
   

Copyright  and  Reuse:  Copyright  and  Moral  Rights  remain  with  the  author(s)  and/or

copyright  holders.  Copies  of  full  items  can  be  used  for  personal  research  or  study,

educational, or not-for-profit purposes without prior permission or charge, unless otherwise

indicated,  provided  that  the  authors,  title  and  full  bibliographic  details  are  credited,  a

hyperlink and/or URL is given for the original metadata page and the content is not changed

in any way. For full details of reuse please refer to City Research Online policy.

City Research Online:            http://openaccess.city.ac.uk/            publications@citystgeorges.ac.uk

Citation:  Mercer, L. C. (1981). Linear elastic stress analysis for a thick shell of 
revolution subjected to hydrostatic pressure. (Unpublished Doctoral thesis, The 
City University, London) 

This is the accepted version of the paper.

This version of the publication may differ from the final published version. To cite 
this item please consult the publisher's version.

Permanent repository link: https://openaccess.city.ac.uk/id/eprint/36937/

 

City Research Online
City St George’s, University of London

https://openaccess.city.ac.uk/policies.html
mailto:publications@citystgeorges.ac.uk
http://openaccess.city.ac.uk/


THICK SHELL OF REVOLUTION

SUBJECTED TC HYDROSTATIC PRESSURE

L.C. Mercer, RSc, CEng, MICE, MIStructE

Submission for PhD degree

Department of Civil Engineering

Structures Division

fhe City University, London

October 1981

ie



page

Pitle page A

fable of Contents 2

List of Tables, Illustrations and Photographs 5

Acknowledgements 4

Declaration of Copyvight 5

Abstract 6

Symbols and Abbreviations 7;

Introduction 8

Part One - Theory

Chapter One - The Finite Element Displacement Method 14

The plane triangular element - applied loading - boundary

conditions - equation solving - principal stresses -

quadrilateral elements - the quadrilateral element formed by

four constant strain twiangles - plane quadrilateral element

- the quadrilateral elerent with the nodeless variable - the

cubic serendipity element

Chapter Two - Finite Element Computer Programming 41

Constant strain element (CST) - the Q2CST element formed by

two constant strain elements - the quadrilateral element

formed by four CSTe (Q4CST) ~ the plane quadrilateral

element (Q4) - the cubic quadrilateral element (Q12) -

comparative assessmeut of element types

Chapter Three - Shell Theory 92

The shell of constant strength - thin hemispherical shell

Appendix I - The finite element displacement method - basic 106

equations

References 108

Part Two - Experiment

List of Illustrations 110

Chapter One - Pressure Test on Two Perspex Cylindrical Closed 112

Shells - Mk I and Me II.

hapter Two - Pressure Test on Two Microconcrete Hemiapherical 118

Closed Shells - Mk I and Mk II.

Chapter Three - Pressure Test on a Frustum of a Conical 145

Closed Shell.

Chapter Four - Comparison Between Theory and Experiment. 456

Photographs 186



Tllustrations Page

Fig. 1 Triansular Element 14

Fig. 2 Applied Load Distribution 22

Fig. 3 Principal Stress Prism 25

Fig. 4 Plane Quadrilateral Element 29

a) Global co-ordinates

bd) Local co-ordinates

Fig. 5 The Q12 Element - Local co-ordinates 36

Fig. 6 Computer Programme - Sequence of Operations 41

Fig. 7 Geonetric Notation for Frustum of a Cone 43

Fig. 8 Axi-symmetric shell of Constant Strength 92

General Frustum of a Cone - Principal Planes

CST Elements 381

Q2CST Elements 82

Q4CST Elements 85

Global Node Numbering System - Q4 Element - Hemisphere 84

Q12 Element - Local co-ordinates and numbering system 85

Global node numbering svstem- Q12 Element - Frustum of a Cone 86

N.B. These are the Illustrations and Computer Plots for Part One -

Theory. See the beginning of Part Two - Experiment for the

contimation.



ACKNOWLEDGEMENTS

My Supervisor, Professor J.E. Gibson, Professor of Civil

Engineering Structures, offered advice and guidance for my

research, and had the necessary equipment available to carry out

the experimental investigation. His able staff further assisted

in contributing constructively on occasions.

  adopted various ingenious devices to produce

economic micro-coacrete models,  adapted the

pressure vessel,  assembled the pressure punping

system, and Mr  did the strain gauge assembly.

thermore the Computer Advisory helped me to start ocf

in their department, and the Library staff helped me to trace

some of the more obscure literature.

I am most grateful to , Head of

Department, who encouraged both my best efforts and righ’ thinking

in my approach, and to the departmental Board of Studies.

Le jes
co

L.C. Mercer.

be



Declaration

I hereby authorise the University Librarian to allow

this thesis to be copied in whole or in part without

further reference to myself at hie or her own discretion

with the provision that these be only single copies made

for study purposes ari subject to normal conditions of

acknowledgement.

lreve

| ok
v

L.C, Mercer,

5e



Abstract

The thesis is divided into two parts, theory and

experiment.

Part One contains the theoretical analysis of the thick

shell of revolution and is intended to be essentially practical

in that the theories are developed for the sole purpose of

producing numerical results which can be assessed in application.

Beginning with the finite element Displacement Method,

some element types are gone into, and followed with computer

programmes written in Fortran. A simple thin shell theory

follows, first to assess a definition of a deep submergence shell,

and then to set up equations for a particular geometry which can

be used in comparison with the finite element method as a quick

check that results obtained are of a simila. order. Also a

general method of plotting stresses in finite elements is

carried out.

Part Two descrites the experimental work which was

carried out in the University Structures Laboratories for

incorporation within the thesis. Results are analysed and

discussed in comparison with the resulis of the theoreticat

analysis.



Symbols and Abbreviations

1. ¢ Finite Element Method.

zZ = vertical coordinate axis corresponding to the axis of

revolution.

r = horizontal coordinate axis.

© = horizontal angular coordinate measured from the r-z plane

about the axis of symmetry.

u&v = displacements in the r & z directions, respectively.

cf = Gisplacement function.

s ; = nodal displacement matrix.

A = area of triangle.

LN = shape function.

§€2 = nodal strain matrix.

i? = nodal stress matrix.

[D>] = elasticity matrix.

E = Young's Modulus.

V = Poisson's Ratio.

[3] = strain displacement matrix.

[&] = stiffness matrix.

p. = uniform applied pressure.
s

ty = distance between nodes i and j.

x 40 = total intezcated horizontal load component at j.

Psy = total integrated verticcl load component at j.
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Introduction

The research objective was to produce an efficient

general nethoa' of computing and plotting linear elastic stresses

in a thick shell of revolution subjected to hydrostatic pressure.

A second objective was to assess the validity of the theoretical

results by carrying out experiments on micro-concrete models in a

pressure vessel. An advantage could then be found in providing the

values and locations of stress concentrations, and the positions

where reinforcement should be placed along the lines of principal

tensile stress. This design information is a primary requirement

which should be satisfied to enable further research to procced

into related questions.

Applications

As a mature student with industrial experience the

author felt the need to consider the future applications of

research in relation to the necds of mankind, and found support

for this attitude in the utterances of senior memberc of the

engineering professions. Past President of the Institution of

Civil Engineers, Sir Norman Rowntree, is quoted from his

Presidential address, on future encineering research ; "If it is

allowed, that five years is a reasonable time for a major research

study, then a research programme should be based on the type of

works likely to be reqnired 15 years later, and research started

at needs after 1990."' His successor, Johnfunow should be aime:

Baxter, also calls ming and more research " in his



Presidential address. He says, " The need is for wise long-term

foresight instead of short-term expediency related to the next

election, or even to the next by-election, and for policies

related to human well being regardless of the careers and

reputations of individuals."*

Today North Sea gas and oil are being successfully extracted

south of the Shetlands by working from above sea-level on

floating or fixed pie terons which can operate efficiently in

water depths of up to 150 fathoms. However, the water depth

increases to 400 fathoms west and north of the Shetlands towards

Spitsbergen, and there are further possible oil fields on the

vast Russian continental shelf up to 1000 fathoms deep.

With the recent growth of the offshore oil indrstry the

technology for working underwator has begun to develop. Divers

are meanwhile carrying cut essential tasks, and robot or

semi-robot systems are being developed to work from inside

submersibles.

The concept of a submerged concrete shell structure

containing the apparatus “or manned drilling on the sea-bed at

atmospheric pressure is the motivation behind the thesis. To

carry out such a project in practice wotld involve some of the

most advanced branches of scierce and engineerirg, including

life-support systems, Barth resources and enersy studies, and

in civil engineering further research wovld he required into

new areas of concrete technology.

Although submersibles at present in use are constructed in

steel plate, concrete offers better properties where the need is

for a large working space. It is economical, can be constructed

in the form of a thick shell, d the weight of the concrete shell

cn



ead balance the buoyancy of the air inside the structure to give

approximately zero buoyancy so that it can be submerged and

floated on a caisson.

The possibility remains of alternative applications arising

unexpectedly in the future. The structural type may be useful in

space or deep ocean, and stress analysis itself when improved can

bring advantages to other branches of engineering. Professor

Ben C. Gerwick of the University of Berkelay, California, and

President of the Federation Internationale de la Precontrainte,

has mocked? of ocean thermal energy plant in the deep sea using the

gravity anchor principle. The floating nuclear power stations of

which he speaks need not necessarily float at the surface, however,

and his argument for the use of concrete applies equally wo!l for

deep-sea conditions in a variety of cases. He says, " Deep water,

soft soils, more severe waves, colder temperstures, eariliquakes,

and ice certainly stretch our capabilities to the extreme."

In Nature itself, in human artifacts from the domestic wine

glass to space rocketry, the shell of revolution is a proven form

for innumerable applications. In the future centuries it may be

utilised by mankind or other planets as a radiation shield, and

to resist high pressures, insulate against high temperaiure ranges,

and effectively contain life-support systems. It may then be that

something like concrete could be the only applicable material.

Therefore the author sees his work as both a step in the right

direction for the distant future, and also as applicable within

his own working life.

aN °



The literature on algebraic analysis is enormous, since

each geometry may give rise to a unique set of non-linear equations.

The Finite Element Method offers a general but approximate

representation which can be. improved progressively, depending

mainly upon the capacity of the computer which is being used.

Some experiment work with thick mass concrete shells has been

carried out by Harvey H. Haynes, Jerry D. Stachiw and L.F. Khan,

of the United States Naval Civil Engineering Laboratory, Port

Hueneme, California. Spherical and cylindrical models have shown

that concrete can be used to advantage up to a depth of 1000

fathoms. Empirical eqvations have been devised from the test

results and are at presenti being applied in offshore structural

designa.(?7?°

The work of Haxvey H. Haynes has provided valuable information

about this unique type of stv~ucture. The models were tested to

destruction and showed two types of collapse mechanism; rapid

implosion of the thinner shells, and local fracture in thicker

shells eventually leading to implosion. For spherical models

the critical shell thickness at which both types of failure

occurred simultaneously was about one aiebanin of the outer

diameter, The sphere is en ideal shape to resist uniform

pressure, and has been used for deep-sea diving-bells. But

other, flat-based, types of geometry may be more practical for

working on the sea-bed.

In the field of Finite Element analysis the theory is

i.
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Je Houineone who in developing the application to aircraft

structures has thoroughly gone into the underlying assumptions

which give rise to many aigfesent methods. He susgests the stress

element as a promising line of research for large structures,

although this would involve the inversion of a larger matrix than

the displacement method on accovnt of the need to go into

redundant constraints.

A further text on the various element types is given in the

9
paper by Bruce M. Irons”, and Clough and Rashid deal specifically

with the axi-symmetric case, The detailed and practical paper

by Doherty, Wilson and aylox!! was most informative in auding to

the guidelines of Zienkiewicz. Some of the element types therein

were investigated and compared for performance with others

suggested by Zienkiewicz. The method of treating the thick shell

as a solid of revoluticn by integrating two-dimensional elements

for a revolution about the axis of symmetry was adopted for the

analysis.

The work of Timoshenko !@ and Fluege'? are the recognised

classics in shell theory. What Timoshenko refers to as the

" shell of constant strength " was analysed for the thesis by

postulating a thin shell structure under hydrostatic loading

with both constant thickness aud constant membrane stresses.

This resulted in a spiral meridian geometry with a flat base

similar to the shell of a sea-urchin, and as depth of submergence

increases the shape tends towards a sphere. This spherical shape

is the condition of uniform pressure, and to facilitate both

computation and the model analysis uniform pressure is assumed

to represent deep-sea pressures.

The publications by the author's research supervisor,

12,



Beg feexer J.E, Gibson, ‘4919 cover the fields of thin shell theory,

applied computer programming, and structural model engineering. The

simplified thin shell theory is modified and adapted for certain

types of geometry. The superiority of his approach over the

finite element Method is demonstrated in an analysis of box pees

Other authors such as E.E. Abdelmigia'? at Cairo University

have emphasized the need to develop alternative methods and check

them against each other, and warned about the numerous types of

error and problems of computer time and core involved in the

Finite Element Method.

There are commercially available universal Finite Lement

programmes on the market, but they are both expensive and their

results open to doubt. Tre experimental method is tims

regarded as the most reliable check on the validity of the

theories and computer methods.

Finally a subroutine has been written in the thesis for

plotting the principal planes by computer, applying the basic

assumption of constant strain over each element. [Even with a

wide mesh the computer capacity can be easily exceeded, but the

general flow of stresses and their approximate order can be

discerned from the plots which have been carried out,

13.



PART ONE - THEORY

CHAPTER ONE

THE FINITE ELEMENT DISPLACEMENT METHOD

i) The plane triangular element.

This type of element has been dealt with in some detail by

Zienkiewion! is further detailed here as some short cuts are

introduced to facilitate the computer programnaing in the following

chapter. The same notation has been adopted for convenience.

In the case of a solid of revolution, of which the thick shell

of revolution is a type, the consideration of symmetry enables all

stresses and strains to be specified with respect to those in any

vadial plane.

z- axis

Fig. 1

Triangular Element

a eer axis

The z - axis is taken to be the axis of revolution and the

r - axis is on the plane of the shell base where it is encastre.

The origin is at the intersection of these axes, The triangular

element nodes, i,j,k, are lettered anticlockwise. The nodal i

displacements are u and v in the r and z directions respectively.

14.



Then the nodal displacements are written as
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Definition of the shape function [N] is given in Appendix I

along with the general equations which follow.

Let @ be the angular coordinate about the axis of symmetry ~

Due to symmetry there are four components of strain which are

defined as fez 4 ey = - —--—-@®
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We next reauir: the Elasticity matrix.

There are four components of stress corresponding to the strain

given in equation (iii) \ppendix I
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where € is Young's Nodulus

Vv is Poisson's Ratio
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Finally with regard to the element characteristic matrices we

require the element stiffness matrix which is formed from equation

(vi) in Appendix I

where {uJ * = cerca (e)) BCA),
Since the (8) matrix depends upon the coordinates chosen, it

is a convenient approximation to take them at the centroid of the

triangle so that integration is carried out by applying Fappus'

Theorem. *
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If (3 is the (B] matrix at the centroid
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ii) Applied loading.
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iii) Boundary conditions.

The stiffness matrix at this stage is singular because the

support conditions have not been applied. It is convenient to keep

the same number of equations in computer storage, and so, instead of

substituting boundary conditions directly, the diagonal coefficient

of matrix (kJ » Which corresponds to a known boundary condition in

{3 , is miltiplied by a large mumber, say 10°, ‘The term on the

right-hand side of the equation is replaced by the known displacement

multiplied by the same large nuaber, Thus the equation concerned is

replaced by one which gives the specified boundary iisplecement

condition without removing it from the overall matrix.

iv) Equation solving.

Many methods exist for the solution of simultaneous equations,

either by matrix inversion, or by methods involving beth sides of the

equation,

In this case the matrix (kJ is symmetrical and banded. Since

one of the points which limits the application of the Finite Element

Method lies in the available computer storage capacity, there are
8 in which

standard subroutinesiximmcmxia half the symmetrical band width only is

stored as a column matrix.

The program efficiency depends very much on careful nunbering

and positioning of nodes in the first place to reduce the band width

to a minimum, while maintaining a desirable finite element megh

layout.

24e



v) Principal Stresses.

When displacements are known the stresses in each element at the

centroid are found directly from equation (iv) in Appendix I.

foi > (I) fe) {5}

in which from equation @

{s3 - 6
&

S

Tey

Since there is no shear stress in the 6 dizrectior, the

circunferential stress, 6% » 4s @ principal stress. It is only

necessary, therefore, to find the principal stresses in the r- 2

plane.

If a principal plane is defined as that which has a zero shear

stress, the principal stresses can be found by resolving forces in

the r and 2 directions.

Consider a triangular prism of unit width with forces acting

upon the two coordinate planes, and the principal siress, Op » at

angle ¢ to the r-axis acting upon the hypotenuse of unit length.

Tensile stresses are taken as positive and b is positive above

the r-axis,

Peres Principal Stress Prism
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For equilibriun
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This gives two principal stresses, Op and 6, » which are

found by Mohr's Stress Circle Theory to act at right-angles to each

other.

To draw Mohr's Circle on O-% axis the centre is at

o- 466,46) _@

and as

while the radius

(ae £ WES -6,)° + 4%. ——€
gives the maximum shear stress acting at half . right-angle
to the principal stresses.



vi) Quadrilateral elements.

So far the finite element method has been applied using only i

the constant strain triangle (CST) element in the displacement method,

and the integral has been taken by application of Pappus' Theorem.

Next a quadrilateral element may be formed at the end of the comput-

ation by averaging the centroidal stresses in adjacent Eeienelent

With an arrangement of triangles which readily pair off into quadri-

laterals some of the oscillating numerical results can be more evenly

distributed to give consistent wesults. This type of quadrilateral

may be abbreviated as the Q2CST in order to place it within the

hierarchy of elements which follow. The simple method of taking

averages is commonly used in the Finite Element Method in order to

restore the principles of continuity and compatibility.

Further techniques aimed at closer representation include the use

of nodeless variables formed by element substructuring, numerical

integration, and locai cvordinates with skew axes, These are

introduced in the elements which follow, progressing to the curved

quadrilateral element.

vii) The quadrilateral element formed by four constant strain triangl-

es. (Q4CST).

In addititon to the four corner nodes which form the Q4CST

element there is a fifth node within the element where the four CST

subelements meet. This extra node could be anywhere within the

element, and is taken for convenience at the centroid of the quadri-

lateral. In order to form a stiffness matrix it is necessary to

redice it by eléminating the matrix terms due to the centroidal node

27.



in ‘such a way that they are included in the terms for the corner nodes

as nodeless variables. The assembled stiffness matrix may then be

the same size as for the simpler case of CST elements.

The equation relating tatal potential energy to combined element

moperties is y= e a S|
a . ae . Cd £8 + Cet = St

where Nag is the total potential energy for the element.

Subdividing in’ into those parts, 5° » Which are common to

other elements or external constraints, and others, it » internal to

the element, then ye

aie ©
and equation GG can be reformulated

°°

BoP oes ( INE axe
ae 5 tr) ae

RY)

cy Re) (ie
_ CY tt" je =i)cer , LENS le

From the second sci of equations in @) the deflexions of the

internal node can be exoreee ee in terms of those for the corner nodes

YS - - LEI CCRT + CFE)
as

Substituting 69 into the first set of equations in Sd

= - Cee + [&° ——eo
afsi*

where eye Site etic CeI* i Se

(eae fet (era Se

are the reduced element properties and loadings.



viii) Plane quadrilateral element. (94).

A simple mathematical model may be constructed conveniently by

specifying the shape function in terms of local clement coordinates

on skew axeSe

By numbering the element nodes 1 to 4 as shown the global and lo

-cal coordinates are related by the interpolation functions.

Fig. 4 Plane Quadrilateral Element Co-ordinates

a) Global 2
(go024) b) Local

(23,23)
ZV 23 o

(-191)

; (25925)

(4224)

ryt

(-1,-

4

xr(s,t)= [hr
7 i=1 ark:

4 ‘

ere
2(s,t) = = h, 2,

2 aed Soe

vhere hy, = (1-s)(1-t)/4 °

h, = (148)(1-t)/1

2 —--------—-- (59)
hz = (448)(44+)/4

hy = (t-8)(1+¢)/4

It is next convenient to desisnate theQ4 as an isoparametric

element and to use the Interpolation Functions also as Shape Function-

s of the same form.



4

ee Cayt Ss = hy uy,

4

v(s,t) = > hy vy

i=1

where u,v are displacements along global axes, and h is

defined as in the Interpolation Functions.

In order to derive the strain/displacement matrix from the

Shape Functions it is necessary to transform partial differentials

with respect to global coordinates into partial differentials with

respect to local coordinates using a transformation matrix. Since the

global coordinates are defined in terms of local coordinates, we can

ite :write a se dy 2

Spoil miles ae es ‘ hes nee

| ty 2

% Ye % dy
Solving (61

y }

where ie ul a SsF (ot = oot ye ¥ —@

The Jacobian, J » is required in explicit form.

Substituting equations 3 and &) into @) 3
se M 5

Tir ae el B by. tate a,

Pe ety
en

: = Ce2TM C21 8

nee ete = Cr, YM Ss alt
esww

a

0 ES >» ¢ hos ay4cy



Pete)

Multiplying out

G) &

where

oy

es tn \6 P45

+t(r,

ww

23 744 ~ 14 223 )

& 0 i-% sit -14+8

8

O 1+s -s—t

-——-(65)
90 14+t

(skew-symmetric 0

equation (64), first of all

ce 0 1-t -stt -14+8 Z
3 1

m14t 0 1+8 ~s-t Zo

s-t -1-s 0 44 Be

i-s sit -i-t | 0 24

4 ( M947 9 854 ~ * M5 }

—2,,+52,,+%t %
13) 34 i4 ena 66))

Bo4 +8 Zio - t Za4

Nees 2 412 * 8%

Ry =%y- 25

3 =~ 35

8
xt P| j2*fry" fF]

4 a —2 [z, Xp rs x4] 204 s 254 + 253

“243 +s 234 + t 244

Eo, +8 Zi. - t 2a4

243 Sie) t 25 |

254 - %o4 %43) + 8 (254 Zio - X40 234)

———(67)



The matrix (B] in the equation, ¢}-(B] {5} , is now

found from the general equation for the axi-symmetric case

dw

(e3 - eee by
E. ba

Sie pee

We have

Ba 3" re GF te = Fao —&)
oe Sua ee 2s yu te

en ar 3s “he Ue ED

Applying the fansiormet on: matrix of equation 62 » then

$27 «C8 W-B®)% 32 oe

a PY a C3 er
Similarly

de a dw ds eae dv de ae)= =

eo da ds dz ot 23

Whence again oe ,

=p = 2S {v's Cel fe) en

pinally ys ) Tt
Sey a SS 5.

eS dw de ye ds ds 2
Soe x + ye =

ear ap teaeMen et ae ol ile) a4
JT Tt



Now let

Pai 2 (yy > ty4
aj eet

Ys
YN

——----— (a)

and eel (ez {x4 , x {x}

a Nemeth t
ay
ee

Equations 3) are found explicitly from &@

SEE NaS vi res EES See

yo ee} eG oa) 5a Pay)
ete

. ms
ie Ey Z Cxived /

zy = % Cy; u,)

- CB] = O me
Yue

Ce @

i Ye



The stiffness matrix is found from the equation

(k) = f i : [al (>) (3) + do de dy
ac

We have (

eles ji ew (3) PIB] « ad
x =

fransforming equation (80) into local coordinates :

{kK] = av fer [>] (3) « T ds de

or ae a

This may be integrated numerically by several possible methods

using weighting factors.

