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ABSTRACT

This thesis is concerned with the loads that agric-
ultural materials impose on the walls of their storage
structures with special emphasis on grain in the relatively
shallow structures found on farms in the United Kingdom.

A review of past work covers the basis of traditional
techniques used to calculate wall loads, the ways in which
wall loads have been measured, and the results obtained.

It is shown that, when compared with calculations using
existing design formulae, the results are very scattered.

A new stress/strain model for bulk grain is developed
which useg four stress dependent parameters to relate shear
and normal stresses to shear and normal strains. The
model represents the behaviour of the material up to and
including failure and includes the effect of shear induced
dilation. The parameters for the model can all be measured
using suitable tests in a triaxial cell. This stress/strain
model is incorporated into a computer program, based on
the incremental finite element method, that calculates
the stresses within the stored material and at its boundaries.

The design of a silo on which wall loads can be measured
is descrited. Considerable attention is paid to the instrum-
entation for measuring wall stresses. The effect of size
of the sensing area and deflection of the gauge on the
measured stress is considered in a theoretical manner and
investigated by experiment. It is shown that the measured
stress is highly sensitive to gauge deflection and a measure-
ment technique is devised to account for the deflection.

A comparison of loads measured in the test silo with

those calculated with the finite element program shows
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generally good agreement when the wall of the test silo is
relatively rigid. The performance of the finite element
model in cases where significant wall deflection occurs
is however disappointing and further work needs to be done
to ensure a more realistic representation of material failure
in the computer program.

An appendix compares the void ratio and orientation

of the material in the silo with that in a triaxial sample.



LIST OF SYMBOLS

All the symbols have been defined in the text when
they first occur but, for convenience, the following list
of symbols is also given. Where symbols have been used

only locally they have been ommitted from this list.

(A] Matrix of terms in stress/strain model of Chapter 3.

311: a,5, Components of [a].

o

I bk kth Fourier coefficients.

(B] Element strain/displacement matrix

Chh Sensitivity of horizontal transducer channel
to horizontal force at lower pin joint.

chv Sensitivity of horizontal transducer channel
to vertical force at lower pin Jjoint.

th Sensitivity of vertical transducer channel to
horizontal force at lower pin joint.

va Sensitivity of vertical transducer channel to
vertical force at lower pin Jjoint.

D Total grain depth; bin diameter; diameter of
face plate; diameter of disk for probability
calculations.

d Diameter of circles on disk for probability
calculations.

(D] Element stress/strain matrix.

E Young's modulus.

B, Tangent (incremental) Young's modulus.

Fm Fraction of shear strength mobilised.

le Maximum value of Fm.

& 49,



[7]€

st

= B H =2 = =

[s]

Value of F at zero stress.

Total horizontal force on wall per unit width.
Total vertical force on wall per unit width.
Global nodal force vector.

Incremental form of [F].

Element nodal force vector.

K value, i.e. ratio of total horizontal force on
a wall to that produced by a liquid of the =ame
depth and specific weight.

Ratio of horizontal to vertical stress.
Rankine active value of k.

Value of k based on Coulomb's method.

"At rest" value of k.

Global stiffness matrix.

Tangent (incremental) global stiffness matrix.
Element stiffness matrix. ’

Bulk modulus.

Tangent (incremental) bulk modulus.

Shear modulus.

Tangent (incremental) shear modulus.

Number of grains per unit volume,

Resultant total force on a wall.

Hydraulic radius of a bin.

Octahedral strain increment/Cartesian strain
increment matrix.

Non-dimensional horizontal stress on wall.
Cctahedral stress increment/Cartesian stress
increment matrix.

Sum of vertical heights of features in Quantimet

sample.
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i

Hs
Hw

Weight of wedge of granular material.
Non-dimensional depth below grain surface.

Depth below grain surface.

Depth of centre of pressure below surface.
Output of horizontal transducer channel at lower
pin joint for no applied force.

Qutput of vertical transducer channel at lower
pin joint for no applied force.

Slope angle of granular material.

Specific weight of granular material; octahedral
shear strain.

Angle of wall friction; deflection of face plate.
Global displacement vector.
Incremental form of & .
Element displacement vector.
Cctahedral normal strain.
Volumetric strain.

Principal straine.

Element strain vector.

Angle of rupture plane to horizontal.
Coefficient of internal friction of granular
material.

Side wall friction coefficient.

Front (main) and back wall friction coefficient.
Poisson's ratio.

Tangent (incremental) Poisson's ratio.

Bulk density of granular material.

Octahedral normal stress.

Normal stress on a wall.
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o
xy

s

Nq Nq qu
N

Horizontal stress (normal stress on y,z vertical
plane); Normal stress on a vertical wall.

Shear stress in x,y plane.

Vertical stress (normal stress on z,x horizontal
plane).

Shear stress in y,z plare.

Normal stress on x,y vertical plane.

Shear stress in z,x plane.

Principal stresces.

Element stress vector.

Octahedral shear stress.

Angle of preferred orientation.

Angle of internal friction of granular material;
angle of rotation of Quantimet sample.

Magnitude of preferred orientation.



o
N L
-
L

e
-

o e ALY
':"I'_lelf oy -I.-_-"_ | [
e Ao

'f-l-_. - i .-L =
"“'} o *h;.ﬂ"l.“. qen

L

-

¥ I| £ o I'l.-J |Ir" . i :
i 3 I.‘I '-'.-' N r'l_ ¥ | w!
i kgl =t i R

SRS




1.1 Changes brought about by mechanization

In the last century or so cereal harvesting has pro-
gresced from a hard manual task to an almost completely
mechanized one. The first step in this progress was the
development of the mechanical reaper which cut the standing
crop and replaced the sickles and scythes (and much of the
labour) that had previously been used. The first successful
reapers, drawn by horses, were introduced at the end of
the nineteenth century and represented a significant step
in farm mechanization. However, once cut the crop was left
on the ground awaiting manual tying into sheaves and stacking
of the sheaves into stooks. The development of the reaper
was quickly followed by that of the binder. As well as
cutting the crop this machine formed it into sheaves which
were automatically tied and left in the field for the farm
labourer to stack.

Durine this development thought was also being given
to the automatic threshing of the crop. Traditionally
this had been done by spreading the crop on a specially
prepared part of the barn floor and hitting it with a
flail. Early threshing machines were simply mechanized
flails and because of their extremely violent sction breakages
were common. Reliable mechanical threshing was made possible
by the advent of the threshing drum. This separated the
grain by passing the ears through the small gap between
a revolving drum and stationary bars so stripping the
grain from the ears.

Mechanical reaping binding and threshing completely
changed the way in which grain was harvested. However,

the method of storage changed little. Although there was
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an increase in the amount of grain stored, it was still
put into sacks and stored in the barn.

Perhaps the biggest single factor that changed the
way in which grain is stored was the advent of the combine
harvester. It was an obvious step to develop a machine
that could produce grain directly from the standing crop
in one pass and combine harvesters began to appear in the
U.K. in the period Jjust before the second world war. The
reduction in harvesting time made possible by these machines
meant that the total grain product from a season's growing
was available in a very short time. This opened up the
possibility of bulk processing of the crop - now that
cutting and threshing was done in one operation, it made
sense to dry the grain and, when market forces dictated,
to sell it in one operation. Because of the advantages
of bulk handling, the early combine harvesters which dis-
charged into sacks gave way to machines that stored the
grain in tanks. In a modern combine harvester these tanks
are discharged, sometimes transferring several tonnes at
a time, periodically into a trailer.

Mechanized harvesting has therefore changed the way
in which grain is stored on the farm. In addition there
are other factors that have changed the amount of grain
stored, among which are:-

a) Farms have increased in size and have specialized.
It is not unusual to have a large farm given over entirely
to the production of cereals.

b) Increasing use of fertilizers, advances in plant
breeding, harvesting efficiency and crop protection, have

given rise to greatly increased cereal yields.
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¢) Economic factors, such as the balance between ach-
ieving a good price and receiving the return on the previous
season's investment as quickly as possible, dictate an
optimum time to sell. This may mean storing all of the
harvested grain for a considerable time.

1.2 Bulk storage structures

Although storing grain in bulk on the farm is a com-
paritively recent phenomenon, storing grain in bulk per
se is not. Very large grain storage structures, designed
by proper engineering methods, were found at such places
as dockyards and railheads well before they had their place
on the farm. These structures tended to be tall compared
with their plan dimensions presumably because ground space
wag at a premium in the built-up areas in which they were
constructed. Consequently most of the early interest in
design methods for bulk grain stores concentrated on tall
structures.

The constraints on the design of farm grain stores
are rather different from those on commercial stores.
Space is more freely available but, because a store will
usually not be in constant use, its capital cost must be
lower in order to be economically Jjustified. Farm structures
therefore tend to be shallower but take up more ground space
than commercial ones. This saves on the depth of found-
ations and the required strength of the wall leading to
a cheaper structure per unit amount of grain stored. The
two main types of structure found on the farm are :-

a) Bins. These are usually circular in section and
their diameters are roughly of the same size as their height.

b) On-floor stores. These are stores where grain

— Y |



is stored on a flat floor and retained by walls. The walls
are sometimes part of the building structure, usually
specially strengthened, and sometimes temporary and erected
inside an existing building.

In recent years bins have given way to on-floor stores.
This may be due to a variety of causes such as:-

a) A tractor can be driven into an on-floor store
and used with a front mounted bucket to handle the grain.

As the tractor is part of the normal farm equipment, this
represents a saving in capital and a more versatile method
than the provision of conveyors and augers which have to
be used with bins.

b) An on-floor store can be used for other purposes,
such as storing implements, when empty or only partially
full of grain.

In early on-floor stores the retaining walls were very
low, only one or two metres high. 1In these cases the design
of the wall structure was determined primarily by factors
other than the load exerted by the grain, for example the
strength required to withstand accidental damage or wear
and tear. However, the increasing amounts of grain stored
on the farm have tended to increase storage depths and this
has meant that the loads imposed by the grain have become
a more important part of the design considerations.

The types of grain being stored on the farm are changing.
For instance the growing of ocats, which once formed a
considerable part of grain production, has reduced to a
comparatively low level while production of o0il seed rape
has increased dramatically. As the production of cereals

in the European Economic Community goes into surplus the
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trend away from cereals is likely to continue and other
types of 0il seeds (such as linseed) and protein rich grain
(such as soya beans if varieties suitable for conditions

in the U.K. can be bred) are likely to be produced in
quantity.

For these two reasons, increased storage depths and
more diverse types of stored materials, the Joint Consult-
ative Organization for Research and Development in Agri-
culture and Food (J.C.0.) thought it necessary to comm-
ission the National Institute of Agricultural Engineering
(N.I.A.E.) to carry out a research programme to investigate
the loads exerted by agricultural materials on storage
structures. This thesis contains an account of part of
the research carried out under this commission.

1.3 Definition of terms and scope of the work

In this thesis the word "eilo" is used to denote any
etructure for containing bulk grain. The word "retaining
wall" is used to denote a wall retaining the grain in an
on-floor store. A "bin" is taken to be a storage structure
with a closed cross section.

The contribution made by this work is seen by the
author to be the application of a modern technique of stress
analysis to the mechanics of stored granular materials.

To do this, a new stress/strain model for bulk grain was
developed (Chapter 3) which was incorporated into a com-
puter program, written by the author, that calculated the
stresses within and at the boundaries of a mass of granular
material (Chapter 4). To test the method of calculation,

a full scale test silo was designed and built capable of

being filled in various configurations with up to about
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80 tonnes of wheat. Considerable attention was paid to
the fundamental problems of measuring the stresses imposed
by agricultural grain on a retaining wall (Chapter 5).

A large series of experiments was conducted and the loads
on a wall of the test silo were measured (Chapter 6) and
then compared with those calculated using the computer
program (Chapter 7). Although the mathematics of the
computer program has been fully described (Chapter 4) a
listing of the code has not been given. The interested
reader may obtain such a listing from the author.

Because of the importance attached by the J.C.O. to
the etudy of on-floor stores, the experimental work has
been concerned with measuring the loads on flat retaining
walls up to 4.5m high., However, the stress/strain model,‘
the subsequent method of stress analysis, and the measurement
techniques developed in this thesis should be applicable

to most situations where the static behaviour of the stresses

in granular materials is of interest.
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CHAPTER 2

REVIEW OF PAST WORK
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2.1 Methods of calculating wall loads

2.1+1 Introduction

As with many branches of engineering practice the
designof retaining structures for granular materials has
sometimes been carried out by a combination of experience,
intuition and guesswork (so called rules of thumb), and
sometimes by methods of a more analytical nature. It is
not the intention of the author to present an historical
review of methods in the former category as this has already
been done by Pearson-Kirk (1967). Instead, the more common
types of analytical methods that are still in current use
will be examined.

To be mathematically correct, the solution to a problem
in the statics of granular materials must satisfy certain
conditions which are:-

a) Every part of the material must be in a state of
equilibrium.

b) The stresses and strains within the material must
satisfy the boundary conditicns.

¢) The stresses and strains at all points must satisfy
the stress/strain law (which in general includes a failure
law) for the material.

2.1.2 Trial wedge methods

These methods, developed from the original work of
Coulomb (1776), do not consider the stress distribution
in the material at all. Instead, a large volume of material
is analysed as a rigid body with concentrated forces acting
on it. Fig. 2.1 illustrates the method in the special case
of a vertical wall with a level filling. It is assumed

that a plane of rupture, OB, develops extending from the
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bottom of the wall OA to the surface and inclined at an
angle @ to the horizontal. It is also assumed that the full
internal friction of the material is mobilised along OB

and that the resultant thrust, P, of the wall on the wedge
OBA is inclined at some angle, &, which is usually taken

to be the angle of friction of the material on the wall.

The weight of the material in the wedge, W, can be determined
for any value of @ if the specific weight of the material is
known and so the polygon of forces (Fig. 2.1, bottom) can

be used to determine P. The particular value of 6 which
applies is arrived at by the following reasoning. A perfectly
rigid wall will exert a force on the wedge which is higher
than that exerted if the wall is allowed to move slightly.
If the wall moves the force drops until a plane of rupture
develops. The angle of this plane of rupture must be that
for which the wedge needs the maximum support and so for
which P is highest. OCther values of @ are inadmissible
because the material would fail before P could drop any
lower. This reasoning reveals another assumption which is
often forgotten i.e. some wall movement must take place.

The theory does not specify just how much wall movement

is necessary before a rupture surface will develop. There
is also no guarantee that the stress system in the material
will obey both the boundary conditions and the stress/strain
law and no certainty of equilibrium for the material outside
the area OBA. For instance, the material to the right of

OB must exert on OBA a force having a horizontal component
equal to the horizontal component of P. If the material
sloped down to the ground to the right of point B this

horizontal component would have to be provided by friction
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at the floor and a smooth floor might not have the necessary
coefficient of friction.

A variation on the basic method assumes that the rupture
surface is not plane but takes on some assumed curvature,
for instance part of a logarithmic spiral (Lambe and Whitman,
1969), but this refinement is used more often where passive
conditions (wall moving into the material) are being con-
sidered.

An advantage of the trial wedge technique is that it
can deal with any shape of surface or wall and can also be
used when two walls are sufficiently close together so that
the rupture surface intersects the back wall rather than
the top surface (Airy, 1897). However, even when the geometry
is simple and formulae for P can be derived, they can be
complex (Airy, 1897), and in the general case, where P has
to be calculated for trial values of ® until a maximum is
obtained, the method is tedious.

2.1.3 Analyses assuming failure throughout the material

Methods of this type were first proposed by Rankine
(1857) who analysed the stability of a pile of earth using
the concept of the ellipse of stress (Love, 1944). However,
in the author's opinion, analysis by this method is extremely
complex and a more easily understandable technique is
provided by use of the Mohr circle (Crandall et al., 1972) .
The Mohr circle is drawn on a set of axes where the abscissa
of a point represents the normal stress and the ordinate
represents the shear stress on a reference plane in the
material. If the reference plane is rotated then the point
representing the normal and shear stress on the plane describes

a circle with its centre on the normal stress axis. The
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angle between the point and the centre of the circle is
twice the angle of inclination of the plane to the principal
axes.

