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Large Language Models (LLMs) are increasingly deployed across diverse domains, raising the need for rigorous
reliability assessment methods. Existing benchmark-based evaluations primarily offer descriptive statistics of
model accuracy over datasets, providing limited insight into the probabilistic behavior of LLMs under real opera-
tional conditions. This paper introduces HIP-LLM, a Hierarchical Imprecise Probability framework for modeling
and inferring LLM reliability. Building upon the foundations of software reliability engineering, HIP-LLM defines
LLM reliability as the probability of failure-free operation over a specified number of future tasks under a given
Operational Profile (OP). HIP-LLM represents dependencies across (sub-)domains hierarchically, enabling multi-
level inference from subdomain to system-level reliability. HIP-LLM embeds imprecise priors to capture epistemic
uncertainty and incorporates OPs to reflect usage contexts. It derives posterior reliability envelopes that quan-
tify uncertainty across priors and data. Experiments on multiple benchmark datasets demonstrate that HIP-LLM
offers a more nuanced and standardized reliability characterization than existing benchmark and state-of-the-art

approaches. A publicly accessible repository of HIP-LLM is provided.

1. Introduction

Large language models (LLMs) are increasingly applied across a wide
range of tasks, from general-purpose reasoning to highly specialized ap-
plications. For instance, recent studies [1-6] employ LLMs as tools to
support reliability analysis and safety assurance for safety-critical sys-
tems. This expanding scope of application underscores the urgent need
for comprehensive and rigorous evaluation methods to assess the relia-
bility of LLMs themselves, given the high-stakes nature of those appli-
cations. While numerous studies have proposed domain-specific perfor-
mance evaluations in areas such as coding [7-9], medicine [10], and
system safety [11-13], others have focused on broader properties of
LLMs, including safety (avoiding harmful content) [14-16], robustness
(resisting adversarial attacks such as jailbreaks) [17,18], fairness [19],
and privacy [20,21]. However, there remains a notable lack of research
dedicated to reliability, which motivates this work.

While software reliability is highly interrelated with the aforemen-
tioned properties (a formal definition and its distinction to other prop-
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erties will be discussed in later sections), it is a unique property that
emphasizes the failure probabilities, specified operational time and con-
ditions, and statistically valid uncertainty quantification. As a “user-
centric” property [22-24], the delivered reliability depends on the be-
havior of end-users and how the software is expected to be used in prac-
tice. This notion is made measurable through the Operational Profile (OP)
[25,26], which specifies a probability distribution over the types of de-
mands that users actually place on the software. The recent report from
OpenAl [27] provide the most comprehensive data on how user-groups
use ChatGPT, which aligns with the idea of OPs.

Despite software reliability assessment has been studied for decades
[28,29], state-of-the-art LLM evaluation largely relies on benchmarks
[30]. This creates several research gaps:

Gap-1 (static benchmarks vs dynamic operational use): While we ac-
knowledge the usefulness of benchmarks, they are primarily de-
signed for purposes such as comparing and ranking LLMs on
given tasks under fixed datasets, neglecting the variability and
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$\prod _{i=1}^m Pr(p_i \mid C_i, h_i)$


\begin {equation}\underline {F}_{R_L(n^F)}(t \mid \text {data}) = \inf _{\mathcal {H} \in \mathcal {A}_{\text {LLM}}} F_{R_L(n^F)}(t \mid \text {data}, \mathcal {H}), \nonumber \end {equation}


\begin {equation}\overline {F}_{R_L(n^F)}(t \mid \text {data}) = \sup _{\mathcal {H} \in \mathcal {A}_{\text {LLM}}} F_{R_L(n^F)}(t \mid \text {data}, \mathcal {H}) \nonumber \end {equation}


$\theta _{ij}$


$S_{ij}$


$D_i$


$\mu _i$


$\nu _i$


$\mu _i$


$D_i$


$\nu _i$


$\mu _i$


$\mu _i$


$\nu _i$


$\mu _i \sim \mathrm {Beta}(a_i,b_i)$


$\nu _i \sim \mathrm {Gamma}(c_i,d_i)$


$(a_i,b_i,c_i,d_i)$


$(a_i,b_i)$


$(c_i,d_i)$


$r_i \in (0,1)$


$D_i$


$s_i>0$


$e_i>0$


$f_i>0$


\begin {align}\label {eq_mu_parameter} a_i = r_i s_i, \qquad b_i = (1-r_i)s_i\end {align}


\begin {equation*}\mathbb {E}[\mu _i] = \frac {a_i}{a_i+b_i} = r_i,\end {equation*}


$s_i=a_i+b_i$


\begin {align}\label {eq_nu_parameter} c_i = f_i, \qquad d_i = \frac {f_i}{e_i}.\end {align}


\begin {equation*}\mathbb {E}[\nu _i] = \frac {c_i}{d_i} = e_i,\end {equation*}


$f_i$


$e_i$


$f_i$


$0.8$


$0.9$


$r_i \in [0.8,0.9]$


$s_i \in [30,100]$


$a_i \in [24,90]$


$b_i \in [3,20]$


$e_i \in [30,100]$


$f_i \in [3,10]$


$c_i=f_i$


$d_i=f_i/e_i$


$c_i \in [3,10]$


$d_i \in [0.03,0.33]$


$(a_i,b_i,c_i,d_i)$


$0.8$


$0.9$


$s_i$


$f_i$


$s_i$


$\mu _i$


$\nu _i$


$r_i$


$e_i$


$s_i$


$f_i$


$a_i, b_i, c_i, d_i$


$n^F$


$n^F$


$n^F$


$\text {Subdomain}_{11}$


$\text {Subdomain}_{12}$


$\text {Subdomain}_{21}$


$\text {Subdomain}_{22}$


$C_{ij}/N_{ij}$


$C_{ij}$


$N_{ij}$


$S_{ij}$


$\theta _{ij}$


$p_i$


$p_L$


$m=2$


$n=2$


$K=160$


$S=3000$


$(\mu ,\nu )$


$G=2000$


$T=201$


$K_{\text {total}} \le 512$


$\mu _i$


$\nu _i$


$(a_i,b_i,c_i,d_i)$


$a_i,b_i \in [1,12]$


$c_i,d_i \in [1,25]$


$_1$


$_2$


$(\mu _i,\nu _i)$


$\mu _i$


$\nu _i$


$\text {mini} \approx \text {Haiku 3.5} < \text {Sonnet 4.5} \approx 4\text {o}$


$p_i=\sum _j\Omega _{ij}\theta _{ij}$


$\Omega _{ij}$


$p_i$


$\Omega _{ij}$


$i$


$p_i$


$p_L=\sum _i W_i p_i$


$W=(0.149,\,0.851)$


$p_L$


$W=[0.149,\,0.851]$


$a$


$b$


$c$


$d$


$p_L=\sum _{i=1}^m W_i p_i$


$a_i$


$b_i$


$c_i$


$d_i$


$a_i$


$\mu _i \sim \mathrm {Beta}(a_i,b_i)$


$b_i=4$


$a_i=8$


$\mu _i=0.67$


$a_i=16$


$\mu _i=0.80$


$p_L$


$b_i$


$a_2=12$


$b_2 \in [1,12]$


$\mu _2 \in [0.50,0.92]$


$b_2 \in [4,12]$


$[8,12]$


$\mu _2$


$[0.50,0.75]$


$[0.50,0.60]$


$c_i$


$d_i$


$c_2,d_2 \in [1,25]$


$c_2 \in [9,25]$


$[18,25]$


$d_2$


$c_i$


$d_i$


$d_i$


$\nu _i$


$c_i$


$d_i$


$\mathrm {D}_2$


$\Omega _{\mathrm {RACE}} \in \{0.10,\,0.517,\,0.90\}$


$\Omega _{\mathrm {BoolQ}} = 1 - \Omega _{\mathrm {RACE}}$


$p_2$


$\Omega _{\mathrm {RACE}}\in \{0.10,\,0.517,\,0.90\}$


$\Omega _{\mathrm {BoolQ}}=1-\Omega _{\mathrm {RACE}}$


$\Omega _{\mathrm {RACE}}$


$p_2$


$\theta _{\text {BoolQ}}\approx 0.90$


$\theta _{\text {RACE-H}}\approx 0.84$


$p_2=\Omega _{\mathrm {BoolQ}}\theta _{\text {BoolQ}}+\Omega _{\mathrm {RACE}}\theta _{\text {RACE-H}}$


$\Omega _{\mathrm {RACE}}$


$\Omega _{\mathrm {RACE}}$


$\theta _{\text {BoolQ}}\approx 0.91$


$\theta _{\text {RACE-H}}\approx 0.55$


$p_2$


$\Omega _{\mathrm {RACE}}$


$0.91$


$0.55$


$\mathbb {E}[R_L(n^F)]$


$[\text {upper bound of envelop} - \text {lower bound of envelop}]$


$n^F$


$\mathbb {E}[R_L(n^F)]$


$n^F$


$n^F$


$n^F$


$n^F$


$n^F=1$


$\mathbb {E}[R_L(1)] \approx 0.80\text {--}0.87$


$n^F$


$n^F=1$


$n^F$


$\sim 6$


$n^F$


$n^F$


$n^F$


$n^F$


$\theta _{ij}$


$\text {OP}_{ij}$


$W_i$


$\Omega _{ij}$


$j$


$i$


$p_L = \sum _i W_i \sum _j \Omega _{ij}\,\theta _{ij}$


$\mathrm {OP}_{ij} = W_i\,\Omega _{ij}$


$p_L = \sum _{i,j} \mathrm {OP}_{ij}\,\theta _{ij}$


$W_i = \sum _j \mathrm {OP}_{ij}$


$\Omega _{ij} = \mathrm {OP}_{ij}/W_i$


\begin {equation}p_L = \sum _{i,j} \text {OP}_{ij}\,\theta _{ij}. \label {Xeqn19-9}\end {equation}


$N$


$[100,\,500,\,1000,\,300]$


$N$


$[1000,\,5000,\,10000,\,3000]$


$\text {OP}^{\text {data}}$


$\text {OP}^\text {approx}$


$\pm 20\%$


$\text {OP}^{\text {data}}$


$\text {OP}^{\text {GT}}$


$\hat {p}_L^{\mathrm {med}}$


$p_L$


$h \in \mathcal {H}$


\begin {equation*}m_h = Q_{0.50}\big (p_L^{(h)}\big ),\end {equation*}


\begin {equation*}\hat {p}_L^{\mathrm {med}} \in \left [ \min _{h \in \mathcal {H}} m_h,\; \max _{h \in \mathcal {H}} m_h \right ].\end {equation*}


\begin {equation*}\text {Error} = \left | \hat {p}_L^{\mathrm {med}} - p_L^{\mathrm {GT}} \right |.\end {equation*}


\begin {equation*}e_h = \left | m_h - p_L^{\mathrm {GT}} \right |,\end {equation*}


\begin {equation*}\text {Error} \in \left [ \min _{h \in \mathcal {H}} e_h,\; \max _{h \in \mathcal {H}} e_h \right ].\end {equation*}


$90\%$


\begin {equation*}\text {CI}_{0.90} = \left [ Q_{0.05}\big (p_L\big ),\; Q_{0.95}\big (p_L\big ) \right ],\end {equation*}


$Q_q(\cdot )$


$\{p_L^{(h)}\}_{h \in \mathcal {H}}$


\begin {equation*}\left [ \min _{h \in \mathcal {H}} Q_{0.05}\big (p_L^{(h)}\big ),\; \max _{h \in \mathcal {H}} Q_{0.95}\big (p_L^{(h)}\big ) \right ].\end {equation*}


$[100,\,500,\,1000,\,300]$


$p_L^{\text {GT}} = 0.5860$


$[1000,\,5000,\,10000,\,3000]$


$p_L^{\text {GT}} = 0.5860$


$N$


$p_L^{\mathrm {GT}} = 0.5860$


$0.57$


$0.58$


$N$


$[0.5713,\,0.5751]$


$[0.5738,\,0.5816]$


$N$


$[0.5860,\,0.5866]$


$C_{ij}$


$N_{ij}$


$N=257$


$\frac {C}{N}=0.471$


$\frac {C}{N}=0.494$


$\frac {C}{N}$


$\text {Subdom}_{21}$


$\text {Subdom}_{21}$


$\approx 2.06\times 10^5$


$\approx 201$


$\theta $


\begin {equation*}\theta _{\text {BoolQ}} \in \{0.915,\ 0.940,\ 0.945\},\end {equation*}


$\theta _{\text {BoolQ}}=0.915$


$\theta _{\text {BoolQ}}=0.940$


$0.945$


$\rightarrow $


$\Omega _{ij}$


$\rightarrow $


$W_i$


$\theta _{\text {BoolQ}}$


$D2$


$\theta _{\text {BoolQ}}$


$\theta _{\text {BoolQ}}$


$\theta _{\text {BoolQ}}$


$m$


$\bar {n}$


$\bar {n}$


$i$


$(\mu _i,\nu _i)$


$G=n_\mu n_\nu $


$K$


$S$


$T$


$(\mu _i,\nu _i)$


$\Omega _{ij}$


$W_i$


$(m,\bar {n},G,K,S,T)$


$m$


$\bar {n}$


$K$


$S$


$G$


$\text {time}=c\,x^\alpha $


$x$


$\alpha $


$x$


$\alpha =1$


$\alpha =2$


$c$


$m=2$


$\bar n=2$


$K=160$


$S=3000$


$G=2000$


$T=201$


$K_{\text {total}}\le 512$


$m$


$\bar n$


$K$


$S$


$G$


$99\%$


$S$


$m$


$\bar n$


$K$


$S$


$G$


$(\mu ,\nu )$


$[0,1]$


$\theta _{ij}$


$\mu _i,\nu _i$


$a_i,b_i,c_i,d_i$


$D_i$


$S_{i1},\dots ,S_{i n_i}$


$j=1,\dots ,n_i$


$\boldsymbol {\theta }_i = (\theta _{i1}, \ldots , \theta _{in_i}) \in (0,1)^{n_i}$


$n^F$


$C_i = \{(C_{ik}, N_{ik})\}_{k=1}^{n_i}$


\begin {equation*}\begin {aligned} C_{ij}\mid \theta _{ij},N_{ij} &\sim \text {Binomial}(N_{ij},\theta _{ij}),\\ \theta _{ij}\mid \mu _i,\nu _i &\stackrel {\text {iid}}{\sim } \text {Beta}(\mu _i\nu _i,\,(1-\mu _i)\nu _i),\\ \mu _i &\sim \text {Beta}(a_i,b_i),\qquad \nu _i \sim \text {Gamma}(c_i,\text {rate}=d_i), \end {aligned}\end {equation*}


$\mu _i\in (0,1)$


$\nu _i>0$


$h_i=(a_i,b_i,c_i,d_i)$


\begin {equation*}\mathcal A_i= [a_i^{\min },a_i^{\max }]\times [b_i^{\min },b_i^{\max }] \times [c_i^{\min },c_i^{\max }]\times [d_i^{\min },d_i^{\max }].\end {equation*}


\begin {align}L(\boldsymbol {\theta }_i) = Pr(C_i \mid \boldsymbol {\theta }_i) = \prod _{j=1}^{n_i} \binom {N_{ij}}{C_{ij}} \theta _{ij}^{C_{ij}} (1-\theta _{ij})^{N_{ij}-C_{ij}} \nonumber \label {eq_likelihood_appendix}\end {align}


$S_{ij}$


$D_i$


$C_i=\{(C_{ik},N_{ik})\}_{k=1}^{n_i}$


\begin {equation*}\mathcal {A}_i \;=\; [a_{i}^{\min },a_{i}^{\max }] \times [b_{i}^{\min },b_{i}^{\max }] \times [c_{i}^{\min },c_{i}^{\max }] \times [d_{i}^{\min },d_{i}^{\max }],\end {equation*}


$h_i=(a_i,b_i,c_i,d_i)$


$h_i \in \mathcal {A}_i$


$\theta _{ij}$


\begin {equation*}Pr(\theta _{ij}\mid C_i,h_i) = \frac {f_{\mathrm {marg}}(\theta _{ij}, C_i; h_i)}{Z_{\mathrm {marg}}(h_i)},\end {equation*}


$f_{\mathrm {marg}}$


$Z_{\mathrm {marg}}$


\begin {align}& \hspace {1cm}f_{\mathrm {marg}}(\theta _{ij}, C_i; h_i) =\nonumber \\ & \int _0^1 \int _0^{\infty } \Bigg [\prod _{k \neq j} \int _0^1 d\theta _{ik}\Bigg ] L(\boldsymbol {\theta }_i)\, Pr(\boldsymbol {\theta }_i \mid \mu _i,\nu _i)\, Pr(\mu _i,\nu _i\mid h_i)\, d\mu _i\, d\nu _i \nonumber \end {align}


\begin {equation*}Z_{\mathrm {marg}}(h_i) = \int _0^1 \int _0^{\infty } Pr(C_i \mid \mu _i,\nu _i)\,Pr(\mu _i,\nu _i \mid h_i)\, d\mu _i\, d\nu _i,\end {equation*}


$L(\boldsymbol {\theta }_i)=Pr(C_i\mid \boldsymbol {\theta }_i)$


\begin {equation*}\underline {Pr}(\theta _{ij}\mid C_i) = \inf _{h_i\in \mathcal {A}_i} Pr(\theta _{ij}\mid C_i,h_i), \qquad \overline {Pr}(\theta _{ij}\mid C_i) = \sup _{h_i\in \mathcal {A}_i} Pr(\theta _{ij}\mid C_i,h_i).\end {equation*}


\begin {equation}\label {eq_likelihood_appendix} L(\boldsymbol {\theta _i})=Pr(C_i\mid \theta _i)=\prod _{k=1}^{n_i}\binom {N_{ik}}{C_{ik}} \theta _{ik}^{C_{ik}}(1-\theta _{ik})^{N_{ik}-C_{ik}}.\end {equation}


$(\mu _i,\nu _i)$


$\theta _i$


\begin {equation*}Pr(\boldsymbol {\theta _i}\mid \mu _i,\nu _i)=\prod _{k=1}^{n_i} \frac {\Gamma (\nu _i)}{\Gamma (\mu _i\nu _i)\Gamma ((1-\mu _i)\nu _i)} \,\theta _{ik}^{\mu _i\nu _i-1}(1-\theta _{ik})^{(1-\mu _i)\nu _i-1}.\end {equation*}


$(\mu _i,\nu _i)$


\begin {equation*}\theta _{ij} \mid \mu _i,\nu _i \;\stackrel {\mathrm {iid}}{\sim }\; \mathrm {Beta}\!\big (\mu _i \nu _i,\,(1-\mu _i)\nu _i\big ), \qquad j=1,\dots ,n_i.\end {equation*}


$\mu _i\in (0,1)$


$\nu _i>0$


$k$


\begin {align}Pr(\theta _{ik}\mid \mu _i,\nu _i) = \frac {\Gamma (\nu _i)}{\Gamma (\mu _i\nu _i)\,\Gamma ((1-\mu _i)\nu _i)}\, \theta _{ik}^{\,\mu _i\nu _i-1}\,(1-\theta _{ik})^{\,(1-\mu _i)\nu _i-1}, \, \theta _{ik}\in (0,1).\end {align}


$\{\theta _{ik}\}_{k=1}^{n_i}$


$(\mu _i,\nu _i)$


\begin {equation}\label {eq_marginal_prior_given_mu_nu_appendix} \begin {aligned} Pr(\boldsymbol {\theta }_i \mid \mu _i,\nu _i) &= \prod _{k=1}^{n_i} Pr(\theta _{ik}\mid \mu _i,\nu _i) \\ &= \prod _{k=1}^{n_i} \mathrm {Beta}\!\left (\theta _{ik}\mid \mu _i\nu _i,(1-\mu _i)\nu _i\right ) \\ &= \left (\frac {\Gamma (\nu _i)}{\Gamma (\mu _i\nu _i)\,\Gamma ((1-\mu _i)\nu _i)}\right )^{\!n_i} \prod _{k=1}^{n_i} \theta _{ik}^{\,\mu _i\nu _i-1}\,(1-\theta _{ik})^{\,(1-\mu _i)\nu _i-1} \end {aligned}\end {equation}


$h_i=(a_i,b_i,c_i,d_i)$


$\mu _i$


$\nu _i$


\begin {equation*}Pr(\mu _i,\nu _i \mid h_i) \;=\; Pr(\mu _i \mid h_i)\,Pr(\nu _i \mid h_i).\end {equation*}


\begin {equation*}\mu _i \sim \mathrm {Beta}(a_i,b_i), \quad \mu _i\in (0,1), \qquad \nu _i \sim \mathrm {Gamma}(c_i,\text {rate}=d_i), \quad \nu _i>0.\end {equation*}


\begin {equation*}Pr(\mu _i\mid h_i)=\frac {\Gamma (a_i+b_i)}{\Gamma (a_i)\Gamma (b_i)}\, \mu _i^{\,a_i-1}(1-\mu _i)^{\,b_i-1}, \, Pr(\nu _i\mid h_i)=\frac {d_i^{\,c_i}}{\Gamma (c_i)}\,\nu _i^{\,c_i-1}\,e^{-d_i \nu _i}\end {equation*}


\begin {equation}\label {eq_mu_nu_given_hi_appendix} \begin {aligned} Pr(\mu _i,\nu _i \mid h_i) &= \mathrm {Beta}(\mu _i\mid a_i,b_i)\;\mathrm {Gamma}(\nu _i\mid c_i,\text {rate}=d_i) \\ &= \frac {\Gamma (a_i+b_i)}{\Gamma (a_i)\,\Gamma (b_i)}\; \frac {d_i^{\,c_i}}{\Gamma (c_i)}\; \mu _i^{\,a_i-1}(1-\mu _i)^{\,b_i-1}\; \nu _i^{\,c_i-1}e^{-d_i \nu _i} \\ &= \frac {1}{\mathrm {B}(a_i,b_i)}\;\frac {d_i^{\,c_i}}{\Gamma (c_i)}\; \mu _i^{\,a_i-1}(1-\mu _i)^{\,b_i-1}\; \nu _i^{\,c_i-1}e^{-d_i \nu _i} \end {aligned}\end {equation}


$\mathrm {B}(a_i,b_i)=\dfrac {\Gamma (a_i)\Gamma (b_i)}{\Gamma (a_i+b_i)}$


\begin {equation*}Pr(\mu _i,\nu _i\mid h_i) =\frac {\Gamma (a_i+b_i)}{\Gamma (a_i)\Gamma (b_i)} \mu _i^{a_i-1}(1-\mu _i)^{b_i-1} \cdot \frac {d_i^{\,c_i}}{\Gamma (c_i)} \nu _i^{c_i-1}e^{-d_i\nu _i}.\end {equation*}


\begin {align}Z_{\mathrm {marg}}(C_i, h_i)&=\int _0^1 Pr(\theta _{ij}\mid C_i,h_i)\,d\theta _{ij} \nonumber \\&=\int _0^1\!\!\int _0^\infty Pr(C_i\mid \mu _i,\nu _i)\,Pr(\mu _i,\nu _i\mid h_i)\,d\mu _i\,d\nu _i,\end {align}


\begin {equation*}Pr(C_i\mid \mu _i,\nu _i)=\int _{(0,1)^{n_i}}L(\theta _i)\,Pr(\theta _i\mid \mu _i,\nu _i)\,d\theta _i.\end {equation*}


\begin {equation}\label {eq:def-posterior} Pr(\theta _{ij}\mid C_i,h_i) =\frac {f_{\mathrm {marg}}(\theta _{ij},C_i;h_i)}{Z_{\mathrm {marg}}(C_i,h_i)} \nonumber \end {equation}


