhood of r = 2c, such as
Kruskal-Szekeres co-ordinates given by (2.4-2). If the gecdesic
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equations (6.1-3) are expressed in temms of these co—-ordinates, the
only singularity occurring is at r = O.

As shown in chapter two, in contrast tor = 2¢c, r =0 is a
singularity of the space-time manifold itself and so represents a
true singularity of the geodesic equations (6.1-3). It is easy to
show that this singularity is reached in finite time. @Bs r = 2c
is not a singularity, nothing can prevent a test particle or light
ray approaching r = 2c from falling on inwards towards r = 0.) For
example, if k2 = k3 = 0, (6.1-3) (b) becames, in the timelike
geodesic case,

et s kO dr g
= (Kl 1)+ = %J A+ A (6.1-4)

\/ (Klz-l) +2c/r

R

and so if the root in the integral in (6.1-4) is real in a
neighbourhood of r = O, r = O is reached in a finite value of ). Also,
fram (6.1-3) (a) and (b),

J Kar =ttt (6.1-5)

(1-2¢/r)V Klj-1)+2° r

and so if r = O is reached in finite A, it is reached in finite
co~ordinate time (if the motion is cbserved inside r = 2c).

This chapter is concerned with the Schwarzchild equations in
two space dimensions, so that in (6.1—3),K2=R3arﬁe=%say.

The behaviour of orbits in (r,sﬁi space can be determined fram,

2 K2
dr _ r 2 - 2c o e
- R 1‘3 ,‘/; + (1 1_) (e rz) (6.1-6)

using (6.1-3) (b) with 6 = The integration of (6.1-6) is not
easy, even in the case Kl 0, but qualitative behaviour of the
orbits can be ascertained by calculating tirning points of an

'effective potential'.2 In the case of a test particle this is

given by,

IS

2F



2
iy =" - 2—::-)553 + 1? (6.1-7)

Theorem 6.1-—12

Ietvm, deenotethemmmmandmaximnvalues of V(r)

respectively. (v(r) given by (6.1-7).) Then,

(1) r=x(d) is a circular orbit when K, =V .
(ii) there is precession when Kl is a little more than V i

(iii) r = r(¢4) is an unstable, almost periodic orbit when K=V __

(iv) r = r(g) reaches the singularity at r = O when K > Nt

Notice that the turning points of the potential V(r) are given
2 2 2
B, r= K:’.:‘:KBKB 12¢ and so, in certain cases, there
2c

may be no turning points and the fourth possibility of the theorem
mist hold.

In the case of light rays can again by deduced fram a potential,
The conclusions are contained in the following theorem,

Theorem 6.1--22

Let b = %, - Then,
(i) if b > 3/3c, a photon which falls in fram infinity is reflected
and returns to infinity:- if b >>3/3c the orbit is almost a
straight line and if O < b - 3/3 <<c, the photon circles the
star many times before flying back to infinity. A photon emitted
fram r = 2c gets pulled back there.

(ii) if b < 3/3c, a photon which falls in from infinity, falls into

r = 2c and a photon emitted near r = 2c escapes to infinity.
a
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6.2) Feasible Amendments of the Schwarzchild Equations

In order for the equations (6.1-3) to have global existence
of solutions, the singularity at r = O must be removed. In this
section, amendments of (6.1-3) possessing global existence of
solutions are considered, which are derivable fram a metric. The
amendments considered reduce to the amended Newtonian equations
in the weak field limit.

6.2.1) A More General Set of Geodesic Equations

The purpose of this sub-section is to generalize the first
order system (6.1-3) in such a way that the resulting equations
are still derivable fram a metric. To this end, consider the
special case of the metric (6.1-1),

as? = - A(r)at? + i) & + F(r) (@ + sin®edg?) (6.2-1) -

(As only the two space dimensions case is considered, the
singularities at 6 = nv, n cZ, are no problem. In three
dimensions these are only apparent singularities anyway).

Connection coefficients associated with (6.2-1) are given
by (2.2-5), where g = —g" = -A(r), g,,= F(r), 933 = F(r)sin’,

all other camponents of the metric tensor being zero. If the
campaonents of the Ricci tensor associated with (6.2-1) are all

zero, the functions A,F will be as in the Schwarzchild case.

However, if it is assumed that the Ricci tensor is only approximately
zero far away fram r = O, that is, the field equations (2.3-1) do
not hold in a neighbourhood of r = O, the equations of motion
associated with (6.2-1) for general functions A(r), F(r) can be
found. Fram(2.2-4), the second order equations of motion are,

( vt (AA)EE =0 (6.2-2) (a)
é + (F'/F)rd + 2cot8éd = 0 (6.2-2) (b)
i 1 i

r+im' () -%%E?vs%AF'(é)z-%—AF'sinze(ﬁ.S)z=O (6.2-2) (c)

LR

s 8 + (F'/F);:'é - sinfBcost (;6)2 =0 (6.2-2) (d)
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where a dot denotes differentiation with respect to the affine
parameter A and a dash denotes differentiation with respect to r.

The equations (6.22) have a first integral:-

Ay

Alr) (6.2-3) (a)

g (A/A)rt— A @at) =0 =2t =
(Kl a constant of integratian).

B+ (F'/F)I5 + 2008088 = -1 & (rsin®op) =0 =>
FsinZe dx

K

% = — (6.2-3) (@)
F(r)sin“e

(K3 a second constant of integration).

The general metric (6.2-1) gives,

ae, 2

( ) A(da ( +F(r) {(5) +sme (Q?_S } (6.2-4)

so that e = 1, O, -1 in the spacelike, null, timelike geodesic
cases respectively. Substituting (6.2-4) into (6.2-2) (c) and
using (6.2-3) (a), we obtain,

1

2
5N v A ) 5T S TP (D Kl___l(gi_r.)Z WERO.
d)k2 2 2 2 A dx 2 3 AF AF ‘dx W
' ' [
= *LroR =5 F :

where u = (%)2. This is a first order, linear equation with

integrating factor g. The solution is,

u= (gf)z % 1(12 SR e - ;2) (6.2.-3) (b)

where K2 is a further constant of integratlcm Substituting for
tl’ ¢: r in (6. 2-4),

%/ K, - 1<32 cosec2d (6.2-3) (c)
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In canclusion, the following lemma may be stated:-

Lama 6,2-1

The gecdesic equations of motion derived fram the general
spherically symmetric metric (6.2-1) are,

+K

% = 3 r% (6.2-3) (a)

g; = /x12 WAle w ;2 ) (6.2-3) (b)
2

ae g i

AP - (6.2-3) (c)

ar F %2 sinze

K

dg 3

= = (6.2-3) (d)

A peine

Ki' i=1,2,3 constants, and e = -1, 0, or + 1.