Using an N-point scheme

(kJ = aw F (BG, 43)" @I (BCs, 49)

ep edu Gsenet sto

where Wy is the weighting factor.

The Gaussian quadrature with two points in each direction,

giving four points altogether, has weighting factors = 1, and N= 4.

a ane

at poe ay (85)
8S, =- a4 + = ay

on ae ay t, =

where a, = 0.57735 02691 99626 (84)



ix) The 95 elenent.

The Q5 element is derived from the Q4 element by the addition of

a nodeless variable to the Shape Function.
Me

ans bie ene Ot 8201 2 ce
uel

a

we Ski + Ci-stX1-e)K
Fl

From this the displacement matrix has two more columns

[Ba Se ie Pea 4
cq

Be Or

fees
Where

Ge = « t-st)C 1-e*)
r

Ke = 2 {¢ V-82201 -e)

(C \ -s}C1-) 7aos
eS<hv

uy and Vv, are displacements at the origin, C, of the local axes

relative to that specified by the Shape Functions for the corner

nodes.

After the element stiffness matrix has been formed, the intexnal

node is eliminated as for the Q4CST element, before assembly into the

structural stiffness matrix.
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x) The Cuble Serendipity Hlement. (012).

The general expressions which have been derived for the 94

element may also be used in an analysis which employs a higher-order

element,

The number of nodes and corresponding Shape Functions will

differ, however, and it is proposed to apply the Q12 element to the

shell of revolution.

Fig. 5 The Q12 Element Local Co-ordinates +

(-1,1) ir

(-1,-3) 9¢

s

The isoparametric element geometry is defined by the Interpol-

ation Functions being used as Shape Functions. These are found by

inspection as follows :



a = (145)(1-+)}-1049(5%”)}

= 3B (145)(1-#7)(1-3t)

hy = 3 2 (148)(1-+" ) (143%)

423 ae
5° ZB (148) (1-87 )(143s)

he = B (tet) (1-8 )(1-3s)
a st edewe){s05¢ 2.4%) ga gas

= 4 (4-8)(1-¢) (143+)
hy = 3B (1-8)(1-0°) (1-38)

nage 3 (1-0)(1-4){-1949(04?)}

hye 3 (1-8) (1-8°) (1-38)

hyge H (1-t)( tos") (1438)

In order to form the strain/displacement matrix the first-order

differentials with respect to s and + are required :

= (1-4) (-10+1654278749%7)

= 5B (1-4°)(1-38)

B= sh (1-t)(145t)

en 5b (144) (-10+1981270749¢7)
25 = 5B (144) (328-987)

Be = (144) (-3-204967)

Ya un

tions (6

= z (14t)(10+18s-278"-9+") sjnetione, (9)2

=
5 = "3 (4-42)(143t)

Fo =H 1-47)(1-34)

Sho = 3 (1-+)(101488+27s"-9t")

Fant = 3B (1-4)(-3-20+907)

Bio = BF (1-+)(5-28-987)

wy



ah = - (448)(10-99°418t-27t*)

Be = FB (148)(-2ts98")

Bs = xB (140)(5-2t-94")

ys Fp (1+0)(~104927+18t127¢")

Bs = BZ (1-5°)(1438)
3

nS c % (1-07)(4-58) equations (90)
us 5h (1-5)(-101984 184274")

Bo = sh (1-5)(5-2t-907)
% = 3 (1-5) (~3-2t49t7)
2)S10 = zB (1-8) (10-957418%-27t7)
2 .
3H = “3B (1-2")(1-38)
dhFhe = “3 (1-s7)( 1438)

The matrix PB] in which
Qh, dh, ah, dh

Py = Se Se) > tt gs) (91)

has again Py = 9 Soe (92)

(93)pie at)

and, instead of forming it algebraically, it is more efficiently

formed numerically by multiplying the values of the differentials

out in the computer progran.

The element stiffness matrix is formed by numerical integration

with a 3 X 3 ~ point Gaussian Quadrature.

For the distribution of applied loading on the element boundary

nodes we apply the equation which is derived by Zienkiewicz from

virtual work principles :

ee [oa t32 4 Caren) —-——(94)
>

zg
B86



where Ly) is the Shape Function

{et is the distributed load

and a(area) the differential element upon which

fet is applied.

For the case in point the nodes are placed so that only the

first four lie on the bovndary under applied pressure, so :

s=1

[anlar ) pe Oa re O By OL eh, to

CPenegUe shy Oh? 2 Our wy

where yee (1-t)(9¢7-1)
Mao"

hy = 7% (1+t)(1-3t)

hy ae (1-47) (1438)

hye z (44) (9t-1)

equations (95)

os Left - —|[N]" ewe p, dy) 8 ge)
-de

al

= 2W ps [N]*+ ~4 dt ---—---(97)

at

+

Paaee Mat
Lt

© .
4 . Faas gi equations (98)

tN Z

beg Lake
at = 7



ah 1 2
and Bel = 7g (1418t-274")

Phe . 2 (-3-2619¢7)
equations (99)

3h
Bes = 2 (3-2 -9t7)

a4 z (141842747)

The integral is then evaluated by a three-point Gaussian

Quadrature

1 3

( £(t) at = $4, £(a,)
Mi jas

2M, { se(a,) + er(0) + 5e(-2,) }
9

men nnen nn ( 100)

where a, = 0.7745966692

It is assumed that the applied pressure, Pas is uniform in this

case, and that the shell may be a general “cubic” meridional profile

of revolution.
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CHAPTER TWO

i) Constant Strain Element. (CST).

The required sequence of operations is first specified

by a flow chart :-

START

Job Statements

Array Dimension Statements

INPUT

Geometric Dimensions

Material Properties

Pressure Loading

CALCULATIONS

Nodal Coordinate Matrix

Elasticity Matrix

Element Strain / Displacement Matrix

Element Stress / Displacement Matrix

Stiffness Matrix

Nodal Force Matrix

Boundary Conditions

CALCULATION

Solution of Simultaneous Hquations

Nodal Displacement Matrix

Element Stress Matrix =

Fig. 6 Computer Programme - Sequence of Operations
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The next step is to divide the sequence of operations into a

master program and subroutines,

plotted.

Master

Input data

Generate elasticity matrix

Generate nodal coordinates

Start plotting

Generate stiffness matrix

Generate force matrix

Enter boundary conditions

In this case the output is being

Solve simultaneous eouations

Plot element boundaries

& principal stresses

Stop plotting

End

Data cards

Subroutine

Subroutine

Library subroutines

Subroutines

Subroutine

Library subrovtine

Subroutines &

library subroutines

The program can now be written, beginning with the blue job

ecards for the George 2 system :=

J¢B CST, CIR214, MERCER
SEC#IDS 500

LINES 1000

BFPRTRAN , ,590, $V, 32000
KE

Dge PRgc

.

Re

p¢c DATA

Sead

1°
42,

where CST is the job name

CIR214 a2 personal code number

MERCER the name of the writer

gv is the code for “overlay"

The program is written in

Fortran with limits of 600 sec

74000 lines output and 32K core

With the overlay code entered

it is necessary to specify the

library subroutines, etc., by

Fortran cards placed after the

DPC FRAG Gard,



The library cards are as follows :~

LIBRARY (ED, SUBGRGUPNAGF)
eo

LIBRARY( ED, SUBGRGUPSRGP
LIBRARY (ED, SUBGRZUPS-RS)
LIST(LP)

PRAGRAM(PREGCIR214 )
cgPacr

INPUT 1,5=CRO

QUIPUT 2,6=LPO
TRACE 2

CAMPRESS INTEGER AND LPGICAL

END

MASTER PL@T

these cards start on

number 7, as does the

MASTER card which

follows, whereas the

blue job cards begin

at statement aunber

one

DIMENSIPN ¥(160,1),2(4,4),D(4,6) ,A(160, 12)

4,R(200) ,Z(200),X(160, 12),W(160,1)
cPagn F,E,D,A

where F is the force matrix due to applied loading
E is the elasticity matrix

D is the element strain/displacement matrix
A is the stiffness matrix

R & Z are the coordinates

X is a reserve matrix required by the subroutine

for the solution of the simultaneous equations

Wis the displacement motrix

READ (1,100) H1, R1, R2, T1, 72, 73, 71,PR,35

where 11,R1,R2,71,12,13 are dimensions shown in the

diagran below

YM is Young's Modulus

PR is Poisson's Ratio

PS is the applied uniform pressure

R2

ct] L axis of
: revolution

Fig. 7 Geometric Notation for Frustum of a Cone
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4n A4 size sheet is set out by the plotter ;-

CALL HGPSTART (6HMERCER,6)

R(2)=21.

R et
Zz pee.

29.67
ae HGPDASHIN (R(1) ,2(1),R(2),2(2),
CALL HGPDASHIN tz} Seta 92{3) 20.CALL HGPDASHLN (R(3 2(3) ,R 4 25400 0)
CALL HGPDASHIN (R(4),2(4),R(1),2(1),0.)
CALL HGPSYMEL (9.,6 #50542; 3HCS?, 0093)
CALL HCP@RIGIN (6.,10.)

The element nodes may here be generated :-

Dg 1 1=1,4
T4=FLGAT(I-1)/3.
H2=H1-13*24

RZHR2-T2*TA4TS*TA#( ee 72)*14)/21
R4aR1-T1 24

DP 2 J=1,45,4
W3-FIPAT(I-1)/4
KeI4Jd-1

a al
x =HO*H3/12.

3 J=49,77,4

H3=FIGAT(5=49)/4.
KeI4J-1

a ea
3 Z(K)=H2

1 CANTINUE

Call in the elasticity matrix :-

CALL ELAS? (YM,PR)

Plot the axis and base line of the shell structure ;:-

CALL HGPDASHLN fateo}s 7 mee »2(81) 40.5)
CALL HGPDASHLN (R(81 4),Z(4),0.5)
on HGPSYMEL (-0.21540,0. 21, 4@HAXIS OF REVOLUTION,90.,

118

CALL HGPSYMBL (6.,-0.42,0.21,9HFLAT BASE,O.,9)

We now call in the stiffness matrix.

Primarily the continuum has been divided into quadrilaterals,

The program loops through each of these in turn, finding the shortest

diagonal with a conditional statement to form the pairs of constant

strain triangular elements for which the subroutines generate element

stiffness matrices and add them together to form the overall stiffness

matrix.

se ANG



VW

12

4

4-(R
1

IaMaN~1

Ja+4

Kel+5

I=I+1

IF nen

J)-R(L) )*2~(2(5)-2(L))**2)
41,12, 12

CANTINUE
CALL STIFF (R,Z,I, 7"

CALL STIFF (R L

Gg TS 4
ceNTINUS

CALL STIFF (R,Z,1,J,L
CALL STIFF (R. K,L
cANT DUE

The nodal force matrix is formed by a loop on each pair of ele-

ments which form the boundary surface under applied pressure :-

Dg 5 J=557344
I=J=4

K=J+4

CALL FARCE (FS,R,Z,1,J,K)
CANTINUE

CALL FYRCE (PS,R, 273977977)
F(153y1)=0.

This last statement is a boundary condition, what the shell

does not deflect horizontally at the axis of revolution, and applying

this condition and whe encastre condition at the base of the shell to

the stiffness matrix :-

6

DP 6 I=1,4
J=2xI

K=J+154

I=J=1

A(J,12)=A(J,12)*100000000.
A(K,12 et anmone:

ACL, 12)=A(L, 12)*100000000.

A library subroutine is used to solve the simultaneous equations

with the stiffness matrix which has been stored efficiently as a

columa matrix, and the force matrix kmown, and the deflexion matrix to

be found :-



The program repeats the loop through the elements, this time to

call the subroutines which generate and plot the element boundaries

and principal stresses :~

13

14

10

oe

Dg 9 V=1,73 94
Dg 9 N=1,3
IsMaN-1

J=I+4

KeI+5

T=I+1

CALL HGPDASHLN GRAY AA a) BAY o2Ez} 10}
CALL HGPDASHLN (R(I),2(I),R(L),2Z(L),0.
IF ((R Dw Caen

R(J)-R(L) )*2—(2(5)-2(1) )**2)

3914514
CANTINUE
CALL EGEDASHLN (R(1)
CALL PRINC (W,R,Z,I,
CALL PRINC (W,R,Z,I,

Gg Tg 9
CPNTINUE
CALL HGPDASHLN (R(L),2(L),R(J),2(J),0.)
CALL PRINC (W,R,2Z,I,J,L
CALL PRINC (W,R,Z,J,K,L)
CANTINUS

Dg 10 M=4,76,4
NaMe4

CALL HCPDASHLN (R(M) Z(H) ,R(N),Z(N),0.)
CANTINUE

CALL HGPDASHLN (R(80) ,2(80),R(77) ,2(77),0-)

»2(I) ,R(K) ,2(K) 0.)
gk

K,L

The master program is brought to a close :-

100

101

CALL HGPFINISH

FPRMAT (970.0)
FPRMAT (101, 1X, 26HMATRIX Ng? PASITIVE DEFINITE)

ED

The subroutines follow, beginning with the elasticity matrix :-

SUBRGZUTINE ELAST (YM,PR)
DIMENSIPN F(160,1),£(4,4) ,D(4,6),A(160, 12)
Chaigit F,E,D,A
PN=YI/((1.4FR)*(1.-2.*FR))

E ae 5*PN*(1.-2.*PR)
RETURI

END



The element displacement matrix is generated :-

SUERZUTING DISPL (R,Z,1,J,K)
DIMENSIPN F(160, 1),H(4, 4), (4, 6), (160,12)
4,R(200), (200)

CPiIIGN F,B,D,A
Dg 1 Met, &
Dg 1 N=1, m6

1 D(H, N)=0,
RB=4./(R(I)4+R(T)4R(K))
2B=(2(1)+2(5)4+2Z(K))*RB
RB=3.*RB

D(1,2)=R(K)-R(J)
D(4,1)=D(1,2)
D( 1.4 a 1}-R(x)
=

SOUS SLRSaneYdduUvueYyUYY WENE VEN OS oye Sts ta tine rk
Soa

Tee om atcnoptenan
23, 5)=RB*(R(I)*Z(5)-R(T)*2(T) )4D(2,5)4D(1,6) *2B
RETURN

HID

The overall stiffness matrix is formed as a cciumn matrix :-

SUBRGUTINE STIFF (R,Z,1,J,X) :
DIMENSIPN F(160,1),2(4,4) ,D(4,6),A( 160,12)

1,R(200) oe)» (4,6) ,G(6,6) ,B(6,4) ,81(6)pe MPN F,E,D.A
RB=(R(I)4R(I)4R(K))/36
PI=3 614159265
D2=RB*PI/(R(J)*2(K)-2(J)*R(K)-R(I)*

1(2(K)-2(5) )+2(1)*(R(K)-R(J) ))
CALL DISPL (2,Z,1,J,K)
DY 1 L=1,4
Dg 1 M=1,6
curiae

gitDg 1 N=1

1 C(L,M)=¢ ac !)+E(L,N)*D(N,M)
N1(2)=2*1

Wi(4)=2%7

N1(6)=o4K

m1(4 oo
N1(3)=N1(4)={1a 5 ees

a)e( 2)

416



IF (m2) 4,5,5
4 WR=N1(M)

NC=1242

vn i

ts

= ~ th LS

2 _ AQIR,NC)=A(NR,NC)4+G(L,M)

RETURN

aD

Since the stiffness matrix is symmetrical banded only the

diagonal and lower half have been stored.

The right-hand side of the equation is formed from the force

subroutine as follows :-

SUBRGUTLIE FORCE (PS,R,Z,1,J,K)
DIMENSIP<N F(160, 1) 24, 43,D(4, 6),A( 160,12)
1,R(200) ,2(200)
CPgN F,E,D,A
P= 3614159265

PA=PI*PS/3,
NV=2%

NUsNV=1

F(NU, ee Se ene

1(2(K)-2(1) ae J
F(NV, 1)=PAx(R(T)-R(K))*(R(I)4R(3)4R(K))
RETURN

END

Now, the nodal displacements having been foun? by solving the

simultaneous equations with a library subroutine, the stress matrix

and principal stresses are found and plotted for each element in turn.

SUEBRZUTINE FRING (W,R,Z,I,J,K)
DIMENSI@ F(160 1),8(4 4), *D(4,6) ,A(160, ge

44¥(160,1) ,R(2003 , 2¢2005 ,8(6) ,B(451) p3(4,4
Coord F,E,D,A
D2=1 sf catsa(e)-a(3)o(e) mC) (2(8)-2(5) ea a)4C8(R)
j-R(T

CALL DISPL (R,Z,1,J,K)

jo2]

ee to 1)4+D(L,¥)*p2*w( (i) 1)



2 8(%,1)=S(L,1)+5(L,h)*B

SA=SORT(0.25*(S( 4,1).
SB=0.5*(S(1,1)4+5(2,1))
SP=SB+SA

SQ=SB-SA

SR=SP-S(1,1)

IF (SR) 6,7,6
us TH=1..570796325

og 5
6 CANTINUE

TH=S(4,1)/SR

re (TH) 3,454
3 TH-TH

PH ATAN( TH)

)**248(4,1)**2)

5 sT=S(3,1)
CALL PLOT? (TH, SP,SQ,R,Z,1,J,K)
RETURN

END

The plotter subroutine which follows-is somewhat lengthy, but

the underlying idea is simple. If the stress fluw in the radial plane

n

is represented by prfcipal planes spaced at a distance between each

other which is inversely proportional to the stress factor «t+ some

convenient scale, then for the constant strain element this will

result in a mesh of orthogonal parallel straight lines.

The plot begins by rotating the coordinate axes to be parallel

with the element principal planes, XR and YZ.

%E1 is the angle of rotation in radians, and SF1 and SQ1 are the

principal stress factcvs.

SUPRAUTINE PLYTT (TH1,SP1,891,R,Z,1,J,K)
DIMENSIGN F(160,1),8(4,4) ,D(4 6),A(160, 12)
4,R(200), 2(200) , %2(200) ,¥2(200
CpingN F,E,D,A
S=SIN(TH1

c=cs(TH1
¥R(T)=2(T)*S4R(1)*C
Y2(T)=Z T)#C-2(T) #8

J)#S+R(J)*C
YAS )=a Thec-n(a)*3
we cate
Y2Z(K)=2(K)*C-R(K)*S

The sign of the stress factor is next found, and the orientation

of the element nodes established relative to the rotated axes :-

49,



IF (SP1) 1,2,3
1 SP1=-SP1

N11

ay 4

coeINUE
IP (¥2(I)-Y2(J)) 5,6,6
CANTINUE

IF (y2(I)-¥2(K)) 7,8,8
6 CANTINUE

= Gar) 9,8,8
" ae JaexR (I)

aoa =R(J)
1 =XR(K)

101)=YZ 1)
2( 102 mon
aesdataa
a = ;
a
a

Vw Pw

101 Javz( J.

2(102 ee
wie

XR(102)=xR(I

XR(103)=xR(T

Zafto}ort (K

a rat

102)-¥ “(I

YZ) 103) SY ZT.
40 cgveTiue

N=1

a PN=SFL¢AT(N) /SP14¥Z(101)

Label number 11 starts the loop to draw each principal plane

across the element, where Pi! is the YZ coordinate of this line and the

points where it cuts the element boundaries are XR(N1) and XR(N2) :-

N2=2*N+103

Py (r-v2( 103)) 12,12,13
12 Za se 104 105)-n 01) (ma 01) /(1(103)-

1¥Z

cg 1 14
13 CANTINUE

IP coe 15252
15 ¥R(N1 )=XR(403)+(2R(102)-xR(103) )*(FN-¥Z(103))/(xz(102)—

1¥2(103))
14 CONTINUE

IF (FN-YZ(102)) 17,17,18
17 Seay 401 +-(xR(4103)=3R (101) *(Eev2(101))/(x2( 102) =

4¥2(101))

18



42 AR (N2)=xR(102)4-(xR(103)-xR(102) )*(FN-YZ(102))/(¥2z(103)=
4¥2(102))

20 oa

YZ(N2)=PN

The coordinates are transposed back into the R-Z axes and plotted

with a dashed line if the stress is compressive or a continuous line if

it is tensile, this being registered with the integer M.

CALL TRANS (N1,R,2,XR,YZ,S,C)

CALL TRANS (N2,R "2,3 *y2,3,0)
IF (H) 21,2,22

24 cpiTMNUE

vee (R(N1),2(11) ,R(12) ,2(N2) 0.5)
16

22 CAITINUE
CALL HGPDASHLN (R(N1),2(11),R(N2),2(N2),0.0)

The loop is repeated until the element has been covered, and of

course was bypassed in the first place if the stress was on or so

close to zero that no line was required, and the same procedure

followed to plot the orthogonal plane and complete the subroutine :~

16 NeN+1

cg 76 14
2 cATINUE

IP (SQ1) 23,24,25
23 SQ1=Sq1

N=4

cd 7 26
25 M=1

26 cAIPINUE
IF (xR(1)-xR(J)) 27,28, 28

27 OgN'PINUE

IP (xR(I)-xR(K)) 29, 30,30
28 CANTINUE

IF (xR(J)-xR(K)) 51,30,30
29 Y2Z(101)=¥2(I

Y2(102)=¥2(I
YZ ce

XA(101)=xR(I

xR io
XR(103)=2R(K

cf mg 32
31 yz pres

¥2(102)=¥2(K

YZ iat

>

¥R(101 )=xR(T

reyi .