\begin {align}&f_{\mathrm {marg}}(\theta _{ij},C_i;h_i) = \nonumber \\ &\int _0^1\!\!\int _0^\infty \left [\prod _{k\neq j}\int _0^1 d\theta _{ik}\right ]\, L(\boldsymbol {\theta }_i)\,Pr(\boldsymbol {\theta }_i\mid \mu _i,\nu _i)\,Pr(\mu _i,\nu _i\mid h_i)\,d\mu _i\,d\nu _i \nonumber \end {align}


\begin {align}&\int _0^1 Pr(\theta _{ij}\mid C_i,h_i)\,d\theta _{ij}=1 \;\;\Longrightarrow \;\;\nonumber \\& \frac {1}{Z_{\mathrm {marg}}(C_i,h_i)}\int _0^1 f_{\mathrm {marg}}(\theta _{ij},C_i;h_i)\,d\theta _{ij}=1 \nonumber \end {align}


\begin {equation}\,Z_{\mathrm {marg}}(C_i,h_i)=\int _0^1 f_{\mathrm {marg}}(\theta _{ij},C_i;h_i)\,d\theta _{ij}\, \nonumber \end {equation}


\begin {align}&Z_{\mathrm {marg}}(C_i,h_i) =\int _0^1\!\!\int _0^1\!\!\int _0^\infty \left [\prod _{k\neq j}\int _0^1 d\theta _{ik}\right ]\, L(\boldsymbol {\theta }_i)\,\nonumber \\&Pr(\boldsymbol {\theta }_i\mid \mu _i,\nu _i)\,Pr(\mu _i,\nu _i\mid h_i)\, d\mu _i\,d\nu _i\,d\theta _{ij}\nonumber \\ &=\int _0^1\!\!\int _0^\infty \left [\int _{(0,1)^{n_i}} L(\boldsymbol {\theta }_i)\,Pr(\boldsymbol {\theta }_i\mid \mu _i,\nu _i)\,d\boldsymbol {\theta }_i\right ]\, Pr(\mu _i,\nu _i\mid h_i)\,d\mu _i\,d\nu _i. \label {eq_Z-expanded_appendix}\end {align}


\begin {equation}\label {eq_Z-marg-gamma_form_appendix} \begin {aligned} Z_{\mathrm {marg}}(C_i,h_i) =& \left [\prod _{j=1}^{n_i}\binom {N_{ij}}{C_{ij}}\right ]\; \frac {d_i^{\,c_i}}{\mathrm {B}(a_i,b_i)\,\Gamma (c_i)} \int _0^1\!\!\int _0^\infty \mu _i^{\,a_i-1}(1-\mu _i)^{\,b_i-1}\;\\& \nu _i^{\,c_i-1}e^{-d_i\nu _i} \\ &\hspace {0 cm}\times \left (\frac {\Gamma (\nu _i)}{\Gamma (\alpha _i)\,\Gamma (\beta _i)}\right )^{\!n_i} \prod _{j=1}^{n_i} \frac {\Gamma \!\big (C_{ij}+\alpha _i\big )\; \Gamma \!\big (N_{ij}-C_{ij}+\beta _i\big )} {\Gamma \!\big (N_{ij}+\nu _i\big )} \; d\nu _i\, d\mu _i \end {aligned}\end {equation}


$h_i=(a_i,b_i,c_i,d_i)\in \mathcal A_i$


\begin {equation*}Pr(\theta _{ij}\mid C_i,h_i) =\frac {f_{\mathrm {marg}}(\theta _{ij},C_i;h_i)}{Z_{\mathrm {marg}}(C_i,h_i)},\end {equation*}


$h_i$


\begin {equation*}\mathcal A_i= [a_i^{\min },a_i^{\max }]\times [b_i^{\min },b_i^{\max }]\times [c_i^{\min },c_i^{\max }]\times [d_i^{\min },d_i^{\max }].\end {equation*}


$\mathcal F_i=\{Pr(\theta _{ij}\mid C_i,h_i):h_i\in \mathcal A_i\}$


$h_i$


\begin {equation*}\underline {Pr}(\theta _{ij}\mid C_i) =\inf _{h_i\in \mathcal A_i}Pr(\theta _{ij}\mid C_i,h_i), \qquad \overline {Pr}(\theta _{ij}\mid C_i) =\sup _{h_i\in \mathcal A_i}Pr(\theta _{ij}\mid C_i,h_i).\end {equation*}


$Pr(\theta _{ij}\mid C_i,h_i)$


$\mathcal A_i$


$(\underline {Pr},\overline {Pr})$


$\theta _{ij}$


$(a_i,b_i,c_i,d_i)$


$D_i$


$\Omega _{ij}$


$\sum _{j=1}^{n_i} \Omega _{ij} = 1$


$p_i = \sum _{j=1}^{n_i} \Omega _{ij}\theta _{ij}$


\begin {equation*}\mathcal {A}_i = [a_{i}^{\min },a_{i}^{\max }] \times [b_{i}^{\min },b_{i}^{\max }] \times [c_{i}^{\min },c_{i}^{\max }] \times [d_{i}^{\min },d_{i}^{\max }],\end {equation*}


$h_i=(a_i,b_i,c_i,d_i)$


$h_i \in \mathcal {A}_i$


$p_i$


\begin {align}F_{p_i}(t \mid C_i, h_i) &= \Pr (p_i \le t \mid C_i, h_i) \nonumber \\ & = \int _0^1 \int _0^\infty F_{p_i}(t \mid \mu _i, \nu _i, C_i)\, Pr(\mu _i, \nu _i \mid C_i, h_i)\, d\mu _i\, d\nu _i \nonumber \end {align}


$F_{p_i}(t \mid \mu _i, \nu _i, C_i)$


$p_i = \sum _{j=1}^{n_i} \Omega _{ij}\theta _{ij}$


$\theta _{ij} \mid \mu _i, \nu _i, C_i \stackrel {\text {ind.}}{\sim } \text {Beta}(C_{ij} + \mu _i\nu _i, N_{ij} - C_{ij} + (1-\mu _i)\nu _i)$


$j=1,\ldots ,n_i$


$Pr(\mu _i, \nu _i \mid C_i, h_i)$


\begin {align}& Pr(\mu _i, \nu _i \mid C_i, h_i) = \nonumber \\& \quad \frac {Pr(C_i \mid \mu _i, \nu _i) \, \text {Beta}(\mu _i \mid a_i, b_i) \, \text {Gamma}(\nu _i \mid c_i, \text {rate}=d_i)} {\int _0^1 \int _0^\infty Pr(C_i \mid \mu , \nu ) \, \text {Beta}(\mu \mid a_i, b_i) \, \text {Gamma}(\nu \mid c_i, \text {rate}=d_i) \, d\mu \, d\nu } \nonumber \end {align}


\begin {equation*}\underline {F}_{p_i}(t \mid C_i) = \inf _{h_i\in \mathcal {A}_i} F_{p_i}(t \mid C_i, h_i), \qquad \overline {F}_{p_i}(t \mid C_i) = \sup _{h_i\in \mathcal {A}_i} F_{p_i}(t \mid C_i, h_i).\end {equation*}


$p_i = \sum _{j=1}^{n_i} \Omega _{ij}\theta _{ij}$


$Pr(\boldsymbol {\theta }_i \mid C_i, h_i)$


$(\mu _i, \nu _i)$


$h_i = (a_i, b_i, c_i, d_i)$


$\boldsymbol {\theta }_i = (\theta _{i1}, \ldots , \theta _{in_i})$


\begin {equation}\label {eq:hierarchical_decomp} Pr(\boldsymbol {\theta }_i \mid C_i, h_i) = \int _0^1 \int _0^\infty Pr(\boldsymbol {\theta }_i \mid \mu _i, \nu _i, C_i) \, Pr(\mu _i, \nu _i \mid C_i, h_i) \, d\mu _i \, d\nu _i,\end {equation}


\begin {equation*}Pr(\boldsymbol {\theta }_i \mid \mu _i, \nu _i, C_i) = \prod _{j=1}^{n_i} \text {Beta}(\theta _{ij} \mid C_{ij} + \mu _i\nu _i, N_{ij} - C_{ij} + (1-\mu _i)\nu _i).\end {equation*}


\begin {align}Pr(\mu _i, \nu _i \mid C_i, h_i) &= \frac {Pr(C_i \mid \mu _i, \nu _i) \, Pr(\mu _i, \nu _i \mid h_i)}{Pr(C_i \mid h_i)}, \label {eq:hyper_posterior} \\ Pr(\mu _i, \nu _i \mid h_i) &= \text {Beta}(\mu _i \mid a_i, b_i) \times \text {Gamma}(\nu _i \mid c_i, \text {rate}=d_i), \nonumber \end {align}


\begin {equation}\label {eq:marginal_likelihood} Pr(C_i \mid \mu _i, \nu _i) = \prod _{j=1}^{n_i} \binom {N_{ij}}{C_{ij}} \frac {B(C_{ij} + \mu _i\nu _i, N_{ij} - C_{ij} + (1-\mu _i)\nu _i)}{B(\mu _i\nu _i, (1-\mu _i)\nu _i)},\end {equation}


\begin {align}\label {eq:evidence} Pr(C_i \mid h_i) &= \int _0^1 \int _0^\infty Pr(C_i \mid \mu , \nu ) \, \text {Beta}(\mu \mid a_i, b_i) \,\nonumber \\&\quad \text {Gamma}(\nu \mid c_i, \text {rate}=d_i) \, d\mu \, d\nu .\end {align}


\begin {align}&Pr(\boldsymbol {\theta }_i \mid C_i, h_i) =\nonumber \\ & \int _0^1 \int _0^\infty Pr(\boldsymbol {\theta }_i, \mu _i, \nu _i \mid C_i, h_i) \, d\mu _i \, d\nu _i = \nonumber \\ & \int _0^1 \int _0^\infty Pr(\boldsymbol {\theta }_i \mid \mu _i, \nu _i, C_i) \, Pr(\mu _i, \nu _i \mid C_i, h_i) \, d\mu _i \, d\nu _i \nonumber \end {align}


$\{\theta _{ij}\}$


$(\mu _i, \nu _i, C_i)$


\begin {equation*}\theta _{ij} \mid \mu _i, \nu _i \stackrel {\text {iid}}{\sim } \text {Beta}(\mu _i\nu _i, (1-\mu _i)\nu _i), \quad j=1,\ldots ,n_i,\end {equation*}


$C_{ij} \mid \theta _{ij}, N_{ij} \sim \text {Binomial}(N_{ij}, \theta _{ij})$


\begin {equation*}\theta _{ij} \mid \mu _i, \nu _i, C_i \sim \text {Beta}(C_{ij} + \mu _i\nu _i, N_{ij} - C_{ij} + (1-\mu _i)\nu _i).\end {equation*}


$p_i = \sum _{j=1}^{n_i} \Omega _{ij}\theta _{ij}$


$t \in [0,1]$


$p_i$


\begin {equation*}F_{p_i}(t \mid C_i, h_i) = \Pr (p_i \leq t \mid C_i, h_i) = \Pr \left (\sum _{j=1}^{n_i} \Omega _{ij}\theta _{ij} \leq t \,\Big |\, C_i, h_i\right ).\end {equation*}


\begin {equation*}\mathcal {R}_i(t) := \left \{\boldsymbol {\theta }_i \in (0,1)^{n_i} : \sum _{j=1}^{n_i} \Omega _{ij}\theta _{ij} \leq t\right \}.\end {equation*}


\begin {equation*}F_{p_i}(t \mid C_i, h_i) = \int _{\mathcal {R}_i(t)} Pr(\boldsymbol {\theta }_i \mid C_i, h_i) \, d\boldsymbol {\theta }_i.\end {equation*}


\begin {align*}F_{p_i}(t \mid C_i, h_i) &= \int _{\mathcal {R}_i(t)} \left [\int _0^1 \int _0^\infty Pr(\boldsymbol {\theta }_i \mid \mu _i, \nu _i, C_i) \, Pr(\mu _i, \nu _i \mid C_i, h_i) \, d\mu _i \, d\nu _i\right ] d\boldsymbol {\theta }_i.\end {align*}


\begin {align*}F_{p_i}(t \mid C_i, h_i) &= \int _0^1 \int _0^\infty \left [\int _{\mathcal {R}_i(t)} Pr(\boldsymbol {\theta }_i \mid \mu _i, \nu _i, C_i) \, d\boldsymbol {\theta }_i\right ] Pr(\mu _i, \nu _i \mid C_i, h_i) \, d\mu _i \, d\nu _i.\end {align*}


$p_i$


$(\mu _i, \nu _i)$


$C_i$


\begin {equation*}F_{p_i}(t \mid \mu _i, \nu _i, C_i) = \int _{\mathcal {R}_i(t)} Pr(\boldsymbol {\theta }_i \mid \mu _i, \nu _i, C_i) \, d\boldsymbol {\theta }_i = \Pr \left (\sum _{j=1}^{n_i} \Omega _{ij}\theta _{ij} \leq t \,\Big |\, \mu _i, \nu _i, C_i\right ),\end {equation*}


$\theta _{ij} \mid \mu _i, \nu _i, C_i$


\begin {equation*}F_{p_i}(t \mid C_i, h_i) = \int _0^1 \int _0^\infty F_{p_i}(t \mid \mu _i, \nu _i, C_i) \, Pr(\mu _i, \nu _i \mid C_i, h_i) \, d\mu _i \, d\nu _i.\end {equation*}


$F_{p_i}(t \mid \mu _i, \nu _i, C_i)$


$p_i = \sum _{j=1}^{n_i} \Omega _{ij}\theta _{ij}$


$\theta _{ij} \mid \mu _i, \nu _i, C_i \stackrel {\text {ind.}}{\sim } \text {Beta}(C_{ij} + \mu _i\nu _i, N_{ij} - C_{ij} + (1-\mu _i)\nu _i)$


$j=1,\ldots ,n_i$


$Pr(\mu _i, \nu _i \mid C_i, h_i)$


\begin {align}& Pr(\mu _i, \nu _i \mid C_i, h_i) = \nonumber \\ & \frac {Pr(C_i \mid \mu _i, \nu _i) \, \text {Beta}(\mu _i \mid a_i, b_i) \, \text {Gamma}(\nu _i \mid c_i, \text {rate}=d_i)} {\int _0^1 \int _0^\infty Pr(C_i \mid \mu , \nu ) \, \text {Beta}(\mu \mid a_i, b_i) \, \text {Gamma}(\nu \mid c_i, \text {rate}=d_i) \, d\mu \, d\nu } \nonumber \end {align}


$Pr(\mu _i, \nu _i \mid C_i, h_i)$


$h_i \in \mathcal {A}_i$


$F_{p_i}(\cdot \mid C_i, h_i)$


\begin {align}\underline {F}_{p_i}(t \mid C_i) = \inf _{h_i \in \mathcal {A}_i} F_{p_i}(t \mid C_i, h_i), \quad \overline {F}_{p_i}(t \mid C_i) = \sup _{h_i \in \mathcal {A}_i} F_{p_i}(t \mid C_i, h_i), \quad t \in [0,1] \nonumber \end {align}


$W_i$


$\sum _{i=1}^{m} W_i = 1$


$p_L = \sum _{i=1}^{m} W_i p_i$


$\text {data} = \{C_1, \ldots , C_m\}$


\begin {equation*}\mathcal {A}_i = [a_{i}^{\min }, a_{i}^{\max }] \times [b_{i}^{\min }, b_{i}^{\max }] \times [c_{i}^{\min }, c_{i}^{\max }] \times [d_{i}^{\min }, d_{i}^{\max }]\end {equation*}


$h_i = (a_i, b_i, c_i, d_i)$


$i = 1, \ldots , m$


\begin {equation*}\mathcal {A}_{\text {LLM}} = \mathcal {A}_1 \times \cdots \times \mathcal {A}_m,\end {equation*}


$\mathcal {H} = (h_1, \ldots , h_m) \in \mathcal {A}_{\text {LLM}}$


$\mathcal {H} \in \mathcal {A}_{\text {LLM}}$


$p_L$


\begin {align}&F_{p_L}(t \mid \text {data}, \mathcal {H}) = Pr(p_L \leq t \mid \text {data}, \mathcal {H}) = \nonumber \\ & \hspace {1.5cm} \int \cdots \int G\big (t \mid \{\mu _i, \nu _i\}_{i=1}^m, \text {data}\big ) \prod _{i=1}^{m} Pr(\mu _i, \nu _i \mid C_i, h_i) \prod _{i=1}^{m} d\mu _i \, d\nu _i \nonumber \end {align}


$G(t \mid \{\mu _i, \nu _i\}_{i=1}^m, \text {data})$


$p_L = \sum _{i=1}^{m} W_i p_i$


\begin {equation*}G\big (t \mid \{\mu _i, \nu _i\}_{i=1}^m, \text {data}\big ) = \int _{\mathcal {R}_L(t)} \prod _{i=1}^{m} f_{p_i}(p_i \mid \mu _i, \nu _i, C_i) \, dp_1 \cdots dp_m,\end {equation*}


$\mathcal {R}_L(t) := \{(p_1, \ldots , p_m) \in (0,1)^m : \sum _{i=1}^{m} W_i p_i \leq t\}$


$f_{p_i}(\cdot \mid \mu _i, \nu _i, C_i)$


$p_i = \sum _{j=1}^{n_i} \Omega _{ij}\theta _{ij}$


$\theta _{ij} \mid \mu _i, \nu _i, C_i \stackrel {\text {ind.}}{\sim } \text {Beta}(C_{ij} + \mu _i\nu _i, N_{ij} - C_{ij} + (1-\mu _i)\nu _i)$


$Pr(\mu _i, \nu _i \mid C_i, h_i)$


$i$


\begin {align}& Pr(\mu _i, \nu _i \mid C_i, h_i) = \nonumber \\ & \frac {Pr(C_i \mid \mu _i, \nu _i) \, \text {Beta}(\mu _i \mid a_i, b_i) \, \text {Gamma}(\nu _i \mid c_i, \text {rate}=d_i)} {\int _0^1 \int _0^\infty Pr(C_i \mid \mu , \nu ) \, \text {Beta}(\mu \mid a_i, b_i) \, \text {Gamma}(\nu \mid c_i, \text {rate}=d_i) \, d\mu \, d\nu } \nonumber \end {align}


$Pr(\{\mu _i, \nu _i\}_{i=1}^m \mid \text {data}, \mathcal {H}) = \prod _{i=1}^{m} Pr(\mu _i, \nu _i \mid C_i, h_i)$


\begin {align}&\underline {F}_{p_L}(t \mid \text {data}) = \inf _{\mathcal {H} \in \mathcal {A}_{\text {LLM}}} F_{p_L}(t \mid \text {data}, \mathcal {H}) \nonumber \\ &\overline {F}_{p_L}(t \mid \text {data}) = \sup _{\mathcal {H} \in \mathcal {A}_{\text {LLM}}} F_{p_L}(t \mid \text {data}, \mathcal {H}) \nonumber \end {align}


$p_L = \sum _{i=1}^{m} W_i p_i$


$t \in [0,1]$


$p_L$


\begin {equation*}F_{p_L}(t \mid \text {data}, \mathcal {H}) = \Pr (p_L \leq t \mid \text {data}, \mathcal {H}) = \Pr \left (\sum _{i=1}^{m} W_i p_i \leq t \,\Big |\, \text {data}, \mathcal {H}\right ).\end {equation*}


\begin {equation*}\mathcal {R}_L(t) := \left \{(p_1, \ldots , p_m) \in (0,1)^m : \sum _{i=1}^{m} W_i p_i \leq t\right \}.\end {equation*}


\begin {equation*}F_{p_L}(t \mid \text {data}, \mathcal {H}) = \int _{\mathcal {R}_L(t)} \prod _{i=1}^{m} Pr(p_i \mid C_i, h_i) \, dp_1 \cdots dp_m,\end {equation*}


\begin {equation*}Pr(p_1, \ldots , p_m \mid \text {data}, \mathcal {H}) = \prod _{i=1}^{m} Pr(p_i \mid C_i, h_i).\end {equation*}


\begin {equation*}Pr(p_i \mid C_i, h_i) = \int _0^1 \int _0^\infty f_{p_i}(p_i \mid \mu _i, \nu _i, C_i) \, Pr(\mu _i, \nu _i \mid C_i, h_i) \, d\mu _i \, d\nu _i,\end {equation*}


$f_{p_i}(\cdot \mid \mu _i, \nu _i, C_i)$


$p_i = \sum _{j=1}^{n_i} \Omega _{ij}\theta _{ij}$


\begin {equation*}\theta _{ij} \mid \mu _i, \nu _i, C_i \stackrel {\text {ind.}}{\sim } \text {Beta}(C_{ij} + \mu _i\nu _i, N_{ij} - C_{ij} + (1-\mu _i)\nu _i), \quad j=1,\ldots ,n_i.\end {equation*}


\begin {align*}&F_{p_L}(t \mid \text {data}, \mathcal {H}) = \nonumber \\ & \int _{\mathcal {R}_L(t)} \prod _{i=1}^{m} \left [\int _0^1 \int _0^\infty f_{p_i}(p_i \mid \mu _i, \nu _i, C_i) \, Pr(\mu _i, \nu _i \mid C_i, h_i) \, d\mu _i \, d\nu _i\right ] dp_1 \cdots dp_m \nonumber \end {align*}


\begin {align*}&F_{p_L}(t \mid \text {data}, \mathcal {H}) = \int _0^1 \cdots \int _0^1 \int _0^\infty \cdots \int _0^\infty \\& \left [\int _{\mathcal {R}_L(t)} \prod _{i=1}^{m} f_{p_i}(p_i \mid \mu _i, \nu _i, C_i) \, dp_1 \cdots dp_m\right ] \times \prod _{i=1}^{m} Pr(\mu _i, \nu _i \mid C_i, h_i) \prod _{i=1}^{m} d\mu _i \, d\nu _i.\end {align*}


$p_L$


\begin {align*}G\big (t \mid \{\mu _i, \nu _i\}_{i=1}^m, \text {data}\big ) &:= \int _{\mathcal {R}_L(t)} \prod _{i=1}^{m} f_{p_i}(p_i \mid \mu _i, \nu _i, C_i) \, dp_1 \cdots dp_m \\ &= \Pr \left (\sum _{i=1}^{m} W_i p_i \leq t \,\Big |\, \{\mu _i, \nu _i\}_{i=1}^m, \text {data}\right ),\end {align*}


$p_i \mid \mu _i, \nu _i, C_i$


\begin {align}&F_{p_L}(t \mid \text {data}, \mathcal {H}) = \nonumber \\ & \int \cdots \int G\big (t \mid \{\mu _i, \nu _i\}_{i=1}^m, \text {data}\big ) \prod _{i=1}^{m} Pr(\mu _i, \nu _i \mid C_i, h_i) \prod _{i=1}^{m} d\mu _i \, d\nu _i\end {align}


$\mu _i \in (0,1)$


$\nu _i \in (0,\infty )$


$i=1,\ldots ,m$


$\mathcal {H} \in \mathcal {A}_{\text {LLM}}$


$F_{p_L}(\cdot \mid \text {data}, \mathcal {H})$


\begin {align}&\underline {F}_{p_L}(t \mid \text {data}) = \inf _{\mathcal {H} \in \mathcal {A}_{\text {LLM}}} F_{p_L}(t \mid \text {data}, \mathcal {H}), \nonumber \\ &\overline {F}_{p_L}(t \mid \text {data}) = \sup _{\mathcal {H} \in \mathcal {A}_{\text {LLM}}} F_{p_L}(t \mid \text {data}, \mathcal {H}) \nonumber \end {align}