Obviocusly, the equations (6.2-3) contain the Schwarzchild

equations as a special case, where A(r) = 1"-2-;5 and F(r) = r2.

In this work, only two space dimensions are considered and with
o ="/2, K, = K;°, (6.2-3) reduce to,

o o
o Ai}_) (6.2-4) (a)
o 1
5 n o 2 5 B o iy
& -/ & +A(r)}e: sz (6.2-4) (b)
K
g W 3 (6.2-4) (c)
i F (r)

Notice that the equations for the space co-ordinates r and &
are independent of the co-ordinate time t and that they have the
same general form as (5.5-2) so that theorem 5.5-1 is applicable.
Thus, r and ¥ can be extended to any value of A, provided that

K12 + A - f3_2_ ) < O in an arbitrarily smgll neighbourhood of

F K
all finite singular points of Klz + Ale- —-1_3,—) and F(r), if each
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of these functions are continuous in r and (1':)' is finite at each
critical point of (6.2-4) (b),(c) and at infinity if r(r) becomes

singular there.

6.6.2) Feasible Amendments to the Schwarzchild Geodesic Equations
of the Farm (6.2-4)

Locking at the apparent force on a test particle instantaneously
at rest and assuming that the gravitational field is weak, the first
camponent of the metric (6.1-2) is given by,

g, =20 +1 =Aal) (6.2-5)

where ¢ is the Newtonian potential. Thus the singular character
of the Newtonian potential, inevitably leads to a singular character
of the Schwarzchild equations.

It is seen that, fram (6.2-5), in order for (6.2-4) to reduce to
the amended two—dimensional Newtonian equations (5.6-1) in the weak
field limit, A(r) = 1 + 2¢*, where ¢* is the amended Newtonian
potential, so that,

A(r) =1-2 Jf(r)dr (6.2-6)

Mef(r)—v—sz as r » o ., -
9 5
Camparing (6.2-4) with this choice of A(r) with (5.6-1), F(r)
must be chosen so that F(r) +r2asr+w . Notice that if
Ky = 0, (6.2-4) reduces exactly to the cne-dimensional Newtonian
equation (5.2-1) in this case, (along timelike geodesics).

Notice that if A(a) = O ‘—"?Jf(r)dr’r:a = % fram (6.2-6),

r = a correspands to an amended Schwarzchild radius, that is, the
right hand side of (6.2-4) (a) becames infinite there. In contrast
to the Schwarzchild case, in any particular amendment, there could
be several amedned Schwarzchild radii or none at all. As in the
original case, values of r satisfying A(r) = O are apparent
singularities and can be removed fram the general metric (6.2-1)
by considering a transformation to generalized Kruskal-Szekeres
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co-ordinates, as shown in a later sub-sectian.

As the function A(r) is determined by an integral in (6.2-6),
the arbitrary constants K,, K3 in (6.2-4) may differ considerably

fram the arbitrary constants in (6.1-3) with 6= r} , for any
given initial conditions.

At this stage, a couple of examples of amended models are
considered.

Example 6.2-1

Caonsider the system of equations,

*K

e 1
A 1Rc/deanl(r/a)
{ / X’
dr 2 2C =] ¥
@ - + (5 tan " =-1) <1 + (6.2-7)
ax K'.l a a { r2 + a2
A
\ ax r2 & a2
T o Xe non-singular in r ard are, in fact, continuous. Notice
that there are no fjnszte critical points. Suppose that r(r=0) = 0,
sothatK12= 1+f§_. Then,

2
a

y
2
a dr e T 20 B el B3
R (Kl (et 1)(1 + 22

and so does not exist. By theorem 5.5-1, (6.,2-7) is a viable
amendment of (6.1-3) provided that K12 #1+ _113_ in the timelike
2
: a

case with 6 = J2. If Ky = 0, (6.2-7) reduces to the ane-dimensional
Newtonian amendment, (5.2-2) given in example 5,2-1. Notice that Ky

in (6.2-7) differs considerably from K, in (6.1-3) for any given
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initial conditions. For example, suppose that in (6.1-3)

K, =0, Ky =1 (8 ="/2), so that in the timelike goedesic

case, g=1, 1= (44c-2)]5 when r = 1. With these initial conditions,
Ky and K._, in (6.2-7) are given by,

e ¥
1<1={4c+a2—tanl(%)(4—;+2ca)},1(3=1+32

so that for |a| << 1, K; =1, but X, will be camplex!

The amended Schwarzchild radii of (6.2-7) are given by,

tan“lg = 2 and 50 in this case, r = a tan(3D), (the

principle branch of tan—l being taken), so that for |a| << 1, the

amerded Schwarzchild radius approaches the origin!

e iy
A Q- 2¢c (2 + a2)7 %
% ) b
ar 2 2¢
= + (=1 4+ 1 + (6.2"‘8)
ﬁ E) Kl ( (r2+a2) ) ( r? +? )
a8 _ X3
a Fs
\
(a # 0).

With a = 0O, r is real in a neighbourhood of r = O for most values of
a and ¢ (2c > a) in any reasonable amendment and so by theorem 5.5-1,
(6.2-8) is not a good amendment of (6.1-3) in this case. If o # O,
r and d are continuous in r and there are no singularities at infinity
and no finite critical points. Suppose that r(r = 0) = O, so that
2

k2+ E-na+s ) =o.

“ 2

2

4 (3) (=0) = m rz Q<1 ((r ﬁz)%l)é :_j;.i))r
() 2]
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and so is finite. (Notice that in this example F'(0) = 0, £(0) = 0.).
Thus, by thearem 5.5-1, (6.2-8) is a viable amendment of (6.1-3),
for any values of K, K3 in this case. This time, limA(r) + 1 as

Y4
in the Schwarzchild case and so for any given initial conditions, if
la], |a] <<1, the arbitrary constants in (6.2-8) and (6.1-3) can be
made arbitrarily close, unlike in the previous example. In the weak
field region, (6.2-8) approaches the amended two-dimensional Newtonian
model (5.5-12) and if K; =0, it reduces exactly to the one-dimensional
amended Newtonian model (5.2-15).

The amended Schwarzchild radii are given by,

r2+a2=4c2#r=: 4c2-a2.

Thus, in (x,y) space, there is one Schwarzchild radius if 4c2 > a2, as

in the Schwarzchild case, and no apparent singularity if 4c2 < az.

As mentioned previously, if A(a) = O, r = a is an apparent
singularity of the equations (6.2-4) as far as the travelling observer
is concerned and can be reached in a finite value of A. Thus, although
(6.2-4) (b) and (c) may have ¢lobal existence of solutions and the
timelike geodesic is camplete, (6.2-4) as a whole has a singularity
which is reached in a finite value of the parameter. Therefore,
although the geodesic is camplete with respect to the travelling
cbserver, it is not apparently.camplete Fcn the space-time manifold
with respect to an external cbserver, due to the fact that the
ocontinuous vector field defining the geodesic has to be expressed in
terms of more than one chart. Of course, this problem does not
arise if the Schwarzchild equations are amended in such a way so that
no amended Schwarzchild radii are present. In this case, the space-time
manifold is expressible in terms of one chart.

