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Abstract

ey e

The thesis is divided into two parts, theory and
experiment.

Part One contains the theoretical analysis of the thick
shell of revolution and is intended to be essentially practical
in that the theories are developed for the sole purpose of
producing numerical results which can be assessed in application.

Begimming with the finite element Displacement Method,
some element iypes are gone into, and followed with computer
prograrmes written in Fortran. A simple thin shell theory
follows, first to assess a definition of a deep cabmergence sheill,
and then to set up equations for a particular geometry w#hich can
be used in comparison with the finite element method as & quick
check that resulis obtained are of a simila. order., 4lso a
general method of plotting stresses in finite elements is
carried out,

Part Two descrites the experimental work which was
carried out in the University Structures Leboratories for
incorporation within the thesis. Results are analysed and

discussed in comparison with the resulis of the theoretical

analysis.
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Symbols and Abbreviations

Finite Element Method.

n

0

vertical coordinate axis corresponding to the axis of
revolufion.
horizontal coordinate axis,
horizontal angular coordinate measured from the r-z plane
about the axis of symmetry.
displacements in the r & z directions, respectively,
Gdisplacement function.
nodal displacement matrix.
area of triangle.
shape function.
nodal strain matrix.
nodal stress matrix,
elasticity matrix.
Young's lModulus,
Poisson's Ratio,
strain displacement matrix,
stiffness matrix,
uniform applied pressure.
distance between nodes i and j.
total intescated horizontal load component at j.

total intezrated verticzl load component at j.
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Introduction

The research objective was to produce an efficient
genaral metﬁod‘or computing and plotting linear elastic stresszes
in a thick shell of revolution subjected to hydrostatic pressure.
A second objective was to assess the validity of the theoretical
results by carrying out experiments on micro-concrete models in a
pressure vessel, An advantage could then be found in providing the
values and locations of stress concentrations, and the positions
where reinforcement should be placed azlong the lines of principal
tensile stress. This design information is a primary requirement
which should be satisfied to enable further research to procced

into related questiona.

Applicationg

As a mature student with industrial experience the
author felt the need to consider the future applications of
research in relation to the needs of mankind, and found support
for this attitude in the viterances of senior memberc of the
engineering professions. Past President of the Institution of
Civil Engineers, Sir Norman Rowntree, is quoted from his
Presidential address, on future engineering research ; " If it is
allowed, that five ysars is a reasonable time for a major research
study, then a research programme should be based on the type of
works likely io be regnired 15 years later, and research started
now should be aimed at needs after 19?0."1 Eis successor, John

znning and more research " in his



Presidential address. He says, " The need is for wise long-term
foresight instead of short~term expediency related to the next
election, or even to the next bf—election, and for policies
related to human well being regardless of the careers and
reputations of individuala.“2

Today North Sea gas and oil are be;ng successfully extracted
gouth of ihe Shetlands by working from above sea-level on
floating or fixed platformé vhich can operate efficiently in
water depths of up to 150 fathoms. However, the water depth
increases to 400 fathoms wesat and north of the Shetlands towards
Spitsbergen, and there are further possible oil fields on the
vast Russian continental shelf up to 1000 fathoms deep.

With the recent growth of the offshore oil indrstry the
technology for working underwator has begun to develop. Divers
are meanwhile carrying cui essential tagks, and robot or
semi-robot systems are beins developed to work from inside
subnersibles.

The concept of a submerged concrete shell structure
containing the apparatus ror manned drilling on the sea-bed at
atmospheric pressure is the motivation behind the thesis. To
carry out such a project in practice wolild involve some of the
most advanced branches of scierce and engireerirg, including
life-support systems, Barth resources and energy studies, and
in civil engineering further research would bhe required into
new areas oi concrete technolozy.

Although submersibles ai present in use are constiructed in
steel plate, concrete offers better properiies where the need is
for a large working space. It is economical, can te constructied

in the form of a thick shell, and the weicht of the concrete shell

9.



can:balance the buoyancy of the air inside the structure to give
approximately zero bucyancy so that it can be submerged and
floated on a caisson.

The possibility remains of alternative applications arising
unexpectedly in the future. The structural type may be useful in
space or deep ocean, and stress analysis itself when improved can
bring advantages to other branches of engineering. Professor
Ben C. Gerwick of the University of Berkeley, California, and
President of the Federation Internationale de la Precontrainte,

5 of ocean thermal energy plant in the deep sea using the

has spoken
gravity anchor principle. The floating nuclear power stations of
which he speaks need not necessarily float at the surface, however,
and his argument for the use of concrete applies equally well for
deep-sea conditions in a variet& of cases. He says, " Deep vater,
goft soils, more severe waves, colder temperatures, sariliguakes,
and ice certainly stretch our capabilities to the eiireme."

In Nature itself, in human artifacts from the Jomestic wine
glass to space rocketry, the shell of revolution is a proven form
for innumerable applicationa. In the future centuries it may be
utilised by mankind or other planets as a radiation shield, and
to resist high pressures, insulate againot high temperaiure ranges,
and effectively contain life-support systems. It may then be that -
something like concrete couid be the cnly applicable material.
Therefore the author sees his work as both a step in the right
direction for the distant future, and also as applicatle within

his own working life.

iy
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Existing Knowledge

The literature on algebraic analysis is enormous, since.
each geometry may give rise to a unique set of non-linear equations.
The Finite Element Method offers a general but approximate
representation whicih can be. improved progressively, depending
mainly upcﬁ the capacity of the computer which is being used.

Some experiment work with thick mass concrete shells has been
carried ou! by Harvey H. Haynes, Jerry D. Stachiw and L.F, Khan,
of the United States Naval Civil Engineering Laboratory, Port
liuveneme, California. Spherical and cylindrical models have shown
that concrete can be used to advantage up to a depth of 1000
fathoms. Empirical equations have been devised from the test
results and are at preseni being applied in offshore structural
designs.4’5’6

The work of Hauvey H. Haynes has provided valuable information
about this unigque tyve of st—ucture. The models were tested to
destruction and showed two types of collapse mechanism; rapid
implosion of the thinner shells, and local fracture in thicken
shells eventually leading to implosion. For spherical models
the critical shell thickness at which both types of failure
occurred simultaneously was a2boui one sixteenth of the outer
diameter., The srhere is an ideal shape to resist uniform
pressure, and has been used for deep-sea diving-bells., But
other, flat-based, types of geometry may be more practical for
working on the sea-bed,

In the field of Finite Element analysis the theory is

7

clearly expounded by 0.C., Zienkiewicz' and a large mumber of
works on the subject have less rather than more %o offer.

However, ihke itheory is furlher descrived most elegantly by

il.



J's i'?.obinson8 who in developing the application to aircraft
structures has thoroughly gone intc the underlying assumptions
vhich give rise to many differeﬁt methods, He sw gests the stress
element as a promising line of research for large siructures,
althousn this would involve_thc inversion of a larger matrix than
the displacement method on accownt of the need to go into
redundant constraints,.

A further text on the various element types is given in the
paper by Bruce M. Ironsg, and Clough and Rashid deal specifically

with the axi-symmetric case10. The detailed and practical paper

by Dohexty, Wilson and Ta.ylor11 was most informative ir auding to
the guidelines of Zienkiewicz. Some of the element types therein
were investigated and cormpared for performance with uthers
suggested by Zienkiewicz. The wethod of treating the thick shell
as a solid of revoluticn by integrating two-dimensional elements
fo? a revolution gbout the axis of symmeiry was adopted for tlke
analysis.

The work of Pimoshenko > and Flugge '~

are the recognised
classics in shell theory. What Timoshenko refers tc as the

" shell of constant strength " was analysed for the thesis by
postulatirg a thin shell structure under hydrostatic loading
with both constant thickness aud constant membrane stresses.

This resulted in a spiral meridian geometry with 2 flat base
simiiar to the shell of a sea-urchin, and as depth of submergence
increases the shape tends towards a sphere., This spherical shape
is the condition of uniform pressure, and to facilitate both
computation and the medel analysis uniform pressure is assumed

to represent deep—-sea pressures.

The publications by the author's research supervisor
3 P 3

i2.



Professor J.E. Gibson,14’15 cover the fields of thin shell theory,
applied computer programming, and structural model engineering. Thg
simplified thin shell theory is modified and adapted for certain
types of gecmetry., The superiority of his approach over the

finite element Method is demonsirated in an analysis of box beama.16

Other authors such as E.E. ﬁbdelmigid17 at Cairo University
have emphasized the need to develop alternative methods and check
them against each other, and warned about the numerous types of
error and problems of computer time and core involved in the
Pinite Element Method.

There are commercially availaeble universal Finite Llement
programmes on the merket, but they are both expensive and their
results open to doubt. Tie éxperimental method is iuus
regarded as the most reliable check on the validity of the
theories and computey methods.

Finally a subrcoutine has been written in the thesis for
Plotting the principal planes by compuier, applying the basic
assumption of constant strain over each element, Even wilh a
wide mesh the computer capacity can be easily exceeded, tut the
general flow of stresses and their approximate order can be

discerned from the plots which have been carried out.
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PART ORE - THEORY
CHAPIFR ONE

THE FINITE ELEMENT DISFLACEMENT METEOD

i) The plane triangular element.

This type of element has been dealt with in some detail by
Zienkiewics! is further detailed heve as some short cuts are
introduced to facilitate the compuier programming in ihe following
chapter, The same notation has been adopied for convenience.

In the case of a solid of revolution, of which the thick shell
of revolution is a type, ithe consideration of symmetry enables all
stresses and strains to be specified with respect to those in any

radial plane,

z - axis

Mg 1

Triangulax Element

'n- r - axis

The z - axis is taken to be the axis of revolution and the
r - axis s on the plane of the shell base where it is encastre,
The origin is at the interagction of these axes., The triangular
element nodes, i,Jj,k, are lettered anticlockwise.. The nodal %

displacements are u and v in the r and z directions respectively.

14.



Then the nodal displacements are writien as
= 6", = v, _.__-.--—-—--G)
i) o
v-
\ )
Mg
Vi
With six components of nodal displacemeni fhe simplest displace-

ment function is a set of linear polynomials

heodi] {2 st il

Then by substituting the nodal values we have six equations to

solve for constantse
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Definition of the shape function [N] is given in Appendix I

along with the general eguations which follow.
Let € be the angular coordinate about the axis of symmetry-

Due to symmetry there are four components of strain which are

defined as {ed - Q} s % —ee (B
(2
£ &
Yoy =
In 3 O
From (ii) in Appendix I e 2
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=sfn w T )

Substituting (25) and €©) into &P and €§)
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and gsimilarly for BJ‘ and Bk
For the method which involves evaluvating the [B] matrix at the

centroid of the element, row 3 in equation @ can be further reduced

by substituting the algebraic expansions of the terms therein
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This must also follow for the 3rd row of Bj and B

AR Il S &g L
A s (7
e o
W 3¢

Vile next requir: the Elasticity matrix.
There are four components of ciress corresponding to the strain

given in equation (iii) ‘ppendix I
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where [2]is the 4 X 4 Elasticity Matrix.

For an isotropic material
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where € is Young's lodulus

v is Poissonts Ratio

From @
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Finally with regard to *he element charactoristic matrices we

require the element stiffness matrix which is formed from equation
(vi) in Appendix I

where PEBI Lb] CB], ACud).

Since the [BJ matrlx depends upen the coordinates chosen, it
is a convenient approximation to take them at the centroid of the
triangle so that integration is carried out by applying Fappus'

Theorem.
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1f [B] is the [B) natrix at the centroid

vhere + = ";T(‘“C+']'*‘f'h)

o i :-l- . .
o 3ot o3 oty )
are the coordinates at the centroid

then _

K < [BIT[>]LE] awea

@&

ii) Applied loading,

Fig. 2

—

Applied Load Distribution

vhere ?( = uniform applied pressure

v A
g T
Pes 5K Y%

where (‘C ) h R awd Pg are the integrated boundary loads
at nodes i,j, and k respesctively.

Reaction at j due to 15_-‘.

e e P
” %‘3 (F Lt ‘lleJ')

cont,
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Similarly, reaction at j due to 1. e
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iii) Bourdary conditions,

The stiffness mairix at this stage is singular because the
support conditions have not been applied., It is convenient to keep
the same number of equations in computer storage, and so, instead of
substituting boundary conditions directly, the diagonal coefficient
of matrix'ﬂé], which corresponds to a known boundary condition in
ESZ , is multiplied by a large number, say 10°, The term on the
right-hand side of the equation is replaced by the known displacement
miltiplied by the same large nuaber, Thus the equation concerned is
replaced by one which gives the specified boundary displscement

condition without removing it from the overall matrix,

iv) Equation solving.

Many methods ex'si for the solution of simultaneous equations,
either by matrix inversion, or by metiwods invelving boih sides of the
equation,

In this case the matrix [#].is symnetrical and banded, Since
one of the points which limits the application of the Finite Hlement
lethod lies in the available computer storage capacity, there are

8 in which
standard subroutinegxiondmiz half the symmetrical band width only is
stored as a column matrix,

The program efficiency depends very much on ecareful nunbering
and positioning of nodes in the first place to reduce the band width
to a minimum, while maintaining a desirable finite element mesh

layout,
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v) Principal Stresses.

When displacements are kncwn the stresses in each element at the

centroid ave found directly from equation (iv) in Appendix I.

(¢l - (31 [) {8}°
in vhich from equation @
{63 - 6y
8,
Se

Toy

<

Since there is no shear stress in the e directior, the
circumferential stress; 59 , is 2 principal stress. It is only
necessary, therefore, to find the principal stresses in the r - 2z
plane,

If a principal vlanz is defined as that wvhich has a zero shear
stress, the principal siresses can be found by resolving forces in
the r and 2 direction-.

Consider a triangular prism of unit width with forces acting
upon the two coordinate rlanes, and the principal siress, O'P o
angle 49 to the r-axis acting upon the hypotenuse of unit length,

Tensile stresses are taken as positive and c,': is positive above

the r-axis,

6?
6’¢osf> EEE:\\\\\“uldé:l
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Fiz. 3 Principal Stress Prism




For equilibrium

O/r Sind) _: 5\( 'S-'-\.ct: ~+ ’tr} cog c{> ‘
- 6}-‘-‘ 53 (\- = ‘tré. Cot C‘P - @
and
6? 60-543 B Ja, CDS#J + 'trb, 'Sil\4)
. .JP — a_ c /t-va’ ""‘&v\<1> -—-—-"-"——-‘ @
Multiplying (&) x G©
a8 = .
et ( : i 3 }) ,t‘} 2

& = 2(648) + L V(6 +6) - 4(s6; - Ty

L 6‘? = %CQ&-{})-L %{(‘r_(}):.*_ L*'?:r-g,

@

and a secon. solution

tﬁ, = 1 (6 + S) - {f(o’r—@‘—f t»’l:.»;,
D

This gives twy principal stresses, cf‘o and 6’.'? s Which are

found by Mohr's Stress Circle Theory to act at right-angles to each
other,

To draw Mohr's Cirule on 6 -% axis the centre is at

&= (& +6) &
and ’t - (@)

while the radius
| for 1

Voo = 2V (&c-6 + 47} —&

gives the maximum shear stress acting at half a righi-angle

to the principal siresses.
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vi) Quadrilateral elements.

So far the finite element method has been applied using onty
the constant strain triangle (C3T) element in the displacement method,
and the integral has been taken by applicafion of Pappus' Theorem.
Next a quadrilateral element may be formed at the end of the comput-
ation by averaging the centroidal stresses in adjacent triéngies.

With an arrangement of triangles vhich readily pair off into quadri-
laterals some of the oscillating numerical resulis can be more evenly
distributed to give consistent results. This type of quadrilateral
may be abbreviated as the Q2CST in order to place it within the
hierarchy of elements which follow, The simple method of taking
averages is commonly used in the Finite Element Method in order to
restore the principles of continuity and compatibilitiy.

Further techniquec aimed at closer representation include the use
of nodeless vavriablec lormed by element substructuring, numerical
integration, and locai cuvordinates with skew axes, These are
introduced in the elements which follow, progressing to the curved

quadrilateral element,

vii) The quadrilateral element formed by four constant strain triangl-

es. (Q4CsT).

In addititon to the four corner nodes which form the Q4CST
element there is a fifth node within the element where the four CST
cubelements meet, This extra node could be anywhere within the
element, and is taken for convenience at the centroid of the quadri-
lateral, In order to form a stiffness matrix it is necessary to

redice it by eléminating the matrix terms due to the centroidal ncde

27.



in ‘such a way that they are included in the terms for the corner nodes
as nodeless variables., The assembled stiffness matrix may then be
the same size as for the simpler case of CST elemenis,

The equation relating tatal potential energy to combined element

properties is )xe = e e e
R R e

where X,c is the total potential energy for the element.,
Subdividing {e({ into those parts, L( z , Which ere common to
other elements or external constraints, and others, {S y internal to
the element, then bxe Ay
3 S 2
1iie
and equation (SY can be reformulated
}Ze : ?_Zc 3 )X.(
ity am‘k RIS
e
%ﬁv
=1 e e
! i¢l
=)< + =Ne G—"D
[Ll YR el

From the second sci of equations in@ the deflexions of the

o

internal node can be expressed in terms of those for the corner nodes
coe - = e AqeTe =)e = e
Bl - - [T + (51
Substituting@ into the first set of equations in @

.}zg LU s [ —

3 |

were [l [E1°- (£1°(E1° [E]T —®
(ene. (RS- [R5 (" —®

are the' reduced element properties and loadings.

N
(o]
.



> we - - 8
viii) Plane quadrilateral element. {Q4).

A simple mathematical model may be conmstructed conveniently by
specifying the shape function in terms of local element coordinates
on skew axes,

By numbering the element nodes 1 to 4 as shown the global and lo

-cal coordinates are related by the interpolation functions,

Fig. 4 Flane Quadrilateral Element Co-ordinates
a) Global \
(4 ‘4) b) Local
(r3,25)
7,V - i T
! (-141)
: (rzizz) - (1!1)
(r1’z1)
———mem————f 1, 8
y 2 X {(1,+1)
(=1,-)
4
r(s,i) = & h, v
g i=1 i71
4 Y
(58)
z(s,t) = Z h, =z,
’ G el
vhere h1 = (1-s)(1-t)/4 -
h, = (1+e){1-t)/s
£ (59)
h, = (1+8)(1+t) /4
bt (1-8)(1+t)/4

It is next convenient to desiznate theQ4 as an isoparametric
element and to use the Interpolation Functions also as Shape Function-

s of the same form.
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4
o's ulayt) = z b, g

; (60)
v(s,t) = > hy vy

i=1
where u,v are displacements along global axes, and h is

defined as in the Interpolation Functions.

In order to derive the strain/displacement matrix from the
Shape Functions it is necessary to transform partial differentials
with respect to global coordinates into partial differentials with
respect to local coordinates using a transformation matrix. Since the

global coordinates are defined in terms of local coordinates, we can

write 3—) 33 },} S;_f
xl «[x 2 ] RN

\Q’

e
A

o\ o

Stl (%

b

1. %{ i 3s % e
)§ g B e de o 8 e S
3'J at

.1+ bi o~ )t

The Jacobian, J , is required in explicit form.

Substituting equations (%) and §3) into (&) ¢

¥ N
Jd = al\.‘, )L' )__‘_'_\_._ )L .
z :é!r"('f? Fe T3 3'c°’>3'a
.
e R Pij 3
Lz 4=
3 Sl {_r'?‘ E-P] {af;
¥iaso YJ\T = I:r. 2 r‘5 rv:[
£

-
[ ]

el
]

~
)
—J
"
pa
Mie o
~~
%
VI
|
-4
)~
N



e [B) =1 fo 1t st 148
8
0 1+8 ~8=1%
Zmi(68)
0 1+t
| skew-symmetric 0
Multivlying out equation (64), first of all
[P-] {z'? = 1 0 1=t -S+1 -1-@ rz1
8
=1+t 0 1+8 P 22
s-t -1=-3 0 1+t 4 23
1-s s+t -1-1 0
7\

[}
oj—
5]
no
=
I
1) ]
o]
AN
.=
1
P
&
N
e,

vhere P =Y =P

©
-
-
=
(]
H
-
=
ey
d
R
o)
—t

"J=%l(%3%4“%4%3)* s (x5, 245 = Ty, 25, )

+'I'.(r23z

14 - r14 225 ) (6?)

W
-k
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The matrix (B] in the equation, fﬁi =(B] {§1 , is now

el -

found from the general eauation for the al\l—Sﬁﬂ""""tllc case ¢
J’ %
&Y
:
v
% v
33, ¥r
We have
= L
Gy = B Z Z Qi wi —
o e
Qu - W }S )i\ )'l.‘ -
Er = = = = - ol TR e
e it ®

Applying the transfom'xtloq matrix of equation 62 , then

ZZ 3k AL ‘)ﬁ;’t’?)%
o Wi RSN [P_l {3 @D
T

Similarly

a v t)l.r }s év Bb o~
BV REE Ranr o5 gL 0¢ .
¥ Bc’r 2s 3‘3, ot 3}, _Q?—J

Whence azain T i
ey BT CRTCA
Finally b J
Yii Fenion "o
\’5, I 83’
_ v ) B Dk L Y ds | du Xk
e AR TR TR
@
and

(AP0 (AT
J J
@

Q’.‘?ﬂ




Now let _

i

). b

\g

Y

e e [

and SR {r Sx * (—)\’-]

\e l

X\

\«
Eguations @ are found explic.t‘ly from

s Ky "é" (r»t - g_riv-"'t’fu,

V. s 1 . o
: STT (Té-z*' 3{5’34-'ﬂ_ k;;zgj>
etce.
r . "
- 2} Z Xt T ) "il

o
L= /-:\
G p k23D
>3 p 3



The stifiness matrix is found from the equation

(k) - M f [8]1[>]) (3] v de d- dy.
3_ v &

We have
Ll H 2w [8)7 (R1[3) v A dy
b’\"

Transforming equation (80) into local coordinates

K] = 2w ff[sjr [D) [B) v T dedt
4y = &

This may be inlegraled numerically by several possible methods

using weighting faclors.

Using an lN-point scheme

(k3 = aw EEBG: ,‘tcﬂ-‘-@% (B s, +)

i“'i T(S;_,'{'.;_) W 1< .
where Vi is the weighting factor.

The Gaussian quadrature with two points in each direction,

giving four poings altogether, has weighting factors = 1, and N = 4,

8, = a, t1 = a,
By ™ & o~ 8y (i)
85 GG t3 = a,
Rl t4 == a,

where a, = 0.57735 02691 89626 (84)



ix)' The Q5 element,

The Q5 element is derived from the Q4 element by the addition of
a nodeless variable to the Shape Function.
('8
w o= Z-ﬁ;u; & C i~ =t xe
e

-
v o= Z&v vy + (l—‘:"Xl-—t.")‘fc_

(B

From this the displacement matrix has two more columns

i e 8 Ak

c
S D
G O
Xe Ye

Where

o e TR o
S s

A N 2 TS
X% -?{cm X1 e)}

: L —®
{C \ -—s"}Cl—-t‘))

Yo %

o
v

u, and v, are displacements at the origin, C, of the local axes
relative to that specified by the Shape Functions for the corner
nodes,

After the element stiffness matrix has been formed, the internal

node is eliminated as for the QACST element, before assembly into the

structural stiffness matrix.
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x) The Cublc Serendipity Hlement. (Q12).

The general expressions which have been derived for the Q4
element may also be used in an analysis which employs a higher-order
element, |

The number of nodes and corresponding Shape Funciions will
differ, however, and it is proposed to apply the Q12 element to the

shell of revoluiion.