$t \in [0,1]$


$\theta _{ij}$


$p_i$


$p_L$


$n^F=1$


$n^F > 1$


$n^F$


$\theta _{ij}^{n^F}$


$p_i^{n^F}$


$p_L^{n^F}$


$n^F$


$n^F$


\begin {equation}R_{ij}(n^F) = \theta _{ij}^{n^F} \nonumber \end {equation}


$S_{ij}$


$\theta _{ij}$


$n^F$


$n^F$


\begin {equation}\Pr (\text {all $n^F$ operations succeed}) = \underbrace {\theta _{ij} \times \theta _{ij} \times \cdots \times \theta _{ij}}_{n^F \text { times}} = \theta _{ij}^{n^F} \nonumber \end {equation}


$\theta _{ij}$


$Pr(\theta _{ij} \mid C_i, h_i)$


$n^F$


$R_{ij}(n^F) = \theta _{ij}^{n^F}$


$R_{ij}(n^F) = \theta _{ij}^{n^F}$


$\theta _{ij}$


$\theta _{ij} \mapsto \theta _{ij}^{n^F}$


$n^F \neq 1$


$R_{ij}(n^F)$


$n^F$


$r$


\begin {equation}F_{R_{ij}(n^F)}(t \mid C_i, h_i) = \Pr (R_{ij}(n^F) \leq t \mid C_i, h_i) = \Pr (\theta _{ij}^{n^F} \leq t \mid C_i, h_i) \nonumber \end {equation}


$\theta _{ij}^{n^F} \leq t$


$n^F$


\begin {equation}\theta _{ij} \leq t^{1/n^F} \nonumber \end {equation}


$\theta _{ij} \in (0,1)$


$t \in [0,1]$


$x \mapsto x^{1/n^F}$


$[0,1]$


$n^F > 0$


\begin {equation}\Pr (\theta _{ij}^{n^F} \leq t \mid C_i, h_i) = \Pr (\theta _{ij} \leq t^{1/n^F} \mid C_i, h_i) \nonumber \end {equation}


$Pr(\theta _{ij} \mid C_i, h_i)$


$t^{1/n^F}$


\begin {equation}\Pr (\theta _{ij} \leq t^{1/n^F} \mid C_i, h_i) = \int _0^{t^{1/n^F}} Pr(\theta _{ij} \mid C_i, h_i) \, d\theta _{ij} \nonumber \end {equation}


$R_i(n^F) = p_i^{n^F}$


$p_i = \sum _{j=1}^{n_i} \Omega _{ij} \theta _{ij}$


$R_L(n^F) = p_L^{n^F}$


$p_L = \sum _{i=1}^m W_i p_i$


$R_i(n^F)$


$R_L(n^F)$


$\Omega _1=[0.204,\,0.796]$


$\Omega _2=[0.483,\,0.517]$


$W=[0.149,\,0.851]$


$i$


$\mu _i\sim \mathrm {Beta}(a_i,b_i), \nu _i\sim \mathrm {Gamma}(c_i,\text {rate}=d_i)$


$a_i,b_i\in [1,12]$


$c_i,d_i\in [1,25]$


$(\mu _i,\nu _i)$


$\theta _{ij}$


$p_i$


$p_L$


$Z\in \{\theta _{ij},p_i,p_L\}$


$\widehat {\mathbb {E}}[R_L(n^F)]=\frac {1}{S}\sum _{s=1}^{S}\left (p_L^{(s)}\right )^{n^F}$


$K$


$Z\in \{\theta _{ij},p_i,p_L\}$


$[F_{\min }(t),F_{\max }(t)]$
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dynamic nature of users’ behaviors in real-world applications.
Thus, benchmarks cannot serve the purpose of assessing reliabil-
ity, especially when the OP of the users is different from the data
distribution (implicitly) represented by the benchmark dataset.

Gap-2 (independent benchmarks vs hierarchical dependencies): While
LLMs are generally designed for broad use (covering various task
types such as legal reasoning and coding), these tasks naturally
exist at different levels of abstraction. It is often useful to orga-
nize them hierarchically, dividing the input space into domains
and subdomains [31]. High-level domains' (e.g., law vs. cod-
ing) can be treated as largely independent, whereas subdomains
within a domain (e.g., coding in Python vs. coding in C+ +) are
more likely to exhibit dependencies. In such cases, performance
in one subdomain may influence users’ confidence in another,
whereas cross-domain effects are minimal. Reliability assessment
should therefore reflect these dependency relationships and sup-
port evaluation at multiple abstraction levels, depending on the
assessor’s role. For instance, a LLM vendor may be interested in
system-wide reliability across all domains, a programmer may
focus on reliability in coding tasks, and a Python developer may
be specifically concerned with the reliability of Python coding.
Existing benchmarks, however, typically evaluate LLM capabili-
ties either in isolation or by simply averaging performance across
tasks, that obscure these dependency relationships [31].

Gap-3 (descriptive statistics vs statistical inference): While descriptive
statistics summarize the observed dataset by reporting point-
estimate benchmark scores, they do not formally model how the
data were generated. Even when variance is reported as a way
of “quantifying uncertainty”, it quantifies variability within the
sample itself. In contrast, statistical inference treats the observed
results as samples from an underlying stochastic process or popula-
tion and uses probabilistic modeling to estimate the parameters
of that process [32]. This inferential perspective enables general-
ization beyond the fixed benchmark dataset and supports princi-
pled uncertainty quantification about reliability which concerns
a underlying population of future inputs [31].

Indeed, acknowledging these research gaps, recent studies [31,32]
attempt to bridge them by applying both “frequentist” and Bayesian
statistical inference methods. However, despite representing important
first steps, they do not fully resolve the aforementioned gaps (e.g., not
explicitly incorporate the OP) and introduce new gaps:

Gap-4 (failure probability vs probability of future failure-free runs)
While both [31,32] examined the metric of failure probability?,
they did not extend it to the more practical and widely adopted
definition of reliability that predicts the probability of failure-free
runs over a specified future operational time [33-35].

Gap-5 (non-informative vs informative priors): The work [32] is a fre-
quentist approach that cannot embed prior knowledge explicitly
like Bayesian methods. The work [31] employs non-informative
priors in its Bayesian models, without facilitating the embedding
of any informative prior knowledge that end-users may have.

To bridge the five research gaps collectively, we propose HIP-LLM,
a hierarchical imprecise probability approach to assess LLM reliability.
HIP-LLM devises a more rigorous and versatile assessment with the fol-
lowing key features. First, similar to [31], it structures the model into
independent high-level domains, with each domain further divided into

1 While the precise definition of what constitutes a domain or subdomain is an
application-oriented question that may vary case by case reflecting the assessor’s
domain knowledge, in this reliability modeling work we do not prescribe spe-
cific taxonomies. Instead, we introduce a general hierarchical modeling struc-
ture that can accommodate different dependency assumptions (cf. Section 5 for
more discussion).

2 We later show that this is a special case of our reliability model.
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dependent subdomains. In this way, reliability can be evaluated at mul-
tiple levels of detail while preserving statistical dependencies, so that in-
formation from one subdomain contributes to the inference about other
subdomains within the same domain. We then incorporate OPs as op-
erational weights at each level of the hierarchy (subdomain — domain
— general-purpose LLM) to reflect the dynamic operational use of sub-
domains and domains in practice. We assume tasks constitute indepen-
dent and identically distributed (i.i.d.) trials drawn from the specified
OP. This assumption is appropriate for reset or single-task scenarios,
in which each task is executed in a fresh session without shared con-
text or memory—settings commonly encountered in offline evaluation
like benchmarking®. Accordingly, HIP-LLM is intended for LLM usage
scenarios in which each task is executed in a new chat session with-
out retaining memory from previous sessions, thereby aligning with the
assumption of a “reset” LLM.

In contrast to [31], which relies on non-informative priors, HIP-
LLM enables the incorporation of informative prior knowledge. Since
selecting a single prior in Bayesian inference is often controversial due
to its encoding of epistemic uncertainty, we adopt Imprecise Probability
[36,37] that represents uncertainty about the prior itself without com-
mitting to a single distribution. Consequently, reliability metrics (de-
fined in terms of both failure probability and the probability of failure-
free runs in future operations) are expressed through posterior distribution
envelopes at different levels of the hierarchy, reflecting both uncertain-
ties from the data and the prior knowledge.

In summary, the contributions of this work are as follows:

e We formally define the reliability assessment problem for LLMs in
accordance with established software reliability standards, while de-
lineating its distinction from related properties.

e We propose HIP-LLM, a hierarchical imprecise probability model
that explicitly addresses key research gaps in the current state-of-the-
art, by modeling OPs, hierarchical dependencies, statistically princi-
pled uncertainty quantification on reliability (both failure probabil-
ity and the probability future failure-free runs over a specified oper-
ational time), and imprecise prior knowledge.

e We release a public repository containing all experimen-
tal data, source code, and models at https://github.com/
aghazadehchakherlou-web/llm-imprecise-bayes.

The remainder of the paper is organized as follows. Section 2 in-
troduces preliminaries and reviews related works on LLM assessment.
Section 3 provides the modeling details of HIP-LLM. Section 4 evaluates
and illustrates HIP-LLM via experiments on datasets. Section 5 discusses
the limitations and assumptions, and finally Section 6 concludes the pa-
per.

2. Preliminaries and related works
2.1. Software reliability

According to American National Standards Institute (ANSI), software
reliability is defined as [38]:

Definition 1 (Software reliability). The probability of failure-free soft-
ware operation for a specified period of time in a specified environment.

This probabilistic definition is also largely adopted by software re-
liability engineering literature [28], which makes reliability amenable
to statistical modeling and permits risk-aware aggregation across het-
erogeneous operational uses. The specific probabilistic metric used to

3 In contrast, long-context or agentic workflows, where task outcomes are se-
quentially dependent through memory or tool use, violate the i.i.d. assumption
and require fundamentally different modeling approaches to our HIP-LLM. We
provide more discussions later in Remark 1 and Section 5.
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model reliability is domain-dependent and determined by the opera-
tional nature of the software. For example, continuous-time systems are
continuously operated in the active control of a process, whereas on-
demand systems are only invoked upon receipt of discrete demands. In
the latter case, such as nuclear power protection systems, the probabil-
ity of failure on demand (pfd) has been adopted in standards [23,39,40]
and extensively studied [33,41,42].

Although related, reliability is distinct from safety, security, and
accuracy. Reliability focuses on the probability of failures (relative
to a specification), a stochastic and usage-weighted concept by OPs
[42]. Safety concerns critical failures with catastrophic consequences, i.e.,
whether a failure can lead to unacceptable harm. For instance, a sys-
tem can be reliable but unsafe (if frequent but non-harmful failures are
tolerated while rare failures produce catastrophic harm), or safe but un-
reliable (if it fails frequently but never produces catastrophic harm by
fail-safe design)®. Security is concerned with resisting malicious threats:
it normally assumes an explicit threat model and seeks to prevent or mit-
igate intentional compromises). While security fundamentally requires
the analysis of a malicious threat actor, reliability and safety can be stud-
ied within benign operational environments where failure originates
from sources such as design flaws and implementation bugs. Within the
AI/ML community, accuracy is typically a narrower performance met-
ric, defined as a descriptive statistic (proportion of correct predictions)
over a fixed and given dataset. However, such a dataset does not neces-
sarily represent the unknown ground-truth population of inputs that the
model will face upon deployment, and accuracy does not quantify the
uncertainties of failure-free operations over future time like reliability.

A central insight from software reliability engineering is that reliabil-
ity is user-context dependent: the same software can exhibit very different
delivered reliability under different patterns of use. The OP formalizes
this dependency, which is defined as [23,25,28]:

Definition 2 (Operational Profile (OP)). An OP is a probability distri-
bution of inputs to a software system, representing the relative frequen-
cies with which different input sequences expected occur during actual
operation.

There are some caveats regarding the term “inputs” in the definition
of OP, particularly when considering factors such as software memory
and dependencies®. We refer readers to [23] for a detailed discussion.
For LLMs, OPs serve an analogous role [27]: they specify the distribution
of task types (e.g., factual question answering, coding, summarization)
and their relative importance in deployment. Incorporating OPs into
LLM reliability analysis ensures that evaluation metrics capture not just
aggregate benchmark scores, but also how well a model performs across
the realistic mix of tasks it is expected to face.

2.2. Benchmark-based evaluation of LLMs via descriptive statistics

Most evaluation methods for LLMs report only point estimates such
as accuracy scores. Question-answering benchmarks such as MMLU [43]
and RACE [44] measure how often a model picks the right answer in
multiple-choice questions. Code benchmarks like DS-1000 [8], Inter-
Code [7], and HumanEval Pro/MBPP Pro-[9] test whether generated
programs run correctly. Assistant and autonomy benchmarks such as
GAIA [45] and H-CAST [46] look at overall task completion—whether

4 We note that for systems in which all failures are catastrophic (e.g., safety-
critical systems), safety and reliability assessments do not require different sta-
tistical reasoning, such as when measuring the probability that a system will
operate safely (i.e., without critical failures) over a given mission.

5 In practice, because software systems may possess memory, their suc-
cess/failure often depends on entire sequences of inputs rather than isolated
ones. Accordingly, “inputs” may denote a complete stimulus, which may en-
compass the full sequence of interactions within a task, or even the cumulative
sequence of inputs since the system was last reinitialized.
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the system can finish a complex job successfully. Model cards and re-
ports for Claude 3 [47], GPT-40 [48], and code models [49] publish
these benchmark results as single numbers per model. Broader frame-
works like HELM [50] add other measures such as calibration, robust-
ness, fairness, and efficiency, but still mainly give point values. In real-
world use, Clio [21] collects statistics on what kinds of tasks people
actually do with AI with a focus on privacy. Method studies like multi-
lingual chain-of-thought [51] and ReAct [52] suggest ways to improve
reasoning and interaction, judged by benchmark accuracy.

Recent studies widely acknowledge that benchmark-based evalua-
tions for LLMs are valuable but inherently limited due to the new char-
acteristics and challenges introduced by LLMs. Benchmarks facilitate
progress tracking and model comparison, yet they capture only a partial
view of LLM capabilities. Chang et al. [30] note that traditional bench-
marks (reusing fixed task sets for ranking models) have driven early ad-
vances but are now approaching their limits due to data repetition, task
saturation®, and limited assessment of reasoning or interactivity. Liu
et al. [53] emphasize that standard benchmarks often overlook moral,
safety, and social dimensions of model behavior. In domain-specific con-
texts, Croxford et al. [10] show that medical benchmarks miss crucial
aspects such as factual accuracy and clinical reasoning, highlighting the
need for domain prior knowledge. Saleh et al. [54] observe that effi-
ciency and performance benchmarks remain fragmented and inconsis-
tent. From a safety perspective, Liu et al. [55] warn that toxicity and
robustness tests are often too narrow and easily gamed, recommending
flexible, real-world evaluations. Finally, Ye et al. [56] introduce psy-
chometric principles, arguing that current benchmarks frequently lack
checks for reliability and fairness.

While we acknowledge the usefulness of LLM benchmarks for
progress tracking of LLM versions, comparison and ranking of LLMs,
they cannot be used to make claims on LLM reliability. Our HIP-LLM ap-
proach goes beyond benchmarks, by framing the reliability assessment
of LLMs as statistical inference problems.

2.3. Statistical inference for evaluating LLMs

Benchmark-based descriptive statistics simply summarize the col-
lected data, whereas statistical inference draws probabilistic conclusions
about the underlying population or process that generated those data,
thereby enabling generalization, prediction and uncertainty quantifi-
cation. In the AI/ML community, many studies have proposed statisti-
cally principled approaches to quantify uncertainty for individual inputs,
such as text prompts for LLMs, using methods like conformal prediction
[57,58]. However, these approaches focus on instance-level uncertainty
and do not capture uncertainty at the operational reliability level. To
the best of our knowledge, only two existing works extend uncertainty
quantification to this broader reliability perspective for LLMs.

In the Anthropic report [32], Miller frames LLM evaluations as
statistical experiments and argues for reporting uncertainty alongside
benchmark scores. Using classical inference tools, the study constructs
confidence intervals via the Central Limit Theorem, applies clustered
standard errors for correlated items, recommends paired inference for
model comparisons, and develops power analysis and variance reduc-
tion techniques. This work emphasizes that benchmark outcomes should
be treated as data drawn from an underlying population, moving beyond
descriptive statistics.

HiBayES [31] applies hierarchical Bayesian generalized linear mod-
els that: (a) use a Bayesian statistical inference (multilevel Bino-
mial/Poisson Generalized Linear Models) and captures the nested struc-
ture of LLM evaluations; (b) employ partial pooling to account for de-
pendencies across levels; (c) provide a fully probabilistic framework,

 Over time, models are trained on similar data, inflating scores and dimin-
ishing benchmark usefulness.
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Table 1
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Comparison of LLM evaluation frameworks highlighting differences in reliability definition, operational profile modeling, and

uncertainty treatment.

Aspect

Miller [32]

HiBayES [31]

HIP-LLM

Statistical framework
Primary goal

Metric under estimation
OoP

Hierarchical structure
Dependence handling

Prior specification

Output

Frequentist

Uncertainty-aware benchmark re-

porting

Failure probability (per task)

Implicit (dataset assumed repre-

sentative)

None

Clustered standard errors
None

Confidence intervals

Bayesian
Uncertainty-aware,
accuracy estimation

hierarchical

Failure probability (per task)

Implicit (dataset assumed repre-
sentative)

LLM, domains, subdomains
Partial pooling

Uniform precise priors

Single posterior distribution

Bayesian

Uncertainty-aware reliability as-
sessment under OP with embed-
ded priors

Reliability (probability of failure-
free future tasks)

Explicit, multi-level OPs

LLM, domains, subdomains
Partial pooling
Informative
(credal sets)
Posterior envelopes

imprecise  priors

yielding full posterior distributions to quantify uncertainties, rather than
relying on point-estimates.

Despite these advances, important limitations remain. Neither
Miller’s frequentist framework nor HiBayES explicitly defines/models
the OP (even though both implicitly assume that the data represent it).
Moreover, neither approach can effectively incorporate (potentially im-
precise) prior knowledge: Miller’s work is restricted to classical frequen-
tist inference, while HiBayES relies on non-informative priors. Both also
focus on the narrower notion of failure probability as reliability, over-
looking the more general and standardized reliability definition in terms
of the probability of failure-free runs over future operations. The latter
requires predictive inference that accounts for the propagation of un-
certainties into the future: a more demanding but practical reliability
claim [33,34]. Miller accounts for clustered dependence through vari-
ance corrections, but does not introduce hierarchical latent variables or
multi-level generative models as in HiBayES or HIP-LLM. Table 1 sum-
marizes the key features and provides a comparative overview of the
three methods (HIP-LLM, HiBayES [31], and Miller [32]).

2.4. Robust Bayesian analysis

Robust Bayesian analysis represents a general framework for investi-
gating the sensitivity of posterior measures to uncertainties in the inputs
of Bayesian inference [59,60]. Regarding uncertainties in priors, while
several dedicated methods have been proposed [33,61-63], Imprecise
Probability has emerged as one of the most widely adopted approaches
[36,37,64-66]. It addresses the problem of prior uncertainty by avoid-
ing reliance on a single prior distribution, rather representing a credal
set of plausible priors and deriving posterior bounds that reflect this
epistemic uncertainty.

To illustrate the main idea of the Imprecise Probability framework,
consider a simple coin-flipping problem where we wish to estimate the
probability of heads ¢ with data D (n = 10, k = 3 heads). As shown in
Table 2, instead of a single point estimate or a single Beta posterior
distribution, the posterior envelope (i.e., a set of posterior distributions) of
Imprecise Probability” reflects both the observed data and the epistemic
uncertainty arising from imprecise prior knowledge (represented by the
set of Beta priors).

Our hierarchical solution, HIP-LLM, is a robust Bayesian approach
that addresses the aforementioned gaps. Similar to HiBayES, it adopts
a hierarchical structure, but instead of yielding a single posterior, it re-
ports posterior envelopes over imprecise priors and uncertain OPs (as
variables).

7 For simplicity and illustrative purpose, the example used here is based on
the model of imprecise Linearly Updated Conjugate prior Knowledge (iLUCK) [65])
which leverages the conjugacy for analytical posterior results. Our HIP-LLM is
not using this iLUCK model due to the non-linearity of the hierarchical proba-
bilistic model proposed in Section 3.

Table 2
Classical Bayesian vs imprecise probability for a coin-flipping example.

Feature Classical Bayesian ~ Imprecise Probability

Prior Beta(a =2, =2) Beta(a, ), a € [1,3],p € [1,3]

Posterior 0| D ~ Beta(5,9) 0| D ~BetaB+a,7+p), a €[1,3],p€[1,3]
Poster. mean E[0 | D] =0.36 E[6 | D] € [0.31,0.38]

3. The model: HIP-LLM

The proposed method HIP-LLM stands for Hierarchical Imprecise
Probability for Large Language Models reliability assessment. Before in-
troducing the framework, we first formally define the reliability of LLMs.

LLMs are software; therefore, to ensure compatibility with the more
general and standardized definition of software reliability (Definition 1),
we define LLM reliability as follows:

Definition 3 (LLM reliability). The probability that an LLM produces
failure-free responses over a specified number of future tasks (sequences
of closely related queries), under specified (sub-)domains and opera-
tional environment.

The definition of LLM reliability closely parallels the standardized
definition of software reliability, as both emphasize probabilistic reason-
ing and the requirement of failure-free performance in future operations.
The key distinctions arise from the nature of LLMs as “on-demand” soft-
ware. Whereas classical software reliability is typically framed in terms
of “operational time” that covers continuously operated systems like
controllers over clock-time, LLM reliability is defined more explicitly in
terms of a specified number of future discrete tasks (each consisting of
sequences of related queries). Furthermore, while both definitions ac-
count for operational conditions, the LLM context requires explicit ref-
erence to domains and subdomains, reflecting the general-purpose and
multi-domain design of LLMs. Finally, in traditional software, failure is
typically defined as a deviation from the specification, whereas there is
no specification for LLMs and thus “failures of LLMs”® are often infor-
mally/implicitly characterized by factual errors (hallucinations) [67,68]
or divergence from human-expert answers [69,70].

3.1. Problem formulation

While we provide a table of notations in Appendix C, according to
Definition 3, LLM reliability can be formalised as follows:

Definition 4 (Formalised LLM reliability). Let X denote the input-space
of all possible tasks for a given LLM, and let = be the OP, i.e., a prob-
ability distribution over X that reflects the likelihood of encountering

8 A complete and formal characterization of what constitutes a “failure” for
LLMs remains an open research question, and out of the scope of this paper.
Cf. Section 5 for discussions.
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each task x € X in practice. Consider a sequence of n > 1 tasks i.i.d. ac-
cording to the OP z, let I(x,) € {0, 1} indicate success (1) or failure (0)
on the z-th task x,, then the LLM reliability is:

n
Rnm) = Pr_ <Dl{"(’") = 1}> M

Intuitively, R(n, z) represents the probability that the LLM will op-
erate failure-free across the next n i.i.d. tasks according to the OP x.
Importantly, we make the following remarks:

Remark 1 (The i.i.d. assumption vs. contextual memory). A key as-
sumption of the above definition is the task failures/successes are i.i.d.
Bernoulli trials. Such modeling is not uncommon in reliability model-
ing, especially for critical on-demand systems. A typical justification is
when demands are rare, and the states/memory of the software and its
operational environment are effectively “reset” in-between [23,71]. In
the context of LLMs, we carefully define our reliability metric in terms
of i.i.d “tasks”, rather than individual prompts which are often contex-
tually dependent. A task may consist of a sequence of related prompts
aimed at achieving a single task goal. We acknowledge that modern
LLMs (e.g., ChatGPT) typically retain chat history as contextual mem-
ory, which can violate the i.i.d. assumption between tasks. However,
most LLMs provide the option to start a new chat session (for a new sin-
gle task) without any memory and history from previous chat sessions,
aligning with the assumption of “resetting” the LLM. We note such “re-
set” settings are commonly encountered in LLM offline evaluation like
benchmarking [30]. In contrast, long-context or agentic workflows, in
which tasks are sequentially dependent through memory retention or
tool use, violate this assumption. We note, however, that such depen-
dence is not unique to LLMs and has long been recognized in software
reliability modeling, particularly in industrial control software, where
sensor readings form continuous and dependent trajectories through
the input space. In such settings, two common approaches are typically
adopted: either modeling the system at a higher level of abstraction by
treating an entire trajectory as a single trial®, or employing alternative
stateful reliability models (which we leave as future work).