6.3 Properties of the Amended Schwarzchild Equations

In this section, various properties of the system (6.2-4), are
investigated where K; # O, e= O or -1 and it is also assumed that, for
reasons given in sub-section 6.22), F(r) -+ r? as r and Alr) =1 - 2|f(r)ar

where f(r) = —92 asr-+ = ., It is also assumed that the right-hand
T

sides of (6.2-4) (b) and (c) satisfy the conditions of theorem 5.5-1.
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Notice that fram (6.2-4) (a) and (b) we get,

2
ar._ & 2 K'j Kldr
EE__K.IA +A§E—F‘ iz‘?J > =t (6.3-1) (a)
An&l +A (e- 332/5')

and from (6.2-4) (a) and (c),

1(3

X A
ot (6.3-1) (b)

In order to get same idea of the qualitatative behaviour of
orbits of (6.2-4) in space, that is, the orbits of test particles
which will actually be seen, it is sufficient to consider only
those equations which involve the space co-ordinates. The shape
of the orbits as far as an observer travelling along the geodesics
is concerned is given by the phase portrait of the system (6.2-4) (b)
and (c) with A as the affine parameter. The shape of the orbits
as far as the external observer is concerned is given by the phase
portrait of the system (6.3-1).

These two cases can be cambined into the general system,

I

P(r)
(6.3-2)

elg elf

i

Q(x)

where, for a travelling observer, P and Q are as in (6.2-4) and A is
affine, and for an external observer P and Q are given by (6.3-1) (a),
(6.3-1) (b) respectively and A is cG-ordinate time.

lLet X = rcosg, y = rsing so that (6.3-2) becares,

& _Zp@) - yolr) = REx,)
(6.3-3)
X =Ip@ +x00) =Sy

Equations (6.3-2) and (6.3-3) are the same as (5.5-1) and (5.6-2)
in the two—dimensional Newtonian case and so the analysis of chapter
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five applies equally well here.

6.3.1) Critical Points

By the analysis of section 5.6-1), (6.3-3) has a critical point
at (0,0) if P(0) = O and the right hand side also becane zero
at r = a if P(a) = Q(a) = 0.

Suppose that P(a) = Q(a) = O, so that, as before, r = a represents
a circle of non-isolated critical points. In the external observer
case, this can only happen if A(a) = O, using (6.3-1), and sor = a
corresponds to an amended Schwarzchild radius, as expected. In the
travelling observer case,(6.2-4) (b) and (c),r = a has the same effect
as the Schwarzchild radius with respect to both the external and
travelling cbserver. Thus, if every amended Schwarzchild radius is
a critical point of (6.2-4) (b) and (c), a collapsing star could not
collapse beyond the largest such radius.

Suppose now that (6.3-3) has a critical point at (0,0), then also
by the analysis of section 5.6-1) it follows, that the eigenvalues of
the matrix of the linearized system about (0,0) are given by,

A=P'(0) % iQ(0) (6.3-4)

In the travelling observer case,

P(r) = AZ +A(e- ;3-2)
1 : 2
S A T

L] £ ; |_._K3_ Zé-F__'
roe e 2 ) 5)

(where a dash on the right-hand side represents differentiation with
respect to h).



Now A(r) = 1 - 2|f(r)ar=>A"'(xr) = -2f(r) and so £(0) = O>A"'(0) = O.
Then in order for P'(0) to exist, F'(0) = 0. If £(0) # O, then
2

K, K32 A(O)F' (0)
{A'(O) -— ) + 5 } = 0 in order for P'(0) to
F(O) F? (0)

exist. Then P'(0) is given by, using (6.3-5),

2 2 2
K 2K, A' (O)F'(0) K,"A(0)
3 [A" (0) G 3 ) - + 3

P! (0) = {— S I
2 F(0) ¥ (0) F(0)

X

(6.3-6)

o %
(F(O)F"(0) - 2(F'(0)) }}

In the external observer case, using (6.3-1), P'(0) = A'(0)
if A(0) = O, that is, if r = O is an amended Schwarzchild radius,
or P'(0) is given by the right-hand side of (6.3-6), multiplied
by a factor of A(0).

As far as the nature of the critical point (0,0) of (6.3-3)
goes, theorem 5.6-1 is appropriate (with F replaced by P, and G
replaced by Q).

The analysis of section 5.6.1) shows that (0,0) cannot be a
centre unless P(r) = O, so that the possibilities for (0,0) are
a focus, a node, a multiple critical point or a campletely
isolated critical point. Thus, the nature of critical points
gives limited information. Notice, also that lemma 5.6-2 also
applies to the general system (6.3-3).

Example 6.3-1

Consider the system (6.3-3) with P(r), Q(r) given by,

2
P(r) = _{K12 + ((rz——%—icaz) - 1) (1 + _—Hi % } :

5

Qlr) & =
r? + a’

(6.3-7)
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so that (6.3-2) are the second two equations of the viable model
(6.2-7), with o = a.

Notice that Q(r) # O for any finite values of r, so that
(6.3-3) has no critical circles in this case.
2 K’
ik - T - 2 = L
P(O) = 0==I>‘K1 = (1 a)(1 + a2 )

and, in this case, using the analysis of example 6.2-2,

2 2
K x5
e T 3 \c -2 - =
p(oy-{ (14— 2) 3+( )(—4—)} (6.3-8)
a a a a
Suppose that a > O. 'I‘lmP'(O)=OifaK2—3cK2—ca2=0and

3 3
P'(0) % O if aK32 - 3<:K32 - (::a2 > 0. Otherwise, P'(0) is imaginary.

Thus, by theorem 5.6-1 and the later analysis of subsection 5.6:1),
(0,0) is a focus of (6.3-3) if aK,’ - 3c K, - ca® 5 0, in the

travelling cbserver case.

In the weak field region, (6.3-2) with choices of P and Q given
by (6.3-7) reduces to the Newtonian model (5.6-10) given in example
5.6-1, with o = a and K3 corresponds to k, so that if (0,0) is a
focus for the amended Schwarzchild model case, it is a focus for the
amended Newtonian model, but not necessarily vice versa. Camparing

(6.3-7) with (6.2-4), it can be seen that A(0) = 1’§—° and 80 by

previous caments if a # 2c, the origin has the same character in both
the travelling cbserver and external observer (inside the amended
schwarzchild radius cases).