Fig. 2.2 (top) shows the forces acting on a parallel-
ogram of granular material of unit width (into the plane
of the paper). The broken lines show an exactly similar
parallelogram to the right of the original one and the two
are assumed to be part of a mass of material of infinite
horizontal and vertical extent and of slope a. As the
parallelograms are similar the normal and shear forces,

F and F 19 must be equal to the forces er and Fx but

x1 Xy y2

opposite in direction. These forces can therefore be left
out of the stability analysis of the parallelogram ABCD.
Considering the other forces acting on ABCD, from the equi-
librium of vertical forces

W = yAxY = T1gsinaAxseca + aucosoAxsecu
and horizontal forces

OgsinalAxseca = T cosalAxseca

where W is the weight of ABCD and Y the specific weight
of the material. From the above two equations the stresces

on the plane inclined at angle a and at depth y are

gy = Yycos’a O e
Tu = Uatanﬂ DRI (2.2)

Fig. 2.2 (bottom) shows the Mohr circle for a point
at depth y. Rankine assumed that the material was in a
state of failure according to the Mohr-Coulomb failure
criterion (Lambe and Whitman, 1969). For a cohesionless
material this criterion is represented on the diagram by

a pair of straight lines inclined at £¢, the angle of internal
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friction, to the horizontal axis. The Mohr circle must

be tangential to these lines to be consistent with Rankine's
assumption otherwise there would be planes where the shear
stress was greater than the normal stress multiplied by

tan¢ . The locus of points satisfying Eqn 2.2 is represented
on the diagram by the line OA and so the stresses on the
plane inclined at a are represented either by point B or
point A. If a were equal tc zero then g would be the
vertical stress, Oy » which would also be cone of the principal
stresses. If we confine ourselves to active failure conditions
then, for a = O, the vertical stress would be the major
principal stress, point C. As a was increased, the stresses
on the plane inclined at a would move from C to A. The
cstresses on the plane inclined at angle a are therefore

given by point A rather than point B. A useful point on

the Mohr circle is known as the origin of planes (Lambe

and Whitman, 1969). This point has the property that a line
drawn from it at any angle intersects the circle at a point
representing the stress conditions on a plane in the material
inclined at that angle. Drawing a line at a to the horiz-
ontal from point A to intersect the circle showe that point

B is the origin of planes. A horizontal line drawn from
point B intersects the circle at point D which therefore
represents the stresses on a horizontal plane and has
coordinates oy’ o .. Similarly, point E represents the

Xy

stresses on a vertical plane and has coordinates g, s _aky'

Using Eqn 2.1 and considering the geometry of the diagram,

it can be shown that

] - cosa\’sinz‘# ~ sinfa « sin?
Ox = choszu g LY (2.5)

1 + cosa\[sinzfll - Sin*a -~ sinta
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and

T SR T sin?
o = Yycosta @n‘l‘ sinffa  + sin‘a o

I + sin2d - sin%a - sin%a
and the ratio of horizontal to vertical stress is given by

R el cosa Vsin®$ - sinfa + sina SR

| + cosa\sin?$ - sin?a - sin?a
The maximum inclination of the slope is when a = ¢

as greater values than this would require larger shear
stresses than can be supported by the internal friction of
the material. If the value of a for a level surface (a = 0)

is substituted into Egn 2.3 then the more familiar expression

" Yy(l - smq:)
| + sin¢

Rankine assumed that using a wall and a floor to

for o, results i.e.

contain the material did not change the stress conditions
from those existing in an infinite mass. The normal stress
acting on a vertical wall will therefore be c and the

shear stress axy. Again, from the geometry of the diagram,

ny

which shows that the inclination of the resultant force

= O, tana

on the wall is a, the slope angle. An expression could
aleo be derived for the angle of the resultant force on
the floor in terms of a and ¢. However, there is no reason
why such frictional forces should be mobilised at the
boundaries, for instance the floor and wall might not be
rough enough. Rankine's method therefore takes no account
of the boundary conditions.

Rankine's assumption that the presence of a wall does

not change the stress conditions from those existing in

- 20 -



an infinite mass leads to anomalous results when the surface
of the material slopes or when the wall is inclined.

For the first case consider a vertical wall where the
surface of the material slopes at its angle of repose (Fig.
2.3, top left). For this condition a =¢ which, when
substituted into Egn 2.3 gives

o, = Yycos?¢
For a downward slope a = -¢ and exactly the same result
is obtained for g, whereas it would seem more sensible
if the stress were lower. This anomaly is explained by
Fig. 2.3 (top right) which shows the situation implicitly
assumed by Rankine's methoc¢. The stresses on the wall
are assumed to be equal to the stresses on the section CA
of a vertical plane in an infinite mass of material. If
the region to the right of OA only is considered, this
correcsponds to an upward slope and the normal stress on the
wall is o, If the region to the left of OA only is con-
ceidered, this corresponds to a downward slope and this time
the normal stress is c¥. For equilibrium, o, = o; and =0
the strescses for both upward and downward elopes are equal.

For the second case consider a wall inclined at an
angle ¢ to the vertical. The stress normal to the wall is
not now o but may be obtained by re-drawing the Mohr
circle with a =0 (Fig. 2.3, middle). As point B is the
origin of planes, a line drawn from B inclined at ¢ to the
vertical intersects the circle at a point F corresponding
to the conditions on the plane of the wall. From the geo-
metry of the figure, the stress normal to the wall is

| - sing cos2y
I + sing

0w=
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Now consider a wall inclined inwards by the same amount.
The stresses on the plane of the wall are given by the
intersection of the broken line with the circle, F/, and the
normal stress is the same as for the case when the wall is
inclined outwards. Again this result is rather surprising.
One would expect a gradual transition from a maximum value
of o  when ¢ =90° (i.e. a horizontal wall or floor) to
zero when the wall slopes inwards at the angle of repose
of the material. Fig. 2.3 (bottom left) shows the wall as
it might exist in practice while Fig. 2.3 (bottom right)
shows the situation implicitly assumed by Rankine's method.
The region to the right of OA corresponds to a wall inclined
outwards and the stress is o while the region to the left
of CA corresponds to a wall inclined inwards for which the
atrese is cﬁ. Again, for equilibrium, c, = o; and so the
strese on an outward sloping wall is the same as that on
one that slopes inwards.

The stress conditions at a wall with a given roughness
can also be analysed assuming active failure throughout
the material by use of the Mohr circle. Fig. 2.4 shows the
Mohr circle where the shear stress on the vertical plane
is given by

Oy = =Oyland R )

and & is the angle of friction of the material on the wall.
This condition is represented by the line OA in the diagram
and point E represents the stresses on the vertical plane
in the material. A vertical line from point E intersects
the circle at B which is therefore the origin of planes
and so the stresses on the horizontal plane are given by

point D. The ratio of horizontal to vertical stress is

R



given by

== -2--2."-2
e | cos & \fsin2¢ - sin2s sin®3 e K2

I + cos&4/sin2p - sin?d + sin2d

It should be noted that an explicit expression for ®: and

c& can only be obtained if it is assumed that Eqn 2.6 applies
for all vertical planes in addition to the one at the wall.
In this case and for a level surface

o, = Yy
(Lambe and Whitman, 1969) and

o =koy

X
In a real case, however, the shear stress on vertical planes
will drop with distance away from the wall and so for a
large distance away the stress conditions will approach
those for no wall friction. A constant ratio between the
shear stress and the normal stress on any vertical plane
also implies that there is a constant ratio between those

on any horizontal plane. This cannot be true at the surface
as there is no frictional boundary condition and so the

wall friction effect must also fall as the surface is app-
roached.

The foregoing discussion shows that if the wall and
surface boundary conditions are to be sztisfied as well as
the condition of active failure then the material must have
different stress conditions at different points. This
problem was considered by Sokolovskii (1965) who solved
the two dimensional differential equations of equilibrium
subject to the Mohr-Coulomb failure condition. He solved
these equations by a finite difference technique and showed
that only part of the total mass (the zone of failure)

bounded by the surface of the material, the wall, and a
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surface of rupture, needed to be considered. Although this
method is usually used for cases where the rupture surface
passes out of the surface of the material, it has also been
extended to cases where the vertical walls are too close
together for this to happen (Horne and Nedderman, 1976)

as is the case in deep grain bins.

Sokolovskii's method has an advantage over Rankine's
in that the boundary conditions and the failure criterion
within the zone of failure are all satisfied. However,
neither of these methods satisfies all of the requirements
of Sect. 2.1.1. As with Coulomb's method, the boundary
conditions need not be satisfied outside the zone of failure.
Also, as it has been assumed that the material is always
in a state of active failure, the material has been repres-
ented by a perfectly plastic stress/strain law (Crandall
et al., 1972). In other words it has been assumed that
the strength limit of the material will be reached for all
strains, however small.

To examine the validity of this last assumption con-
gider a rectangular section box with frictionless vertical
walls filled in horizontal layers. The vertical stress at
any depth, y, will be o& = Yy. If the walls of the box
are assumed to be perfectly rigid there will be no lateral
"strain in the contained material. Because of this the
horizontal stress will be higher than that occuring when
active failure conditions apply and so the Mohr circle
for this condition will not reach the failure line (Fig.
2.5). Terzaghi performed experiments with various types
of soils to determine the wall movement necessary to reach

active conditions. When using dry sand (Terzaghi, 1934)



which, like the agricultural grains to be used in this
work, can be ascsumed to be cohesionless, he found that the
necessary wall movement was small, especially when the sand
was compacted. The total horizontal force on the wall
decreased to a minimum after an outward movement of only
0.05% of the height of the wall. The results of these
tests are often used to justify the assumption that the
active state will be reached with all materials and all
walls. However, the rate of reduction of the stress on a
wall with movement, or strain, will be determined by the
stress/strain properties of the stored material., If a
compreseible material is placed under strain then a relat-
ively small stress change will occur for a given amount

of strain when compared with an incompressible one. Thus,
when storing compressible materials such as agricultural
grain, the rate of reduction of wall strese with outward
movement will be less than that occuring with relatively
incompressible materials such as sand.

2.1.4 Analyses using thin horizontal layers

Formulae derived from analyses of this type are usually
used for deep bins i.e. those where the depth is much greater
than the diameter or distance between walls (Janssen, 1895;
Jaky, 1948; Reimbert and Reimbtert, 1961) but they have
also been used for shallow silos (Kagan, 1960; De Loringhoven,
1966 ) .

The analysis for a deep bin starts by considering
the equilibrium of a thin layer extending across the bin
(Fig. 2.6). The horizontal stress at depth y is expresced as
= ko

y
The upward frictional force on the layer, assuming limiting

Oy
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friction, is
Oy uwPAy = KkoypyPAy
where p  is the coefficient of friction at the wall, and
P is the perimeter of Lhe cross section.
The equilibrium of vertical forces gives
oyA + YAAx = Kkoypy,PAy + (oy + Aoy)A
Where A is the area of the cross section, which reduces
to the differential equation
ﬂ = Y - £|l‘-‘icr ‘o v i)
dy R
with a boundary condition for a level surface Oy = 0 at
y = O. R is the hydraulic radius which equals the area
‘divided by the perimeter.
Janssen (1895) assumed that k was a constant for a

given type of grain and bin and solved Eqn 2.8 which gave

YR ~kpwy
o, = —|1 - ex
: k!*w[' en (R )]

Q’x = ..Y_l{.—[l - exp(‘-ﬂ)] R (2-9)
Hw R

The value of k which should be used for designing a

and

given bin is not well defined. Pleissner (1906) showed
experimentally that k depended on the dimensions of the
bin and the material from which it was made as well as the
material filling it. Jaky (1948) made certain assumptions
about the variation of the wall friction coefficient with
depth after analysing the experimental work of Pleissner
(1906) and Jamieson (1903) and also assumed the spatial
variation of the shear stress. He showed theoretically

that k should depend on the depth, horizontal distance
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away from the centre line, wall friction coefficient and
the specific weight and shear strength of the material.
As is to be expected, the solution of Egqn 2.8 with such
a complex form of k is far from simple and this detracts
from the usefulness of the resulting formulae.

The uncertain value of k is a disadvantage when using
Janssen's formula and so some writers (e.gz. Toltgz,
1898) have suggested that k should be taken as the value

for active failure derived by Rankine (1857) i.e.

k = k; = J_:jﬂﬂjL e L2100
1 + sind

This gives k =~ 0.38 for wheat (¢ =~27°) compared with the
value of 0.67 measured in a2 model by Janssen. Even if

active conditions could be assumed, the use of Egn 2.1C

is incompatible with the boundary conditions of wall friction
(Sect. 2.1.3). Because of this, Homes (1972) has suzgested
the use of a value derived by assuming that the angle of
friction at the wall is equal to the angle of internal
friction of the material which, by putting & = ¢ in Eqn 2.7
gives

| - sin?¢

1 + sin?¢

k =

or k = 0.66 for wheat.

Some workers have assumed that k and Y are not constant
and have related them to vertical stress (Clower et al.,
1973; Loewer et al., 1977; Ross et al., 1979)., This means
that an analytical solution to Egqn 2.8 is no longer possible
and so the authors used a numerical finite difference pro-
cedure. However, the dependence of k and Y on y was not

very great and the difference between assuming constant
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and variable properties was slight.

The method as discussed so far assumes a value for
k and calculates the stress distribution on the wall.
Reimbert and Reimbert (1961) used tha same general method
but assumed that k approached a value, ka‘ as given by
Eqn 2.10 when the depth became very large and that the

total vertical load carried by the walls, F as of the

yor "
general form

ay’ + by + ¢

F =
T dy + e

y

where a, b, ¢, d, and e were constants. From the known
boundary conditions they deduced the values of these con-

stants and derived a formula for the horizontal stress

I

= ER_. L - 2 Biteruile 21
o = IR ) (2.11)

B

where, for a level surface

R

Hy o8 ot

Hwkg
By manipulating Reimbert's equations it can be shown that

k = k; + -—-Ei———
| + y/B

and so k decreases from 2k, at the surface to k, at great

depth. It is interesting that this is in direct contra-

diction to Cain (1904) who said that k should approximate

to ka at the surface and should increase with depth.

Jaky (1948) also suggested that k should increase with

depth. It is possible to use the same basic technique

when the sides of the bin are sloping. In this case the

areas of the horizontal layers change with depth but the

method is very similar (De Loringhoven, 1966). The technique
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of varying the horizontal extent of the layers has also
been used to extend the method to long retaining walls

with comparitively small depths of material. Both Kagan
(1960) and De Loringhoven (1966) considered horizontal
layers within regions bounded by a vertical wall, the surface
of the material, and an inclined plane extending from the
foot of the wall to the surface. Kagan assumed that the
plane was inclined so as to give the maximum thrust on the
wall while De Loringhoven assumed the inclination to be
equal to the angle of repose of the material. Obviously

the method gives the same total wall force as that using
trial wedges (Sect. 2.1.2) because the conditions at the
external boundaries of the set of layers are the same as
those of the wedge. To derive the stress distribution

they further assumed that there was no shear stress between
layers and the vertical stress was constant over the area

of each layer. This led tc a non-linear variation of
horizontal stress with depth which had the peculiar pro-
perty that the horizontal stress was zero at the foot of

the wall. It is this fact which makes the theories untenable.
For instance, consider a mass of material of total depth D.
The horizontal stress is zero at the surface and, by these
theories, zero at depth D. At a depth equal to D/2 the
horizontal stress is relatively high. Suppose now that

the floor is considered to consist of all the material

below depth D/2 or, alternatively, that the material below
depth D/2 is replaced by a floor having exactly the same
properties as this material. The theories then say that

the horizontal stress at depth D/2 is zero whereas it should

be the same as before. Both these treatments are subject



to the same criticisms as Coulomb's theory but in addition
to this, De Loringhoven assumed that the plane of rupture
was not the one giving maximum force on the wall and so
there must be steeper planes within the material on which
the Mohr-Coulomb failure law is violated.

2.1.5 Finite element methods

These methods rely heavily on the use of a high speed
electronic computer and, because of this, their use is a
relatively recent occurrence. The technique regards the
material as being divided into many small regions and the
equilibrium and deformation of each region is determined
by solving large sets of algebraic equations (Chapter 4).
Because of this, the stress/strain law is taken into account,
indeed knowledge of such a law is a requirement of the use
of the method.

Most of the applications of finite element techniques
for granular materials have been directed towards predicting
cettlements in soils (Chapter 3) but there have been a few
studies of retaining wall behaviour for soils (Girijav-
allabhan and Reese, 1968; Morgenstern and Eisenstein, 1970;
Clough and Duncan,-1971), and of agricultural materials
(Jofriet et al., 1977) and powders (Reddy and Shook, 1976)
in bins. The method has the advantage that all the require-
ments specified in Sect. 2.1.1 can be met but the development
of stress/strain laws for granular materials that are suitable
for inclusion in a finite element analysis has lagged behind
the development of the techniques which can handle them.

The application of the finite element method to the calc-
ulation of loads on agricultural stcrage structures waits,

therefore, for the specification of a suitable stress/strain
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law for the materials. It is with such a specification
that Chapter 3 of this thesis is concerned.

2.1.6 Comparison of methods

Methods which assume that the full shear strength of
the material is mobilised i.e. trial wedge and active failure
methods, were developed for the design of walls retaining
soils. They are often used in this context for gravity
retaining walls, that is walls of a relatively maseive
nature where the tendencies for overturning and outward
sliding are resisted mainly by the weight of the wall.