Sea

XR(104 oR
Oe I)
xR(103)=xR(J3)

32 cgi? INUE

ust

33 QN=PLAAT(N) /SQ14+xR( 101)
NQ=294103

Aap a

Pape 34534,34. ae 401 2(7(4089-¥2( 101) *(i-R(101)) /(3R(102)=
- TD 36

35 CANTDVE

IF een 37,2431 aoe 402 2 (eatr08) -¥2( 102)) *(ept-xe(102)) /(702(103)4
36 opNr DIVE

ee eu 38, 38,338 fagotto Feats) veticise Qy~xR(101))/(xR(103)-
4xR(101

39 oe
IF (QN-xR(102)) 41,24

41 Fait 105 (Pe 102}10(105) (Ba 105))/08( 102)
1xR(103))

40 ae,

ca uae (Q11,R,Z,XR,YZ, 1500}
CALL aunts (12,R, Z,XR,YZ,S,C

5 CONT: Th

= HGENASHIN (R(11),2(11),R(N2) +282), 9.5)

3 Go ck12

‘ CALL HGPDASHIN (R(N1),2(11) ,R(N2),Z(W2) ,0.0)
44 N=N+1

Gg 1 3324 aca
RETURN

END

SUBRGUTINE TRANS ahs ZT 848)
DIMENSIPA F(160,1),5(4,4),D(4,6) ,A( 160,12)
1,R(200), 22(200), X( 200) ,¥(200)
Cpingn P,E,D,A
Oe *C-Y(1

2(N )=X(W)*S4Y (2

RETURN

END

With the addition of the data cards the program is thus

completed.

526



ii) The Q2CST Element.

This element is useful in that by averaging the stresses for

adjacent CST elements an effective constant strain quadrilateral is

obtained which has a more even flow of results compared with those

obtained for the CST element. The computer program is identical to

that of the CST element for the formation and solution of the

simultaneous equations which give rise to numerical values for the

nodal deflexions. ‘There is a more extended procedure required for

the plotting of the principal planes, and in addition the numerical

results will be printed out.

After the library subroutine for solution cf the simultaneous

equations has been called as before, the master program now continues

as follows :-

8 CP_NTINVE
WRITE oe
WRITE (2,103

PK=ABS( PS)

Pk=1./PK
PI=180-/3.14159265

DB 9 Min 7344
DP 9 N=1,3
I=Mul-1

J=1+4

K=I4+5

I=I+1

CALL HGPDASHLN es ont) ott 0
CALL EGPDASHIN (R(I),2(I),R(L),2(L) ,0.

CALL PRINC (FK,PI,W,R,2Z,1,J,K,L)
9 CANTIVE

DP 10 Met, 76,4
NeM+4

CALL HGPDASHIN (R(M) ,2(M),R(2),Z(N) 0.0)
40 CPNTINUE

CALL HGPDASHIN (R(80),Z(80),R(77) 92(77),0.0)
CALL HCPFDIISH

100 =: FPRMAT (9FO.0)
101 FERMAT Ue eaees TRIX NPT PASITIVE DEFINITE)
102 - FARMAT (111, 1X,13HSLEENT NPDES, 3X, 15HPRINCIPAL PLANE,

19X,14HSTRESS FACTORS)
403 FORMAT (1H , 2X, 151, 3X, 1H, 3X, 1HK, 3X, 1HL, 5X, 9H(DEGREES),

18X, SHVUIPR, 6X, SMR, 5X, 4HHYPP, 4X, SHSHE,
siyp
ED

20

20.
,

wn ww .



The subroutine to find the principal stresses takes a different

form from the CST element in calling the global stress matrix and

weighting the average of adjacent CSTs in proportion to their areas.

1

12

13

104

SUBRGUTINE PRINC (PK,PI,W,R,Z,1
DIMENSIg¢N F(160 1), 54,4 aye D (436
1,¥(160,1),2(2003,2(2003,8(4.13,
Opraegin F,E,D,A
DP 1 1,4
s i, 1)=0-
7(M,1)=0.

TP ((R(T)-R(K))#*24(2(1)—2(K))*«2
1 -(R(J)-R(L) )**2-(2(5)-2(L))**2
4. 44592, 12

CANTINUE
CALL GLGBA (DS,S ee
CALL GLOBA (DI, T,W,R,Z,1,K,L,

Gg TY 13nin
CALL GLYBA (DS,S,W,R,Z,1,J,
CALL GL@BA (or, Rad sks
CANTINUS
D2=1./(DS+DT)
Dg 2 M=1,4
S(u,7)= a) 4)*DS+2(M, 1)*DT)*D2
SA=SQRT 0,25*(S(1, 1)-5(2, 1))**24+5(4, 1)*#2)
SR0,5*{S(4, 4)45(2, 1))
STSSB+SA

Baie, 12)
2(4,1)

SQe!

stS(3,%)
SR=SP-S(i,1)

IF (SR) 3,453
coo
G

TH=S(4,1)/SR

re (tH) 6,7,7
TH=-TH

TH=-ATAN (TH)

og TY 5
TH=ATAN (TH)

TS=TH+O. 7853981625

TIETS-1 570796325
IF (TT) 8,9,10
TS=tT

cg tH 8
TS=0,

cPLTINVE
CALL PLYTT (TH,SP,SQ,R,Z,1,J,X,L)
THeTHXPJ

SP=SP*PK

SQ=SQ*PK

STSI*FK

SA=SA*PK

WRITE (2,104) I,J,X,L,TH,SP,SQ,ST,SA

7 (1H ,1X,12, 2x 412, 2X, 12, 2% Ks 12, 6X5 F7 «25 TK, P7025 2X
41,3 4242%4 87 025 2%) F742)

540 |



RETURN

END

The subroutine to find the global stress matrix for a CST

follows :-

SUBRZUTINE GLOBA (1, S5W5R, 2;250,K)
DINENSI@N F(160,1), EA, pase D(4,6),A(160, 12)

4; ee ee 13,2200), 2(200),3(4, 4),N(6
¢

Lani ea =2(5)*R(K)=R(I)*(2(K)-2(5))+2(T)*(R(K)-R(S))
D2=1.

Oat arse (R,Z,2,I,K)
ato
N4)=o"d

if =2"K
N(4 ahah
N(3)=N(4)=1

n(5)=N(6)=-1

36

1 at 4)=3¢2,1)4D(Z,2) *D2#W((24) 51)
Dg 2 L=1,4
s(L, 1)=0-
Dg 2 M=1,4

2 s(i, 1)=3(L, 4)+8(L,M)*B(H, 1)
RETURN

END

The plotter output of principal planes follows the same routine

as for the CST, but is more lengthy with the fourth boundary of the

quadrilateral :-

SUBRZUTINE PLY MT (U,V,W,R,2Z,1,7,K,L)

DIMENSI@N F(160, 1),2(4, 4); *D(4,6),A( 160,12)
1,R(200),2(200), X(260}, (200)
Opie: (QN F,E,D,A
on
Cac gs(U

x ao neta
J)=2(F)*S4R(T)*C

K)=2(K)*S4R(K)*C
L. we oa
T)=2(1)*C-R(1)*S

7 ne
K ore *C-R(K)*S

Y(L)=2(L)*C-R(L)*S

IF (V) 1,2,3



SOP 35 ON NK
at

12

13
14

AD

16

17

19

20

21

18

22

23

25

27
24

Ip (y(1)-¥(J)) 5,6,6
CP~NTINUE

IPF (¥(1)-Y(K)) 7,8,8
CANINE 5

IP (x(J)-¥(x)) 9,8,8
CANTINUE

IF (¥(I)-¥(L)) 10,13,13
conTnVE

IF (¥(K)-¥(L)) 12,13,13
cANTDIVE
IF (Y(J)-¥(L)) 11,13,13
CALL ed (X,Y,1,3,5,L)

Go mf 14
of 56 4 QUADS (X,Y,J,K,L,I)

Re (X,Y,K,L,I,J)
cg oY 14
CALL QUADS (X,Y,L,1I,J,K)
CANTINUE

N=1

P=FLAT(N) /V+¥(101)
N2Q=29N4+104

N1=N2-1

IF (P-Y(404)) 16,17,1
ve 401 94(x(1043-x(101))*(P-¥(101))/(x(104)-¥(101))
cg Y 18

CANTINUE

IF oy 19,19,2
pas 104 H(04038=(104)) (24104) /(0r(103)-2(104))
cyNTINVE
IF (P-¥{102}) 21,2,

x(t ox 10554 (C100) =x(103)) #(4(105)) (x(102)=¥(105))
conzINvE
IF (P-¥(102)) 22,22,23
X(N2)=x(101)4+(X(102)-X(101))*(P-¥(101))/(¥(102)~¥(101))

og 1 24 ‘
CANTINVE
IF (2-4 103)) 25,25,26

X(N2)=x 402)+(x(103)- (102) )*(P-¥(102))/(¥(103)-¥(102))
Gg TY 24
couTINUS
IF (P-¥(104)) 27,2,2

ete Mee ee
M1 )=P

Y¥(N2)=P

CALL TRANS oe N1,R,Z,X,Y, eu
CALL TRANS (N2,R,Z,X,Y,S,C

IF (TM) 28,2,29
CENTINUE
CALL HGPDASHEN (R(11),2(11),R(N2),2(N2),0.5)

cg TZ 30
CANTINUE

CALL HGPDASEIN (R(N1),2(11),R(N2),2(22),0.0)
NeN+1

K



61

62

31

33

35

36

37

38

oo

40

4

42

43
44

45

V=-V

cont TUE

IP (W) 31,32,33
W=-W

Mo

op TY 34
M1

CeNTINUE
IF (X(I)-X(5)) 35,36, 36
cavnmnus

~ IP (x(I)-X(K)) 37, 38,38
CONCINUE

TF (X(J)-X(K)) 39, 38,38
CANTINUE

IF (X(I)-X(L)) 40,43,43
CANTINUE

IP (X(K)-X(L)) 42543543:
cg PINE

IF (X(J)-X(L)) 41,43,43
CALL QUADS (X,Y,2,J,X,1L)

Gg TS 44
Cara O5Y,0,Ks1;0)
og 4

CALL QUADS (X,Y,K,L,1,J)

cg TY 44
CALL QUADS (X,Y,L,1,J,K)
cgNTINUE
N=1

Q=FLGAT(N) /v4+-xX( 101)
N2=2°014104

Ni=N2=1

IF (Q-X(102)) 46,46,47x(xa or) (Foe 1019) 96-101) /(4( 102) -x(101))
CPNTINVE

IF (@-x(103)) 49,49, 50
(1) =¥(102 4((1038-x(102)) *( Q-X(102))/(xX(103)~x(102))
Cg TP 48
Cg NTINUE

IP (2-X(104)) 51,32,3
Ess Jox 505) G40 (1039) (2 1039) Me 10¢)-2( 109)
IP (Q-X(104)) 52,52,53
rera}ax(101)+(2FO4S-1( 101) )*(-x(101)) (104) -2(401))

eerie
is Bo eee ) 55955, 56
¥ (12 )=Y' 404) +(7(403}-¥( 104) )*(a=x(104))/(x(103}=x(104))
Gg mf 54
cANTINUE

IF (@-X(102)) 57,32,3(se) 5} (@C85-4(105))xG-2(105))/C3(100)-X 103)
X(N1)=2

X(N2)=2
CALL TRANS (N1,R,Z,X,Y,S,C)
CALL TR 929 2,X,%,5,0

2959



60

32

63
64

CALL HCGPDASHLN (R(N1),2(11),R(82), 2Gi2), 0.5)
cg wy 60
CANTINUE

CALL HGPDASHIN (R(N1),Z(11) ,R(W2) ,Z(N2),0.0)
es

Gp TY 45
CPANTINUS

IPF (M) 63,64,64
We-W

CANTINUE
~ RETURN

END

SUBRGUTINE QUADS (X,Y,I,J,K,1L)
DIMENSI@N F(160, 1),8(4,4), 3D(4,6)» (160,12)
1,X(200) ,x(200)
Opiagn F,E,D,A
x(101)=x(x}
x ye
X(103)=X(K,

x ror
¥(101 ae

¥(102)=¥(I

Y shor
¥(104)=¥(i)

RETURN

END

SUERGUTINE TRANS (I,R,2Z,XR,YZ,S,C)
DIMENSIP¢N ¥(160, 1), 8(454)90(4,6 6) A(160,12)
4,R(200) , 2( 200) ,22(200) ,¥2( 2005
CPMNgN F,E,D,A
a one Eyaratt yes
2(I)=XR(I)*S+YZ(I)*C
RETURN

END

Again the addition of data cards completes the program.



iii) The quadrilateral element formed by four CSTs. (2440S).

The introduction of a fifth node into the quadrilateral element

gives a 10 X 10 element stiffness matrix called G in the program :-

su

MASTER PLOT
DIMENSIPN ¥(160,1),2(4,4),D(4,6),A(160, 12) ,G(10, 10)
1,R(190),2(190) ww(162, 1),X(160, 425
Cong F,E,D,A,G

. READ (1,100) H1,R1,R2, M1, 22,13, YN, PRPS

CALL HGPSTART (6HMERCER,6)
R esi

R(3)=21.

Z(3)=29.7
2(4)=29 7
CALL HGPDASHLN Cala et ate tte AON
CALL HGPDASHLN fe BF 2(2 a Ha.
CALL HGPDASHLN (R(3) 1203) 4),2(4),0.
CALL HGPDASHEN (R(4),2(4)»R(1)92(1) 00
CALL HGPSYMBL (9.,62,0.42, 5EI4CST, 0.55)
CALL HGP¢RIGIN (6.,10.)

Dg 1 I=1,4
T4=¥T gant 1-1) /3.
H2=H1-13*74

RZH=R2-T2T4473*T4*( (R1-R2)~(14-T2)*24) A
R4=R1-T1*T4

DG 2 J=1,45,4
H3erIgant 3. Ba
Kel+J=4

ieee
2(K)=H2av3/12

DB 3 I=45, 1794
H3=FILPAT(I-49)/4.
K=I+J-1

ie =R3-R3*H3/7.
2(K)=H2

CANTINUE
CALL HGPDASHIN us (80), th O» (91) 52(81)s 9025)
CALL HCPDASHIN (R(81 4),2(4),0.5)
CALL HGPSYMEL (-0.21,44,0. a, 48HAXIS QF REVZLUTIPZN,90.,18)
CALL HGPSYIGL (60, 0.42, 0.21, 9HFLAT BASE,0.,9)
CALL ELAST (YM, FES

The program now loops through each element to call a subroutine

which assembles the stiffness matrix :-

Dg 4 3=1,73,4
Dg 4 N=1,3
InteN-1

J=I+4

KeI+5

IeT+1

CALL ASSEM (R,Z,I,J,K,L)
cgNTINUE

DP 5-J=597394
TaJ=4

59.



7
8

KeJ+4

CALL FARCE (PS,R,%Z,1,J,K)
cPANTINUE

CALL FYRCE (PS,R,2,73277s77)
F(15351)=06
Dg 6 I=1,4
J=2*I

K=J4+151

I=J=1

A(J,12)=A(J,12)*100000000¢
A ue a cade ceo
A(L, 12 4100000000.

Ket

CALL FO4ACF (A, 160,F, 160, 160,11, 1,W, 160,X, 160, 12,K)

IF (K) 7,8,7
WRITE (2,101)
CANTINVE

=A(L,12

Having the displacement matrix for the corner nodes, the

program loops through each quadrilateral element again to call the

subroutine which plots the principal planes :-

10

100

101

Dg 9 Ne1,73,4
DG 9 N=1,3

TaMN~1

J=I4+4

KeI+5

I=I41

CALL HGPDASHLN (R(J),2(J),R(I),2(I) ,00)
CALL HGPDASHLN (R(I),Z(I) »R(L),Z(L) ,0.)

CALL VARIA (W,R,Z,1y3 KL)
CANTINUE

DB 10 M=4,76,4
Nale4

CALL HEGPDASHLN (R(1) ,Z(1) ,R(1T),Z(1),0.)
CANTINUE
CALL HECPDASHIN (R(80) ,2(80) yR(77) »2(77) 0+)
CALL HGPFINISH

PPRAT Bae
FORMAT (1H1,1X,26HMATRIX NOT PASITIVE DEFINITE)

sogp
ED

The subroutines for the elasticity, force, and displacement

matrices are as for the CST element with matrix G included in their

dimension and common statements. The element stiffness matrix is

formed by assembling each CST subelement :-

SUERGUTINE STIFF (R,Z,1,J,K)

DINENSIPN F(160,1),2(4,4) »D(4,6),A( 160,12) ,G(10, 10)

1,2(190) ,2(190) 52(6,4) 40446) 216)

60,



PI=3 214159265

D2=RB*PI/(R(T)*2(K)-2(5)*R(K)

1-R(I)#(2(K)-2{J) +2 _ -R(5)))
CALL DISPL (R,Z,I,J,K
Dg 1 I=1,4
7” 1 M=1,6
ee 1)-p{s,x)»D2

C(L,M)=0.

Dg 1 N=1,4
c(L, n=l, H)+8(L,11)*D(,1)
N1(2)=2*I

N1(4)=24I

N1(6)=2%%K

m1 Mees
N1(3)=N1(4)=1
N1(5)201(6)=1
DP 2 1=1,6
y . ale 6

Ke a). at an )=G(11 (1) ,N1(%))+B(L,N)*C(N,M)
RETURN

END

A separate subroutine forms the submatrices required to eliminate

the parts of the stiffness matrix which are due to the internal node

only, and include its effect upon the element stiffness in the

remaining parts due to corner nodes only. ‘the intern?) node is

placed at the centroid of the quadrilateral element, and the stiffness

natrices of each CST subelement first called in assembled form from

the previous subroutine :-

SUERPUTINE CHITR (R,Z,1,J,X,L, 12)
DIMENSI¢N F(160, 1),5(4,4),D¢4,6)» A(160,12) ,G(10,10)

4,X(190) ,¥( 190) ,( 490) (190)
Opa: igh F,E,D,A,C
XT ae

FG
a

(
D3=1e/(5-* (ie

61.



X(5)=(D1*X1-4D2* 2 D3
Tea eee

R(TI)=x(5
2(II)=¥(5

D¢ 1 M&1,10
. Dg 1 Ne1,10
1 G(M,N)=0.

CALL STIFF (Xs¥o44203}
CALL STIFF (X,Y, 2, 3,5

CALL STIFF (X,Y, 3,4,5,

CALL STIFF (X,Y, 4_1,5

GI=16/(G(9,9)*G(10, 10)~-G(9, 10) *G( 10,9) )
ih oie,
G(10,9)=-G(10,9) *GJ

GP=G(10, 10) *GJ

Gf10,30)=5(9,9)60
G(9,9)=GP

ED

The subroutine to assemble the element into the overall stiffness

natrix follows, eliminating the internal node within the operation of

addition.

SUBRGUTINE ASSEM (R,Z,1,J,K,L)

DININSIPN ¥(160, 1), (454) 9D(4,6) pA(160, 12) ,G(10, 10)

1,R(190),2(190) ,11(8)
CPiegN F,E,D,A,G

CALL CHITR (R,Z,1,J,K,L,81)

N1(6)=2#k
N1(8)=2eL

N1(4)=01(2)=4

w1(3)=N1(4)=1

N1(5)=311(6)=1

n1(7)311(8)=1
Dg 1 1,8
Dg 1 N=1,é

N21 (11)=-"1 ("N)

IP (2) 25353
2 NR=11 (11)

NC=124N2
;

3 NRav1(TM)

NC=12-N2

; ee eee ete nen 40) *6(10,%1))
Joetovetet 18,9) "oC508) C40, 40)26C 104)
RETURN

END

After the solution of the simultaneous equations, the subroutine

to find and plot principal planes first reforms the element stiffness

oN



submatrices to find the deflexion at the centroidal node. he

subroutines for plotting principal planes for each CST subelement are

then called,

SUPRZUTINE VARIA (W,R,2Z,1,5,K,

DIMENSTPA ¥(160,1),2(4,4) 5D(4,6 8, A(160, 12) G(10, 10)
4,R(190), 2(190) ,B(8) yw(162,1)
oping F,B,D,A,G
CALL CEITR (R, 21,0 ,K,L,81)
Soe
N(4)=2%7

N(6)=2"K
N(8)=2*L

Nn(1)=N(2)=1
NG eS
n(5)=n(6)=1

N(7)=N(8)—1
w(161,1)=0.
w4

as aie; 4)=w(11(11) 5 1)*(G(9,9)*G( 9,18) +G(9 , 10) *G( 10,11
4

4 oe () ,1)#(G(10,9) *G(9,M)4G(10, 10) *a(10
4,¥

CALL

CALL

CALL

2(81) ,0
2(81),0

ei}sen}0
81) ,2(81) ,0

The CST element subroutines and data cards complete the progran.



iv) Plane quadrilateral element. (94).

This type of element has sone scope for variation in the

method of computation, and it was found that in practice that it had

a negligible effect upon the effectiveness of the program whether the

stiffness matrix was computed from the algebraically expanded terns

or formed directly from the numerical values of the partial

differentials involved. For the more complex types of element,

however, the latter method saves many hours of mental labour for all

but the exceptions.

A complete program follows which employs the algebraic method

and a four-point Gaussian Quadrature in the Q4 element to output

numerical values of principal planes and stresses for the case of a

spherical shell, Although the program can be used for a general case,

the sphere is one for which solutions are known by other theoretical

approaches which have been also checked against experinental results,

In the job cards the NAG, dispenses with the need for library

cards as it brings in the subroutine for solving simultaneous

equations, and the plotter is not being used this time.

IPB Q4ALGHARA, CIR214, MERCER
SHCPNDS 300

BPPRTRAN , ,290,NAG, 25000
KEE

pgc PREG
MASTER PLOT
DIMFISIPN 7(200,1),5(4,4) ,D(4,8) ,A(200,12),G(8,8)
4,R(190) ,2(190) ,11(200, 1) , x(200, 125
CAIN F,E,D,A,G,GI

READ (1,100) R1,71,YM,PR,PS

100 PPRUAT (570.0)
WRITE (2,101) R1,71,YM,FR,PS

401 FERNAT (/5710.2/)
CALL SPHERE (R1,1,R,2,4,100)
CALL ELAST (YM,FR)

Dg 4 N=1,93,4
Dg 4 N=1,3



1
102

8

103

1

cauenuy

DP 5 J=5,9354
I=J-4

KaJ+4

CALL FARCE (PS,R,Z,1,J,X)
cgTINUE

CALL FPRCE (PR 0,921 97)
CALL FPRCR (PS;R,Z, 19155)
Sn
F(2,1)=0.