Fig., 5 The Q12 Element Local Co-ordinates t

(-1,1) 7

(=1,~%) 94

("'1 =1

The isoparametric element geometry is defined by the Interpol-
ation Functions being used as Shape Functions, These are found by

inspection as follows :



b= 15 (1+s)(1-t)E-10+9(32+t2)3

b, =33 (148)(1-t2)(1-3t)

hy = 3% (148) (1-t2) (143t)

h, = 5% (1+s)(1+t)€—10+9(52+t2)g
= -33 (1+t) (1-82)(143s)

hg = ?% (1+)(1-8)(1-3s)

hy = ‘5515 (1-5)(1+t)E-10+9(52+t2)g

h = -3% (1-8)(1-£2) (1+3t)

hy = 53 (1-8)(1-4%) (1-3t)

Byo® T3 (1-5)(1-1)E-13+9(32+t2)g

By = -3% (1-t)(1-8°) (1-35)

h, = gg (1-t)(1-82) (1+3s)

equations (&8)

In order to form the strain/displacement matrix the first-order

differentials with respect to s and t are required :

—3-;- (1-1) (~10+185+275%49t2)
2h, ?% (1-t2) (1-3t)
53 (1-t3)(143t)
- —3-15 (14t) (~10+188+275°49t°)

o
(1]
nn

o
w
it

i

55 (14t)(5-28-95°)
% = 3% (1+t)(-3-2s+952)
2o -5-%-(1+t)(10+183-2732-9t2)

¥y &y iy sy
"

equations (89)

e = '3% (1=£2)(1+3%)

S i~ ,

3 =3 (1=47)(1-3t)

%—:10 = -3-%- (1-1;)(104-183—2?52-91:2)

-5;-3-11 = -5% (1-t)(=3-25+95%)
dh
S92 = 5% (1-)(3-28-95°)

N



(1+8)(10-98°+18t-27¢%)

we
no R
2 = 55 (145)(-3-249t%)
hy - —5%(1+s)(3-2t-9t2)
%%4 = 3% (1+s)(f10+932+18t+27t2)
2.
35 = 35 (1-")(1439)
35 = 2% (1-5°)(1-39)
% 1 5 5 equations (90)
(R (1-8)(~1049s°+181427t°)
o = 5 (1-8)(3-26-97)
2
-3—29 —3% (1-8)(~3-2£49t°)
%%10 -3-%(1-3)(10-952-»18*;-271;2)
3y '3% (1-82)(1-3s)
=2
52

(1-52)(1+38)

The matrix [P] in which

oh, oh. Ah. 3h

St S =)

=

pij
has again P;y= 9 e (92)
I T
and, instead of forming it algebraically, it is more efficiently
formed numerically by multiplying the values of the differentials
out in the computer program.
The element stiffness matrix is formed by numerical integration

with a 3 X 3 ~ point Gaussian Quadrature,

¥or the distribution of applied Toading on the element boundary
nodes wes apply the equation vwhich is derived by Zienkiewicz from

virtual work principles :

PRl f[ﬂf{ﬁ d Cases) ———(94)



whexre [II’] is the Shape Tunction
{g'i is the distributed load
and d(a.ree,) the differential element upon which

[g‘t is applied,

For the case in point the nodes are placed so that only the
first four lie on the bovndary under applied pressure, so 3

8 =1

¥l b 0o T BT T e, o

3
0 h? 0 h2 0 h5 0 h4
1 2
where h1 - (1-t)(9t%=1)

h, = 2 (1-t2) (1-3t)
hy = =2 (1-t%)(143t)
=T (12£)(9t%=1)

e " ™
e 1 SR P
—~dv
4+
A Ps [N]Tr ""i dt  ———m—m=(97)
! de
At
-
B N
[N
d ~ olk;
a%' - i -.E" 3i equations (93)
vl i
de . & ak
At <z: PO



and %% = 71% (14184-27¢2)
dh
32 = 3% (—3—2t+9t2)
equations (99)
3k

33 = 2 (3-2t -9t%)

L = (~1+184+27¢°)

The integral is then evaluated by a three-point Gaussian
Yuadrature

1 3
MY S u £(a)

-1 g

= 272 { 50(a,) + 85(0) + 56(-a,) 4

(100)
where a, = 0.7745966692

It is assumed that the applied pressure, Pys is uniform in this
case, and that the shell may be a general “cubic" meridional prefile

of revolution.



CHAPTER TWO

—— et e e e

FINITE ELEVENT COMPUTER PROGRAMIING

i) Constant Strain Hlement. (CST).
The required sequence of operations is first specified

by a flow chart :-

START
Job Statements
Array Dimension Statements

| INPUT
Geometric Dimensions
Material Properties
Pressure Loading

l

CAICULATIOIS
Nodal Coordinate Matrix
Elasticity Matrix

Element Strain / Displacement Matrix
Element Stress / Displacement Matrix
Stiffness Matrix

Yodal Force Matrix

Boundary Conditions

1

CAICULATIONS
Solution of Simultaneous Fguations
Nodal Dispiacement Matrix
Element Stress Matrix 3

Principal Stresses

Fig, 6 Computer Programme - Sequence of Operations
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The next step is to divide the sequence of orerations into a

master program and subroutines,

plotted.,

Haster

Input data

Generate elasticity matrix

Generate nodal coordinates

Start plotting
Generate stiffress matrix
Generate force matrix

Enter boundary conditions

In this case the output is being

Solve simultaneous ecuations

Plot element boundaries
& principal stresses
Stop plotting

End

Data cards
Subroutine
Subroutine
Litrary subroutires
Subroutines

Subroutine

Library subrovitine
Subroutlines &

library subroutines

The program can now be written, beginning with the blue job

cards for the Ceorge 2 system s=

J@B CST,CIR214,MERCER
SEC#IDS 00

LINES 1000

.BFPRTRAN , ,590, %V, 32000
W

Dgc méc

X s
D@C DATA

F

A

where CST is the job nane
CIR214 2 perscnal code nunber
MERCER the name of the writer
@V is the code for “overlay"

The program is written in
Fortran with limits of 600 sec
1000 lines output and 32X core

With the overlay code entered
it is necessary to specify the
library subroutines, etec., by
Fortran cards placed after the
DPC FREG cord.



The library cards are as follows :-

Fige 7

LIBRARY(ED, SUBGRFUPNAGF
LIERARY Em,sumgh?sm’?

LIBRARY(FD,SUBGRFUPSRGP

LIBRARY( ED , SUBGR@UPS-RS

LIST(LPg ; 4 ) these cards start on
PRAGRAM( PRPCCIR21 number 7, as does the
cgggﬁCT( # A MASTER card which
INPUT 1,5=CRO follows, whereas the
gurrur é 6=LF0 blue job cards begin
TRACE 2 : at statement number
CAPRESS INTEGER AND LEGICAL i

END

MASTER PL@T

DIMENSI¢T ¥(160,1),E(4,4),D(4,6),A(160,12)
1,R(200),2(200),%(160,12),W(160,1)
CAgN F,E,D,A

where ? is the force matrix due to applied loading

E is the elasticity matirix

D is the element strain/displacement matrix

A is the stiffness matrix

R & Z are the coordinaies

X is a2 reserve matrix required by the subroutine
for the solution of the simultaneous equations

W is the displacement metrix

READ (1,100) H1, R1, R2, T1, T2, T3, D,IR,}S

where 1I1,R1,R2,71,72,T3 are dimensions shown in the

'H1

Geometric

diagram bhelow

Y is Young's lModulus

PR is Poisson's Ratio

PS is the applied uniform pressure

o2

,f"‘{
2 2k |

R2
o]

bL axis of
revolution

flat opase mq
- R1

Notation for Frustum of a Cone
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An A4 size sheet is set out by the plotter :-

CALL HCPSTART (6HMERCER,6)
R 2)"21.

R(3)=21,

Z 3;=29.7
2(4)=29.7
CALL HGPDASHIN (R(1) z(1),n(2) z(2) 0.
CALL HCPDASHIN (R(E; 2 z;,*zﬁ;; 92(3),0,
CALL HGPDASHIN (R(3),2(3),R(4 (4; 0
CALL HGPDASHIN (R(4), z(4),n(1) z(1),0
CALL HGPSYMEL (9¢46440.42,30C3T,04,3)
CALL HGPZRIGIN (6.,10,)

,0.)
3

The elemenit nodes may here be generated :=-

g 1 1=1,4
PA=FLAT(1-1) /30
H2=H1~T3+14
R3=R2-T2#74+T73%14*( (R1-R2)-(T1-T2)*14) /H1
R4=R1-T1*T4
g 2 J=1,45,4
W3=FIgan(I-1)/4
R=I+J-1
REK)=H4-(R4»R3)*H3/12.
H2*H3 /12,
D¢ 3 J=49,77,4
H3=FLEAT(J-49) /4
K=T+J~1
REK%:::—Z}—R}*B/T.
z(X)=H2
1 CANTINUE

Call in the elasticity matrix :-

CALL ELAST (YM,FR)
Plot the axis and base line of the shell structure :-

CALL HGPDASHIN gnéao; 280 581) +7(81),0.5)

CALL HGFDASHIN (R(81 R(4),%(4)40.5)

CA%L HGPSYMEL (=0421444,0. 21 18HAXIS OF REVOLUTION,90.,

118

CALL HGPSYIBL (6.,~0.42,0,21,9HFLAT BASE,0,.,9)
We now call in the stiffness matrix.

Primarily the continuwm has been divided into quadrilaterals,

The program loops through each of these in turm, finding the shortest

diagonal with a conditional statement to form the pairs of constant

strain triangular elements for which the subroutines generate element

stiffness matrices and add them teogether to form the overall stiffness

matrix,

N T



D?{ 4 ¥=1,7344
D¢ 4 N=1,3
T=M4N-1
J=I+4
K=I4+5
L=T+1
IF E(R(I)-R(K))**2+(Z(I)-Z(K))**2
1=(R(J)-R(L) ) **2-(2(J)-2(L) ) **2)
1 11412, 12
11 CEANTINUE
CALL STIFF (R,Z,I,J,K;
CALL STIFF (R,Z,I,K,L
cf ¢ 4
12 CENTINUE
CALL STIFF (R,Z,I,J,Lg
CALL STIFF (R,Z,J,K,L
4 CENTINUE

]

The nodal forcc matrix is formed by a loop on each pair of ele-
ments which form the boundary surface under applied pressure 3=

DF 5 J=5,73,4
I=J-4
K=J+4
CALL F¢gRCE (FS,R,Z,I1,J,K)
5 CENTINUE
CALL FPRCE (PS,R,2,73,77,77)
F(153,1)=0.

This last statement is a boundary conditior, Lhat the shell
does not deflect horizontally at the axis of revolution, and applying
this condition and the encastre condition at the base of the shell to

the stiffness matrix :-

J=2%1

K=J+151

Le=J=1

A(J,12)=A(J,12)*100000000,

A(K,12)=A(XK,12)*100000000,
6 A(L,12)=A(L,12)*100000000,

A library subroutine is used to solve the simultaneous equations
with the stiffness matrix which has been stored efficiently as a
colunn matrix, and the force matrix known, and the deflexion matrix to

be found :-

K=1
CALL FO4ACF (4,160,F,160,160,11,1,%,160,X,160,12,K)
IF (X) 7,8,7

7 WRITE (2,101)
8 CPNTINUE
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The program repeats the loop through the elements, this time to
call the subroutines which generate and plot the element boundaries
and principal stresses :-

DY 9 M=1,73,4
D4 9 N=1,3
T=MH41l-1
J=1+4
K=I+5
L=I+1
CALL HGPDASHIN (R(J%,2§J;,R(I ,Z(I;,O.;
CALL HGPDASHLN (R(I),2(I),R(L),2(L),0.
IF ( RgI;—R(K;)**2-1-(2(13-251{) *3#Q
R{J)-R(L))**2-(2(J)=-2(1) ) #*2)
1 13,14,14
13 CANTINUE
CALL ECIDASHLN (Rr(I),
CALL FRINC E‘.-I,R,Z,I,J
CARL PRINC (W,R,Z,I,K
Gg ¢ 9
14 CAITINUE
CALL HGPDASHLN (R(1L),2(L),R(J),2(J),0.)
CALL PRINC (W,R,Z,I,J,L
CALL PrRINC (W,R,%,J,K,L)
9 CENTINUE
D¢ 10 ¥=4,76,4
N=M+4
CALL HCPDASHIN (R(M),2z(1),R(N),2(x),0.}
10 CENTTNUE
CALY. BGPDASHIN (R(80),2(80),R(77),2(77),0.)

—_—

zI({ I),R(K),2(K),0.)

The master program is brought to a close :-

CALL HGPFINISH
100  FgRMAT (970,0)
101 FPRIZAT (1H1,1X,28HMATRIX NYT PESITIVE DEFINITE)
Sl

=D
The subroutines follow, beginning with the elasticity matrix :-

SUBRGUTTNE ELAST (Y7,FR)

DIMENSIAN F(160,1),5(4,4),0(4,6),4(160,12)

cflg ?,B,D,A

P=YM/((1.4FR)#(14=2.*FR))

1 I=1,3

EEI,4;=O.

E(4,1)=0,
D¢ 1 J=1,3 :
E(I,J)=PN*IR

1 x§1,1§=m:*( 1.~FR)
E(4,4)=0,5%Fli#(1.~2 ,#FR)
RETURI
ED



The element displacement matrix is generated :-

SUFR@UPINE DISPL (R,%,I,7,K)
DOEISIgN (160, 1),;,(4,4;,]3(4 6),4(160,12)
1,R(200), 2(200)
cgizign F,E,D,A
DZ 1 M=1,3
g 1 N=1 6

1 (M H)—-O.
RB=1,/(R(T)+R(I)+R(X))
ZB=(2(1)+2(J)+2(K) ) *rE
RB=3,*RB
D(1,2)=R(X)-R(J)
D(4,1)=D(1,2)
D(1.4 _zz IS-R(K)

1,4)
332a(1)
6)

=
5
N
»5

-

PRHMN SN =

o]
-
La)
~

H
-

X)-2(

s

dgougyuouggy
AN N PO D

M M W W W W W W w

- NN SN N =\ O
LS L
LRLLEAEL

)
j
5
31 39mon
D(3, 5)=RB%(

RETURHN
B

E{«

1
3
5
R
R
R

The overall stiffness matrix is formed as a criwrm mairix :-

SURRGUTINE STIFF (R,2,I,J,K)
pIENSIZT F(160,1), (4 4),1)(4,6) A(156C,12)
1 3(200‘,2(200),0(4,6).6(6 6),2(6,4) ,51(6)
cﬁ gy ¥,B,D.A
RB=(R(1)+R(J)+R(K)) /3.
PI=3,14159265
D2=RB*¥PI/(R(J)*2Z(K)-2(J) *R(X)-R(I)*
1(2(x)-2(J) )+2(T)*(R(X)-R(J)))
CALL DISFL (R,Z,I,J,K)
DF 1 L=1,4
D 1 ¥=1,6
Béb, ;nD(L,“)*DZ
¢ L, =0,
g 1 I‘-‘I 1
(L, 1. J)+E(L,N)#D(N,N)
N1(2
K1 43:2*.]'
N1 6 =2#K
1 -“1 2\-1
3
5 -4?1
nﬂ 2 L=1, &
D¢ 2 .ia--1 II
c(L,M )_o.
D¢ 3 I=1,4
5 G{L,27)=C(1.,17)+B(L, 31 ) *C(2,X)
M2=211(L )1 3( 2

41



IF (M2) 4,5,5

4 NR=N1(1)

NC=12412

Gf g 2

NR=N1(L)

NC=12-}12

2 _ A(NR,NC)=A(NR,NC)+G(L, M)
RETURN
BD

wvn

Since the stiffness matrix is symmeirical banded only the
diagonal and lower half have been stored.

The right-liand side of ihe equation is formed from the force
subroutine as follows :=-

SURR@UTLIE FORCE (PS,R,Z,I,J,K)
DIMENSIZN F(160,1),E(4,45,D(4,6),A(160,12)
1,R(200) , 2(200)

cgiagy F,E,D,A

PI= 3,14159265

PA=PI*P3/3,

NV=2%J

R(3, 1)=ra(R( @
F(NU, 1)=PA#*(R(T)*(%(J)=Z(T) )+2,¥R(J)*
1(Z(K5-Z(I))+REK§*EZ§K3—Z£333
F(V,1)=Pa*(R(I)-R(X) ) *(R(I)+R(J)+R(K))
RETURN

BD

Now, the nodal displacements having been found by solving the
similtaneous equations with a library subroutine, the siress matrix
and principal stresses are found and plotted for each 2lemeat in twrn,

SUBRZUTINE PRINC (W,R,Z,I,J,K)
DIMENSIF FE‘JGO 1),2(4 4),3(4,6),;&(160,122
1,4(160,1) ,R(200) , 2(200) ,}1(6) ,5(4, 1) 34 1)
CAMMPN F,E,D,A i
D2?1 3§§Rt-}S*Z(K)-Z(J)*R(K)-R(l)*(Z(K)-Z(J) )+Z(T)*(rR(K)
1-R(J
CALL DISPL (R,Z,I,J,K)
N(2)=2%1
N(4)=2*F ~
N(6)=25K
N(1)=N(2)-1
N 3;=ﬂ(4)—1
N(5)=N(6)=-1
Dg 1 L=1,4
B(L,1)=0.
D¢ 1 M=1,6
1 B(L, 1)=B(L, 1)+D(L,1) #0254 (1 (1) , 1)
DF 2 I=1,4
S(L,1)=0.
D@ 2 i=1,4



2 8(%,1)=8(L, 1)+8(5,1:)*3(¥, 1)
8A=3GRT(0.25%(5(1,1)-3(2,1) )¥*245(4,1) **2)
SB=0,5%(5(1,1)+5(251))

SP=SB+3SA
SQ=SB-3A
SR=5P-3(1,1)
I¥ (SR) 6,7,6

7 TH=1,570796325
Gg ™ 5

6 CZNTINUE
TH=5(4,1) /SR
TF (TH) 3,4,4

3 PH=—TH
PH=—ATAN( TH)

Gf ¢ 5

4 TH=ATAN (TH)

5 S1=8(3,1)

CALL PLgTT (TH,SP,5Q,R,2,I,J,K)
RETURN
END

The plotter subroutine which follows -is somewhat lengthy, but

the underlying idea is simple. If the stress fluw in the radial plane
n
is represented by pricipal planes spaced at a distancc between each

other which is inversely provortional to the stress factor =% some
convenient scale, then for the constant stiain elermeni this will
result in a mesh of orthogonal parallel straight lines.

The plot begins by rotaiing ithe coordinate axes to be parallel
with the element principcl planes, XR and YZ,

TH1 is the angle of rotation in radians, and SF1 and 3Q1 are the
principal stress factcvrs,

SUPRgUTNE PLgrT (TH1,SP1,591,R,Z,I,J,K)
DIMENSIEN F(160,1) yE(4,4)1D(446) 44(160,12)
1,R(zoo),z(zoo),z&(zoo),rz(zoos

Céigy F,E,D,A

S=311(TH1)

c=C@s TH1;

XR(1)=2(1)x%3+R(I)*C

Y27 I\=Z(I?*G—2%I #3
Xr(J =ZEJ #34R(J)*C
Y2(J )=4(J ) #C~R(.7)*S
XR(K =z(x;*s+ﬁ(xg*c
YZ(X)=2(X)*C-R(X)*S

The sign of the siress factor is next found, and the orientation

of the element nodes established relative to the rotatesd sxes :-



IF (SF1) 1,2,3

1 SP1=—SP1
M1

G¢1T¢’ 4

cp‘meUE

IP (Y2(1)-Y2(J)) 5,6,6
CQSNT]HUE

IF (vz(1)-Y2(X)) 7,8,8
CYNTINUE

Ir (Y2(J)-v2(x)) 9,8,8
XR(101)=®m( 1)
XR(102)=xR(J)
XR(103)=xR(X
YZ(101 =YZEI;
YZ(102 =YZ(J;

o v bW

= 0

9 m?m%:}m J
102)=XR(K
1032:){3 I
YZ(101 -—-YZEJ
Y7(102)=Yz(X
YZ(103)=Y7(I
¢ ¢ 10
8 XR(101)=XR(x)
XR( 102 —\m I
Xr(103 _xn J
Y7 102 v 5
Y? 105 ""Y-...\J‘
10 CANTINUE
N=1
1 PN=FLFAT(N) /SP1+Y2(101)

Label number 11 starts the loop to draw each principal plane
across the element, where B! is the YZ coordinate of this line and the
points where it cuts the element boundaries are XR(N1) and XR(IN2) :=-

N2=2%3+103
N1=N2-1
IF (N-Y2(103)) 12,12,13
12 Em )=xR(101 )+(m(103)_xa(101))*(m—?z(*:m ))/(¥z(103)-
1¥2(1
cg ¢ 14
13 CANTINUE
1P (m-u?cz ) 15,99
15 m%m );}){:{ 103 +(m(102)-,{a(103))*(F'-Yzﬁos))/(yz(wz)-
1Y2(103
14 CAITINUE
IF (m-Yz(102)) 17,17,18
Ehz)_,h 101 )+(m(102)- XR(101))*(P-Y2(101) ) /(Y2(102)-
1¥z(101))
g 74 20
18 . cgmrmue
IF (m-vz(103)) 19,2,2

17



19

-

20

A (W2 )=z (102 )+(xR(103)-xR(102) ) *(F-¥5(102) ) /(¥2(103)~-
1Y2(102))

YZEH1)=PN

YZ(22 )=EN

The coordinates are transposed back into the R-Z axes and plotted

with a dashed line if the stress is compressive or a continucus line if

it is tensile, this being registered with the integer M.

21

22

CALL TRANS (W1,R,Z,XR,YZ,S,C)

CALL TRANS (N2,R,Z,XR,YZ,S,C)

IF (1) 21,2,22

CAITINUE

géLngncgnAsan (R(1),2(%1) ,R(312) ,2(¥2) ,0.5)
¥ 1

CAITINUE

CALL HGPDASHIN (R(N1),2(m1),R(N2),2(N2),0.0)

The loop is repeated wntil the element has been covered, and of

course was bypassed in the first place if the stress was on or so

close to zero that no line was required, and the same procedure

followed to plot the orthogonal plarie and complete the subroutine :-

16
2
23

25
26

27
28
29

31

ME=N+1

cf ¢ 11

CATINUE

IF (SQ1) 23,24,25
SQ1=-5Q1

Mt

Gd 74 26

M=1

CcAIPINUR

IF (XR(I)-xr(J)) 27,28,28
CENTINUE

IF (x(I)-xR(K)) 29,30,30
CANTINUE

IF (XR(J)-ZR(K)) 31,30,30
Y7(101)=Yz(1
YZ(102)=Y2z(J

YZ(103 =YZ§K
XR(101)=xx(I
Xr(102 =XREJ
Xr(103)=xRr(K
cf ¢ 32

X2 101)ﬁYZ€J
Y2(102)=Yz(X
Yz(103)=Y2(I
XR(101 =XR(J2
XR(102)=xR({X
28 (103)=x(1)

wt
-t
.



Yz(msg:yz(.])
XR(101)=XR(X)
XR(102)=x2(1)
XR(103)=XR(J)
32 CENTTNUE
=1
33 Q=FLPAT(XW) /301+XR(101)
N2=2#1+103
Ni=N2-1
IF (m—mngg) 3493443

34 . Yz(n1)=yz(101 +(xz(102)-5rz(1o1))*(qm-m(w'i))/(m(w?)-
1XR(101))
Gy 7f 36

'35 CANTTIUE

IrF (@ “—XREHJBg) 3742442
37 11;%111(1)%%5 102 +(YZ(103)-—Y&(102))*(@1—){3(102))/(XR(‘IO}')«
3€ CENTINUE
IF (QI=-XR 2103;) 38,38,3
38 Yzinz).ju)rz 101 +(YZ(103)-YZ(101))* QN-Xr(101))/(xr(103)=
1XR(101
cg 7 40
39 CAITINUE
IF (Qi-xr{102)) 41,24,24
41 Yz..?\‘Q)*Y.:.Z‘IO);+(Y’7(102)-YZ(103))*(QTI-XWHOE))/(‘:R(‘IOQ)-
13%R(103))
40 mimg:ﬂm
XR(W2)=QN
CALL TRANS (N1,R,Z, m,Yz,s,cg
CALL ThaNS (N2, 't Z,XR,Y2,S,0
1F (M) "fﬁ-4’45
42 CIPIITR
c.xsmr:ﬁj HGEnASTI (R(N1),2(01),R(2) ,Z(¥2) 40.5)
44
4% CENTINUE
CALL HGPDASHIN (R(N1),2z(N1),R(N2),2(N2),0.0)

44 N=N+1
cf 78 33
24 CENTINUE
RETURN
BD

SUBRZUTINE TRANS (zz,n,z,x,r,s,c;
DIENSIZN P(160,1),2(4,4),D(4,6),A(160,12)
1,R(200), z(zoo) 4%(200),7Y(200)

cgirgN F,E,D,A
R(m;_x(mg ..-Y( 1)#8
Z(N )=X(1 ) *s+¥ (11)*C
RETURN

END

With the addition of the data cards the program is thus

completed,

52,



ii) The 32CST Hlement,

This element is useful in that by averaging the stresses for

adjacent CST elements an effective constant strain quadrilateral is

obtained which has a more even flow of results compared with those

obtained for the CST element. The computer progrem is identical to

that of the CST element for the formation and solution of the

simultaneous equations which give rise to numerical values for the

nodal deflexions. There is a more extended procedure required for

the plotting of the principal planes, and in addition the numerical

results will be printed out.

After the library subroutine for solution cf the simultaneous

equations has been called as before, the master program now continues

as follows

8

10

100
101
102

103

CENTINUE
VRITE 2,102;
WRITE (2,10%
PK=ABS{ PS)
PK=1./PK
PJ=180./3,14159265
D¢ 9 M=i,77,4
Dg 9 N=1’3
I=M+11-1

J=1+4

K=I+5

CALL HGPDASHIN (R(I),2(I),R(L),2(L
CALL PRINC (FK,PJ,W,R,2,1,J,K,L)
CATTIIIUE

D¢ 10 V=4, 76,4

N=M+4

CALL HCPDASHIN (R(1),z(1),2(2),2(N),0.0)

CENTINUE

CALL HCPDASHIN (R(80),Z(80),R(77),2(77),0.0)

CALL HGCPFIIISH

FPRIAT (9F0.0)

FERIMAT E1H1,1x, 28I ATRIX NPT PESITIVE DEFINITE)

FRMAT (1H1,1X,13HELEGENT NEDES, 3X, 15EPRINCIPAL PLANE,
19X, 14HSTRESS FACTCRS)

FgRMAT (1H ,2X, 1351, 3%, 157, 3X, 1HK, 3X, 1HL, 5X, 94( DEGREES) ,
18X, SHYWIZR, 4 X, SEM TR, 5K, AHHPFP, 4X, SESHEAR/)

STYP

ED

F A

gzirmpmsm ER%J; ,ZEJ) ,Rglg ,ngg ,g.gg

\n
\N
.