Thig type of wall can remain structurally sound even for
large amounts of movement by sliding outwards on the s0il

on which it rests. The large amount of allowable movement
coupled with the small amount necessary to reach active
conditions has prompted Lambe and Whitman (1969) to refer to
this type of system as a 'uctile" one. However, they aleo
refer to "brittle" systems where the structure can only
stand a small amount of movement before it collapses.
Whether a system can be classed as ductile, and so justify
active failure design, or brittle, when some other method

is needed, depends on the relationship between the allowable
structural movements and those necessary to mobilise the
full shear strength of the stored material. It has already
been stated that the movement necessary to mobilise active
conditions ies likely to be higher with agricuvltural materials
than with soils. The allowable wall movements are also
likely to be less. For instance, in a series of tests on
five types of reinforced brickwork walls, each of Jjust over
Zm high, it was found that deflections of the top of the

wall of between O.76mm and 4.22mm were sufficient to cause
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» cracking and permanent strain of the wall (Maurenbrecher
et al., 1976). As a further example, the radial movement
in a steel bin of 6m diameter would only be about 4mm when
the steel had reached its elastic limit. Where walls rely
fﬁr their strength on members in compression, such as
unreinforced brickwork or by using external struts, the
allowable movement will be less as compression members
generally collapse with very little movement. It seems
therefore that methods for the calculation of wall loads
for agricultural materials which assume active failure
conditions should be used with caution or with large safety
factors.

The major problem with methods derived from analyses
using thin horizontal layers is deciding which value of
k to use. The experiments of Janssen (1895) indicated a
value of 0.67 for wheat in a small wooden bin whereas the
value derived from Rankine's formula (Eqn 2.1C) which is
often recommended in codes of practice (National Research
Council of Canada, 1970; American Concrete Institute, 1977;
Ministry of Agriculture, 1977) gives a figure of about
0.38, roughly half that of Janssen's. Eecause of the wide
choice of the value of k, the value that is actually used
ie not much more than a guess and as Ketchum (1929) stated,
"inasmuch as something has to be guessed, why not guess
at the design of the wall in the first place?"

The major advantage of these two types of method is
that, once the so called constants (Y, k, ¢etc.) are known,
the method is very easy to apply. This is not the case
with the finite element method which requires a computer

to handle the many equations that need to be solved.
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However, it is the only method to date that can satisfy

all the requirements listed in Sect. 2.1.1. In addition,

the finite element method is not restricted to any particular
type of silo, tall bins are treated in the same way as
shallow retaining walls except that the boundary conditions
are different. It is unlikely that the finite element

method will be used by the agricultural architect or designer
in the very near future, but it might be possible to make

use of it in a design, rather than just in a research context,
by the preparation of charts or tables based on computer
calculations. However as computers become cheaper and
smaller and engineers become more used to using them for
design purposes it is likely that such techniques will be
used on a routine basis Jjust as the more simple but less
rigorous and less adaptable formulae are used today.

2.2 Methods of measuring wall loads

2.2.1 Total forces

Supporting the wall on load cells

The most direct method of measuring the total force
on a retaining wall is to measure the forces acting at its
supports. Fig. 2.7 shows a wall section supported on five
load cells measuring forces F1 to F5. The total horizontal
force of the material on the wall per unit width is

Fk = (R + F + F“/«N
and the total vertical force per unit width is
o= (5 + R/
where W is the width of the wall. The vertical position
at which the resultant acts (the centre of pressure) is
obtained by taking moments giving
7 = Ew + (F + Ky,
Fy
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Kagan and Perelman (1959) used the technique and attached
strain gauges to horizontal and vertical rods supporting

a wall section. A simpler technique, but one that yields
less information was used by Dobie et al. (1966) who hinged
the bottom of their wall and measured the horizontal
supporting load at one point only. The supporting forces

at the hinge were unknown and it was necessary to assume

the position of the centre of pressure to calculate Fx‘

A stress distribution which increased linearly from the sur-
face (triangular) was assumed giving y = 2D/3 and so

3F1(D _— yi)
DW

Fy

Measuring wall deflections

This method (Pleissner, 1906; McCalmont and Ashby, 1934;
Pitman and Wright, 1973) depends on some assumption beine
made about the way the wall is supported. For instance,
if the wall can be regarded as a beam, simply supported at
each end with a uniform stress distribution, then the

horizontal force per unit width is given by

76-8E1x
r'w
(Roark, 1954) where E is the Young's modulus and I is the

Fx

second moment of area of the wall material, x is the max-
imum outward deflection, and L is the length of the beam.
The deflection depends on the stress distribution as well
as the total load and so the distribution has to be assumed,
but this effect is reasonably small. For instance, a tri-
angular stress distribution gives a deflection equal to
that for a uniform stress (although the height of the max-

imum deflection is slightly different) and a stress which
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decreases linearly from a maximum in the middle to zero
at each end gives a deflection only 28% greater (Roark,
1954).

The insensitivity of the maximum deflection to the
stress distribution means that the method is unsuitable
flor measuring such distributions,which made McCalmont and
Ashby (1934) abandon their attempt to measure the stress
distribution of maize on a wooden bin using this technique.
The need for accurate values of E and I presents further
problems. Sometimes their values can be inferred by cal-
ibration, for instance by filling the structure with water,
which also removes the need for an assumption about the
means of support. However, calibration is difficult unless
using small scale models and this, along with the fact
that representing a real wall by some simple beam is usually
an extreme idealization, makes the method innacurate.

Measuring the force on the bottom of a bin

If the total weight of the material in a bin is known
and the vertical force on the bottom measured, then the
difference must be the vertical load carried by the walls.
The total horizontal force on the walls can be obtained
by multiplying by the coefficient of friction of the material
on the wall. Janssen (1895) and Pleissner (1906) both used
this method, Janssen using platform scales underneath a
model bin and Pleissner suspending the bottom of a full
scale bin on a steelyard. The coefficient of friction
can be measured in a separate experiment but there is no
guarantee that the friction will reach its limiting value
in 8 real bin. The downward movement of the grain produced

by the action of the weighing machine will tend to produce
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limiting friction at the wall in the bin under test but

it is not certain that the stress conditions in such a bin
will be the same as those in a similar bin without the
measuring equipment. The method does not, of course, give
any indication of the distribution of the wall stress.

2.2.2 BStress distributions

Measuring strains in the structure

The previous methods have been used to investigate
the validity of, or to derive constants for, stress dist-
ribution formulae. This can be done by calculating the
total force from the formula and then comparing it with
the measured value. However, this comparison is only a
partial check because different stress distributions can
lead to the same force and so a more direct method of meas-
uring the stress distribution is usually required.

A simple way of estimating the horizontal stress in
a cylindrical bin is to measure the hoop stress in the
material. This has been done by measuring the circumferential
strain with a tape measure (Gupta and Muir, 1971) and by
using strain gauges (Collins, 1963; Pieper, 1968; Candura

and Gusman, 197C). The horizontal stress is assumed to be

210
g
where t is the thickness of the wall material, o is the

i s K PaNg)

hoop stress in the wall and D is the bin diameter. It

must be remembered that while this relationship is exact
for an infinite cylinder when o ., t, and D do not vary

with depth (Roark, 1954), it is only approximate for other
cases. For instance, if a bin were cut horizontally into

a number of thin cylinders they would all be free to expand

independently and Egqn 2.12 could be applied to each one
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to derive o, as a function of depth. However, in a real
case the bottom boundary of one cylinder must expand by the
same amount as the top boundary of the one beneath it and
so they cannot act independently. Stresses at one level
affect the circumferential strains not only at that level
but also at the surrounding levels which leads to a stress
averaging effect.

Another problem occurs near the bottom of the bin
due to the restraining influence of the base which reduces
the amount of circumferential expansion. It can aleo occur
if the resistance to circumferential expansion changes
abrubtly at some levels as in the full scale bin used by
Candura and Gusman (1970). Here the bin was made of three
separate horizontal rings bolted together at flanged jointe.
The flanges had the effect of stiffening the circumference
and the resulting hoop strain distribution was a series of
three bulges being virtually zero at the joints. As the
hoop stress was obtained by multiplying the strain by a
constant, the calculsted stress distribution was similar.
Such a distribution can only be compared in a very rough
way with an existing formula and is of no real use in the
investigation of the stress distribution imposed on the wall.

Measuring the load transferred to a relatively simple

part of the structure

Sometimes the design of a structure is such that
nearly all of the imposed load is taken on a part of the
structure for which the stress analysis is relatively simple.
An example of this is in bins where reinforcing bands are
used in conjunction with a relatively weak wall material.

Amundsen (1945) used a cylindrical bin which was made of
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a number of vertical hardboard panels. The panels were

not connected along their vertical edges but were held
together by horizontal steel bands around the bin. As
there could have been no continuous hoop stress in the
panels, the imposed horizontal stress was carried by the
tension in the bands (and by friction where the panels

met the floor, which was ignored). Amundsen derived the
stress distribution by assuming that the panels transferred
loads to each band from an area extending from points midway
between that band and the next band above and below. This
was an approximation and depended on the panels not acting
as continuous beams between the bands. However, as the
panels were made of a relatively flimsy material it was
probably a reasonable assumption. OCne practical limitation
of this method is that friction between the panels and the
bands can cause strains that vary around the circumference.
Consequently Amundsen had to use several strain guages on
each band.

It is important to note that even if a component is
assumed to give no strength to a structure for design
purposes, in practice it might well resist a significant
part of the imposed load. For instance, Dinnie and Eeard
(1970) attempted to calculate the imposed load on a cylindrical
brickwork bin by measuring the circumferential strain with
gauged tapes. It was assumed that all the load would be
taken by reinforcing hoops placed between the courses of
brickwork as is the normal practice when designing such
a structure. However the brickwork must have resisted
a considerable part of the hoop stress because the strains

were too small to measure which rendered the experiment a
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complete failure.

Stewart (1972) transferred the loads imposed on a small
scale experimental structure to precision made vertical
beams. The wall was divided horizontally into twenty three
independent sections which rested on the precision beams
so transferring the load to the beams at twenty three
discrete points. Calculating the imposed stress distribution
on such a beam involves differentiating the bending moment
with respect to distance along the beam. This means that
enough measurements must be taken to give a reliable in-
dication of the bending moment distribution and so Stewart
took measurements at eleven places on each beam. A problem
with the differentiation of a set of experimental points
is that amplification of experimental errors which leads
to scatter in the derivative can occur. This is because
small errors in the data can lead to relatively large errors
in the difference between consecutive data points. Stewart
overcame this by fitting smooth curves to the bending moment
distributions before differentiation. Although this tech-
nique reduces the scatter, it does so at the expense of
decreasing the resolution of the measurement becsuse some
smoothing of the experimental data takes place as a result
of curve fitting.

Replacing part of the wall by a stress measuring guage

All the methods of measuring stress distributions
discussed so far are subject to a load trancsfer effect.
That is a load imposed on the wall by the stored material
does not produce a stress in the wall material in that ares
alone. This results in a smoothing of the imposed stress

distribution. It would be better to measure stresses on
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parts of the wall which are sensitive to loads applied

to that part only. This obviously cannot be done without
modifying the existing wall which poses practical problems
illustrated by the following example.

Perhaps the simplest way of measuring stress is to
fix a rubber bag filled with a liquid to the wall (e.g.
Pleissner, 1906). The rubber bag (Fig. 2.8, top) is extremely
flexible and is assumed not to carry any of the imposed
load and so the pressure in the liquid is equal to the
stress exerted by the stored material on the bag. The
liquid pressure can be measured easily with a manometer.
Although the method is simple and requires little in the
way of specialized equipment it is subject to the following
criticisms:-

a) The relatively flat wall is modified by fixing
the rubber bag to it. The abrupt change in shape of the
wall may affect the stresses on it especially in the most
important region i.e. at the bag.

b) The surface of the bag may have different fric-
tional properties to that of the part of the wall it has
replaced which may also affect the stress.

c) Some liquid must be displaced out of the bag into
the manometer. This results in the bag reducing in volume
as the stress on it increases which produces a strain
in the stored material and hence a change in the stress
that is being measured.

d) The rubber bag can distort even in the absence of
liquid displacements by bulging in one place in response
to a depression in another. This would occur on loading

the silo as the surface of the material passed over the
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area of the cell and might further affect the stresses
imposed on the cell.

A elight improvement on the rubber bag is to replace
it with a rigid cell that has the face in contact with
the grain closed by a thin rubber membrane. Kramer (1944)
used a cell of this nature and also attempted to minimize
the affect of a) above by using small ramps at the edges
of the cell to produce a smoother transition between the
cell face and the wall. The method can be further improved
by mounting the cell so that the face is flush with the wall
and covering most of the surface of the membrane with a
rigid plate leaving a gap all round (Jamieson, 1903%; Bovey,
19C4). As well as minimizing d) above, this latter improve-
ment means that the cover can be made of a similar material
to the wall so minimizing the effect of b). Dale and
Robinson (1954) further improved on this method by limiting
the movement of the diaphragm cover into the stored material.
When the cover was flush with the bin wall it was restrained
from further inward movement by rigid stops. The liquid
in the cell was held under pressure during the filling of
the bin and when a reading was required the pressure was
gradually reduced until the cover was pushed slightly back-
wards off the stops. This resulted in a much smaller move-
ment of fhe diaphragm cover and so probably a more reliable
stress reading.

A different type of gauge transfers the load on a face
plate let into the wall to a separate force measuring
device (Fig. 2.8, middle) and the imposed stress is calc-
ulated by dividing the force by the area of the face plate.

By making the face plate from a material similar to that
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of the wall and mounting the face plate flush with the wall
the effects of a) and b) above can be minimized. The face
plate can also be rigid, unlike the rubber diaphragm, which
makes this type of gauge relatively immune from the effects
of d). The device that measures the force can take several
forms, for example a steelyard (Roberts, 1884), spring
balance (Fordham, 1937), bars in bending where the strain
is measured by a dial gauge (McCalmont, 1938) or by strain
gauges (Saul, 1953; Stroppel, 1968), strain gauzed tapes

in tension (Caughey et al., 1951), strain gauged cantilevers
(Yaeger and Pratt, 1974) and commercial load cells (Yaeger
and Pratt, 1974; Powell et al., 1977).

A third type of gauge combines features from the
previous types by making the diaphragm much less flexible
than the first type and using it as a load sensing element
(Fig. 2.8, bottom). There is no liquid present with this
type of gauge, instead the diaphragm carries all the lo0ad
and the strain in the diaphragm is measured and calibrated
against a known stress. Williams and Ross (1968) used
a strain gauge fixed to the back of a circular diaphragm
while North (1954) and Barr (1962) used a similar but slightly
different technique. North made a separate cell that was
fixed to the wall of a bin, the sensitive member being
a thin rectangular plate, while Barr cut rectangular sections
from the wall of a cylindrical corrugated silo and welded
them back in along the vertical edges only. Both these
deviced can be considered as edge clamped beams and both
used strain gauges to measure the strains in them.

This type of gauge can be set flush with the wall and

its greater rigidity compared with the rubber diaphragm
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type makes it far less susceptible to d) above. However,
it is nearly aslways impossible to make the face of the
gauge of the same material as the wall (Except where the
wall is made of thin material anyway, for example in BRarr's
technique). A further slight disadvantage with the method
is that the strain in a diaphragm or beam depends on the
load distribution on it (Roark, 1954) and so these gauges
should be calibrated with an applied stress distribution
close to that which will be encountered in practice.

All the gauges mentioned have the disadvantage that
their deflection changes the stress they are trying to
measure. This effect was first noticed by Roberts (1884)
whose face plates were either 305mm square, 610mm square,
or 915mm square. Levers were used to transmit the force
on the face plates to a steelyard weighing machine which
was counterbalanced so that the face plates were pressed
against stops as the bin was loaded. The force was measured
by removing weights from the counterbalance until movement
of the steelyard occured. Roberts expected the steelyard
to move suddenly to its limit of travel as soon as the
counterbalance weight was equal to the lcad impcsed by the
wheat but unfortunately as soon as the steelyard moved
the load dropped off which stopped further movement.
Roberts had to remove many counterbalance weights before
the steelyard finally reached its limit and he recorded
two stresses, one for the initial movement (the "dormant"
stress) and one where the steelyard had reached its limit
(the "active" stress). The active stress was about half
the dormant value which Roberts attributed to "the elastic

forgce of the grain expending itself before the mass of the
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grain came into the state of mobility". Unfortunately
Roberts did not record the movement of the face plate but
the sensitivity of the measured stress to movement was
obviously much greater than he expected.
This sensitivity was the subject of an investigation
by the Waterways Experiment Station (1944) who were inter-
ested in the value of the sensitivity for sand. They
placed a stress gauge in the bottom of a 711mm diameter
tank and carefully placed sand over the gauge to a depth
of 254mm. A rubber membrane covered the sand above which
air pressure was applied. The deflection of the gauge
could be changed by inserting different springs in its
mounting and diameter of the cell to deflection ratios
in the range 60 to 20,000 were investigated. Four cell
diameters were used from 76 to 305mm and as the diameter
to deflection ratio (D/8) was increased, either by changing
the cell diameter or the deflection, the indicated stress
increased from about 50¥% of the air pressure at D/& = 60
to about 88% at D/& = 1000 after which it stayed reasonably
constant. The 12% difference for D/& > 1000 was attributed
to friction between the sand and the side of the tank and
it was concluded that provided D/ was greater than 1000 the
indicated stress would not be affected by face plate deflection.
This method of investigating the sensitivity of measured
stress to deflection does not gquite reproduce the conditions
in a real silo because the boundary conditions are different,
For example, in the experiments a constant pressure was
applied to the sand only 254mm away from the face plate.
Because of this constant pressure, the normal stress on

the sand at a distance of ?Bdmm away from the gauge also
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remained constant. 1In a larger mass of material the normal
stress would probably have reduced as a result of the strain
in the sand caused by the deflection of the face plate.
It would seem therefore that this technique underestimates
the sensitivity to movement but unfortunately by an unknown
amount.