Remark 2 (Failure probability vs. future reliability). While the reliabil-
ity metric R(n, z) represents the probability of correctly processing the
next n future tasks under the OP x, the special case 1 — R(1, z) (where
n = 1) represents the failure probability [33-35] that studied by, e.g.,
[31,32]. Accordingly, throughout this paper, we use the term failure
probability to denote 1 — R(1, x) and the probability of failure-free runs
(of n future tasks) to denote R(n,r), in order to distinguish these two
notions. The more general term reliability is used to refer to either quan-
tity when the intended meaning is clear from the surrounding context.

Remark 3 (General purpose reliability vs. domain-specific reliability).
Since the input-space X represents all possible LLM tasks, so R(n, r) is
the general-purpose reliability of the LLM under study. For (sub-)domain
specific reliability, we need to partition X and derive “local” OPs; then
the lower level (sub-)domain specific reliability can be similarly derived
like Eq. (1).

Remark 4 (Binary failure vs. non-binary scoring). In traditional soft-
ware reliability engineering, failures are naturally defined as binary
events, success or failure, according to an explicit system specification.
Similarly, most LLM benchmarks introduce task-specific specifications,
implemented via automated evaluators or human annotations, which

9 A widely adopted abstraction in industrial software reliability (e.g., protec-
tion systems in nuclear power plants) is to treat a continuous trajectory of de-
pendent sensor readings as a single unit of processing [23,28], which may result
in either success or failure. Under this abstraction, Bernoulli trials remain appro-
priate despite strong dependence among inputs along the trajectory. The same
rationale applies to LLMs, where an interaction session consisting of multiple
dependent prompts/tasks can be treated as a single fallible trial.
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yield binary outcomes for scoring each prompted task. Consistent with
this established practice, we model LLM reliability based on binary fail-
ure in Definition 4. However, unlike traditional software, what consti-
tutes a “failure” for an LLM can be domain dependent, and either ob-
jective with ground truth answers (for, e.g., coding, math, and factual
Q&A) or inherently subjective (e.g., for creative writing). The external
scoring mechanisms used to determine LLM failures may themselves be
noisy or inconsistent, a challenge that is not unique to LLMs but well
known in software reliability modeling as the problem of imperfect test
oracles. Accordingly, in HIP-LLM Definition 4, failures are conceptually
assumed to be well defined, and the framework is designed to operate
correctly under a perfect test-oracle. The implications of imperfect or
noisy scoring mechanisms (i.e., the imperfect test-oracle problem) are
orthogonal to this formulation and are acknowledged as an important
direction for future work.

To do statistical inference for the reliability metric defined in Eq. (1)
with assumptions in aforementioned remarks, a simplified “textbook”
Bayesian model would be the Beta-Binomial one (which also used as
one of the baselines in our experiments). This Beta-Binomial estima-
tor applies to a single domain with precise prior knowledge. Let 0 :=
Pr,. .(I(x) = 1) denote the (unknown) probability of success on a ran-
dom task drawn from the OP z. Given N i.i.d. evaluated tasks with C
successes and N — C failures, assume a Binomial likelihood

C,N | 6 ~ Binomial(N, 6) = 6°(1 — )N =€,
and a prior Pr(#). By Bayes’ rule, the posterior distribution of 6 is
01 — ON=C Pr(0)

Pr(0 | C,N) = — . @
Jo 0€(1 —)N-C Pr(9)do
Similarly for the future reliability of passing nf tasks:
nF pCr1 _ p\N-C
Pr(R(T,m) | €, Ny = S U= 0 P ®)

i 6€(1 — )N=C Pr(0)
If Pr(0) = Beta(a, f), conjugacy yields the closed-form posterior
0|C,N ~Beta(@+C, p+ N - C).

For future reliability, thanks to the conjugacy again, the posterior
mean reliability for nf’ future tasks is therefore:
Bla+C+nf, p+ N-0C)

Bla+C, p+N-C)
where B(:,-) denotes the Beta function. Similarly, the posterior PDF and
CDF can also be derived and we omit them for brevity.

To more rigorously assess the formally defined LLM reliability, cop-
ing with the aforementioned Remarks and Gaps, the next subsection
introduces our proposed solution HIP-LLM. It models the LLM as a hier-
archical structure consisting of independent domains, each containing
statistically dependent subdomains (cf. Fig. 1).

E[R(, )| D] = E[0" | D] =

)

Remark 5 (The need of hierarchical modeling on (sub-)domain (in-)de-
pendencies). The modeled dependencies and independencies represent
the epistemic structure of our hierarchical Bayesian model. That is, ob-
serving failures in one (sub-)domain may or may not update our beliefs
about the reliability of other (sub-)domains. One possible example of jus-
tification'® is: We model coding and law as independent because they
rely on distinct competencies of the LLM—coding on formal, symbolic
reasoning and syntax manipulation, and law on narrative understanding
and normative interpretation. Since these skills draw from largely sep-
arate representations and training data, failures in one domain provide
little information about failures in the other. In Bayesian terms, their
failure probabilities can be treated as a priori independent parameters, re-
flecting separate latent skill dimensions of the model. On the other hand,
sub-domains failure probabilities are modeled as dependent parameters
given their shared LLM competencies.

10 Cf. Section 5 for discussions on the validity of this hierarchal dependency
assumption.
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Fig. 1. Schematic representation of the hierarchical LLM, domain, and subdomain structure for reliability estimation for M LLM models. Rectangles indicate inde-
pendent components, while ovals indicate dependent components within the hierarchy.

Our goal is to infer the posterior distributions of future reliability
(and its special case, the failure probability), at the subdomain, domain,
and general-purpose LLM levels, based on observed correct responses
from tasks within each subdomain.

3.2. Proposed solution

Consider a hierarchical structure of an LLM comprising independent
domains Dy, D,, ..., D,,, where each domain D; contains statistically de-
pendent subdomains Sy, ..., Sy, (Fig. 2). We wish to infer the posterior
distributions over subdomain, domain and LLM level reliabilities by ob-
serving C;; correct responses out of N; y trials (tasks) in each subdomain.

Fig. 2 presents a detailed view of the hierarchical structure (subdo-
mains — domains — LLM), with assumed priors and parameters. We as-
sume that subdomain reliabilities within a domain are dependent through
a shared prior, and that domain reliabilities are aggregated from their sub-
domains according to task-specific OPs. Our goal is to construct a prin-
cipled hierarchical Bayesian model that supports information sharing
across dependent subdomains through partial pooling (Section 3.2.1)
and uncertainty quantification via Imprecise Probability (Section 3.2.2).

Figs. 1 and 2 illustrate a general hierarchical structure compris-
ing multiple LLM instances (LLM®, LLM®, ..., LLM™)), For clarity,
however, Theorems 1-6 focus on the reliability assessment of a single
LLM system. Accordingly, we omit the superscript (k) and use unin-
dexed symbols (D;, S;;, p). Extending the framework to multiple LLMs
is straightforward—apply it to each system independently and compare
their posterior distributions.

3.2.1. Hierarchical Bayesian framework for LLM reliability modeling

As seen in Fig. 2, inference proceeds hierarchically from the bottom
up. At the subdomain level, the observed data consist of the number of
correct responses C;; out of total trials N;;. These update the subdomain

reliabilities 6;;, which are modeled with a Binomial likelihood'! and a

11 The assumption of independent Bernoulli trials with constant success prob-
ability §,; may not capture all real dependencies, but it serves as an effective ap-

Beta prior'2. The Beta prior is parameterized by domain-level hy-
perparameters (y;,v;)'°, representing the expected reliability and the
prior strength within domain D,. These hyperparameters are in turn
governed by domain-specific hyperpriors: y; ~ Beta(a;, b,)'*, and v; ~
Gamma'®(c;, rate'®= d,).

proximation for modeling subdomain outcomes [31,32,62]. Aggregating across
N,; trials then yields the Binomial likelihood, whose support {0, ..., N;;} matches
the possible counts of correct responses observed in subdomain ;.

C; 10;;, N;; ~ Binomial(N;;,6;;).
12 We place a Beta prior on subdomain reliability:

0,; ~ Beta(a;, §;).

The Beta distribution is the most common choice for probabilities bounded in
[0,1], and it is conjugate to the Binomial likelihood, ensuring closed-form up-
dates and computational stability.

13 To make priors more intuitive and interpretable, we use a reparameteriza-
tion. Instead of specifying the Beta prior directly in terms of (a;, §;), we express
itas

0 | miyvi ~ Beta(u;v;, (1= p)vy),

where y; denotes the expected reliability (prior mean, y; = E[6;; | y;,v;]) and v
denotes the prior strength, reflecting the confidence in y; (equivalent sample
size or pseudo-counts, v; = a; + ;). This reparameterization makes prior beliefs
easier to specify and justify.

14 This choice reflects the idea that y; itself is a probability lying in (0, 1), and
the Beta distribution provides a flexible family of shapes that can express dif-
ferent prior beliefs about domain reliability, ranging from diffuse to highly con-
centrated around particular values (e.g., favoring higher values, lower values,
or balanced around 0.5).

15 This treats v, as a positive random variable (v, > 0) reflecting how tightly
subdomains within a domain are assumed to cluster around ;. When v, is small,
the prior is diffuse and allows substantial variation across subdomains (weak
pooling). When v, is large, the prior concentrates mass near y; and subdomains
are tightly clustered (strong pooling).

16 The Gamma distribution is commonly written in two equivalent forms:
shape-rate and shape-scale. We use the shape-rate form, v, ~ Gamma(c;, rate =
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Fig. 2. Hierarchical structure with independent domains and dependent subdomains. For readability, parameters and priors are shown only for one subdomain S;;
and its parent domain D, under a representative LLM,; the remaining subdomains, domains (i = 1, ...,m), and LLMs (k = 1,..., M) are identical, differing only in
their indices. Rectangles indicate independent components, while ovals indicate dependent components within the hierarchy.

Because the hyperparameters (y;,v;) are shared across all subdo-
mains in domain D;, the information is pooled: subdomains with few ob-
servations are stabilized by drawing on evidence from other subdomains
in the same domain, while subdomains with many observations are in-
fluenced mainly by their own data. This hierarchical setup achieves the
desired dependence within domains, while domains remain independent
(cf. Section 5 for discussions on this setup).

Once posterior subdomain reliabilities 6;; are inferred, they are ag-
gregated into domain-level reliabilities p; = ¥, ©;;6;; using OP weights
Q;;, which reflect the practical importance of subdomains. These
domain-level posteriors are then further combined into the overall LLM
reliability, p; = Y, W;p;, using domain operational weights W,. Note,
OPs at different levels are represented by the variables Q;; and W,
which, for a given LLM use case, can be instantiated either as fixed con-
stants (when usage is certain) or as probability distributions that encode
uncertainty about how the LLM will be used in practice [72-75].

3.2.2. Uncertainty handling via imprecise probability

To address the epistemic uncertainty in prior specification, we
adopt an Imprecise Probability approach: we specify the hyper-hyper-
parameters a;, b;, ¢;, d; as intervals (Eq. 4) rather than point values. This
produces posterior envelopes (lower and upper bounds) at the subdo-
main, domain, and overall LLM levels.
a; € [a;nin’a’r_nax]’ bi e [b‘r_nin,b;nax]’

¢ € [c™, ™™, d; € [dM",d] ©)

At the subdomain level, we compute posterior bounds for each task
type by considering all admissible hyperparameter configurations:

Pr(6,;1C) < Pr(6;; | C;) < Pr(9;; | C)) )

d;), with E[v,] = ¢,/d, and Var[v,] = ¢;/d?. If a library expects the shape-scale
form, set 6, = 1/d; and write v, ~ Gamma(c;, scale = 6,); the two parameteriza-
tions are mathematically identical under 6, = 1/d,. The only practical concern
is clarity and reproducibility-accidentally treating a rate as a scale (or vice versa)
would change the prior’s mean and variance.

Note, C; denotes the data is domain i. Since we consider dependen-
cies among subdomains, the posterior 6,; is a function of all data C; in
domain i.

Later (Theorem 2 and Theorem 3) we will discuss that the closed-
form densities (like subdomain level) do not exist for domain and
LLM level reliability. We represent the cumulative distribution function
(CDF) envelopes for the domain and overall LLM levels.

At the domain level, uncertainty propagates upward through OP
weights p; = ¥, Q;;6;;, producing domain reliability bounds:

E,(@]1C) =hj161£1i F,@|C.h), F,@|C)= Slelg F,@|C.h), t€][0,1]

Here and in the following, ¢ € [0, 1] denotes a generic probability
threshold at which the CDF of the corresponding (non-failure probability
or reliability) random variable is evaluated.

The domain level posterior p; only considers C;, given our assump-
tion on cross-domain independence.

At the LLM level, uncertainty aggregates across all & domains
through domain weights p; = 2{;1 Wi, p;, while respecting cross-domain
independence, resulting in system-level reliability bounds:

EpL (¢t | data) = Helgim F,, (t] data, H),
F, (t|datay= sup F, (r|data, H)
L HeAm L

where, t € [0, 1].

While in the next subsection, we develop Theorems 1-3 of deriving
posterior sets for those non-failure probability variables 6;;s, p;s and p;,
the posterior distribution sets for future reliability of passing next nf
tasks at each level, e.g., for a domain i:

Pr(Cy, @6, 1 C) < PrCY, @0,)" 1 C) < PHCY Q0,0 1C)
J J J
)

can also be derived, as shown in our Theorems 4-6.

3.2.3. Theorems
The following theorems are the main mathematical results of HIP-
LLM. Intuitively, given the imprecise prior knowledge encoded by the



R. Aghazadeh-Chakherlou et al.

hyperparameters, the theorems derive the posterior distributions of non-
failure probabilities at different hierarchical levels, as well as the fu-
ture reliability, based on the probabilistic reasoning model illustrated
in Fig. 2, conditioned on the observed task failure data.

Theorem 1 (Sub-domain level non-failure probability). For subdomain
S;; in domain D, let C; = {(Cy, N,-,C)}Z"= | be the observed data. Let the ad-
missible set of hyperparameters be

A = [a:nin’alr_naX] % [b;nin, B x [cl\_'nin’c;naX] « [d’min’ am],

and write h; = (a;, b;, ¢;,d;). Then, for any h; € A;, the marginal posterior

density of 0;; is

Smarg > Cis hy)
Zinarg(h)

where f .., (unnormalized posterior) and Z,,., (normalizing constant) are

fmarg(eij’ Cih) =

1 © 1
/ / [H/ d0,-k] L(O,) Pr(0; | u;,v;) Pr(u;,v; | h))dp; dv;
0 Jo 0

[y

Pr(6,; | i hy) =

’

1 oo
Znarg(hy) = /0 /0 Pr(C; | psvi) Pr(p;, vi | hy) dp; dv;,

with L(6,) = Pr(C, | 6,).
The imprecise marginal posterior is characterized by the lower/upper en-
velopes

Pr0;|C) = inf Pr(6, | C,.hy. PrO,; | C)= sup Pr(6;; | Cy.h)).

i i

The proof of Theorem 1 is presented at Appendix A.2. In this theo-
rem, the subdomain posterior Pr(6;; | C;, h;) has a closed-form density
because of conjugacy: the Beta prior combined with the Binomial like-
lihood yields a mixture of Beta distributions after marginalizing over
the hyperparameters (y;, v;), which can be expressed and evaluated as a
proper probability density function.

However, for later Theorems closed-form densities do not exist be-
cause p; = ¥, Q;;0;; and p; =Y, W;p; are weighted sums of depen-
dent random variables—the distribution of a sum of Beta random vari-
ables has no analytical form except in trivial cases'”. Computing such
densities would require intractable multi-dimensional integrals. The
CDF formulation sidesteps this problem: F, (t | C;,h;) = fol I F, (|
u;s vy, C) Pr(p, v; | C;, b)) du; dv; only requires a two-dimensional inte-
gral over (y;, v;), where the conditional CDF can be computed via Monte
Carlo sampling of independent Betas. Since CDFs provide all necessary
information for practical reliability assessment (probabilities, quantiles,
expectations), they are the natural representation when densities are
unavailable.

Theorem 2 (Domain level posterior non-failure probability). For
domain D; with local OP weights Q;; (where Zj’:l Q;=1), let p;=
Zj’: | ;;0;; be the domain-level non-failure probability. Define the admis-
sible set of hyper-hyper-parameters
A,- — [a§nin’ a;na)(] X [blr.nin’ b;‘naX] X [C;nin’ C;naX] % [d;'nin’ dimaxL
and write h; = (a;, b;, ¢;, d;).

Then, for any h; € A;, the posterior distribution of p; is characterized by
its CDF:

F, (t| Cpohy) =Pr(p, < 1| C.hy)

[ ]

1 oo
=/ / Fpi(tlﬂivvisci) Pr(pu;,v; | Ci,hy)dp; dv;
0 0
where
17 Assuming the weights are constants. When the weights are modeled as ran-

dom variables with their own probability distributions, the same problem per-
sists (if not harder).
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* F,(t| u;,v;, Cp)is the conditional CDF of p; = Z;":l Q;;0;; given that 6;;

ind. .
His Vi, Cp ~ Beta(Cyj + ppvy, Ny = Cy + (L= pp)vy) for j=1,...,n,
e Pr(u;,v; | C;, h;) is the hyper-posterior obtained via Bayes’ rule:
Pr(/l,-, V; | C,-, hi) =
Pr(C; | p;,v;)Beta(y; | a;, b;) Gamma(v; | c;,rate = d;)
Ji} Ji® PH(C; | . v)Beta(u | a;,b;) Gamma(v | ¢;,rate = d;)du dv

The imprecise domain posterior is characterized by CDF envelopes:

E,(t1C)= inf F,@]Cphy. F,t|C)= sup £ (1| Ciohy).

i i

For the proof details, we refer reads to Appendix A.3.

Theorem 3 (LLM-level posterior non-failure probability). For the LLM
system with domain weights W; (where Y7\ W; = 1), let p; = 3" W;p; be
the LLM-level failure probability and data = {C,, ..., C,,} the observed data
across all domains. Assume cross-domain independence.

Define the domain-level admissible sets

Ai — [a;l’llﬂ, a;’ﬂﬂ)(] X [b::'ﬂlﬂ, b;’ﬂﬂX] X [C;nm, C;’ﬂ‘dX] X [d;mn’ d;"ﬂaX]
and write h; = (a;, b;, ¢;,d;) for i = 1,...,m. Define the LLM-level admissible
set as the Cartesian product

Ay = Ay XX A,

and collect the domain hyperparameters as H = (hy, ..., h,,) € Ay
Then, for any H € Ay, the posterior distribution of p; is characterized
by its CDF:

F, (| data, H) = Pr(p; <t|data,H) =
m m
/.../G(tl (v, data) [T Prows vi | Gk [ ] dws dv,
i=1 i=1
where

* G(t | {p;, ;). data) is the conditional CDF of p; = X", W;p; given all
hyperparameters, defined as

m
117, @i 1 wovi- € dp, - dp,,
R =1

where R, (1) :={(p,...,py) € O, D" : Z;’;l Wip; <t}, and I, C |

u;,v;, C;) is the conditional density of p; = Z:":l Q;;0;; under 0,; |

G (1| {u v}, data) =

ij
ind.

#i» v, €~ Beta(Cy; + pvy, Ny = iy + (1= ppvy),
e Pr(u;,v; | C;, h;) is the domain-level hyper-posterior for domain i:

Pr(,u,-, Vi | Ci, hi) =

Pr(C; | p;,v;)Beta(y; | a;, b;) Gamma(v; | c;,rate = d;)

[01 fooo Pr(C; | u,v)Beta(u | a;, b;) Gamma(v | ¢;,rate = d;)dudv

Pr({p, vi L, | data, H) =

e Cross-domain  independence
H;”:l Pr(p;,v; | C;, hy).

ensures

The imprecise LLM posterior is characterized by CDF envelopes:

EPL(t | data) = HEI«I}tELM F, (] data, H)
F, (| data) = sup F, (| data, H)

HeAm

For more details, see Section Appendix A.4.

Theorems 1, 2, and 3 characterize the posterior distribution of non-
failure probability 6;; or aggregated p;, p;,. However, in practice, we
often care about the reliability over a specified number of consecutive fu-
ture operations, e.g., “what is the probability that an LLM succeeds on
the next 10 tasks in a row?” or “what is the probability that the LLM
succeeds on the next 20 coding tasks?”.

The following set of theorems extends the aforementioned theorems
to characterize the full posterior distribution of reliability for n* con-
secutive future operations, i.e., the probability that the LLM operates
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n® consecutive failure-free tasks. Conditioning is on the observed eval-
uation data across subdomains ;;: C;; correct generations out of N;
prompts.

Theorem 4 (Subdomain posterior reliability for nf future operations).
For subdomain S;; in domain D;, let C; = {(Cy, Ny) }Z’z , denote all observed
data in the domain. Let the admissible set of hyperparameters be
'Ai — [d;ﬂin, a;naXJ X [b;nin, b;na)(] X [C;nin’ cimaX] X [dimin’ dimuxL
and write h; = (a;,b;,c;,d;). Define the reliability random variable!®
R; j(nF )= 9,.";, representing the probability of nt consecutive failure-free op-
erations in subdomain S;;.

For any h; € A,, the posterior CDF of R;;(n") is:
At

Pr0,; | C;, h;) do,

j>

.
Fr, ot | G hy) = Pr(@)) gz|ci,h,.)=/
0

where Pr(0;; | C;, h;) is the marginal posterior density from Theorem 1.
The imprecise posterior distribution is characterized by the CDF envelopes:

ERU(nF)(t | CI) = h,lrela, FR,'/(MF)(I | Cf’hi)’

Fr @ 1C)= sup Fg r\(t|Cphy)
J hiedA; Y

The transformation 6,; H{’J.F generally does not yield a closed-form
density. We therefore characterize R;;(n") through its CDF. See Ap-
pendix A.5 computational methods.

Theorem 5 (Domain posterior reliability for n* future operations).
For domain D; with local OP weights Q;; (where Z;‘:l Q;=1),let C; =
{(Ci, N, ik)}zi: | denote all observed data in the domain. Let the admissible
set of hyperparameters be

Ai — [a;nin’ ﬂ:nax] X [b‘r_nin’ b;naXJ X [cimin’ c;naX] X [d:nin’ d‘_maxL

and write h; = (a;, b;, ¢;, d;). Define the domain-level reliability

i
F
pi = Zgijgijw Ri(nF) = P;' >
j=1
representing the probability of n* consecutive failure-free operations at the
domain level.
For any h; € A,, the posterior distribution of R;(n") is characterized by
its CDF:

F

n; n
Fr,ur)(t | Cp b)) = Pr [Z Q,.je,.j] <t ' Ci iyl
j=1
computed by integrating over the joint posterior Pr(6; | C;, h;).
The imprecise posterior distribution is characterized by the CDF envelopes:

Epurt1C)= h,igt, Fr,ury( | Cp, hy),

Frury(t | C)= sup Fgr(t|Cphy)
hi€A;

The CDF can be computed via numerical integration over the joint
posterior Pr(6; | C;, h;) and Monte Carlo sampling, cf. Appendix A.5.