The subroutine to fincd the principal stresses tzkes a different
form from the CST element in calling the global stress matrix a.nr:“.l
wveighting the average of adjacex;t CSTs in proportion io their areas,
J,K,L)

5 A(160 12)
,1(4,1)

SUBRZUTINE PRINC (PK,PJ,W,R,Z,I
DIMENSIgN F(160 1),.,E4 4), D(4
1,W(160,1), R(oooﬁ,.,(zoos,u(zi 15
c;ﬁrmgfu F,E,D,A

g 1 l=1 4

2}1,1)_0.
(M, 1)=0,
IF ((R(T)-R(K))**2+(2(1)-2(K))**2
1 =(R(J)-R(1) )=*2-(2(3)-2(L))**2
1 11,12,12
11 CANTINUE
CALL GLgRA (DS,S,W,R,Z,I J,I{;
CALL GLg®A (pT,T,W,R,Z,I,K,L
cg ™4 13

12 CENTINUE

CALL CLgBA (DS,S,W,R,2,I,J,L)
CALL CL@3A (D‘I‘, W,R,Z,J,K,L)
13 CNTINUE
D2=1./(DS+DT)
ug 2 M=1,4
2 s(11,1)= (s(r 1)#D5+7(21, 1 )¥DT)*D2

SA_-.:Q,,RTSO.EB*fS(‘l 1)-3(2 1) )**2+3(4, 1)**2)
SR=0,5%{s(1 ;1)+s\_2 1))
SI=SB+SA
SQ=SB-SA
ST=5(3,1)
SR=SP-S(,1)
IF (SR) 3,4,3
4 ﬂgh;ﬁS?o?%%S
G
3 TH=5(4 1)/Sv
IF (TH) 6,
6 TH=~TH
TH=-ATAN(TH)
of ¢ 5
7 TH=ATAN (TH)
5 TS=TH+0,7853981625
TT=TS-1,570796325
IF (77) 8,9,10
10 TS=TT
cf f 8
9 1S=0,
8 CAITINUE
CALL PLETT (TH,SP,SQ,R,2,I,J,%,L)
TH=TH*PJ
SP=SP*PK
SQ=SQ¥FK
ST=ST*FK
SA=SA¥PK
WRITE (2,104) 1,J,X,1,TH,SP,5Q,ST,S4
104  PgRA?T (1H ,1X,I12,2X,12,2%,12,2X,12,6X,F7.2,TX,FT.2,2X
T H a2, 280, 7702 :u,ﬂ?. )
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RETURN
END

The subroutine to find the global stress matrix for a CST
follows 3=

SUBR@UTINE CL@BA (D1,S,W,R,2,I,J,K)
DIMENSIgN #(160,1),E (4 45,3(4,6),A(160 12
1,3(4,1),W(160, 15,*{(200) 7(200),B(4, 1),N(6
cﬁm @ F,E,D,A
D1=R(J) #2(X)~2(T)¥R(K)-R(T) #(2(K)~2(3))+2( 1) *(R(X)-R (7))
D2=1./D1
CALL DISPL (R,Z,I,J,K)
N$2;=2*I
4)=2%J
N(6)=2%K
N(1 =NE2;-1
N(3)=N(4)-1
N(5)=1{6)-1
D4 1 L=1,4
B(L, 1)=0. ¥
D¢ 1 M=1,6 2
1 B(L,1 )=}3\“,1)+D(L,u)“DZ*\J(F(I") 1)
Dg 2 1=1,4
s{1., 1)—0
g 2 ¥=1,4
2 s(1, 1)-S(L,1)+E(L 1)*B(H,1)
RETURN
END

The rlotter output of principal planes follows the same rouline
as for the CST, but is more lengthy with the fourth boundary of the
quadrilateral :-

suerguriE rPLéer (U,V,W,R,Z,I,J,K,L)
DIMENSTEN F(160,1),5(4,4),D(4.6),A(160,12)

1,R(200),2(200), x(zoo),y(zo )
c¢m N ?,E,D,A

S—QINEUg

C=C@S(U
X I}=zj 1 *s+tz§ ;*c
X J)=z J)*S4R(J)*C
X ITZ K)*3+R(K)*C
X(L)=Z(L *b+? *C
Y(1 =z 1 *f‘--R s
Y(J =4( *C-R(J )*S
Y(K)=2(k *C—R(h *3
Y(L)=2(L)*C-R(L)*S
IF (V) 1,2,3

i V==V
T
of ¢ 4

3 ¥=1

4 CHIMINUE

T
\Ji
-



po > - SEIE S S < 5 LT

1
12

13
12

15

16
17
19
20

21
18

22
23
25

27
24

28

IF (¥(1)~-Y(3)) 5,6,6

cphr'nm

IF (v(1)-¥(X)) 7,8,8

CEITINUE

IP (Y(J)-Y(X)) 9,8, 8

CENTINUE

IF (¥(1)-¥(1)) 10,13,13

CENTINUE

IF (Y(x)-Y(1)) 12,13,13

CENTIIUE

IF (Y(3)-¥(1)) 11,13,13

CALL Quips (X,Y,I,J,K,L)

g ¢ 14

CALL QUADS (X,Y,J,K,L,I)

cg 74 14

CALL Quaps (X,Y,K,L,I,J)

cf Y 14

CALL quaps (X%,Y,L,I,J,K)

CENTINUE

N=1

P=FLZAT(N) /V+Y(101)

N2=241+104

Ni=N2-1

1F (P—'rEic4)) 16,17,17

x(1)=x 101)+tx(1045-x(101))*(P—Y(101)},’(Y(104)—Y(101))

Gg ¢ 18

CENTINUE

IF (P—Y$103%)'19,19 20

’c‘é“l%“f;““ +(4(1033-X(104) ) *(2=¥(104)) /(¥(103)-¥(104))

caNTIIUR

IF (P-Y{102)) 21,

x(m)-Xt'“3,+(x(102)—x(105))*(P-Y(103,.)/(*.((10?)—?(103))

CANTINUE

IF (P-Y(102)) 22,22,23

x(ng%.-_x 101)+(x(102,—x(101))*(P-Y(1o1))/(Y(102)-Y(101))
24

CHNTINUE

IF (P-Y§103)) 25,25,26

X(n2)=x 102)+(x(1o;,) X(102))*(P—Y(102))/(Y(103)-Y(102))

cf ¢ 24

CENTINUE

IF (P-Y(104)) 27.2,2

xgﬂzgﬂ(wsh(x(104)—X(103))*(P—Y(103))/(Y(104)-Y(103))
Y(11)=P

Y(N2)=P

CALL TRANS E N1,R,2Z, X,Y,S,C;

CALL TRANS (N2,R,Z,X,Y,S,C

IF () 28,2,29

cgfwmm

CALL HGPDASHIN (R(N1),2(N1),R(: 2),.4(;@),0.,)

Gf T4 30

CENTINUE

CALL HGPDASEIN (R(H1),2z(1),R(N2),32(52),0.0)
N=N+1

cg 7¢ 15

* CETINUE

Ix (M) 61,62,02

e



61
62

31
33

35
o
37
38
39
40
41
42

43
44

45

V==V

CENTINUE

IF (W) 31,32,33

W==W

F==1

Gg T¢ 34

M=1

CENTINUE

IF (X(1)-%(J)) 35,36,36
CZNTINUE

- IF (x(I)-x(x)) 37,38,38

CENTTIUE
IF (x(3)-x(x)) 39,38,38
CENTINUE
IF (X(1)-xX(L)) 40,43,4%
CENTINUE
Ir (X(K)'X(L)) 42343343"
CENTINUE
IF (x(J)-x(1)) 41,43,43
CALL QUADS (X Y,‘,J,I,L)
cf T 44
CALL Quaps (X,Y,J,K,L,I)
Gf Y 44
CALL QU.&Db (X,Y,K,T,1,J)
Gf ¢ 44
CALL QUADS (X,Y,L,1,J,X)
cng"I: UE

N=1
Q=FL.FAT(N) /v+X(101)
N2=2%11+104
N1=l2-1
IF (Q-x(102)) 46,46,47
¥ (51 )X (1019 4T 0102} 2Y(101) J(@=X(101) ) /(X(102)=X(101))
Gf Tf 48
CNTINUE
IF (Q-X(103)) 49,49,50
égn%—ysmﬂ 4(V(1O;S—Y(102))*( Q-x(102))/(x(103)-x(102))

TP 4
Cf NTINUE
IF (2-x(104)) 51,32,32
Yég::_j);‘f_(}os)+(Y(1045-Y(103))*@-.‘:(103))/(:{(104)-X(103))
IF (2-x(104)) 52,52,5
ggxz)—wsfgw*t)+(V(1045-*:(101))*(@2-;{(101))/(x(104)-x(1o1))

g

CATINUE
Iz (a—xfwn) 559 55, 56
gém%..y 104)+((105)-¥(104) )*(2~X(194) ) /(X(103)~X(104) )

79 54
CANTINUE
IF (Q-%(102)) 57,32,32
Yszg—Y(103)+(x(1025-1'(105))*(q,-x(103))/(x(102)-x(105))

X(n1)=2

x(x2)=2

CALL TRANS (%1,R,Z,X,Y,S,C)
CALL T:: r 2,~,z,:=:,'f,3,c)
IP (B) 5

Cgtn 'IE



CALL HGPDASHLE (R(N1),2(111),R(52), 5(1,2) 0.5)
cg T 60
59 CENTINUE
CALL HGPDASHIN (R(¥1),2(¥1),R(N2),2(X2),0.0)
60 N=N+1
Gf ¢ 45
32 CENTINUE
Ir (M) 63,64,64

63 We=—W
64 CNTINUE
" RETURN
R

SUERGUTINE QUaDS (X,Y,I,J,K,L)
DIMENSIf# F(160, 1),}:.(4,4) DZ4,6) A(160,12)
1,X(200),Y¥(200)
e F,B,D,A
101):{(15
X(102 _x
X(103 -y
X(104)=x( L
Y(101 —Y
Y(102)=
Y(103)=
b § 104 -Y u)

SUER@UTINE TRANS (I,R,Z,XR,YZ,S,C)
DIMENSIZN ¥(160,1), B(4,4),D(4,6 5 A(160,12)
':,R(zoo),zczoo),;ﬁz(zoo),yz(zoos

cfiigy F,E,D,A
REI)=.‘~':R(I)*G—YZEI)*S
Z(I)=XR(I)*S+YZ(I)*C
RETURN

ED

Again the addition of data cards completes the program,



i1ii) The quadrilateral element formed by four CSTs. (4C5T).
The introduction of a fifth node into the guadrilateral element
gives a 10 X 10 element stiffness matrix called G in the program :=

MASTER PLJT
pIMEISIgN #(160,1),2(4,4),D(4,6),4(160,12),G(10,10)
1,R(190),2(190),W(162,1) ,X(160,12)
chm@l F,E,D,4,G
- READ (1,100) H1,R1,R2,71,T2,T3,YM,FR,PS
CALL HCPSTART (6FIERCER,6)
R(2)=21.
R(3)=21.
2(3)=29.7
Z 4 =2 .
CALL HGPDASHLN (R(1),ZE1§,R 2),2(2),40.
CALL HGPDASHIN Enéz),z 2),R(3),2(3),0.
CALL HGPDASHIN (R(3),2(3),R(4),2(4),0.
CALL HGPDASHIN (R(4),2(4)4R(1)4%(1)40e
CALL HGPSY}BL (9446440442,5H34CST,04,5)
CALL HCPZRIGIN (6.,10.)
¢ 1 I=1,4
T4.—.FL¢AT( 1=1)/3.
H2=H1~T3%74
R3=R2-12:74+T3*74*( (R1-R2)~(T1-T2)*14 ) /H1
R4=R1-T1%T4
Df 2 J=1,45,4
R3=FLYAT(I-1) /4
KeT4J=1
R%K;-TR4-(U4—R3)*H3/12-
2 ]z)ﬁ K)=H24¥%/12,
3 J=49, 17,4
H2=FLPAT(J-49) /4.
K=I+J-1
Rixgﬁs-m*m/?.
2(x)=H2
CANTINUE
CALL HGPDASHIN éﬂésog,z(ao;,n%m),z(eﬂ,o.s)
CALY, HCPDASHIN (R(81),2(81),R(4),2(4)40.5)
CALL HGPSYITL (=0.21,4¢,0021,18HAXIS @JF REVFLUTIPN,90.,18)
CALL HGPSITL (64,-0442,0421,9HFLAT BASE,0449)
CALL ELAST (YM,FR)

-

The program now loops throush each element to call a subroutine

which zsgembles the stiffnesa matrix :-

DF 4 1=1,73,4

M 4 1'.?=1,3

I=2400-1

J=I+4

K=I+5

L=T+1

CALL ASSEM (R,Z,I,J,K,L)
4  CAITINUE

DF 5-3=5,T3,4

I=l=4

5%.



7
8

K=J+4

CALL P@RCE (PS,R,%,I,J,K)
CANTINUE

CALL FgPpE (*“rR “37/977 77)
F(153,1)=0,

:Dg 6 I=1’4

J=2%]

K=J+151

Le=J=1
AgJ,12)=A(J,12)*1000=.’X}OOOe
A K,12§=A€K,123*‘}00000000.
A(L,12)=A(1,12)*100000000,
K=1

CALL FO4ACF (A,160,F,160,160,11,1,W,160,X,160,12,K)
IF (K) 7,8,7

WRITE (2,101)

CENTINUE

Having the displacement matrix for the corner nodes, the

program loops through each juadrilateral element again to call the

subroutine which pleots the principal planes :-

10

100
101

D¢ 9 V=1,73,4

Dg 9 N=1,3

1= N1

J=I+4

K=I+5

L=T41

CALI, HGPDASHIN (R(J) 2(J),R(1),2(1),0.)
CALYL HGPDASHLN :a(I),a(I) fzu.},q( )4 06)
CALL VARIA (W,R,Z,I,J,K LS

CENTINUE

DF 10 1=4,76,4

N=lh+4

CALL HECPDASHIN (R(17),2(2),R(1),2(11),0.)
CENTINUE

CALL HGPDASHIN (R(80),2(80),R(77),2(77),0.)
CALL HGPFINISH

FPRVAT isro 0)
E%AT 1E1,1X,28HMATRIX NgT PESITIVE DEFINITE)
S

B

The subroutines for the elasticity, force, and displacement

matrices are as for the CST element with matrix G included in their

dimension and comron statements. The element stiffness matrix is

formed by assembling each C3T subelement :=

SUBRFUTTNE STIFP (R,Z,I,J,K)

DIMENSIEN 7(160,1),E(4,4), D\4,6),ﬂ.(100,|2) ¢{10,10)
1,R(190) ,2(190) qrbr“}tb(gisfl 1(8)

cg{."?‘r FyEy0y8,G

RE=(R(T)+R{T)+3(2) ) /30
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FI=3.14159265
D2=RB*PI/(R(J)*2(K)-2(J)*R(K)
1-R(T) #(2(X)-2{3) )+2 (13*(3(:’)-&(3)))
CALL DISFL (R,2,1,J,}
D¢ 1 I=1,4
g 1 M=1,6
BEI*I,L%:D(L,E)*DZ
¢(L,H)=0.
Dg 1 N=1,4

1 c(L, II)—C(L 1)+E(L n)*n(x: M)
N1(2)=2%I
N1(4)=2%J
u1(6)=2%K
N1 1)-4@152;-1
N1(3)=01(4)-1
N1(5)=01(6)-1
Dg 2 I=1,6
g 2 M=1, 6
Dg 2 N=1,

2 c(m1(n) ,n1(m))=c(m(L),m(1 ))+B(L,1)*C(N,H)
RETURN

END
A separate subroutine forms the submatrices recquired to eliminate

the parts of the stiffness matrix which are due to the antermal node
only, a.nd. include its effect upon the element stiffness in tle
remaining parts due te corner nodes cnly. The intern=2] node is
placed at the centroid of the guadrilateral elenmecnt, and ‘he stiffness
natrices of each CST subelement first called in assemdled form from
the previous subroutine :=-

SUR@UTINE ¢ (R,Z,I,J,K,L,II)

DIMENSIZN P(4160, 1),31'4 ,,D(4,6) 4(160,12),6(10,10)

1,%(190), 0),R(190),2
C}(mc;)f‘ff‘:g’i,g(19 )»2(190).

x(1 ..R
; _R
4 ~R§
Y 1)=Z(1
Y(2)=2
Y(3 ='a(v
Y{4 ="(L
X1=R(1)+R(J +‘t(h
X2=n ;-ﬁ X
Y1=2(1)+2(J +z 1'
Yo=2 I;+’2‘.(Kg ;_(;.
D1=R{J) =7 (¥)-2(.
1R(I)*( (2)=2( -J))+ \ ; (2(£)-2(3))
D2=R(K)*2(L)-Z{(K)*R(L)~
1R(1)*(z kL)—a(r))* 2(T)*(2(1)-R(D))

D3=1e/(3e* (D142
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X(5)=(D1*X14D25%2 )*D3
Y£5)=(D1*Y1+D2*Y2)*D}
R(TI)=x(5

Z(11)=Y(5

of 1 M=1,10
. D¢ 1 N=1,10
1 G(M,n)=0,

CALL STIFF Ex,¥,1,2,5¥

CALL STIFF (X,Y,2,3,5

CALL STIFF (X,Y,3,4,5

CALL STIFF (X,Y,491,5

GJ=1./(G(9,9)%G( 10,10)~G(9, 10)*6(10,9) )
G(9,10)=-G(9,10)*GJ
(10,990 16:53 503
GP=G(10,10) *GJ
Gi10,105=G(9g9)*GJ
G(9,9)=CP
RETURN
RD

The subroutine Ln ass.mble the element into the overall stiffness
natrix follows, eliminating the intermal node within the operation of
addition,

SUBRFUTINE ASSEM (R,Z,3,J,K,L)

DIMENSIZN F(160,1),E(4,4),D(4,6) 4A(160,12),G(10,10)

»R(190),2(190),11(8)

cgizgn »,E,D,A,G

CALL C=TR (R,Z,I,J,K,L,81)

N1 2g=2*1

N1(4)=2%J

§1(6)=2%K

N1(8)=2%L

N1(1)=1(2)-1

¥1(3)=01(4)=1

N1(5)=21(6)=1

N1(7)=11(8) =1

D¢ 1 1=1,8

g 1 N=1,M

N2=01 (1) =H1(N)

IF (3':2} 25343

2 NR=N1(17)
NC=124112
cf ¢ 1

3 NR=21(1)
NC=12-N2
AQUR,NC)=A(NR,NC)+G(M,N)
1—G(r\:,9;*(s§9.9)*0(9.:15«6(9.10)*6(10,11))-
1G{M, 10)*(C(10,9)*G(2,11)+G(10,10) *G{10,)7))
RETURN

-

BD
After the sclution of the simultaneous equations, the subroutine

to find and plot vrincipal planes first reforms the elemenit stifrfness

N
M
.



subﬁatrices to find the deflexion at the centroidal node. The
subroutines for plotting principal planes for each CST subelement are
then called,

SUBRGUTINE VARIA (W,R,Z,1
DIMENSIZN F(160,1),E(4,4),
1,R(190), 2(190) (8}, w( 162,
cgiaygN F,E,D,A,G

CALL CRITR (R,2,1,J,K,L,81)
N 2g=2*1
}T

’

J! ]
ng - ; A(160,12),G(10,10)
1

Dg 1 ¥=1,8
g;gm 1)_w(161 1)=-w((11),,1)*(c(9,9)*G(9,11)+G(9,10) *G( 10,1
1

1 w(;§2,1)='.r(162,1)-‘.4(1«:(3-3,1)*(@(10,9)*{3(9,}:){;(10,10)*0(-10
1.M
CALL PRINC (W,R,2,I,J,€1
CALL PRIVC (W,R, K,&1
CALL PRINC (w,n, ,KoL,81
CALL PRINC (W,R 8
CALL HGPDASHIN E
CALL EGPDASHIN (
CALL HCPDASHIN (
CALL HGPDASHLE (
RETURN
END

1),2(81) 40, 5)
1}52(81)4045)
1§,zks1 50 5%
1) 52(81) 5045

The CST element subroutines and data cards complete the progran.



iv): Plane quadrilateral element. (34).

This type of element has some scope for variation in the
method of computation, and it was found that in practice that it had
a negligible effect upon the effectiveness of the program whether the
ctiffness matrix was computed from the algebraically expanded terus
or formed directly from the numerical values of the partial
differentials involved. For the more complex types of element,
however, the latter method saves many hours of mental labour for all
but the exceptions.

A complete program follows which employs the algebraic method
and & four-point Caussian Quadrature in the Q4 element {o output
numerical values of principal planes and stresses for the case of a
aspherical shell, Altrhough the program can be used for a general case,
+he sphere is one for which solutions are known by other theoretical
approaches which have been also checked'against experinental resulis.,

In the job cards the NAG, dispenses with the need for library
cards as it brings in the subroutine for solving simulianeous
equations, and the plotter is not being used this time.