Fordham (1937) investigated the sensitivity of measured
stress to face plate deflection by filling a container
with sand and measuring the force on a face plate in one
of the side walls as the face plate was moved. The face
plate was 108mm square and at a depth of 406mm below the
surface, the opposite side wall being 610mm away. In this
test Fordham found that the measured stress halved with
an outward movement of only 25um which, taking D as the
diameter of the inscribed circle, is equivalent to an error
of 50¥% at a D/& of 4000 - a conclusion quite different
to that of the Waterways Experiment Station. Once again
the boundary conditions were different from those in a real
silo as there was a fixed boundary at a distance of 6710mm,
A perfectly rigid boundary would lead to a sensitivity
greater than that occuring with a8 larger mass of material.
This is because a strain in the sand at the opposite wall
in response to face plate deflection would lead to an imm-
ediate lowering of the stress there whereas replacing the
rigid wall with more material of a finite compressibility
would lead to a more gradual lessening of the stress.

There is another difference between the test employed
by Fordham and that of the Waterways Experiment Station.
In Fordham's test the face plate was moved after the load

was applied whereas in the Waterways Experiment Station
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test the face plate deflected continuously as the load was
applied. The results of the former test would therefore
be more appropriate to ‘gauges that deflect only when a
reading is taken (e.g. Roberts, 1884; Dale and Robinson,
1954 ) whereas those of the latter test would be more app-
licable to gauges that deflect continuously (e.g. Jamieson,
1903; Powell et al., 1977).
As well as being affected by the boundary conditions
the sensitivity of measured stress to face plate deflection
is also likely to be affected by the properties of the material
being used. The situation is similar to that when a wall
is allowed to deflect (Sect. 2.1.3) and again the sensitivity
will be affected by the stress/strain properties of the
stored material, which will not be the same as those for
sand. It seems that at this stage all that can be said
about the sensitivity of the measured stress to face plate
deflection is that it can be high and it might depend on
the boundary conditions and the stress/strain properties
of the stored material. It would be prudent therefore to
treat general recommendations for the allowable deflection
with caution and gauges to measure stress should be designed
to take account of and correct for any movement that occurs.
Chaplin (1976) corrected for the deflection of a gaurce
by measuring the sensitivity of the indicated stress to
deflection in a separate experiment. This was done by removing
shims which allowed the face plate to deflect by measured
amounts. The stresses for various deflections were recorded
and the results used to correct for the known deflections
that occurred in subsequent experiments. A more sophisticated

way of compensating for the deflection is to measure it
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and use it as a feedback signal to control a compensating
force. When the movement is zero the force applied to the
gauge by the stored material equals the compensating force.
Williams and Ross (1968) used the signal from the strain
gauges attached to a diaphragm to control an air pressure
applied to the reverse side and achieved a D/§ ratio of

5000. Stroppel (1968) transferred the load from a face

plate to a strain gauged bar but instead of mounting the

bar on the silo structure, a compensating force was applied
to it so keeping the face plate in position. This force

was applied by filling or emptying a water tank with valves
controlled by signals from a set of contacts which detected
the movement at the face plate. Stroppel was able to achieve
a diameter to deflection ratio of 20000 with a 10Cmm diameter
face plate.

2.3 Analysis of previous measurements of wall loads

2.3.1 Method of comparison

The measurements to be analysed here were carried out
using a wide range of techniques and silo types (Table
2.1) storing different agricultural grains (Table 2.2).

To compare the results of these experimente it is necessary
to reduce the data to some form of common base. It seems
sensible to transform the data in such a way that they can

be compared with a relevant design formula. The experimental
work has been divided into two main groups:-

a) Cases where formulae based on Coulomb's or Rankine's
methods would be used. These are long flat retaining walls
or bins with flat sides which can be considered as shallow,
i.e. where the depth is not greater than four times the

hydraulic radius (National Research Council of Canada, 1970).

- 56 -



b) Cases where Janssen's or Reimbert's formulae would
be used. These are bins with flat or curved sides of any
depth.

Obviously some silos can be in both groups.

Where the experimenter has used a deeper bin but taken
measurements at several depths, data from shallow depths
have been included in the first group. Each main group
has been further divided on a point of experimental tech-
nique. Some experimenters used one gauge to measure the
stress at one point on the silo wall (Table 2.1). The
stress distribution with depth was then derived by filling
the silo to different depths and recording the stress on
the one gauge. In the absence of any "bottom effect" this
would be equivalent to having an array of gauges at different
depths and recording stress simultaneously. However, in
reality the friction at the floor may tend to support some
of the load that would otherwise be transmitted to the wall.
There is evidence for the existence of this effect from the
results of Saul (1953) and Kagan and Perelman (1959). The
experimenters who used the variable depth technique placed
their gauges close to the floor and so their measurements
could have resulted in figures which were lower than the
actual stress distributions.

To compare the experimental results with design formulae,
the specific weight and angle of internal friction of the
stored material and the coefficient of wall friction must
be known. If these were measured by the experimenter,
they have been used. Otherwise they have been taken from
a standard source of design data (American Society of Agri-

cultural kngineers, 1977). The figures used are listed
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Table 2.1

Variations in experimental technique

_Bg_

kxperimenter Dimensions of Max. [auge deflection Number of Type of
cross section, mdepth, mtec diameter ratioreplicates measurement
Roberts (1884) | 2.06 x 1.83" | >4Rr Not stated 2 - 6 |Variable depth
Jamieson (1903) | 3.66 x 4.11 [ >4R 12000 1 " n
0.305 x 0.305"
Bovey (1904) 4,08 x 3,76 > 4R » 1 " "
Pleissner (1906) st 1.5 > 4R Not stated 1 i n
15 X 197
2s1hx 2.80
2.90 x 2,51
Kramer (1944) 2.88 x 2.88 >4R Not stated 2 " "
Amundsen (1945) 5.82 diam. 5.05 |Part of structurd 1 Fixed depth
Caughey et al. C.457 diam, >4R 5100 4 Variable depth
(1951)
Saul (1953) 555 X 5.35 2.74 2400 1 -2 Fixed depth
Dale and 0.457 diam. >4R 4900 1 " "
Robinson (1954)
Kagan and Long retaining| 4.2 Not stated 1 ! K
Perelman (1959) wall
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Table 2.1 (continued)
Experimenter Dimensions of | Max. [Gauge deflection [Number of Type of
cross section, mdepth, mto diameter ratiofreplicstes| measurement
Pieper (1968) 0.7 diam. >4R  |[Part of structurg 8 Fixed depth
[stroppel (1968) 1.0 x 1.0 0.5 20000 2 -5 " "
Gupta and Muir 0.25 diam. 0.63%3 |Part of structure 5 " "
(1971) 0.47 diam. 0.88
0.67 diam 1.05
0.97 diam. 1.47
Stewart (1972) 1.22 x 2.44 1.22 |Part of structure 3 " "

Notes., 1.

were measured, an asterisk appears in column 2.

Where it is not stated on which side of a rectangular bin the stresses

2. For rectangular gauges the diameter has been taken as four times the
hydraulic radius of the gauge.

5. If the number of replicates was not stated it has been assumed to be one.

4. Variable depth refers to the type of measurement where one gauge was

used (or two in the case of Caughey et al.) and the stress distribution

derived by filling to different depths.




Table 2.2

Parameters used in design formulae

Experimenter Grain Wall material Y By B
kN /m?
Roberts (1884) Wheat Rough wood 8.1 |0.41" | 0.47"
Jamieson (1903%) Wheat Rough wood 7.9 |0.44 | 0.53
¥ Steel trough platel " 0.47 "
L Sheet steel L C.3%6 "
2 Smooth wood i 0.40 i
Bovey (1904) Wheat Rough wood 7.7 lo.41" 0.47*
Pleissner (1906) Wheat Rough wood 8.2 |0.41 0.47r
Rye R 7.7 |0.41" | 0.47"
Rape W=D 7.0 |0.47" | 0.47"
Flax W om 6.7 |0.41" | 0.46"
Wheat Rough concrete R.2 |0.44" 0.47*
Rye " n 7.9 [o.44" 1 0.47"
Kramer (1944) Rice Rough wood 5.7 |0.66 | 0.68
(var. Rexora)
Rice " " 5.7 |0.60 0.73
(var.Blue rose)
Amundsen (1945) Wheat Fibre board 7.2 10540 |04t
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Table 2.2 (continued)

Experimenter Grain Wall material Y Py p
kN/m”
Caughey et al. Wheat Concrete T2 10:35 0.51
(1951) Maize g T.4 0,25 | 0.51
Soya beans " Te2 |0.2T7 | 0.58
Saul (1953) Maize Rough wood 7.3 |0.34 | 0.52"
Kagan and Wheat Rough wood TT .47 C.49
Perelman (1959)
Pieper (1968) Barley Aluminium 10 05T 0.55
" " " 0.55 "
Stroppel (1968) Rarley Emery paper T LS8 Q.58
i Card N 0.29 "
Gupta and Muir Wheat Polyethylene B.T |0.57 0.40
(1971)
Stewart (1972) Sorghum Steel 7.1 10,32 | 0.49

Note. An asterisk indicates that the value was obtained from a

standard source of design data.




in Table 2.2. When three or more replicates of the came
experiment were carried out, the stresses at a given depth
have been averaged and regarded as a single data point.

2.3.2 Comparison on the basis of Coulomb's method

Reynolds and Steedman (1976) give a set of formulae
for the calculation of stress distributions based on Coulomb's
method. These are all of the form
oy = K.Yy e (2.15)
Where kc is a8 constant. Egn 2.13 can be written in a non-

dimensional form as
o,
——.-.-w -i “ " e (2-14)

The left hand side can be thought of as a non-dimensional
stress, S, and the right hand side as a non-dimensional
depth, Y. Dividing by the total grain depth, D, means that
the range of Y is always O to 1.C which makes plotting and
comparisons easier. For experiments where the grain depth
was greater than four times the hydraulic radius, D has
been taken as 4K.

If the experimental data agreed with the figures cal-
culated vsing Coulomb's method then, from Egqn 2.14, they
would all lie on a straight line of slope 1.0 when plotted
on axes of S vs Y. However the data from experiments using
the variable depth technique is considerably scattered
(Fig. 2.9, top) with values of S ranging from 75% below
the line in the case of Roberts to 196% above it in the
case of Pleissner. The reasons for this scatter are not
clear and it may be due to a variety of causes, for example:-

a) The instrumentation may not have been sufficiently

accurate to give a relisgble indication of the stress.
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b) For all the data plotted in Fig. 2.9 (top) the
width of the silo was of the same order as the maximum
grain depth. The different combinations of width and wall
friction coefficients for each experiment may have affected
the measured stresses by different amounts.

c¢) Differences in silo designs and corresponding
wall deflections may have affected the measured stress
by different amounts.

d) There may have been a bottom effect (Sect. 2.3.1)
which, due to differences in floor friction coefficient,
may have been different in each experiment.

It is impossible to say whether any one of these reasons
or a combination of all of them could have led to the scatter
in the data. As mentioned in Sect. 2.2.2, the effect
of gauge deflection on the measured stress is not known
and so even if the deflection of each gauge for each meas-
urement had been recorded there would be no means by which
the data could be corrected. Also, there are no methods
that can calculate the effect of friction at the floor
or deflections of the silo walls. The effect of side wall
friction can, however, be included by using Janssen's formula
to reduce the data to a common form. This will be done

in a later section.
Data from experiments using gauges at different depths

to determine the stress distribution are shown in Fig.

2.9 (bottom). Although there is still considerable scatter
in the data, there is less than in those of Fig. 2.9 (top).
The reduction in scatter could be due to the floor friction
only affecting data in the region y/D = 1.0 rather than

for all values of y/D as in Fig. 2.9 (top). On the other
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hand it could be due to three out of the four silos being
wider (relative to the maximum depth) than those of Fig.

2.9 (top) so reducing side wall friction effects, or simply
because the experiments of Fig. 2.9 (bottom) were carried
out seventy years or so later during which time experimental
techniques and equipment could have improved. A bottom
effect is only apparent in the data of Saul and of Kagan

and Perelman. It is significant that these experiments

were carried out on large scale structures whereas those
where a bottom effect is not apparent (Stroppel, Stewart)
were carried out on models. It is likely that the surfaces
of the models were smoother than those of the full scale
etructures which could have resulted in a lower floor friction.
If the data that are modified by floor friction are dis-
counted then those remaining are nearly all above the line
corresponding to calculations by Coulomb's method. This
suggests that the full shear strength of the material is

not always mobilised as assumed in Coulomb's method.

2.3.3 Comparison on the basis of Rankine's method

The formulae derived from the Mohr circle in Sect.
2.1.% can be reduced to a form similar to Eqn 2.13 i.e.

g,

w = KgYy

where ka is a constant for any particular configuration.

The equation can again be transformed to a non-dimensional

form

Gw L

YDk, D
and a plot of the non-dimensional stress against the non-
dimensional depth will show how well Rankine's method

predicts the experimental dats. Fig. 2.10 (top) shows
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the data from experiments using the variable depth tech-
nique. All the experiments were carried out with a flat
grain surface and a vertical wall and for these cases
Rankine's method gives stresses equal to those which would
be obtained using Coulomb's method with no wall friction.
As the wall friction coefficients are all similar (Table
2.2), this results in a virtually constant ratio between
k, and kc' Fig. 2.10 (top) is therefore very similar to
Fig. 2.9 (top) except that the non-dimensional stresses are
all about 20% lower as a result of dividing by the larger
value of ka. The scatter in the data when using Rankine's
method for ceomparison is Jjust as large as when using Coulomb's
method which shows that the former method accounts for changes
in the experimental configuration in much the same way as the
latter when the grain surface is level, the wall is vertical
and the wall friction coefficient is confined to a narrow
range.

Fig. 2.10 (bottom) shows data from experiments which
used several gauges to measure the streses distribution.
As well as including data from experiments with a flat
grain surface and a vertical wall (Saul, Stewart), Fig.
2.10 (bottom) also includes data from sloping surfaces
(¥agan and Perelman) and inclined walls (Stroppel). Comp-
aring Fig. 2.10 (bottom) with Fig. 2.9 (bottom) it can be
seen that the scatter in Saul's and Stewart's data has
remained about the same while that in Kagan and Perelman's
and Stroppel's has increased considerably. This is due
to the anomalous results obtained using Rankine's method
for downward sloping grain surfaces or walls that are inclined

inwards (Sect. 2.1.3) and emphasises the unsuitability
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of using this method for such cases.

2.3.4 Comparison on the basis of Janssen's and Reimbert's

formulae
As mentioned in Sect. 2.1.3, modern codes of practice
usually recommend the use of the Rankine active value of
k in Janscen's formula., Using this modification, Janssen's
formula (Eqn 2.9) can be written in the non-dimensional
form
S = 1 - exp(-Y)

where the non-dimensional stress is

Oy Hw

S =
R

and the non-dimensional depth is
R
Reimbert's formula (Eqn 2.11) can also be written in terms

of these quantities as

]
(1 +Y)?

which means that both formulae can be represented by single
lines on axes of S vs Y.

Data from both silos in group b) (Sect. 2.3.1) have
been reduced to the non-dimensional form but in cases where
very deep silos have been used, measuremente have only
been included for depths up to about twice the diameter.
This means that the highest value of Y is about 1.3. The
data from experiments using the variable depth technioue
(Fig. 2.11, left) and those from experiments using stress
guages at different depths (Fig. 2.11, right) are considerably

scattered. Again, it is imposeible to say whether this
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is due to poor instrumentation or the inability of the
formula to predict wall stresses for a range of different
silo configurations. Certainly the scatter is no less in
those data which are common to Fig. 2.11 and Figs 2.9 and
2.10 which means that the extra feature inherent in Janssen's
and Reimbert's formulae (i.e. taking the friction around
the complete circumference into account rather than just
that at one of the walls) does not help in predicting the
wall stresses.

The stresses plotted in Fig. 2.11 (right) are nearly
all higher than the line corresponding to Janssen's formula
while those on Fig. 2.11 (left) are spread approximately
equally above and below the line. The lower stresses of
Fig. 2.11 (left) could be caused by the bottom effect reducing
the stresses measured using the varisble depth technioue.
The stresces from the experiments of Gupta and Muir are
all very much higher than those calculated using Janssen's
formula. Their containers were made of polyethylene film
which had no vertical rigidity and therefore deformed freely
in a vertical direction with the grain settlement. 1In such
a container no wall friction could act on the grain which
would increase the vertical and hence the horizontal stresses
and so explain some of the increase in stress measured
in these experiments. However, even if a wall friction
coefficient of zero is used the data are still above a line
corresponding to Janssen's formula.

Reimbert's formula gives hiéher values of S than tho=e
given by Janssen's formula and so more of the data points
are below the line corresponding to Reimbert's formula.