. DY 6 T=1,4

J=24I

K=J+194

Se oon
A(K, 12)=A(K, 12) *100000000.
CPN TINUE

K=1

CALL FARCE (A,200,F,200,200,11,1,W,200,X,200,12,K)

IF (K) 75857
WRITE (2,102)
FORMAT (111, 1X, 26HMATRIX NPT PPSITIVE DEFINITE)
CANTIZUB

WRITE (2,103) ee ee

FYRMAT (1H ,10X,F601, 10K, Mol

DS 9 1,934
Dg 9 N=1,3

Talan-1

J=I+4

K=I+5

L=I+1 :

CALL PRINC (W,R,Z,I,J,K,L)
CPNETNUE

sigp
HD

SUERZUTINE SPHERE (RADIUS, THICKNESS, R,Z,M,N)
DIMENSIQN ¥(200,1),3(4,4),D(4,8) ,A(200, 12) ,6(8,8)
1,R(190) ,2(190)
cigs F,B,D,A,G,GI
TSTHICKNESS /FLZAT(1—1)

I=N-M4

D¢ 1 I=1,L,¢
THETA=1 .570796325*FLGAT( 1-1) /PLPZAT(L)
fe
SI=SIN( THETA

Dg 1 J=1,M
S=RADIUS-T*FLGAT(J=1)
KeI+J=1

eam
2(k)=S*SI

RETURN

ED

SUERGUTINE ELAS? (YM,PR)
DINEISI¢T ¥(200,1),3(4,4) ,D(4,8) ,A(200, 12),G(8,8)
Chiagh F,Z,D,A,C,CI

Pusyni/((1.4P2)*(1.-2.*FR))

DY 1 I=1,3



uate todo _ Slee we

Dg 1 J=1,3

re oe N*PR
BCI, I)=PN*(1. -FR)
£(4,4)=0.5*PN*(1.-2.*ER)
RERURN See enmcneetsor eee reer

END

SUBRAUTINE DISPL (S,7,X,Y)

DIVENSIZN F(200, 1),2(4, As 0(4,8), (200, 12),G(8,3)
1,X(4),¥(4)

z Cag F,E,D,A,G,G
GJ=0. sa ats} 8G) fata) Ys (x(a)-x(4))*
1(¥(4)-¥(3))+3*((x(4)=x(4) )*(x(2 ~¥(3) )- (C2) -%
ie ie ext) Hah) Demet U5) x4) MECH) -2))- = (x

3)-¥(4))))

Bide sagesair 1,4)= ett 4 ese x(4)-x(4) J (2e(5)=x(4
aE SH Ae

soacaae eee
IE EeloponuBainos
DZ 1 I=1,7,2
J=I+1

shat
Hi=(1 asye( 1. —T)*0.25
pap ae a oi eo
H3=(1 1.4+T)*0.25
H4=(1.-3)#(1.-1)*0.25

R=1 0/04) 11 4x2) 124 ( 3) (4) 814)
D(3, 1)=H1#R

D 3) 3) aio
D Nap
D(3,7)=H4R
RETURN

ND

SUBRGUTINE STIFF (X,Y)
DIMENSIGN F(200,1),5(4,4 }s 9D( 4,8) ,A( 200, 12) ,G(8,8)

15804) 5004) 9X(4) 5¥(4) »2(4) 5C(4, 8) 9B(8,4)
oping P,5,D,A,C,GT
A1=0.577350269

PI=3.14159265

D¢ 1 I=1,8

Dg 1 J=1,1

)=0,mt

FEYTEEa OED fe eo nuca LaryUH BBE ANHHND q

i

f>4

f 2 Int,4
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3

2

1

. BK,I

Hist we
(

I),X,¥)
1)533, 25

H2=(1.45(T) )#(1.4i(T))*0.25

H3=(1--S(I hie I))#0.25
H4=(1.-S(1))*(1.-T(I) )#0.25

R(I)=H1*X(1)4H2*x(2)4+H3*X(3
GJ=GI*R(I)*PI#2,

Dg 3 J=1,4
Dg 3 K=1,8
CG, roo

=D(J,K)*GJ
pg 3 L=1,4

eG, near, K)+E(J,L)*D(L,K)
Dg 4 J=1Dg 4 Ete 3
Dg 4 I=Ses waseactik)
cpNTINUE

RETURN

‘ED

)+814#x(4)

SUBRGZUTINE ASSEM (R,Z,1,J,K,L)
DIMENSTPN F(200,1),2 (4, 4) ,D(4,8) ,A(200, 12) ,G(8,8)
1,x(4) ,¥(4) 58(190), 2(190) 1108)
opi: on F,5,D,A,G,G0
X(1)=R( (x3
X(2)=R(J
X(3)=R(K
X(4)=R(L
- =2(I

Y(2)=2(3

¥(3)=2(K

iaatis
CALL STIFF (X,Y)
N1(2)=24I

Dg 1 M=1,8

DP 1 Nei,N
N2=en1(i “oN (x)
IF (N2) 2,3,3
NR=N1(1)

NC=12-N2

A(NR,NC)=A(2R,NC)+G(M,N)
RETURN

ED

SUERGZUTINE
DURNSIZN

4,R(190) ,%

E (PS:R,Z,15J,K) ’
ee, 11) 944,43,5(458) »A( 200, 12) .0(8,8)



a

no

nn»

Cpinign F,E,D,A,C,GI

PI=3014159265

PA=PI*PS/3.
NV=2*J

NU=NV-1

F(NU, 1)=PA*(R(I)*(2(J)-2(1))+
12.*R(J)*(Z(K)=2(I))+R(K)*(Z(K)-2(T)))
F(NV,1)=PA*(R(I)~R(K))*(R(I)+R(J)+R(K))
RETURN

END

SUBRQUTINE PRINC (W,R,Z,1,J,K,L
DIMENSI@N F(200, 1),2(4,4), spa,
1,X(4),¥(4) -R(190) ,2(190) 11(85,

WQN F,E,D,A,G,GI

=R(I

J

K,

A(200,12),G(8,85 aero) fo0)

aan ee CS.

aN. GHKK KK XX x Oe AVN SRN AE iaRRERBEEE(I,
CALL DISEL (05,04,%;¥)
N1(2)=2*I

N1(4)=2*I

N4(6)=2*K

N1(8)=2*L

N1(4)=N1(2)-1
N1(3)=N1(4)=1

Ni spank 4
4

vgSi (n)=s4 ti, N)*w(311 (11), 1)
DP 2 Weiyd
S(M)=0.
DZ 2 N=1,4
s(m)=s (11431 (1) *2(1,N)
eh eee
SB=0.5*(S(1)+S(2)

SP=SB+SA

SQ=SE-SA

SR=SP-S(1)

IF (SR) 6,7,6
TH=1 570796325

og 1 5
CANTINUE

Ee
IF (TH) 3,4,4
TH=-TH

TH=-ATAN(TH)

cf TZ 5
TH=ATAN (TH)
st=S(3)

% (2,102) TH,SP,S2,ST

At (4F 40.2)



RETURN

END

FINISH
Keke

Dgc DATA
11.00 1610 4.00 0.20 -1.00
sae

The input data shown is for a sphere of outer radius 11 cms,

thickness 401 cms, with material properties, B=i and V =0.2. The

applied pressure of 1 on the outer surface of the shell is taken as

negative for the sign convention used in the program, and gives the

stress factors in the shell. In the linear elastic case the value

of E cancels out in the analysis for stresses, and is only required

if other information such as deflexions are included in the output.

oO xo



v) The cubic quadrilateral element. (Q12).

MASTER PLOT
DIMENSIPN F(136,1),B(4,4 qt 136,24) ,G( 24,24)
4R(68) ,2(68),X(136¢24) pW(136,1),P(12) ,Q(12)
1,N(24) ,FF(8,1),S(4)

In this program which is for the case of a sphere as with the

example given for the Q4 element, the arrangement of subroutines

differs a little from those of the previous cases. It was npt

convenient to employ the repetitive "common" statement, and the

dual system of nodal numbering is introduced as subroutines for the

element and structural systems.

The job cards were similar to the previous case with allowance

for extra core and time.

READ (1,100) R1,11,YM,PR,PS
WRITE (2,102) R1,71 YH, FR, PS
CALL ELAST (11, FR,E)
R2=R1-T1

Dg 1 1=1,57,8
TH=3.141 59265*FLGAT(I-1) /128.
aoe
sI=SDi(‘TH

THD=3- iabaee at APe

optacps a
SI1=SIN(TH1

oa
SI2=SINi( TH2

J=I+4

K=1+6
R(T)=R1*Cg

=R1*SI

=R1*0f1
eR1*S11

=R1*Cg2
Z(K)=R1*SI2

J=I43

KeI+5

LeT+7

R(J)=RoKCg
2(3)=R2*SI

R(K)=R2*091
2(K)=R2*S11

R(L)=R2*cg2

ZL

PNwWN RaaeY



1

12

13

104

14
400

401

402

103

CANTINUE -
R(65)=0-
Z(65)=06
R(68)=0.

2(68)=0.

CALL THIRD (R,Z,65,68,67,66)
Dg 6 I=1,57,8

CALL REDUCE fess}
CALL REDUCE (Q,2Z,I)

CALL STIFF Hees
CALL FERCE (PS,P,Q,FF)
CALL EXPAND (N,I)
DG 7 J=1,24

cgNTINUE
Ala ap geal
G(J,K)=0.
DZ 10 J=1,3
F(N(S), 1) =F(N(S), 1) +FF (0, 1)
FR(J, 1320.
CPANTINUE

toe
F(129,1)=0.
DP 17 I=1,7,2
J=I+1

K=I+128

A Fae aaleiconmocns
A(K, 24)=A(K, 24) 4100000000,

CPNTINUE

K=1

CALL FO4ACF (A,136,F,136, 136523, 14 Wy 136yXy136,24,K)
IF (K) 12,13,12

WRITE (2,101)
CANTINVE

WRITE (2,104) CO NE Tet te028)
FPRMAT (1H ,10X,¥O.1,10X, F001

Dg 14 I=1,57,8
CALL REDUCE ( PRT
CALL REDUCE (aszet
CALL EXPAND (N,I)

DP 14 J=i,12
Ken(2*J) /2
CALL FRING (E,W,?,Q,J,¥,S)

WRITE (2,103) J,K,(S(L),1=1,4)

Sut (20.0FORMAT (5FO.0

FORMAT (111, 1X, 2SHMATRIX NPP PASITIVE DEFINITE)

Fava? (/5F7.2/)
FORMAT (215,4F10.2)

sige
EXD

Tie



The elasticity matrix is formed as before :-

SUERGUTINE ELAST (YM,FR,E)
DIMENSI¢N E(4,4)
Pyay/((1 ot PRA o~-2e*PR))
Dg 1 I=1,3
DP 1 J=1,3
E(I,J)=PN*PR

A ait '=PN*( 1.—PR)
B(4,4)=0.5*PN*(10-2.*PR)
RETURN

ED

The midside nodes are automatically coordinated :=-

SUERGUTINE THIRD (R,Z,1I,J,X,L)
DIMENSIPN R(68) ,2(68)
Pate/30
R(K)=P* eo oleate
R(L)=P¥(2.*R(I)4R(T
2(K)=P#(Z(1)+2.*2(5
2(L)=P¥(2.*2(I)+Z(5
RETURN

END

The structural nodai coordinate system which gives the

minimum stiffness matrix band width is transferred into a local

element numbering system which goes round the element boundary

anticlockwise :-

SUEBRQZUTINE REDUCE (A,3B,1)
DIMENSIZN A(12),B(68)
A(1)=B()

a
T+9

+10

I+11

a
=B( I4+3

Jeti
GE BREE &ASASa BO DIAS WDPPh Ph hb bb n+ oO
1

Similarly the element nodal numbering system is transferred

back into the structural system :-

ee (u,I)

72.



N(6)=2*(146)
N(8)=2%(148)
N(10)=2%(14+9)

12 “ein
44)=2*(I411

16)=2(1+7)

48 iiss
20)=2%( 143

22 oe
24)a2*(I41

DP 1 J=1,23,2

4 N(J)=N(J41)-1
RETURN

END

ZAmaaaase
The displacement matrix is formed numerically in the following

subroutine from combinations of the shape functions and their partial

dérivatives :-

SUBRGUTINE DISPL (D,RJ,S,'%,X,Y)
DIMENSIGN Dist)» Se tGe. H(12) ,R(12) ,2(12)
1,P(12,42) .Q(12)
Be1./32.

C=B*9.

US=1.-S

UT=1.-2

VS=1.+8

¥E1,+2

WS=US*VS

WE-UTxVT

U3TS1«

V3S=1 3008
V3T=1 o+3—*T

V10 049 9 (S*S+ 241)
H(1)=BxVS*UT4U

H( 4)=B*VS*VP*U

=CVSEWTEV3T

=CHVTXWS*V 3S

H(6 )=CxVTP*WS#U3S

H(8 )aCaUS#WI*V3T

H(9)=C#US#WI4U3T

H(11)=C*UT*WS*U3S

H(12)=C*UT*wS*V3S
V=10 418..%S+27 *S#S+9 o# THT

Ve10 0418 .*%S-27 o#S*S-9 o* TT

R(1)=BUL*U

R(4)=B¥VExU

R(7)=BxVExV

R(10)=B*UTe

R(2)=C#WPXU3T
ao

8)=-R(3)

= wierd
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R(9)=R(2)
Um 3 9204549 9 ¥S4S

V3 o—-26*S~9 %S*S

R(5)=CxVIHV
R(6)=C#VEXU

R(11)=c*UT+U
R(12)=CeUTHV

U=10 6-9 o#S#3418.8T=27 LET

V=-10.+9 o*S*S+18 1427 HTT

2(1)=B¥VS*U

2( 4)=B¥VS*V

2(7)=B*US*V

2(10)=BxUS*U
V3. 208149 @ ENT

Va5.-2.%T-9 .*2*T

ee
Z oe

2(8)=C*US*V

2(9)=C#US*U

2(5 )=CXWS*V3S

2(6)=C*WS*U3S

2Z laa
2(12)=_-2(5

RI=0,

DP 1 Ia2,12
Kel~1

Dg 1 J=1,
re paella) -nayeata
P(J,1)=P(I,J)
Dg 2 I=1,12
RI=RI+H(I)*X(I)

ataeattaeCE,3 3)*x(J)
GI=0.

Dg 3 151,12

GJ=GI+Q(I)*x(T)
CJ=16/GI
IF (RI) 6,756

RJ=0.

cd 7 8
CYNTINUE
RJ=1./R1
CANTINUE
DZ 4 I=1,12
J=2*I

K=J-1

mica
D(1,J)=0.

D(i,J)=p i 5 ~P(I,L)*X(L)
D(1,J)=D 433) *cI

D(4,K)=D(1,7

D(4,3)=D(2,K

D(3,K)=H(I)*RI
RJ=RIXGI*2 ©*3 614159265
RETURN

ED

4.



The stiffness matrix is formed with a 3 X 3 point Gauss

Quadrature. This subroutine gives the 24 X 24 element stiffness

matrix which is assembled into the structural stiffness matrix in the

master programe

SUERZUTINE STIFF (2,C,X,Y)

Faeyr B(454) ,6(24,24), aes
458(9)4(9) pW(9)96(4,24) 9B(244
A4=0.7745966692
W1=10/9.
W2=W1*8,

W1=W1*5.

W(1 )=Wi*W1

W(2)=Wwi*Wwe

w(3 Ee:

4)=w(2)
w(5)=wW2*w2

6 me
w(7)=w(4
w(s ae
iG) me)
S(1)=-A1

=

=

Se

yee NNO
Tie 159
DISPL cre S(I1),T(11),X,Y)
I=1,4

1524

ya seatoH ieNeate jo) *Rs#u(T1)
2S

K=1,4

J)=C(I,3)+5(I,K)*n(K,J)
I=1,24

J=1, :

<

Q ybyacn
a

Hey WOOBES
K=1,

I el: 5)+B(I,K)*C(K,J)
NUSau

g



The nodal force matrix is also formed in a subroutine which

employs the 3 point Gauss Quadrature along the element boundaries

which are subjected to applied pressure which in this case is assumed

to be uniform pressure,

SUBRGUTINE FPRCE (PS,X,Y,F)
DIMENSI¢N X(12)9X(125 9 F(8, 1),G(8,1),H(4),S(4)
Z=9 o¥8.*16.0*166
2=3014159265*PS/Z,
Ns1

IF (N) 1,253
1=06774596669

Gp 8 4
T0,

“ul

Gg 1H 4
T=-0.774596669
Ar1.-T

Bei e+T

C=10-3.*2

Da2.-C

B=-CxD

H(1)=A*E

H(2)=A*B*C#9,

H(4)=B¥B

H(3)=A*B*D*9

S(4)=-E+18..* DA

s(2 ee
S(3)=(~E+2.*A)*9~
S(4)=E+18.*2*B
R=0,

RT=0.

2T20.

Dg 6 I=1,4
R=R+H(I)*x(I)
aa

6 ZB=2T+S(I)*¥(I

Dg 8 I=1,4
J=2*I

K=J=1

a serene

Pu Nf

8 G(J,1)=-R*H(I)*RT

IP Gr 40; 112,
10 CANTINUE

Dg 13 I=1,8

13 F(I, 1)=5.*G(I, 1)+F(I,1)
og 08°74 oan
Dg 1414 Ma Aaste(, 9 1)+F(I,1)

12 cgNTINGE
Dg 15 I=1,8

15 P(I,1)=50*C(I,1)+F(I,1)
16 N=N-1

Gg af 5

76.



7 Dp 17 I=1,8
47 F(I,1)=P(I,7)*2

RE :

END

The equivalent applied nodal loading and nodal deflexion matrices

are printed ont and the final subroutine produces the stresses at the

element nodeS.-e. these are principal stress factors in this case and

the angle ef the principal planes is in radians. Also the nodal

deflexions are based on a unit value for E, and must be divided by

this true valus of Young's Modulus which may be found from experiments

or some constant value assumed for the purpose of establishing

numerical results :-

SUBRGUTINE PRINC (8, W,X,Y,I,N,A)
Me cs ale (4,4) (13654) ,X(12) p¥(42) (24)
4,A(4),0(4,24)-8(4),0¢49,9¢12) ,2¢22)
Pet./3e
s(1)=1.

St2)=t.

s(3)=1.

&f4)=1.

s(5)=P
s(6)=-P

S(7)=-1.

s(8)=-1.

s(9)=-1,

si ice

N

= =P
=P

1.

n

Rae Ea
ore

ov
'2PBEBEBSESsHEESsHean a BO OID UNY aa ws

Ba ODSoty aces es
m—16

CALL DISPL (D,RI,S(I),7(I),x,Y)

Dg 1 Jai,4
B(J)=0.

41 Ket,24

1 B(5)=B(5}4D(5,5)*w(N(K) 51)
Dg 2 J=1,4
e(5)=0
Dg 21,4

2 C(I)=c(I}+5 ee 9)

TT.



A(4)=0(3)
ReSQRT(0.25*(C(1)-C(2) )**24+0(4)*#*2)

%2005*(C(1)+0(2)) '
A(2)=R+Z :
A(3)=R+2
ea

re i orate
A(1)=1.570796325

GP 1H 5
CPNTINUE

Met
IF (A(1)) 65757
A aaa
A(1)=-ATAN(A(1))

A(1 Stal 0)
CPNTINUE

RETURN

END

718.



vi) Comparative assessment of element types.

There are two considerations required for comparison, the

economy of the computer program arising from the use of an element i

type, and accuracy of results. An assessment of the efficiency of

an element arises from a balance between these two factors. The

matter of generality which arises with other methods is not a problem

with the Finite Element displacement method, being its greatest

attraction compared with other methods. However, efforts to capitalise

on this aspect by the commercial development of "universal" finite

element programs which are intended to be as general as possible

result in wnwieldy creations of doubtful validity which ere more

difficult to test than to write a new program for a specific problem.

The examples carried out illustrate the variety of sperations which

can be incorporated into a standardised program which include

variations for the method of integration and assembly of the stiffness

matrix and in the form of the output required. The parts which do not

vary are so small a part of the total program that they are a simple

matter to reintroduce into each program.

On the question of economy it can be seen from the programs that

they get longer and bigger with increased complexity of element type

23 would appear logical. The question -of accuracy can be assessed

in two ways, either by comparing resvits with cases for which

solutions have been found by other methods, or by comparing the

results given by different element types with each other and with

experimental work on more general cases. Most finite elements have

been applied to the case of the uniform sphere under uniform pressure,

and this specific case is helpful in the first place to check whether

the program covld be working as well as the degree of nonuniformity

in the restlts. Ent it is found that many elements which stand up

196



well in the case ef the uniform sphere, show large variations in

numerical values where stress concentrations occur in general cases.

The computer drawings which follow illustrate first the three

types of constant strain elements and the stress factor flow pattern

which arises in the frustum of a cone under uniform unit applied

pressure. The continucus lines within the elements represent the

direction of principal tensile planes and the broken lines are those

in compression. The number of lines per centimetre is the stress

factor. ‘The great variation in numerical values can be clearly seen

particularly in the aseas of stress concentration. These values can

be further varied by rearrangement of the mesh pattern,

The main value in the method then is an the production of a

picture of the way in which the stresses flow in the continuum. The

Q2CST element gives smoother lines by dispensing with some of the

local abberations of the method. Experienced structurel engineers

can draw these lines approximately without the assistance of a

computer and arrange the finite element mesh with a iarger number

of smaller elements in the areas of stress concentration in order to

obtain results which are closer to convergence.

The three computer drawings which follow the CST element output

and its combinations are some of the nodal numbering systems which

were used in the Q4 and Q12 element programs, Three elements are

taken through the thickness of the shell for the Q4 element as was

done for the CST and its combinations. One Q12 element is taken

across the thickness of the shell which is equivalent to the four

nodes of the previous cases and the program, though larger, is still

something of the same order.

Finally the numerical cutput of stress factors as obtained for

the case of the sphere in the last two programs are showre



Frustum of a Cone ~ General Case.

Computer graphics for principal stress factors.

AX1G OF REVOLUTION

Soi Element Type.

Note: Stress Factor = Number of lines per centimetre within each

element.

Continuous lines = tension

Broken lines = compression
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a . Cone - General Case.

Computer graphics for principal stress factors.

AXIS OF REVOLUTION

Q2CS T Element type.

Note: Stress factor = Number of lines per centimetre within each

element.

Continuous lines = tension

Broken lines = Compression
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Frustum of a Cone - General Case.

Computer Graphics for principal stress factors.

9X18 OF REVOLUTION

FLAT &ASE

Q4CST Mement type.

Note : Stress Factor = Number of lines per centimetre within each

element.

Continous lines = tension

Broken lines = Compression
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Hemispherical shell - computer graphics to illustrate general

ease of global nodal numbering system.