J@B Q4ALGERRA,CIR214,FERCER
SECAIDS 300
BFYRTRAN , ,290,NAG, 25000

K HNR

Dgc PREG
MASTER PLET
DIMENSIZN F(200,1),2(4,4),0(4,8),4(200,12),G(8,8)
1,R(190),z(19o),:-:(200,1),;{(200,125
cArag F,E,D,A,G,GJ
READ (1,100) R1,T1,YM,PR,PS

100  FgRAT (570.0)
WRITE (2,101) R1,71,Y2,FR,PS

101 PERIAT (/5710.2/)

: CALL SPERRE (R1,T™,R,Z,4,100)

CALL ELAST (YHM,FR)
DY 4 1=1,93,4
Df 4 1=1,3
I=d-1
J=I+4
X=I+5
I=T+1

CALL 4S®M (R,2,1,7,%,L)
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4 CPNTINUE
D[:'f 5 J=599394
I=J-4
K=J+4
CALL F¢RCE (PS,R,Z,I1,J,K)
5 CHNTINUE
CALL FgRCE gPs,R.z,%,?'r 97)
CALL FPRCE (PS.E.Z.141,5)
FE193 1)=0,
7(2,1)=0.
g 6 I=1,4
J=2%T
K=J+191
A{J,12)=A(J,12g*100000000.
A(K,12)=A(K, 12)*100000000,
6 CEITINUE
K=1
CALL F¢RCE (A,200,F,200,200,11,1,W,200,X,200,12,K)
IF (K) 78,7
7 WRITE (2,102)
102  PERMAT (1H1,1X,28EMATRIX N@T PPSITIVE DEFINITE)
8 CANTI:UE
WRITE (2,103) ((r(1,1),‘.-:(I,1)§,I=1,2oo)
103  FYRIAT (1E ,10X,76.1,10%,75.1
Dﬁ 9 ¥=1,93,4
D4 9 N=1,3
I=14-1
=I+4
K=I+5
L=T41 \
CALL PRINC (W,R,2Z,I,J,K,L)
9 CENITNUE

STYP
BD

SUERRZUTINE SPHERE (RADIUS, THICKNESS, R,Z,M,N)
DIMENSIFH #(200,1),5(4,4),D(4,8),4(200,12,G(8,8)
1,R(190),2(190)
cginigi F,E,D,A,G,GJ
P=THICKNESS /FLPAT(2=1)
L=N=M41
g 1 I=1,L,N
THETA=1, 570796 325#FLPAT(I-1) /FIFAT(L)
c%cﬁsETma
SI=SIii( THETA
DF 1 J=1,H
S=RADIUS-T*FLEAT(JT-1)
K=T+J=1
REK;_—.smg
1 Z(K)=S*31I
RETURN
ED

SUBR@UTINE ELAST (YM,PR)

pIENSIf 1(200,1),2(4,4),0(4,%),4(200,12),G(8,8)
cfhagh 7,%,D,4,C,0J

PI=Y1/((14FR) *(1.-2.%FR))

DQ-{ 1 I=1,3



———

S———— — - P TR

Df 1 J=1,3

BE(I,J)=FI*FR L
E(I,I)=R1*(1,~FR)
E(4,4)=0.5%PN*(1.,=2,*%FR)
REPURN e e S sk — -
END

SUBR@UTINE .DISFL (S,T,X,Y) ok
DIMENSIZN F(200,1),5(4,4),D(4,8),A(200,12),G(8,8)
S TR BT
cJ=o.125*((Xf1)—x%3))%fY(2)-?&4;)-515(2%;;54))?
1(¥(1)-Y(3))+5%( (x(1)=x(4))*(¥(2)-¥(3))-(x(2)-%
3;)*5*{(1)-&’54)))+'f*((:4(5)—:{(4))*(‘m)-Y(Z))-(x
1)-%(2))*(¥(3)-¥(4))))
CJ=0.;2543J x(2 S 2)-x(3
D(1,2)=-CI*(x(2)-X(4)+5*(X
D(1,4)= cI*(X(1)=2(3)+3%(x(1 4
Qe MG R e
HiRmE g et sapt el
9 8)==CJ* - =5%( ] ~X(3))-T%
D€2,1 = CJ*EYEﬁg-YE4g+5%EY(§§-Y(2 g—”*gY
D(2,3)==CI*(Y(1)-7(3)+5%(¥(1)-Y
HenmEtEdieRd (3 netr(
D(2,7)= cI*(¥(1)-Y(3)-3%(x(2)-Y(3)) (
g 1 1=1,7,2
=I+1
p(4,7)=D(2,I)
D(4,1)=D(1,J)
H1=(1e+3)%(1.-T)*0.25
H2=(1.45 *E1.+T3*0.25
H3= 1e=S) ¥( 14T m025
H4=(14-3)%(1.-T)%0.25
R=1./(%(1)*51+x(2) *H2+X( 3) *H3+%(4) *H4)
D{3,1)=H1*R
D 3!3 =H2*R
D(3,5)=H3*R
D(3,7)=H4*R
RETURN
RD

1
1

EAW
el allal

= = AN = = A AN
1
4

I
1,11
NS EMND NS
St e et S N e e
M N s Nt S

1
=

SUBRGUTINE STIFF (X,Y) "

DIMENSIgh F(200,1),E(4,4;,D(4,8),AE2OO 12),G(8,8)
1,5(4),m(4),X(4) ¥ (4) ,R(4)5C(458) 4 B(8,4)

chagt F,2,D,4,G,CJ

A1=0,577350269

P1=3,14159265

g 1 1=1,8
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CALL DISIL (s(x),*rézg X%:Y)
H1=%1.+S(I))*(1.—T 193%0.2
H2=(14+S(1) ) #(1.47(1) )*0.2
H3=E1.-s§1 2*51.#3(1))%0.25
H4=(14=-S(T) )#(1.=T(1))*0.25
R{T)=H1%x(1)+H2*x(2)+H3*X(3)+H4*X(4)
GJ=GJ*R(I)#*PI*2,
Dg 5 J=1’4
g 3 ¥K=1,8
c(J,ngo.
B(K,J)=D(J,K)*GJ
Df 3 1=1,4
3 ¢(J,Kx)=c(J,k)+E(J,L)*D(L,K)
D¢ 4 J=1,8
W 4 K=1,J
DF 4 L=1,4
4 G(J,K):G(J,K)+B(J,L)*C(L,K)
CANTINUE
RETURN
-END

SUBR@UTINE ASSEM (R,Z,I,J,K,L)
DIMENSTN 1:-(200,1),3(4,4),1)?4 2),4(200,12),G(8,8)
1,X(4),Y(4),(190),2(190) ,51(8}
Ch Mg F,3,D,A,G,GJ
X(1)=R(T)
X(2)=R(J
=R(X
(4)=R(L
=Z(I
=24(J
;:ZEX
Y(4)=2(1
CALL STIFF (X,Y)
N1 2§=2*I

x(3
(4
3l
Y(2
Y(3

N1(4)=2%J
N1(6)=2%K
N1(8)=2#L
N1(1)=11(2)=-1
N1(3 =N1€4 -1
N1(5)=211(6)-1
N1(7)=11(8)-1
g 1 ¥=1,8
DF 1 N=1,M
N2=N1(3)-11(x)
IF (N2) 2,3,3

2 NR=X1(11)
NC=124212
cg o 1

3 NR=11(11)
NC=12-112

1 AQR,NC)=A(R,1C)+G(11,X)
RETURN
RD

SUBREUTINE FYRCE (FS,R,Z,I,J,K) :
DIMENSIZN F(200,1),E(4,4),0(4,8),4(200,12),53(8,8)
1,R(190),%{ 190)

-~

o\
=]
-
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n

N =

P

102

cfizigN F,E,D,A,G,GJ
PI=3.14159265
PA=PI*PS/3,

NV=2%J

NU=NV=1
F(NU,1)=PA*(R(1)*(2(J)-2(1))+
12,*%R(J)*(2(K)-2(1))+R(X)*(2(K)-2(J)))
F(¥V,1)=Pa*(R(I)-R(K))*(R(I)+R(J)+R(K))
RETURN

END

SUBRZUTINE PRINC (W,R,Z,I,J,K,L
DIMENSIZN #(200,1),E(4,4),D(4,8
1,%(4),Y(4) ,(190) ,2(190) ,¥1(8,
p}u FsE,D,A,G,GJ

; A(200,12),G(8,8)
$1(4),W(200,1),5(4)

MR G B e O
-nhwt\.—l-h-wm—b

CALL DISPL (04306, Y)
N1(2)=2%1
N1(4)=2%J
N1(6)=2%K
N1(8)=2%L
N1(1)=N1(2)-1
N1(3)=N1(4)-1
N1 5§=m§6§ 1
N1(7)=201(8)=-1
D¢ 1 M=1,4
31(}1)_0.

1 N=1,8

; Is)g(m).sﬂ}x)m(m N)*uw(n1(),1)

P 2 ¥=1,4

S(M)=0.

D@ 2 Ne=1,4
s(n).—.s(ni«31(1:)*3(14,}1)
SA-=SQRTE0.25*(S(1;-3(2))**2-16(4)**2)
SB=0,5%(3(1)+3(2)
SP=SB+SA

SQ=SB-SA

SR=SP-5(1)

IF (SR) 6,7,6
TH=1,570796325

Gf ¢ 5

CENTINUE

TH=S(4)/SR _

IF (TH) 3,4,4

TH=-TH

TH=-ATAN(TH)

cf 74 5

TH=ATAN({TH)

ST=5(3)

WRITE (2,102) TH,SP,S3,ST
FEIAT (4710.2)



RETURN
END

FINISH
Frcie
DPC DATA

11.% 1.10 1¢00 0020 "1.0’0
FK

The input data shown is for a sphere of outer radius 11 cms,
thickness i.1 cms, with material properties, E=1 and V =0.,2, The
applied pressure of 1 on the outer surface of the shell is taken as
negative for the sign convention used in the program, and gives the
stress factors in the shell. In the linear elastic case the value
of E cancels out in the analysis for siresses, and is only required

if other information such as deflexions are included in the output.



v) The cubic quadrilateral element, (Qi2).

MASTER PLET

DIMENSIZN sts 1),B(4,4),4(136,2 4
1,R(68),%(68),%(136,24) ,W(136,1),P
1,8(24) ,FF(8,1),5(4)

In this program which is for the case of a sphere as with the
example given for the Q4 element, the arrangement of subroutines
différa a little from those of the previous cases, It was npt
convenient to employ the repetitive "common" statement, and the
dual system of nodal numnbering is iniroduced as subroutines for the
element and structural systems,

The job cards were similar to the previous case with allowance
for extra core and time,

READ (1,100) R1,71,YM,PR,PS
WRITE (.:,102) R1,™ ‘m m P3
CALL ELAST (YM,FR,E)
R2:=R1-T1

D¢ 1 I=1,57,8
TH=3.14159265*FLFAT(I-1) /128,
c;d:cp’sE ;

SI=SIi(TH
THD=%,14159265/48.
TH1=TH+THD

TH2=TH1+THD

Cf1=C@s(TH1

SI1=SIN(TH1

cge=cgs(TH2

SI2=STi( TH2

J=I+4

K=I+6

R(T)=R1*Cyg

Z(1)=R1*SI

R(J)=Ri*C@#1

Z(J)=R1%SI1

R(K)=R1*Cg@2

Z{K)=R1%5I2

J=I+3

K=I+5

I=I+7

R(J)=Rr2%cf

2(J)=R2%31

R(X =Rz*c¢1

Z(K )=R2%*3I1

R(L)=R2*Cg2

Z(L)=R2*s12

K=I+2

LT3

CALL THID (R,Z,7,7,%,L)
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1 CANTINUE -
R(65)=0.
Z(65)=0.
R(68)=0.
7(68)=0.
CALL THIRD (R,Z,65,68,67,66)
D¢ 6 1=1,57,8
CALL REDUCE EP,R,I)
CALL REDUCE (Q,2,I)
CALL STIFF EE,G,I‘,Q)
CALL FgRCE (PS,P,Q,FF)
CALL EXPAND (1-1,15
Dg 7 J=1,24
DF T K=1,J
m:NEJ;-NfK)
IF (M) 8,9,9
8 NR=N(X)
NC=24+}
Gg ¢ 15
9 NR=N(J)
NC=24~H
15 CENTINUE
A?@R,}IC):A(NR,Nc)m(J,K)
7 G(J,K)=0,
pg 10 J=1,3
F((J), 1)=F(N(3),1)+7F(J, 1)
10 FF(J,1)=0.
6 CENTINUE
F(2,1)=0.
F(129,1)=0.
o8 11 I=1,7,2
J=I+1
K=1+128
A J,24;=A(J,242*100000000.
A(K,24)=A(K,24)#*100000000,
11 CENTINUE
K=1

CALL FO4ACF (A,136,F,136,136423,1,W,136,X,136,24,K)
1F (K) 12,13,12
12 WRITE (2,101)
13 CENTINUE
WRITE (2,104) ((F(In).W(I,1);,I=1,136)
104  FERMAT (1H ,10X,F6.1,10X,F6,.1
Df 14 1=1,57,8
CALL REDUCE !'P,R,I;
CALL REDUCE Eq,z,:
CALL EXPAND (N,I)
DF 14 J=1,12
K=N(2%J) /2
CALL -FRINC (B,W,P,Q,J,X,S)
WRITE (2,103) J,K,(S(L),1=1,4)
14 CENTINUE
100  FERMAT %5?0.0)
101 FPRMAT (1H1,1X,28HATRIX NgT PPSITIVE DEFINITE)
102  Fgar (/5F7.2/)
103 FORMAT (215,4F10,2)
ST¢P
BD

Tie



The elasticity matrix is formed as before :-

SURRJUTINE ELAST (YM,FR,E)
DIMENSIM E(4,4)
PN=YM/((1,4FR) %(14~24¥FR))
Dg 1 I=1’3
w 1 J=1'3
E(I,J)=PN*PR
EI I)=Fi#(1.~FR)
E(444)=0.5%PN*(1+=2,*FR)
RETURN
END

The midside nodes are automatically coordinated :-

SUERZUTINE THIRD ER,Z,I,J,K,L)
DIMENSIEN R(68),2(68)

P=1./3.

R(K)=p* R(I)+2.*RE
R(L)=P*(2.9R(I)+R(J
Z(K)=P*(2(1)+2.%2(J
Z(L)=p*(2,%2(1)+2(J

RETURN

BID

The structural nedai coordinate system which gives the
minimum stiffness matrix band +idth is transferred into a loecal
element numbering sysitem which goes round the element boundary
anticlockwise -

SUER@UTTHE REDUCE (A,B,I)

DIMENSIZN A(12),B(68)
A(1 =B£I)

8

Similarly the element nodal numbering system ie transferxed
back into the structural system :=
SURRFUTINE EXPAND (N,I)
DIMENSIZN N(24)
H§2;~¢¥I
¥l4)=2#(I+4)

T2.



N(6)=2%(T1+6)
N(8)=2%(1+8)
N(10)=2%(1+49)
12 =2*§I+10
14)=2*(I+11
16)=2%(I+7
18 =2*§I+5
20)=2#(1+3
22)=2%( 142
n¢?4 =2#(I+1
1 J=1,23,2

1 N(J\=n(J+1)-

RETURN

=

END
The displacement matrix is formed numerically in the following
subroutine from combinations of the shape functions and their partial
dérivatives :-

SUBR@UTINE DISPL (D,RJ,S,T,X,Y)
DIMENSIFN n§4,24) x(125,Y(125 H(12),R(12),2(12)
1,P(12,42).Q(12)

B=1./32.

C=B*9,

US=1.-3

UT=1 .7

VS=1.43

TI=1 4T

WS=US*VS

WI=UT*VT

UBS=1 .-“)- ;S

U3T=1 =34 *T

V3S=14+3.%S

ViT=1e+3*T

Us=100+9 o ¥( T*S+T*1)

H(1)=B¥VS*U1*U

H 4£=B*VS*VT*U

H(7)=B*US*VT*U

H(10)=B¥US*UT*U

2 ) =CXVS*IT*U3T
3 )=C*VSH#WT*V3T
5 )=CH*VTHIS*V3S
6 )=C*VT*S*U3S
8 )=CHUS¥WT*V3T
9 )=CHUS*WT*U3T
11;=C*UT*WS*UBS
12)=C*¥UT*WS*V33
U==10,+18,%5+27 o FOHS49 HTHD
V10418 %527 ;#5%S=0 (X T*T
R 1;:3*‘0’[*‘3

H
H
H
H
H
H
H
H

R(4)=B*Vr*U
R(7)=B*VT*V
R(10)=B#UT+V
R(2)=C*wr*y3T
RES}:C*NT*VBT
R(8)=-R(3)

T3



R(9)=-R(2)

Um=3 o=2 ¢ 5+9 o #5%5
V=3 .-2 0*8—9 9*5*:'3
R(5)=C¥VT*#V
R{6)=C*VT*U
R(11)=C¥UT*U

R( 12 )=C*UT*y

U=10 4=0 o ¥5#3418 ( ¥T=27 (HFTHT
Vo100 +9 ¢ ¥S%S 418 ¢ #1427 S ¥TET
Z(1)=B*VsS¥U

Z( 4 )=B*VS*V

7( 7)=B¥US*V
Z(10)=B*US*U
U=—3-—29*T+9.W
V=3 ,=2 ¥ 19 #T#]
zgz)=c*vs*u

Z( 3 )=C*VS*V
7(8)=C*US*V
Z(9)=C*U3*y

Z( 5 )=C*WS*V3S
Z(6)=C*WS*U3S

Z 11g=.256;
7(12)=2(5

RI=0,

D 1 I=2,12

KT

D¢ 1 J=1,K
PEI,J;=R(I)*Z(J)-R(J)*Z(I)
P(J,I)=P(1,J)

g 2 I=1,12
RI=RI+H(I)*x(I)
Q(1)=0,

g 2 J=1,12
Q(1)=q(1)+r(I,3)*¥(J)
GJ=0,

g 3 I=1,12
GJ=CJ+Q(I)*X(I)
CJ=1./GJ

IF (RI) 6,7,6

RJ=0,

cff ¢ 8

C¢NTINUE

RJ=1./RI

CANTINUE

D¢ 4 1=1,12

J=2%1

K=J-1

niz.xgﬂ(z)*c.r
(1,7)=0.

g 5 1=1,12
¢J)=D(1,J)-P{I,5)*X(L)
J)=D(1,J)*CJ
K)=D(1,J
J)=D(2,K
D(3,K)=H(I)*RJ
RI=RI*CJ*2,.%3,14159265
RETURN

B

D1
D1
(4
(4

74,



The stiffness matrix is formed with a 3 X 3 point Gauss

Quadrature.

This subroutine gives the 24 X 24 element stiffness

matrix which is assembled into the structural stiffness matrix in the

master prograi,

-\

SUBRFUTINE STIFF (E,G,X,Y)

DIMENSIgN E(4,4),G(24,24),X(12§,Y(12),D(4,24)

155(9),7(9),W(9),C(4,24),B(24,4

W1=1 0/9.

W2=W1*8,

Wi=W1%5,

W(1)=Wi*w1

=Wi%W2

=w$1\
(2)

W2#2

0
3

!I_I.l‘_:ﬂ%

i
= E X

o~
-t

N2V OO\ W=\ COYO'"N W
i 1
8518t
b b b

eSS EShutiinnnihbh S = 5 = £ 5

O @~ 0N
!
-5

1 I1=1,9
L DISPL (D,RJ,S(I1),T(11),X,Y)
2 I=1,4

2 J=1,24

’J 50.
,I%éD(I,J)*RJ*w(I1)

CEE

Had
A~
o

<

K=1,4
3)=0(1,3)+E(T,K) (K, )
1=1,24
J’:.I ,I

===
'g.'ﬁ.'&.f'_";
DI AN N

K=1,4
¢(1,J)=c(7,3)+3(1,K)*c(k,J)
CENTINUE
RETUEN
B

-
\n



The nodal force matrix is also formed in a subroutine which
employs the 3 voint Gauss Quadrature along the element boundaries
vhich are subjected to applied pressure which in this case is assumed
to be wniform pressure,

SUBRGUTINE F@RCE (PS,X,Y,F)

DIMENSTON X(12),Y(12,7(8,1),6(8,1),H(4),5(4)
Z=9a*ao*16o*160

2=3,14159265%PS /7

N=1

IF (N) 1,2,3

T=0,774596669

cf 79 4

T=0,

-\

G ¥ 4
T=-0,774596669
A=1.~T

Be=1o+T
C=1e=3.%T

D=2 -C

E==C¥*D

H(1)=A*E

H 2 =ﬂ.*B*c*9'
H(4)=B*E
H(3)=A%B*D*9,
S(1)==E+18,%7¥A
s(2 =EE—2.*B)*9.
S(3)=(=E+2.,¥A)%9,
S(4)=E+18,%1%*3B
R=0,

RT=0,

ZT'-'—'O.

g 6 I=1,4
R=R+H(I)*x(1)
Rmmszlg*xslg

SN N

6 ZT=2T+S(I)*Y(I
D¢ 8 I=1,4
J=2%]
K=J-1

: GSK,1 <R¥*H(I)*2T

8 G(J,1)==R*H(I)*RT

IF () 10,11,12,

10 CANTINUE
g 13 I1=1,8

13 F(I,1)=5,%G(I,1)+F(I,1)
cg o8 7

1 CANTINUE

14 F(I,1)=8.%G(I,1)+F(I,1)
G ¢ 16

12 CENTINUE

D¢ 15 I=1,8
15 P(I,1)=5.%C(I,1)+F(I,1)
16 R=AI-=1

Gy 5
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7 Dg 17 I=1,8
17 F(I,1)=P(1,1)%2
RETURN P

END

The equivalent applied nodal loading and nodal deflexion matrices

are printed out and the final subroutine produces the stresses at the

element nodeS.... these are principal stress factors in this case and

the angle af the principal planes is in radians. Also the nodal

deflexions are based on a unit value for E, and must be divided by

this true valus of Young's Modulus vhich may be found from experiments

or some constant value assumed for the purpose of establishing

nunerical results :=

)

SUBRGUTINE Pmc (E,w X,Y,I,N,A
%,1(:3;,u(?4)

anmmar;ﬁ B(4,4),w(136,1),
1,4(4),D(4,24),8(4),c{4),5
9-1./3.

S 1;=1.

x(1
12),

s(2)=i.
5(3)=1.

4 ""1-
s(5~1=
s(6)=—P

‘l‘l‘-—-’\-N
e

=1,
=1,
=1,
'-'-'-’1.
=P
=P
g=—1o
==1e
P(12)==1,
CALL pIsFL (»,RJ,8(1),7(1),X,Y)
g 1 J=1,4
B(J)=0.
1 X=1,24
1 B(J)-—B\J)-PD{J LK) *W(H(K),1)
Dﬁ 2 J=1 ;4
C(J)=0.
D 2 K=1,4
2 C(J)=C{J}+E(8) 'L:(: X)

St V™

BHeEEaasEdsSlasEnn
o

- A \D D~ NN

—_
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A(4)=CEB)
R=SQRT(0.25%(C(1)~-C{2) )¥*24C(4)**2)
7=0,5%(C(1)+c(2)) ‘
A(2)=R+Z :
A(3)=-R+Z
kaiz)-c(ﬂ

I?' )F) 393,36
A(1)=1.570796325
Gg T8 5
CYNTINUE
A(1)=G(4;/F
IF (A(1)) 6,7,7
.&é'] =-A(1)
A(1)=-ATAN(A(1))

5
A(1)=ATAN(A(1))
CZNTINUE
RETURN
END

8.



vi) Comparative assessment of element iypes.

There are two considerations required for comparison, the
economy of the computer program'arising from the use of an elemeni '
type, and accuracy of results. An assessment of the efficiency of
an element arises from a balance between these two factors. The
matter of generality which arises with other methods is not a problem
with the Finite Flement displacement method, being its greatest
attraction compared with other methods. However, efforis to capitalise
on this aspect by the commercial development of "universal" finite
element programs which are intended to be as general as possible
result in unwieldy creations of doubtful validity vhich sre more
difficult to test than to write a new program for a specific problem,
The examples carried out illnustrate the variety of cperations which
can be incorporated into a standardised program which include
variations for the method of integration and assembly of the stiffness
matrix and in the form of the output required. The paris which do not
vary are so small a pari of the total program that they are a simple
matter to reintroduce into each program.

On the question of economy it can be seen from the programs that
they get longer and bigger with increased complexity of element type
&3 would appear logical. The question -of accuracy can be assessed
in two ways, either by comparing resvits with cases for vhich
solutions have been found by other methods, or by comparing the
results given by different element types with each other and with
experimental work on more general cases, lMost finite elements have
Deen applied to the case of the uniform sphere under uniform pressure,
and this specific case is helpful in the first place to check whether
the program could be working as well as the degree of nonuniformity

in the restlts. FPut it is found that many elsments which stand up
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well in the case of the uniform sphere, show large variations in
numerical values where stress concentrations occur in general cases,

The computer drawings which follow illustrate first the three
types of constant strain elements and the sitress factor flow pattern
vhich arises in the frustum of a cone under uwniform unit applied
pressure, The continucus lines within the elements represent the
direction of principal tensile planes and the broken lines are those
in compression., The number of lines per centimetre is the stress
factor. The great variatien in numerical values can be clearly seen
particularly in the aveas of stress concentration. These values can
be further varied by rearrangemeni of the mesh patiern,

The main value in the method then is in the production of a
picture of the way in which the stresses flow in the conlinuum. The
Q2CST element gives smoother lines by dispensing with scme of the
local abberations of the method. Experienced structural engineers
can draw these lines approximately without the assislauce of a
computer and arrange the finite element mesh with a ilarger number
of smaller elements in the areas of stress conceniraticn in order fo
obtain results which are closer to convergence.

The three computer drawings which follow the CST element output
end its combinations are some of the nodal numbering systems which
were used in the Q4 and Q12 element programns, Three elements are
taken through the thickness of the shell for the Q4 element as was
done for the CST and its combinations, One Q12 element is taken
across the thickness of the shell which is equivalent to the four
nodes of the previous cases and the program, though larger, is still
something of the same order,

Finally the numerical cutput of siress factors as obtained for

the case of ihe sphere in the last iwo progrems sre showne



Frustum of a Cone -~ General Case.

Computer graphics for principal stress factors.

AX15 OF REVOLUTION

FLAT GAGE

CST Elemeni Type,

Notet: Stress Factor = Number of lines per centimetre within each

element,
Contimacus lines = tension

Broken lines = compression
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Frustum of a Cone - General Czse,

Computer graphics for principal stress factors.

AX15 OF REVOLUTION

FLAT EAGE

QZCST Element type.

Note: Stress factor = Number of lines per centimetre within each
element,
Continuous lines = tension

Broken lines = Compression

82.



stun of a Cone - General Case,

Computer Graphics for principal siress factors.

o Al

4N (YT
: : .
FISW s e S
S e S
~ e )
S0 _-

ax15 OF REVOLUTION

FLAT BASE

U4CST Fenment Type.

Note : Stress Factor = Number of lines per centimeire within each
element.

Contimicus lines = tension

Broken lines = Ccmpression
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Hemispherical shell - computer graphics to illustrate general

case of global nodal rumbering system.

X115 aF REVOLUTIGON

PLANE OF SYMMETRY

04 eciement ( also applicable to CST,
Q2CST, and 34CST type elements ).

B4,



Computer graphics to illustraie a general Q12 element

local nodal numbering system.

D 4101,1)

3. 1/3)

\
) 201, -1/3)
9(-1,-1/3)
12(1/3.-1)
1-1/3.-1)  ®
11,-1)
10(~1,~1)
0iz SERENDIPITY CUBIC QUABRILATERAL

[SOPARAMETRIC ELEMENT LOCAL COCRDINATES
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/ Frustum of 2 Cone - Ceneral case

Computer graphics to illustrate global nodal numbering

gystem for the Q12 element,

F REVOLUTION

&
o

%1

EJiE? Element.



Numerical output for the Q4 element applied to a thick uniform

sphere subjected to uniform external pressure.

Quter diameter = 22 em thickness = 1.1 cm

Assumed E =1 and V = 0,2 applied pressure =

nodal coordinates principal
plane

local structural radians
1 2 0.02
2 1 0.02
3 5 0.05
4 6 0.05
1 3 0.02
2 2 0,02
3 6 0.05
4 7 0.05
1 4 0.02
2 3 0.02
3 7 0,05
4 - T 0,05

These results repeat for each trio

-1

principal stresses

radial plane
najoxr minor
-0091 —5.23
-0081 -4.99
-0.81 =4.99
-0.91 -5.23
-0.61 =540
-0.50 =5.12
=0,50 =5.12
-0061 -5-40
-0026 "5.60
-0.14 -5.28
"'0.14 —5.28
-0.26 "5.60

heop

=523
-4.99
=499
=523
"'5.40
-5.12
'5012
-5.40
~5.60
—5028
~5.28
=5.60

of elements and only show any

significant error approuching the singularity which arises in shell

theory at the axis or vevolulion where the stresses become indeterminat

-¢, In the program this turns up in the formation of the displacement

matrix where a conditional statement is inserted to the effect that

when the radius RI=0, then RJ=1,/RI=0, so that the boundary condition

that the shear stress must be zero at the axis of reveolution is satis-

fied.