Theorem 6 (LLM posterior reliability for nf future operations). For
the LLM system with an OP of domain weights W; (where Y| W, = 1),
let data = {C,,...,C,,} denote all observed data across domains. Assume
cross-domain independence.

Define the domain-level admissible sets
Ai — [amin a;‘naX] X [blr_nin, b;‘naX] X [C;nin, C;naX] X [d;nin, dimaX]

i

18 Comparing to the reliability definition in Definition 4, the OPs are omitted
as we assume they are fixed constants in these theorems.
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and write h; = (a;, b;, ¢;,d;) for i = 1,...,m. Define the LLM-level admissible
set as the Cartesian product
Ay = Ay XX A,
and collect the domain hyperparameters as H = (hy, ..., h,) € Ay

Define the LLM-level reliability

F
Wip, Ry(n")y=p],

M=

PL=
1

representing the probability of n* consecutive failure-free operations at the
LLM level.
For any H € Ay, the posterior distribution of R, (nF') is characterized
by its CDF:
F

n
W,-pl] <t|data, H |,

Fr,wr(t | data, ) = Pr [
I

m
=1

computed by integrating over []'_, Pr(p; | C;, hy).
The imprecise posterior distribution is characterized by the CDF envelopes:

ERL(nF)(t | data) = Heigim Fr,h)(@ | data, H),

Fr,@r)(t|data) = sup Fg (| data, H)
HeAm
Again, while the closed-form density is not available, the CDF can be
computed via numerical integration and Monte Carlo sampling. See Ap-
pendix A.5 for details.

Remark 6 (Translate vague prior knowledge to hyperparameters). In
HIP-LLM, hyperparameters are not tuning constants but variables used
to represent uncertainty about prior knowledge. At the lowest level, 6;;
indicates “how reliable” (i.e., the probability that the model succeeds on
a randomly drawn task from the subdomain) of S;;. Subdomains within
the same domain D; are assumed to be related, and this dependence
is captured by assuming that their non-failure probabilities are drawn
from a shared Beta distribution governed by two domain-level param-
eters: y; and v;. Here, yu; represents the expected reliability of the LLM
in domain D;, while v; represents how confident we are in this expecta-
tion, or equivalently, how strongly subdomain reliabilities are expected
to cluster around y;. Since assessors typically do not know the exact val-
ues of y; and v;, HIP-LLM places distributions on them: y; ~ Beta(a;, b;)
and v; ~ Gamma(c;, d;). The hyperparameters (a;, b;, ¢;, d;) therefore en-
code high-level and (likely) vague/imperfect expert beliefs rather than
performance data.

To ensure that these hyperparameters correspond consistently to
the intended prior beliefs, it is convenient to express (a;, b;) and (c;, d;)
through an auxiliary mean—strength parameterization. Let: a) r; € (0,1)
denote the assessor’s belief about the expected reliability in domain D,,
and s; > 0 denote the associated confidence level (interpretable as an
equivalent number of prior observations); b) e; > 0 denote the assessor’s
expected clustering strength (i.e., how strongly subdomain reliabilities
are expected to concentrate around the domain mean), and f; > 0 rep-
resent the associated confidence in this expectation.

The Beta parameters can then be written as follows:

a; =r;s;, bi=1—-rps; @

Under this parameterization the prior mean is
a;
a; +b; -

Ely] = r

i

while the parameter s; = a; + b; controls the strength (concentration) of
the prior. Similarly, the Gamma parameters can be written as

¢ = di=—. ®
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Under this reparameterization, the prior mean of the clustering
strength becomes
E ‘i

[vil= d_, =€
while the parameter f; controls the concentration of the Gamma prior
around e;. Larger values of f; correspond to stronger confidence in the
expected clustering strength.

For example, suppose an assessor believes that the reliability of
the LLM in the reasoning domain is likely between 0.8 and 0.9, but
with only moderate confidence. This belief can be expressed by spec-
ifying r; € [0.8,0.9] and s; € [30, 100]. The corresponding Beta parame-
ters therefore lie in the ranges a; € [24,90] and b; € [3,20]. At the same
time, the assessor may believe that the reliabilities of different reasoning
subdomains (e.g., logical reasoning, multi-step reasoning etc.) should
not differ drastically, but may still vary to some extent. This belief can
be expressed by specifying e; € [30,100] and f; € [3,10] which deter-
mine the corresponding Gamma hyperparameters through ¢; = f; and
d; = f;/e; (.e., ¢; € [3,10] and d; € [0.03,0.33]). Together, the hyperpa-
rameters (a;, b;, ¢;, d;) therefore encode the assessor’s belief that the over-
all reliability of the domain is high (around 0.8-0.9), while allowing
moderate variation between individual subdomains.

It is important to note that the parameters s; and f; represent dif-
ferent levels of epistemic confidence in the hierarchical model. The pa-
rameter s; reflects the assessor’s confidence in the expected domain reli-
ability u;, whereas v; controls how similar the reliabilities of individual
subdomains are expected to be. Consequently, the model separates two
distinct aspects of prior knowledge: beliefs about the overall reliabil-
ity of the domain and beliefs about the degree of similarity among its
subdomains. In this representation, r; and e; denote the assessor’s ex-
pected values for the domain reliability and the clustering strength, re-
spectively, while s; and f; encode the associated confidence levels. This
hierarchical structure therefore allows assessors to express both their ex-
pectations and their uncertainty about these quantities in a transparent
manner.

Allowing these quantities to vary within intervals rather than fixing
them to single values enables HIP-LLM to represent epistemic uncer-
tainty about prior beliefs following the imprecise probability framework
[36,37]. This uncertainty is then propagated through the hierarchical
model, resulting in posterior reliability bounds rather than overconfi-
dent point estimates.

4. Evaluation

To demonstrate and evaluate our HIP-LLM, we empirically investi-
gate five research questions (RQs) in this section.

4.1. Research questions

RQ1 (Effectiveness): How effectively can HIP-LLM assess and com-
pare posterior reliability distributions across different levels of the hi-
erarchy, considering uncertainties propagated from subdomains to do-
mains, and finally to general-purpose LLMs? In this RQ, we aim to
demonstrate the use case of our HIP-LLM as a reliability assessment tool.

RQ2 (Sensitivity to hyperparameters): How sensitive are the pos-
terior estimates of HIP-LLM to the hyperparameters (a;, b;, ¢;, d;)? These
hyperparameters represent the assessors’ (imprecise) prior knowledge,
thus understanding their sensitivity to the posteriors may provide in-
sights on how prior knowledge can be elicited.

RQ3 (Sensitivity to OPs): How sensitive are the posterior reliabil-
ity estimates of HIP-LLM to variations in the OPs that characterize op-
erational usage of LLMs at various levels? The delivered and perceived
reliability of an LLM depends on how it will be used, i.e. the OP. We
hypothesize that general-purpose LLMs may exhibit lower sensitivity
to variations in OPs, whereas LLMs trained for specific (sub-)domains
are likely to be more sensitive. We investigate and demonstrate how
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HIP-LLM can characterize and quantify such OP-dependent reliability
variations.

RQ4 (Predictability): How can HIP-LLM predict future reliability
of passing next nf tasks? While RQ1-RQ3 focus on failure probabilities,
which is a special case of reliability, we additionally aim to demonstrate
HIP-LLM’s capability to predict the probability of successfully complet-
ing nf future tasks and to quantify how this reliability varies as the
reliability requirement nf changes.

RQ5 (Comparison to baselines): How does HIP-LLM compare to
established and state-of-the-art Bayesian reliability estimators? To com-
pare the accuracy of different models against a “ground truth” relia-
bility, we conduct synthetic simulation experiments where the “ground
truth” OP and failure probabilities of sub-domains are assumed known.

RQ6 (Failure definitions): How can HIP-LLM cope with alternative
definitions of task success, such as different pass@k criteria? As per Re-
mark 4, the definition of failures of a LLM may vary and be subject to
uncertainties. While we do not formally study LLM failure definitions,
we demonstrate how different failure definitions can be incorporated in
HIP-LLM.

RQ7 (Robustness to memory effects): How robust are HIP-LLM’s
posterior estimates to violations of the i.i.d. assumption caused by
memory-induced dependence during LLM evaluation? While HIP-LLM
is designed for reset, single-task scenarios, real-world evaluation data
may not be strictly generated under this assumption. It is therefore crit-
ical to assess whether its posterior estimates remain meaningful when
independence is only approximately satisfied or partially violated by
memory-induced dependencies.

RQ8 (Scalability): How does the computational time and hardware
RAM cost of HIP-LLM scale with the number of domains, subdomains,
hyperparameter configurations, and Monte Carlo samples? Understand-
ing the scalability of HIP-LLM with these key parameters is essential to
determine if it can be applied to large-scale evaluations in practice.

4.2. Experimental setup

OPs. To emphasize the role of OPs, we “simulate” the OPs by assigning
probability distributions over these datasets for sampling and by specifying
operational weights across (sub-)domains. Without loss of generality, and
consistent with our three-level hierarchy, we define the task-level OP as
a uniform distribution and assign operational weights at the subdomain
and domain levels proportionally to their dataset sizes. That said, asses-
sors may use alternative distributions as the 3-level OPs when additional
information is available, such as those approximated from historical us-
age data [24,76] or user behavior reports [27]. As demonstrated in RQ3,
where we vary the operational weights.

Remark 7 (Simulated OP from benchmarks vs. real-world OP). Simi-
lar to many software reliability modeling studies [28], HIP-LLM assumes
that the OP is specified and reflects real usage conditions. In the absence
of real operational data, and following the same experimental practice
as [31,32], we leverage existing benchmark datasets to “simulate” OPs
for fair comparison with baselines. Specifically, benchmark datasets are
treated as sampling frames, and proportional dataset sizes are adopted
as a proxy OP. This choice neither implies that OP acquisition is solved
nor suggests that such proxies are suitable for real deployments; rather,
it serves to demonstrate how HIP-LLM integrates OPs when they are pro-
vided and to enable comparison with existing benchmark-based meth-
ods.

Estimating realistic and evolving OPs from usage data is a well-
studied problem in software reliability and is usually treated separately
from reliability modeling [25,77]. In practice, an OP for an LLM system
can be constructed using a simple workflow based on real usage data:

1. Log collection: Collect interaction logs or telemetry from deployed
systems containing user prompts or tasks.
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Table 3
Evaluation results using pass@l. Entries are per-subdomain accuracies
(C;;/N;;)- Rightmost column shows the row mean across models.

Dom  Subdom (Data.) 4o0-mini 4o sonnet-4.5 haiku-3.5 Mean
Dom, Subdom,, (MBPP) 0.440 0.471 0.450 0.447 0.452
Subdom,, (DS-1000) 0.490 0.420 0.493 0.483 0.472
Mean 0.465 0.446 0.472 0.465 -
Dom, Subdom,, (BoolQ) 0.890 0.909 0.900 0.883 0.896
Subdom,, (RACE-H) 0.820 0.552  0.840 0.859 0.768
Mean 0.855 0.731 0.87 0.871 -
LLM Mean 0.661 0.585 0.671 0.668 -

2. Task mapping: Assign each task to a domain or subdomain (e.g.,
coding, reasoning, summarization) using predefined rules or auto-
mated classifiers.

3. Frequency estimation: Count how often each task category occurs
to estimate empirical frequencies.

4. OP construction and update: Convert these frequencies into prob-
abilities that define the OP, and periodically update the OP as new
logs become available.

While we believe existing OP estimation techniques may be applica-
ble to LLMs, deriving OPs from real-world LLM usage data introduces
new challenges and warrants dedicated future investigation.

Data. Specifically, we evaluate our hierarchical framework by simulat-
ing LLM operational data from four widely used benchmarks, structured
into two domains with two subdomains each (same as HiBayEs [31]),
instantiated by the following datasets:

e Domain 1 (Coding)
- Subdomain,: basic Python programming tasks with unit-test
based evaluation (MBPP [9]).
- Subdomain,,: data-science oriented Python problems involving
libraries such as pandas and numpy (DS-1000 [8]).
¢ Domain 2 (Reasoning):
- Subdomain,,: reading comprehension problems where the LLM
must answer yes/no questions given short passages (BoolQ [78]).
— Subdomain,,: high school level reading comprehension prob-
lems with multiple-choice answers (RACE-H [44]).

All experiments were conducted using publicly available APIs of
GPT-40, GPT-40-mini (from OpenAl), Claude Sonnet 4.5, and Claude
Haiku 3.5 (from Anthropic)!® Table 3 reports sample accuracies per
subdomain, i.e., the proportions of correct responses under Pass@12C.
To operationalize the i.i.d. Bernoulli trail assumption on tasks, all LLM
evaluations were conducted with cleared context between tasks. Each
task in MBPP, DS-1000, BoolQ, and RACE-H was processed as an inde-
pendent API call with no conversational history, ensuring that outcomes
are not influenced by previous interactions.

From the benchmark accuracy scores, all LLMs appear to perform
better in the Reasoning domain than in the Coding domain. Their perfor-
mances across most subdomains are similar, except for RACE-H, where
model OpenAl-4o0 shows a clear weakness. The small variance between
accuracy values for corresponding subdomains across models suggests
that the performance differences are more domain-driven than model-
driven.

Hyperparameters. All the hyperparameters we are using for generating
the set of figures in the next subsection is shown in Appendix B.

19 For academic research purposes only which is permitted under both vendors’
terms of service for research publications.

20 Produce 1 solution per task. Score as correct if that solution passes verifica-
tion.
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Interpretation of Posterior CDF Envelopes. CDF envelopes are used to
jointly represent data uncertainty and epistemic uncertainty arising
from imprecise prior knowledge. Since closed-form densities are gen-
erally unavailable for weighted sums of dependent reliability param-
eters, posterior uncertainty is characterized numerically through CDF
envelopes, which support probabilistic queries and risk-aware interpre-
tation across all levels of the hierarchy. Unless stated otherwise, all fig-
ures in this section follow this convention.

Throughout the experimental section, where appropriate, we visu-
alize posterior uncertainty using CDF envelopes. These CDFs are con-
structed from observed benchmark evaluation data, consisting of C;;
correct responses out of N;; tasks for each subdomain S;;. Depending
on the level of aggregation shown, a CDF represents the posterior dis-
tribution of a non-failure probability at the subdomain level (6, i) the
domain level (p;), or the overall LLM level (p; ). Domain- and LLM-level
CDFs are obtained by aggregating lower-level reliability parameters us-
ing the specified OP weights.

Monte Carlo sampling is used because the hierarchical aggregation
of dependent subdomain reliabilities and imprecise priors leads to pos-
terior distributions that are analytically intractable but can be evaluated
efficiently and accurately via numerical sampling.

Baseline Experimental Configuration. Unless otherwise stated, all empiri-
cal experiments are conducted using a fixed baseline configuration with
m =2 domains, n =2 subdomains per domain, K = 160 hyperparame-
ter configurations per domain, .S = 3000 Monte Carlo samples per con-
figuration, a (u,v) integration grid of size G = 2000, a fixed CDF eval-
uation grid of size T =201, and a capped number of LLM-level con-
figuration pairings Ky, < 512. Domain-level parameters x; and v; are
treated as latent variables and numerically integrated over a grid, while
the hyper-hyperparameters (a;, b;,c;,d;) are sampled from fixed inter-
vals, with a;,b; € [1,12] and ¢;,d; € [1,25], to represent imprecise prior
knowledge.

All experiments were implemented in Python 3.12.12 using
NumPy 2.0.2, pandas 2.2.2, and matplotlib 3.10.0. The experiments
were executed in the Google Colab environment on a CPU runtime with
an Intel(R) Xeon(R) CPU @ 2.20GHz and approximately 13 GB RAM.
Experiments were performed in a single-process setting without explicit
parallelization or GPU acceleration.

4.3. Results and analysis
This section reports and analyses the empirical results to the RQs.

4.3.1. RQI1 (Effectiveness)

Fig. 3 shows posterior CDF envelopes for the four subdomains
(MBPP, DS-1000, BoolQ, RACE-H) across the four LLMs where a right-
shifted CDF indicates higher reliability and a tighter band indicates
greater certainty.

Coding tasks. On MBPP (top left), the envelopes for GPT-40-mini and
Haiku 3.5 are nearly indistinguishable and lie to the left of GPT—4o,
while Sonnet 4.5 is right-most but still overlapping with-40. On DS-
1000 (top right), GPT-40-mini lies clearly to the left, while Haiku 3.5
overlaps almost entirely with GPT-4o0—their envelopes coincide so
closely that Haiku 3.5 is barely distinguishable. Sonnet 4.5 remains
right-most, with only partial overlap with GPT-40 and Haiku 3.5.

Reasoning tasks. On BoolQ (bottom left), GPT-40-mini is almost identi-
cal to Haiku 3.5 on the left, while Sonnet 4.5 and GPT-4o0 nearly coincide
on the right. Hence the envelopes separate into two close pairs: mini ~
Haiku 3.5 < Sonnet 4.5 ~ 40. On RACE-H (bottom right), Haiku 3.5 lies
clearly left-most, GPT—40-mini overlaps partly with Haiku but extends
rightward, followed by GPT-4o0, and finally Sonnet 4.5 on the far right.

Fig. 4 aggregates subdomains within each domain via the operational
weights (Q;;) and reports the posterior CDFs of the domain reliabilities
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Subdomain posterior CDF envelopes: D1 / MBPP
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(a) Posterior CDF envelopes of the non-failure probabil-
ity for Subdomy; (MBPP dataset in Dom;j) across four
models.

Subdomain posterior CDF envelopes: D2 / BoolQ
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(c) Posterior CDF envelopes of the non-failure probability
for Subdoms; (BlooQ dataset in Domg) across four mod-
els.
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Subdomain posterior CDF envelopes: D1 / DS-1000
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(b) Posterior CDF envelopes of the non-failure probabil-
ity for Subdomjo (DS-1000 dataset in Dom;) across four
models.

Subdomain posterior CDF envelopes: D2 / RACE-H
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(d) Posterior CDF envelopes of the non-failure probabil-
ity for Subdomsz (RACE-H dataset in Domg) across four
models.

Fig. 3. Posterior CDF envelopes of non-failure probability at the subdomain level. Rows correspond to domains (D, (coding): MBPP, DS-1000; D, (reasoning): BoolQ,
RACE-H). Subdomains within the same domain are statistically dependent through shared domain-level hyperparameters (y;,v;), where u; represents the average
domain reliability and v; controls the strength of coupling (partial pooling) among subdomains. As a result, observations from one subdomain inform the inferred
reliability of the others. Domains are assumed statistically independent. A question-oriented interpretation of figure: after observing the evaluation data, how do the

four models differ in terms of their subdomain-level non-failure probability?.

Domain posterior CDF envelopes: D1 (Coding)
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(a) Posterior CDF envelopes of non-failure probability p; =
22 Q1561 for Dom; (Coding) across four LLMs, with
subdomain-level operational weights Q1. = (0.204, 0.796).

Domain posterior CDF envelopes: D2
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(b) Posterior CDF envelopes of non-failure probability
p2 = Zj Q2;02; for Domy (reasoning) across four models,
with subdomain-level operational weights (0.483, 0.517).

Fig. 4. Posterior CDF envelopes of non-failure probability of domain-level (p; = 3}, ©;,6;,). A question-oriented interpretation of figure: after observing the evaluation
data, how do the four models differ in terms of their domain level non-failure probability?.

(p;)- Note, for simplicity, we just assign the operational weights (€;;)
proportionally according to the dataset sizes of the two sub-domains in
each domain i. Similarly to sub-domain results, we may observe and
compare domain-level non-failure probabilities p;. Again, comparing to
accuracy scores (point estimates) and HiBayEs (single posterior distri-
butions), our HIP-LLM yields distribution envelopes that considers more
types of uncertainties.

Fig. 5 aggregates both domains into the overall LLM reliability p;
using the cross-domain operational weights W = [0.149, 0.851] for [Cod-
ing, Reasoning]. As before, the weights are simply assigned proportion-
ally according to the dataset sizes of domains. The figure shows, 40-mini

12

and Haiku bands overlap almost completely, indicating near-equivalent
reliability, while GPT-40 and Sonnet 4.5 partially overlap, reflecting
moderate but consistent uncertainty between them. Overall, Sonnet 4.5
remains most reliable (which is consistent with Table 3).

4.3.2. RQ2 (Sensitivity to hyperparameters)

Corresponding to Remark 6, the sensitivity analysis in Fig. 6 high-
lights that different hyperparameters encode qualitatively different as-
pects of expert elicitation and therefore require different levels of care
when specified. Variations in a; and b, reflect differences in expert ex-
pectations about the average domain-level reliability and mainly affect
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LLM posterior CDF envelopes (Overall Performance)
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Fig. 5. Posterior CDF envelope of non-failure probability of overall LLM level
(p, = X, W;p;) with domain weights W = (0.149, 0.851) across four models. A
question-oriented interpretation of figure: Engineering question: After observing
the evaluation data, how do the four LLMs differ in terms of their LLM-level
non-failure probability?.

the location of the posterior reliability envelopes. As such, specifying
these parameters requires careful consideration of how optimistic or pes-
simistic prior beliefs are justified by available evidence. In contrast, the
hyperparameters ¢; and d; encode expert beliefs about confidence and
pooling strength across subdomains, and directly control the width of
the posterior envelopes.

Fig. 6a illustrates the sensitivity of the LLM-level posterior reliabil-
ity to the hyperparameter g; in the prior u; ~ Beta(a;, b;). For example,
keeping b; = 4, an expert belief corresponding to a; = 8 yields a prior
mean y; = 0.67, while a more optimistic belief expressed by a; = 16 in-
creases the mean to y; = 0.80. When propagated through the hierarchical
model and updated with the same evaluation data, these beliefs lead to
a rightward shift of the posterior CDF envelope, indicating a higher cen-

Effect of narrowing a: prior range on LLM-level posterior CDF (GPT-40)
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(a) Sensitivity of posterior CDF envelops of non-failure
probability (pr, = >, W;p;) to a.

Effect of narrowing c: prior range on LLM-level posterior CDF (GPT-40)
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(c) Sensitivity of posterior CDF envelops of non-failure
probability of LLM (pr, = >, W;p;) to c.
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tral estimate of p;, while the envelope width remains similar due to the
constraining effect of the data. Fig. 6b shows the complementary effect
of varying b;. With a, = 12, allowing b, € [1, 12] corresponds to prior
means y, € [0.50,0.92], whereas narrowing the range to b, € [4,12] and
[8, 12] restricts u, to [0.50,0.75] and [0.50, 0.60], respectively.

Fig. 6¢ and Fig. 6d illustrate the sensitivity of the LLM-level poste-
rior reliability distributions to the hyperparameters ¢; and d;. Allowing
wide ranges such as ¢,, d, € [1,25] corresponds to admitting both weak
and strong confidence scenarios, while progressively narrowing these
ranges (e.g., ¢, € [9,25] or [18,25], and similarly for d,) excludes low-
or high-confidence assumptions. When propagated through the hierar-
chical model and updated with the same evaluation data, these changes
leave the central location of the posterior CDF largely unchanged but
systematically tighten or widen the envelope, indicating that ¢; and d,
primarily control epistemic uncertainty rather than the expected relia-
bility level. The stronger effect of d; occurs because it directly reduces
the pooling strength v;, while ¢; mainly affects how concentrated this
belief is. As a result, changing d; more strongly weakens pooling across
subdomains and leads to larger changes in the width of the posterior
reliability envelopes.