This is because, at small depths the ratio between horizontal
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and vertical stress is considerably higher than the Rankine
active value (see Sect. 2.1.4). However, although use of
this formula may be more appropriate if active failure of
the material does not occur, it is unlikely that it would
be used in the design of the relatively shallow silos with
which this work is concerned.

2.4 Conclusion

From Sect. 2.3 it is clear that the data measured by
a variety of experimenters are not predicted consistently
by any of the standard design methods. It is impossible
to say whether this is due to unsuitable instrumentation
or formulae that are not applicable to the wide range of
conditions covered in the experiments. It has been shown
that existing methods for predicting stresces all make gross
assumptions and some of these may be unreasonable for agri-
cultural materials. On the other hand the measurement
of stresses in granular materials is difficult and the errors
produced by, for instance, the deflection of a streses gauge
are sometimes not appreciated and always of an unknown
magnitude. It is the general aim of this work to increase
knowledge in these areas by investigating a new method of
calculating stresses on silo walls and also by improving

the way in which stresses can be measured.
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Fig. 2.1. Trial wedge method. Top, forces assumed fto act
on wedge of material ; Bottom, polygon of forces.
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Fig. 2.2. Infinite sloping material. Top, forces acting on a

parallelogram of material; Bottom, Mohr circle
for this stress condition.
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Fig. 2.3. Conditions giving anomalous results when using Rankine’s method. Top
left, wall with upward sloping material; Top right, infinite slope assumed
by Rankine's method;-—Middle, Mohr circle for inclined wall. Boftom left,

inclined wall. Bottom right, infinite mass of material assumed by Rankine's
method .



Fig. 2.4. Mohr circle for stress conditions where o = -0y tand

oy for no
lateral strain

oy for active -
failure /

Fig. 25 Mohr circles for material with a horizontal surface in
a frictionless box. Circles drawn for no lateral
strain and with sufficient strain to cause active

failure .
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Fig. 2.6. Forces on a thin horizontal layer of material.

Fig. 2.7. Imposed and measured forces on a plane wall.
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Fig. 2.8. Types of gauge for measuring wall stress. Top, rubber bag
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load to a force measuring device; Bottom, strain gauges
measuring deflection of a diaphragm .
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CHAPTER 3

A STRESS/STRAIN MODEL FOR BULK GRAIN
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3.1 Introduction

The stress/strain behaviour of granular materials
is usually thought of in terms of changes in shape (dist-
ortional or shear strains) and changes in volume (normal
strains). In materials that are linearly elastic, iso-
tropic, and homogeneous, the two types of strain are caused
by their corresponding stresses only. That is shear stress
(proportional to differences in the principal stresses)
causes shear strain and normal stress (proportional to the
average of the principal stresses) causes normal strain.
There is no cross-coupling between the two types of quan-
tity. To illustrate this, Fig. 3.1 (left) shows a two
dimensional object eof isotropic, homogeneous, and linearly
elastic material that is initially circular and loaded
so that the two principal stresces are equal. If the load
is increased keeping the two principsl stresses equal (Fig.
3,1, middle), there will be no distortion (the object will
remain circular) but the area will change. If this iso-
tropic streses system is changed again so that the principal
stresses are unequal, giving rise to shear stress, but
their average value remains constant, the circle will dis-
tort into an elliptical shape but the area will stay un-
changed (Fig. 3.1, right). In a general loading condition
where the normal and shear stresses both change, the total
strain (assumed to be small) can be obtained by superposing
the shear and normal strain components.

The characteristics of the behaviour of granular soils
in terms of distortional and volumetric effects are (Lambe
and Whitman, 1969):-

a) If the mean normal stress is held constant, the
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material becomes progressively easier to distort as the
cshear stress increases and above a certain critical shear
stress the material will distort without limit and so be
in a state of failure. The shear stress needed to cause
failure increases as the mean normal stress increases.

b) Distortion is accompanied by a volume change which
can be an increase and is known as dilation.

¢) If the material is subjected to a stress which
is then removed, not all of the strain that occurs during
loading will be recovered on unloading. This unrecovered
or "plastic" strain is especially apparent when the material
is subjected to shear stresses.

It can be seen that, as well as bteing non-linear ana
exhibiting plastic behaviour, soils are different from
linear elastic materials in that there is cross-coupling
between shear and normal quantities. As both =soils and
grain are granular materials, their stress/strain properties
should have similar forms and so a literature review was
carried out, taking note especially of the work already
done in the field of so0il mechanics, to see if any of the
material models used in the finite element analyses of soil
mechanics situations would be suitable for the present problem.

In Chapter 4 it will be shown that the finite element
method can be used to analyse the strecses in a granular
material by representing the loading by steps within each
of which the stress/strain properties of the material are
assumed to be linear. In the opinion of the author this
"incremental elasticity" technique (Desai and Abel, 1972)
is an ideal one with which to model the filling of a stor-

age structure for the following reasons. Firstly, a structure
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is filled incrementally, although in the real process the
increments are infinitessimally small; secondly, the repres-
entation of the process as a series of elastic steps does
not alter the engineer's original conception of the finite
element method and so makes it easier to understand; and
thirdly, for the same reason as the second point, the comp-
uter program to implement the incremental elasticity method
can be derived from a standard one with only minor alterat-
ions. Because of these three points it was decided to review
only the literature where the incremental elasticity method
has been used and to avoid material models based on, for
example, the minimum energy principle of thermodynamics
(Rowe, 1962) or on the laws of plasticity (Lade and Duncan,
1975) .

3.2 Previous work

3.2.1 Hooke's law in terms of octahedral stresses and

strains
For materials that are linearly elastic, homogeneous,
and isotropic, the relationships between the principal
stresses and strains are described by the set of equations

(Love, 1944)

€ I -y VA1 o
]

ez | — —— -V l -V az 13000(5.1)
E

£3 -V = I 03

which is known as Hooke's law. Two constant parameters
only are needed to describe this type of material, the
Young's modulus, E, and the Poisson's ratio, v. Previous
authors have used these equations to describe soils and
other granular materials sometimes representing E and v by
non-linear stress dependent functions. Before reviewing
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the work of these authors in more detail, it will be shown
that this set of equations cannot describe one of the

important characteristics of granular materials mentioned in
the previous section, that is the volume change of the material
under the action of shear stresses.

Firstly it is necessary to define some measure of
distortional and volumetric strains in a three dimensional
sample. It can be shown (Love, 1944) that the maximum shear
strain in each of the principsl strain planes is proportional
to the difference in the principal strains which lie in that
plane. One measure of the average distortion is therefore

the octahedral shear strain defined as

Y

Y =T[(g—cz)z+(ez-83)2+(za—£1)z:l S R

which shows that Y is proportional to the rcot-mean-square

Y

value of the three maximum shear strains. The volumetric
strain is equal to the sum of the three principal strains
and so their mean or the octahedral normsl strain
€ =—§(a,4-§-+£3) ata swink 5y
is a measure of the volumetric strain. The corresponding
stressess are defined as the octahedral shear stress
1
=g (e -t - et @ a] 5

and the octahedral normal stress

o’z—-ij-(o1+oz+as) oisianis k Bea)
By manipulating Eqns 3.1 to 3.5 it can be shown that
Y /Mg 0 T
= veessl3.6)
€ 0 l/ghdb o

where the shear modulus is
E
Mg = 2(1+v)
and the bulk modulus is
E
M B e
b 3(1-2v)

...75_



Eqn %.6 clearly shows that, if Hooke's law is used to des-
cribe a material, volumetric strains can only be ascribed

to normal stresses. These equations cannot therefore predict
any volume change with shear because of the lack of off-
diagonal terms in the coefficient matrix.

3.2.2 Simple models where E and v are independent of

stress difference

As well as using Hooke's law to describe granular
materiale, some authors have simplified their strese/strain
relationships even further by assuming that either the
Young's modulus and Poisson's ratio are constant (Christian,
1968; Duncan and Dunlop, 1969; Jofriet et al., 1977; Smith,
1970) or are simple functions of minor principal strese
(Duncan et al., 1968) or octahedral normal stress (Huang,
1968 ).

These simple descriptions may suffice where small stress
changes are superposed, on an existing, much higher, stress
state such as the loading of footings (Christian, 196R;:
Smith, 1970) or roadways (Duncsn et al., 1968; Huang, 1968)
on over-consolidated soils. In these cases, becsuse the
soils were saturated clays the authors generally regarded
them as nearly incompressible, that is volume changes due to
shear and normal stresses were small. If thig is accepted,
then the diagonal form of Eogn 3.6 and Hooke's law, with
Poigsson's ratio close to C.5, may suffice for the descrintion
of the material. Also, because of the relatively small
gtress changes compared with the existing stress, a constant
value of E, or one which varies only withdz or ¢ (to represent
the increased resistance to distortion of the material with
greater confinement) may be used.

These simple forms cannot however be used in any

- ™ .



realistic way to represent cases where large stress changes
occur or, for example, in dry granular msterials, where
dilational volume changes may be significant. Despite this,
Duncan and Dunlop (1969) used constant values of E and v

to represent a clay soil in which an excavation was made.
Here the initial high value of lateral stress was reduced
to zero by applying an equally large but opposite stress
change. Jofriet et al. (1977) also used constant values to
calculate the lateral stresses on the wall of a grain bin,
In this latter case and also in the present work, the grain
was taken from an initisl low state of stress when it was
first deposited, to a higher stress state as more grain was
placed on top of it, which according to classical retaining
wall analysis would have apprcached a failure condition.
Because this stress path encompassed a large part of the
shear stress/strain characteristic of the material and also
because in this dry granular material, dilational volume
changes may have been significant, representation of the
material by constant values of Young's modulus and Poisson's
ratio was clearly insppropriaste.

5.2+.% Models where E and v depend on stress difference

As mentioned in Sect. 3.1, granular materials become
progressively easier to distort as the shear stress is
increased. To include this behaviour, some authors (Chang
and Duncan, 1970; Clough and Duncan, 1971; Clough and
Woodward, 1967; D'Appolonia and Lambe, 1970; Desai and
Reese, 1970; Duncan and Chang, 1970; Dunlop and Duncan,
1970; Girijavallabhan and Reece, 1968; Kulhawy et al.,
1969; Lee and Idriss, 1975; Yong and Hanna, 1977) have u<ed

Hooke's law but made the Young's modulus a decreasing
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function of principal stress difference. A typical method
is that of Kulhawy et al., (1969) who simulated the con-
struction of an embankment using an incremental loading
technique. In the simulation, successive layers of soil
were considered to be placed one on top of the other, the
placing of a new layer adding to the load on the soil mass
below. Young's modulus and Poisson's ratic were assumed
to depend on (01 - 03) and were calculated for the stress
conditions at the start of each load increment. These
incremental values, E

' t
the stresses and strains for the small change in load,

and Vis were then used to calculate

after which new values of Et and v, were calculated for
the new stress state. The incremental procedure was cont-
inued until the end of the simulation.

The variatidn of Et and v, with stress was obtained

t
from triaxial compression tests at constant confining stress.
For a linear elastic material under this test condition
(o= o3 = constant), Eaqn 3.1 may be used to show that
L ]
Ey=E = (9, - oz)/;.,
and
L ] e

vt = Vv = —83/51
where a dot above a quantity indicates a small change in
that quantity. Hyperbolic curves were fitted to data of

(o - 5) and & '8 € following the method of Kondner

1 1
and Zelasko (1963) and the failure of the material was

represented by €, becoming very large as the stress diff-

1
erence approached its asymptotic value (0'1 - oé)ult' The
increased shear strength of the material with increased
confinement was represented by making (cr1 - cz)ult a function

of o, and the incremental values of Young's modulus and

5
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Poisson's ratio and their dependence on the stresses were
obtained by differentiation. The difference in behaviour
of the material between loading and unloading and hence
the plastic nature of the shear strain was represented by
making the Young's modulus much higher when (o, - 03) was
reducing. This value of Et‘ which was obtained from unload-
ing tests, was then used until (a& - 03) was equal to or
greater than the previous maximum,

As Kulhawy et al. used Hooke's law with stress depend-
ent moduli, their soil model can be described in terms of

shear and normal quantities by the set of equations

L
311 0 T

-~ e

PR 5, L

°
0 dps o

which are incremental forms of Eqn 3.6 in which the matrix

Me

elements a (the reciprocal of the shear modulus) and 855

11
(one third of the reciprocal of the bulk modulus) are func-
tions of stress. As stated previously, because of the
diagonal form of these equations, no normal strains can

be ascribed to shear stresses. The way in which this diag-
onal form affects the measured values of Etand Vi is best
explained by regarding Eqn 3.7 as having an element miseineg
in the coefficient matrix. This term, 28549 would appear

as the lower off-diagonal element and, if it were present,
would relate the change in octahedral normal strain to the
change in octahedral shear stress. In the test used by
Kulhawy et al. to measure Et and Ve (the triaxial compress-
ion test at constant confining stress), r and o both change
and so the normal strain increment E, contains a component,

a214 arising from the change in shear stress and another,

L ] .
8550 arising from the change in normal stress. However,
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pecause Kulhawy et al, implicitly assumed that 854 = 0,

°
the whole of € was ascribed to a thus adding a term

2
8,47/ to the true value of a,,. This modification to 8,5
depends therefore on the relative values of T and o applied
to the sample when tested and so the resulting values of
a5 will depend on the type of test used to measure them,
whereas they should be a property of the material alone.
The extent to which this modification affects the calcul-

ated values of Et and v_ also depends on the test condit-

t
ions. In the method of Kulhawy et al., the calculation

of Et did not involve normal strains and so the modific-
ation to 85, Was provided entirely by v+ In some cases
the rate of shear induced volume increase was greater than
the rate of volume decrease due to the normal stress and
this net volume increase resulted in a calculated value

of v, in excess of 0.5. Such a material would have a neg-
ative bulk modulus and a volume increase would be predicted
with increasing stress under isotropic compression - a
prediction clearly at variance with observation. The
material would also be mechanically unstable (Love, 1944)
and so, when implementing the finite element method, Ve
had to be limited to a value Jjust below 0.5.

3.2.4 Models using independent measurements of bulk and

shear modulus

Some authors (Domaschuk and Wade, 1969; Domaschuk
and Valliapan, 1975; Drnevitch, 1975; Battelino and Majes,
1977) have stated that Young's modulus and Poisson's ratio
are not suitable parameters with which to describe granular
materials and that bulk and shear moduli, or constrained

and shear moduli, measured in separate tests would be more
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appropriate. Drnevitch (1975) has illustrated this point

by the use of "uncertainty multipliers" which are the
sengitivities of the terms in the stress strain matrix of
Hooke's law to errors in the determination of the Poisson's
ratio. When v approaches C.5 these sentitivities become

very large, due to a term (1-2v) iu the denominators of some
of the elements, and, for example, a chanze in v from 0.499 to
0.4999 (Q.18%) changes aax/azx by a factor of 10. This shows
that the limitation of v, to a value just below 0.5 (e.g. Kul-

t
hawy et al., 1969) can have large effects on the terms of the
stress/strain matrix depending on the precise value of Ve
thet is arbitrarily chosen.

Domaschuk and Wade (1969) measured the bulk modulus of
dry sand by performing an isotropic compression test in a
triaxial cell. In this test, the sample was compressed by
water pressure with no other loads applied, thus varyine o
with 71 equal to zero. A curve was fitted to data of o vs
3¢ and the tangent bulk modulus, M_. (equivalent to 1/3a

22
in Eqn 3.7), was calculated by use of the relationship

do

t7 dGe) T=const

My,

giving M., as s function of o. The test was only carried out
with a single value of 1 (zero) and so any possible variat-
ion of Mbt with v was not investigaged. The shear modulus
was measured, again in a triaxial cell, by performing =evera)
tests in which 1 was varied keeping o constant for each test.

11)’
was calculated by fitting a curve to data of v3r vs V3Y

The incremental shear modulus, Mst(equivalent to 1/a

at each value of o and differentiating, that is

o d(+v/371)
St dv3y) o= const
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In this way, the variation of Mst with 1 and o was determined.

Domaschuk and Valliappan (1975) later used the same method
to investigate the bulk and shear moduli of clay while
Battelino and Majes (1977) used it for a sand and a clay
sample. This technique has an advantage over the traixial
compression test at constant confining stress in that the
parameter 855 is not modified by that part of the volumetric
strain csused by shesr being wrongly ascribed to normal
stress. This is because in the test to determine 855 the

shear stress is held constant and so the term a B /a'ment-

21
ioned in Sect. 3.4 is zero. However this method, while

measuring values of a,, and 8559 still neglects the off-

diagonal term a and also & possible term 8,50

21
3.3 A new incremental model

3.3.,1 Coupling between normal and shear terms

The previous section has shown that all the models
reviewed are deficient in that they cannot allow for cross
coupling between normal and shear aquantities. However,
once the equations are written in the form which eposes
this fact (Eon 3.7), it becomes s relatively simple matter
to rectify it. The cross-coupling can be included by replac-
ing the zeros in Eqn 3.7 by terms 345 and as4 which, on

multiplying the matrices, gives

L ] L]
Ayt + 40

Y
RPN % )

.
>

L ] L]
AT+ AP

The materizl is now described by four independent parameters,
instead of the two used in Hooke's law, which can all be

measured in suitable tecsts.
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3.3.2 Tests to evaluate parameters

Eqns 3.8 show that if o is constant (that is o=0)

then a is equal to the change in Y divided by the corres-

11
ponding change in 71 and the other three parameters can be
defined in a similar way. The four parameters can therefore
be measured using two types of test, in each of which one
of the octahedral stresses is held constant while the other

is varied and the resulting octahedral strains measured.