In the radial plane the term "major" principal stress refers to

that solution which is found from the quadratic equation assuming the

positive *urm, and the "minor" is that with the negative.

The majior

stress factor thus turns out to be the numerically smaller of the

two because all the stresses in this case are negative.

Due to

symmetry these coincide with the shell stresses so that the major

vrincipal stress is in the radizl direction towards the centre of the

sphere, and the minor and hoop principal stresses are in the plane of
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the shell and due to symmetry again are equal to each other at any
point in the continuum,

The structural node numbers 1 and 5, 2 and 6, 3 and 7, and 4 and
8, are symmetrically identical and give identical results within each
element; but not ﬁetween elements vhore discontinuity is exhibited
across the element boundaries., The usual practice in this case is to
find the nodal averages which ma& be satiafactory for the uniform
sphere, but not necessarily for a general case involving stress
concentrations. Another method is to take the principal stresses at
the element centroid which gives results as follows with the Q4
element :-

outer element 0,03 ~0.86 -5.10 «5.10

middle " 0,03 =0,55 =526 -5¢26
inner u 0,03 -0.20 ~5e43 ~5ed4

The results for the Q12 element are as follows

1 1 0,00 ~1.00 =203 ~5.03
2 5 0.0? -1 000 '5:03 -5003
3 7 0.13 =100 «3.03 =5.03
4 9 0.20 ""1 .00 —5-0; -5.03
5 10 0.20 "0.71 "5018 -5.18
6 1 0.20 ~0.38 -5e34 -=5¢34
7 12 0.20 -0,00 -5.54 =554
8 8 0.13 -0,00 =554 =554
9 6 0,07 -0.00 -3,54  =5.54
10 4 0,00 -0,00 =554 =554
11 3 -0,00 -0,38 =534 ~-5¢34
12 2 -0.00 -0071 "5.18 -5018

These results then repeat over six more elements and in the final
eighth element which was taken to the axis of revolution there is a
different result as with the previous program. Ignoring the final
boundaxr; results, the Q12 element gives aumerical values which agree
with those obtained by other analytical methods, as do the results for
the Q4 element taken at the centroid., The nodal values for the Q4
element is not in agrcoment which suggests an error in the program,

The Q12 program with eight elements occupied 26 X core and was

Programmed with a time iimit of 600 seconds,



The identical ncde groups
1, 5 75 9
2, 10
3, 11
4, 6, 8,12
in the structural numbering system a2ll give identical resulis and there
is no necessity to take nodal averages. Although this program is
less economical than the simpler elements, it does open the possibility
of efficient plotting of cubic curves for the principal planes and
stress contours,
However, although the Q12 program was successful for the sphere,
the problem of contimiity of stresses at the element boundary arises
with a more general cass. For instance, by adding a boundary condition
to ihe master program :-
F(1,1)=0.

and in the loop for the stiffness matrix :-
A(1,24)=A(1,24)*100000000,

the program becomes the case of a2 hemisphere which is encastire at the

equator., The principal planes and stress fzctors are then as follows :

nodes principal
plane streas factor
local structural radians major minox hoop
1 1 ~1.17 1.99 0.16 0.43
2 5 -0022 0.16 "'1 045 -0.57
L T 0,05 -0,80 -3442 -1.74
4 9 0.33 =-1.21 -4.98 -2,80
5 10 0.12 -0.61 "5.23 -207?
6 11 0,10 ~0e13 ~5.36 -2,69
7 12 0.20 0061 "5059 "*2.64
8 3 0.10 -0¢39 "‘7.18 —2.47
9 6 -0 001 -1 035 "‘9 070 -20 59
10 4 ~0.16 -2.96 -13.21 -3423
1" 3 -0,21 =1.64 =7.87 =1.50
12 2 ~0.35 -0,38 -3.19 -0.71
1 9 0025 "'1 028 -5001 —2.82
2 15 0031 -1 025 "'5088 -3'63
3 15 0.34 -1-09 -6.53 -4;-24
4 17 Je36 -0.96 6451 ~4 469

(4]
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o e G ¢ Sk 7l i S Al
N2 N2 0VWEO=INNUEAEWUNLANNLAOCOETOVNEAWNSGN20OWVOEINNUVLAVWN=A V=20V WN=N = OO O~ O\

18
19
20
16
14
12
11
10
17
21
23

26
27
28
24
22
20
19
18
25
29
31
33
34

=4
Pl

36
32

28
27
26
33
37
39
41
42
43

40
38
36
35

41
45
47
49

b))
52

46

43
42
49
53

0.40
0e41
0.40
0.34
0.30
0.23
0,09
0.07
037
0.44
0,52
0.60
0.61
0.61
0.59
0.52
045
037
0,40
0,40
0.60
0.66
0,72
0.78
0.80
0,80
0.79
0,72
0,66
059
0.61
0.61
0.78
0.85
0,92
0.98
0.99
0.99
0.98
0.92
0.85
0.79
0,80
0.80
0.98
1.05
1.11
1.18
1.18
1.18
1.18
1.11
1.05
0.98
0.99
0.99
1.18
1424

-0.60
-0540
-0e25

0,22

0,50

0.69
=0.11
*0.72
-0.93
=0.97
-1000
-0099
-0¢69
~0.34

0.06
-0,02
-0,11
~0.25
-0,38
=0.61
-1.C0
-1.00
-1.00
-1.00
=070
~0437
-0,00

0.00

0,02

0.05
~0.34
—0.70
*1.00
-0.99
~0.99
-1.00
-0.72
-0.38

0,01
-0,01
0,02
-0.01
=0.37
-0.71
-1.00
=0.99
-0099
-1.00
—0.72
-0.38

0.00
-0,01
-0,01

0001
-0,38
~0,72
-1,00
~1.C0

=450
-4.¢39
-4426
=366
-3.10
=257
~2469
“2073
“4-65
-4.98
-5.18
-5.27
‘5.26
-5.23
'5022
=497
“4065
~4426
~437
"4!51
=5¢29
~5e31
=530
“5.26
=537
-De49
=564
5456
-5.42
-5022
~5e24
-5.26
-5.26
-5.21
-5616
-5-11
-5e29
-5.48
=570
~5T1
-5469
=565
=549
=537
’5011
-5.07
'5004
-5.01
-5.20
=5.41
~5465
~5468
~5469
-5.70
-5.48
=529
=501
-4499



3 55 1431 -1.00 ~4,96 -4.,98
4 57 ‘!037 "'1 om "4096 -4-97
5 58 1637 -0.72 =515 =5.16
6 59 137 -0,38 ~5¢36 =537
7 60 137 -0.00 -5,60 -560
8 56 1431 -C,00 =561 =562
9 54 1.24 ~0.00 -5.,62 ~5.64
10 52 1.18 0.00 5462 ~5.65
11 51 1.18 -0.38 5637 =541
12 50 1418 -0,72 ~5.16 =5¢20
1 57 1037 "'1 000 "4096 '4097
2 61 1044 "'1 000 '4096 "4097
3 63 1451 -1.00 -4.96 -4.97
4 65 -1.57 0,05 =3.92 =0.77
5 &6 =157 0.39 =4 .04 -0.73
6 67 =1.57 0.79 ~4.18 -0,68
7 68 =157 124 =4 ¢34 -0,62
8 64 1051 -0000 "‘5059 "5'59
9 62 1644 -0,00 ~5¢59 -5¢59
10 60 1.37 ~0,00 ~5.60 ~5+60
11 59 1.37 -0.38 -5436 =5:37
12 58 137 0,72 =515 ~5.16

It can be seen that there is stress turbulence at the encastre
boundary, and this gives rise to local tensile stress and a high
compressive stress factor which falls off towards a more eve.
distribution over most of the shell,

The numerical values of siress faciors at ncdes vhich lie on a
comnon boundary between elements are not unique at any given node in
the region of perturbation, but the values for adjacent elements
tends towards equality over the rest of the shell., This is due to
limitations on the elemunt in the representation of shear forces and
bending moments, This limitation is seen to be a common factor with
simple elements. Its effect is reduced by increasing the Program core
either with more complex elements or by increasing the number of
simplexr elements,

The impoaition of partial contiguity renders full numerical
convergence unatiainable in practice when the finite element method
is applied to & contimnm, The degree of accuracy attainable nltimatel
-y depends upon the capacity of the computer, and compared with shell

theory the method has poor economy and low efficiency,



CHAPTER THREE

SHELI, THEORY

i) The shell of constant sirength.

water surface
x Pany <
s N 1
SR N ““Id
A =)
Fig, 8
Axi-symmetric Shell of
Constant Strength }

A starting point in the understanding of thin shell theoxry for
the submerged shell of revolution is the shell of constant strength
analysed by membrane theory.

I{ is assumed that the shell is of constant thickness and the
membrane stress resultants are consitant throughout.
ie, Np = N, = constant
The applied pressure on the outer surface of the shell is
Z = 3’}

The basic equations of membrane theory are :-

a N
I{d” — Neriessd + Yrr: o, N/o+Ng/f+42:0

¥hich become the singie equation :=-

No(L e L) 4+¥-0 —
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We have
P i

o & gu
% d “L+
= = r
de v d¢ .__;{,

substituting into equation (1)
L A S ) A
Ne ( ,;_f <= ?;,‘f’ =+ b’é, o —»)
At the crown of the shell, 4, we also have 1 = A
and \, A= Ir‘,___ < rc_

again substituting into equation (1)

ey = —yA
v..C--
and putting
a:x. a V‘&f(
| 2
then
e (s

¥

substituting (2) into (3)

o s A > -~ =
w4+ Al L W)
also by definitioxn of the meridional geometry

E& s O S Y
W= asatbir L L Ly
differentiating (6) Av < cod Ap —3)

puiting

and substituting (6) into (4)

de . 3.2
3 R

@

—3)

The meridian cen then bte plotted using finite differences with f%

X|s

as the independant variable,

D
N
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In addition to equation (6), the difference equations are

written :=
from (7) B = ecosd &y ——@®
from (8) K. 2 ;
B e
and from (5) éa- R =0 (4’ = J_-\\_'%) —\(ta
Ax %
The values for A“’ are then chosen to avoid the case
¢+ B . K
which in (11) gives
by - =
initially i
An. = A~l> \
Av = T8 A ()
Ay« Ap e é{

The following ccmputer program illustrates the procedure :-

J¢B SUBMEMERANE, CIR214,MERCER

SEC@NDS 200
BFYRTRAN ,,190,PL@T t wiiere FLET cpens the plotter
FHR
DPC FREG library subroutines
MASTER PL@T

DIMENSIZN X(151),¥(151)
READ (1,10) G,DF,DN,CH
10 F@PRMAT (450.03
A=-CN/G
I=1
U=0,
Z=DN
F=0,
X(1)=0.
¥(1)=0.
I=I+1
DU=DF
DDX=2,*A*DF/DN
DZ=DDX*TAN(DF/2.)
U=DU
Z=74DZ
F=DF
x(12=m)x
Y(I)=2-DN
1 =I

\0
I~
-

E ¥ and Y are coordinates
G is the specific weight

: E of fluid, DF the increment

of @, the angle, DN the

{ submerged depth at the crown
and CN the value of the
stress resultant.



I=1+1
DUX=2/A-U/X(J)
DU=DP*CHS (F+DF/2.)
DDX=DU/DUX
DZX=TAN (P+DF/2.)
DZ=DDX*DZX
U=U+DU
Z=7+D2
F=F4DF
xEI =X(J)+DDX
Y(1)=2-DN
IF (I-150) 1,1,2
2 CALL HCPSTART (6HMERCER,6)
CALL HGPSCURVE (X,Y,151,350.0;4.712389)
CALL HGPFINISH
STgP
END
FINISH
ks 23
D@C DATA
1e  0,03141592€5 17 =30.
FH

The curve may be plotied with an &l¥ernative which makes no
assumptions for the slope, or with the assumption made at the stari or
finish only, by replacing the numbexr 3 in the plotter subroutine by O,
1, o' 2y respectively., The meridian is plotted with the crownm of the
shell at the origin of the axes which have not bveen included in the
above prograine

By variation of the data it can be shown how the meridian is a
spiral curve with the crown of the shell near the surface; and tends
towards a sphere as depth increases.

The relative influence of the variable component of pressure is &

function of the ratio
' d.' ., depth of submergence
height of shell structure

Then the percentage of the total applied pressure which is due to
the variable component may be expressed as

R = - 5%

ed + 1
1 1
Thus when @ =0, R = 100 % , and vhen 4 > 10, E < 5 %, and it

nay be considered that this implies thai, if the structure is submerged

2
1
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more than ten times its own height, it can be clasgified as a deep
submergence struciure and analysed with the assumpiion of uaiform
applied pressure., In the experimental work which was carried outluﬁ
shells about 10 or 15 cm high in an oil pressure tank, the variable

component is approximately

= 0.9 X 62.4 X 5
1728 X 2

= 0,08 pesi

and with readings being taken at increments of 100 psi

7S 100 X 0,08
100.08

R = 0,08 %

which can be ignored in the analysis.

At 100 psi pressure il.ae consideration of the geometry of pressure
distribution gives d' = 600, which is equivalent to a 10 ft high model
pPlaced at a depth of 1000 futhoms., Thus the equivelent depth in sea
water under the assuwprion of uniform pressure and a constant value of
specific weight cof se2 water will be the applied pressure divided by
this specific weight to give the streus level encovntered in practice,

Thus for a pressurs increment of 100 psi in sea water weighing
64 1b/cu ft, the increment in depth of submergence will be
approximately

d B Sttt - = 3T7+5 fathoms

and thid is the equivalent depth which is represented by the stress
analysis,

The self weight of a shell may require consideration in the
analysis of a concrete dam, for instance, but with the deep submergence
shell structure it is found to be a very small wveriable compared with

the applied rressure and is ignored in the stress analysis.
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ii) Thin hemispherical shell.

We can proceed by picking up the generzl equations for shells of
revolution under axisymmetric loading which are laid down in the work
of Profs J.E. Gibson15, using the notation of Timoahenko12.

They are as follows :-

d%(Ni'r) —~ Ny v Cag% — Q4, v, ‘54-&4’ + Y ‘L':-mc,;: Q

(13
%(@*") G Sy + N mad F R0 Nudio
—_— (V)

;@(%r} - Mo v, end — Q4 n v S » O
SN 4T

Ny, » Et ;L{.trr..o‘l-c{, -ur)/\r,_ - VCA:; —:J)/’,‘]/(l-—v")
— (1)

Ny = EtL ’-f:‘-' ), + "("C‘*‘# “”)/"J/(l'*v")

—(03)



Into the general equations we substitute as follows for the

spherical shell :-

G e xa Y‘:ﬁ‘}-‘-’wfb

,ﬁ;(f"df Web) — Np cnd ~ Qb soud = O ——22)

. —(=8)
R (u—-l- "-(—'-'-'})/
ap /e  ——(24)
e GO T )
By Gibson's simplified theory, we can proceed by retaining higher
: d
= od = #—%}/q [39

In equations (27) and (28)

order derivatives only.

\D
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Mg = —-:D dt" / —(32)

Mg = —Dv%‘:_’/a" = vM, —(33)

We now reduce equation (24) to

dMp
Differentiating equation (52)
A
- DA
and substituting into equation (34)
wr .Q'_t s
ol e W o AL i
g > —(3¢%)

-By eliminating N tetween equations (22) and (23) we obtain :-

& (N s iond =@y 52+ 4 (G sind) cnd
+ Ny s d cnd + pa 8in g cndp = O

Putting this ia the fcmm of differentials :-

%(NQ R'wl'cé) + 4 (Q+ s..\-..c'z mé) -l-;—‘i (Jg_ra S..:..."%) s O

pr

Integrating, we obtain
Ny Ssud + Réecm 4.-{1% kB
When ¢:0 3md = O Q‘! = O
o s G
Ny = ~ Q4 et p — 4 pa ———(20)
Rearranging aquaticn (23)

N@ S —N¢ -—-PA *j—a(% !—-‘.‘-—+)/h\..4;

e
D



Substituting equation (36) for hfb and expanding the differential
2 4 .
No = &yeat b —7pa - %*&vwﬂb
2 "Jb: —:%I__J{Pq -— jf-g':":)

Iy mutual elimination beiween equations (25) and (26) we have

No ~vNy = €t (et g —w) — ()
R TS s pp—

Differentiating equation (38)

dng _, dNy | EE( o il
T i i ”?

Eliminating ﬁ: retween equations (39) and (40)
d_a%*# -V 5:,%4» ~ {Ny=v No) cot $
Et A d
= (jau~¢:at ¢>-\r/é«- 4’ 5 Efi;)
Now by dispenciug with Nq, ’ Ng, y W and v, and again retain-

ing only the highest order derivatives for o.é%?’a.nd da%? from egquations

(36) and (37), we obtain :=

Lo | € do
e P el

Differentiating (41) twice, and s-ubstituting into (35)
g T
. S0 -0 G

vhich is normally written
IC « kptQ, -
E"‘ + ? Qd’ (&) e 3)

¢ Ec ot

-—
-

where

L]

3 (1= )C o)
SRBOMEE! oo
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A standard form of solution to equation (43) will be : -

Y

——(%s5)

Q‘b = C,a, + C.L &, + Cgal +Ca(_q
where C?. to C:+ are constants

yai a, = s fb b fid
A, ¢ 2« g *‘ cosl. p{’ (
ay e en R walBe (T i

ag: eofd calfd
Differentiating equation (45)

-{;L é% - C,(ag+a) + € Cagra) 4 C Cay -a,)
+#Cy qu-——a,_)
4&32@ = (21 G -+ (:L d:; PR 3 Ay -CZ*‘Q‘

1
G

Now at the crown, where q’D =0 , we have C{)#- O

and

(4 a, = (21 = O : G, = !

P Bt

Also ‘i“’ . and .°. from equation (41
a@‘ @) q (41)

£ _ o
'L¥L
-..(:l = O

«’e Equation (45) becomes

Qd < CL QL + ds Ql (\f-'-'l-)

With CQ# now exprezsed explicitly, 2ll the other shell variables

can be expressed in terms of iis derivatives,

0.



Ve already have

h&t -, Gz4ac:§%t£ - %:f”ﬁ -
1 g JEQ{» —Lpa

From equation (41)

dur ey KR izgé e |
%"= @ el
From equations (32) and (48)

o B &
oot o

Eta

- deé — (4q)
And as before, Q'F w\

ll‘(g e V "'11, ey i e C-’,—,' )

(3¢)
—— &)

Rearranging equation (8), we can obtain horizontal deilexion,
H = U-c:dnwt: el e ‘#

-~ a #ud Em -‘%% ~4 pa Ci-v) +V@{>&w‘:c{>:(

Tt

= SZ\MQJP G-d‘)c{) — a4 C% A fwa’*V))z / €

In this expression for L{ we can, identify the components of

shell deflexicn,

end we can neglect VU~ to cbtiain

He —a &:hc{ E %%» + < Pa (;_V)Z,/E&
- L)




Similarly for the vertical deflexion, V , we mey obtain

r Sr:u'-b + h"c_og(#

o C.o(% {%g‘i’ 4+ -;—_Fa (\*\?)}/Et
S s YY)
Bquation (53) as applied to a hemisphere gives V= C at the

support. If, however, Y=V, at the boundary, we require this

V

"

term to give more general application.

SO Vb + awn{:{i—g‘b + {Pa(l-v)i/ﬂ:

(s4)

Finally, the explicit forms of equation (47) differentiated :
A\
Q¢ c Cpa, + Ga (W
3[ (a +a,) + C; Ca —45] o 77

54_1 = zﬁ [Cz‘lg-c-zar.] --———'G’c)
’%‘1’ 5 ng (:C_._Ca“—c\.) =y (a“-!-a‘)]——-—-(f?)

Sl.?—

Again summarising the shell equations :

Ny = — @ c-&-c[>-—,_f>a — (3¢)
Ne - &Q‘# P G?)
a5 . g 4"_@ el )

e A4+

% = _;%Fw- %g («q)

l"‘lg = V "'\b (?3)

H - -—a.S’u\ct: {) Qé +‘LT>Q Cl-—o)?/&t (5:'2)

1GJ.



a t‘.n+ Y%% 3 -jEPth-vJ?/Et +

(.f'w)

The difficulty of equation (35) when Cb-_- © can be overcome as
follows :

If cf « O in equation (37), we obtain

Noe = —plectcy)—dpa — —(9

)
It (.F is small in equation (36), we have

a, = ayg -.-[?,ci;.
and Md? = l/c{;

D@ et - BolCC)/p
. p(c,_+c:‘)

s N.l, s —-(Z(c,_-tcl).-—‘i"):. » T\r&

ie, when 4) = O M+ = ‘\Ig. (S"f)

Thus, although Qf = O at the crown, Q{, c,{-tt; 7: 0O s and we
do not violate boundary conditions.

When the hemisphere is encastre at the equator, the constants
are found as fellows @

U

=)

|
§)

T N o



‘xu"'A?u

Substituting the above into equations (48) and (56)

feaf8 - Blonands

C: = ;15/4iu. e C%ca

-

And in equations (52) and (55)

Hoe ~a g fi@* Lopa (- v)?/Et
5‘ [C (A +8) +C (A= !1,)]-& Fa('"\’?

- |—v)
& Cz(A"{,'{'f!"l)'{_C;(Aq,"AI) = ‘PQ 2(2 i

Elininating C.

Ko CA A ANy < Ay (4 ~A,)
e A ?a ( -v)

2f
c, . —h pali1v)
rLA(AM)JHd (&—A)_J
L )

< 0

This solution does noi apply when iue shell thickness varies,
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APPERDIX I

The Finite Element Displacement Method - Basic Equations

-

It is assumed that a continuum is divided inte a finite number
of imaginary elements for which equilibrium is established by trans-
fer of forces between elements at certain nodal points on the element
boundaries, Distributed body forces within the continuum and initial

stress and strain are neglected.

We begin by defining what are known as the Finite Tlement

Characteristic Funetions.

The displacement of any point within an element is defined by

{ o« [N {8)° —w

vhere i F? ig the displacement function

the relation

A
-t

\

[N] is the shape function

e
and {6 .f the nodal displacements for element <.

The generalised strains within the element are given by

fed < (81§51 - ——@)
where Siq is the strain

and f'B] can be derived directly from CNJ L

The generalised siresses are given by

{6 = (@117 W)
where E‘O’ 2 is the stress

and [ D] tre elasticity matrix.
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Substituting (ii) into (iii)
6] = [®][8]§3* —w

where [®1(8] forms lhe stress matrix.

Applying the principle of virtuzl work, work done by nodal

forces, {Fge s C‘A SS?GDT {Fge

Work done by stresses = (0( 55?5‘- iéT
From (ii) (d{g})"‘ &, fé]‘)T (3]
Work done by stresses CRYIN Yeralt $ s

Fquating external ari internal work done over the vhole

n

element, and cancelling out the common multiplier
fel® . f[a]" §63 dCvd) ——(w
Substituting (iv) into (v)
{63° < (=17 (=) [314C (31" —Lw

where S\]:B:]T[D] (&) Alyol) forms the stiffness matrix.

It can be shown that, provided the virtual werk principle is
maintained by the continuity of displacements across element

boundaries, the same functions apply throughout the continuum,
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CHAPTER OXNE

e, ——— o ——

Fressure Test on Perspex Cylinders - Mark I and Mark II

Manufacture of Models

The construction materials were ready-made
half-inch thick flat perspex plate, and quarter-inch thick
tubing, all of which are available from laboratory materials
suppliers. The end plates were cut accurately by a technician
and drilled through where required to carry out the internal
strain gauge wiring. The tubes were cut to length and in the
case of the Mark I Model which was formed from two tubes fitted
one inside the other it was necessary to heat the outer tube to
expand it. The inner tube was then inserted and the space between
them was filled with a suitable adhesive.

Before the end plates could be glued into position, the
internal strain gauges and wiring were fixed and numbered. And
finally, after completion of the model construction, the external
strain gauges were placed and their wiring and numbering. At this
stage the models were ready for testing. In the case of the
perspex models, which were very buoyant, it was necessary to

attach a weight to the bases.

Testing Equipment

The central component is the pressure vessel in
which the model to be tested is placed. A mild steel cylindrical
tank was made available utilising oil as a pressure fluid. It was
adapted to the present gpplication by an experienced technician
who made an end plate sealed by O-rings, with 120 brass valves
which he copied from a bicycle tube valve, having a conical

seating enclosed in rubber tubing, and passing throuch the

1114



end plate, The internal and external strain g=uge wiring were

then soldered to the respective ends of these brass studs by

myself, as were all the data logger and dunmy stirain gauges
and their connections so that I could check that all strain gauge
nnmberiﬁg was correctly ordered.