4.3.3. RQ3 (Sensitivity to OPs)

Fig. 7 shows posterior CDF envelopes for the Reasoning-domain re-
liability p, under three OPs, Qpucg € {0.10, 0.517, 0.90} with Qg =
1 — Qpack- Fig. 7a reports Anthropic Sonnet 4.5; Fig. 7b reports OpenAl
4-o.

(a) Sonnet 4.5. As Qg cg increases the CDF shifts slightly left lower
delivered p,), with strong overlap among bands. This weak sensitiv-
ity to the OP is consistent with the subdomain accuracies being both
high and similar (6p,01q ~ 0.90 Vs. Opacepn ~ 0.84): the mixture p, =
Qpo01QfB0010 + RracEIRACE-H Cchanges only modestly as weight moves
from BoolQ to RACE-H. The mild widening of the envelope at higher

Effect of narrowing b: prior range on LLM-level posterior CDF (GPT-40)
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(b) Sensitivity of posterior CDF envelops of non-failure
probability of LLM (pr, = >7", W;p;) to b.

10 Effect of narrowing d: prior range on LLM-level posterior CDF (GPT-40)
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(d) Sensitivity of posterior CDF envelops of non-failure
probability of LLM (pr, = >, W;p;) to d.

Fig. 6. Effect of variations in the hyperparameter values (a, b, ¢, and d ) on the posterior CDF envelopes of non-failure probability of LLM (p, = Y7, W;p). A
question-oriented interpretation of the figures: “What are the LLM-level posterior CDF envelopes of the non-failure probability as domain-level hyperparameters vary

within their admissible ranges, after observing the testing data?”.
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o Reasoning domain (D2) — CDF envelopes vs RACE-H weight (Anthropic Sonnet 4.5)
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(a) Posterior CDF envelopes of non-failure probability for the
Reasoning domain (D2) under alternative operational weights
on RACE-H, for Anthropic Sonnet 4.5.
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Reasoning domain — CDF envelopes vs RACE-H weight (OpenAl 4-0)
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(b) Posterior CDF envelopes of non-failure probability for the
Reasoning domain (D2) under alternative operational weights
on RACE-H, for OpenAl 4-o.

Fig. 7. Posterior CDF envelopes of non-failure probability for the Reasoning domain (D,) under alternative operational weights on RACE-H, Qg.cg €
{0.10, 0.517, 0.90}, with Qp o = 1 = Qgacg- (@) Sonnet 4.5; (b) OpenAl 4-0. A question-oriented interpretation of figure: how does the inferred domain-level non-
failure probability change as the operational profile shifts emphasis between RACE-H and BoolQ?.

Qgack reflects slightly larger posterior uncertainty on RACE-H relative
to BoolQ.

(b) OpenAl 4-o0. In contrast, the envelopes are well separated and
move substantially left as Qg s increases. This strong dependence on
the operational weighting arises because 4-0’s subdomain accuracies dif-
fer widely (Opoo10 ~ 0.91 VS. Ogacp.n & 0.55), so the mixture p, is domi-
nated by whichever subdomain receives more weight.

Overall, the posterior CDF envelopes for OpenAl 4-o exhibit a strong
dependence on the BoolQ/RACE-H weighting, whereas Sonnet 4.5 is
comparatively invariant to Qgacg. This arises because GPT-4-0’s sub-
domain accuracies differ widely (0.91 vs 0.55), producing a hierarchi-
cal posterior with pronounced weight sensitivity. These results suggest
that GPT-4-0’s reasoning performance is more uneven across benchmark
types, while Sonnet-4.5 demonstrates domain-level robustness.

From a practical point of view, these results show that changing the
operational weights can meaningfully change the reliability experienced
by users, especially for OpenAl 4-o. The operational weights represent
how often different types of tasks occur in real use, so changing them
corresponds to a change in user behavior or application context. For 4-o,
different task mixes lead to clearly different reliability levels, meaning
that the same model can appear reliable in one application but much less
so in another. In contrast, Sonnet 4.5 shows relatively stable reliability
across different task mixes, indicating more uniform performance. This
highlights that understanding the expected task distribution is impor-
tant when deploying LLMs, particularly for models whose performance
varies strongly across subdomains.

4.3.4. RQ4 (Predictability)

Fig. 8a presents the expected LLM-level reliability E[R; (nf)] as a
function of the operational horizon n’, where nf denotes the number
of consecutive operations in the future. The horizontal axis displays
n on a logarithmic scale, while the vertical axis shows the expected
reliability—the posterior mean probability that the LLM successfully
completes all next n* consecutive tasks without failure.

At nf =1 all models exhibit high expected reliability, E[R(1)] ~
0.80-0.87, i.e., a high probability of producing a correct answer on the
very next task (the non-failure probability). As the horizon length nf
increases, expected reliability drops sharply for every model. Across all
horizons the ordering is stable: Sonnet-4.5 achieves the highest relia-
bility, GPT-40 follows closely, while Haiku-3.5 and GPT-40-mini form
the lower pair (with GPT-4o-mini typically the lowest). However, as
shown in As Fig. 8b, the uncertainty (measured by the interval width)
of Sonnet-4.5’s reliability prediction is also the highest.

As Fig. 8b shows, at nf’ =1 the envelopes are quite tight, indicating
low uncertainty. The bands widen modestly for small-to-medium hori-
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zons (i.e., when nf increases from 2 to ~ 6), as a result of compounded
prediction uncertainties. As nf increases, all curves converge toward
zero, indicating reduced uncertainty in the reliability prediction. Intu-
itively, this suggests greater confidence that the LLMs are unlikely to
pass all nf future tasks.

From a user perspective, Fig. 8 illustrates how reliability claims vary
with the required number of future failure-free tasks n’: as nf increases,
the claim becomes more stringent, leading to a corresponding decrease
in confidence. This provides practical guidance for selecting models
based on intended usage. For example, in healthcare decision support,
an assessor may require a very high reliability of failure-free perfor-
mance for a small number of critical diagnostic queries, favoring mod-
els with stronger short-horizon reliability guarantees (i.e., a higher but
more steeply declining curve). In legal document analysis, a compli-
ance team may comprise reliability a bit over a longer sequence of tasks
(i.e., a lower but flatter curve), such as cross-checking clauses or sum-
marizing precedents. In this way, Fig. 8 illustrates how model reliability
scales with the required number of future failure-free tasks and supports
informed deployment decisions across different application scenarios.

4.3.5. RQ5 (Comparison to baselines)

We evaluate the proposed HIP-LLM method against three Bayesian
baselines using controlled synthetic experiments in which the
ground-truth system reliability (GT) is known. The system consists of two
domains, each comprising two subdomains. Each subdomain is charac-
terized by a reliability §;; and an OP weight OP;;. The overall system
reliability is defined as the OP-weighted average of subdomain reliabil-
ities?!,
pL = Zopij eij'

ij

©)

In Bayesian inference, the posterior distribution reflects a combina-
tion of prior beliefs and observed data, with their relative influence gov-

2! In the paper, the OP is defined hierarchically, with W, representing the
importance of each domain and Q,; representing the relative importance of
subdomain j within domain i, so that the system reliability is given by p, =
YW X,;€;6,;. In the experiments, this structure is written in an equivalent
but simpler form by specifying directly the combined subdomain weights OP;; =
W, Q;;. The system reliability is then computed as p; = ¥, ; OP;; 6,;, which is
algebraically identical to the hierarchical expression. Under this representa-
tion, domain weights are not fixed or ignored: they are implicitly given by
W, =3, OP;;, and the within-domain weights are recovered as Q;; = OP;;/W,.
This choice simplifies the experimental setup by defining the OP at the subdo-
main level, while remaining fully consistent with the hierarchical formulation
used in the paper.
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Expected LLM Reliability vs. Operational Horizon
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(a) Imprecise posterior envelopes of the expected LLM
reliability (E[Rfz(n%)]) versus the required number of
failure-free future tasks nf" for reliability claims. Impre-
cise posterior envelopes show decay in reliability over con-
secutive tasks across four models.

Reliability Engineering and System Safety 272 (2026) 112615

Width of
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(b) Envelope widths (upper—lower) of expected reliabil-
ity E[R(n*)]. Each curve represents the spread (up-
per—lower bound) of expected reliability as the number of
future operations increases. The bell-shaped profile indi-
cates that uncertainty grows with operational horizon be-
fore decaying as overall reliability converges toward zero.

Fig. 8. Expected reliability envelopes and their width as functions of number of failure-free future tasks required by assessors (i.e., E[R,(nf)] and
[upper bound of envelop — lower bound of envelop]). Question-oriented interpretation of the figure: “What is the posterior expected reliability of passing next n*

future tasks, after seeing testing data?”.

erned by the amount of available evidence. As the sample size increases,
the posterior becomes increasingly dominated by the data rather than
the prior?? Thus, to illustrate HIP-LLM’s ability to incorporate informa-
tive prior and to examine the influence of priors on posterior estimates,
we consider two distinct sample-size regimes:

e Small-N: [100, 500, 1000, 300] samples per subdomain, where priors
may have more influence on the posterior.

e Large-N: [1000, 5000, 10000, 3000] samples per subdomain, where
data are expected to dominate more than the priors.

For each regime, synthetic binomial observations are generated from
the same ground-truth subdomain reliabilities. Inference is performed
under three OP scenarios:

o Dataset-based OP (OPY2f2): OP weights are set proportional to
dataset sizes, introducing a structural mismatch with respect to the
ground truth OP. This setting represents a naive scenario in which
the OP is ignored and assessors rely solely on (benchmark) datasets
for reliability assessment.

¢ Approximated OP (OP?PP™X): The ground truth OP is perturbed
by +20% noise and renormalized, representing a scenario in which
assessors recognize the importance of OPs and apply existing OP es-
timation methods to approximate them, rather than relying solely
on evaluation datasets (i.e., OP%%) while still incurring estimation
errors.

¢ Ground-truth OP (OPST): The ground truth OP is used directly, rep-
resenting an idealized oracle scenario in which the assessors know
the OP for certain.

We compare the following inference methods:

BB-Unlinf: Independent Beta—Binomial model with non-informative
priors (Beta(1,1)).

BB-Inf: Independent Beta—Binomial model with informative priors
centered on the GT reliabilities.

HiBayES ([31]): A hierarchical Bayesian model with partial pooling
across subdomains.

HIP-LLM: The proposed imprecise-probability approach, producing
an envelope over posterior distributions induced by a family of pri-
ors.

22 In the limiting cases, when no data are observed the posterior coincides
with the prior, whereas with an infinite amount of data the posterior converges
to “frequentist” estimates driven solely by the data.
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The criteria for comparison are as follows:

Median (f)'zed): For methods producing a single posterior distribu-
tion (BB-UnlInf, BB-Inf, HiBayES), the median is defined as the em-
pirical median of the posterior samples of p,. For HIP-LLM, which
induces a set of posterior distributions indexed by hyperparameter con-
figurations h € H, we first compute the median of each posterior,

my, = Qg 5o (PT))’

and then report the envelope of posterior medians,

amed

min my,, maxmy,|.
heH heH

e Error: For single-posterior methods, the error is defined as the ab-
solute deviation between the posterior median and the ground-truth
reliability,

— | smed GT
Error = |pL -p; ‘
For HIP-LLM, the error is computed per posterior envelope as
ep = )mh —PET|,

and the reported error corresponds to the envelope of admissible
errors,

Error €

min e,, maxey|.
hel " heH

Credible Interval (CI): For single-posterior methods, a Bayesian 90%
credible interval is defined as

Clogo = [Qo.os (PL)’ Qo.95 (PL)]:
where Q, () denotes the empirical quantile.
For HIP-LLM, which produces a family of posteriors { p(Lh)} hel>

we report the widest credible interval compatible with the assumed
prior uncertainty,

. (h) (h)
}I}lelﬁ Qo5 (PL ) gg’{‘Qoss(PL ) .

Tables 4 and 5 illustrate how system reliability estimates are influ-
enced by the OP and prior assumptions. In the Small-N regime, where
data are limited, all methods slightly underestimate the ground-truth re-
liability (pE'T = 0.5860), with posterior medians typically between 0.57
and 0.58. In this setting, both OP mismatch and prior choice matter:
using an approximate or dataset-based OP increases error compared
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Table 4
Posterior estimates under the Small-N ([100, 500, 1000, 300]) regime (p§T =
0.5860).

OoP Method Median value/ bound Error value/bound 90% Interval
BB-UnInf 0.5733 0.0127 [0.5549, 0.5917]
opdata BB-Inf 0.5749 0.0111 [0.5569, 0.5924]
HiBayES  0.5732 0.0128 [0.5552, 0.5915]
HIP-LLM [0.5713, 0.5751] [0.0109, 0.0147] [0.5528, 0.5937]
BB-UnInf 0.5740 0.0120 [0.5460, 0.6009]
opepros BB-INf 05756 0.0104 [0.5509, 0.5995]
HiBayES 0.5712 0.0148 [0.5438, 0.5966]
HIP-LLM  [0.5698, 0.5774] [0.0086, 0.0162] [0.5421, 0.6048]
BB-UnInf 0.5782 0.0078 [0.5486, 0.6062]
OpST BB-Inf 0.5796 0.0064 [0.5538, 0.6042]
HiBayES  0.5750 0.0110 [0.5459, 0.6011]
HIP-LLM  [0.5738, 0.5816] [0.0044, 0.0122] [0.5446, 0.6100]
Table 5

Posterior estimates under the Large-N ([1000, 5000, 10000, 3000]) regime (p(;jT =
0.5860).

OoP Method Median value/ bound Error value/bound 90% Interval
BB-UnInf 0.5907 0.0047 [0.5849, 0.5965]
opdata BB-Inf 0.5908 0.0048 [0.5849, 0.5965]
HiBayES  0.5909 0.0049 [0.5846, 0.5969]
HIP-LLM  [0.5860, 0.5866] [0.0000, 0.0006] [0.5846, 0.5968]
BB-UnInf 0.5887 0.0027 [0.5801, 0.5973]
opsewox  BB-INf 0,585 0.0025 [0.5799, 0.5970]
HiBayES  0.5887 0.0027 [0.5800, 0.5980]
HIP-LLM  [0.5752, 0.5764] [0.0096, 0.0108] [0.5794, 0.5978]
BB-UnInf 0.5928 0.0068 [0.5836, 0.6017]
OpST BB-Inf 0.5926 0.0066 [0.5837, 0.6015]
HiBayES  0.5929 0.0069 [0.5838, 0.6025]
HIP-LLM [0.5784, 0.5797] [0.0063, 0.0076] [0.5832, 0.6024]

to the ground-truth OP, and informative priors can reduce point er-
ror when they are correctly aligned with the GT subdomain reliabil-
ities. This reduction, however, is due to favorable prior specification
rather than inherent robustness and would not persist if the prior were
misspecified.

HIP-LLM behaves differently in the Small-N regime by reporting
intervals rather than single reliability values. For example, it pro-
duces ranges of plausible medians such as [0.5713, 0.5751] under the
dataset-based OP and [0.5738, 0.5816] under the ground-truth OP. These
wider bounds reflect epistemic uncertainty about prior assumptions and
make explicit that multiple reliability estimates are consistent with the
data. Hierarchical modeling through HiBayES also smooths estimates
across subdomains, but can introduce additional bias when data are
scarce.

In the Large-N regime, the effect of priors and modeling choices
largely disappears. All methods produce nearly identical posterior me-
dians across OP scenarios, and uncertainty intervals become very nar-
row. For HIP-LLM, the median interval collapses to a tight range (e.g.,
[0.5860, 0.5866] under the dataset-based OP), showing that prior uncer-
tainty no longer plays a significant role.

When comparing methods, HIP-LLM intervals should be interpreted
as robustness bounds rather than standard credible intervals; for conser-
vative decision making, the lower bound of the HIP-LLM median interval
provides a worst-case reliability estimate consistent with the available
data.

4.3.6. RQ6 (Sensitivity to the definition of success/failure)

A key modeling assumption in HIP-LLM is the use of binary suc-
cess/failure labels at the subdomain level, summarized by the observed
success counts C;; and total trials N;;. In practice, however, the notion
of “success” is not unique and may depend on the chosen evaluation
criterion.
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Subdomain posterior CDF envelopes: MBPP — Pass@1 vs Pass@3
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Fig. 9. Subdomain-level posterior CDF envelopes of non-failure probability for
MBPP under alternative success definitions. Results are shown for Claude Son-
net 4.5 on MBPP (N = 257), using identical tasks, prompts, and tests. Pass@1
yields % =0.471, while Pass@3 yields % = 0.494. Envelopes reflect imprecise
hierarchical inference with identical hyper-hyperparameter intervals; only the
success definition differs. A question-oriented interpretation of figure: how does
the inferred subdomain-level non-failure probability change when alternative
success (failure) definitions, such as Pass@1 versus Pass@3, are used on the
same evaluation data?.

To assess the robustness of HIP-LLM to alternative success defini-
tions, we conduct a controlled experiment on a single dataset (MBPP)
and a single model (Claude Sonnet 4.5). We compare two common cri-
teria: Pass@1, where only the first generated solution is evaluated, and
Pass@3, where a task is considered successful if at least one out of three
independent generations passes all tests. All other experimental condi-
tions are held fixed.

Fig. 9 shows the subdomain-level posterior CDF envelopes for the
true success probability % under Pass@1 and Pass@3. As expected,
the more permissive Pass@3 criterion yields a higher observed suc-
cess count and a right-shifted posterior envelope. However, the two
envelopes exhibit substantial overlap, indicating that the inferred re-
liability is only moderately sensitive to the choice of success definition.

4.3.7. RQ7 (Robustness to memory effects)

Our formal reliability definition models task outcomes as i.i.d.
Bernoulli trials under a fixed OP. In practice, however, LLM usage may
violate independence because the model can condition on previously ob-
served conversational context (i.e., memory). To assess the practical im-
pact of such dependence on HIP-LLM, we conducted two complementary
experiments: (i) an empirical evaluation to quantify memory growth
when memory is not reset after each task and its relation to dependence
strength; and (ii) a targeted sensitivity analysis that injects memory-
induced dependence into one of subdomains (Subdom,;-BoolQ) and ex-
amines how the resulting dependence shifts posterior envelopes across
hierarchy levels.

We evaluated one subdomain (Subdor1121-BoolQ)23 in a single con-
tinuous session in which the entire conversation history was retained
in every API call. For each query, we recorded the API-reported mem-
ory. In this setting, memory grows monotonically with the number of
questions and provides an operational proxy for the strength of cross-
item dependence introduced by persistent context (Fig. 10a). After 299
questions, the retained context reached = 2.06 x 107 bytes, i.e., ~ 201
KB, illustrating that long-context evaluation can induce non-negligible
memory accumulation even within a single benchmark run.

Using the above proxy, we observed that the dependence strength
induced by memory increases approximately linearly with the retained

23 We conducted this experiment on 300 tasks from the BoolQ dataset. To pre-
serve the OP proportions across subdomains, we kept the same relative weights
for the other datasets as in the main evaluation.
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(a) Growth of retained conversational context as a
function of the number of BoolQ tasks evaluated in
a single continuous session. Memory size (in bytes)
increases monotonically and serves as an operational
proxy for the strength of memory-induced depen-

dence.
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(c) Posterior CDF envelopes of non-failure probability at the
Reasoning domain level (Dom2) resulting from propagation
of BoolQ@ dependence through subdomain aggregation with
weights ;.
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BoolQ posterior CDF envelopes (3 different 6): D2 / BoolQ
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(b) Posterior CDF envelopes of non-failure probability for the
BoolQ subdomain under three accuracy settings: 6Opoolq
0.915 (i.i.d.), and Opooiq = 0.940,0.945 (non-i.i.d.). Increasing
memory-induced dependence produces smooth rightward shifts
of the envelope.

LLM posterior CDF envelopes (Overall) — 3 different BoolQ 6
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(d) Posterior CDF envelopes of non-failure probability at the
LLM level after domain aggregation with operational-profile
weights W;, illustrating the attenuated but consistent impact
of subdomain-level dependence.

Fig. 10. Sensitivity of posterior CDF envelopes of non-failure probability to memory-induced non-i.i.d. dependence. The top-left panel (10a) quantifies memory
accumulation during same-session evaluation, motivating a linear dependence proxy. the remaining panels show how increasing dependence in the BoolQ subdomain
propagates through the hierarchical reliability model, yielding smooth and controlled shifts of envelopes at subdomain, domain, and LLM levels.

context size. This motivates a parsimonious sensitivity model in which
the dependence parameter is a linear function of memory. The linear
mapping is used only as a stress-test mechanism to quantify how depar-
tures from independence could propagate into the inferred reliability
distributions; it does not change the definition of reliability itself, but
probes the robustness of posterior conclusions when the i.i.d. approxi-
mation is imperfect.

We then injected memory-induced dependence into BoolQ according
to the linear dependence model and compared posterior CDF envelopes
under three BoolQ 6 settings,

O8oolg € (0915, 0.940, 0.945},

where 0p,010 = 0.915 corresponds to the ii.d. assumption (no memory-
induced dependence), while 8, = 0.940 and 0.945 represent non-i.i.d.
regimes induced by increasing retained context. The remaining subdo-
main accuracies (MBPP, DS-1000, RACE-H) were kept fixed, and the
same hierarchical structure and operational-profile aggregation were
preserved (subdomain — domain via Q,;, and domain — LLM via W}).
For each g, we propagated uncertainty through the hierarchy un-
der the same imprecise hyperparameter intervals and computed CDF

envelopes at three levels: (i) BoolQ subdomain, (ii) Reasoning domain
(D2), and (iii) overall LLM level.

Across all three levels, the envelopes shift smoothly with g, in-
creasing 6p,01q Yields a consistent rightward shift (stochastically larger
reliability), while decreasing 6, shifts the envelopes leftward.

These experiments support two practical conclusions: (1) persis-
tent context can induce measurable dependence during benchmark-style
evaluation, and the effect scales with memory; and (2) within a realis-
tic range around the observed reliability levels, our posterior envelope
conclusions remain stable, with dependence primarily producing con-
trolled shifts rather than qualitative changes in domain- and LLM-level
reliability characterization.

4.3.8. RQ8 (Scalability)

This section characterizes the computational cost of the proposed
HIP-LLM inference pipeline. The analysis is performed at the level of the
algorithmic procedure (rather than for any single experimental figure)
and is structured to (i) derive theoretical time and memory scaling laws
from the inference steps, and (ii) empirically validate these scaling laws
by controlled parameter sweeps.
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Let m denote the number of domains and 7 the average number of
subdomains per domain®* For each domain i, HIP-LLM represents hy-
perparameters on a discretized grid over (y;,v;) of size G = n,n,. Im-
precision at the hyperparameter level is handled by evaluating a finite
set of K hyperparameter configurations (or candidates) over the grid.
To propagate uncertainty from subdomain to domain and from domain
to system level, the method uses Monte Carlo sampling with .S samples
per configuration. Posterior envelopes are reported on a fixed evaluation
grid (e.g., a CDF grid) of size T.

The inference is decomposed into three hierarchical stages:

1. Subdomain level: For each domain and each hyperparameter con-
figuration, HIP-LLM evaluates subdomain posteriors conditional on
(4;,v;) on the grid and constructs the corresponding imprecise pos-
terior set.

2. Domain level: For each configuration, HIP-LLM propagates subdo-
main uncertainty to the domain level via Monte Carlo sampling by
drawing subdomain reliability variables and aggregating them using
OP weights Q; .

3. LLM level: HIP-LLM aggregates domain-level reliability to the sys-
tem level using domain weights W}, while preserving imprecision by
computing lower/upper envelopes across the explored hyperparam-
eter configurations.