Example 6.3-2

Consider the system,

gl 1
(1-2cr> (a7
2 1!
3 2
P 2cr )( 5 )
r = K + (-1 + 1 + (6.3""9)
{ 1 ( r4+a3 1:2+a2
. Ky
6 = :
r2-§-a.2



2cr3

Camparing (6.3-9) with (6.2-4), A(r) =1 - S 5P
(r'+a’)

F(r) = r2 + az. There are nc finite critical points and no real

singularities. Fram (6.2-6), £(0) = O, so that P'(0) exists
using (6.3-5) and is given by,
2

il B At

The equations (6.3-9) are a viable amendment to (6.1-3) by
theorem 5.5-1 and reduce to the Newtonian case (5.6-11) with
a =a, n= 3, in the weak field region and reduce to the model
(5.2=17 ) if K3 = 0. Fram subsection 5.6.1), the origin of

(6.3-3) in this case is a focus for any choice of cunstants if

2hr o B
5 —>  as in the case of (5.6-11) withn =3, o = a.
a

(6.3-10)

ol

The amended Schwarzchild radii are given by the four roots of
r4-2cr3+a4=0 (a # 0)

which only has one tuming point (a minimum) atr=g—c and so

therearetmrealrootsiflGa4-2'?c4<O, one real root if

16a% - 27¢* = 0 and no real roots if 16a’ - 27¢* > 0. 1f lal<<1,

the two real roots are r<2c and r = O.

6.3.2) Existence of Periodic and Almost Periodic Orbits

In contrast to the two-dimensional Newtonian equations, the
Schwarzchild equations (6.1-3) do not possess a set of non-isolated
periodic orbits in (r,%) space- for a range of values of K, /K3 If
the amended equations (6.3-3) with P(r), Q(r) given in (6.2-4) (b)
and (c) contain no critical points, (6.3-3) can only have a finite
number of isolated closed orbits, which may or may not be limit-cycles.
Same information regarding the non-existence of periodic orbits may
be obtained fram Dulac's test. Applying theorem 3.5-7 to (6.3-3),
with B = rP(r) as in the proof of lemma 5.6-4, the following lemma
is obtained:-
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Lama 6.3-1

Let G be a simply cannected subregion of IRZ—{O}. Then
there are no closed curves of (6.3-3) in G if the function

¢ = P2(r) + rP(r)P' (r)

does not change sign in G. L
Notice that G cannot contain points at which P'(r) does not exist.
“In the case of (6.2-4) (b) and (c¢) or (6.3-1), the lemma is
difficult to apply in practice due to the camwplicated nature of
the function ¢, and is of limited use.

Consider again the general system (6.3-2), with P(r) and Q(r)

given either by (6.3-1]) or (6.2-4) (b),(c). As in the Newtonian
case, if P(a) = 0, r = a is an isolated closed orbit of (6.3-2)
if a is real. Suppose that Q(a) # O, so that r = a is not a critical
circle. As in the Newtonian case, if P'(a) does not exist, (6.3-2)
does not have uniqueness of solutions on r = a and so any other
orbit may cross r = a or reach r = a in finite time, so that a
necessary condition for r = a to be a limit-cycle is that P'(a)
exists. Then lemma 5.6-5 is appropriate (with F(r) replaced by
P(r)). Notice as (6.3-1) is just (6.2-4) (b), (c) multiplied by a

wnction of r, if r = a is a limit-cycle as far as the travelling
observer is concerned, it is also one as far as the external observer
is concerned (assuming that if r = a lies within an amended
Schwarzchild radius, the external cobserver is also within the
Schwarzchild radius).

Example 6.3-3

Consider the system,

Kl
A - 202 +.2%) 7%

v ha
$ e o b bl ”)
iy Mem e i el | s (6.3<11)
{Kl (r?+a?) )( 6:‘2 + a2)

g -

I

L]

e r2+32
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2c
so that, camparing with (6.2-4), A(x) = 1 _(r2+a2)§ 8

2.2
_ [ xx"a") + -1
F(r)—( K3) (e=+=1),

b
K3(r +a“)

2C

NcmP(b)-—-O‘:;K12+(—2—-2-%—1> (1+ .

« o
(b2+a%) b2 + a%)

b b (b2+az’)) &

Notice that A'(0) = O and F'(0) = O, so that fram (6.3-5), P'(0)

exists. Suppose that y # 3 , so that r = b is not a critical

b2+32
circle. Then (6.3-11) is a viable amendment to (6.1-3) by theorem
5.5~1. Froam ;a}ca;ngle 6.2-2, the amended Schwarzchild radius is
given by r = 4c2—a2. Let 4c2 > 32 so that the apparent
singularity exists. If b= Vic?-a®, the amended Schwarzchild
radius coincides with an isolated closed path with respect to the
travelling or external cbserver. It acts as a limit-cycle if
P'(b) exists. It still erases the difference between what the
observers see even if P'(b) does not exist - the closed orbit is
just reached in finite, as opposed to infinite parameter time.
If y = bZ:g , T =b is a critical circle and in order for the
geodesics to be camplete, P'(b) must exist, by theorem 5.5-1. In
this case, the amended Schwarzchild radius is never reached. (P'(b)
is given by 6.3-6 with O replaced by b and exists if

2 2 ~
K3 )+ K3 A(b)E' (b)

F (b)

-A' (b)(l - =0 fram (6.3-5).)

F(b)

Notice that the amended Schwarzchild radius r = b only coincides
with a critical circle, limit-cycle or a closed path reached in
finite time with respect to the travelling cbserver, for particular
values of vy, Kl'KB"

Recall that the nature of orbits of the Schwarzchild equations
can be determined by finding the timing points of an 'effective
potential' (given by (6.1-7) in the material particle case). The
conclusions are given by theorems 6.1-1, 6.1-2. The amended equations
(6.2-4) , also possess an effective potential, given by, in the material

particle case,
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3 5y
V() = +Al) ) (6.3-12)
and this clearly reduces to the potential given by (6.1-7) in
the weak field limit by the hypotheses on A(r), F(r). The
turning points of this amended potential are given by,

A'(r) (1 + Fﬁ) - AF' (—:;—) =0 (6.3-13)

and, so provided that departures fram the original Schwarzchild
functions, A(r) = l-'-g-%. , F(r) = r2, are not too great, departures
fram the original turning points will not be too great, and orbits
will behave qualatively the same, except perhaps in a given small
neighbourhood of r = O. In particular, if the original
Schwarzchild equations possess almost periodic solutions, any
feasible amendment of them should also possess almost periodic
solutions. This is, in fact, the case with the numerical examples
considered in section 6.5). Having obtained there exist almost
periodic solutions in a particular case, it is possible to talk about
peri-helion shifts of these orbits. Now, fram (6.2-4),

grB= i\/xlz-mr) (5—2+1) =

3 ¥

T dr
é =
L_ F\/Bz-A/‘F+aA

.(6.3-14)

gives the angle between opposite perihelions. Of course, in general,
the integral in (6.3-14) has to be evaluated numerically.