Another component of equipment was an electric oil pressure
pump capable of applying up to 2000psi pressure to the tank. This
required some practise in its use prior to any model testing, as
it had both fine and coarse control. The fine control only was
required for the testing, but it is possible wher the upper limit
setting of the fine control is passed for the coarse control to
take over automatically and blow up the pressure vessel, which was

originally designed to go to 400psi, in a matter of seconds.

The tank itself was tested for soundness up to 1200psi on
a single overload run, as the ultimate design criteria to have a
maximum working load of 400psi must also be based upon fatigue
considerations as to how ofter it is estimated that the pressure

in the tank would be raised from zero, as well as how much and/or

for how long. In the end the only way to be certain that everything
would be alright was by trying it out with a substantial working

margin for error.

Test Procedure

The mocel to be tested was prepared with all sirain
gauge wiring attached before being placed inside the pressure
vessel on a stand. It was necessary to drain some of the oil
to avoid excess displacement by the volume of the model, and it

was topped up almost level with the underside of the end plate

before that too was positioned.

111B
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PERSPEX CYLIINDER

Mk I Hodel

e

Strain Cauge Readings

Strain Gauge ' 11th Aug 1980 8th Sept 1980
Tumbers P = 200 psi P = 200 psi
1 - +2.0
2 +744.0 +738 .0
3 =25345 -222,0
4 +554.0 +540.0
p) +95.0 +108.0
6 +25.3 +35.0
7 +75.5 ' +87.0
8 - +20.0
9 .- "'248.0
10 +748.5 +741.0
G G - -12.0
13 +605 ""--IG

14 = s

15 +262,5 +263,0
16 = s

17 +243.5 +252.0
19 =5t -3 -0
20 +27.3 +26.0
21 +629.0 +626.,0
22 -405.5 "406.0
23 +619.5 +511.0
24 _ - &

1 DLU = 1,94 psi Compression pcsitive‘

Tension negative
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PERSPEX CYLINDER
¥k I Model
Analysis of Experimental Results

Gauge Numbers Average Reading Stress Factors

(Compression Negative)

1 2.0 -0,02
2 741.0 -7.19
3 =237.75 2.5
4 547.0 =531
5 101.5 -0.98
6 30,15 -0.29
T 81.25 -0,79
8 20,0 -0,19
9 -248,0 : 2.41
10 T44.75 ~T.22
11 -12,0 0.12
12 11.0 -0.11
13 $:25 -0.01
14 - -
15 262,75 -2.55
16 3 -
17 247.75 ~2.40
18 397.0 =3.85
19 ~-3.0 0.03
20 26,65 -0.26
21 627.5 -6.09
22 -405.75 ' 3.94
23 565425 =5.48
24 - &
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PERSPEX CYLINDER
Mk II Model

Experimental'Results

Strain 40 psi 60 psi

Gauge DLU's DLU's

Nunbex ( 27th July 1981 )
2 =143 -229
3 24 38
4 -12 -20
6 =21 -29
7 ={ =27
8 ~-1c -31
9 5 11
10 -118 -176
1 16 20
12 15 24
13 17 20
14 15 20
15 ~-88 -148
16 -122 -194
17 =100 -156
18 -106 -163
19 23 35
20 13 24
23 -130 =204
24 99 154
25 60 93
26 -2 15
27 22 31
28 -134 -211

1 DDLU = 2,22 pai
Compression negative
Tension Poaitive

Average
Stress
Factor

~8.21
1.57
-0.72
-1.12
-0.70
-1.02
0.25
-6.53
0.82
0.86
0.84
G.79
-5.18
-6098
‘5-66
-5496
1.29
0.81
"'7038
5460
3439
0,22
1.19
“7065

17,



CHAPTER W0

Pressure Test on a Hemispherical Closed& Shell

Twelve microconcrete hemispherical shells were produced by the
University concrete laboratory staif and left to cure in water, From
these those closest to a shell of revolution weee allocated for
testéng and those which were not symmetrical or had other faults such
a8 cracks or air bubbles were rejected., The shell for which strain
gauge readings were first obtained was cast on 6th July 1976 and,
although the inner form had moved upwards to reduce the crown thicknes
=8 during casting, it is a shell of revolution well within one

millimetre of error both in thickness of shell and out of roundness,

The thickness measurements were taken by seiting up a dizl
gaunge with a roller attachment on a flat steel plate whiéch was
designed for laboratory measurement work, The results are as follows.

Along the hemispuheric.l equator the shell thickness ai quarter
points was

A B c D
16,08 15.94 15.57 17.14 nm average 16,18 mm

A measurement taken halfway between the equator and the crown
was 11.15 mm thick and the crown itself measured 9.12 mm thick. For
the purposes of analysis the equator and crown thicknesses are taken
to be 16 mm and 9 mm respectively.

The diameter measured at the equator : -

AC inner 201 mnm outer 234 rm diff, 33 mm

o ” 201 mm " 233 mn 2 32 mm

From the thickness measurements

A+ C=31,65m

B+D=33008m
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A11 these measurements are found to be represented within an
error of 1 mm by taking the inner diameter as 201 mm and the outer
diameter as 2353 mm with the inner form displaced 7 mm towards the

crovn of the hemisvhere,

The base of the shell was cast on 27th Cctober 1976, after
two unsuccessful attempts with other shells in which the base failed
too early to give useful results. Testing began on 26th November
1976 and strain gauge readings were first taken up to 400 psi
applied pressure until the roll of print output paper ran out. This
stage is marked by a * in the result sheets which lollow.

In order to verify the consistency of the resulis ihey were
taken progressively as follows : =

O psi -~ 100 psi = O psi - 100 psi -~ 200 psi - 100 psi - O psi

!

100 psi - 200 psi - 300 psi - 200 psi - ete, so that they
oscillated from zero each time 100 psi higher in 100 psi steps.
The readings were taken withdut delay aw soon as each pressure was
registering on the gauge mounted upon the pressure vessel,

The pressure reading shown on the pressure punp gauge was
lower as shown on the next page.

An hour later, when another roll of output paper had bteen
obtained, further reading were taken until that alsoc ran out after
800 psi had been reached, and, since there was none irmediately
available, the testing was abondoned for the day, a Friday.

The next week testing continued, The previous sioppage is
marked as a ** on the results sheets, The final run was taken in
200 psi steps until the model failed at precisely 1000 psi before ther
-¢ was time to press the data logger button for a set of readings,
Unlike the flat base failures which sounded like a series of feeble

cracking nolses until the pressure gauge needle slowly flopped down



TEST EQUIPMENT PRESSURE READIINGS

5 Let piw reading on pressure gauge attached directly to test tank

Let p,= reading on pressure gauge atiached directly to oil pump
2

Py psi P, psi
300 287
200 189 p1 is raised from zero in 100 psi
108 ag incréments and returned to zero
100 95 again in 100 psi increments,
ggg ;gg The maximum reading is
400 391 progressively increased with each
300 287 .
200 189 load oscillation, up to a2 maximum
0 3 of Py = 800 psi.
100 90
200 196
300 291
400 394
500 490
400 321
300 288
200 190
100 90
0 6
100 90
200 195
300 290
400 394
500 500
600 599
500 4N
400 391
300 287
200 188
100: - 87
0 5 ?
100 90
200 191
300 292
400 394
zgg ggg readings (cont.)
si si
700 693 P1 P Py, P
600 587 400 389
500 493 500 499
400 . 394 600 294
300 286 700 690
200 192 800 792
100 87 T00 683
0 2
100 96
200 193
300 292
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at/ final failure, the shell failed with a loud report similar to a.
rif{le shot and the pressure gauge needle moved too fast for the eye
until it was down to about 400 psi. Air bubbled out from the vessel
1id for over an hour until the needle stopped at about 50 psi.

When the model ﬁg removed from the pressure vessel the following
day, the pressure gauge remained slightly above zero, and it is assume
-d that the shock wave at failure caused some alteration in its
calibration, al’hough no actual damage was found when it was opened
up for inspection.

The shell had failed in a circle about 10 cm diameter placed
about 3 cm off centre from the crown., The fragments were up to 1 cm
long, irregular shapes., There were few of‘these, however, to be
found, the rest of the failed area having been transforr2d into
concrete dust which could be seen suspended in the oil which was
siphoned out of the shell,

The final reading on the strain gauges, taken after failure is

shown on the results sheets with the mark thus, 2 The lessons
learned in this firct test with full strain gauging, were first of all
to have equipment fully loaded to go the full test rur.

The results showed that many strain gauges became useless after
standing in the o0il of the pressure vessel for four days. The model
had been placed in the vessel, topped up and encloscd the day before
testing, 25th lovember 1976, A pressure of about 400 psi was
applied in error that day when checking the pump which was found to
have u delayed action from zero before picking up pressure. This wes
the second lesson, but fortunately the model appears to be elastic up
to 400 psi in this case,

Therefore future tesis should be carried out with a more
reliable procedure, although it involves a long day of testing when

more care is taken.






 axic of
[ revolution

“0‘5 - .
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Fig. 11 a) Half - section through hemisphere

cast 6/1/76
tested 26 to 29/11/76
Cubes cast 6/7/76, tested 2/12/76 to failure : -

2
53¢7 K/mn”

43.9

351

55T

Average 47.1 X 1000/6.895 = égéz pei
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Line A.

Cuter surface of shell.

42

_L_.QO
0 Inner surface of shell,

Line B

Fig. 11 b) Strain gauge numbering,

( Hemisphere cast 6/7/76, tested 26 to . 1/12/76 )



Pressure Opsi 100 200 300 400
01 56 39 20 6 =7
02 630 615 592 577 560
03 290 274 255 23 221
04 591 568 542 519 493
05 463 456 447 438 428
gg 360 355 350 345 340
08 547 531 513 495 474
09 707 694 678 660 637
10 435 432 429 426 422
11 105 98 91 82 72
12 667 644 622 600 574
13 343 333 323 311 296
14 554 540 525 510 492
15 351 337 326 317 308
16 762 756 750 745 738
17 349 338 524 312 299
18 479 484%  AM 425 406
19 669 660 649 636 621
20 554 537 513 490 466
21 363 354 347 338 325
22 537 524 511 497 480
23 290 276 263 250 236
24 511 495 475 456 435
25 364 349 331 317 300
26 494 A71 442 419 394
27 342 343 349 357 366
28 508 504 500 497 492
29 391 387 382 374 364
30 -28 =32 -34 =37 -39
31 1225 1220 1207 1194 1181
32 1481 1468 1456 1446 1436
23 924 914 904 893 879
34 548 530 510 491 468
33 796 788 779 771 760
36 1381 1362 1338 1318 1296
37 233 217 198 182 162
38 962 942 9i8 898 876
39 - - - = -
40 1035 1023 1009 993 975
41 357 344 329 315 299
42 356 340 320 303 284
43 88 72 52 35 16
44 387 368 347 329 308

* high, assume 462,

Selected strain gauge readings.,
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Pressure 0-100psi 100-200 200-300 700-400 av, diff,

01 =17 -19 -14 -13 -15.75
02 -15 -23 =15 =17 =17.50
03 -16 -19 -16 -18 «17.25
04 -23 -26 -23 -26 =24450
05 =7 -9 -9 -10 -8.75
06 -5 -5 -5 -5 ~5.00
07 - - - 3 =

08 -16 -18 -18 -21 ~18,25
09 -13 -16 -18 -23 =17+50
10 -3 -3 -3 -4 ~3425
11 -7 -7 -9 ~10 «8,25
12 =21 -24 -22 =26 -2%.25
13 -10 -10 -12 -15 -11.75
14 -14 -15 -15 -18 =15450
15 -14 -1 -9 -9 «10.75
16 -6 -6 -5 -7 -6,00
17 -1 =14 =12 -13 =12,50
18 -17 -21 -16 -19 -18,25
19 -9 -11 -13 -15 12,00
20 =17 -24 -23 =24 -22,00
21 -9 -7 -9 =13 =9.50
22 =13 -3 -14 =17 =14425
23 -14 -13 -13 =14 -13450
24 -16 -20 -19 =21 ~19.00
25 =15 -18 -14 -17 ~16,00
26 -23 ~29 -23 =25 -25,00
27 +1 46 +8 +9 +6,00
28 -4 ~d -3 -5 -4,00
29 -4 <5 -8 -10 =675
30 -4 -2 -3 -2 -2.75
31 -5 i3 -13 -13 ~11.00
32 -13 -12 -10 -10 =1125
33 -10 -10 -11 -14 ~11e25
34 -18 =20 -19 =23 ~20,00
35 -8 =9 -8 =11 ~9,00
36 -19 ~24 -20 -22 ~21425
37 =16 -19 -16 -20 =17:75
38 ~20 -24 -20 =22 =21450
40 -12 =14 -16 -18 =15.,00
41 ~-13 -15 -14 -16 =14.50
42 -16 -20 =17 -19 ~18.,00
43 -16 -20 =17 -19 ~18,00
44 -19 =21 -18 =21 ~19.75

Strain gause reading differences.
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-]

Pressure 0-100psi 100-200 200-300 300-400 .(_,‘EEE]_E__S_LU}_I
01 -07.94 ~-20.63 +11.11 +17.46 -0.00
02 +14.29 =31.43 +14,29 +02,86 +0.01
03 +07¢25 -10.14 +07¢25 -04135 +0-01
04 406,12 -06,12 406,12 ~06,12 +0,00
05 420,00 -02,86 -02.86 =14,29 -0,01
06 0.00 0,00 0,00 0,00 0.00
07 - - - - -

08 +12.33 +01.37 +01.37 =15.07 +0.00
09 +25.T1 +08,57 ~02.,86 -31.45 -0.01
10 4+07.69 +07.69 4+07.69 -23,08 ~-0,01
11 +15415 +15.15 -=09,09 =21.21 +0,00
12 +09.68 -03,23 +05.38 -11.83 +0,00
13 +14 .89 +14.89 -02,13 =27.66 ~0,01
14 +09 .68 +03,23 403,23 16,13 +0,01
15 =730,23 =02,3%3 +16,28 +16,.28 -0.00
16 0.00 0.00 +16 .67 =16,67 0.00
17 +12,00 -12.00 +04,00 -04.00 0.00
18 +06,85 -15.07 +12433% -04,11 +0,00
19 +25.00 +08.53 -08.33 -25.00 0.00
20 +22.73 -09.09 =04.55 -09.09 +0,00
21 +05c26 +26¢32 +05¢26 -36.84 +0.,00
22 +08.77 +08.77 +01.75 -19.30 -0.01
23 -03,70 403,70 +03,70 -03,70 0,00
24 +15.79 ~05,26 0.00 -10.53 +0,00
25 +06.25 -12,50 +12,50 ~06.25 0.00
26 +08,00 -16.,00 +08,00 0.00 0.00
27 "83033 C.00 +33-33 +50-00 -0,00
28 0,00 0,00 +25,00 -25,00 0.00
29 +40.74 +25.93 ~18.52 ~48,.15 +0.00
30 _455¢5 +?To27 —09009 +2?.2? -0-00
31 +54.55 -18,18 -18.18 -18,.18 +0,07
32 -15.56 =06,67 +11.11 +11.11 ~0.01
33 +11.11 +11.11 +02,22 -24.44 +0,.00
34 +10,00 0.00 +05,00 ~-15,00 +0,00
35 +11.11 0.00G +11.11 =22,22 0,00
56 +10.59 "12.94 +05.88 “03.53 +0.00
37 +09,86 -07.04 +09.86 -12,68 +0,00
gg +06,98 -11.63 +06.98 -02,33 40,00
40 +20,00 +06,57 =06.67 -20,00 0.00
41 +10.34 =0%.45 403445 -10.%4 0,00
42 +11.11 =11.11 +05.56 -05456 0.00
43 +11.11 -11.11 405,56 =05.56 0.00
44 +03%.80 06,33 +08,86 =06,33 +0.00

Percentage difference from the mean,

10£
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Range (El Frequency (actual) Prequency (%)

95.00 - 100,00 0.00 0.00
85,00 - 94.99 0 0.00
75.00 = 84,99 0 0.00
65.00 - 74.99 0 0.00
55.00 -~ 64,99 0 0.00
45400 = 54,99 2 1019
35,00 - 44,99 1 0.60
25.00 = 34,99 8 4476
15.00 = 24,99 10 5.95
500 = 14,99 50 29,76
(=4+99) - (4499 40 23,81
("’5-00 - —14099 29 17.26
=15400) = (~24.99 18 10.71
~25.00) = (-34.99 6 3,57
=35.00) = (~44,99 1 0.60
=45.00) = (=54,99 2 1.19
-55000 - -64099 0 0.00
=65400) = (=74.99 0 0.00
"75000; - 5“84099 1 0.00
-85.00) - (-94.99 0 0.00
('95000) - (-—10’0.00 ___9 0.0
total _168 100,00

Frequency distribution of percentage

error from the mean,

Frequency
1055 b 4

el e
v =% T R D e P T

=105 ¢ 50%, 0 % 50% +108 5
Range

Fig. 11 ¢)



Strain Gauze. Stress factoxr.

01 =3.59
02 ~3+99
03 ~3493
04 -5¢59
05 -=2.00
06 -1.14
o7 -

08 -4016
09 -3099
10 ~0.74
11 -1.88
12 "'5 -30
13 -2.68
14 "'3053
15 -2445
16 ""0091
17 =285
18 -4016
19 : ~2.74
20 =5.02
21 -217
22 ~3425
23 -3.08
24 -4.33
25 “3065
26 =5.70
27 +0.95
28 ~0.91
29 ~1.54
30 = "'"0.63
31 -2¢51
32 "2057
33 ~257
34 "'4056
35 "'2105
36 ~4485
37 "‘4005
38 -4.90
39 -

40 =342
41 ~3431
42 ""4010
43 -4.10
44 =4.50

Experimental stress factors.
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Strain gauges

47

Pig. 12 _a)Hemisphere.( cast 30/6/76 )

16mn




Wy ag Yuz . a9
19 33|_/_ 193] |11

Fiz. 12 b) Hemisphere ( cast 30/6/76 )
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Pressure Opsi 100 200 300 400

01 erratic

02 407 393 377 360 34%
03 240 229 216 203 189
04 465 448 429 410 390
85 14 on - 80 6.t 58
06 erratic

07 erratic

08 413 396 377 359 339
0y not working

10 229 212 193 174 155
11 392 371 350 328 306
12 erratic

13 510 498 484 469 455
14 T11 696 679 662 645
15 erratic

16 905 884 863 845 830
17 614 606 595 583 570
18 620 608 594 579 564
19 674 654 635 616 599
20 569 547 523 500 479
21 132 109 102 92 80
22 306 295 283 271 257
23 -19 -30 =45 -61 -76
24 307 294 279 265 250
5 15 11 0 -15 -30
26 242 228 212 197 182
27 366 378 375 368 361
28 323 306 287 269 251
29 S5T7 566 553 541 528
%0 194 179 162 147 129
Bh 1177 1162 1148 11534 119
32 1508 1490 1472 1454 1436
33 erratic

34 242 225 206 187 166
35 erratic

36 1204 1189 1173 1156 1137
37 erratic

38 860 849 834 820 805
39 1120 1111 1101 1090 1080
40 1021 1001 982 964 947
41 erratic

42 158 142 124 106 87
435 erratic

44 346 330 311 95 22

Selected strain gauge readings,
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Pressure 0-100psi 100-200 200-300 300-400 av, diff,

01 - - — - - !
02 -14 -16 -17 -16 -15.75
03 -11 -13 -13 -14 -12.75
04 -17 -19 -19 -20 ~18,75
05 -20 -14 -13 -12 -14.75
% - - e — -

07 - - - - -

08 -17 -19 -18 -20 ~18.50
09 - - - - -

10 -17 -19 -19 -19 -18,50
1" -21 -21 -22 -22 -21.50
12 - - - - -

13 -12 -14 -15 -14 ~13.75
14 -15 -17 -17 =17 -16450
15 - - - - -

16 -21 -21 -18 -15 -18,75
17 -8 -11 -12 -13 ~11.00
18 -12 =14 -15 -15 -14.00
19 -20 -19 -19 =17 -18,75
20 -22 -24 -23 -21 -22,50
21 -3 -7 -10 -12 ~800
22 -11 -12 -12 -14 ~12425
23 -11 -15 -16 -15 -14,25
24 -13 =15 -14 -15 -14.25
25 -4 -11 =15 -15 ~11¢25
26 -14 -16 =15 -15 -15,00
27 12 -2 =T =7 +1.25
28 -17 -9 -18 -18 -18.00
29 -11 =15 -12 -13 ~12425
30 -15 =17 =15 -18 -16.25
31 -15 -14 ~14 -15 =14,50
32 -18 -18 -18 -18 " 18,00
33 - - - - -

34 =17 -19 -19 -21 ~19.00
35 - - - - -

36 -15 -16 -17 ~19 =16.75
37 - - - - -

38 -11 =15 ~-14 el =13.75
39 -9 -10 -11 -10 ~10,00
40 -20 -19 -18 -17 =18,50
41 - - - - =

42 -16 -18 -18 -19 =17.75
43 - - - - -

44 -16 -19 -18 -21 -18,50

Strain gauge reading differences,
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Pressure 0-100psi 100-200 200-%00 300-400

02 +11:11 =159 =T34 -1.59
03 +13.73 ~1.96 ~1496 =480
04 +9035 "1 ¢35 "1 033 —6 .67
05 -35.59 +5008 +11 086 +18¢64
G3 +8.11 -2.70 +2,70 -8,11
10 +8.11 *2;70 —2.?0 “2070
11 +2e35 +2433 -2¢33 =2433
13 +12.T3 "‘1.82 -9.09 "'1 082
14 +9.09 -3.03 ~-3.03 =3,03
16 -12,00 -12.,00 +4,00 +20,00
17 +27.27 0.00 -9.09 ""1U.18
18 +14 .29 0,00 -T7.14 ~Te14
19 -6.67 -1.33 =133 +9.33
20 +2.22 -6067 -2022 +6|67
21 +62,50 +12.50 -25.00 -50,00
22 +10,20 +2.04 +2.04 -14.29
23 +22,81 =527 -12,28 =526
?4 +8077 "'5026 +1 075 -5.26
25 '{'64.44 ‘1'2 .22 -33.3} -33033
26 +6 .67 -6467 0,00 0.00
21 erratic

28 +5.56 “"5:56 0,00 0.00
29 +10,20 6,12 +2! 04 -6.12
29 +7469 -4.62 +7469 ~10.77
31 -3¢45 +3445 +35e45 ~3445
32 0,00 0,00 0,00 0,00
34 +10.53 0.00 0,00 ~10,53
36 +10.45 +4.448 ~-1449 =13e43
38 +20,00 "9.09 -1.82 "9009
39 +10,00 0,00 -10.00 0,00
40 -8,11 ~270 +2,70 +8.11
42 +9.86 -1 041 -1 .41 "'7004
44 +13051 -2470 '!'2.?0 -13051

Percentage difference from the mean.
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-0.01
+0,01
+0,00
-0.01
+0.00
+0,01
+0,.00
+0,00
+0,00
+0.00
+0,00
+0,01
+0.,00
+0.00
+0,00
-0.01
+0,01
+0,00
+0.00
+0,00

+0,00
+0,00
-0,01
+0.,00
+0.00
+0,00
+0,01
+0.00
+0.00
+0,.00
+0 000
+0,00



Range (%) Frequency (actuzl) Frequency (%)

55,00 = 64,99 2 1456

45,00 = 54,99 0 0.00

3500 = 44,95 0 0,00

25.00 - 34,99 1 0.78

15.00 = 24.99 3 2434

( 5.00)— 24.99 26 22.21

=499 )~ 4-99 58 oJ1

(-s.oog - (—14,99; 39 24422

E-15.oog - §-24.99; 2 156

=25:00) = (~34.99 3 234

2-35000 - §“44-99 1 0,78

-45000_ - "54099 1 0.78

total 128 99.98

Frequency distribution of percentage
error from the mean,
457
40 1
25
30-
Freguency| % //ffh\\
25
m-
15
10J
5
0 L] L L T T T v T T T T g
=50 -40 =30 =20 =10 o 40 20 30 40 S0 60
~ Range %
Fig. 12 ¢)
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Strain Gavge Number Stress Factor

02 -2.96
03 -2.40
04 =3e53
05 =277
08 ~3.48
10 “3048
11 -4.04
13 "20 59
14 =3410
16 =3¢53
17 "2 007
18 ~2,63
19 =3e53
20 =4¢23
21 -1.50
2 ~-2430
23 =2,68 -
24 -2,68
25 -2012
26 -2,82
28 ~3.38
29 -2430
30 "3006
31 =273
32 —3038
54 -3 057
36 -301
38 -2¢59
39 "1 088
40 ~3+48
42 -30 34

44 -3+48



Analysis of Experimental Hesults

In order to make some sense out of the results of strain gauge
readings under varying applied pressure, it is necessary to establish
the relationship between the strain gauge readings and the actual
stresses and strains, This is done by carrying out loading tests on
a simple structure for which relationships are known between the load
and stress/strain relationships, ‘The simple cantilever beam was
used in the following case made from a simple plain microconcrete
specimen, cast 12th May 1975, and tested 2nd December 1976, It had

a pair of strain gauges already attached of the same type as those

used (1?8) ©
dial
gauge
$daa % IA strain gauge
end /s v
o —
ﬁ; B strain gauge
4“._ 369 _mm >
8 load
fs 579 mm i

&) line diagram of test beam

eisny

39 mm

b) section through beam

Fig. 13
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Test resulis on ecalibration beam.