Theoretical time complexity is obtained by counting the dominant
operations required by the above stages as functions of (m,7,G, K, S, T).
Subdomain-level cost is driven by grid-based hyperposterior evaluation
and any intra-domain coupling required to compute subdomain posteri-
ors under shared hyperparameters. Domain-level cost is driven by Monte
Carlo propagation, which scales with the number of subdomains drawn
per sample and the number of samples. LLM-level cost is driven by re-
peating aggregation across hyperparameter configurations and comput-
ing envelope statistics on the evaluation grid. Memory complexity is
characterized by the storage required for (i) grid-based posterior ar-
rays per domain/configuration, (ii) Monte Carlo samples (if stored) or
streaming statistics (if not stored), and (iii) envelope representations on
the evaluation grid.

To validate the theoretical scaling, we use controlled experiments in
which all numerical parameters are fixed to baseline values and then
varied one at a time. Specifically, we run repeated executions while
sweeping m, i, K, S, and G independently, and record wall-clock time
and peak memory usage for each run. This isolates the marginal effect
of each parameter and enables direct comparison with the predicted
scaling laws. To quantify scaling exponents, we fit a power-law model
of the form time = ¢ x* (and analogously for memory), where x is the
swept parameter®® and «° is the inferred scaling exponent. Here c is a
constant which sets the scale.

Many steps of HIP-LLM can be computed independently across do-
mains and hyperparameter configurations, making the method naturally
parallelizable. Parallel execution reduces wall-clock runtime in practice,
while the underlying asymptotic computational complexity remains un-
changed.

The following experiment empirically validates the theoretical com-
putational complexity analysis of the HIP-LLM inference pipeline. We
report controlled scalability experiments that measure wall-clock run-
time and peak memory usage while varying key algorithmic parameters

24 Although different domains may have different numbers of subdomains, the
computational cost is mainly determined by the typical workload of a domain.
For this reason, we describe the scaling in terms of the average number of sub-
domains 7. This keeps the formulas simple, reflects the observed runtime in
practice, and avoids overly pessimistic worst-case estimates.

25 The parameter we change (e.g. number of subdomains, samples, domains,
etc.)

26 The parameter that shows how fast time grows when x increases. for in-
stance, a = 1 corresponds to linear growth, while a = 2 corresponds to quadratic
growth, and so on.
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Table 6

Peak memory usage under controlled scalability experiments.
Each row reports the measured peak memory while sweeping
one parameter and keeping all others fixed at the baseline con-

figuration.
Swept parameter Range Peak memory (MB)
Number of domains m 1-12 24.6 — 146.7
Subdomains per domain 7 240 35.8 — 314.2
Monte Carlo samples S 500 — 6000 7.6 > 69.4
Hyperparameter configs K 40 — 320 19.1 - 57.8
Grid size G 1000 — 4500 ~ 35.7 (constant)

one at a time. The results are used to confirm the predicted asymp-
totic scaling laws®” and to identify the dominant computational stages
in practice.

Scalability plots. (Fig. 11a- Fig. 11e ) showing runtime as a function of
each swept parameter (m, i1, K, S, and G), together with fitted scaling
laws. Across all sweeps, the empirical results closely match the theo-
retical scaling predictions and confirm that subdomain-level inference
dominates the computational cost of HIP-LLM in practice.

Baseline timing breakdown. (Fig. 11f) reporting the relative contribution
of each inference stage under the reference configuration. The results
show that subdomain-level posterior computation dominates runtime,
accounting for over 99% of total execution time, while domain- and
LLM-level aggregation contributes a negligible fraction. This explains
the weak empirical dependence on .S and highlights the subdomain in-
ference stage as the primary computational bottleneck.

Memory Complexity. According to Table 6 empirical results confirm the
expected memory behavior of HIP-LLM. Peak memory usage scales ap-
proximately linearly with the number of domains m, the average number
of subdomains 7, the number of hyperparameter configurations K, and
the number of Monte Carlo samples .S, due to the storage of posterior
quantities and sampled reliabilities. In contrast, memory usage is effec-
tively independent of the integration grid size G, indicating that the
(u, v) grid is reused across configurations rather than stored per sample.

5. Discussion

In this section, we discuss the assumptions and limitations of the
proposed HIP-LLM.

Assumptions on hierarchical dependencies of failure probabilities. Inspired
by HiBayES [31], we introduce a hierarchical dependency structure
where dependencies are defined at the level of failure probabilities
across related task groups. Specifically, high-level domains (e.g., coding
vs. law) are modeled as independent because their underlying compe-
tencies and training data sources are substantially distinct. In contrast,
subdomains within a domain (e.g., coding in C+ + vs. coding in Python)
are modeled as having dependent failure probabilities, reflecting shared
latent skills, representations, or reasoning patterns that influence perfor-
mance across related tasks. This abstraction allows tractable modeling
of correlated reliability while acknowledging that the true dependen-
cies among knowledge areas are more complex and fluid. While we do
not prescribe specific taxonomies of domain/sub-domains for LLMs in
this paper, our formulation is intended to be without loss of generality:
users of HIP-LLM can redefine their own “domains” to reflect their own
assumptions about dependence. For example, if users believe that two
domains (say, A and B) are not fully independent, they may treat them
as two subdomains under a newly introduced higher-level synthetic do-
main. Such flexibility allows HIP-LLM to adapt to different operational

27 Do the measured runtimes grow the way the theory says they should?
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Figure: HIP-LLM scaling vs G (Expected: linear ©(G))
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(a) Scaling with the (u,v) integration grid size G = nyny,
showing linear growth in wall-clock time, consistent with the
theoretical O(G) complexity.
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Figure: HIP-LLM scaling vs | (Expected: linear ©(m))
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(b) Scaling with the number of domains m, demonstrating lin-
ear runtime growth due to independent per-domain inference,
in agreement with the expected O(m) behavior.

Figure: HIP-LLM scaling vs K (Expected: linear 0(K))
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(e) Scaling with the number of Monte Carlo samples .S, showing (f) Baseline timing breakdown for the full HIP-LLM pipeline,
weak dependence on S and indicating that Monte Carlo prop- showing that subdomain posterior computation dominates the
agation is not the dominant computational cost in the tested total runtime, while domain- and LLM-level envelope aggrega-

regime.

tion contributes a negligible fraction.

Fig. 11. Empirical scalability of the HIP-LLM inference pipeline under controlled parameter sweeps. Each subfigure varies a single parameter while keeping all
others fixed at the baseline configuration (m =2, i = 2, K = 160, § = 3000, G = 2000, T' = 201, Ko, < 512). Measured runtimes are compared against power-law fits
to validate theoretical complexity predictions and to identify dominant computational stages.
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interpretations or empirical evidence of dependency, reflecting the as-
sessor’s domain knowledge.

Note, such (in)dependencies at the parameter level (i.e., correlations
or independence between the failure probabilities of domains or subdo-
mains) are different from task-level outcome dependencies, which we
discuss next.

Assumptions of i.i.d. Bernoulli Trails for Task Outcomes. It is important
to distinguish the assumption of independent task outcomes from the
(in)dependencies among failure probabilities discussed earlier. The lat-
ter concern parameter-level relationships, i.e., how the long-run failure
rates across domains or subdomains may co-vary due to shared com-
petencies, whereas the former concerns instance-level independence of
individual task results, given those parameters. Even if the failure prob-
abilities of two sub-domains are correlated random variables, we can
still assume that, conditional on those probabilities, each task outcome
within a sub-domain is an independent Bernoulli trial.

As discussed earlier in Definition 4 and Remark 1, the i.i.d. assump-
tion is pragmatically justified in the context of LLM evaluations when
tasks are executed in isolation, such as initiating new chat sessions with-
out contextual memory. Nevertheless, caution is warranted: in practice,
the way tasks are designed, sequenced, or batched can introduce subtle
dependencies that violate this idealization, e.g., in long-context, agentic
workflows. Assessors should therefore ensure testing procedures (e.g.,
resetting each task session) align with the independence assumption, a
common setup in offline benchmarking.

Indeed, the i.i.d. Bernoulli trial assumption remains a simplification,
motivated by mathematical convenience and interpretability. However,
this assumption is not introduced uniquely by our HIP-LLM, rather that
models with the i.i.d. assumption have a long history of being used in
software reliability assessment. Thayer et al.’s [79] model was one of
the earliest, used in early works on random testing [80]. Regulatory
bodies also have recommended using the i.i.d. assumption in reliability
assessments when appropriate [40]. Having said that, weakening the
i.i.d. assumption has been a long-standing research topic in the soft-
ware reliability community. Numerous models have been proposed to
capture dependence among successive tests, including a binary Markov
chain model [81], a Markov renewal process [82,83], the Markov-based
model with benign-failure states [84], and Bayesian models examining
how sensitive reliability claims are to potential dependencies of test out-
comes [71,85].

A road-map for extending HIP-LLM beyond i.i.d. task outcomes can
build directly on aforementioned, established software reliability mod-
els. More concretely, a first step is treating a multi-turn interaction
as the unit of analysis and allowing within-session dependence while
modeling across-session dynamics via latent states. One can introduce
Markov/hidden-state structures, e.g., hierarchical hidden Markov model
or Markov renewal formulations where latent “interaction states” evolve
over time and govern task-level failure probabilities.

What constitutes a failure for LLMs. Reliability, by definition, con-
cerns “failures”. In traditional software systems, failures are relatively
straightforward to define, as they can be explicitly linked to violations
of formal specifications or requirements. However, for Al systems, and
particularly for LLMs, no such explicit specification exists. As a result,
a complete and formal characterization of what constitutes a failure for
LLMs remains an open research challenge. The notion of “failure” can
vary across applications and stakeholders. For instance, factual errors,
inconsistency?®, harmful or biased content, or divergence from human
judgment may all be considered failures depending on the context [30].

28 Most existing LLM evaluation studies focus on one-shot accuracy metrics
(e.g., Pass@1), whereas real-world usage often involves iterative prompting.
Inconsistencies across multiple outputs can undermine user trust and thus re-
garded as a failure.
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The choice of scoring criteria for defining LLM failures is inherently
application dependent and should align with domain-specific specifica-
tions (if any) and evaluation norms. For example, in code generation,
failures are typically defined in terms of functional correctness, such as
compilation success or passing predefined test cases. In mathematical
problem solving, correctness is often determined by agreement with a
unique ground-truth answer or a formally verifiable solution. In con-
trast, in legal analysis, failure definitions may rely on expert judgment
regarding factual accuracy, consistency with legal principles, or omis-
sion of critical considerations. For more open-ended tasks such as Email
drafting or creative writing, failures are often defined relative to stylis-
tic, pragmatic, or preference-based criteria, frequently assessed through
human evaluation. These examples illustrate that failure definitions for
LLMs are not universal but must be specified in accordance with the in-
tended use and domain requirements, reinforcing the need to interpret
reliability estimates as conditional on the chosen scoring criteria.

That said, in this work, our focus is not on prescribing a specific def-
inition of LLM failure but on providing a reliability assessment modeling
framework that is agnostic to failure definitions and failure detections (i.e.,
defining the test oracle). For example, the reliability definition in Defini-
tion 4 can be readily extended from binary failures to non-binary scores
by replacing the indicator function with a continuous scoring function
(e.g., taking values in [0, 1] through probabilistic or multi-rater failure
models), thereby capturing scoring noise or subjectivity (commonly re-
ferred to as the imperfect test oracle problem in traditional software re-
liability). HIP-LLM can accommodate any well-defined notion of failure,
enabling users to instantiate the model with the criteria most relevant
to their domain or evaluation objectives.

How can OPs be specified in practice. OPs are fundamental to software
reliability assessment, and the same principle applies to LLM reliability.
HIP-LLM provides explicit hierarchical “interfaces” for integrating OPs;
however, in the absence of access to real operational data, this study re-
lies on simulated OPs derived from existing benchmark datasets. Specif-
ically, benchmark datasets are treated as sampling frames that approx-
imate the unknown operational data distribution (cf. Remark 7), with
task-level distributions assumed within each subdomain and operational
weights assigned across subdomains and domains. This experimental
choice is made solely to demonstrate how HIP-LLM incorporates OPs
and to enable fair comparison with existing benchmark-based methods,
and should not be interpreted as a solution to OP acquisition. Accurately
estimating OPs from real usage data is beyond the scope of this reliabil-
ity modeling study and is a well-recognized, separate research problem
in software reliability engineering, for which numerous methodologies
have been proposed (e.g., [25,26,28]). The concept of OP has also been
discussed and measured in Al software contexts [24,76,86,87].

Importantly, the challenge of modeling LLM OPs does not undermine
the proposed framework; rather, it highlights why OPs are essential to
reliability assessment. In established software reliability practice, OPs
are progressively refined as new information becomes available (e.g., ex-
ecution logs, usage telemetry, or expert-informed adjustments) without
requiring changes to the underlying reliability model [25,26,28,77]. As
more representative datasets, user interaction logs, or task-distribution
estimates for LLMs become available [27], OPs can be updated accord-
ingly, allowing reliability estimates to be recalibrated toward actual
field usage. Such separation and “decoupling design” of HIP-LLM be-
tween evidence (testing results) and usage assumptions (OPs) enables
HIP-LLM to evolve naturally with deployment conditions, improving fi-
delity without redesigning the model.

While we acknowledge that our present treatment of OP uncer-
tainty remains simplified (for demonstration/comparison), more com-
plex modeling on OP uncertainties, e.g., dynamic OPs, will form our
important future works. Notably, a range of reliability models in tradi-
tional software engineering explicitly account for OP uncertainty and
dynamics, including Bayesian updating, adaptive OP adjustment, and
black-box or time-varying usage models [26,72-75]. These established
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techniques provide a foundation that can be retrofitted into HIP-LLM to
support uncertain and dynamical OPs in LLM deployments.

How to embed prior knowledge. HIP-LLM models uncertainty at three
levels: the subdomain success rate (; i) how much domains share in-
formation (y;, v;), and the top-level parameters (a;, b;, ¢;, d;) that control
the importance of those priors.

As a Bayesian framework, HIP-LLM requires priors to initiate infer-
ence, and these priors may substantially influence the resulting pos-
teriors, particularly when data are limited [88,89]. The challenge of
eliciting meaningful priors is not unique to HIP-LLM but is common to
all Bayesian models. Unlike HiBayES [31], which employs noninforma-
tive priors, HIP-LLM follows the principles of robust Bayesian analy-
sis [59,60,90] by adopting the Imprecise Probability framework. This
approach enables the representation of uncertainty about prior beliefs
through sets of priors rather than committing to a single distribution.
Prior research has shown that Imprecise Probability can facilitate expert
elicitation by supporting structured “thought experiments” [65,91,92]
allowing experts to express vague, partial, or interval-valued prior be-
liefs. Similarly, HIP-LLM’s prior layer can be informed by such thought
experiments and expert judgment. While we acknowledge that eliciting
priors in practice remains challenging, HIP-LLM at least offers a practi-
cal “what-if” analysis tool by allowing assessors to explore how different
prior assumptions might influence posterior reliability claims, for exam-
ple: if my prior belief is A, then after observing evidence B, the posterior
reliability would be C.

On the practicality of HIP-LLM. HIP-LLM is designed to replace current
LLM assessment practices that rely primarily on benchmark scores. As
highlighted by the 5 gaps identified in the introduction, benchmark-
based evaluations often ignore OPs, overlook dependencies between re-
lated domains, and cannot incorporate prior knowledge, limiting their
relevance to real-world use. In contrast, HIP-LLM produces decision-
oriented reliability assessments by integrating OPs, hierarchical domain
dependencies, and epistemic uncertainty and priors. Rather than report-
ing isolated scores (which, strictly speaking, cannot be regarded as “re-
liability” under standardized definitions such as ANSI [38]), HIP-LLM
enables rigorous reliability claims such as “the confidence that a model
will complete a specified number of future tasks without failure under a given
usage profile”. This allows stakeholders to compare LLMs within specific
domains, aggregate reliability across domains, or assess how reliability
changes across different user groups or usage patterns. Such capabilities
support informed offline decision-making, including model selection,
risk assessment, and regulatory certification prior to deployment. While
this work focuses on offline assessment, HIP-LLM could potentially be
extended to online reliability monitoring with appropriate engineering
optimizations for efficiency (e.g., caching and sliding data windows),
which we leave for future work.

6. Conclusion

This paper presents HIP-LLM, a hierarchical Bayesian framework
with imprecise probability for evaluating the reliability of LLMs. While
HIP-LLM acknowledges the general-purpose nature of contemporary
LLMs, it also adheres to the standardized definition of software reli-
ability which inherently depends on specific applications and opera-
tional contexts. We reconcile these seemingly conflicting aspects by in-
troducing a multi-level hierarchical structure of evaluation tasks that
explicitly models dependencies among subdomains, integrates informa-
tion through partial pooling, and incorporates OPs at multiple levels
of abstraction. Moreover, as a Bayesian inference method, HIP-LLM re-
spects the difficulty of selecting priors. Instead of simply using non-
informative priors, HIP-LLM provides the mechanism to embed impre-
cise prior knowledge and reports posterior envelopes (rather than sin-
gle distributions). Our experiments on common LLMs demonstrate that
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these features enable a more nuanced and standardized reliability esti-
mation compared to existing benchmarks and state-of-the-art methods.

While we believe HIP-LLM represents an important first step to-
ward a principled reliability assessment framework for LLMs (and more
broadly, for multimodal generative Al) several key limitations remain
(cf. Section 5). These include the challenge of formally defining what
constitutes a failure for an LLM, accurately estimating OPs, and system-
atically eliciting imprecise prior knowledge. Moreover, the applicability
of HIP-LLM is limited to reset or single-task usage scenarios conforming
to the i.i.d. assumption (cf. Remark 1); and should not be overgeneral-
ized to long-context or agentic LLM workflows (unless such workflows
are modeled at a higher level of abstraction, treating the entire interac-
tion trajectory as a single trial), which require dependency-aware relia-
bility models—an important future work. More future extensions should
aim to develop methods for handling uncertain and dynamically evolv-
ing OPs, and integrating more refined mechanisms for prior elicitation.
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Appendix A. Mathematical derivations

This appendix contains the proofs and supplementary information
for the theorems presented in the main text.

A.1. Common framework and notation

In an LLM, for a domain D; with subdomains S, ...

subdomain j =1,...,n;:

»Sin,- For each

e Parameter: 0; = (6;, ... ,0,-,,’,) € (0,1)" (subdomain reliability)
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o Parameter: nf = number of trials in the future

e Data: C; = {(C,~,(,N,rk)}2”= , (observed correct responses and trial
counts)

e Hierarchical prior.

G 16; ~ Bmomlal(NU,Hu)

1/’
0;; | /4,-,\/1- ~ Beta(yivi, a1-
u; ~ Beta(a;, b;),

/'4,')\/,')»
v; ~ Gamma(c;, rate = d;),
with y; € (0,1), v; > 0 (domain-level parameters), and hyper- hyper-
parameters h; = (a;, b;, ¢;, d;).
Admissible hyperparameters (imprecise prior).

Ai — [a;nin’ a;naXJ X [b:.“in, b;nleJ X [C‘min’ CimaX] X [dimin’dimaX]'

¢ Common Likelihood:

"
= (N;;\ C::
L(6;) = PHC, | 6,) = | | <CU>€”/(1 - 6,)Nu G
ij

j=1
A.2. Proof of Theorem 1

Theorem 1 For subdomain S§;; in domain D, let C; = {(Cy, N,-,()}Z’=1
be the observed data. Let the admissible set of hyperparameters be

A

— min
i = la;

’a;naX] % [b:;rlin’ b}naX] % [C;nin’clyna)(] X [dimin’ d;‘naxl

and write h; = (a;, b;, ¢;, d;). Then, for any h; € A;, the marginal posterior
density of 6;; is
fmﬂrg(eij’ Ci; h‘l)

Zmarg(hi) ’

where f,,,, (unnormalized posterior) and Z,
are

Pr9,; | C.h)) =

marg (NOrmalizing constant)

fmarg(eijaciZh'):
1 ©
/ / / do;, | L(6;) Pr(6; | u;,v;) Pr(u;,v; | hy)dp;dv;
0 Jo k#j

1 oo
Z arg(hy) = /0 ,/() Pr(C; | pj,vi) Pr(p;, vi | b)) dp; dv;,

with L(6,) = Pr(C, | 6,).
The imprecise marginal posterior is characterized by the lower/up-
per envelopes

Pr(6; | C;,hy) Pr(0,; | C) = sup Pr(0,;

hiEA;

|Cp) =, inf, Pr(6 | Ci. hy)
Proof. Proof of Theorm 1

We proceed step by step.

Step 1 - Likelihood and hierarchical prior densities. The joint
data likelihood factorizes over subdomains:

n,
T (Nie\ ,C -
L(6;) = Pr(C; | 6,) = H <C_"‘>9ik'*(1 — 0y Nie=Ci (A1)
k=1 ik
Given (4;,v;), the prior on 0; factorizes as

nl

Pr0; | p;,v;) = H [(v)

M TG @ = v

Given the domain-level parameters (y;,v;), the subdomain reliabili-
ties are conditionally independent and identically distributed:

’;4k,w 1- eik)(l_ui)vl_l'

iid
0;; | vy ~ Beta(yivi, 1- yi)vi),
Here 4; € (0, 1) is the prior mean and v; > 0 is the prior strength (con-
centration).
For each k, the Beta pdf (Single-coordinate density) is:
I'(v) Hivi—1
T(upv) T((1 = p)vy) &

j=1..,n.

Pr(Oy | i vi) = (=071 6, € 0, 1.

(A.2)
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Since {6;; }Z‘= , are conditionally independent given (4;,v;),

nl
Pr®; | u,vy) = HP"(Hik | b vi)

k=1
nj
= [ Beta(6y | v, (1 = u)v;)
k=1
F(Vi) ) / Hi v—l l—u)vi—1
=\ 22t —0,,)I—Hvi
<F(;4,-v,.)1“((1 - /4[.)\/[.) H ik

(A.3)

Given hyperparameters h; = (a;, b;, ;. d;), we take y; and v; to be in-
dependent:

Pr(p,v; | b)) = Pr(y; | hy) Pr(v; | hy).

We assume:
u; ~ Beta(a;, b;), u; €(0,1), v; ~ Gamma(c;, rate = d;), v; > 0.
Explicitly,
_T@tb) om bt 4G et g,
Pr(p; | h) = ———1 %1 = P hy) = < ivi
r(p; | hy) “Ta )F(b) 1= p)” r(v; | hy) = ) v,' e
Thus,
Pr(u;,v; | h;) = Beta(y; | a;, b;) Gamma(y, | ¢;, rate = d;)
Ca; +b) d ol bt el d
= 4T 1 = )P T e
Ta)T) Ty M dmm) vt e (A4
__ 1 dc' g - )b—l 1=l =y
Ba,.b) T(c) * Hi
I'(a,))T'(b;
where B(a;,b;) = M.
I'(a; +b;)
The hyperprior factorizes:
@ +b) ge1 ot 4 e
Pr(u,v; | h) = ———2 — )bt L Wi
(g, v | hy) Ta) T " (= pu) ol ¢
Step 2 - Normalizing constant. By definition,
1
Z narg(Cis ) =/ Pr(0;; | C;, hy) do;;
0
1 roo
= / / Pr(C; | pivy) Pr(ug, vi | hy) dp; dv, (A.5)
0 Jo

where
PrC; | ;4,-,\/,»):/ L(6,) Pr(6, | u;,v,)db,.
O,1)"
Start from the definition:

fmarg(eij’ Ci; hi)

Pl‘(oul i I) Zmarg(c' h)
[ARAd1

where

fmarg(elj’ CL’ I) -
// |: / dG,k] L(6;) Pr(6; | u;,v;) Pr(u;,v; | h))dp;dv;
070 1kdj
The posterior integrates to 1:

1
/Pr(e,.j|c,.,h,.)d9,.j=1 =
0

—— | foue(®.Ci b)) d6,
marg(cl’h)/ marg\Vij> ~i ij =

Hence

1
Zmarg(ci’hi)z/o Smarg(8i5 Ci3 hy) dO;
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By expanding the integral:

1 rl poo
suwionr= [ [ (11 ] 0
0J0 Jo |k

Pr(0; | p;,vy) Pr(p;, v; | hy)dp; dv; do;;

1 reo
= / / [/ L(6;) Pr(6; | M[,v,-)dﬂ,-] Pr(u;,v; | hy)dy; dv;. (A.6)
0 Jo 1y
By substituting Eqs. A.1, A.3, A.4 into A.6 we have:
n; N
Ci,hy) = i )bl
L€y = [g (c,-)] s [ -
Vi‘}_le—d,vi
« < () >"' 1"—[ I(C;j +a;) I(N;; = C;; + ;) v dy
D)6 ) (N +v;) Y
(A7)

Step 3 - Imprecise posterior. For any fixed h; = (a;, b;, ¢;. d;) € A,
Steps 1-2 give the precise (pointwise) posterior density
Ci.h)= —fmarg(gijvci;h')’
marg(Cn l)
The hyperparameter vector 4; is not known exactly but only to lie
within the admissible hyperrectangle

Pr, |

Ai — [a?in, a;‘naX] X [blr_nin, b;‘naX] X [C;nin, C;naX] X [d:nin, dimaxl

Hence the family 7, = (Pr(9;; | C;. b)) : h; € A;} represents all pos-
terior densities consistent with our prior ignorance about A;.