UTION

9X15 OF REVO!

Q4 ‘etenent ( also applicable to CST,

Q2CST, and Q4CST type elements ).
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Computer graphics to illustrate a general Q12 element

local nodal numbering system.

400

St-1,173)

p 201,-1/3)

93{-1,-1/3)

12(1/3.-1}

11(-1/3,-1) y
Xi 141,-1)

10{-1,-1)

Q12 SERENDIPITY CUBIC QUADRILATERAL

ISOPARAMETRIC ELEMENT LOCAL COORDINATES
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Computer graphics to illustrate global nodal numbering

system for the Qi2 element.

AKIS OF REVOL!

Q Pe. Element.
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Mmerical output for the Q4 element applied to a thick uniform

sphere subjected to uniform external pressure.

Outer diameter = 22 cm thickness = 1.1 cm

Assumed E= 1 and V = 0,2 applied pressure = -1

nodal coordinates principal principal stresses
plane radial plane

local structural radians major minor hoop

1 2 0,02 -0.91 5023 5-23
2 + 0.02 -0.81 4.99 -4.99
3 2 0.05 -0.81 4.99 4.99
4 6 0.05 -0.91 5023 5023

1 2 0.02 -0.61 540 -540
2 2 0.02 -0.50 = Ge12 =5012
a 6 0.05 -0.50 5-12 5612

4 7 0.05 -0.61 -5-40 540

1 4 0.02 0.26 =5260 -5.60
2 2 0.02 0614 5028 5028

3 7 0.95 0.14 5.28 0 +5428
4 e-° 0,05 0.26 ~5.60 =5 060

These results repeat for each trio of elements and only show any

significant error approaching the singularity which arises in shell

theory at the axis of vevolution where the stresses become indeterminat

-e. In the program this turns up in the formation of the displacement

matrix where a conditional statement is inserted to the effect that

when the radius RI=0. then 2J=1./RI=0. so that the boundary condition

that the shear stress must be zero at the axis of revolution is satis-

fied.

In the radial plane the term "major" principal stress refers to

that solution which is found from the quadratic equation assuming the

positive term, and the "minor" is that with the negative. The major

stress factor thus turns out to be the numerically smaller of the

two because all the stresses in this case are negative. Due to

symmetry these coincide with the shell stresses so that the major

principal stress is in the radial direction towards the centre of the

sphere, and the minor and hoop principal stresses are in the plane of
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the shell and due to symmetry again are equal to each other at any

point in the continuum.

Tie structural node numbers 1 and 5, 2 and 6, 3 and Ts and 4 and

8, are symmetrically identical and give identical results within each

element, but not between elements whore discontinuity is exhibited

across the element boundaries. The usual practice in this case is to

find the nodal averages which may be satiefactory for the uniform

sphere, but not uecessarily for a general case involving stress

concentrations. Another method is to take the principal stresses at

the element centroid which gives results as follows with the Q4

element :-

outer element 0,03 ~0.86 -5.10 5210
middle " 0.03 0.55 5026 5026
inner " 0.03 -0.20 5043 5044

The results for the Q12 element are as follows

1 1 0.00 =1.00 “5.03 =5.03
2 5 0.07 ~1,00 5203 5.03
3 mn 0.13 -1,00 “5003 = 5.03
4 9 0.20 ~1.00 5.07 5203
5 10 0.20 ~0.71 =5.18) y0-5018
6 11 0.20 -0.38 5634-5034
1 12 0.20 -0,00 5.54 #5054
8 8 0.13 -0,00 5054-5054
9 6 0.07 -0.00 3.54 =5654

10 4 0.00 -0,00 5.54 5054
11 3 -0.00 -0,38 5034-5034
12 2 ~0,00 0671 =5.18 -5.18

These results then repeat over six more elements and in the final

eighth element which was taken to the axis of revolution there is a

different result as with the previous program. Ignoring the final

boundary results, the Q12 element gives aumerical values which agree

with those obtained by other analytical methods, as do the results for

the Q4 element taken at the centroid. The nodal values for the Q4

element is not in agreement which suggests an error in the program,

The Q12 program with eight elements occupied 26 K core and was

Programned with a time limit of 606 seconds.
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The identical node groups

fs Os: Ts 2

2, 10

3, 11

Aes kopete

in the structural numbering system all give identical results and there

is no necessity to take nodal averages. Although this program is

less economical than the simpler elements, it does open the possibility

of efficient plotting of cubic curves for the principal planes and

stress contours.

However, although the 212 program was successful for the sphere,

the problem of contimity of stresses at the element boundary arises

with a more general case. For instance, by adding a boundary condition

to the master program :-

F(1,1)=0.

and in the loop for the stiffness matrix :-

A(I,24)=A(I,24)*100000000.

the program becomes the case of a hemisphere which is encastre at the

equator, The principal planes and stress factors are then as follows :

nodes principal
plane stress factor

local structural radians major minor hoop

1 1 1.17 1.99 0.16 0.43

2 5 -0.22 0.16 1.45
5 7 0.05 -0.80 3.42

4 9; 0.33 -1.21 4.98
5 10 0.12 -0.81 5023
6 11 0.10 -0.13 5436

in 12 0.20 0.61 5.59
8 8 0.10 0.39 -7.18
9 6 -0.01 1.33 9270
10 4 0.16 2.96 13.21
1 3 0.21 1.64 7.87
12 2 0.35 -0.38 3.19
4 9 0.25 -1.23 5.01

2 13 0.31 -1.23 -5.88

S 15 0.34 -1.09 6.33
4 7 90356 0.96 6.51
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0.40

0.41

0.40

0.34

0.30

0.23

0,09

0.07

0.37

0.44

0.52

0.60

0.61

0.61

0.59

0.52

0645

0.37

0.40

0.40

0.72

0.78

-0.60

0.40

0625

0.22

0.50

0.69

-0611

~0.72

-0.93

-0.97

-1.00

0.99

-0.69
0.34

0.06

-0.02

-0611

0.25

-0,38

-0.61

-1.00

-1.00

1200

-1.00

~0.70

~0.37

-0,00

0.00

0.02

0.05

0634
-0.70

=1.00

-0.99

~0.99

-1-00

-0.72

-0.38

0.01

-0.01

0.02

-0,01

-0.37
-0.71

=1,00

-0.99

70.99
-1,00

-0.72

-0.38

0.00

-0.01

-0.01

0.01

-0.38

~0.72

=1,00

14.00

4.50

4039
4.26
-3.66

-5.10

2.57

2.69
2073

4.065

4.98
5618

5027
5026

5023

5622
4.97

4.65
4.26

4.37
4.51

5029
5031

5030
5026

5037

5049
5064
5056

5042

5022

5024
5026

5.26

5021
5016

Sell

5029
5048

5670

5071

-5.69
5665
54g
-503T
5611

5207

5004
5201

5020

5041

+5465
5.68

5069
5.70

5-48

5629

5201

4.99



3 55 1031 ~4.96 -4.98

4 57 1.37 -4.96 ~4.97
5 58 1637 5015 5016
6 59 1.37 5036 537
7 60 1637 ~5260 -5.60
8 56 1.31 5261 -5062
9 54 1.24 5.62 5664
10 52 1.18 5.62 5.65

4 51 1.18 5037 5641
12 50 4618 5616 5620

1 57 1637 4.696 -4.97
2 61 1044 -4096 ~4.97
3 63 1651 4.96 ~4.97
4 65 -1.57 3.92 -0.77
5 66 -1657 =4.04 -0.73

6 67 1.57 -4.18 -0.68
7 68 -1.57 4.34 ~0.62
8 64 1651 5259 5.59
9 62 4044 5059 5059
10 60 1.37 5-60 5260
1 59 1637 5.436 ~5237
12 58 1037 5615 -5-16

It can be seen that there is stress turbulence at the encastre

boundary, and this gives rise to Jocal tensile stress and a high

compressive stress factor which falls off towards a more eveu

distribution over most of the shell.

The numerical values of stress factors at nodes which lie ona

common boundary between elements ave not unique at any given node in

the region of perturbation, but the values for adjacent elements

tends towards equality over the rest of the shell. This is due to

limitations on the element in the representation of shear forces and

bending moments. This limitation is seen to be a common factor with

simple elements. Its effect is reduced by increasing the program core

either with more complex elements or by increasing the number of

simplex elements.

The imposition of partial contiguity renders full numerical

convergence unattainable in practice when the finite element method

is applied to a contimmm, The degree of accuracy attainable ultimatel

-y depends upon the capacity of the computer, and compared with shell

theory the method has poor economy and low efficiency.
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CHAPTER THREE

SHELL THEORY

i) The shell of constant strength.

BS A water surface

TM . d
fe»lee

i ee

dé.

4t ¥f

dx [EM

a

Fig. 8 '

Axi-symmetric Shell of

Constant Strength rE

A starting point in the understanding of thin shell theory for

the submerged shell of revolution is the shell of constant strength

enalysed by membrane theory.

It is assumed that the shell is of constant thiclkmess and the

membrane stress resultants are constant throughout.

ie, No = Ng = constant

The applied pressure on the outer surface of the shell is

Ze %

The besic equations of membrane theory are :-

un — Nor, esd 4+ Yrs 0, Ny fc, + Nef, + 220
Which become the single equation :-

(Lek) rye —O
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We have

= eS {
mos Sag

< * whe
as A carb

substituting into equation (1)

Bou AS ) a 2MOS +4¢) + ho ——Yy
At the crown of the shell, A, we also have 4 = A

and We Vg SAVE

again substituting into equation (1)

CEL) og ee
Ye

and putting e

ame “eS
Q 2

then fv, lo. a
Cre —__—__—-(3)

r

substituting (2) into (3)

sup 4 AC ae > & 4)
~

also by definition of the meridional geometry

a Ge sere ns)

G&S) > Sin Cs ——¢)

differentiating (6) dec ‘cod Ad —_{(?)

putting

and substituting (6) into (4)

es &-S ——
a

The meridian can then be plotted using finite differences with ¢

as the independant variable,

Na) w



In aédition to equation (6), the difference equations are

written :-

from (7) Mie cosh Ab ==)

from (8) vi f

Bee tesa
and from (5) As <o ee (4 re Ag) 2G)

Ax 5

The values for Ay are then chosen to avoid the case

d+ Ae ot

which in (11) gives

Ay 2 20
initially os

Aw Ad Bf
Kes aa Ay ein)

a
A, « Ay. te. Ae

The following computer program illustrates the procedure :-

J¢B SUBMEMBRANE, CIR214, MERCER

SECGNDS 200

BRYRTRAN ,,190,PIPT where PLY? opens the plotter
KE

pgc PREG library subroutines

MASTER PLOT
DIMENSIPN X(151),¥(151) X and Y are coordinates

READ (1,10) G,DF,DN,CN G is the specific weight

10 FARMAT (470.0) * ( of fluid, DF the increment

A=-CN/G of @, the angle, DN the
I=1 submerged depth at the crown

U=0,. and CN the value of the
Z=DN stress resultant.

F0.

X(7)=06
¥(1)=0.
IsI+i

DU=DF

DDX=2 .*A*DF/DN
DZ=DDX*TAN(DF/2.)
UeDU

Z=Z4DZ

FEDP

X(I)=DDX
Y(Ij=2-DN

1 at

No)



I=I+4

DUX=2Z/A-U/X(T)
DUSDF*CAS (F+DF/2.)
DDX=DU/DUX

D2ZX=TAN (F+DF/2.)
DZ=DDX*DZX

U=U+DU

Z=24DZ

FEFADF

Se ae
Y(I)=2-DN

IF (1-150) 1,1,2

2 CALL HGPSTART (6HMERCER,6)
CALL HGPSCURVE (X,Y, 1515 350.0546712389)
CALL HGPFINISH

sTgp
END

FINISH

Be td

Dgc DATA
1e 040314159265 1% =304
RH

The curve may be plotted with an alternative which makes no

assumptions for the slope, or with the assumption made at the start or

finish only, by replacing the number 3 in the plotter subroutine by 0,

i, c& 2, respectively. The meridian is plotted with the crown of the

shell at the origin of the axes which have not been included in the

above prograin.

By variation of the data it can be shown how the meridian is a

spiral curve with the crown of the shell near the surface, and tends

towards a sphere as depth increases.

The relative influence of the variable component of pressure ig a

function of the ratio

a’ = depth of submergence
height of shell structure

Then the percentage of the total applied pressure which is due to

the variable component may be expressed as

' 1

Thus when @ = 0, R = 100%, and when d > 10, BR <5 %, and it

may be considered that this implies that, if the structure is submerged

~a



more than ten times its own height, it can be classified as a deep

submergence structure and analysed with the assumption of uniform

applied pressure. In the experimental work which was carried out on

shells about 10 or 15 cm high in an oil pressure tank, the variable

component is approximately

= O29 X 6204 X 5 _ 0.08 psi
1728 x 2

and with readings being taken at increments of 100 psi

= 100_x 0,08
700,08

R = 0.08 %

which can be ignored in the analysis.

At 100 psi pressure ine consideration of the seometry of pressure

distribution gives d' = 600, which is equivalent to a 10 ft high model

Placed at a depth of 1000 fathoms. Thus the equivalent depth in sea

water under the asswuptjon of miform pressure and a constant value of

specific weight cf sea water will be the applied pressure divided by

this specific weight to give the streys level encountered in practice.

Thus for a pressurs increment of 100 psi in sea water weighing

64 1lb/cu ft, the increment in depth of submergence will be

approximately

an 00x | 37-5 fathoms
64 X 6

and thid is the equivalent depth which is represented by the stress

analysis,

The self weight of a shell may require consideration in the

analysis of a concrete dam, for instance, but with the deep submergence

shell structure it is found to be a very small variable compared with

the applied pressure and is ignored in the stress analysis.



ii) Thin hemispherical shell.

We can proceed by picking up the general equations for shells of

revolution under axisymmetric loading which are laid down in the work

of Prof. J.E. Gibson’, using the notation of Timoshenko '*,

They are as follows :-

Ao — Nor, cosd - Q4 ves sin + Yoviey Sin ch = O°

13)

Aen) + Ne r Sad + New ead +2nv, Kad 2O

— —)

(Mer — Mew end -@ann Suid + ©

ec)

=

Ms ct [Coetg - od /n + v6 de Ars)
(3)

Ns Et [C4 aur, + vv eet d ~ uh Yar)

——()

+ =P [4H + rien et4 | Sd)
be Es [4 weed - | ——{19

We D = ee /i2 Ci-v) ——_2»)

vo dL dw
oud Bere 2 aS es 4 —_2))



Into the general equations we substitute as follows for the

spherical shell :-

Geet ca rz a end

B (Re 6) — No em ~ & snd = O —()

Ac Ry sab) + No see +No sad + pa nud =O —Gs)

Ny Crp read) — he cad — Qha snd = Oo ——&y)dh

Np = et ice —~w) tv (vet g—w)}/ (=v

——_€+)

ee \(oetg -e + v6 4e —w)}/Ci-v)

= nhs

hy = —p} [4 + vot cot f 2 /a
: Ae Dees

hy = -)d fer cet ¢ tv dad)
: 28)

x0 (e+ Ze tn

De ec? JQ (t-v)) ee een(ze)

By Gibson's simplified theory, we can proceed by retaining higher

oe ned iee 4 /a )

In equations (27) and (28)

order derivatives only.

soo



Mas -D_ ne /o eee Cee)”

Me «= mr eeivitAy Ges)

We now reduce equation (24) to

dmy _-aa = Qa

Differentiating equation (32)

Atty, pte /ae
ae d ag?

and substituting into equation (34)

Go

die Q :

as ee
“By eliminating Ng between equations (22) and (23) we obtain :-

HOM ud ang —Q wth + CQ) send) ong

+ Ny suidcad + pa sin coh = ©

Putting this i: the form of differentials :-

4 ; A a ‘ay Mt nerd) ae (a, snd en) Tm Ck pa s"¢) = O

Integrating, we obtain

Ng sud + Qb enh +2 pa HH ©

When <0 tind = 0 )

eee O

Nos — Qg cot 6 —¢ pa e120)

Rearranging equaticn (23)

No = — N¢ ps — 4, 9g) / mp

~ oO



Substituting equation (36) for Ny and expanding the differential

No = Qyet b -tpa- Gib ~ Oy ond
2 Naat - -tpa ——___33)

Sy mutual elimination between equations (25) and (26) we have

Ne-~vNes EE Cuct f —) ——_(2¥)

Nya vig es €8 (87 — wr) ~—— G9}

Differentiating equation (38)

dNe _» aN _ Et de 2, —w/su2h — dosdit 9 St EL ag eat — eter — ge
—_$—$§_ (GoEliminating 4a tetween equations (39) and (40) < )

oY =) oe - (Ny-y Ne) cot

= EE Curetd -v fini - a)

Now by dispensing with Ne ° Ns » W and & , and again retain-

ing only the highest order derivatives for ao eg from equations

(36) and (37), we obtain :-

zu

Bile Aer kor
ae aa at

Differentiating (41) twice, and substituting into (35)

Se 2.

which is normally written

FOE BQ, =rT ae P Qy Oe (es)

where z
& CeceoY Se area t Pee

aD aaa
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A standard form of solution to equation (43) will be : -

Q SU CFA: act CALs HCe a, + a,

where Cy to Gy are constants ws)
and Qe st~ Be rail fpe

are Ve g > cosl, bb

a f : Sete)
se eo BS nol Be

Ser cor Bh cork Pe

Differentiating equation (45)

o = C, (a, ag) Cy Ca,+a,) + Gy Ge -a,)
Cy Ca,—4,)

+ oe = Cray + CG a,—Cyza, -Cya,
6

w\-

v

Now at the crown, where d =O , we have Gy-O

and

Qa, e a =a, -O, ave!

fo eg ales

duAlso Fra =© and .°. from pissin (41)

om =O

Ge

es Equation (45) becomes

Qi Cn an era ——__$§_ (2)

With Q now expressed explicitly, 211 the other shell variables

can be expressed in terms of its derivatives.

i0i.



We already have

Ng = — Qed estd = te — (36)

Ng = — Fe tee oe (23)

From equation (41)

bur c mai
erie Se oro?

From equations (32) and (48)

Me —2 AQ
Eta Ad’

ROPER ene ae
And as before, p &

hig ou V hy a ———~ #)

Rearranging equation (58), we can obtain horizontal deflexion,

H = weet eu. Finch

ie eearas Bob (Ne — vy >/Et

a Rene oeeal an f— 48 ~ teaCi-v) 4 veal

= {va Q cmp —a Huh Cie + dm Civ) /Ee

In this expression for uy we can, identify the components of

shell deflexicn, ea Qa, /€e =n (5)

; ? :we a {4g + 4 pe C I-v)j fee ——(i)

and we can neglect UTM to obtain

fo ~a and pe +4 pa O- Jee



Similarly for the vertical deflexion, V , we mey obtain

Vete sim b + uw cosh

c a cosh [age + 3 2 pe Ge df /ee
eee Sree (Gs!)

Equation (53) as applied to a hemisphere gives V=© at the

support. If, however, Y= Ys at the boundary, we require this

term to give more general application.

Bra Ve Vat: a corp | a a L pa Ci-w)f /et )

Finally, the explicit forms of air (47) differentiated :

. = Cia, + C,a, ——_—_—_oe)

at - eles Ca,+a,) + C, Ca | ——{ss)

Pree Cin; Gyan

Pn 2 2p? fenga~a) is Cay +4,)] —G)

Again summarising the shell equations :

Ge)

ily te toe 93)Zaz‘oa eljae2p
e

1 geaoaeBoop,
p

bav iD os© é

— rae PEN )

be = Vv ke G3)

Ho = —a ring (a + bp Ciuf/ec-

&
!

£\
*£

&

G2)
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v= meng 40 t dpi /ee +
()

The difficulty of equation (36) when be © can be overcome as

follows :

It ¢ < O 4n equation (37), we obtain

Ne = -B Ceoe,) — 2 pa

Te fC) is small in equation (36), we have

a, + 4; = Rp
and eet b = (/p

"By oth = BE CA4CY 4

« Ble. +e)

"Nee —B Ce, 4Cy)-4 pa NG.

ie, when $ =O Ng = Ne (s@

Thus, although Qye O at the crow, Q cot & -O , and ve

do not violate boundary conditions.

When the hemisphere is encastre at the equator, the constants

are found as follows :



ay = Au

Substituting the above into equations (48) and (56)

And in equations (52) and (55)

He ~a fat (4g +L pa (1-0) /et

aor Ee [ [e.Ca, +8) +¢,CA-Ay] +pal}
a ae \-v)

¢ Ca) +0, C-4) =| aa

Eliminating ey

AC. CA,+A,) + Co As (Au -A))
pees As. pe G 9)

a
cae A pa di-y)

28 [ALChtA) + As CA-AD|

(G5)

This solution does not apply when tue shell thickness varies,
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APPENDIX I

The Finite Element Displacement Method - Basic Equations

It is assumed that a continwim is divided into a finite number

of imaginary elements for which equilibrium is established by trans-

fer of forces between elements at certain nodal points on the element

boundaries. Distributed body forces within the continuum and initial

stress and strain are neglected.

We begin by defining what are }mown as the Finite Tlement

Characteristic FPunstions.

The displacement of any point within an element is defined by

the relation
tr e .

if? = Cx] {s{° ——w
where } fy is the displacement function

[Nn] is the shape function
e

and $84 the nodal displacements for element ¢<.

The generalised stzains within the element are given by

fet = (2st 2 ee

where §¢¢ is the strain

ani {BJ can be derived directly fron (N] ,

The generalised stresses are given by

{6} = (21 fe? iy
where £63 is the stress

and [>] the elasticity matrix.
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Substituting (ii) into (iii)

{6} - (>) [2] (* ——tw
where (J(&] forms the stress matrix.

Applying the principle of virtual work, work done by nodal

fasten NEC = CASEY feR°

Work done by stresses = CA se) {3}

pron (ii) CA fez)" = Ca (538) CBI®
Work done by stresses Ca gaz Vie ae $s}

Fquating external ari internal work done over the whole

"

element, and cancelling out the common miltiplier

cae {cer § 6? ACud) ——ty

Substituting (iv) into (v)

fe? = Poel (ol [] al) £84")

where (tar"e] @) AGol) forms the stiffness matrix.

It can be shown that, provided the virtual work principle is

maintained by the continuity of displacements across element

boundaries, the same functions apply throughout the continuum,
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Yamufacture of Models

The construction materials were ready-made

half-inch thick flat perspex plate, and quarter-inch thick

tubing, all of which are available from laboratory materials

suppliers. The end plates were cut accurately by a technician

and drilled through where required to carry out the internal

strain gauge wiring. The tubes were cut to length and in the

case of the Mark I Model which was formed from two tubes fitted

one inside the other it was necessary to heat the outer tube to

expand it. The inner tube was then inserted and the space between

them was filled with a suitable adhesive.