The four parameters are obtained from the expressions

e
o
o
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= 5
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:ld = conslt.
and

¢ - S ] 0'-00(5.10)
L ]
o o Jr1=const,.

The two types of test are best illustrated in prin-
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cipal stress space (Fig. 3.2) where the coordinates of a
point are the three principal stresses acting on the sample
under test. Also shown are the hydrostatic axis, along
which all three principal stresses are equal, and an octa-
hedral plane, which is a plane equally inclined to all
three axes. A pictorial representation of the octahedral
stresses for any point, P, in principal stress space may

be obtained by manipulating Eqns 3.4 and 3.5. Thus the
distance of the point from the hydrostatic axis measured
along the octahedral plane containing the point equals

v3+1 and the distance of that octahedral plane from the
origin measured along the hydrostatic axis equals V3o.
Lines parallel to the hydrostatic axis, therefore, represent
stress paths for which v is constant and lines lying in

octahedral planes represent stress paths for which o is

= Bt I



constant.

Any test in which the principal stresses are varied
may be represented by a path through principal stress space
but, with the standard triaxial equipment to be used in
the tests here, two of the principal stresses, convention-
ally ) and oz are equal and so possible stress paths are
confined to the plane that contains the qlaxis and which
bisects the angle between the o, and 05 axes, i.e. the
triaxial plane.

The validity of a general stress/strain law should be
investigated over the whole principal stress space and also
when the axes of this space are rotated during the test.
However, equipment for performing such tests is not gen-
erally available and the great amount of test work necessary
would be prohibitive. The justification for deriving the
model parameters from measurements on the triaxial plane
only for this particular application is as follows:-

a) It is expected that the intermediate principal
stress, °é~ will be of a similar value to °3' For example,
the angle of internal friction of dry cereal grains is
about 26° (Lawton and Marchant, 1980) which gives a coeff-
icient of active pressure, ka‘ of 0.39. The coefficient
of pressure for no lateral strain for granular materials
has been approximated by the formula (Jaky, 1944)

ko = 1 =sin¢d
and so k  will be about 0.56. For a long retaining wall
where plane strain conditions apply, the maximum ratio
between o, and % (i.e. that assuming active failure cond-
itions) is k,/k, or only about 1.4. This ratio is felt

to be within the range over which the model can be reason-
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ably extrapolated.

b) The angle of friction between the grain and the
walls of the silo will be about half the angle of internal
friction of the grain (Lawton, 1980; Lawton and Marchant,
1980). The maximum rotation of the principal stress axes
away from the horizontal and vertical directions will be at
the wall (assumed to be vertical) where

Oxy = OxHw
The Mohr circle can be used to show that the rotation of
the principal axes under these conditions is only about 90
which is also felt to be within the range of extrapolation
of the model.

The stress path for the test in which o is constant
may be determined by combining Egn 3.5 with the triaxial
test condition Oy = O3 to give

o, = 30 - 20, OO 6
and so this set of tests can be represented by a family
of straight lines of slope -2 and intercept 3o in the
05,01 plane. Using Eqn 3.4 in a similar manner, the stress

paths for the tests in which v is kept constant are given by

3T
01 = ﬁ + 03 o.o-o(%a‘l?)

and can be represented by another family of straight lines
in the 01,03 plane of slope 1 and intercept 3TAJ_.

The immediate use of the model produced by this work
will be confined to loading situations where both the shear
and the normal stresses will always be increasing. It is
to be expected that the stress/strain behaviour will be
different for decreasing stresses but, at present, tests

have been confined to one direction only along each stress
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path. If at a later date it becomes necessary to consider
unloading situations, tests could be carried out in each
direction and different model parameters determined for
each one.

3.4 Experimental techniqgue

3.4.1 Apparatus

Samples were tested in a standard triaxial cell suitable

for a sample size of 100mm diameter and 2CCmm long. The
axial loads on the piston were zpplied with weigzhts and the
movement of the piston was measured with a dial guage. A
constant pressure apparatus is usvally incorporated into
triaxial equipment to prevent the confining stress from
being affected by fluid displacements resulting from sample
volume changes. In a common form (Bishop and Henkel, 1962),
the pressure is provided by the difference between the
levels of mercury in two pots. The upper pot is suspended
from a spring with an appropriate spring rate, and any
displacement of mercury between the pots caused by changes
in the sample volume causes the spring to extend so lowering
the pot that it is supporting and preventing any change

in mercury head. A typical commercially available constant
pressure apparatus (Engineering Laboratory Equipment type
EL27-300) is designed to operate in the range 0-69CkPsa,
whereas the maximum confining pressure envisaged in this work
is about 16kPa., Obviously, a small pressure error in the
commercial apparatus, caused by say spring non-linearity

or hysteresis, which would be quite acceptable in the range
for which it was designed could give a large error in the
range considered here. To give acceptable performance

at low confining stresses, a new ccnstant pressure apparatus
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has been designed. It also has an extra feature in that
it provides a means of conveniently and accurately measuring
the sample volume change.

The principle of operation is the same as the common
form of constant pressure apparatus. The confining stress
is provided by the difference between the levels of mercury
in the two pots B and C (Fig. 3.3) but the spring has been
replaced by an electric balance (Sauter type SD2COCT/0.1)
which has a very accurate and constant spring rate. Further,
the change in mass reading (Am) of the balance is propor-

tional to the volume of liquid displaced (AV) i.e.

where P and p, &re the densities of mercury and water.
Providing there are no volume changes elsewhere in the
system between pot B and the cell, AV equals the change in
sample volume,

A further aspect of working at very low pressures
is that the variation of water pressure over the sample
length is not negligible. For a 20Cmm long sample this
variation is about 2kPa. 1In this work, all tests results
have been interpreted on the basis that the confining stress
is that which exists at a point halfway up the sample.
Although the system in this work used weights to apply
the load to the piston of the cell, in many triaxial
apparatuses the mid point of the sample moves upwards
during the test because the top platen is held stationary
by the piston bearing upon it while the cell body and the
bottom platen is driven upwards sgainst the load frame.

Thus the mid point of the sample moves at half the rate
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of the cell body. An ideal way of overcoming this problem
would be to have a third pot (A) containing water that
moved and remained level with the mid point of the sample.
Any pressure change in the cell due to movement of the cell
body would then be offset by an equal pressure change

on the other side of pots B and C. The pressure at the
mid point of the sample could be measured with a transducer
fixed to pot A. However, it was felt that this would add
unnecessary complication to a reasonably simple system

so when using the apparatus in a standard load frame pot
A is attached to the cell body itself with the pressure
transducer (Ether type UP) level with the mid point of the
unstrained sample. When, as in this work, weights are used
to apply the load, pot A is placed on the bench alongside
the triaxial cell. The set pressure can be adjusted by
pressurizing pot A with air from a precision low pressure
regulator (Norgren type 11-919-999).

It can easily be shown that the required relationship

between the cross sectional area of the pots and the spring

rate (change in mass reading per unit displacement) of the

L (pm-p“)[u. o
ap Ks i R

where KS is the gpring rate, and a,, 8py 85 are the cross

balance is

sectional areas. The apparatus (Fig. 3.4) was made from
standard sized perspex tube and the areas of the pots were
ad justed to the required values by glueing small pieces

of perspex inside them. Stiffeners were glued to the tops
and bottoms of the pots to minimise their deflections and

hence volume changes during tests. In preliminary tests
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in which sample volume changes were simulated by running
water out of the cell, it was found that the apparatus
could easily control the confining stress to within 5CPa.
The resolution of the balance was 1g giving a resolution
in sample volume change of ROmm5 or 0.005% of a 10Cmm
diameter by 2CCmm long sample.

3.4,2 Preliminary tests

Tests to evaluate the friction on the piston

The major principal stress on the sample in the triaxial

cell is given by

W, + F
U'1 = L—-—L - 0'3 -a--q(5.13)
AS

where wp is the weight of the top platen, Ft is the total

force exerted by the piston on the top platen, and AS is

the cross sectional area of the sample. Although ¢, varies

5
over the length of the sample due to the different depth

in the water of each part, this has been neglected and an
average value, measured at the mid point of the unstrained

sample has been used. With this approximation, Ft can be

expressed as

F

t =Wa+Wi—'F "'Fu—-tF on.cc(5u1d)

p b p
where wa is the weight applied to the top of the piston,

W is the weight of the piston, Fb is the upward bouyancy

pi
force on the piston equal to the weight of the water it
displaces, and Fu is the upthrust on the piston due to

the superimposed water pressure. Fp is the frictional force
on the piston which is positive when the piston moves up-
wards and negative when it moves downwards. Fb and Fu are

given by



and

Fa = Apog
where / is the distance that the piston extends into the
water, Ap is the cross sectional area of the piston, and
Y, the specific weight of water.

The expression W - o Fp was evaluated in a separate

pi B
test as follows. The cell was filled with water with the
sample absent and the piston extended into the water by
the amount usual at the start of a test. The inlet valve
to the cell was then closed and the piston pressed down-
wards slightly and allowed to return noting the water
pressure, °5d’ when the piston had stopped moving. The
total downward force on the piston was then

Woi= Fp, = Apoyy+ Fp = 0 ceeee(3.15)
The piston was raised slightly and allowed to fall back
noting again the water pressure, cﬁu’ when the piston had

stopped moving. In this case the total downward force was
Wpl_Fb_Apozu— Fp: 0 ..-|O(3!16J
From Egns %.15 and 3.16
and
Wpl = Fb i Fp = Ap°3u
Substituting into Eqns 5.14 and 5.13% gives the expressions

for the major principal stress

|
S

for downward movement of the piston and

for upward movement. These expressions can now be combined

= A8 =



with either Eqn 3.11 or Egn 3.12, depending on the type
of test (constant o or constant v) to be carried out, so

giving the required relationship between o, and wa. In

5
these calculations, the approximation was made that As

was equal to the initial cross sectional area rather than

that at any instant during the test. This made it poseible

to produce tables giving the value of 93 corresponding to

each value of wa beforehand. The stresses to be kept constant
were calculated after each test using the actual cross
sectional area of the sample and were all within 1% of their

nominal values.

FErrors due to the rubber membrane

Because of the large sizes of the grains used (maximum
diameter about 8mm), an extra term was included in the
measurement of vclume change, caused by the shape of the
rubber membrane between adjacent grains on the outside
surface of the sample changing when the confining stress
was changed. To measure this term, separate experiments
were conducted using dummy samples. These samples, which
were the same size as and had similar external textures to
the real ones, were made by glueing grains to the outside
of wooden cylinders and so, as the dummy samples were very
rigid, it was assumed that the volume change measured was
caused by the membrane effect mentioned above. The
measured volume change was found to be proportional to the
change in confining stress but depended on whether it was
increasing or decreasing. A different constant of prop-
ortionality was therefore used in correcting for the membrane
effect depending on the type of grain used and on the sign

of the change in confining stress.
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As the confining stresses were low, it was felt that
the extra stress due toc possible tensions in the rubber
membrane might be significant. The need to apply a correction
for this was avoided by deliterately making the membrane
slightly oversize so that it was never in tension during
the course of a test. This was achieved by stretching the
membrane on a8 150mm diameter tube and =oaking it in hot
water prior to use.

32.4,%5 Test method

Sample preparation

Girijavallabhan and Reese (1968) found that the para-
meters in their Hooke's law model for sand varied with the
initial veid ratio of the sample. The same is likely to
be true fer the four parameters to be determined here but
this investigation has been confined tc a standard method
of sample preparation which was shown in preparatory tests
to give a virtually constant bulk density and hence initial
void ratio. The extent to which the initisgl void ratic of
a triaxial sample differs from that of the grain deposited
in 8 much larger silo will be investigated in the appendix.

The samples were prepared using a split mould placed
around the lower platen by the method outlined by Bishop
and ‘Henkel (1962) the lower platen being covered with a
PTFE disk to reduce friction. The standard method of filling
was to pour the grain into a tube of the same diameter as
the mould and fixed above it. A screen with perforations
large enough to allow the grains to drop slowly through
was placed inside the tube, 250mm above the centre of the
mould. After the mould was filled and the top platen, also

covered with a PTFE disk, was sealed to the rubber membrane,

' GOy =



a small confining stress was applied by partially evacuating
the inside of the membrane so supporting the sample when

the mould was removed. The magnitude of the stress applied
during sample preparaticn was measured by using the trans-
ducer on the constant pressure apparatus to measure the
pressure difference between the outside of the membrane

and the air on the inside. This pressure difference was

not allowed to rise above 2kPa.

Slight differences in stress history were unaveoidable
although care was taken to keep their magnitudes to a
minimum. To reduce the effect cf this variability, all tests
were started at a confining stress of at least 4kPa, the
increase from the maximum of 2kPa used in sample preparation
swamping any slight differences in stress history.

Stress paths used

The methods of testinz with constant o and constant 71
were similar in that the two principal stresces were varied
gimultaneously to satisfy either Eqn %3.11 or Egn 3.12. For

was increased while o, was reduced and for

1 5

constant T, 01 and 03 were both increased. Tests were

carried out along six stress paths for constant values of

constant o, o

o between 8 and 18kPa and seven paths for constant values
of 7 between 0.94kPa and 6.60kPa. The sample was loaded
by first putting a weight on the piston and then adjusting
the confining stress to the corresponding value read from
the previously prepared table (Sect. 3.4.2). Thus the
continuous stress paths were approximated by a series of
steps, between ten and twenty steps being used for each

test.



5.4.4 Calculation of stresses and strains

As the volume strain is (Lambe and Whitman, 1969)
&y = g + £, + ¢
and, because of symmetry, €5 can be assumed to equal €3
then the lateral strain is given by
€ =(ey - &)/2

e, vas obtained from the reading on the electric balance
of the constant pressure apparatus (Sect. 3.4.1) and €,
by dividing the movement of the piston by the initial sample
length, The average cross sectional area of the sample

used in Eqns %.17 and 3.18 was calculated from (Rishop and

Henkel, 1962)

The octahedral stresses were then calculated using Eans
3.4 and 3.5 with the condition oy = o, and the octahedral
strains using Eqns 5.2 and 5.3 with €5 = 53.

5.5 Results

%.5.1 Tests results for wheat

Results from tests on a wheat sample in which o was
held constant (Figs 3.5, top and 3.6, top) show that the
relationships between the strains and the shear stress
are far from linear. Because of this, the a terms will
be functions of the stresses. These functions are determined
by fitting curves to the experimental data and different-
iating them. Cometimes the differentistion of experimental
data can be hazardous because small errors in the data
lead to relatively large errors in the difference between
consecutive data points. Fitting curves and differentiating,

rather than using differences in the experimental data,
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helps to overcome this because the data is smoothed by the
fitted curved.

The choice of the zero level for strain will not affect
derivatives and so all strains have been plotted with respect
to the strain at the start of the test. 1In both Fig. %.5
(top), and Fig. 3.6 (top) the curves are asymptotic to
vertical lines at shear stresses approximately proportional
to the normal stress. In Fig. 3.5 (top) the slopes of the
curves at low values of 1 decrease with increasing ¢ while
those in Fig. 3.6 (top) increase as o is increased. The
normal strains (Fig. 3.6, top) show peak values at about
75% of the asymptotic shear stress.

Curves which share these properties are the hyperbola

K1T +

20 coene(3.19)

for the shear strain, and the sum of a hyperbola and s

straight line

0-0625K 4K ;02
(1-1/Kj0)

for the normal strain. It is worthwhile pointing out that

£ = KjTa =

+ C, o veen sk B2 20)

K2 defines one of the more important properties of the
material. When the shear stress is K2 times the normal
stress the shear strain becomes infinite and so K2 is
analogous to the coefficient of internal friction of the
Mohr-Coulomb failure criterion.

When fitting these curves to the data, the values of
the constants were chosen so that the fitted curves passed
through the first and last experimental points and the one
closest to a value of T which was 75% of the distance

from the first to the last value. After fitting a curve

= g4 =



for each value of o, K1 and K5 were averaged for the set

of six curves. The asymptotic values of stress defined

]
2 2
that is the failure of the sample and so a value averaged

by K, and K, were regarded as arising from the same cause,

from the results of both sets of tests was taken to rep-

resent both K2 and K'. The values of the constants K1 to

K5’ which characterise the responses to shear stress over

the whole of the experimental range, are given in Table

2.1 along with some other physical properties of the materials.
The parameters a and a,, can be determined by partial

11
differentiation of Eqns %.19 and 3%3.20 with respect to 7 to

give
a‘.‘ = K1 = ooatc(5i21)
o(l -1/K,0)
321 = Kaa -— 0'0625K3 3 .o e 0(3.22)
(1 - 1/K,0)

The initial slope of the relationship between shear
strain and normal stress (Fig. 3.7, top) was negative for
low values of 1 becoming positive as 1 was increased.
Although the relationships were not linear, the form of
this non-linearity was not apparent and so a straight line
was fitted to each set of experimental points by the method
of least socuvares of the form

Y =80 + C, bl el )
where the slope of the line, S, was given by
S = K;7 + K¢
The relationships between ncermal strain and normal

stress (Fig. 3.8, top) were fitted by parabolic curves
2 . 3
e = Ko + K00 + C, ol B2l
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using three points as btefore. It was found that the terms
F6 and K7 were approximately constant for sll values of 7
and so mean values were taken to represent the responses
to normal stress over the whole of the experimental range.