Following the theory of imprecise probabilities, we define the lower
and upper posterior densities (envelopes) as the pointwise infimum and
supremum over this family:

Pr; 1 C) = 1nf Pr(0,j| > hy), Pr(9,j | C)) = sup Pr(0;; | C;, h)).

heA;

Operationally, these envelopes are obtained by evaluating the
closed-form posterior Pr(6;; | C;, h;) at the extremal corners of A; or
through numerical optimization if the extrema occur in the interior. The
resulting pair (Pr, "Pr) bounds all admissible precise posteriors and fully
characterizes the imprecise posterior belief about ;; given the uncer-
tainty in (a;, b;, ¢;,d;). O

A.3. Proof of Theorem 2

Theorem 2 For domain D; with local OP weights Q,; (where
27;1 Q; =1),letp, = Zj’:l Q;;0,; be the domain-level non-failure prob-
ability. Define the admissible set of hyper-hyper-parameters

mm

[a maX] X [blr.nin’ b;na)(] X [c;nin’ c;naX] % [d:'nin’ dimaxL

and write h; = (a;, b;, ¢;, d;).
Then, for any h; € A;, the posterior distribution of p; is characterized
by its CDF:

F, | Ch) =Pr(p; <1|Cp, hy)

1 Y
:/ / Fp[(t|/4,-,v,-,C,-)Pr(M[,v,-|C,-,h,-)dﬂ,»dv,»
o Jo
where

e F,(t|u;v;,C) is the conditional CDF of p, =Z;”:] Q,;0,; given

that 6;; | u;v;, C ~ Beta(C,j + 1V
L...,n,
e Pr(u;,v; | C;, h;) is the hyper-posterior obtained via Bayes’ rule:

G+ —p)y) for j=

Pr(u;,v; | Ci, hy) =
Pr(C; | p;,v;)Beta(y; | a;, b;) Gamma(y; | ¢;, rate = d;)
S Ji Pr(C; | w,v)Beta(u | a;, b;) Gamma(v | ¢;,rate = d;) du dv
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The imprecise domain posterior is characterized by CDF envelopes:

F,alc)= h?relai F, ]G, hy), F,@|C)= sup F,(1]Cph).

hi€A;

The domain reliability p;, = Z"’_l ; is a weighted sum of subdo-
main reliabilities, whose joint posterior dlstrlbutlon Pr(6; | C;, h;) hasno
tractable closed form. However, the hierarchical structure of our model
provides a natural decomposition: we can express this joint posterior as
a mixture over the shared hyperparameters (y;, v;), where conditionally
on these hyperparameters, the subdomains become independent with
Beta posteriors. This decomposition, formalized in Lemma 1, is the key
to deriving the domain-level CDF. The proof proceeds by (1) expressing
the domain CDF as an integral of the joint posterior over a weighted-sum
constraint region, (2) applying the hierarchical decomposition from the
lemma, (3) exchanging the order of integration via Fubini’s theorem,
and (4) recognizing the inner integral as a conditional CDF, yielding a
tractable mixture representation.

Lemma 1 (Hierarchical decomposition of subdomain joint posterior).
Under the hierarchical model with hyperparameters h; = (a;, b;, c;, d;), the
joint posterior of subdomain reliabilities 6; = (6;,,...,6;,) admits the de-
composition

1 )
Pr®;|C;,h) = / / Pr(0; | u;,v;, C) Pr(u;,v; | C;,h))du; dv;, (A.8)
0o Jo
where:

1. The conditional distribution factorizes into independent Betas:

Pr0; | p;,v;, C) = HBeta(gij | Cij + mvi, Nij = Cij + (1= p)vp).
j=1
2. The hyper-posterior is obtained via Bayes’ rule:

Pr(C; | p;,v;) Pr(p;,v; | hy)

Pr(u; h A.
r(u;,vi | Ciu hy) = Pr(C, | 1) > (A.9)
Pr(u;,v; | h;) = Beta(y; | a;, b;) x Gamma(v; | ¢;,rate = d,),
where the marginal likelihood is
"
i N\ BCi + vi, N = Coi + (1= p)vy)
o o= () B 0+ Ui
or \Cj B(u;vi, (1= p)vy)
(A.10)
and the evidence is
1 0
Pr(C; | h)) =/ / Pr(C; | p,v)Beta(u | a;, b;)
o Jo
Gamma(v | ¢;,rate = d;)dudv. (A.11)

Proof. Proof of Lemma 1

The decomposition follows directly from the law of total probability
and the hierarchical prior structure. By the tower property of conditional
expectation applied to densities:

Pr(6; | C;, b)) =

/ / Pr(6;,p;,v; | Ci,h))dy; dv; =

/ / Pr(6; | iy Vi, C)) Pr(p;, v; | Ci,h)du;dv;
0 0

The conditional independence of {
the hierarchical prior:

0;} given (u;,v;, C;) follows from

iid .
eij | His Vi ~ Beta(ﬂivis(l - ﬂi)Vi)s j=1.. NN

combined with
Binomial(N;;,

independent Binomial likelihoods C;; | 6,;, N,
0;;). By conjugacy, the Beta-Binomial update yields:

0, | nisv;, C; ~ Beta(Cy; + p;v;, Ny — G + (1 = py)vy).
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The hyper-posterior (A.9) follows from Bayes’ rule. The marginal
likelihood (A.10) is the Beta-Binomial distribution for each subdomain,
obtained by integrating the Binomial likelihood against the Beta prior.
The evidence (A.11) is the normalization constant ensuring the hyper-
posterior integrates to one. [

Proof. Proof of Theorem 2
We derive the posterior CDF of the domain reliability p; = Z;; 1520,
using the hierarchical decomposition from Lemma 1.

Step 1: CDF definition. For any ¢ € [0, 1], the posterior CDF of p; is
i
> 6, <t | C,-,hi>.
=1

F, (t| C.h) =Pr(p; <1 | Cphy) = Pr<
J

Define the constraint region

Ri(1) 1= {9,. €O, : Y Q0, < t}.

Jj=1
Then
F, | C,h) = / Pr(6; | C;, h;)do,.

r
i

Step 2: Apply hierarchical decomposition. Substituting the decom-
position from Lemma 1 (Eq. (A.8)):

1 oo
F, (] C; hy) =/ [/ / Pr(6; | u;,v;, C)) Pr(u;,v; | Ci,hi)du,»dv,] do,;.
R |Jo Jo

Step 3: Change of integration order. By Fubini’s theorem (applicable
since all integrands are non-negative and integrate to finite values):
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A.4. Proof of Theorem 3

Theorem 3 For the LLM system with domain weights W, (where
Y Wi=1),letp, =37 W,p; be the LLM-level failure probability and
data = {Cy,...,C,,} the observed data across all domains. Assume cross-
domain independence.

Define the domain-level admissible sets
'Ai — [a;nin’ a;naxJ X [b;nin’ b;naxJ X [c;nin’c;naxj X [dimin’dimaxj
and write h; = (a;, b;,¢;, d;) for i = 1,...,m. Define the LLM-level admis-
sible set as the Cartesian product
Ay = A XX A,

and collect the domain hyperparameters as H = (h,, ..., h,,) € Ajiy-
Then, for any H € A;;y;, the posterior distribution of p; is charac-
terized by its CDF:

F, @ | data, H) = Pr(p; <t|data,H) =

m m
/.../G(t|{,4,-,v,. m .data) [T Priw, vi | Com) [ [ dws dv,
i=1 i=1

where

* G(t| {p;, v}, data) is the conditional CDF of p; = >, Wip; given
all hyperparameters, defined as

m
G(t| {p> v}, data) =/ pr‘.(p,- | #;svi, C)dpy -+ dpy,,

R =1
where R, (1) :={(p), - Py) €O, D™ : XL, Wip; <1}, and f, (|
u;,v;, C;) is the conditional density of p;, = Zj‘:l Q;;0;; under 9

j ij |

ind.
Wi, v, G~ Beta(C,-j + l‘ivi’Nij - C,-j + (1= ppvp),

1 Y
F, | Cyh)= Pr(0; | p;,v;,C)dO; | Pr(p;,v; | Ciyh)du;dvi. e Pr(u;, v, | C,, h;) is the domain-level hyper-posterior for domain i:
i 0 0 R () 1 1 1 1 yp p
i

Step 4: Conditional CDF. The inner integral is the conditional CDF of
p; given (y;,v;) and C;:

Fpi(t | ,M,'aV,-,C,-) = /
R0

where 6,; | u;,v;, C; are independent Beta random variables as specified
in Lemma 1.

Step 5: Mixture representation. Combining Steps 3 and 4:

1 o
Fp’_(t | Ci,hy) = / / Fp,-(’ | v, C;) Pr(u;, v; | Cp, hy) dy; dv;.
0o Jo
where
* F,(t|p;,v;,C) is the conditional CDF of p; =Z;."=1£2ij0,~j given

ind. 3
that 6;; | u;,v;, C; ~ Beta(Cy; + p;v;, N;j — Cpj + (1 — py)vy) for j=
L...,n,

e Pr(u;,v; | C;, h;) is the hyper-posterior obtained via Bayes’ rule:
Pr(p;,v; | G, hy) =

Pr(C; | p;,v;)Beta(y; | a;, b;) Gamma(y, | ¢;,rate = d;)
/0' Jo~ Pr(C; | u,v)Beta(u | a;, b,) Gamma(v | ¢;, rate = d;)du dv

This expresses the domain posterior CDF as a weighted average of
conditional CDFs, where the weights are given by the hyper-posterior
Pr(u;,v; | C;, hy).

Step 6: Imprecise probability bounds. For each #; € A;, the mixture
formula defines a valid CDF F, (- | C;, h)). The imprecise posterior is
characterized by pointwise envelopes over the admissible set:

EP: (] Ci) = h,lgfél, Fpi(t | Ci’hi)’ Ju

O

n;
Pr(6; | u;.v;.C;)d6, = Pr <Z Q,6,; <t | ;4,-,v,-,C,»),
=

F,t|C)= sup F,(t|Cph), te[0,1]

Pr(p;,v; | Ci, hy) =
Pr(C; | p;,v;)Beta(y, | a;, b;) Gamma(y, | ¢;,rate = d;)
/01 Jo~ Pr(C; | u,v)Beta(u | a;, b)) Gamma(v | ¢;, rate = d;)du dv

e Cross-domain independence ensures

H;n:1 Pr(p;,v; | G, hy).

Pr({p, vi}iL, | data, H) =

The imprecise LLM posterior is characterized by CDF envelopes:

EPL(t | data) = Helgim F, (| data, H)

F, (| data) = sup F, (| data, H)

HeA M

Proof. Proof of Theorem 3

We derive the posterior distribution of the LLM reliability p; =
i, Wip; by characterizing its CDF, building on the domain-level re-
sults from Theorem 2.

Step 1: CDF definition. For any ¢ € [0, 1], the posterior CDF of p; is
m

F,, (| data, H) = Pr(p, < 1| data, }) = Pr <Z Wp, <t | data,H).
i=1

Define the region

R = {(pl,...,pm) €, 1" : ZW,.p,. 5;}.
i=1

Then

m
[1Prw: 1 ¢y dp, - dp,,

F, (] data, H) =
R =1

where cross-domain independence ensures the joint density factorizes
as

m
Pr(py, ..., p, | data, H) = [ | Pr(p; 1 G, ).
i=1
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Step 2: Domain-level mixture representation. From Theorem 2, each
domain posterior can be written as

1 )
Pr(p; | C;, b)) =/0 /0 S o i | 13> vis §) Pr(p, v | Ciohy) dp; dv,

where f, (- | u;,v;, Cy) is the conditional density of p; = Z:":I Q;;6;; given
that
0, | mi. Vi, c, ™ Beta(C,/ v Ny = Cp+ (L= v, j=1,...m.

Step 3: Hierarchical decomposition across domains. Substituting the
domain-level mixture into the LLM-level CDF:

F, @ | data, H) =

m
/Rl_(’) 111

Step 4: Change of integration order. By Fubini’s theorem (applicable
because all integrands are non-negative and integrate to finite values),
we can exchange the order of integration:

o (] data, H) = / / / /
|:/ pr(p,lu,,V,,C)dpl m:|
RL(’)I

Step 5: Conditional CDF. The inner integral is the conditional CDF of
p;, given all hyperparameters:

G(l| {/"i»"i}?;pdata 1= /
R

1 oo
|:/ / So, i | 1 vis §) Pr(pg, vi | G hy) d dv,-:| dpy - dpy,
0 Jo

XHPr(ul,v | Cpo by )de,dv

i=1

i=1

pr(pl |/,¢,,V1,C)dp|

L(’) i=

<2 Wip; < l| {u» V,'};nl,data),

i=1
where p; | u;,v;, C; are independent across domains, each distributed ac-
cording to the weighted sum of independent Betas as specified in Step 2.

Step 6: Mixture representation. Combining Steps 4 and 5:

F, @ | data, H) =

/ / (t1 {p. v}, data) Hpr(ﬂ,,v | C ,)Hdﬂ,dv (A.12)
P

where the integrals range over y; € (0,1) and v; € (0,) for all i =
1,...,m.

This expresses the LLM posterior CDF as a weighted average of condi-
tional CDFs, where the weights are given by the product of independent
domain-level hyper-posteriors.

Step 7: Imprecise probability bounds. For each H € A;;y;, the for-
mula above defines a valid CDF F, (- | data, H). The imprecise posterior
is characterized by pointwise envelopes:

EFL(I | data) = Helgf F, (| data, H),

F, (] data)= sup F, L@ data, H)

HeALMm

where, t € [0,1] O

A.5. Reliability for multiple consecutive operations

Theorems 1, 2, and 3 establish posterior distributions for the reliabil-
ity parameters 6;;, p;, and p; at the subdomain, domain, and LLM levels,
respectively. These parameters represent the probability of success on a
single future operation. However, in practical reliability assessment, we
often need to evaluate performance over multiple consecutive operations.

This appendix clarifies the mathematical framework for extending
the case n” = 1to nf' > 1 (reliability with the required number of future
failure-free tasks), which is formalized in Theorems 4, 5, and 6. We
explain:

25

Reliability Engineering and System Safety 272 (2026) 112615

1. Why reliability over n operations takes the form Glf’j (or pl , Py )

2. Why we characterize these distributions through CDFs rather than
closed-form densities

3. How to derive the CDF integral formulas

4. How this framework extends across all hierarchical levels

A.5.1. Definition: Reliability with the required n* failure-free future tasks
At the subdomain level, we define reliability for nf consecutive fu-
ture operations as:

F
R;; (nfy= 9,-"/-
Assume that:

e Each task in subdomain S;; succeeds independently with probability
0,

e Operations are identically distributed (i.i.d. assumption)

e We observe nf' consecutive operations

Under these assumptions, the probability that all nf' operations suc-
ceed is:

Pr(all n operations succeed) = 0,; X 0,; X -+ X 0;; = Hlf'jF

nF times

is uncertain-it is a random variable with posterior dis-
C;,h;) from Theorem 1-the nf-operation reliability

Because 0;;
tribution Pr(6;; |
R;; nf) = 6’;’; is also a random variable. We must therefore characterize
its full posterior distribution.

A.5.2. Why the CDF approach

Unlike the posteriors in Theorems 1-3, which characterize reliability
for a single future operation, the distribution of R;;(n") = 0;’; generally
does not have a closed-form probability density function, even when 6,;
follows a Beta distribution. This is because:

o The transformation 6;; — Hf.F is nonlinear for nf # 1

o At higher hierarchical levels (domain, LLM), we have weighted sums
of dependent random variables raised to powers, making closed
forms even less tractable

Therefore, we characterize the distribution of R, j(nF ) through its
CDF, which has a tractable integral representation and is sufficient for
all practical reliability calculations (e.g., computing probabilities, quan-
tiles, expected values).

A.5.3. Deriving the CDF formula
What does CDF answers: “What is the probability that n*-operation
reliability is at most r?”

F
Fr,oryt 1 Cihy) = Pr(Rij(”F) <t Cuh) =Pr0], <t|C.hy)

To compute this probability, we use the following key observation.
If eij <t, then taking the n’-th root of both sides:

F
0, <t/

Since 0;; € (0, 1) and 7 € [0, 1], both sides are positive, and the func-
tion x - x!/7" is monotonically increasing on [0, 1] for nf > 0. There-
fore, the inequality is preserved under this transformation.

It follows that:

1
<t

Pr(0)) <1t|Cp.h;)=Pr(d | C.hy)

The right-hand side is simply the CDF of the posterior distribution
Pr(6;; | C;, hy) from Theorem 1, evaluated at 1'/"":

A/t
v
Pr(9;; <1'/" |c,.,h,.)=/ Pr(9;; | C;.hy) do;
0

This gives us the formula in Theorem 4.
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A.5.4. Extension to domain and LLM levels
The same logic extends to domain and LLM levels:

. F .
« Domain level: R;(n") = p"" where p, = Z;‘:l Q,0;;
F
* LLM level: R, (n") = p} where p; = X", Wip;
At these levels, closed forms are even less available because we must:

1. Compute the distribution of weighted sums of dependent Beta ran-
dom variables (from Theorems 2 and 3)
2. Apply the power transformation to obtain R;(n) or R (n)

Both steps lack analytical solutions, so we compute CDFs via numer-
ical integration or Monte Carlo sampling.

Appendix B. Global numerical settings used in all figures

All figures in this paper are produced under the same imprecise hi-
erarchical Bayes setup and numerical settings:

¢ Domains/subdomains. D1 (Coding) = {MBPP, DS-1000}, D2
(Reasoning) = {BoolQ, RACE-H}.
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e Aggregation weights. Within-domain weights Q, = [0.204, 0.796]

(MBPP, DS-1000) and €, = [0.483, 0.517] (BoolQ, RACE-H); LLM-
level weights W = [0.149, 0.851] (D1, D2).

Hyperpriors and imprecision ranges (per domain /).

u; ~ Beta(a;, b)), v; ~ Gamma(c;, rate = d;), with a;,b, €[1,12] and
¢, d; €1,25].

Simulation For each domain and each sampled hyperparameter con-
figuration: (1) sample (y;, v;) from the discretized posterior; (2) draw
subdomain accuracies 6;; from their Beta posteriors; (3) aggregate
to p; and p;; (4) compute either empirical CDFs of Z € {0,;,p;,p, }
on a fixed grid, or Monte Carlo expectations such as @[RL(nF ) =

F
%Zle (p?)n . Repeating over K hyperparameter configurations
yields a family of CDFs/expectations; the plotted bands are the point-
wise min—-max across configurations (epistemic uncertainty).
CDF envelopes. For any quantity Z € {6; j»Pj>P}, We compute an
empirical CDF for each configuration, and plot the pointwise min—
max envelope [F,;, (1), Fax (D] across configurations.
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Appendix C. List of mathematical notations

Symbol Description

X Input-space of all possible tasks for an LLM

p Operational Profile (OP), probability distribution over tasks
n Sequence of tasks

I(x;) Indicator function: 1 for success, 0 for failure on task ¢
X, The z-th task in a sequence of n tasks

R(n, ) LLM reliability: probability of failure-free operation over » tasks
M Number of LLM models being evaluated

m Number of independent domains

D; Domaini (i=1,...,m)

n; Number of subdomains in domain i

Sy Subdomain j in domain i (j =1, ...,n;)

Cy; Number of correct responses in subdomain S;;

N;; Number of trials (tasks) in subdomain .S;;

C; Set of observed data in domain i: {(Cj, N,-,()}Z"= .

data Observed data across all domains: {C,...,C,,}

0;; Subdomain reliability (success probability) for .S;;

0, Vector of subdomain reliabilities: (6, ..., 6;,)

D; Domain-level non-failure probability (posterior)

Pr LLM-level non-failure probability (posterior)

R;; (n*) Subdomain reliability for n* consecutive tasks

R;(n") Domain reliability for nf consecutive tasks

R, (n") LLM reliability for n” consecutive tasks

Q; Operational weight for subdomain j in domain i

W; Operational weight for domain i

Ui Expected reliability (prior mean) for domain i

v; Prior strength (concentration parameter) for domain i
a;, b; Hyperparameters of the Beta prior for y;

¢ d; Hyperparameters of Gamma prior for v,

h; Domain-level hyperparameter tuple (a;, b;, ¢;, d;)

A, Admissible set of domain-level hyperparameters for domain i
H Tuple of all domain hyperparameters: (A, ..., h,,)

Anm LLM-level admissible hyperparameter set: A; X -+ X A,,
F,(t]Cy,hy) Posterior CDF of domain-level non-failure probability p;

[E, (t1C).F, (] C)I
F, (] data, H)
[EpL(t | data), F, @ | data)]
Fryym(t | Cis )
Frury(@ | Ci,hy)

Fr, (uF)(t | data, )
Smarg(0;- Ci hy)
Zmarg(hi)

fpi(' | His Vi, C)

G(t| {Mi,vi}:"zl,data)
Ri(®)

Rp(®

S marg(0ij> Ci3 hy)
Zmarg(hi)

Sp.C L v, ©)

Gt | {m> v}, data)
R;(®)

Rp(®

t

Interval-valued CDF of domain-level non-failure probability p;
Posterior CDF of LLM-level non-failure probability p;

Interval-valued CDF of domain-level non-failure probability p;
Posterior CDF of subdomain reliability for n* consecutive tasks
Posterior CDF of domain-level reliability for nf consecutive tasks
Posterior CDF of LLM-level reliability for n consecutive tasks
Unnormalized marginal posterior for 6;;

Normalizing constant for marginal posterior

Conditional density of domain reliability

onditional CDF of p; given all domain hyperparameters

Constraint region {(p;,...,p,) : Zj Q;;p;; <t} for domain i

Constraint region induced by threshold ¢ for LLM-level CDF evaluation
Unnormalized marginal posterior for 6;;

Normalizing constant for marginal posterior

Conditional density of domain-level non-failure probability p;
Conditional CDF of LLM-level non-failure probability p; given all domain hyperparameters
Constraint region for domain-level CDF evaluation of p;

Constraint region for LLM-level CDF evaluation of p;

Probability threshold at which the corresponding CDF is evaluated
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