Before the end plates could be glued into position, the

internal strain gauges and wiring were fixed and numbered. And

finally, after completion of the model construction, the external

strain gauges were placed and their wiring and mumbering. At this

stage the models were ready for testing. In the case of the

perspex models, which were very buoyant, it was necessary to

attach a weight to the bases.

Beste acne

The central component is the pressure vessel in

which the model to be tested is placed. A mild steel cylindrical

tank was made available utilising oil as a pressure fluid. It was

adapted to the present application by an experienced technician

who made an end plate sealed by O-rings, with 120 brass valves

which he copied from a bicycle tube valve, having a conical

seating enclosed in rubber tubing, and passing through the

111A



end plate. The internal and external strain cauge wiring were

then soldered to the respective ends of these brass studs by

myself, as were all the data logger and dummy strain gauges

and their connections so that I could check that all strain gauge

numbering was correctly ordered.

Another component of equipment was an electric oil pressure

pump capable of applying up to 2000psi pressure to the tank. This

required some practise in its use prior to any model testing, as

it had both fine and coarse control. The fine control only was

required for the testing, but it is possible when the upper limit

setting of the fine control is passed for the coarse control to

take over automatically and blow up the pressure vessel, which was

originally designed to go to 400psi, in a matter of seconds.

The tank itself was tested for soundness up to 1200psi on

a single overload run, as the ultimate desigm criteria to have a

maximum working load of 400psi must also be based upon fatigue

considerations as to how ofter it is estimated that the pressure

in the tank would be raised from zero, as well as how mach and/or

for how long. In the end the only way to be certain that everything

would be alright was by trying it out with a substantial working

margin for error.

Dene pbrcceiize

The model to be tested was prepared with all strain

gauge wiring attached before being placed inside the pressure

vessel on a stand. It was necessary to drain some of the oil

to avoid excess displacement by the volume of the model, and it

was topped up almost level with the underside of the end plate

before that too was positioned.
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Strain Gauge

Numbers

1

ar nu FW NM
xo

10

i

12

3

14

15

16

17

18

19

20

21

22

23

24

1 DLU = 1.94 psi

PERSPEX CYLINDER

Mk I Model

Sire An Gevee, Hescsnee

ith Aug 1980

p = 200 psi

+744.0

25365

4554.0

+9520

+2563

+7565

Compression fo

8th Sept 1980

p = 200 psi

+2.0

+738 .0

-222.0

+540.0

+108.0

+3520

+87.0

420.0

248.0

+741.0

=12.0

214.0

eed

4263.0

+252.0

+400.0

-3.0

+26.0

+626.0

~406.0

+511.0

sitive



PERSPEX CYLINDER

Mk I Model

Analysis of Experimental Results

Gauge Nunbers Average Reading Stress Factors

(Compression Negative)

1 2.0 -0.02

2 741.0 -7.19

3 237675 2.31

4 547.0 5.31

5 101.5 -0.98

6 30.15 -0.29

a 81.25 -0.79

8 29.0 -0.19

9 -248,0 : 2.41
10 744.75 -7.22

"1 -12.0 0.12
12 41.0 -0.11

3 1.25 -0.01

14 4 ie

15 262.75 -2.55

16 =i =
17 247.75 -2.40

18 397.0 -3.85
19 -3.0 0.03

20 26.65 -0.26

21 627.5 -6.09
22 -405.75 : 3.94

23 565.25 -5.48
24 zm 2
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Scale: - Full Size
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PERSPEX CYLINDER

Mk JI Model

Experimental Results

Strain 40 psi 60 psi

Gauge DLU's DLU's
Nunber ( 27th July 1981 )

2 -143 229

3 24 38
4 ~-12 -20
6 -21 29

Ti ml -27
8 1c 31

9 5 14
10 -118 -176

11 16 20

12 15 24

a ts 20

14 15 20

15 -88 -148

16 122 -194

17 -100 -156
18 -106 -163
19 25 35

20 13 24

23 -130 -204

24 99 154
25 60 93

26 2 15

27 22 34

28 =134. -211

1 DLU = 2.22 psi

Compression negative

Tension Positive

Average

Stress

Factor

-8.21

1.37
-0.72

=1012

-0.70

-1.02

0.35

6.53
0.82

0.86

0.84

6.79
5.18

-6.98
5.66

5.96

1.29

0.81

-7.38

5.60

3039
0.22

4.19

-7.65

17.



CHAPEER ‘rv

Pressure Test on a Hemispherical Closeé Shell

Twelve microconcrete hemispherical shells were produced by the

University concrete laboratory staff and left to cure in water. From

these those closest to a shell of revolution were allocated for

testing and those which were not symmetrical or had other faults such

as cracks or air bubbles were rejected. The shell for which strain

gauge readings were first obtained was cast on 6th July 1976 and,

although the inner form had moved upwards to reduce the crown thicknes

-s during casting, it is a shell of revolution well within one

millimetre of error both in thickness of shell and out of roundness,

The thickness measurements were taken by setting up a dial

gauge with a roller attachment on a flat steel plate whitch was

designed for laboratory measurement work, The results are as follows.

Along the hemispheric i equator the sheil thickness ait quarter

points wes

A B c D

16.08 15.94 15.57 17.14 mm average 16.18 mm

A measurement taken halfway between the equator and the crow

was 11.15 mm thick and the crown itself measured 9.12 mm thick. For

the purposes of analysis the equator and crown thicknesses are taken

to be 16 mm and 9 mm respectively.

The diameter measured at the equator : -

AC inner 201 mn outer 234 mm diff, 33 mm

=D "201 mm "233 mn "32 mm

Prom the thickness measurements

A+ C = 31.65 m

B+ D = 33,08 m
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Photograph ar 2.

First trial model base - failure by pur 1g shear.



Photograph Number 3(a)

Photograph N

Second trial model base - lure by bending shear.
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411 these measurements are found to be represented within an

error of 1 mm by taking the inner diameter as 201 mm and the outer

diameter as 253 mm with the inner form displaced 7 mm towards the

erown of the hemisphere,

The base of the shell was cast on 27th October 1976, after

two unsuccessful attempts with other shells in which the base failed

too early to give useful results. Testing began on 26th November

1976 and strain gauge readings were first taken up to 400 psi

applied pressure until the roll of print output paper ran out. This

stage is marked by a * in the result sheets which follow.

In order to verify the consistency of the results they were

taken progressively as follows : -

0 psi - 100 psi - 0 psi - 100 psi - 200 psi - 100 psi - 0 psi -

100 psi ~ 200 psi - 300 psi - 200 psi ~ etc, so that they

oscillated from zero each time 100 psi higher in 100 psi steps.

The readings were taken withéut delay aw soon as each pressure was

registering on the gauge mounted upon the pressure vessel,

he pressure reading shown on the pressure punp gauge was

lower as shown on the next page.

4n hour later, when another roll of output paper had been

obtained, further reading were taken until that also ran out after

800 psi had been reached, and, since there was none immediately

available, the testing was abondoned for the day, a Friday.

The next week testing continued. The previous stoppage is

marked as a ** on the results sheets. The final run was taken in

200 psi steps until the model failed at precisely 1000 psi before ther

-e was time to press the data logger button for a set of readings.

Unlike the flat base failures which sounded like a series of feeble

eracking noises until the pressure gauge needle slowly flopped down



TEST EQUIPMENT PRESSURE READINGS

Let P= reading on pressure gauge attached directly to test tank

Let Po= reading on pressure gauge attached directly to oil pump

P, psi Py psi

300 287
200 189 Py is raised from zero in 100 psi

18 5 increments and returned to zero

400 95 again in 100 psi increments,

ae Hes The maximum reading is
400 391 progressively ineveased with each
300 287 i ,
200 469 load oscillation, up to a maximum

0 >i of 2 800 psi.
100 90
200 196

300 294
400 394
500 490
400 391
300 288
200 190

400 90
0 6

100 90

200 195

300 290

400 394,
500 500
600 599
500 494
400 391
300 287
200 188

400: © 87

° 5 z

100 90
200 191

300 292
400 394
oe oe readings (cont.)

si si

700 695 Py peo brate Ore a
600 587 400 389
500 493 500 499
400 .. 394 600 594
300 286 700 690
200 192 800 7192
109 87 700 683

0 2
100 96

200 399

300 292
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at/final failure, the shell failed with a loud report similar to a

rifle shot and the pressure gauge needle moved too fast for the eye

until it was down to about 400 psi. Air bubbled out from the vessel

1id for over an hour until the needle stopped at about 50 psi.

When the model ri removed from the pressure vessel the following

day, the pressure gauge remained slightly above zero, and it is assume

-d that the shock wave at failure caused some alteration in its

calibration, al‘nough no actual damage was found when it was opened

up for inspection.

The shell had failed in a circle about 10 cm diameter placed

about 3 cm off centre from the crow. The fragnents were up to 1 cm

long, irregular shapes, There were few of these, however, to be

found, the rest of the failed area having been transforred into

concrete dust which could be seen suspended in the oil which was

siphoned out of the shell.

The final reading on the strain gauges, taken «fter failure is

chyshown on the results sheets with the mark thus, an The lessons

learned in this firct test with full strain gauging, were first of all

to have equipment fully loaded to go the full test run,

The results showed that many strain gauges became useless after

standing in the oil of the pressure vessel for four days. The model

had been placed in the vessel, topped up and enclosed the day before

testing, 25th Novenber 1976, A pressure of about 400 psi was

epplied in error that day when checking the pump which was found to

have a delayed action from zero before picking up pressure. This was

the second lesson, but fortunately the model appears to be elastic up

to 400 psi in this case,

Therefore future tests should be carried ovt with a more

reliable procedure, although it involves a long day of testing when

more care is taken,
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E axis of
| revolution

leo-S aw

Fanny

Fig. 11 a) Half - section through hemisphere

cast 6/1/76

tested 26 to 29/11/76

Cubes cast 6/7/76, tested 2/12/76 to failure : -

5367 K/nn

43.9

3501

5567

Average 47.1 X 1000/6.895 = 6831 psi
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Line A.

4 a

5 aoe

Outer surface of shell.

Line B

Fig. 11

( Hemisphere ca:

Inner_surface of shell.

st 6/7/76,



Préssure Opsi 100

56
630

290

591

463
360

547
707

435
105

667

343
554

351
762

349

479
669

554

363
537
290

511

364
494
342

508

391
-28

1225

1481

548
796

1381

233
962

1035

357

356
83

387

39
615

274
568

456
355

531

694
432
98

646

333
540

337

156
338
484*
660

537

354
524
276

495
349

4m

343
504

387
=32

4220

1468

914

530
788

1362

217

942

4023
344

340

368

1009

329
320

52

347

419

357

<1
1194

1446

893

491

7
1318

182

898

993

315

303
3D

329

“1
560

221

493
428

340

414

637
422

7T2

574
296

492
308

738
299
406

621

466

325
480

236

435
300

394
366

492

364
~39
1181

4436

879
468

760

1296

162

876

975

299
284

16

308

* high, assume 462,

Selected strain gauge readings.



Pressure 0-100psi 100-200 ___ 200-300 ___ 300-400 av. diff.

01 ~17 -19 -14 -13 -15675
02 “15 -23 15 -17 -17650
03 -16 -19 -16 -18 “17.25

04 -23 26 =23 ~26 -24.50

05 -7 =o “9 -10 -8.75
06 oe) =5 => 5 5200
OT - - - - -

08 -16 -18 -18 -21 -18.25

09 -13 -16 -18 -23 -17.50
10 3 =o =o ~4 3025
11 -7 mt <9. ~10 8.25
12 -21 24 22 26 23.225

nb -10 -10 -12 -15 11675
14 -14 -15 ~15 -18 -15450

5 -14 -11 -9 -9 10.75
16 6 -6 -5 -7 -6,00
17 -11 -14 -12 -13 -12.50
18 AT -21 -16 -19 18.25

19 “9 -11 13 -15 12,00

20 -17 24 -23 -24 -22.00

21 “9 -T “9 =13 9250
22 -13 -13 -14 -17 14.25
23 -14 -13 -13 -14 -13.50

2 -16 ~20 -19 21 -19.00
2D -15 -18 -14 -17 =16.00
26 23 ~29 ~23 25 25.00
27 +1 +6 +8 +9 +600
8 -4 ad -3 5 -4.00

29 -4 <5 -8 -10 675

30 4 ~2 3 =o =2675

31 -5 13 15; ~13 ~11.00
32 -13 ate -10 -10 41625

33 -10 -10 -i1 -14 14025

34 -18 -20 -19 -23 ~20.00
35 -8 -8 -8 -11 -9.00
36 -19 24 ~20 -22 21625

37 -16 ~19 -16 20 =17675
38 ~20 -24 -20 ~22 =21.650
39 - - - - -
40 “12 -14 -16 -18 -15.00

41 =13 -15 -14 -16 -14.50
42 -16 ~-20 -17 -19 -18,00

43 “16 -20 17 -19 -18.00
44 -19 -21 -18 ~24 19675
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00-200 200-300 300-400 Check sum

411.11 417.46 -0,00
414.29 +0286 +0.04

407.25 04.635 40,04
406.12 -06.12 40.00
-02.86 -14.29 -0.01

0.00 0.00 0.00

401.37 15.07 +0.00
-02.86 31.45 -0.01
407.69 23,08 -0.01
-09.09 21.21 +0,00
405.38 -11.83 +0.00
-02.13 27.66 -0.01
403.23 16.13 +0,01
416.28 +16.28 -0.00
+1667 -16.67 0.00
+04.00 -04.00 0.00
412.33 -04,.11 +0.00

08.33 =25.00 0.00
04.55 ~09.09 40.00
495226 36.84 40.00
401675 -19.30 -0.04
+0370 -03.70 0,00

0.00 10.53 40.00
+12.50 ~06.25 0.00
+9800 0.00 0.00
433035 +50.00 -0.00

+25.00 -25.00 0.00
-18.52 48215 40.00
-09.09 427027 -0.00
-18.18 18.18 40.04
414611 411611 ~0.04
402.22 24.44 +0.00
+05.00 -15-00 +0,00
411.11 22.22 0.00

405.88 ~03.53 +000
+0986 -12.68 +0.00
406.98 02.33 40.00

40 420,00 406.67 -06.67 -20.00 0.00
44 410.34 03.45 403.45 ~10.34 0.00
42 411011 11011 405.56 05256 0.00
43 +11.11 -11.11 405.56 05.56 0.00
44 403.80 -06 233 +08 686 -06 33 +0.00

Percentage difference from the mean,



Range (5

95.00

85.00

8

65.00

55.00

45.00
35.00

25.00

15.00

5.

(-4.
(-5.00
- 15-00)
=25 00)

-35.00
-45.00

55200
-65.00

75.00
85.00

(-95.00) ~

38

8888333 0

Prequency

4G

Oe |

%)

ic

100,00

94.99
84.99

74.99

64.99
54699

44.99

34.99
24.99

14.99

(4.99
14.99

24.99

£34.99

f-

44099
54.699

64.699,
T4699
84.99

94.99
100.00

105 9
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|

Prequenc;

0.00
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|
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50% 0% 50%
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Strain Gauge. Stress factor.

01 3.59
02 ~3.99
03 3.93
04 5.59
05 2.00

06 1.14
07 -

08 4.16

09 -3.99

10 -0.74

41 -1.88

12 530

13 ~2.68

14 3.53

15 -2.45
46 -0.91
47 2.85

18 -4.16

19 2674

20 -5.02

21 2.17

22 3.25

23 ~3.08
24 4.33
25 ~3.65
26 -5.70
27 40.95

28 -0.91

29 -1.54

Oe ~0.63
31 2651
52 O57
33 2.57
34 4.56
35 2.05
36 4.85
37 4.05
38 4.90
39 -
40 3.42

41 3.31

42 ~4.10
43 ~4.10

44 4.50

Experimental stress factors.
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Pressure Opsi 100 200 300 ~—400

01 erratic

02 407 393 377 360 34%
03 240 229 216 203 189

04 465 448 429 410 390
05 114 94 80 67 55
06 erratic

O7 erratic

08 413 396 317 359 339
og not working

10 229 212 193 174 155

At 392 371 350 328 306
12 erratic

13 510 498 484 469 455
14 711 696 679 662 645

1 erratic

16 905 884 863 845 830
AT 614 606 595 583 579
18 620 608 594 579 564
19 674 654 635 616 599
20 569 547 523 500 479
21 112 109 102 92 80
22 306 295 283 271 257
23 =19 =-30 -45 -61 -76

24 307 294 279 265 250
eh 15 ah ° -15 -30
26 242 228 212 197 182

27 366 378 375 368 361
28 323 306 287 269 251

29 517 566 553 541 528
30 194 179 162 147 129
31 4177 «1162 1148) 11341119

pe 1508 1490 1472 1454 1436
33 erratic

34 242 225 206 187 166
5). erratic

TodeeelI99 Maddisy Adobo t 137
ST. erratic
38 860 849 834 820 805
29. 1120 4141. 1101 10901080
49 1021 4001 982 964 947
41 erratic

42 158 142 124 106 87
45 erratic

44 346330 511 295, wale
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Pressure 0-100psi 100-200 200-300 300-400 av. diff.

01 - - _- - -

02 -14 -16 -17 -16 15075
03 -11 -13 -13 ~14 -12675

04 -17 -19 -19 20 18.675
05 -20 -14 -13 -12 14675
06 fe e: ss 2 o
07 = - - - -

08 -17 -19 -18 20 -18.50

09 - - - - *

10 -17 -19 “19 “19 ~18,50

1 -21 21 -22 ~22 21.50
12 = - - - -
3 m2 -14 -15 ~14 =13075

14 15 -17 -17 -17 -16.50
15 = 2 = = =
16 ed -21 -18 -15 -18.75
tg. -8 -11 -12 13 -11.00
18 =12 -14 -15 -15 -14.00
19 -20 -19 -19 -17 -18.75
20 322 -24 -23 -21 ~22.50
21 3 “7 -10 -12 -8,00
22 -11 -12 -12 -14 ~12.25

23 “it “15 -16 -15 -14,25
24 -13 =15 -14 =15 -14.25
25 -4 =i -15 =15 -11.25
26 -14 -16 =15 =15 =15.00
27 42 -3 -7 -7 #1225
28 -17 =79 -18 -18 -18.00

29 -11 eter -12 -13 12.25

30 -15 17 =15 -18 ~16.25

31 15 14 -14 -15 14.50
32 -18 -18 ~18 -i * #48,00

33 = - = = =
34 -i7 -19 19 21 +1900
35 - - = = =
36 =15 -16 17 =19 16.75
3T = = = = =
38 =11 “15 -14 "5 13-75
32. “9 -10 -11 -10 -10,00
40 =20 “19 ~18 -17 -18,50

41 =) - - = =
- ~16 -18 -18 ~19 -17675
4 - = oo - =
44 -16 -19 -18 =21 ~18.50
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Pressure 0-100psi 400-200

02

03

04
05
G3

10

v

13
14
16

17
18

19
20

21

22

23

24
25
26

a7
28

+11611

413673
49633

35659
+8611

+8411

42055

412073

+9009

=12.00

427027

+1429

-6.67

+2622

462.50
+10.20

+22,81

48.77

464.44
+667

erratic

+5056
+10.20

+7069

3045
0,00

+10.53

+10045

+20.00

+10.00

8.11

+9686
413051

-1.59

-1.96
1.633

+5208

-2.70

2670

42.633

1.82

3.03

-12,00

0.00

0,00

1.33
6.67

412.50

+2.04
=5e26

5026
42422

-6.67

5256
6.12

-4.62

43645
0.00

0.00

+4248

9209
0.00

2670

1641

2.70

7694
-1.96

1.33

+1186

+2470

2670

2.33

9209

3203
+4200

9209

7614
1.33

2.22

-25-00

+204

12.28

+1675

33.33
0,00

0,00

+204

+769

+3245

0,00

0,00

1.49
-1.82

-10.00

+2679

1.41

+2270

OS ee

-1.59

-9 80
6.67
+1864
~8.11

~2.70

2033

-1.82

3.03
+20.00

16.18

7014
+9033

46.667
-50.00

-14.29

5026
5026

35033
0.00

0.00

6.12

=10677

3045
0.00

=10.53

13.43

9.09
0.00

48.11

-7.04

13.51

Bie Seep sees ec eon oe Mena

133.

0.01

+0.01

+0.00

-0.01

+0.00

+0.01

+0.00

+0.00

+0.00

+0.00

+0,00

+0,01

+0,00

+0.00

+0.00

-0.01

+0.01

+0,00

+0.00

+0,00

+0,00

+0,00

0,01

+0,00

+0,00

+0,00

+0,04

+0,00

+000

+0,00

40.00

+000



y

Range (%) Frequency (actual) Frequeney_ (2%)

55.00 - 64.99 2 1656
45.00 = 54.99 0 0.00

35.00 - 44.99 0 0.00

25.00 - 34.99 1 0.78

15.00 = 24.99 3 2634
5.00 = 14.99 26 20.31

(4:99)- (4.99) 58 45031
(-5.00) = (-14.99 34 24.22

co - ee 2 1.56
25400) - (~34.99 5 2034
eee - ae} 1 0.78

45.00) - (-54.99 1 0.78

total 4128 99.98

Frequency distribution of percentage

error from the mean.

459 ~

40 4 ; 7

357 ‘ b

30-4

Frequency] % hdl
254 b

70s

157

107 b.