Load (Newtons) Deflexion (mm)

0 1.83
1 1.84
1.84
1.82
1.80
1.80
1.785
1.775
1.755
1745
1.75
1.76

o -3 N WU S W n

o -1 o

1775
1.721
1.805

n W e .

1.822
1 | 1.835
0 185

* from the reading thus marked onwards the dial gauge was
lightly tapped as it seemed to stick slightly with the addition or

subiraction of each increment of loading.



readings were continued with higher loading:-

Load (Newtons) ~ Deflexion (rm) .. -
10 1.72
12 1,693
14 1.67
16 1.632
18 1.601
16 1.624
14 14652
12 1.677
1 1.70

0 1837



with the corresponding data logger output:-

00 + 490
01 4+ 265
490
264
491
264
492
263%
492
263
493
263
494
262

495
262

495
261
495
262
494
261

494
262

493
262
492
263
491
263
491
264
490
264
489
264

8328282382823 8238282828

o
—
B R A T Tk T T I S I S St St Nt St S S O St S S g a2

28282838982828

-9
\D
o

260

gg; where 00 is A strain gauge

499 01 is B " "

258
500
257
502
256
501
258
499
258
497
259
496
260
- 459
264

28282823823828382823828
A T T T Ik 2k o S S
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The results are seen to be linear and can be smoothed outi-

Load (Newtons) Deflexion (mm) Gauge A Cauge B

0 1.84 489 265
2 1.82 41 264
4 1.79 492 263
6 1476 494 262
8 1.74 195 261
10 1.71 496 260
12 1.68 497 259
14 1.65 499 258
16 1.63 501 257
18 1.60 502 256

They reduce to:-

0 0 0 0
2 -0,02 2 -1
4 -0,05 3 -2
6 -0,08 5 -3
8 -0.10 6 -4
10 ~0413 7 -5
12 -0.16 8 -6
14 , -0.19 10 -7
16 ~0,21 12 -8
18  =0.24 13 -9

.*. the ratio of load/deflexion = '8 /(-0,24) =72 ¥/mm

The strain gauge readings show different properties in tension

and compression,



WART D e

where f is the stress
M the moment
‘ Z the section modulus
2 = 26 X 39° = 6,591 m’
6

M

i

518 X load = 518 W

®e £=0,07859 W N/mm> = 11.4 W psi (load W in Wewtons)

when W = 18
f =11.4 X 18 = 205,22 psi

.'+ one strain gauge data logger unit in tension corresponds to

13
and in Iew=iom compression

9

= =22,8 psi

e.8+ Strain gauge number 12 on the last run Tuem zexr» pressure to
800 psi before foilure at 1000 psi gave readings of 655 and 435
respectively, a difference of 220, or more precisely ~220 where
compression is negative.

The corresponding stress i8 =220 X 22.8 = 5016 psi

at 1000 psi the stress is thus 5016 X 1000/800

= 6270 psi

this failure sitress is comparable with the average cube strength

of 6831 psi, In fact just before failure at 1000 psi the

Pressure gauge overzhot the 1000 psi mark by about 50 psi due

to the delayed action of the pump mentioned earlier, This

cuts the remaining difference by half,
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Young's Modulus, E, is also found from the calibration beam ; -

Integrating the relation EIy" =H = - W x

EIY':-‘%NX +C1
whenx =1L, y' =0 ,° C, = 2 W e
o EIy' = =5 W x° 4 3 wi?
Integrating again Ely = = 1 W xs + 3 W L2 x + 02
€
vhen x =L,y =0 o* cz=--;:w1.3+1w1.3 S WL
6
0.0EIY =":I'WJC3+J'WL21-'%'WL3
6

- (x-31%x+217)

vhere I = b @’ / 12, the moment of area
Y = deflexion, distance x from the end of the
cantilever,

and L = length of cantilever,

Now we have established from the experiment tlat W/y = 75 N/m

algso x = 210 mm

il

L = 579 mm

I=26X39° /12 = 128 524.5 m’

X =312 + 210 = ( 9.26 = 211.2 + 368.2 ) x 10°

= 186.26 X 10° mm’

"¢ E= 7.5 y 186,26 X 10° x 1000
& © T1287524.5 B

..n E= 2.6 x 106 pSi
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Through the preceding pages the data logger output is given in
full, followed by a breakdown of the readings to give a single average
value for each strain gauge which re.resents the difference for an
increment of 100 psi in applied loading. Inspection of the output
shows first of all that strain gauges 7 and 39 were not in operation.
Since this was not discovered until the whole apparatus had been set up
and the cause was not found in the external eguipment, it could be
that the strain gauges were faulty, or the soldered connectiions were
inadequate, The former case appears most likely as both these gauges
are on the outer surface of the shell in close proximity to each other
where they may have leen drmaged at the same time, Inspection of the
soldered connections showed them to be all firmly in place when the
apparatus was dismaniled to remove the mcdel from the pressure vessel
after completion of testing.

In the last phase of testing a batch of about hzlf a dozen
gauges were not working, and at first this was thought to be due to
deterioration from leaving the model immersed in the oil pressure ves-
sel over the weekend., However, while dismantling the apparatus it
was noticed that one of the junction leads into ihe data logger was
halfway out of place, and it corresponded with the inoperative gauges.
Therefore there is no conclusive evidence that several days of
immersion in the oil causes any deleterous effects upon the strain
gauges.

The general impression from the data logzer outpui is of
elastic bchaviour up to 400 psi applied pressure, and above this
the sizns of creep can be detected as the readings fall progressivéiy
as the applied pressures were brought down again, suggesting a
compressive strain setiing in. Only strain geuge 27 reads tensilie,

all the rest show compressive strain, The readings were selected for



the range zero ito 400 psi of applied loading, generally from those
found for the first complete run in this range,

However, vhere some erratic readings appeared such as in strain
gauge 20, then the resulis were inspected further and other more
representative ones chosen, Assuming the strain to be zero at zero
applied pressure, then the strain increments for the corresponding
inecrements in applied pressure are seen to be constant for each
gauge throughoul the tests, The variation is found to follow a
normal distribution about the mean, as shown in the histogram. There
the curve was fitted with a calculated standard deviation of 16,9 %.

Therefore the assumption of a linear relation between load and
strain gives a maximum of 50 % error, anything higher being accountable
as & low strain value for which only small variations iun readings give
a high percentage error.

The average differences for each strain gauge can now be
rmultiplied by the factors found from the calibration beam to convert
them into stresses, and dividing by 100 psi incremeni of applied
pressure, the stress factors for the shell are found., Finally the
significance of the results can be assessed in their v2lation to the
behaviour of the shell structure as predicted both by theoretical
considerations and the assumptions and conditions attendant upon the

experimental testing.
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CHAPTER ThilEE

Pressure Test on a Conical Closed Shell,

A very accurate frustum of a cone was cast on 20th July, 1976,
and the strain gauge readings from the tests made on 27th Jamary, 1977
are in the pages which follow, No strain gavge was placed on the
inner face of the end closure as this small part at the apex end of
the model was too badly cast to find a reasonahly plane area, reducing
the number of gauges to 42. Of these gauges 8, 10, 20, 24 and 35,
were either completely out of action or gave obviously erratic readings
which could be discounted as false, No visible evidence was found to
explain the cause of.any faults.

On 31st January, 1977, four cubes which had been cast at the
same time as the shell were desiroyed on the Avery machine at a speed of
10 % per minute of the 1250 kN range. The microconcrete appears
consistently stronger than the results for the four cubes tested for
the hemispherical shell, although they were about the same age. The
model itself was tested up to 1000 psi applied pressure and neitiher
failed nor revealed any signs of cracking when inspected afterwards.
The strain gauge readings, however, indicate that they were nonlinear
in some parts of the shell and the resulis were selected for the .
0 to 400 psi range of applied pressure where they remained linear and
suitable for the purpose of this analysis,

Readings were taken at 50 psi intervals of applied pressure,
following 2 similar patterm as for the previous test on the
hemisphere, but no advantage arcse from the extra information and the
100 psi interval results only have been recorded here. Accuracy in
the linear range is seen to be limited by 2 time lag effect. At one
point in the test, going from 200 to 250 psi for the first time, the

Pressure pump went out of control because the coarse control had been
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inativertently set to work automatically, and the pressure rose rapidly
to 500 psi before it could be released. Fortunately the model was not
damaged and the strain gauge readings exhibit elestic continuity as
the experiment proceeded., Another minor delay occurred after 600 psi
was reached, when .the data logger ovtput roll finished.
The following results were obtained for the testz'i cubes

62,1 N/mn®

61.4

60.6

9:2:9 e

Average 62,275 X 1000/6.895 =-9032 psi

On 28th Janvary, 1977, a2 plane microconcrete beam was tested to
determine elastic proverties. It had been cast 5/1/77 with the
following dimensions,

-~ dial gauge
34 mm o\

- !
! /B‘tra.in gavges s 0
"'?!

546 mm

N Y

load

a) Test Beam Layout ¥

Fig. 14
39 mm

N A
26 1m

b) Beam Cross Seciion

The beam test results follow: =
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Dial gauge Load. Data

mm 1b logger ,
diff, 1 daiff, 2 diff,
3.00 0 -625 672
263 T P 2 617 : 664 o
2.22 _0‘50 4 ~609 11 655 -11
172 Y 6 -598 644
8 collapse

Working in 1b in. units,
ba? 3
section modulus = —— = 0,268 in

o

bending moment for a 2 1b load = 2 X 20,157 = 40,315 1b-in,

maximum stress = 40,315 _ 150.42¢ psi

0.268
which is represented by 8 units on the data logger

therefore one unit on the data logger is 18.8 psi in the
linear elastic mange both in tension and compression.

The above result suggests that the first test beam which was
cast 12/5/75 and tested 2/12/76 was reinforced to cause different
properties in tension and compression, and the above result will be
adopted for both the hemispherical and conical shells,

Ta the equation

Ely

wve have x

-%w(?-sﬁx+ﬁ)
0

L = 21,5 in

I = 0,137 in®
W=21b
¥y = =-0,0146 in.
oo E = 3,300,000 psi.
The cube strengths for the beam material were found for three
cubes on 2/2/77 to be :=

40,6, 52.0, and 52,3 N/m:

and a cylinder failed at 31.8 N/r 2

Also, the microconcrete weighed 135 1b/ft3
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Three further cubes were destroyed on 16/2/77, cast 5/1/17, with
the following results ;-

48.1 N/'mm2
42,7
5343
Average 48,0
A test was also carried out on the same day on a cylinder of

the same material to obtain further strain gauge readings. One gauge
was accidentally damaged.

7(0

128 rm " C,D

Strain : f
gauges _|_ Dial
gauge
A .
2) Plan r

b) Elevation
Fig.15 Test Cylinder




Load

100
150
200
250

300
350

450
500

€00
650

700

750
800

aiff,

50
50

50
50

Dial gauge
A d4iff,

11.18
11.18 S

11.16 "
11,15 .°
.15
1115
11415
11.18
11.16
11.22
11.26
11,30
1135
11.38
11,20
11.44
11.49
11.58

02
01

.03
-.02
.06
04
04
.05
.03
>s18
24
«09
09

<0001
B diff,

1440
14.48

14.58
14,67
14.77
14485
14.58
14.98
15,06
1515
14,62
15427
15436
15.46
15.62
15.T1
14.75
15491
16,12
16.48

08
«10

+09
010
«08
~e21
«40
+08
«09
=33
65
09
.IO
16
09
-+96
1016
021
.36

C aiff, 2

5.75 o ~1532
5.77 *o¢ <1539

5.83 o ~1546
35 i o
6.00 *%2 _1571
5,707°2°0 1531
6.03 *27 1585
6.07 .gi "1596
6.11_*3a ~1609
5,017
613 25
6.18 *02
6.21 .03
6.24-.50
574 '57
6.38 "0
6,44 *

-1533
~1629
-1647
-1666
-1620
-1712
=1543

-1767
-1823

failure at 800 kN

10.78

1579

45,

5.74 -1611

~1745" 745

Strain gauge

diff,

-7
-7
-8

-7

-10

40
-54

-1
-13

76

=96
-18
-19
-24
-22

169
202

-36

3

~1519
~1544

=1573
-1600
-1624
-1646
-1526
-1678
-1694
1692
=1538
-1712
-1730
-1748
-1770
-1788
-1568
-1814
=1846
-1873

-1638

diff.

-25
-29

-27
=24
.22
120
=152
-16
2
154
-174
=18
-18
-22
-16
220
~-246
-32
-27






38 mm

Li]

18| mm &

131 mm

axis of
revolution

| top surfagg of base

94 mm

Radial plane A

Fig. 16 a) Frustum of a cone,

( cast 20/7/76, tested 27/1/17 )
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18l mm = 20 S -

f_'(, axis of
131! mn - revolution T
\\\ \
\ 34xm
strai: gauge Icem:re
N\
S2mm
top surface of bas& ‘ 10
= 9 | \‘
i 4 _mm — b
| 1
1
) |
i
| '
I |
Radial plane D
17om
Fig. 16 b) Frustum of a cone,

( cast 20/7/76, tested 27/1/77 )

151,




Outer surface

of shell.

D
% 18
\-
N3 +¥ *33 ~ta |
36 34 AJ-MO
20 21
26
3
—l—lz
26

Inner surface

of shell.

— e

Strain gauge numbering.

( Frustum of cone cast 20/7/76 )

Fig. 16 ¢)



Strain Gauge

Pressure psi

Number 0 100 200 300 400 £
1 235 228 220 212 203
2 330 325 319 313 306
3 220 523 515 507 4959
4 436 438 441 444 447
> 532 527 521 514 506
6 -44 =51 ~-60 =70 =79
1 390 382 373 365 356
8 o = - - - erratic
9 509 499 487 413 459
10 - = - - - erratic
11 480 467 459 447 432
12 917 897 874 851 827
15 617 609 600 59 585
14 713 699 685 672 658
15 354 341 326 310 295
16 632 609 582 555 528
17 651 641 631 622 615
18 618 603 588 575 561
19 693 691 688 685 683
20 - - - - - gauge not working
21 381 317 372 368 363
22 128 118 107 96 84
23 198 192 186 179 172
24 - - - - -~ gavge not working
25 70 51 29 6 -16
26 366 365 365 367 465
27 191 17 150 126 106
28 327 316 307 297 2k
29 315 295 273 251 el
30 158 134 110 86 61
31 741 738 135 132 129
32 1045 1036 1030 1022 1014
33 340 336 332 328 323
34 =173 -182 -192 -203 -213
35 e - - - - exxratic
36 769 755 741 727 712
37 -73 =97 -122 -148 -176
38 489 487 486 485 485
29 627 €07 584 i 536
40 660 645 630 616 600
4 65 46 26 7 =1
42 265 241 211 181 1

Frustum of a Cone

Selected strain gauge readings.




w

Strain Gauge

Pressure psi

Numbex 0 - 100 100 - 200 200 - 300 200 - 4C0 @av.
1 -7 -8 -8 -9 Y 9
2 = -6 -6 -7 -6
3 -7 -8 -8 -8 =TeT5
4 2 3 3 3 2.75
5 "'5 -6 ‘7 -8 -6 05
6 -7 -9 -10 -9 -8.75
g -8 -9 -8 -9 -85
9 -10 -12 -14 -14 =125
10 - - - - -
11 wi3 -8 -12 -15 12
12 -20 -23 ~23 -24 =22,5
13 -8 -9 -8 o | -8
14 ~-14 -14 -13 -14 =13.75
15 -13 -15 -16 -15 -1475
16 -2 -27 =27 =27 -26
17 -10 -10 -9 -7 -9
18 =15 -15 -13 -14 =14.25
19 -2 -3 -3 -2 =245
20 L o 5 = -
21 -4 -5 -4 -5 ~4e5
22 -10 =11 -1 -12 -11
23 -6 ~6 -7 -7 ~6e5
24 - - - - -
25 -19 =22 =23 -22 =2145
26 -1 0 0 0 ~0¢25
27 -2 -21 -22 ~22 =21025
28 -1 -9 =10 -11 -10:.25
29 -20 =22 -22 -23 =215
20 -24 ~-24 -24 =25 =24645
1 -3 -3 -3 -3 -3
33 -4 -4 -4 -5 ~4425
34 -9 -10 =11 -10 -10
35 - - - = =
36 -14 -14 -14 -15 ~14425
37 -24 -25 -26 -28 2575
38 -2 -1 -1 0 -1
39 -20 ~23 -23 -25 -22.75
40 -15 -15 -14 -16 -15
41 -19 -20 -19 -18 -19
42 -26 =30 -30 =31 =295

Strain gauge reading differences.
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Strain Gauge Number

Hemisphere Cone
1 ~2.96 ~1469
2 -5429 =113
3 -3-24 -1 ¢46
4 -4.61 0,52
5 -1.65 =1422
6 -0.94 ~1.65
T - -1.60
8 -3043 o
9 -3029 "‘2-35
10 -0.61 -
11 ‘1055 -2026
12 -4.37 '4.23
i =2421 -1¢50
14 ~2491 ~2.59
15 ~2.02 «2.717
16 "'1 013 "4.89
17 -2035 -1 '69
18 '5043 '2'63
19 -2.26 -0.47
20 -4.14 -
21 -1.79 -0.85
22 —2.68 -2.07
23 ~2.54 -1,22
24 =3¢57 'y
25 ~ 3.01 -4004
26 -4.70 -0.05
27 113 4,00
28 ~075 =193
29 =127 -4.09
30 -0052 "4-56
31 -2.07 =0.56
32 ”2.12 -1 046
33 -2:12 -0.80
34 =3.76 ~1.88
35 -1069 !
56 "'4.00 -2.68
37 =334 ~-4.84
38 ~4.04 -0.19
39 o -4,.,28
40 2482 -2.82
41 =2.73 =357
42 -3.38 =559
43 -338 -
44 -3.71 -
Stress factors



CHAPTER FOUR

Comparison Between Theory and Experiment,

The following pages give the computer output in the form of
principal planes and stress factors for the two cases which have been
described in the experimental work, the hemisphere and the frustum of
a cone, The znalysis by the finite element displacement method
employs the Q2CST element and cannot be directly compared with the
experimental werk in which surface strain gauges measure movement in
the meridional and circumferential directions.

The chosen finite element program gives output values at the
element centroid, and the surface stress factors can be found by
assuming an even distribution of stress across the shell thickness
or by extrapclation. Shkell values are found from principal values by
rearranging the equations which relate them to global or any othexr
axes.

ie.

<§; ke I?:fé, co&¢#
(? -— 6} s 't‘ra' _*1“*
eliminating ’E,}

(G-6)%¢ - Ty 5 e -6 ot §

Lol 6¥n'¥04u.(k — ‘5; —%th4>- 455 cb 63'

4;-

also

6 + &,

zr L ‘}l - ?"t;»uuz

& 1(1/4- L'tHx

.-J:. = fsr c 6}; + GCP

-
\n
o
-



combining these two relationships

Cp tmd *€gehb < & (aond 4ea §)
:. ‘:r - (}--+u- * -+ 61&; thd‘4

' et oot d

Sp oy + 6§ cmd

X

(? cm"q(v = (1’ Siu-"c#

Q‘U

For convenience the finite element results are plotied as contin-
uous curves of siress factor against the angle between the outer radius
and axis of revolution of the hemisphere. For the frustum of a cone
the stress factors are plotied against the distance measured along the
surface meridian from the axis of revelution at the crown. The
experimental results are superimposed as isolated values for comparison.

Of the two experiments the frustum shows more similarity between
theory and experiment which may be put down to improved experience in
carrying out & reliable testing rrocedure. The hemisphere equator may
not have been fully encastre, while the frustum was embedded much more
efficiently in the base by the use of a .small pipe to release the air-
lock inside the shell, That was during casting, and then the theoreti;
cal analysis suggests minor tensile stresses which could initiate
rotation of the hemisphere equator.

The hemisphere shows wide variation of the experimental results
at similar positions along the meridians which are at right-angles tc
each other. The corresponding pairs of results for the frusium appear
close together and impart the sense of authenticity as an axisymmetiric

PHEeNOmenon,
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Element Nodes

I

=
OO Ohv\J'o o =

K

6
7
8

10

2|

12

14

15

16

18

19

20

22

23

24

26

27

28

30

31

32

34

35

36

28

39

40

42

43

44

46

47

48

50

51

52

54

55

56

58

59

&0

62

63

64

&
o]

67
68

n
LY

=

Computer Prosramme Results

Element Type G2CST
Cylindrical Ferspex Model

Mk I

Principal Plane

(Degrees)

-8.05
—6043
-3.56
“3-69
-7.18
-4-41
-2.48
"'5-06
"3099
‘1.26
=-2.79
2.4

0.36

0.05
“0450

2.67

3.85

1.98

6459

8.85

4.90
14.81
14.93

7.80
35450
21.39
10.33
7212
25.71
12,03
83.40
41.26
15.80
63.76
58,68
2713
19.87
-1.01
55.29

7,02
45.47
70.00
42.34
58,50
61.84
72427
59.77
21,62

81.31

Major

-0.31
-0.31
=0.14
-0.93
-0.47
-0.19
-2.89
=059
=2.20
-0.88
~0.56
-0.20
-0,86
-0.54
-0.18
-0.85
-0.52
=C.17
~C.83
-0.49
~0.16
=0.77
‘0.42
-0.14
"’0.49
-0.30
-0-12
-0.08
=021
“0008

0.54
-1.75
-0.00
-0.06
-0.81
-3,00

0.07
~0.64
'3-57

0.80
-1.16

0455
-0,33

0.64

0.44
-0.41

.43

0,87

Stress Factors

Minor

-2,.38
-2.65
-2.71
~2.83
-2.48
“2.;8
-3,01
=2453
-2.10
-3+14
-2052
-1.93
=3.17
-2.50
-1.83
=3.07
"‘2.49
=1.82
-2.79
-2.51
-1.94
~-2429
‘2.58
-2425
-1.67
"2;70
~2,80
-1.54
-2.88
“3.66
~1415
-3+34
“4.68
—1.07
-1.46
-6,90
~-0.86
-1.44
~6.54
-1.14
“3-99
=337
-2,26

Hoop

_3040
-3.87
~4.29
_3090
~3.94
-4.24
"3093
~4.04
~4.16
~3.96
“3398
=407
“3.81
-3.83
-3090
=3450
~3456
~3.66
“5000
-3019
_3036
—2.32
=277
-3.03
“1.50
"‘2.21
‘2071
_0096
=1.75
-2449
-0,64
-2425
-2‘40
-1.28
-1.39
-4017
=157
-1.68
-4.09
=1.91
=3,30
-0.96
-3.49
~2.02

0.07
-4,60
-2,06

1.13

"‘5-?0‘

Shear

1.03
T17
1.28
Ol95
1,01
1.09
1.06
0.97
0.95
1.13
0.98
0.87
1«15
0.98
0.82
1.1
0.98
0.83
0.98
1.01
0.89
0.?6
1.08
1,06
0059
1.20
1.34
0.73
1.33
1.79
0.85
0.80
2.34
0.50
0,32
1.95
0.46
0.40
1.68
0.97
1.41
1.96
0.97
1.79
1.16
1458
1.64
0.81
2.23



66
67
69
70
71
73
74
(2]

T.62

70
(i
73
74
75
17
78
79

71
T2
74
75
76
78
79
80

5715

Mk I (continued)

€5.38 0.19
20,66 1448
87.04 =0.77
69093 -0031

5.16 2,20
85.36 =245
67449 =1.07
-2,80 3431

 input Data

-2 060
~0.20
"6a25
=2,52
“0017
-8.01
~2,16
-0.89

1.270

-2.00
2,00
~6449
-1.98
2.78
=T33
-1.49
3490

1.0 0.39

1439
0.84
2474
111
1.18
2.78
0.54
2,10

"‘1 .0



Element Nodes

I

10
11

14
15
17
18
19
21
22
23
25
26
1
29
30
31
33
34
35
37
38
39
41
42

O =1 v \n W N -

J

O -2 O W,

10
11
13
14
15
17
18
19
21
22
23
25
26
27
29
30
31
33
34
35
37
38
39
41
42
43
45
46

K

10
1
12
14
15
16
18
19
20
22
23
24
26
27
28
30
31
32
34
35
36
38
39
40
42
43

46
47

L

@ 3 O B WM

10
1
12
14
15
16
18
19
20
22
23
24
26
27
28
30
31
32
34
35
36
38
39
40
42
43

Analysis of Computer Results

PERSPEX CYLIIDER

Mk I Model

e

Meridional Element Nodes
g K
-2.34 43 47 48 44
-2,62 45 49 50 46
-2,70 46 50 51 47
~-2.82 4T 51 52 48
~2.45 49 53 54 50
-2.37 50 54 55 51
-3.01 51 55 56 52
-2.51 2. 5T 58 4
-2.09 5458 99 95
~3.14 55 59 60 56
-2.52 57 61 62 58
-1.93 58 62 63 5
=3.17 59 63 64 60
-2.50 61 65 66 62
-1.83 62 66 67 63
-3.07 63 67 68 64
-2.48 65 69 170 66
-1.82 66 70 71 67
-2,76 67 71 T2 68
-2.46 69 73 74 70
-1.93 70 74 75 M
-2.19 i (- T T
-2.44 T .17 78 T4
-2.21 4 78 79 15
-1.27 75 19 80-76
-2,38
=2.71
-0.22
-2.38
-3.50

0,52
=2.65

1601

Meridional
Stress
Factor

-4.33
~0.26
-0.99
~6.09
-0,04
-0.64
~5445

0.77
-2.60
-2.91
-1.21
-1.97
-1436
-3¢29
-2.02

0,16
~5400
-2.12

1.27
-6424
~2426

2.18
=797
-2.00

3430



PERSPEX CYLIIDER

Ik I Mocel

e e s ——— .  a

Analysis of Computer Results

Method of nodal averaging with assumption of constant stress across

each element.