The velues of the constants K5 to K, are also given in

7
Tahle %15

Eqns 3.2% and 3.24 can be differentiated with

respect to o to give the remaining a terms as

312 = K4T -+ Ks 00000(5-25)
a,, = K, + 2K,o vesee(3.P6)

2.5.2 Results for other types of grain

In addition to the wheat sample Jjust descrited,
samples of rapeseed, tick beans, and tarley of two different
moisture contents, were tested. The wheat and barley
graine were shaped approximately like prolate spherocids
with the ratio between major and minor axes atout 2.2 and
2.6 respectively, while the rapeseed and tick beans
were approximately sphericzl. Even so, the stress/strain
relationships were all of the same form as those of the
wheat sample and so similar curves were fitted to the data.
Table 5.1 shows the values of the ¥ terms for sll the
samples tested. The equivalent diameters of the grains
are the dismeters of the spheres in a dense hexaronal
packing having the same number per unit volume as the
grains. The numter per unit veclume wes derived from the
bulk density and 1CCO grain mass.

3.6 Use of the model

3.6.1 Method
The trapezoidal rule cf numerical integration

(Korn snd Korn, 1968) was used to predict the strains

v [ 5



Table 3.1
Parameters defining stress/strain characteristicse along with other physical properties
for all the materials tested. K1 and K2 are non-dimensional but for K5 to K7 the units

are consistent for stresses measured in kPa and strains in per thousand.

Type of Moisture Bulk Equivalent
grain content, density, diameter, K1 K2 K3 K4 K5 K6 K7
% wet kg/m5 mm
basis
Wheat 14.8 678 4.8 4.77| .635].0140 | .060|=.331| .616 |-.0107
Barley 1%5.:6 635 4.5 3.07]| .594|.0276 | .O075|=.22% | .625|-.0116
Barley 20.1 625 4.6 7.27| .716|.0472 | .063| .076 |1.134|~.0186
Rapeseed 8.5 607 2o 2.13] .5721.0179 | .047| .017| .280|~.0046
Tick beanq 13.8 740 B.4 5.11| .524].0215 | .062|-.03%34| .679|~-.0191




occurring in a8 sample under the action of applied

stresses. The locading secuence to be simulated was first
divided into small steps. To calculate the strain

change occurring as a result of a stress change, the values

of the parzmeters 809 8595 and 8,5 Were calculated at

i T
the mean values of the stresses spplied during the step.
For instance, if the stresses at the start of the first
and second steps were T 95 and Tiy O then a,q was
calculated using Egn 3.21 where

T o= (T,+T,)/z
o = (o,,+o,)/2

After calculstins the a terms, Eans 3.8 were used to

and

- - . - .
calculate the strain increments, Y and €, where the stress

increments were given by

-
: o

]
-
-
I
-
(=

.
(o}

1
Q
|
Q

The strain levels at the end of a step were calculated
by edding the strain increments to the strains existing
at the start of a step. The strains existines at the
start of the first step were chosen to be zero.

5.6.,2 Simulations of tests used to derive parameters

The use of the model involves a numericzl integration
procedure and relies on parameters (the a terms) which are
obtained from differentiating reasonably simple functions
derived from curvee fitted to the experimental dats.

Thus if the lcadinz sequences used in the tests to derive
the a terms are simulated, the measured and predicted

straine will not agree exactly =znd the compzrison between

..(38...



the two will be an indication of how well the simple
functions fit the whole rances of experimental data and
also of the errors due to the numerical integration.

The predicted strains for the wheat sample are shown
in Figs 3.5 (bottom) and 3.6 (bottom) for the constant o
tests and Figs 3.7 (bottom) and 3.8 (bottom) for the
constant T tests. In Fig 3.5 (bottom) the shapes of
the curves and their asympotic stresses are well repre-
sented but the strains on the initial parts of the curves
are generally overestimated, especially at the lower values
of o. In Fig. 3.6 (bottom) the shapes of the curves and
the asymptotic levels of stresses are again well repre-
sented, but, as is to be expected, the predicted curves
are a much more icealised version of the experimental ones.
Ag a linear function was used to represent the shear strain/
normal stress characteristic, the predicted relationships
cannot be expected to represent the shape cf the experi-
mental ones. Despite this, the predictions do show the
increase in the slopes as 7t is increased and the strain
levele are reasonably well represented. The measnured
normal strains for constant v are well represented, Fig.
5,8 (botton) showing zood agreement both in the shape of
the curves and in the values of the strains.

3,6.% Use of model where 7t and o change simultaneously

The success of the model depends on ites ability to
predict strains over a range of possible stress paths.
It has been shown that the model exhibits similar charac-
teristics to actual samples in cases where either the
shear or the normal stress is held constant. It can be

used when the stresses change simultaneously by superpos-
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ing the effect of the shear stress chanze on that of the
normal stress change. Although the material is non-linear
in terms of stresses and strains, by Egns 3.8 it is lipear
in terms of small change in these quantities. Superpesing
the effects of shear and normal stresses is therefore
valid if the changes sre small,

To determine the performance when both stresses change
simultaneously, the shear and normal strains were measured
in three standard triaxiasl compression tests with the
confining stress at 10kPa and =re compared with the values
calculated using the new medel in Figz. 3.9. The shapes
of the characteristics are predicted well, both the
failure of the sample and the initial volume decrease
followed by an increase (dilation) beinz shown. The pre-
dicted normal strain (Fig. 3.9, top) is however generally
higzher than the measured value although the peak of the
curve occure at the correct value of shear stress. Con-
sidering the scatter in the experimental results, the
shear strain (Fig. 3.9, bottom) is predicted well although
the predicted strains are slightly high at low values of
shesr stress.

Standard triavial comprecssion tests were also
simulated for the other types of grains using the para-
meters in Table %.1. The calculated strains along with
those from practical tests are shown in Figs %.10 to 3%.13.
As with the wheat sample, the shapes of the strain curves
are predicted well but the predicted peak value of the
normal strain is larger than the experimental one. The
relative magnitudes of normal strain ard shezr stress at

failure are, however, well predicted. The peak normal
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strains are predicted about ecual for tick beans and
rapeseed, about 1.75 times higher for wheat and dry barley
and about 4,7 times higher for wet barley, these ratios
being very close to those observed experimentally. The
shesr stress at failure is predicted as being lowest for
tick beans, followed in ascending order by rapeseed, dry
barley, wheat, and wet barley, which agrees with the
experimental order.

5.7 Comparisons with other models

3.7.1 The model of Kulhawy et al. (1969)

In this model the results of standard triaxial com-
prescsion tests are used to determine values for the
tangent Young's modulus and Poisson's ratio. Seven such
tests were carried out with confining stresses in the
ranze 4-16kPa on the wheat sample already described.
Hyperbolic curves of the form

€4
I/E; + €,/(o = 93) it

were fitted to the data where Ei is the initial slope of

(01 "‘03] = .....(5-27)

the hyperbola and (cr1 - oé)ult is the asymptotic value of
the deviator stress., As with the results of Yulhawy et al.
for send, it was found that Ei increased for increasing
confining stress (although very slightly) znd their
relationship could be represented by

E; = 4540 vaasal3e28)
03 being measured in kPa and strains in per thousand.
(oa - oé)ult was found to be proportional to oz and
represented by

Q
I
2
n

UI! 22503 00000(3.29)
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Combining Eane %.28 and 3.29 with Eqn %.27 and different-
iating gives the tangent Young's modulus as
2
Ec= [1- (o, ~o5)/2:25 o] 4:54008
To determine the tsncent Poisson's ratio, curves were

fitted to data of €3 vs e, giving
-~ = Kge; + Kol - exp (=K, ¢,)) eesenl(3.30)
where KH‘ Kg and K1G varied with the confining stress and

were given by

Kg 0-63 - 0-00520,

Kg = =125 - 0-2420,

K = 0:525 - 0-026la,

The tancent Poisson's ratio was obtained as z funection of
(cr1 - 05) and oy by differentiating Eon 3.24 with respect
to ¢, and substituting for €, using Eon 3.21 giving

=Kyolo, = a3)
4:540)%(1 - (g, -0,) /2250,)

TR Kngexp[

with the provision that v, was limited to be less than
or equal to 0,5 (Sect. %3.2.3).

The predicted variaticn of Y with T using the model
of ¥ulhawy et al. for the teste where o was held coustant
(Fig. 3.14, top) shows that the experimental shesr strains
(Fig. %.5, top) are well represented. However this model
also predicts that the normal strain for these teste is
always zero whereas Fig. 3.6 (top) shows this not to be
the case. Fkig. 3.14 (bottom) shows thst the variztion of
e with o for the tests in which 7 was held constant (Fig.
5.8, top) is reasonably well predicted when 1 is low but

over-estimates ¢ for the higher values of T. The model

= e



also predicts thet Y will be zero for all tnese tests whereas
some shear strain was measured (Fig. 3.7, top). The chesr
etrain in the trisxial comprescsicn test is predicted well
(Fig. %.15) as is to he expected because the model para-
meters are derived from these teste. The normal strain

is also reesonably well represented up to the peak of the
curve althougzh the peax value is rataner low but, because

the tanzent Poisson's rzatio must not be allowed to rise

above C.5, no dilation st all can be predicted and the

ncermal strain remains flat at the peak value.

3.7.2 The model of Domaschuk and Wade (1969)

The two parameters for this model were derived from
the came tests as those of the new model, and can be
related to the terms of Eons 3.8. 1In this model the
octahedral strain increments are relsted to the octahedral

stress increments by the equations

Y = 1/ Mg
E = G/Mbl

Their tangent shear modulus is thus ecual to 1/a11 and
their tangent bulk mocdulus is egual to 1/5322. The model
ig similar to the rew one except that the cross-coupling
terms, 845 and 8519 in Eans %.B are equal to zero. The
predicted shear strain/shesr stress and the normal strain/
normal stress relationships with o and 1t constant will
therefore be the same as those predicted by the new model
as they depend only on 844 and 855 The straine which

depend cn the cross-coupling terme however (shezr strain/

normal stress and normal strain/shesr stress) will always
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be predicted as zero. Fig. 3.15 showe the simulation of
the triaxial compression test using the model of Domaschuk
and Wade. The predicted shear strain is very close te that
of the new model. Thie is because the shear and normal
stress increments are of the same order whereas 814 is
generally much larger than a,o and so nearly all the shear
strain in this type of test arises from the change in shesr
stress and a zeroc value of 845 has little effect. The
normal strain is shown as incressing throughout the test,
the diletion net beine predicted all 8ll. This is because
the model assumes that normal strain increments are csasused
only by changes in normal stress, and, because the para-

meter 855 is positive for all values of stress over the

range considered, the normal strain muet always increase.
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Fig. 3.1 Two dimensional object under various stress conditions. Left, initial isotropic
stress. Middle, isotropic stress change. Right, anisotropic stress change keeping

mean stress constant . Original shape shown thus :- — — — —.

%

Triaxial plane

Octahedral plane

Fig. 3.2  Principal stress space.
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Fig. 3.-4. Triaxial equipment with constant pressure
apparatus.
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CHAPTER 4

THE FINITE ELEMENT MODEL
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4.1 Descripticon of the finite element method

4,1.1 The basic form

The finite element method was proposed over twenty
years ago (Turner et al., 1956) for the analysis of stresses
in aircraft structures and since that time its use has
become widespread for problems in many branches of engin-
eering science. The application of the method as reported
here is concerned only with a special class of problems
in stress analysis i.e. those in which plane strain
(straight retaining walls that are infinitely long or have
frictionless side walls) or axi-symmetric (bins of circ-
ular cross section) conditions apply and so the brief desc-
ription to be given here will be restricted to these cases.
For a full treatment of the method the reader is referred
to a standard text (e.z. Zienkiewicz, 1971; Desai and Abel,
1972).

The method consists of dividing a continuous body
into many small regions (the elements) and regarding these
elements as teing connected together at discrete points
(the nodes) along their common boundaries. For plane strain
the element is a right prism while for axi-symmetric cond-
itions the element is a toroidal solid of revolution.

Many types of element cross section are possible but the
simplest one ie triangular with a node at each corner

(Fig. 4.1). It is the simple triangular element which will
be used throughout this work.

In general, the displacement of any point within an
element is assumed to be an interpolation of the displace-
ments at the nodes and with the triangular element a lin-

ear interpolation is assumed. This assumption leads to
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a constant strain within the element but the strain may,
of course, vary from element to element. It is possible
to relate the strain in the element to the nodal displace-
ments by a matrix equation

[e] = [BI[8)° wsas (8T
The components of [B] are functions of the geometry of
the element and whether plane strain or axi-symmetric cond-
itions apply (Zienkiewicz, 1971). The general strain vec-
tor which can cover both plane strain and axi-symmetric

conditions has four compcnents i.e.

=1

although, for plane strain, 6 O. This vector will be
called the Cartesian strain vector to distinguish it from
the octshedral strain vector of Chapter 3. [BF is the

vector of nodal displacements for the element where
l-ui-
Vi
£ Uj
(6] = | °
V)
Uk
vk
The components us and Vi for example, are the displace-

ments of node i in the x and y directions respectively.
The stresses within an element are related to the

straine by a matrix [D] i.e.

o = [D][e] ceee (4.2)

where [o] is the Cartesian stress vector

[o] =



and [D] is derived from the constitutive law for the mat-
erial. For instance, for a linear elastic material the
components of [D] will be functions of the Young's modulus
and Poisson's ratio and may bte derived from Hooke's law.,
The principle of virtual work can be used to determine
the nodal displacements when the element is acted upon by
external forces. The work done by the external forces
must equal the strain energy stored in the element and
Zienkiewicz (1971) uses this principle to show that the
relationéhip between the nodal forces and the displace-

ments for one element is
e e e
[F]" = [K][8&]

where the nodal force vector, made up of the x and y comp-

onents of the force at each node is
Fy i

Fy j
Fyj
Fx k
| Fyk
and [k]€, the element stiffness matrix is

[FI° =

[k]czf[B]T[D] [B] d(volume) dese TdIE)

where the integral is taken over the volume of the element
and [P]T is the transpose of [R].

Once the stiffness matrices for the individual elem-
ents have been derived, an overall matrix which relates
the displacement of each node in the complete body to the
external force applied to that node can be determined.
This process, known as "assembly", produces the so called

"global stiffness matrix", [k] , by adding in the contri-
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butions of each element stiffness matrix, [k]e, to the

correct locations in the global matrix (Zienkiewicz, 1971).
The displacement of each node in the finite element

representation of the body can be calculated by solving

the set of equations produced by the assembly process i.e.

LEL = [k][8] siwinis (do4)

where the components of [F] are the forces applied to each
node in the whole assembly and the components of [5] are
the displacements. Once the displacements are known, the
strain and stress in each element can be calculated using
Eqns 4.1 and 4.2.

The actual strain and stress distributions are app-
roximated by a number of small areas (the elements) of
constant stress and strain. This approximation will app-
roach the actual continuous distribution as the elements
are made smaller. Making the elements smaller does however
generate more equations and so a balance has to be struck
between accuracy and time available for solution.

An advantage of the method is that the elements can
be made any size or shape and so they can be made smaller
in areas where the stress is changing rapidly. They can
also be made to follow the boundaries of the real body,
although with the triangular element a curved boundary is
approximated by a series of straight lines. A further
advantage is that each element can have different stress/
strain properties which makes it possible to analyse stresses
in bodies which are not homogeneous. Also the method is
formulated in matrix terms which makes it ideally suited

to handling by electronic computer.
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4.1.2 Nonlinear materials - Incremental methods

The simple assembly and solution process just des-
cribed is ideally suited to the analysis of stress in linear
elastic materials but it is clear from Chapter 3 that the
material used in this work, bulk agricultural grain, is
far from linear. However, the finite element method can
be extended to cover non-linear materials in a variety of
ways and the technique to be discussed here is the incre-
mental loading method.

Fig. 4.2, which shows the compression/load charac-
teristic of a non-linear epring, is used to illustrate the
technique. Suppose the initial compressive load on the
spring Lo is increased to LT resulting in an increase in
compression of the spring from YO to YT' To simulate this
loading, the total load is divided into a number of smaller
steps L and Fig. 4.2 (right) shows the loading situation
Jjust before the first step is applied. A tangential com-
pliance can be defined by differentiating the compression/

load characteristic to give

dY

Ce(L) = T

and as the spring is non-linear Ct will depend on L. The

compression at the end of the first step is calculated as

Yy = Yo+ ic\(Lo)

and the load is
Ly = Lo+ L

The compression at the end of the second step would be
Y, =Y, + iCl(L,)

~ 390 =



and so on until the loading sequence has been completed.
The real compression/load characteristic has in fact been
approximated by a series of linear pieces and hence the
term "piecewise linear" is often applied to this method.