57 
L

Ou r tT r + 7 : I >
Ge re mE OF IO mcor 30 407 SON e0

Range %

Fig. 12 c)
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Strain Gange Number Stress Factor

02 2.96
03 2640

04 3053

05 2077

08 3.48

10 3.48
11 -4.04

13 2659

14 -3210

16 3.53

17 -2.07
18 2.63

19 3053
20 4.23
21 -1.50

2 ~2.50
23 2.68 -
24 2.68

25 2012

26 2.82
28 3.38

29 -2.30

30 -3.206
31 2673
32 -3.38
34 -3657

36 3015
38 2.59
39 -1.88
40 3248
42 3034
44 3.48

35

bade



Analysis of Experinental Results

In order to make some sense out of the results of strain gauge

readings under varying applied pressure, it is necessary to establish

the relationship between the strain gauge readings and the actual

stresses and strains, This is done by carrying out loading tests on

a simple structure for which relationships are mown between the load

and stress/strain relationships. ‘the simple cantilever beam was

used in the following case made from a simple plain microconcrete

specimen, cast 12th May 1975, and tested 2nd December 1976, It had

a pair of strain gauges already attached of the same type as those

used (78).

dial

gauge

ee iA strain gauge
end

Pa ye

B strain gauge

+ 
load

[i 579 mm =

a) line diagram of test beam

4

39 mm|

b) section through beam

Fig. 13
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Load (Newtons) Deflexion (ma). +

oO 1.83

1 1.84

1284

1.82

1.80

1.80

12785

16775

1.755

16745

1.75

1.76

16775

1.791

on WNW SF WwW DD
nn a @

1.805nw fF w& 1.822

1 1.835

0 ; 1.85

* from the reading thus marked onwards the dial gauge was

lightly tapped as it seemed to stick slightly with the addition or

subtraction of each increment of loading.



readings were continued with higher loading:-

load. (Newtons) _ Deflexion_(mm)

10 1672

12 1.693

14 1.67

16 1.632

18 1.601

16 10624

14 12652

12 1.677

tu 1.70

0 1.837



with the corresponding data losger output:-

00 + 490

01 4 265

00 + 490

01 + 264

00 + 491

01 + 264

00 + 492

01 + 263

00 + 492

01 + 263

00 + 493

01 + 263
00 + 494

01 + 262

00 + 495
01 + 262

00 + 495
01 + 261

00 4 495

01 + 262

00 + 494

01 + 261

00 + 494
01 + 262

00 + 493
01 + 262

00 + 492

01 + 263

00 + 491

O1 + 263

00 + 491

01 + 264

00 + 490

01 + 264

00 + 489

01 + 264

00 + 496

01 + 260 :

00 + 497 where 00 is A strain gauge
01 * 259 01 is B cy "
00 + 499 =
01 + 258

00 + 500

01 + 257

00 + 502

O01 + 256

00 + 501

01 + 258

00 + 499

01 + 258

00 + 497
01 + 259

00 + 496
01 + 260

00 + 489

O01 + 264
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The results are seen to be linear and can be smoothed out:-

Load (Newtons) Deflexion (mm) Gauge _A Gauge B

0 1.84 489 265

2 1.82 491 264

4 1.79 492 263

6 1.76 494 262

8 1674 495 261

10 1.71 496 260

12 1.68 497 259

14 1.65 “499 258

16 1.63 501 257

18 1.60 502 256

They reduce to:-

0 0 0 0

2 0,02 2 -1

4 -0.05 3 “2

6 -0,08 5 -3

8 0.10 6 -4

10 20513 1 -5

12 -0.16 8 -6

Ata d ~0.19 10 -7

16 -0.21 12 ~8

18 _ 0624, 13 ~9

o*. the ratio of load/deflexion = 18 /(-0,24) =775_¥/nm

The strain gauge readings show different properties in tension

and compression,



ee ee w/z

where f is the stress

M the moment

Z the section modulus

Z = 26 X 39° = 6,591 nm?

MN u 518 X load = 518 W

o*. £ = 0.07859 W N/mm> = 11.4 W psi (load W in Newtons)

when W = 18

f= 11.4 X 18 = 205.2 psi

«*. one strain gauge data logger unit in tension corresponds to

Zone

13
and in imme compression

1528 pai

9
= 2248 psi

eS. Strain gauge number 12 on the jast run fxcm zer> pressure to

800 psi before failure at 1000 psi gave readings of 655 and 435

respectively, a difference of 220, or more precisely ~220 where

compression is negative.

The corresponding stress i6 -220 X 22.8 = 5016 psi

at 1000 psi the stress is thus 5016 X 1000/800

= 6270 psi

this failure stress is comparable with the average cube strength

of 6831 psi. In fact just before failure at 1000 psi the

pressure gauge overshot the 1000 psi mark by about 50 psi due

to the delayed action of the pump mentioned earlier. ‘This

cuts the remaining difference by half,
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Young's Modulus, E, is also found from the calibration beam : -

Integrating the relation EIly"=N=-Wx

Ely" =-twx +e,

when x = L, y' a 0.0, saw?

eee Ely' = -3wxe+4w1?

Integrating again Ely ~Z¥x sd xa

when x = L, y 20. a-dwi eda? aes wits

eo’. Ely Sole ewitnln eed Wid?
6

~gW (2-3 x20?)

where I = b a? / 12, the moment of area

y = deflexion, distance x from the end of the

cantilever,

and L = length of cantilever,

Now we have established from the experiment that W/y = 75 N/ino

also x = 210 m

L = 579 mm

I = 26 X39? / 12 = 128 524.5 mnt

= 517x421 = ( 9.26 - 21462 + 308.2 ) x 10°

= 186.26 x 10° nm?

o's B= 765 y 186,26 x 10° x 1000
“6 ~ “728°524.5 YE

o eR 6 26 x.10° psi
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Through the preceding pages the data logger output is given in

full, followed by a breakdown of the readings to give a single everage

value for each strain gauge which reuresents the difference for an

increment of 100 psi in applied loading. Inspection of the output

shows first of all that strain gauges 7 and 39 were not in operation.

Since this was not discovered until the whole apparatus had been set up

and the cause was not found in the external equipment, it could be

that the strain gauges were faulty, or the soldered connections were

inadequate. The former case appea’s most likely as both these gauges

are on the outer surface of the shell in close proximity to each other

where they may have teen demaged at the same time. Inspection of the

soldered connections showeé them to be all firmly in place when the

apparatus was dismant}ed to remove the model from the pressure vessel

after completion of testing.

In the last phase of testing a batch of about half a dozen

gauges were not working, and at first this was thought to be due to

deterioration from leaving the model immersed in the oil pressure ves~

sel over the weekend, However, while dismantling the apparatus it

was noticed that one of the junction leads into the data logger was

halfway out of place, and it corresponded with the inoperative gauges.

Therefore there is no conclusive evidence that several days of

immersion in the oi] causes any deleterous effects upon the strain

Gauges

The general impression from the data logger output is of

elastic behaviour up to 400 psi applied pressure, and above this

the signs of creep can be detected as the readings fali progressively

as the applied pressures were brought down again, suggesting a

compressive strain setting in. Only strain gauge 27 reads tensile,

all the rest show compressive strain. The readings were selected for



the range zero to 400 psi of applied loading, generally from those

found for the first complete rum in this range,

Fowever, where some erratic readings appeared such as in strain

Bauge 20, then the results were inspected further and other more

representative ones chosen, Assuming the strain to be zero at zero

applied pressure, then the strain increments for the corresponding

increments in applied pressure are seen to be constant for each

gauge throughout the tests. The variation is found to follow a

normal distribution about the mean, as shown in the histogram. There

the curve was fitted with a calewlated standard deviation of 16.9 %.

Therefore the assumption of a linear relation between load and

strain gives a maximum of 50 % error, anything higher being accountable

as @ low strain value for which only small variations in readings give

a high percentage error.

The average differences for each strain gause can now be

multiplied by the factors found from the calibration beam to convert

them into stresses, and dividing by 100 psi increment of applied

pressure, the stress factors for the shell are found. Finally the

significance of the results can be assessed in their relation to the

behaviour of the shell structure as predicted both by theoretical

considerations and the assumptions and conditions attendant upon the

experimental testing.

144.



CHAPTER THREE

e Test on a Conical Closed Shell.

A very accurate frustum of a cone was cast on 20th July, 1976,

and the strain gauge readings from the tests made on 27th January, 1977

are in the pages which follow, No strain gavge was placed on the

inner face of the end closure as this small part at the apex end of

the model was too badly cast to find a reasonably plane area, reducing

the number of gauges to 42. Of these gauges 8, 10, 20, 24 and 35,

were either completely out of action or gave obviously erratic readings

which could be discounted as false. No visible evidence was found to

explain the cause of any faults.

On 31st January, 1977, four cubes which had been cast at the

same time as the shell were destroyed on the Avery machine at a speed of

10 % per minute of the 1250 kN range. The microconcrete appears

consistently stronger than the results for the four cubes tested for

the hemispherical shell, although they were about the same age. ‘The

model itself was tested up to 1000 psi applied pressure and neither

failed nor revealed any signs of cracking when inspected afterwards.

The strain gauge readings, however, indicate that they were nonlinear

in some parts of the shell and the results were selevted for the :

0 to 400 psi range of applied pressure where they remained linear and

suitable for the purpose of this analysis.

Readings were taken at 50 psi intervals of applied pressure,

following a similar pattern as for the previous test on the

hemisphere, but no advantage arose from the extra information and the

100 psi interval results only have been recorded here, Accuracy in

the linear range is seen to be limited by a time lag effect. At one

point in the test, going from 200 to 250 psi for the first time, the

pressure pump went out of control because the coarse control had been
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inadvertently set to work automatically, and the pressure rose rapidly

to 500 psi before it could be released. Fortunately the model was not

damaged and the strain gauge readings exhibit elestic continuity as

the experiment proceeded, Another minor delay occurred after 600 psi

was reached, when the data logger owtput roll finished.

The following results were obtained for the teste cubes

6261 N/mm?

61.4

60.6

6540 cs

Average 62.275 X 1000/6.895 =-9032 psi

On 28th January, 1977, 2 plane microconcrete beam was tested to

determine elastic properties. It had been cast 5/1/17 with the

following dimensions,

~~. dial gauge

34 mm )

eae gavges /

=
1

6 mm

| load

a) Test Beam Layout {

Fig. 14

39 mm

N A

26 mm b) Beam Cross Section

The beam test results follow: -
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Dial gauge Load Data
ma 1b logger

aiff. 4 diff, 2 diff.

00 ents ° 625 672 s
eg -617 : Gol se
2422 To*k9 4 ~609 "4 SH
1272 : 6 -598 644

8 collapse

Working in 1b in. units,

2

section modulus = 2 = 0.268 in?
n

bending moment for a 2 1b load = 2 X 20.157 = 40.315 1b-in,

maxima stress = 40.315

0.268

which is represented by 8 units on the data logger

150.429 psi

therefore one unit on the data logger is 18.8 psi in the

linear elastic mange both in tension and compression.

The above result suggests that; the first test beam which was

cast 12/5/75 and tested 2/12/76 was reinforced to cause different

properties in tension and compression, and the above result will be

adopted for both the hemispherical and conical shells,

In the equation

Ely

we have x=0

-iw(2-5ux+V)

L = 21.5 in

I = 0.137 in*

W=21b

y = -0.0146 in.

ase E = 3,300,000 psi.

The cube strengths for the beam material were found for three

cubes on 2/2/77 to be :-

40.6, 5220, and 52.3 N/am”

and a cylinder failed at 31.8 /am=

Also, the microconcrete weighed 135 ib/ft?
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Three further cubes were destroyed on 16/2/77, cast 5/1/77, with

the following results :-

48.1 N/a?

4207

233

Average 48.0

A test was also carried out on the same day on a cylinder of

the same material to obtain further strain gauge readings. One gauge

was accidentally damaged.

c

K

mal 1

Strain -
gauges Dial

aoe
A

2) Plan

p) Elevation

Pige15 Test Cylinder



aiff.

50

50

50

50

Dial gauge

A aiff,

11.18

11.18 oe
11.16

qb
1135 2
11215 0

11615 0
11615

11615

11.18

Age tomer
oe
11.26 S04

11.30 ‘Og

feo oG3
iiese tae

11.20 soa
11644 £09
11649 “09
11.58 °

2

04

03

0001

B diff.

14.40

14.48

14.58
14.67

14.77
14.85

14.58
14.98

15.06
15015

208

210

209
«10

208

~e27

«40
208

209

14.62 7293
65

Strain gauge

GC ditt, 2) diff.

5673 04 -1532

5677 “og 1539 17

-8
5405 og 1546
Bag ES oA

5.95 “Oe ~1561 54
6200 _*97 =1571 “19

2el0 355 ~ 1231 54
6.03 °29 -1585

6.07 *04 ~1596 “13
6.11204 ~1609 “12
Saft To ~1539 de

6413 Top ~1629 1g
6.15 "02 ~1647 “19
6.18 °F 21666 ~

6.21 °02 1690 “24
6.24 °05, -1712 769
5e74 °20 =1543_ 09
6651 %O7 - 1745 49
6638 "96 -1787 "36
6.44 °° -1823

failure at 800 kN

10.78 15679 5074 -1611

3 aiff.

-1519 -25
~1544 733

-1573
~1600 a
-1624 5h
=1646 328

-1526 12
=1678 ~122
=1694 ae
1692

=1538 174
~ini2 “114

=) m8
Sidsene

TO aS
-1788 516

-1568 246

~1814 "35
=1046 7}
-1873

-1638





Pe a

18) mm i
1 mmba eee 35

ae
strain gauge cent!

131 mm E ib
159 mm

axis of

revolution

' Hig

Lao

a \

strain gauge centres :
A

\ Xe
a

1 top surfags of base 10,

+ 94 nm en
=

Fig. 16 a) Frustum of a cone,

( cast 20/7/76, tested 27/1/77 )
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38 mm

1
18] mm — 20

he 27 m4

1

strain gauge

centres

K e \cam /
| P axis o: \ 

’

4 31) ae & revolution \ 159 mal

'

\
\ 34mm

straii gauge centre

NN
2mm

'

top surface of base ,
.

\
a

ee 24m peal Ss a
' '

1 Uae
' (24) mm

aa'

L----2

Rad@ial plane D

TL era 47mm

Fig. 16 b) Frustum of a cone.

(cast 20/7/76, tested 27/1/77 )
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( Frustun of cone cast 20/7/76 )
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Strain Gauge Pressure psi

Number ioewObnig 100515 2008. 500) 5.2400 i

1 235 228 220 212 203

2 330 325 319 313 306
3 530 523 515 507 499
4 436 438 441 4d 447
5 532 527 521 514 506
6 44 51 -60 -70 -19

1 390 382 373 365 356
8 - - - - - erratic

9 509 499 487 413 459
10 - - - - - erratic

1 480 467 459 447 432
12 O17 897 874 851 827
13 617 609 600 592 585
14 113 699 685 672 658

15 354 341 326 310 295
16 632 609 582 555 528
17 651 641 631 622 615
18 618 603 588 575 561
19 693 691 688 685 683

20 - - - - - gauge not working

21 381 377 372 368 363
22 128 118 107 96 84
25 198 192 186 179 172
24 - - - - - gavge not working

25 70 51 29 6 16

26 366 365 365 365 365
27 191 171 150 126 196
28 327 316 307 297 206
29 315 295 273 251 226
50 158 134 110 86 61

31 144 738 135 732 729
32 4045 1036 1030 1022 1014

33 340 336 332 328 323
34 “173 -182 -192 -203 -213
a - - - - - erratic

36 769 133 741 127 M2
37 -BB “97 -<f22 +148 4176

38 489 487 486 485 485
39 627 607 584 564 536
40 660 645 630 616 600
41 65 46 26 7-14
42 269 241 211 181 4

Frustum of a Cone



Strain Gauge Pressure psi

__ dumber 0 - 100 100 - 200 200 - 300 300 - 400 ave

1 -7 -8 -8 “9 3

2 5 -6 6 ay 6

3 =T -8 -8 -8 “7075
4 2 3 3 3 2.75
5 5 6 “7 8 6.5
6 -7 “9 ~10 9 ~8.75
7 6 “9 -8 -9 8.5

9 -10 -12 -i4 -14 1265
10 - ~ - - -

1 -13 -8 -12 -15 -12
12 -20 -23 ~23 24 22.5

13 -8 -9 -8 -7 -8
14 -14 -14 -13 -14 -13.75
15 -13 <5 ~16 =15 14.75
16 ~23 ~27 -27 -27 =26
17 -10 -i0 -9 -7 “9
18 15 -15 -13 ~14 14.25
19 -2 -3 3 -2 265

20 - - - - ~

21 -4 +5 -4 =5 ~4e5
22 -10 -11 “ii =12 ~i1
23 ~6 -6 -7 -7 605
24 - - “ - -
25 -19 -22 =23 -22 2165

26 -1 o 0 oO 0225
27 =20 -21 22 22 21625
28 “11 “9 -10 -11 10.25
29 -20 -22 22 23, 21675
30 24 24 -24 ~25 24.025
31 -3 -3 3 -3 -3
32 -9 -6 -8 -8 1675
33 -4 4 -4 5 4025
34 -9 -10 -1i -10 -i0

35 - - - ii 2
36 “14 -14 “14 “15 14.25
7 =24 -25 26 28 25675

38 -2 “1 -1 0 a)
39 -20 23 -23 ~25 -22.75
40. -15 -15 ~14 ~16 -15
41 -19 ~20 -19 -18 -19
42 -28 -30 ~30 -31 29675
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Strain Gauge Number _Hemisphere Cone

1 2.96

2 3029

3 3024
4 4.61

5 1.65
6 -0.94
7 -

8 3.43
9 3.29

10 0.61

11 1255
12 4.37

ues 2.21

14 2291

15 2.02

16 1.613
17 2.35

18 3.43

19 2.26

20 4014
21 1679

22 =2.68

23 2.54

24 3657
25 =3201

26 -4.70
27 1213

28 0675

29 1627
30 -0.52

31 2.07

32 2612
33 2.12
34 -3.76
35 -1.69
36 ~4.00
37 3034
38 4.04

39 -
40 2.82

41 2.73

42 -3.38

43 3.38 Ss
44 -3.71 -

Stress factors



CHAPTER FOUR

Comparison Between Theory and Experiment.

The following pages give the computer output in the form of

principal planes and stress factors for the two cases which have been

described in the experimental work, the hemisphere and the frustum of

acone. The analysis by the finite element displacement method

employs the Q2CST element and cannot be directly compared with the

experimental work in which surface strain gauges measure movement in

the meridional and circumferential directions.

The chosen finite element program gives output values at the

element centroid, and the surface stress factors can be found by

assuming an even distribution of stress across the shell thickness

or by extrapolation. Shell values are found from principal valuen by

rearranging the equations which relate them to global or any other

AXES e

ie.

O-& = En uo

& a 6 =, Tey tend

eliminating bey

CG -~ Sten h « os Ge - 6) eat

be G& ton d — Send = Spestd - Gc

also

&

6+ &Gyo 2pm tana

= ee = tae

Kt pt &%

ae NioN



combining these two relationships

Se tnd + Seeks © & Cimig tet 6)
é. eae Ot 4 + cot

tuidh tet d

ss SO & cen + 6, cos* bh

and

G & cotd - 4 step

For convenience the finite element results are plotted as contin-

uous curves of stress factor against the angle between the outer radius

and axis of revolution of the hemisphere. For the frustum of a cone

the stress factors are plotted against the distance measured along the

surface meridian from the axis of revolution at the crown. The

experimental results are superimposed as isolated values for comparison.

Of the two experiments the frustum shows more similarity between

theory and experiment which may be put down to improved experience in

carrying out a reliable testing procedure. The hemisphere equator may

not have been fully encastre, while the frustum was embedded much more

efficiently in the base by the use of a small pipe to release the air-~

lock inside the shell. That wes during casting, and then the thesneris

cal analysis suggests minor tensile stresses which could initiate

rotation of the hemisphere equator.

The hemisphere shows wide variation of the experimental results

at similar positions along the meridians which are at right-angles to

each other. ‘The corresponding pairs of results for the frustum appear

close together and impart the sense of authenticity as an axisymmetric

phenomenon,



Mk I

Element Nodes Principal Plane Stress Factors

fsJaek (Degrees) Major Minor Hoop Shear

4:25 6. 2 -8.05 -0.31 --2.38 + ©-3.40 1.03
ees Tas -6.43 0.31 --2.65 -3.87 4.17

Paes -3.56 0014-2671 4,29 1,28
5 a9 10.~—6 -3.69 0.93 -2.83 ~-3.90 0.95
640. AP" Ag -7.18 0.47 -2.48 -3.94 1.01
Top iientce oe -4.41 “0.19 -2.38 -4.24 1.09

9 13 14 10 -2.48 2.89 =-3.01 ~3.98 4.06

40.1as 16. 44 5.06 -2.59 2653-404 0.97
44.95 46 42 -3.99 0.20 -2.10 4.16 0.95

B17 48) 14 =1.26 -0.88 -3.14 -3.96 1.13

14.18 19 15 -2.79 0.56 -2.52 -3.98 0.98
15 19 20 16 -2.44 0.20 -1.93 -4.07 0.87

AT 2122 18 0.36 0.86 =-3.17 3.81 1615
18 22 23 19 0.05 -0.54 2.50 -3.83 0.98
19 23 24 20 -9.50 -0.18 =-1.83 -3.90 0.82
21 25 26 22 2.67 0.85 -3.07 -3.50 ttt

22 26 27 23 3.85 0.52 -2.49 ~3.56 0.98

23 27 20° 24 1.98 -C.17 --1.82 = =3..66 0.83

25 29 30 26 6.59 -0.83 -2.79 -3.00 0.98
26 30 31 27 8.85 0.49 = -2.51 -3.19 1.01

27 31 32 28 4.90 -0.16 -1.94 6 0.89

29 659 934 e190 14.81 -0.77 2.29 0.76
BO. 34 95.54 14.93 -0.42 -2.58 1.08
Bin Sou sO Se 7.80 0.14 -2.25 1.06
33. 37 38 34 35250 0.49 -1.67 0.59
34 38 39 35 21.39 -0.30 -2.70 1.20
35 39 40 36 10.33 “0.12 +=2.80 -2.71 1.34

37 41 42 38 72.12 -0.08 =-1.54 -0.96 0.73
8 42 43 39 25.71 -0.27 9 -2.88 = =1.75 1.33

39 43 44 40 12.03 -0.08 -=3.66 2.49 1.79
41 45 46 42 -83.40 0.54 -1.15 +0064 0.85

42 46 47 43 41.26 “1675-3034 0-225 0.80
43 47 48 44 15.80 -0.00 -4.68 -2.40 2.34

45 49 50 46 -63.76 -0.06 -1.07 1.28 0.50

46 50 51 47 58.68 0.81 9 --1.46 0 =1.39 0.32
47 51 52 48 27613 -3.00 -6.90 -4.17 1.95
49 53 54 50 -19.87 0.07 -0.86 1.57 0.46
oO Sk. 55 51 -1.01 ~0.64 -1.44 -1.68 0.40
5h) 255 - 56)'52 55429 3417 6.54 -4.09 1.68
53 57 58 54 7.02 0.80 -1.14 -1.94 0.97

94 58 59 55 45.47 1.16 -3.99 -3.10 1.41
55 59 60 56 70.00 0.55 -3.37 -0.96 1.96
57 61 62 58 42.34 0.33 -2.26 = =3.649 0.97
58 62 63 59 58.50 0.64 -2.95 -2.02 1.79
59 63 64 60 61.84 0.44 -1.88 0.07 1.16

61 65 66 62 72.27 0.41 -3.58 4.60 4.58
62 66 67 63 59.77 0.43 +=2.85 2.06 1.64
63 67 68 64 41.62 0.87 -9.75 1.135 0.84
5 69 70 66 81.34 -0.63 5.59 -5.70 2.23
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76

Mk I (continued)
65.38 0.19
20.66 1.48

87.04 -0.77
69.93 70.31
5.16 2.20

85.36 2645
67.49 -1.07
-2.80 5.51

grate Dane

1.270 1.270

-2.60

-0.20

~6.25
2.52

-0.17
-8.01

2.16

-0.89

1.279

2.00

2.00

-6.49

1.98

2.78

-7-33
1.49

3.90

1.0 0.39

1.39
0.84

2.74

4411

1.18

2.78

0.54

2.10

1.0



Element Nodes

I

Ww RIAUWUYWDND =
10

ah

14

1D

17

18

19

21

22

2

25

26

27

29

30

31

33

34

35

37

38

39

41

42

J

wr nu
10

1

13

14

>

17

19

24

22

23

25

26

27

29

30

31

33

34

bs)

37

38

2

41

42

43

45

46

K

10

12

14

15

16

18

Ag

20

22

23

24

26

27

28

30

34

32

34

35

36

38

39

40

42

43

46

41

L

O2rANnLUYW PD
10

1

12

14

15

16

18

19

20

22

2

24

26

27

28

30

34

32

34

35

36

38

39

40

42

43

Meridional

Stress I

Factor

2.34 43

2.62 45

=2.70 46

-2.82 41

72.45 49

2.37 50

3.01 51

2.51 53

~-2.09 4

3614 55

2.52 57

1.93 58

3.17 59

2.50 64

-1.83 62

3.07 63

2.48 65

-1.82 66

2.76 67

2.46 69

-1.93 70

2.19 va)

-2.44 3

2.21 74

=1.27 15

2.38

2.71

0.22

-2.38

3.50

9.52

-2.65

160.