Fram the general system (6.3-3), the following integral is
cbtained:-

j %{;‘3— dr =g+4, (6.3-15)

as in the Newtonian case, so that by (6.2-4) (b) and (c) and (6.3-1),
in either the travelling observer or external observer case,
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K3dr

A J =g+ g (6.3-16)
F(r

) /K Pac). (e - K32)

F(r)

Once again, evaluation of the integral in (6.3-16) is, in
general, impossible by analytic means but in certain cases may be
evaluated in temms of elliptic integrals and the nature of orbits
may be ascertained.

Example 6.3-4

Consider the general model (6.3-3)

with F(r) =r2+a2andA(r) =1-—§Er—2 where |a|<< 1.
r +a

In the timelike case, (6.3-16) becames,
dr

rexg | =
I% \/ r4 [Klz-l) +2cr3+r2 (2azlﬁz—2a2-K32 )+r (2ca2+2cK32) - (K12a4-a4 "aﬁ%

(6.3-17)

Thus, iftheomstantsarec}wsensoﬂ:atKl=l,c=35,a=l,

K32 = 2, (and so }(12.?14-a21(32 #.0 and the model is a viable amendment

to the Schwarzchild equations),

dr

dr
1=2 J =2 I i
Ve3-2r243r-2 V) (0 %)

R X oo,
+d =2 4m1(£_+_1_r, (;5__'%,%) (6.3-18)
Y2 =l+4r (r>1).

Now cng is a periodic function (for real values of g) and
-lcong g1, independent of the modulus. However, r becames infinite
when cng = -1, and so the orbits in this case, cannot be closed. In
general, if the quartic in (6.3-17) is factorized as far as possible,
r can be expressed in terms of Jacabi elliptic functions, using the
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results of 3.

6.3.3) Structural Stability

As stated previously, the space co-ordinatesin the two—dimensional
amended Schwarzchild case are solutions of the system of equations
(6.3- 2), which have the same general form as (5.6-2). Thus, the
analysis of subsection 5.6.3) is appropriate in this case. In
particular, lema 5.6-5 will hold. Once again, (6.3-3) will be
structurally stable for almost all values of the arbitrary canstants
contained in P(r), Q(r). The set of general equations (6.2-4), which
include the equation for the co—-ordinate time, have no critical points
in (t,x,y) space by hypothesis and so are naturally structurally stable.

Example 6.3-5

Cansider the feasible amendments to the Schwarzchild equatians
(6.2-8), given in example 6.2-2. (a # a). By lema 5.6-5, the system
is structurally stable as a whole. The system has a critical point in

(x,y) space at (0,0) if K12 = ( - 2_2)(1 - 51‘12) (see example 6.2-3).

2
a

m5w111beafoms1fa1(32-3cx32-ca230andsoﬂuesystenw111

only be structurally unstable if Ky and K3 satisfy the first condition,
but Ky does not satisfy the second.

6.4) Properties of the Amended Metric

In this section, various properties of the general metric fram
which the amended Schwarzchild equations are derived, namely,

2

ds? = ~Alr)at® + =

2 - e T30y
A) & +Flx) (47 + sin"edd”) (6.4-1)

where A(r), F(r) have the properties given in section 6.2), are studied.

6.4.1) Generalized Kruskal-Szekeres Co-ordinate s

As mentioned in section 6.2), the equations of motion (6.2-7) contain
an apparent singularity at r = a where A(a) = O. This value of r
corresponds to the amended Schwarzchild radius. There may be several
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such values of r. In this sub-section, it is shown how these apparent
singularities may be removed fram the metric (6.4-1).

Consider the general co-ordinates given by,

R (x)

u = u*’(r) e cosh (tK)

(6.4~2)
V= a;i(r} eam sinh (tK)

where a*(r) is assumed to be real, K ¢ R.
Now du = { Yo 'a %ePoosh(t) + o’8'e? ™) cosh t:{)} dr
+ Ka%e® sinh (tR)dt (6.4-3) (a)
dv = {!sa'u"ie sinh(tK) + o g 'e? ) sinh(tx)} dr
+ Ka’e® cosh (tK)at (6.4-3) (b)

Squaring equations (6.4-3) (a) and (b) and subtracting, we obtain,
after same simplification,

dil - av” = a8 ) {ga'a"‘ + 3%8‘}2 & - gPaefar® =

)2

2 (6.4-0)

K5} (%28 a2 o 2 X T T
—é—e (d‘LI"dV)"' 2(4 =

+al8"? + u'B')drz - Adt
aK aK

where A(r) is the known function in the amended Schwarzchild case.

Camparing (6.4-4) with terms in the general metric (6.4-1), in

order to get -Adt2 + %— dr2 easily in terms of du2 - dvz, it is clear

that,

2
2 ey | 1l (a ") 12 ' l') A

It is now supposed that % o' = g8' (in keeping with the original
derivation of Kruskal-Szekers co-ordinates with r > 2c), and so (6.4-5)
represents a differential eguation for the unknown function a(r), in
terms of the known function A(r). Fram (6.4-5) we get,
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"2 24
AT = ) {%u’s+

N =
=]
N
Syt
[ %]

() (B2 =

. exp{i Pﬁ ar + -y} (6.4-6)

where y is a constant of integration.

Q
{1]
]

Nmmﬂescmarzc}uldlmit,A=1-3§am°mparmg

(6.4-6) with the Kruskal-Szekers co—-ordinates case for r > 2c,
it is seen that,

r
( % = 1)92'c"1 = exp { +2K(r + 2¢ 1.n[r-2c|)+ Y }

and S0 K ==, y= -(1+ In 2c) (positive signs being taken).
If, instead, it is supposed that %a' = - 8' (in keeping

with the original derivation of Kruskal-Szekers co—ordinates

with (r < 2c), it is easily seen that the solution of (6.4-5) is,

e acp{ :tJ % ar + Y} (6.4-7)

and once again, in the Schwarzchild case, positive signs are
taken and K = 4= , ¥ = ~(1+ In 20). Notice, if r < 2c in the
original case, the roles of u and v are interchanged, so that
when a (r) changes sign (as a function of r), the transformed
metric does not. Thus, in this generalized case, the roles of
u and v need to be interchanged at r = a. Thus, u and v are

given by (6.4-2) for r > a and,

a= o)) ainhiix) (6.4-8)
{ o= uli(r)eﬂcr) cosh (tK)

for r < a.