Outer Meridional Hoop Inner Meridional Hoop
Surface Stress Stress Surface Streas Stress
Node Factor Factor Node Factor Factor
1 -2.34 ~3.40 4 ~2.70 -4 .29
5 ~2.58 =3.65 8 -2.54 ~4.27
9 -2.92 -3.74 12 -2.23 -4 .20
13 -3.08 -3.97 16 -2.01 =4.12
17 ~3.16 -3.89 20 -1.88 -3+99
21 -3.12 -3.66 24 -1.83 -3.78
25 ~2.92 ~3.25 28 -1.88 ~-3.51
29 =2.48 -2.66 32 -2.07 -3.20
33 -1.73 =1.91 35 -2.46 ~-2.87
37 -0.75 -1.23 40 ~3.11 ~2.60
41 0.15 -0.80 44 -3.92 ~2.45
45 0.13 -0.96 48 ~Z.21 =3.29
23 0.37 -1.74 56 -4.18 =2.53
5T -0,22 -2.70 60 -2.14 -0.45
61 -2.25 -4.05 64 -0,.60 0.60
65 =4.15 ~5.15 68 0.72 1457
69 -5.62 -6.10 72 1.73 2.39
13 =711 -6.91 76 2.74 3434
17 =797 ~T¢33 80 3.30 3.90

161,



FERSPEX CYLIN)IR

W
—

Mk I Model

e ——— e e e

Outer Surface Meridional Streass Factor

[
Comprossive > e Theoretical Stress Factor
Stress Factor . o
Neaative @ Experimental Stress Factor
i
-8 -
-7
-4 ¢j;
bt
=
- 1
w2 /
-2
- 1 E
0 T T r Tt @ i T g 1 i U
1 L
q; Vertical throuzh Horizontal
2 4 End Plate Midsection
; ® e throuch
3 Cylinder
n : =N T o 21 Ff=Hedi:
4 {—2% External Radius . ° BEeEne’ Halt-Deschs -~
End Plate Cylinder
P
Tenzile
3tress Factor
Positive

Fig. 17 2)

-h




PERSPEX CYLITDER

Inner Surface Meridional Stress Factor
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46
47
48
50
51
52
54
55
56
58

|~
.

60
62
63
o4

-~

(ole]

Computer Programme Hesults

Element Type Q2CST

Cylindrical Perspzx lModel

Mk II

Principal Plane

(Degrees)

“8037
-6.47
-3062
—5-93
-5+99
=373
=2.22
‘3068
“2.51
~0.84
-2,01
-1.2€
-0,02
-0,77
-0,41
055
0.32
0,27
1.26
171
0.93
2.68
4405
1.73
T+28
8.27
2.82
73.07
12.82
4423
89 +89
29.89
Te34
7935
=247
22,39
1443
24 .50
50,02
3220
48,16
65455
63.93
59.15
52.93
78425
61.38
31.65
54 .26

Major

-0.05
"0113
-0,09
~0.94
“0046
m0¢14
-0.81
~0.49
-0,10
-0.77
~0.44
-0,09
-0.78
-0.45
~0.10
~-0.85
-0,50
=0e15
~0.97
-0.57
~-0,22
-1.14
-0.68
-0.28
~1e24
-0.79
*0.41
'0077
~0.30
=0.33
1.78
-2. 56
0.10
0.47
-0.50
=315
0.06
0.05
-9032
0.02
-0.50
0.94
—0.52
0.75
0.89
-0.47
0.46
1.39

~Uai3

166,

Stress
Minor

‘3031
4438
"5.36
"4-30
"4.2?
-4.5‘
-4.83
-4032
-3.90
=5.21
=4.27
-3.45
-5+44
~4e23
“3¢12
=551
~4.20
=-2,92
”5-35
"4119
-2.89
”4.76
“4.22
-3e13
“3.46
=4+29
-3081
“2.19
~4+45
=227
-0.58
=5.21
“?-08
=-0.41
=0,62
-9.96
-0.,69
-1.86
-6092
-1.54
-4.12
=257
=3.24
-2.89
=-1.21
-4459
-2.69
-0.38

=105

Factors
Hoop

=587
-6.69
~7.48
-6.95
=710
=747
-T+43
=747
=757
-7071
-7.63
-T7.62
=765
=T+55
-T7:49
“7018
-7014
"7012
‘6.24
-6.36
~6.47
-4.81
=527
~5458
=-2494
~3.95
-4.6|
-1.17
=247
=3+T5
2e49
~2.84
-3+09
-0.94
-0.63
-4.93
-2.11
=154
-3.44
~-3.02
=2.85
0.01
-4.51
-1.88
1,02
-5.46
"1 .86
2.01

-6439



66
67
69
70
71
73
14

e |
i

Te62

70
71
13
74
15
il 4
78
i

11
T2
T4
75
76
78
19
80

5.080 5,080

67
68
70
71
72
74
75
76

(continued)

Mk I1
65.26 0.i2
13,84 2.11
87.93 ~1.01
65.82 =0451
3425 3.02
84-47 -3014
50,78 ~-1426
=191 4.41
Input Data
0,635 0.635

1.270

-2.48

-0014
-6.90
-2+49
-0.33
'9.12
-2.29
~-1.22

1.0

=1.81
2,87
-Te20
~1.81
3475
—8.27
“1.29
512

0439

1.20
1.13
2,95
0.99
1.68
2499
0651
2,82

-1.0



PERSPEX CYLIXDER

Mk IT HModel

Analysis of Computer Results

Method of nodal averaging with assumption of constant stress
across each element

Outer Meridional Hoop Inner Meridional Hoop
Surface Stress Stress Surface Stress Stress
Node Factor Factor llode Factor Factoxr
1 -3.24 -5.87 4 "5034 ‘7048
5 -3076 -6041 8 "4‘92 -7-48
9 -4.55 -7.19 1'2 "'4.19 ‘-7.52
13 "5.02 -7.57 16 "30(? -7.60
17 -5033 -7068 20 -3.29 -7.56
21 -5-48 “7-42 24 "3.02 -7031
25 -5.43 "6.71 28 -2.91 -6.80
29 -5.05 =5.53 32 -3.01 -6,03
33 -4l09 "3.88 36 -3.47 "'5.10
Cif 2,16 -2,06 40 =452 -4,18
41 0.45 =0434 44 ~6.10 ~3e42
45 1.11 -0.23 48 -2.27 -4401
. -0.13 = 0
49 -0.16 =153 22 -4.58 4419
53 ~0,18 -2.57 56 =3.50 AT
57 "'1057 "‘3!?7 60 -1 .21 0.52
61' "'5057 —4-99 64 0023 105?
65 "5010 -5093 68 104—4 20*‘14
69 -6.34 "6080 72 2-50 3.31
13 -7.98 ~Te74 76 3.T1 4.44
77 ""9006 -8.27 80 4040 5.12

168.



PERSFEX CYLIMDER

Mk I1 Fodel

~

Outer Surface Meridional Stress Factor

® rmm.. Theoretical Stress Factor
Compressive

. = -
Stress Factor L Experimental Stress Factor
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g % 5
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¢ Vertical through l _ t
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& o2y Cylinder
d -
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5 J
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Stress Factor
Positive
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ITnner Surface Meridional Stress Factor

PERSFEX CYLIIDER
Mk IT Fodel
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PERSPEX CYLDIDER
J Mk IT Model

Outer Surface Hoop Stress Factor
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Compresaive
stress Factor
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PERSFEX CYLI!DER
Mk IT Model

Inner Surface Hoop Stress Fector

o Theoretical Stress Faztor

® Experimental Stress Factor
Compressive
Stress Factor
Negative
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Cylinder
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4 T8 79 175 87.51 ~0.68 —4.63 =-4.58
75 79 80 76 87.56 ~0.36 =4.95 -4.88

Q2CST computer programme results

Hemisphere 1Mk I

Inpu'b data 11.6 11.6 106 13 1o 2 =1e

175

1.98
2:29



ﬁ&ement nodes

I

-
O N =3 VAN N =A

11
13
14
15
17
18
19
21
22
23
25
26
27
29
30
31
33
34
35
37
38
39

42
43

46
47
49
50
51
53

55
57

59
61
62

63

66
67
69
70
7
3

b i
I

T
4

-
OO~ NN

11
12
14
15
16
18
19
20
22
23

26

27
28

31
32
34
35

38
39
40
42
43

46
47
48
50
51
52
o4
55
56
58
59
60
62

63

66
67
68
70
72
74

Principal planes

(degrees)

~25e43
“12066
-Ti71
=T.41
*0042
=037
437
2.31
5,86
12456
10.45
12,17
19425
1775
18.33
25.16
24,26
244,20
30,60
30,13
29.69
3575
35¢52
34.84
40,69
40,57
39475
45.49
45439
44.50
50621
99,07
49.18
54.87
54469
53.84
59450
5929
58.51
64413
6391
63.22
68,78
€8.57
67.98
1344
73.28
1277
7813
78.05
7760
82,80
82,87
82.43
87.12

major

-0439
-0.71
-1,01
~0.97
~0,62
-0,40
=0.97
-0,64
-0,30
-0.93
~0.61
-0,25
-0,90
-0,58
-0.21
-0,87
~0,55

~0.19.

—0086
~0453
"0 . 1 B
=085
=053
“0017
~0.84
-0.52
-0.17
~0.84
=0.55
~0.18
~0485
~0¢54
-0.19
""0585
-0455
-0.19
-0.86
=Ce55
-0,20
-0,86
-0456
-0321
~0.87
=0457
-0e22
"'0.88
-0,58
-0,22
-0.89
-0.59
-0025
-0.90
-0.61
~0,26

7
‘0.99

Stress factors

minoxr

-2.05
-4.04
-6.29
~2.75
=394
~5:19
~-3434
-3.89
~4.44
=379
-3489
-3.98
-4.09
-3093
=374
=429
=399
~3466
=4440
=4,05
~-3.68
~4446
~4¢13
-30?8
-4.48
=4 420
'309i
“4.45
=427
=4005
~4.47
=4e33
=420
-4046
~4439
~4433
-4.45
~4.44
4446
~4e44
~4.49
“4-56
-4.44
~44353
-4.64
—4.44
-4.56
*4.71
=444
=4459
=477
-4042
~-4.61
-4.83

-4.38

hoop

-0.63
-1.09
-1.62
-1.24
=1.41
~1464
=1.82
-1.86
-1.93
-2.38
-2.34
=232
~-2,88
=281
-2.73
“3051
-3.22
=313
-3066
-3.58
-3-50
=397
=387
~3.82
-4.12
~4409
~4,08
-4.26
~4ecT
-4.29
~4435
=439
”4046
~4e41
-4.48
*4053

=444

=454
‘4t68
~4445
=4458
“4:74
~4.45
-4.61
~4.79
-4.44
-4,62
—4082
~4442
”4062
=485
=4.39
-d,61%
-4.88

-4.33

shear

0.83
1,66
2.64
0.89
1.66
2440
1.19
1463
2,07
1.43
1.64
1.87
1.60
1,67
1,76
1.71
1,72
1473
177
1,76
1.75
1.81
180
1,80
1.82
184
1.87
1,82
1.87
1.94
1481
1490
2,01
180
1492
2,07
1.79
1.95
2.13
1.79
1.96
2.17
1.79
1.98
2421
1.78
1.99
2.24
1.78
2.00
2+27
1.76

2 _ 29

ol
el

1.71



Microconcrete clesed hemispheré - Mc I

Computer plot of principal stress lactors in radial plane.

AX19 OF REVOLUTION

FLAT BASE

Q2CST Hlement

Stress factor = lumber of lines per centimeire

Tension = continucus lines within elements

Compressiorn = broken lines within elements
Pig. 19



T AT T -
CIRCUMFERENTTIAL
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CIRCUMMERENTTAL

=91 N.B. Stress Factor = Stress per Unit Applied Pressure
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4 T8 79 75 67.01
T 19 80 ?6 85.96

Input data

Q2CST computer programme

"'0.65 -6.27 -6.23
~0e32 =642 =637

results

Hemisi:here Mc II

11465 11.65 1.6 0.9

180.

1e

2 =1

2.81
305



Flement nodes

I

-
OOV~ O\I\WN N =

11
13
14
15
17
18
19
21
22
23

26
27
. .29

31
33
34
35
37
38
39
41
42
43
45
46
47
49

51
23
>4
25
o7

29
61
£2

63

66
67

70
L
73

J K

ot

@O~ AP N

Principal planes

(degrees)

=27.03
-12,98
=T8535
-8.28
'6079
-0,71
3499
1.91
5e¢351
12.32
9.96
11.38
19.03
17.14
1730
2491
23.51
22.91
30.30
29,22
28.17
7538
34.45
33.13
40,26 .
2935
3,88
45.00
44.00
4254
49,67
48,68
47,17
54430
53427
51.85
58.92
57.90
56 .61
63.58
62,60
£1.47
68,27
67.40
66.44
1301
72,28
71451
T7.79
T7+25
76.66
82,59
82.25
81.83
87.02

181.

major

=0.35
-0071
~1.03
=097
-0,62
-0,40
=0.97
-0.64
-0,29
-0.94
-0.61
“0025
~0,90
-0,58
=0,21
-0.88
-0.55
~0.19
~-0.86
-0.54
-0.18
=0.,85
=0453
=0,18
-0.84
=053
-0018
-0035
-0e53
-0,18
=0,85
-0.54
-0.19
-0.86
-0,55
-0.20
~0,86
-0.56
-0.21
-0087
~0,56
=021
-0.87
=057
-0,22
-0.88
~0,58
—0023
-0,88
-0458
-0425
-0,90
-0.60
-0.25
-0.94

Stress factors

minox

-1499
-4,08
~6.43
~2,69
"3.98
-5e32
~3e31
-3095
—4057
-3.80
=397
-4413
‘4015
-4005
=392
”4041
~4416
‘3088
~459
=429
=397
=475
'4¢44
~4413
-4.84
"4.61
-4¢35
=4.95
~4.78
-4.60
"5007
"4097
~4.,86
“5.20
~5.16
-9e13
=535
~5436
"5.33
-5.51
-5-56
-5o62
-5068
'5075
-5.84
=585
=593
-6,03
=539
~6,07
-6,18
~6,09
-6,19
*6030
=616

hoop

~0.61
-1.10
~-1.,65
“1025
-1.44
-1.69
~-1.87
-1.93
—2.01
-2449
=247
=2445
-3,06
-3,00
=2493
=357
_3049
'3041
=4.01
-3493
~3486
-4.38
-4.32
-4.27
~4469
~4,66
-44.64
-4.94
-4.94
-4096
-5.16

=5,19 -

~5.24
~5e35
=540
=548
=352
“5059
~5+69
“5968
=576
=387
-5082
-5090
~6,02
‘5094
-6,03
-6015
-6.04
~6.13
-6,26
-6,10
-6,20
6,34
6412



Microconcrete closed hemisphere - Mk II

Computer plot of principal stress factors in radial plane.

Q215 JF REVOLUTIJN

FLAT BASC

GZCST Element

Stress factor = lumber of lines per centimeire
Tension = continuous lines within elements

Compressicn = broken lines within eiements

Fig. 21
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,, «4 .3, Stress Factor = Stress per Unit Applied Pressure
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4 78 79 75 84411 0.4 =171 =1470

75 79 80 76 87029 "0013 "1041 -1-33 )

Q2CST computer programme resulzg

Frustun of a Cone

Input data 14.9 105 38 1.1 2.0 1.8 1. o2 =1.
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Element nodes Principal plane Stress factors

I 365 % & (degrees) major minor hoop  shear
L -28,.88 - -0.26 -1.82 =~0.,82 0.78°
R O -5+61 -1.10  =4.74 -1.57  1.82
3 7 8 4 3.52 “1.94 “8;55 _2.46 3.21
5 9 10 6 3.27 -0.82 -4.23 -2.62 1.71
6 10 11 7 5.91 -0'47 -4096 -2.70 2.25
7 iﬁ 12 8 15-68 “0.03 -4075 *2058 2.36
9 13 14 10 18.11 -0090 "5055 "4045 2-52
10 14 13 A 1779 =0e22 =443 =4.13 2.10
11 15 16 12 19.68 0009 "3025 -3.8? 1.67
12 47 8. 14 24.54 =0,91 =5.67 =5.68 2,38
14 18 19 15 25.40 -0.54 =4.15 =5.42 1.81
1% 19 20 16 27436 -0,20 =2,67 =5.18 1,24
17 21 22 13 28.10 '0076 -5.19 ‘6-15 2¢22
18 22 23 19 30,65 <060 =3.88 6,13 1,64
19 23 24 20 31.14 ~0.24 =2.48 -6,06 1.12
21 25 26 22 29.36 0,80 =4.39 =6.03 1.79
22 26 271 23 3274 =0.47 =3,51 =6,22 1.52
25 27 28 24 53458 0,12 =2.52 =6.41 1.20
25 29 30 26 29.75 =0.85 =3.53 =5.49 1.34
26 30 31 27 33406 =0.53 =3.14 =5.90 1.30
2] 31 %2 28 32.43 ~0.19 =2,61 =6,34 1421
&3 43 .34 "50 29.11 -0,88 =2.81 =4.T1 0,96
30 34 35 3 31.34 =0,58 =2.79 =5.28 1,70
31 35 36 32 30.67 -0.23 ~2.66 =5.92 1,21
93 Al 38, 4 28:25 =-0.89 =2,26 =3.,84 0.59
54 B 39 B 50437 -0,61 =-2.48 =4.50 0.94
35 39 40 36 29414 -0025 -2362 -5027 1.19
37 41 42 38 30415 -0.291 =183 -2.95  0.46
38 42 43 39 30.19 -0061 -2.22 —3.62 0081
39 43 44 40 28.44 =0.25 =2.,53 ~4.46 1.14
41 45 46 42 37-19 "‘0098 -1 040 -2 009 0.21
42 46 47 43 35032 —0.77 ”2.08 -20?5 0.65
43 47 48 44 28.95 =0,23 =2.52 =3.57 1.15
45 49 50 46 8002 -0.94 -1-06 -1341 0306
46 50 51 47 40,36 =094 =1.75 =1.94 0.40
47 51 52 48 40,96 =0.73 =2.92 =2.73 1.09
49 53 54 50 -1,68 =0.72 =105 =1.17 0.17
s s T R 40,05 -0.88 =1,55 =1.58 0e33
51 55 5% 52 57.96 -0,81 =3.38 =2,33 1.29
53 57 58 54 17.56 -0069 “1.12 -1.29 0021
28 585 49.77 =0.71 =1.98 =1.72 0.63
55 59 60 56 68.27 =0.08: =2,67 =2.00' 120
57 61 62 58 40.07 -0.71 -1.29 -1.45 0.29
58 62 63 59 59.21 =0.47 =1.99 =1.72 0.76
59 63 64 60 73.68 -0.15 =2.24 -1.80 1.04
61 65 66 62 5797 -0s73 =148 =1.62 0437
62 66 67 63 65,38 -0,38 ~1.92 =1.T1 0.77
63 67 68 64 77458 0,11 =1.92 =1.65 0.91
65 69 70 66 70,67 =078 =1.67 =177 0.44
66 70 71 67 70.94 =0,39 =1.83 =1,70 0.72
67 71 72 68 80079 "0010 —1069 -1054 0.?9
69 73 74 10 79.72 ~0.83 =1.84 -1.88 0450
9 14 70 M 76499 =Ce43 =1.75 =1.70 0466
195 16 12 84.25 =011 =1,52 =1.45 0.71
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Microconerete closed frustum of a cone,

Computer plot of principal stress facters in radial plare,

9415 OF REVOLUTION

FLAT BAast

LZCST Element

tress factor = Number of lines per centimeire
Tension = continuous lines within elements

Compression = broken lines within elements

Fig. 23
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Conclusions

The best results for correlation between the Finite Element
analysis and the uniform pressure test are found to be Jor the linear
elastic perspex model lMark II. It was the most uniform in construction,
having been made out of single thicknesses of manufactured plate and
tubing., The crazing which occurred in part of the Mark I perspex
model appears to have caused some local stress redistribution. This
type of locked-in initial stresses are also probably responsible to
some extent for the poorer correlation of resulis obtained for the
microconcreie models.

There are locked-in stresses which can be produced both
during the casting of the shell component, and during its embedding
in the flat base of the model, The values ana distribution of initial
stresses will vary with both geometric types, thicknesses, scale
factors, casting proredures, and ambient tempuratures. lione of these
stresses are measured in the cxperiments, because thi surface strain
gauges can only be attached tv quantify relative movement wnder
applied loading subsequent to ccmpletion of the model consiruction,

If the material is ccntinmous with a constant value of
Young's Modulus and Pnizson's Ratio, as with the perspex models, the
locked-in stresses can Lave less effect upon strain behaviour than
for a microconcreie model in which linear elasticity is an approxi-
mation only over a small range of stress, It is quite possible in
principle for locked-in ci-sting stresses in a microcuncrete ahell and
the subsequeni stresses due to applied loading to cancel each other
out to some extent in some regions of the continuum while being
additive ia other regions. '

This is only one possible source of disagreement between
theory and experiment, The work of Harvey Haynes of the U.S, Iavy
( referred to in the introduction to this thesis ) has indicated that
concrete shells of revolution are also unsiable in that they do
not receszarily have symmetrical radial d=Tlection zbout the axis
of revoluticn undsr uniform applied pressure. Long thin eylindrical
geometry is particularly prone to this type of behaviour, as he
has demonsirated, He has zlso shown experimentally that for
spherical geometry minor surface defects can substantially reduce fhe
vaiue of znplied uniform pressure reguirsd tc cause the desiruciion

of a shell.
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The problem we have encountered in this thesis, where
a low level of correlation is found between theory and experiment
for the microconcrete hemispherical shells, may, in addition to the
possibility of locked-in stresses, also be due to the fact that the
strain gauges are placed on the shell surfaces where the relative
movements they heasure are most sensitive to local aberrations.

From the analjytical point of view also, the Finite
Element method cannot cope economically and accurately with high
stress gradients and these are most likely to occur at the shell
surface. On the other hand, while Haynes was able to apply the results
of ready-worked thick shell theories to the standard spherical case,
the general theory of thick shells of revolution results in the
solution of complex differential equations.

In hie experimental work, Haynes has succeeded in
identifying two modes of thick shell failure in his spnerical
microconcrete models, thinner shells which shearsd across the shell
thickness with rapid implosion of the shell, and thicker shells which.
split up slowly by stages internally within the plane of the shell in
& laminar fashion. He fourd the borderline case occurred when the
shell thickness was about one sixteenth of its outer diameter,

If this is taken as a way of defining a thin or thick
he
hemisphere as shown in the prhotographs at the end of this thesis
was that of a thin shell,

ot

concrete shell in practice, then the mode of failure of

Turning to the practical application of this research,
it has first of all some resemblance to mass concrete arch dams which
have been designed by shell principles, but under triancular pressure
loading., Beyond this there are reinforced concrete shells in offshore
gvructnres, some of which have been desizned partly utilising the
results of Haynes' research on cylinders with hemispherical end
closures. The knowledge established from all sources has been
sufficient to design with confidence wo a depth of sbout 500 meires,

The exact edze of knowledge in this field is not clearly defined.



This research has taken the matter furiher by giving a
detailed programuing of the finite element method tb move from the
specific types to.the general shell of revolution, so that a shell
can be designed for buoyancy, flecatation stability, and practicality
of construction, for use at greater ocean depths and on a larger scale
as will be required for the development of deep ocean resources,

The experimentel result show the effects of a change
of material upon the degree of confidence which can be placed in
numerical results obtained from Finite Element computer programming
in this application.

The direction of futire research which is indicated
wovld be the numerical solution by computer of differential
equations of the general thick shell of revolution. The results
obtained need to be matched Ly an extensive program of model testing
with variation of material type and geometry, and accurate means of

measurement throushout the shell thickness.