J

47

49

50

51

53

54

55

57

58

59

61

62

63

65

66

67

69

70

1

i)

14

15

11

18

19

pee vnes

K

48

50

54

52

54

55

56

58

59

60

62

63

64

66

67

68

70

n

12

14

73

76

78

79

80

Element Nodes

L

44

46

41

48

Meridional

Stress

Factor

4.33

~0.26

-0.99

6.09

0.04

-0.64

5645

0.77

-2.60

-2.91

1.21

~1.97

1.36

3.29

-2.02

0.16

-5.00

-2.12

1.27

6.24

2.26

2.18

-7.97

-2.00

3.30



PE

Mk I Moéei

Analysis of Computer Results

Method of nodal averaging with assumption of constant stress across

each element.

Outer Meridional Hoop Inner Meridional Hoop

Surface Stress Stress Surface Stress Stress

Node Factor Factor Node Factor Factor

2.634 -3.40 4 ~2.70 4.29

5 2.58 3.65 8 2.54 4.27

9 2.92 3.04 12 2.23 4.20

13 -3.08 -3.97 16 -2.01 -4.12

17 3.16 -3.89 20 -1.88 3.99

21 3.12 3.66 24 -1.83 -3.78

25 2.92 3.25 28 -1.88 3.51

29 2.48 2.66 32 -2,07 3.20

33 1.73 1.91 36 -2.46 2.87

ot -0.75 -1.23 40 ~3.11 ~2.60

41 0.15 -0.80 44 3.92 2.45

45 0.13 -0.96 48 5.21 3.29

53 0.37 71674 56 4.18 2.535

57 0.22 -2.70 60 2.14 -0.45

61 -2.25 -4.05 64 -0.60 0.60

65 4.15 5615 68 0.72 4057

69 5.62 -6.10 T2 1.73 2.39

1) -7.11 -6.91 16 2.74 3434

77 -7.97 -7233 80 3-50 3.90

161.
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Mk I Model
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Mk I Model
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Computer Programme Results

Element Type Q2CST

Cylindrical Perspex Model

Mk II

Principal Plane Stress Factors

(Degrees) Major Minor Hoop

8.37 0.05 -3.31 5.87
-6.47 0.13 -4.38 ~6.69
-3.62 “0109 =5.56 8 8-=7448

3293 ~4.50 6.95
5.99 “4.27 -7.10

-3.73 4.51 -7047
2.22 4.83 -743
-3.68 -4.32 147
-2.51 3.90 -7657
-0.84 Spore Tet

-2.01 -4.27 -7.63
-1,2€ 3.45 -7.62
-0.02 5444 -7065

0.77 4.23 7255
-0.44 =3012 0 -7649

0.55 =5.61 ) =7618
0.32 =A520- =e 14

0.27 =2,92

1226 5035
1671 4019
0.93 zi 2.89
2.68 =icth) =4076

4.05 =0368 © ~4322
1.73 2002s = 3543
7.28 =1.24 =3.46
8.27 -0.79 -4.29

2.82 -0.41 -3.81
73.07 -0.77 -2.19
12,82 -0.39 -4.45

4.23 -0.33 -5.27
89 89 1.78 -0.58
29.89 -2.56 -5.21

7034 0.10 -7.08

79 035
2.47

22.39

1643

24.50

50.02
32.20

48.16

65.55
63.93
59215

52.93

78.25
61.38

31.65

64.26

166.



52080 5.080

65426
13.84

87.93

65.82

3025

84.47
50.78

-1.91

Input Data

0.635

0.12

2011

-1.01

-0.51

3.02

3614
1.26

4.41

0.635 1.270 1.0

-1.81

2.87

-7.20

1.81

3.75

~8.27

-1.29

5.12

0.39

1230

1.13

2.95
0.99
1.68

2.99

0.51

2.62

-1.0



PERSPEX CYLINDER

Analysis of Computer Results

Method of nodal averaging with assumption of constant stress

across each element

Outer Meridional Hoop Inner Meridional Hoop
Surface Stress Stress Surface Stress Stress
Node Factor Factor Node Factor Factor

1 3.24 5.87 4 5034 -7.48
5 3676 6.41 8 4.92 7.48

g 4.55 -7.19 12 7.52
19 -5.02 -7.57 16 -7.60

17 5033 -7.68 20 -7.56
21 5.48 -7.42 24 -7231

25 5043 -6.71 28 -6.80

oF -5.05 5.53 32 6.03
33 -4.09 -3.88 36 -5.10
By: 2.16 2.06 40 4.18

41 a 0034 44 3042
45 1.11 -0.23 48 -4.01

9 ae 1.53 52 4.19
a -0.16 .

pp -0.18 -2.57 56 #1672
57 1.57 3677 60 0.52
61. 73057 4.99 64 1.52
65 5210 5693 68 2.44
69 6.34 6.80 72 331

1D -7.98 -7074 76 4.44
17 -9 206 8.27 80 5-12

168.
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Mk II Model
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PERSPEX CYLINDER

Mk IT _ Model

Inner Surface Hoop Stress Factor

° Theoretical Stress Factor

© Experimental Stress Factor

Compressive

Stress Factor

Negative

~9

-8

eT

-6

-2

aes

“-1

4 Horizontal .
i Midsection

2 6 through

4 Cylinder

Half-Heisht

6

Tensile Fis. 18 d)
Stress Factor

itive



1 1ST 15 87.51 =0.68 -4.63 -4.58
(21928016 87.56 0036-4295 -4-88

Henfephere Mk I

Input data 11.6 11.6 1.6 103 16 02 —1e

1736



Hlement nodes
J K

Principal planes

(degrees)

25.43

~12.66

-7671

7641
6.42

0637

4037
2031

5.86

42.56
10.45

12017

19625

17675
18.33

25.16

24.26

24.20

30.60

30.13

29.69
35075
35052

34.84
40.69
40.57
3975
45.49

45039
44.50

50.21

59.07
49.18

54.87
54.69
53284
59.250

59 229
58.51

64.13

63.91
63.22
68.78

68.57

67.98

13044
73228

72617
78013

78.05
77.60
82.80

82.87

82.43

87.12

major

0.39

~0.71

—1.01

~0.97
0.62

-0.40

0.97
0.64

-0.30

-0.93
~0.61
-0.25

-0.90

-0.58
-0.21

-0.87

~9255

0.19.

-0.86

0.53

-0.18

0.85

~0653
-0.17

Stress factors

minor

-2.05

4.04
6.29
2075

394
5219

3034
3.89

4.44
3-719
3289
-3.98

4.09

3093
3674
4029

-3.99
-3.66

hoop

0.63

-1.09

-1.62

1624

-1.41

~1.64
-1.82

1.86

-1.93

-2,38

2.34

2652

~2.88

~2.81

2.73
-3.31

-3.22

3.13

-3.66

-3.58

-3-50

~3.93
De8T
-3.82

shear

0.83

1.66



Microconcrete closed _hemisphere - Mk I

Computer plot of principal stress factors in radial plane.

AXIS OF REVOLUTION

Stress factor = Number of lines per centimetre

Tension = continuous lines within elements

Compression = broken lines within elements

Pig. 19
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MERIDIONAL N.E. § = stress per Unit Applied Pressure
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1h 78 79 75 87.01 0.65 -6.27 -6.23 2.81
75 79 80 76 86.96 0.32 -6642 -6037 3.205

QCsT computer programme results

Hemisphere Mk IT

Input data 11.65 11.65 1.6 0.9 1. 22 <1e

180.



Element nodes Principal planes tress factors

De i oR oe (degrees) major minor hoop shear

ee ote mee 27.03 ~ 0035-1299 -0.61 0.82
AG Cs -12.98 0.71 -4.08 -1.10 — 1.66

Ste Be oF -7685 -1.03 -6.43 -1.65 2.70
Bi 1006 -8.28 “0.97 -2.69 1425 0.86
Cheon 4d: Si -6.79 -0,62 -3.98 1.44 1.68
T TAeder 28 -0.71 0.40 =-5.32 -1.69 2646
9 13 14 10 3.99 0.97 =3031 -1.87 1617

10) 14°15: «11 1291 0.64 -3.95 -1093 1665
11, bea 2 5.31 -0.29 =4.57 -2.01 2414
WS 17418 14 12.32 0.94 -3.80 ~-2.49 1.43
1418 19 15 9.96 0.61 -3.97 -2047 1.68

15 19 20 16 11.38 0.25 4013-2045 1.94
17 21 22 18 19.03 0.90 -4.15 -3.06 1,62
18 22 23 19 17614 0.58 -4.05 -3.00 1,473

19 23 24 20 17.30 0.21 -3.92 -2.93 1.86

21°28. (26 = 22 24.91 0.88 4.41 -3057 1677
22 26 27 23 23.51 0.55 =-4.16 ~-3.49 1.80

23 27 28 24 22.91 0.19 3.88 -3.41 1685
25 29 30 26 30.30 0.86 -4.59 -4.01 1.87
26 30 31 27 29.22 0654 -4.29 ~3.93 1.88

27 31 32 28 28.17 70.18 -3.97 -3.86 = 1.89
29 33 34 30 35438 0.85 =-4¢75 -4.38 1294
30 34 35 34 34645 0.53 -ded4 = =4052 010 96
Sl 5 ome 33013 70.18 -4.13 -4.27 1.98
D5. 5 58 54 40.26 0.84 -4.84 4.69 2.00
34 38 39 35 39035 0053-4661 -4.66 2204
35 39 40 36 37.88 0018-4035 -4.64 = 209

37 41 42 38 45.00 0.35 -4.95 4.94 2.05
38 42 435 39 44.00 0053 -4.78 -4.94 2012
39 43 44 40 42.654 0.18 -4.60 -4.96 2.21
41 45 46 42 49.67 70.85 =5007 -5.16 2,11
42 46 47 43 48.68 0054-4697 -5619 2.21
43 47 48 44 47.17 “0019-4686 = -5.24 0 2.34
45 49 50. 46 54230 -0.86 -5.20 -5.35 2.17
46 50 51 47 53.27 0.55 -5e16 5.40 2.30
47 51 52 48 51.85 0.20 -5.13 -5-48 2.46

49 53 54 50 58.92 30.85 5035-5052 2024
50°54 55° 51 57690 0.56 5.36 -5459 240
5a 55156._.52 56.61 0.21 5038 5069 2059
53 57 58 54 63.58 0.87 -5.51 -5.68 2.32
DA 158. 59. 55 62.60 ~0,56 -5.56 5.76 2.50
55 59 60 56 64.47 0.21 -5.62 -5.87 2670

57 61 62 58 68.27 0.87 -5.68 -5.82 2.41

58 62 63 59 67.40 0057 -5075 5090 209
59 63 64 60 66.44 ~0.22 -5.84 -6.02 2.81
61 65 66 62 73.01 70.88 -5.85 -5.94 2649
62 66 67 63 72.28 0058 =-5.93 -6.03 2.67

63 67 68 64 71.51 0.23 -6.03 -6.15 2.90
65 69 70 66 T1019 0.88 -5.99 -6.04 2.55
66 70 71 67 11025 70.58 -6.07 -6.13 9 2675
67 71 72 68 76.66 0.23 -6.18 -6.26 2.98

69 73 74 70 82.59 -0.90 6.09 -6.10 2.60
TO 74) 15: 11 82225 0.60 -6.19 -6,20 2.79
Td SIS: 16 ° 72 81.83 70.25 -6.30 -6,34 303

13. TT, (8074 87.02 0094 -6.16 -6.12 267

181.



Microconerete closed hemisphere - Mk II‘i

Computer plot of principal stress factors in radial plane.

AKIS OF REVOLUT?

QZCST Element

eu:

Stress factor = Number of lines per centimetre

Tension = continuous lines within elements

Compressien = broken lines within elements

Fig. 21
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Stress Factor = Stress per Unit Applied Pressure
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NAB. Stress Factor = Stress per Unit Applied Pres
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MEVUDIONE WS. Sirean Factor = Grewae par UniteAgplicd Preceun97 1-3. Stress ctor = ress per Un: pplie ressure

STRESS

PACTOR

x T——+ T , T

° 10 lo go 4 §0 be Fo go 70

NGLE (DEGREES)
MERIDIONAL

~9 4

STRESS f

FACTOR



4 78 19 15 84011 0.44 4671-170
7 19 80 76 87.29 0015 1041 035

G2CSr computer programme results

Frustum of a Cone

Input data 1469 1065 368 161 200 168 te 2 te

187.

0.63

0.64



Element nodes Principal plane Stress factors

Do RL (degrees) major minor hoop shear

4 bee 6 sO. -28.88 =0.26 =1452 90,625. Ose
ROR yas) -5.61 “1610 -4.74 =1.57 1.62
S127 5B oh 3.52 1694-8635 2646 3221
59. 10086 3.27 e0s8C) e=Aee5 b -piGcaen eA
6240) Ate a7 5.91 0.47 -4.96 -2.70 2.25
T 4 tors 8 15.68 -0.03 -4.75 -2.58 2.36

9 “13 14 40 18.14 0.90 -5055 -ded5 2032
AOU A2E15 ond 17679 0.22 -4.43 -4.13 2.10
1115 16 12 19.68 0.09 -3.25 -3.87 1.67
13, 17 18 14 24.54 0.91 -5.67 -5.68 2,38
1418 19 15 2540 -0.54 4.15 -5.42 1.81

15 19 20 16 27436 -0.20 -2.67 -5.18 1.24
47 321. 22° 18 28.10 “0.76 -5.19 6.15 2.22
18 22 23 19 30.65 -0.60 -3.88 -6.13 1.64
19 23 24 20 31014 -0.24 =-2.48 -6.06 wee
21 25 26 22 29.36 -0.80 -4.39 -6.03 1.79
22 26 27 23 32674 -0.47 3.51 6.22 1.52
23 27 28 24 33.58 =0.12 =2,52 -6.41 4.20
25 29 30 26 29.75 0.85 -3-53 -5049 = 1634
26 "300 512i 33206 -0.53 -3.14 -5.90 1430
27 31 32 28 32.43, -0.19 -2.61 ~6.34 1.24
29 33 34 30 29.11 -0.88 -2.81 -4.71 0.96

50 354-355 51 34-94 0058-2679 -5628 160
Bt 5D) 56,2 30.67 20.23 =2.66 -=5.92 $1.21
BoE ste 50. 54 28.25 -0.89 =-2.26 -3.84 0.69

34 38 39 35 30.37 0.64 -2.48 -4.50 0.94
35 39 40 36 29.14 30625. 2662 ==5.27 1 1049

37 41 42 38 30.15 0.97 =-1.83 -2.95 0.46
38 42 43 39 30.19 -0.61 -2.22 -3.62 0.81

39 43 44 40 28.44 0.25 -2.53 4046 1414
41 45 46 42 37219 0.98 -1.40 -2.09 0.21
42 46 47 43 35032 =0077 <2.08 2.75 40.65
43 47 48 44 28.95 0.23 -2.52 -3057 1615
45 49 50 46 8.02 0.94 -1-06 -1.41 0.06
46 50 51 47 40.36 0.94 -1675 -1.94 040
47 51 52 48 40.96 =007358 -2,92 12.75.1509
49 53 54 50 =1.68 0.72 -1.05 -1.17 0617

50 54 55 51 40.05 “0,88 -1.53 -1.58 9433
51 55° 56: 52 57296 -0,81 -3.38 -2.33 1.29
DS ib], Deed 17.58 0.69 ~1.12 -1.29 0.21
bay 58) 59S 55 49677 0071-1098 -1.72 0.63
55 59 60 56 68.27 0.28 -2.67 -2,00 1.20

57 61 62 58 40.07 0071-1029. «--1.45 0529
58 62 63 59 59.21 0047 -1099 -1672 0.76
59 63 64 60 73.88 0015-2624 1680 = 104
61 65 66 62 57697 0073-1648 91062 0037
62 66 67 63 65.38 0.38 1.92 -1071 0677
63 67 68 64 17-58 =0611 -=1.92 -=1665 10691
65 69 70 66 10.67 -0.78 -1067 -16077 044

66 70 71 6&7 10.94 -0.39 =-1.83 -1.70 0272
67 71 72-168 80.79 “0.10 -1.69 -1.54 0.79
69 73 74 70 19072 -0.83 -1.84 -1.88 0.50
1074-73 14 76.99 0.43 -1675 -1.70 0.66
Te 15 16 72 84.25 =O.11h tee, 1145 Oar

U3 Gin 18 74 85.44 “0.89 -1.96 -1.90 0.54
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Microconcrete closed frustum of a cone.

Computer plot of principal stress factors in radial plane.

9X15 OF REVOLUTION

Q 2 E S y Element

‘tress factor = Number of lines per centimetre

Tension = continuous lines within elements

Compression = broken lines within elements

Fig. 23
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Conclusions

The best results for correlation between the Finite Element

analysis and the uniform pressure test are found to be for the linear

elastic perspex model Mark II. It was the most uniform in construction,

having been made out of single thicknesses of manufactured plate and

tubing. The crazing which occurred in part of the Mark I perspex

model appears to have caused some local stress redistribution. This

type of locked-in initial stresses are also probably responsible to

some extent for the poorer correlation of results obtained for the

microconerete models.

There are locked-in stresses which can be produced both

during the casting of the shell component, and during its embedding

in the flat base of the model. The valves and distribution of initial

stresses will vary with both geometric types, thicknesses, scale

factors, casting procedures, and ambient tempuratures. None of these

stresses are measured in the experiments, because thc surface strain

geuges can only be attached ty quantify relative movement uncer

applied loading subsequent to ccmpletion of the model construction.

If the material is continuous with a constant value of

Young's Modulus and Poisson's Ratio, as with the perspex models, the

locked-in stresses can lave less effect upon strain behaviour than

for a microconerete model in which linear elasticity is an approxi~

mation only over a small range of stress. It is quite possible in

principle for locked-in crsting stresses in a microconcrete shell and

the subsequent stresses due to applied loading to cancel each other

out to some extent in some regions of the continuum while being

additive in other regions. :

This is only one possible source of disagreement between

theory and experiment. The work of Harvey Haynes of the U.S, Navy

( referred to in the introduction to this thesis ) has indicated that

conerete shells of revolution are also unstable in that they do

not necessarily ye symmetrical radial deflection about the axis

of revolu ~ uniform applied pressure. Long thin cylindrical

geometry is particularly prone to this type of behaviour, as he

has demonstrated. He has also shown experimentally that for

spherical geometry minor surface defects can substantially reduce the

value of enplied uniform pressure required to cause the destruction

of 4 shell.



The problem we have encountered in this thesis, where

a low level of correlation is found between theory and experiment

for the microconcrete hemispherical shells, may, in addition to the

possibility of locked-in stresses, also be due to the fact that the

strain gauges are placed on the shell surfaces where the relative

movements they measure are most sensitive to local aberrations.

From the analytical point of view also, the Finite

Element method cannot cope economically and accurately with high

stress gradients and these are most likely to occur at the shell

surface. On the other hand, while Haynes was able to apply the results

of ready-worked thick shell theories to the standard spherical. case,

the general theory of thick shells of revolution results in the

solution of complex differential equations.

In his experimental work, Haynes has succeeded in

identifying two modes of thick shell failure in his spherical

microconcerete models, thinner shells which sheared across the shell

thickness with rapid implosion of the shell, and thicker shells which

split up slowly by stages internally within the plane of the shell in

@ laminar fashion. He found the borderline case occurred when the

shell thickness was about one sixteenth of its outer diameter,

If this is taken as a way of defining a thin or thick

concrete shell in practice, then the mode of failure of the

hemisphere as shown in the photographs at the end of this thesis

was that of a thin shell.

Turning to the practical application of this research,

it has first of all some resemblance to mass concrete arch dams which

have been designed by shell principles, but under triancular pressure

loading. Beyond this there are reinforced concrete shells in offshore

svuructures, some of which have been designed partly utilising the

results of Haynes' research on cylinders with hemispherical end

closures. The knowledge established from all sources has been

sufficient to design with confidence to a depth of about 500 metres,

The exact edge of knowledge in thie field is not clearly defined.



This research has taken the matter further by giving a

detailed programing of the finite element method to move from the

specific types to.the general shell of revolution, so that a shell

can be designed for buoyancy, floatation stability, and practicality

of construction, for use at greater ocean depths and on a larger scale

as will be required for the development of deep ocean resources,

The experimentée] result show the effects of a change

of material upon the degree of confidence which can be placed in

numerical results obtained from Finite Element computer programming

in this application.

The direction of future research which is indicated

wovld be the numerical solution by computer of differential

equations of the general thick shell of revolution. The results

obtained need to be matched by an extensive program of model testing

with variation of material type and geometry, and accurate means of

measurement throughout the shell thickness,