E‘m (6- 4-2) r (6.4_8) r
u? - v° =1 qeb (6.4-9)
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alﬂ fIUIl (6-4‘4); (6.4"5)’

ar® - pat® = 2B 28 52 _ 5 (6.4-10)

a

1
A

and as r passes through a, the transformed metric remains
the same. The metric contains no apparent singularity at

r =a if, 1lim A(xr) - lim A'(r)
r+a a(r) r+a

is finite, so that a'(a)
a'(r)

must be finite. Fram (6.4-6), (6.4-7),

we™® = F(r) say,=a'e™®(1 + a) = F' (r) (6.4-11)

If constants in F(r) are chosen so that F(a) = O=ra(a) = 0

(a condition required for continuity of co-ordinates), then
fram (6.4-11), a'(a) = F'(a). Now o always remains positive
and so r = a must be a turning point of F(r) and so F'(a) # O
as required. That is, the transformed metric will not contain
an apparent singularity at r = a if A'(a) is finite. (This
will be the case for all viable amendments).

The results of this analysis, can be sumarized in the
following theorem:-

Theorem 6.4-1

An apparent singularity in the metric (6.4-1) at r = a, can

be transformed away by use of the co-ordinates,

u=a?)e™D) woehir r>a
v= a%(r)e%ml)sirm(tkz)
+K1)

uljtr)e(_é sinh(tK) r < a

—
o
Il

v = u% (r)e(ﬁ?l'ml)cosh(t!(z)
s
andaeu=exp{ider+~f} r»>a

=7

2K2
ae = exp iJAdr-l-'y} r< a

K,,K,,y constants. (Constants being chosen so that «(a) = 0).
1755 i
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Exanple 6.4-1

In general, the co-ordinates given by the theorem may
be impossible to obtain explicitly and even in simple cases
can be quite cawplicated:- consider the amended Schwarzchild
model given in example 6.2-2. In this case,

2c

1'2'"(52

. Alr) =0%r =a=Vic? - 62 is the only amended Schwarzchild
radius. ( 6 taken smallenough so that ac? - 62 > 0).

Alx) = 1 - (6 a small positive constant)

s
MJ%E=J r +8 S MRIENG [ S
7 2 )

r %8 =2c r'+§ -2c

Let r = é&sinh® so that,

ar 2c ds *

JA——r+2c{e+f6—-—-—-——-]e_2c§ (6.4-12)
— e —

dcoshe-2c¢ 53 5 3

e -4c
1 se —2c—/dc?-52 o
(202 1 | seP-20/ac?-52
001_:11% § = 2c.

In any viable amendment to the Schwarzchild case, &<2c
and the second case is appropriate.(As stated earlier, an
amended Schwarzchild radius will not exist if &>2c).

Substituting for I in (6.4-12), and then for g,

J%=r+2c1n(r+/r2+62)-2c1m
4c? r + r+5 - 2c - V4c GI ==

In
Vac2-52 r + V% - 2c + 402—52| b
8K2C!

ae %= (r+ r2+62)4x2cexp(2K2r+y) {r r2 - 2 v/ac? = } 4C =6
ﬁ«é2+az +J4c2——5

(6.4-13)
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Notice, at r = a, a« = 0, as reguired (independent of the
choice of y and KZ) . Also, differentiating the right-hand-side
of (6.4-13), gives a'(a) # O as reguired.

It may happen that the function a(r) given for r>a never
changes sign. In this case, only values of u and v given by

It has been assumed that there is only one apparent
singularity at r = a present in the metric (6.4-1). Clearly,
theorem 6.4-1 can be generalized to cater for any number of
apparent singularities by taking successive pairs of co-ordinates
and v and swopping these around and changing signs of o everytime
one of these 'singularities' are crossed.

6.4-2 Corrected Weak and Strong Energy Conditions

It was shown in section 4.3, how certain metrics which
give rise to geodesic equations having global existence of solutians
may not satisfy the weak and strong energy conditions. It was shown
that the null and timelike convergence conditiomsonly hold if the
corrected weak and strong energy conditions hold in the space-time
defined by the given metric. Here, a specific example is given of
a metric where the null and timelike convergence conditions do
not hold. i

Consider the general metric (6.4-1) where A(r), F(r) are
assumed to have the properties given in section 6.3), so that the derived
gecdesics are camplete. The connection coefficients associated with
(6.4-1) are given by (2.2-5)and the camponents of the Ricci tensor by

e
oy & %{%‘E “"“}
R Iy LR O L e R v
o ERMIRE 2°F A2 00 (6.4-14)
R22= l-% (A'F' -+ AF'')
Ry = sin’®R,,

all other camponents being zero. It is easily seen that, in the case
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of the Schwarzchild metric (6.1-2), Ruu = 0 for all o« and so the
Einstein field equations in free space (2.3-1), (with A = O, T = 0),
are satisfied.

Consider the special case where

2
R £ 2o .4
Alx) = 1 37 T Plr) =r° +a% lal<< 1. (6.4-15)

so that (6.4-1) gives rise to camplete geodesics, by example 6.2-2
(c has been taken to be 1 for simplicity).

Substituting (6.4-15) into (6.4-14),

2 ) 2
Ryo (8.7 ) a2
2

Ry, = LRt (1_ 2\ ___3?_5_ (6.4-16)
1 2ra2) 2 (2T 2
2a°

Roq M IC ety 2

i = el

Notice as r + = , all camnponents of "the Ricci tensor tend to
zero as required, but the Einstein equations are not satisfied
exactly, especially at r = O, if a # O. Also, in the limit as
a + 0, all the camwponents tend to zero (for constant r).

Consider a null or t.irrelike vector with camponents wi at any
point m of the space-time belonging to a co-ordinate damain of the
given chart, so that,

g, (W,w)= -czf?gij i = 2 =

- (1 = ;-—-—-—2 )(wo)z + ( - —_—,—i——-—)_l ey
:r:2+a2 r2+a2

2

+ (rz-l-az) { (w2)2 - s:i.nze (w3)2} = —C (6.4-17)

where m has co-ordinates (r,8), andce R - {O} if w is a timelike
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vector ard ¢ = O if w is a null vector.

Now Rijwiwj = pm(w")z + Rll(wl)z + nzzcw"‘)z + R33(w3)2 =

< 2 2
Af a g L ST

2
2 2 =1 a
2a : 2
e R e o A 5 }x (w
{(r2+a2)2 < r2+a2 ) (r2+a2) /2
2
2a { 2.2 2 . 3.2 }
AN . o a. o re (Ww°)< + sin“e (w”) (6.4-18)
(c24a2) /2

fram (6.4-16) and so that in the Schwarzchild (a=0) case, the null
and timelike convergence corditions are trivially satisfied at all
points.

Substituting (6.4-17) into (6.4-18) we get,

2
R, Wi {——a—— e —L—)}x(w")z
1] (x%+a®)>/2 ( vV r2,52

- e (1— o )"1- o o by oh?
(x%+a?) 2 r2+a2 (r%+a?)/2

2a

2 2 2 -1
— 0,2 2R
(r2+a2) /2 {(l S £ i A )(w i (l e +a2“‘) (w) %-c }
10 2 2 = 2
. i 3a e 0, 2 3a
i3 (rz +az) 5/2 ‘/‘rz il 2 +az) /2

2
2 =1 2a } (w1)2
(1 ~450 % ) * (%42

+

+a
23 2c2a2
(r2+a?) /2 (6.4-19)
Clearly, fram (6.4-17) and (6.4-19), Rijwiwj < 0 vhen

2 2 =1 2
i) ) o i 5 =
2
£+ Had) {(w2)2+sj_n29 (w3)2} < 2ePa?)
(6.4-20)

This inequality is clearly-satisfied at an infinite number of points,
by choosing the wi suitably. For instance, if w =w> =0, wl =1,
Rijwiwkp for points where c2< 2(r2+a?)% and WO is obtained fram (6.4-17).
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6.5) Numerical Solutions of Specific Models

In this section, various numerical solutions of specific chosen
amendments of the Schwarzchild equations are considered, as in the
Newtonian cases. Only amendments in two space dimensions and of
the specific type (6.2.-4) are considered. Various solutions of
the equations are plotted for the material test particle case, so
that ¢ = -1 and 1, the affine parameter, in (6.2-4), represents
the proper time. Solutions are only plotted for amendments with
F(r) given by F(r) = rl+a?, |a] <<1 as it can be shown that there is
no significant difference in solutions of amendments with the same
choice of A(r), one having F(r) = r+a® and one having an F(r)
possessing the same qualitative properties, for example,

F(r) = -———-——“rfl =+ |b| >>1. As in the two-dimensicnal Newtonian
2tan ~(br™)
cases, Ka is taken to be unity, without loss of generality and Ky is

chosen so that orbits of a chosen qualitative character are obtained.
Thus, the general amended equations (including the original Schwarzchild
equations), are considered in the form,

et
& - KB
dr _ {KZ-A(I) 1+-i———}!5 (6.5-1)
& 1 0 e
ag _ _1
& - 2,2
(|aj<<1)

where 1 denotes proper time, so that distinct amendments are defined
by a particular choice of A(r), (any particular choice satisfying the
conditions given in subsection 6.22)).

Recall that in the Newtonian case, the constants K,A in the first
order two-dimensional equations (5.4-3) can be chosen so that the orbit
is hyperbolic, parabolic, or elliptic. Then, with the considered
amendments of section 5.7) of the general form (5.6-1), with amended
constants, so that initial conditions remained constant for any amendment
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of each separate case, the amended orbits were almost hyperbolic,
parabolic, or almost closed with a peri-helion shift. In the
Schwarzchild case, (equation (6.5-1) with A(r) =1 - 22 and a = 0),

the qualitative behaviour of orbits is dictated by the conditions of
theorem 6.1-1, that is, the turning points of the effective potential.
For instance, if K, = 0.94, Ky = 4.0, the solutions are almost periodic
arbits (non-eccentric orbits), which never pass through the Schwarzchild
radius, and so never approach the origin. An orbit of this type is
shown in figure 6.1. Any orbits of amended equations, with the same
initial conditions, agree almost exactly with the Schwarzchild orbit,
as do the hyperbolic-like orbits (given in the Schwarzchild case, for
instance, by K, = 1.998, Ky = 135

Unlike in the Newtonian case, theomstantchanbec}nsmin
the Schwarzchild case, so that orbits pass through the Schwarzchild
radius and must approach the singularity at r = 0. Curve (1) in
figure 6.2 is such an orbit, and cannot be extended past the origin.
(In this case, ¢ = 1, without loss of generality and K, = 0.884). Thus
the Schwarzchild case is fundamentally different fram the Newtonian
case in the sense that Newtonian geodesics are only incawplete if they
approach the origin radially, whereas any Schwarzchild geodesic passing
through the Schwarzchild radius is incamplete. The amendments of
Schwarzchild orbits which pass through the Schwarzchild radius are the
most interesting, both fram a mathematical viewpoint and fram a
philosophical viewpoint, and it is these solutions which are now
examined.

Solutions of amended equations are campared with the Schwarzchild
orbit shown by curve (1) of figure 6.2. The orbit starts fram rest
at x = 5 (at time 1=0), and corresponds to the eccentric elliptic orbit
given by curve (1), figure 5.3 in the Newtonian case. Ky is chosen in
the amended equations in such a way that the solutions under consideration
have the same initial conditions as this Schwarzchild orbit. The
amended solutions agree almost exactly with the Schwarzchild orbit until
they pass through the Schwarzchild radius at r = 2. It has been stated
earlier that the equations can be amended in such a way that a Schwarzchild
radius is no longer present. However, whether an apparent singularity
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is present or not, the qualitative behaviour of the orbit, as far

as the travelling cbserver is concerned, will remain the same. All
the amendments considered now have an amended Schwarzchild radius.
Clearly, as the amended orbits approach the origin, they will behave
qualitatively the same as the cne-dimensiocnal counter parts, with
respect to the proper time, as given in section 5.7. That is, an
orbit will pass through the origin and came back, get thrown outwards
again before it reaches the origin, or pass through the origin, so
that the radial co-ordinate changes sign, depending on the behaviour
of a radial arbit of the same set of equations. For instance, curves
(2) and (5) of figure 6.2 (together with curve (1)) are solutions

of (6.5-1), with A(r) = l-ZIf(r)dr, £ = 2 tan L 2%, vitn

a;Z = 0.1, 0.001, respectively, (cawpare with the numerical solutions
of (5.7-1) - curves (1), (2) of figure 5.2). Curve (4) of the figure,
together with curve (1) is the solution of (6.5-1) with

Afr) =1- 2If(r)dr, £(r) = —4——
r’+ 0.001

solutions of (6.7-4)). If the constant denaminator of f£(r) is
0.1, the amended solution agrees approximately with curve (2). 1L

o2
the functicn £(r) is perturbed slightly to £(r) = —5t—X— , the

, (campare with the numerical

correspanding solution is curve (3).

Curves (6) and (7) of figure 6.2 are typical solutions of an
amendment in which any orbit approac‘m.r;g the corigin radially, passes
through and the r co-ordinate becames negative. They are solutions
of (6.5-1) with A(r) =1 - — S 3y and a = 0.001, 0.1 respectively.

(r%+a?)

The curves (5) and (6) are extended in figures 6.3 and 6.4 respectively.
The apparent contradictory nature of both the orbits is explained by
the fact that the motion of the test particle is described by two

sets of differential equations, as opposed to just (6.5-1), depending
on the sign of the radial coordinate r, as the motion along any radial
path must be symmetrical about the origin (see section 5.7). Thus,
although the solutions to (6.5-1) in the given cases have orbits as
described in the diagrams, the actual path of a test particle will be
an almost periodic orbit about the crigin, that is, two of the loops

of the solution are not actually traversed. The particle will have
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almost the same qualitative motion as in the amended Newtonian
cases, and the almost-periodic Schwarzchild orbits which do not
pass through the Schwarzchild radius. As far as the travelling
cbserver is concerned, the orbit will be almost periodic (with
peri-helion shift). Of course, as far as any external observer is
concerned, the orbit never reaches the Schwarzchild radius and so
any motion inside the radius is not observed. Thus, although the
travelling observer passes through the radius, past the origin and
out again, it appears to the external cbserver that he has always
been on the outside! The orbit is elongated as far as the external
cbserver is concerned, (with respect to the true orbit).

6.6) Concluding Remarks

This chapter has been concerned with variocus properties of
amendments to the Schwarzchild equations of a specified general
nature. As stated in Chapter Five, the work is far fram camplete -
it should be possible to classify general classes of amendments

according to their qualitative properties.

The amended Schwarzchild ecquations and the amended Newtonian
equations presented in this and the previous chapter seem to possess
similar qualitative properties - the solution bear a closer resemblance
than those of their traditional counterparts, (for example, peri-helion
shifts etc.). However, the properties of the amended Schwarzchild
equations introduce new philosophical problems, such as those associated
with orbits passing through an apparent singularity an infinite number
of times, as mentioned in the last section. These points are raised in
the following, final, chapter.
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Chapter 7
Conclusions and Speculations

In this thesis we have studied, fram a mathematical point of view,
the feasibility of "regularizing" the gecdesic equations of certain
singular, but otherwise experimentally viable, gravitational spacetimes.
That is, spacetimes which include the gravitational effects of matter
and which lead to predictions in accord with same of the experimental
observations, but in which the effective gravitational force becames
infinite at same point or set of points in the spacetime. The aim of
this study is to build a data-base of regularized spacetimes which can
then be used in an attempt to develop a nonsingular theory of gravity,
much in the same way that Newton used Kepler's data to synthesize his
model.

Since this has been a preliminary investigation, we have, naturally
enough, concentrated on the two most successful models of gravitation to
date. That is, Newtonian gravitation, where gravity is represented by a
scalar field acting in a Newtonian spacetime, and Einstein gravitation,
where matter gives rise to gravitational effects by deforming Minkowski
spacetime into a "curved" psuedo-Riemmanian manifold. Furthermore, we
anitted cosmological spacetimes and restricted our attention to the
simplest non-trivial solutions of these models. That is, the point-mass
field in the Newtonian case and the Schwarzschild spacetime in the
Einstein case. The fact that these tare unique solutions of their
respective models, for the symmetry considered, is an added advantage.
Note, however, that our results for the Schwarzschild solution may be
transferred to the cylindrically symmetric Kerr metric by means of the
camplex transformation mentioned in the introduction. Thus, we have
effectively covered both the conjectured black-hole states of the Einstein
model.

The criterion we used faor regularizing the geodesic equation is that
the amended equations should form a dynamical system. Since the limit
sets of dynamical systems are only approached asymptotically, the
resulting geodesic flows will be camplete. Our results have confirmed
that this is a sufficient criterion for the data—gathering process and, more
importantly, have shown that it certainly is possible to eliminate or avoid
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sinqular spacetimes by replacing the singular points by regular, critical
or isolated points of a dynamical system. Thus, using both central and
noncentral amendments, we have found limit set behaviour corresponding to
critical points, limit cycles and isolating limit sets where the critical
set discomects the singularity from the observers' spacetime by forming
a natural unimpenetrable boundary. We have, in Chapters 5 and 6,
catalogued and analysed these amendments in same considerable detail and
in some cases have verified, by numerical camputation, that the
weak-field properties can be adjusted to fit the experimental data. Thus,
the first phase of our programme has been successfully campleted.

Our next step, from the mathematical point of view, is to partition
the amended geodesic equations into equivalence classes with each class
representing a particular type of qualitative behaviour. This would
enable us to carry out a detailed study of the differentiability and
stability properties of equivalent amendments and, in this wayrarrive at
a set of criteria to determine the "best" amendment in each class. One
could then, in principle, use these best amendments to set up field
equations for the corresponding spacetimes. Once this stage has been
reached then the conventional approach can be reintroduced.

Fram the physical point of view, the next step is fairly clear.
Each amended spacetime has to be examined carefully and the behaviour of
its geodesics must be shown to be "physically reasonable". Furthermore, the
final states of dying or collapsing stars must be reassessed now that the
plack-hole state has been eliminated. However, the broad picture that
emerges fram our analysis so far can be expressed as follows. If we
assume that the grarvitatic:nal“cnocnst‘amtl is a function of the radial
coordinate, i.e., G = G(r), then our amendments ccrrespond to situations
in which (a) G(r)+> O as r » O in such a way that the effective gravitational
force is either finite or zero at the origin, but always remains attractive
and (b) G(r) becames negative for small r so that the effective
gravitational potential develops a repulsive core. In the case of
noncentral amendments G will, of course, depend on both r and ¥, implying
thatﬂlereisadampingteﬂnwhichslmsdmmﬂlecollapsetosuchan
extent that it takes an infinite proper time to became singular. Damping

usually means dissipation and consequent energy radiation, and this could
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possibly occur in the form of gravitational waves.

Now the requirement of a variable G in our interpretation, raises
the question as to whether there is any experimental evidence to
support this view and, surprisingly enocugh, there is. Recent work
by Lcmgl'2'3 indicates that there may be a departure fram the inverse
square law at laboratory dimensions. In fact, his results show that
for 4<r<100, where r is measured in centimetres, the gravitational
constant should be replaced by the function

G(x) = Go[l + (0.002)In r].
If this can be extrapolated down to r=0, then it indicates that the
gravitational force vanishes very close to the origin and becames
infinitely repulsive at r=0. We must, of course, wait until these
results are confirmed by others before they can be taken seriously.
However, their existence is reassuring.

Another interesting point to note, in the case in which the
effective gravitational force always remains attractive,but goes to
zero as we approach the origin, is that it leads to an “asymptotically
free theory". For it is precisely theories of this type which are now
being considered in the investigations of the strong interactions
between the quarks of elementary particle theory.

Finally, we came to the guestion of- arbitrary parameters. Our
modifications must, of necessity, contain arbitrary parameters to give
us the flexibility to adjust the weak-field end of the models. At
this early stage of our programme we are inclined to think that they
are classical indications of :an underlying quantum structure; related,
perhaps to Planck's quantum of action or the so-called Planck length of
quantum geametrodynamics. In other words, we recover the theories of
Einstein and Newton when the parameters go to zero.
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