In this case, i.e where the slope of the compression/
load characteristic is always decreasing, the method suffers
from the fact that the calculated compression gradually
becomes greater than the true one. This effect can be
reduced by making the load increments smaller or by using
an estimated value of Ct which more closely represents
the average value over the load step.

The incremental loading method is used in non-linear
finite element analysis in a similar way (Desai and Abel,

1972) and, in general terms, a set of equations
. Ll
LE]) = [ k) 18) evog (H5)

analogous to Eqn 4.4 is solved, where [f] is the load
increment vector [kt] is the tangent stiffness matrix
and [8) is the vector of displacement increments.
Because the material has a non-linear stress/strain law,
the components of [kt], like the compliance of the non-
linear spring, are dependent on the stress level. The
basic process is illustrated by the flow chart of Fig. 4.3.

The incremental loading method is very suitable for
the problem in hand for two reasons:-

a) The process of filling a8 silo is an incremental
one, although in a real case the increments are infinit-

essimally small, and so the filling can be simulated real-
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istically.

b) The stress/strain law of the material (Chapter 3)
although formulated in terms of octahedral rather than
Cartesian stresses and strains is defined in incremental
terms.,

4,2 Derivation of the element stress/strain matrix

4.2.1 Relationships between octahedral and Cartesian

gquantities

The tangent global stiffness matrix, [ktl‘ is ass~-
embled from the individual element stiffness matrices
using Eqn 4.3. These matrices relate the four Cartesian
stress components tc the four Cartesian strain components
and so may in general contain sixteen terms. The material
model developed in Chapter 3 relates the two octahedral
strains to the two octahedral stresses and contains only
four terms. Clearly some method is needed which derives
the tangent stress/strain matrix, [D], from the relation-
ships defined by Egn 3.R.

Love (1944) states that the quantities

]1=°x+ay+az CRC R (506)
and
2
I, = Ux“y"'°y°z“'°z°x"°3y-°92“°%x s (6T

are invariant with respect to rotation of the x, y, and
z axes, and so by rotating the axes so that they

are coincident with the principal axes

||=O]+ 02"' 03 LR (40R}

B s



and
I, = 0,0,+ 0,0, + 030, ] G490

Using Eqns 4.8, 4.9, 3.4, and 3.5, the octahedral shear

stress is given by

=2 _312]’/ oo h ik 10)

and the octahedral normal stress by

L]
3

o = redd Nk 17D

For the stress conditions dealt with here, ayz and LR

are zero and so, substituting from Egns 4.6 and 4.7 into

Egne 4.10 and 4.11

%
""/%[ 0‘$+o§ axcy—aycz—azox-r.”ogy] valif4a12)
and
o:-é—[ox+cy+oz] AR G

Egns 4.12 and 4.13% define the relationships between the
Cartesian stresses and the octahedral strescses but the reqg-
uirement is: for relationships between the increments of
stress. The chain rule of partial differentiation may be

used here to give

- * Ot * Ot * J7 ¢ oW
T = Oy + © + 0 + o
"aax Yaay %30 do, % Bcw
and
° do s 9g do
g = o - 99 "+ &
Jo, aay “Jo,

or in matrix form



. Ox
% S

:[S] .y .- e e (dn14)
o Oxy

where [S] is a8 2 x 4 matrix whose elements are the partial
derivatives of the octahedral stresses with respect to the
Cartesian stresses. The differentiations can be perfor-

med on Eqns 4.12 and 4.13 to give

(20, -0y -0,)/3¢ (20y- 0, =0,)/37 204y (20, =0y -oy]/}r

1 1 0 I

The relationships between the strain increments are

derived in a similar way by noting that (Love, 1944)
Jy = & + g8y + ¢

and

. 1 2 2 2
.]2 = z:,(ssr + ‘y‘z + E,€, - ;-(cx), + cyz + czx)

are invariants of strain and so

v = 2 —312]

.

[ 2
_2% € + ‘? + e = Exfy = By = Eztx*'%(‘xzy + ey "‘522:()] o+ (415
and i
£ = _'13_‘_ = —:I-;-[gx-{- sy +cz] veen (42 16)

By differentiating Eqns 4.15 and 4.16, the relationship

&
[:] - [R] :L s ke 57
&

may be derived where [R] is a 2 x 4 matrix given by

S



4(2ey ~ey -€,)/37 426y -5; -6 )/B3Y 2 4(2e; g, -g) /3Y

(1]~ 4

Combining Egqn 4.14 with the incremental form of Eqn 4.2

| I 0 I

gives e
] ¥
| = [sIo] E‘L sonmie WA HB)
- Ez

and combining Egn 3.8 with Egqn 4.17 gives

= [C][R] .y LR (4-19)
& Xy
= €z
where 3
e
[c] = [4]
and o
. %
Lk
: |49y . Baa
Comparing Egqns 4.18 and 4.19, the relationship
(s][p] = [CI[R] voo i #20)

is obtained.

The left and right hand sides of Eqn 4.20 are matrices
with dimensions (2 x 4) and, as all the components of the
left hand matrix must equal all those of the right hand
one for equality, Eqn 4.20 provides eight individual equ-
ations for the components of the matrix [D].

4,2.2 Extra assumptions

The material model developed in chapter % cannot
define the sixteen components of [D]explicitly. In fact
a model with four independent parameters is the most soph-
isticated that can be derived from measurements using a
standard triaxial cell because there are only two indep-
endent stresses and two independent strains operating in

such a device. More complex models are the result of
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making additional assumpticns. For instance, eight equ-
aticns have been derived above because although the mater-
ial model has been derived from stress states on the triax-
ial plane, it has been assumed to apply for states away
from it.

[D] contains a total of sixteen components and so a
further eight independent equations must be found. The
additional assumptions used to determine these extra equ-
ations are as follows:-

a) A normal strain ir the direction of one coordin-
ate axis affects the normal stressee in the direction of
the other two axes equally. Thies assumption is illustrated
in Fig. 4.4 (left) which shows a rigid cubic box of unit
dimensions containing the granular material. If one face
(in this case the top face) of the cube is moved inwards

giving a strain change ¢ then it is assumed that the

y!
stress changes on the faces of the box, gy and o, are
equal. As the faces of the box can be moved in any of

three directions, this assumption gives three equations

9oy . 99 -

Bey ae, or d12 = dde
do do

%oy _ 99 a

do do

=2y X =

T v o - R

b) A shear strain in one plane does not affect the
stress normal to that plane. Fig. 4.4 (right, shows the
cubic btox subjected to a shear strain Exy' As relative

motion occurs between adjacent grains there is a tendency
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for the area of the material in the plane of the motion

to increase to overcome interlocking (Lambe and Whitman,
1969). However, the area is fixed due to the rigid nature
of the box and so this expansion is resisted by stress
changes ;x and ;y at the faces of the box. As there is

no relative movement in the other two planes then éz will
be zero. Because there is only one non-zero shear strain

to be considered, this assumption gives rise to one equ-

ation which is

g—‘:::o or d45 = 0
c) The shear stress in the x,y plane is affected
only by changes in the corresponding shear strain and the
sensitivity of this shear stress to changes in the shear
strain is the same as the sensitivity of the octahedral
shear stress to changes in the octahedral shear strain.

This gives rise to four equations

%‘E’ih 0 or d51 = 0
%?;h 0 or d52 = 0
.g%:;= 7 9% B35 51
é%fy 0 or d34 =0

where 01118 the first element of [Cl. All the above ass-

umptions are valid for the case of linear, homogeneous,
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isotropic, elastic materials.

It may seem to the reader that rather a large number
of assumptions have been made but these assumptions must
be set in their proper context. Firstly, the level of
assumption is less than that made by previous workers
(Chapter 3) who derived the matrix [D] by measuring two
independent parameters on the material sample and assumed
that the relationships between the components of [D] were
the same as for a linear elastic material obeying Hooke's
law. Thus they produced [D] from two measured parameters
whereas the author has produced [D] from four measured
parameters. Secondly, even if the sixteen components of
[D] could be measured directly, this would need a vast
amcunt of controlled experimentation to determine the
gensitivity of each stress component to changes in each
strain and also the way in which these sensitivities depend
on the stress levels. As well as the large volume of ex-
perimental work, a device would need to be designed that
could apply three independent normal stresses and one shear
stress to a sample and measure the associated strains. The
author feels that both these tasks are impracticable.

The eight individual equations defined by Fgn 4,20
together with the eight from the extra assumptions are
now sufficient to define [D] whieh, on solution of the

sixteen equations is given overleaf where

o= c]iR]
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4,3 Description of the computer program

4,%5,1 The basis of the program

The loading of grain into a silo is usuvally a cont-
inuous process in that new grain is continuvally being added
to the grain mass already in place. At the same time the
boundaries of the grain mass, for example the walls of
the silo, may be deflecting. The computer program simul-
ates this continuous process by one in which discrete lay-
ers of grain are successively added to the mass and where
each additional layer may be accompanied by a discrete
deflection of the structure (Fig. 4.5).

The simulation starts with a layer, which is usually
divided into several finite elements, being deposited onto
the floor of the silo. The load on the layer arises from
the weight of the grain itself and may be represented by
applying downward forces to the nodes (Zienkiewicz, 1971).
The weight of each element is divided into three equal
parts and each part is assumed to act at one of the nodes
of the element. These forces appear in the load vector

[F] of Eqn 4.5. The global stiffness matrix [kt] is then

L .



assembled by calculating [D] for each element, forming
the element stiffness matrix (Eqn 4.3), and then adding
in the contribution of each element to the appropriate
location of [kt] . Once Egn 4.5 is set up it is solved
(Sect. 4.3.%3) for the unknown displacement vector [é],
any known boundary displacements being eliminated from the
set of equations beforehand. The resulting strains and
stresses are then calculated for each element by applic-
ation of Eqns 4.1 and 4.2. After the new layer has been
placed, a8 new stiffness matrix is set up and the equations
solved for the displacement increments which occur during
the load step. The strain and stress increments are calc-
ulated as before and the strain and stress levels after
placing the second layer are calculated by adding the inc-
rements tc the values calculated at the previous step.
This process is continued until the full loading history
has been simulated.

It is important to remember that [%] ie an incremen-
tal load vector and that when the new layer is placed [f]
contains the incremental lcads only i.e. those that arise
from the weight of the material in the new layer.

4,3,2 The two passes

As the stress/strain properties of bulk grain depend
on the stress levels, some representative value of stress
must be chosen at which to evaluate them. One method is
to use the stresses at the start of the load step and to
evaluate the stresses at the end of the step by

[ = [o,] + [o(n)]
th

where [on] is the stress vector at the end of the n’" step

aﬂ+1]

and o(n) indicates that the stress increment has been
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calculated using the material properties at the stress
levels at the end of the nth step. This particular method
of numerical integration is known as Euler's method. Al-
though simple, Euler's method can lead to significant
departures from the stresses of the real continuous system
(as in Fig. 4.2) and so some refinement is called for.
The method used in this work is one of the general categ-
ory of Runge-Kutta methods (Smith, 1977). It is a two
pass method in that it requires the set of equations to
be set up and solved twice for each load step. The first
pass uses Euler's method and produces a trial set of str-
esses
(o4l = [o,] + [S(n))

The second pass repeats the first one but evaluates the
material properties with the stresses at the end of the
first pass and produces a second trial set of stresces

(o

hialt) = ogd o [&(n+1)"]

The final values for the stresses at the end of the n +1th

step are taken as the average of the two trial values.
This version of the Runge-Kutta technique is known as Heun's
method (Smith, 1977)

4,3, Solution of equations

A characteristic of the global stiffness matrix is
that it is sparse, i.e. many of its components are zero.
This sparseness suggests that an iterative method for
solving the equations would be appropriate (Korn and Korn,
1968) as does the fact that a reasonable starting value
for the iterative solution is available from the solution
at the previous pass (for the second pass) or from the

previous step (for the first pass). In another applic-
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ation of the finite element method to a non-linear mater-
ial (Marchant, 1976), the author found that the method of
successive over-relaxation (Forsythe and Wasow, 1960) gave
a good balance between computer time and storage require-
ment and so this method has been used here. The method
takes each row of the matrix equation 4.5 in turn and
rearranges it so that the corresponding unknown displace-
ment is the subject of the equation. For instance, row i,
which is
L] m .
Fi = Z(kl)ifaf

where m is the number of equatlons, gives

.

5 = [ 2 (kllgﬂ/(kt)n v (4.21)
A residual, r, is defined as belng the difference between
the value of éi at the stage of the iteration reached and
the value given by the right hand side of Egn 4.21. This
residual is then multiplied by a constant, Q, (the over-
relaxation constant) and added to éi thus producing an
improved estimate. After each row of Egn 4.5 has been
dealt with in this way, the iteration cycle is repeated
from row 1 until all the residuals are less than a pre-
set figure. If Q=1 the method is identical to the Gauss-
Seidel method (Korn and Korn, 1968) but a faster rate of
convergence can be acheived by setting Q to a figure between
1 and 2. Unfortunately no general rule exists for the
optimum value of Q but a value of about 1.3 has been found
to be satisfactory in this work.

4,%3.4 Elements with special stress conditions

The calculation of the parameter a of Chapter 3

11
within the finite element program presents a problem when

the normal stress, o, is zerc. 1In this case I becomes
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infinite because it contains o in its denominator. The
problem occurs when the stresses are being calculated in
an element for the first time (newly placed elements) and
to overcome it a term o’ is used in place of o to calcul-
ate 814 and 854 o' is set equal to o except that it is

not allowed to fall below the minimum value used in the

tests to determine a and C (i.e. 4kPa, Chapter 3).

11
Another problem occuring with newly placed elements

is that the term

Eals T
m Koo

is indeterminate because both T and o are zero. With a
finite value of o and with increasing v, this term incr-
eases from zero and approaches a value of 1.0 as the material
approaches failure. Fm may therefore be thought of as

the mobilized fraction of the shear strength. The choice

of a suitable initial value for F_ (Fmo) will be returned

to in Sect. 4.4.5.

As the finite element.method gives only an approx-
imation to the true stresses, conditions of stress may
occur in some elements which cannot occur in the real
grain. Two cases are identified here:-

a) Elements in which the strength limit of the grain
is exceeded. The bulk grain becomes progressively easier
to distort as it approaches failure and so the changes in
shear stress become smaller for a given change in shear
strain. In the extreme case, when Em= 1, a change in the
shear strain causes no change in the shear strecss at all
and so0 Fm cannot increase any further. In the finite

element representation however the stress changes are
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discrete and Fm may change rapidly, especially at low
values of stress, and may overshoot the value of 1.0,
This problem is dealt with by limiting the value of Fm
used to calculate a4 and as,
just below 1.0. The choice of a suitable value will also

to a figure (le} that is

be dealt with in Sect. 4.4.3.

b) Elements in which the principal stresses are not
all compressive. As the bulk grain is cohesionless, the
normal stress on all planes must be compressive. In the
simulation however, again due to its discrete nature, one
or more tensile principal stresses may occur. When this
arises a procedure similar to the initial stress method
described by Zienkiewicz (1971) is used.

This method enables stresses that are outside a per-
mitted boundary to be reduced to that boundary vezlue. This
is done by first calculating the amount by which the stre=ces
in the element exceed the boundary i.e.

[og] = [o] = [og]
where [cB] is the boundary stress vector and [oO] is the
overshoot. A set of nodal forces equivalent to the over-
shoot is calculated from the relationship

(E,) = [B]' o)

(Zienkiewicz, 1971) and the set of equations (Egn 4.4)
solved again with [FO] added to the load vector [F] and
an initial stress vector -[00] added to the element
stresses. In this way the amount by which the element
stresses overshoot the boundary is sheg from the element

and redistributed on to its neighbours. The procedure

as described by Zienkiewicz is an iterative one and the

process of calculating the overshoot and redistributing
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it is repeated until the changes from one iteration to
the next are not significant. This method can be very
efficient in terms of computing time because, although
the whole set of equations must be solved on each iter-
ation cycle, the matrix [k] of Eqn 4.4 does not change.
If the equations are solved by inverting [k] the inversion
need only be carried out once and subsequent solutions
are obtained by matrix multiplication i.e.

(8] = [(IF] + [Fy)

The method is applied here in a slightly different
form by calculating the principal stresses in each element
after the second pass at each load step. If any of the
principal stresses are negative (i.e. tensile), the program
attempts to eliminate all the stress components in that
element by setting [o,] equal to [o]. At this stage, the
method used here differs from that described by Zienkie-
wicz. Becsuse of the way that the equations are solved
(Sect. 4.%.3%) the inverse of [kt] is not available and so
repeated solution of the equations would be very time
consuming. To overcome this problem, —[aO] is added to
[0] at the end of the second pass of each locad step but
the load redistribution is not carried out until the next
load step. By using this procedure, tensile stresses can
be eliminated without the need for extra solutions of the
equations.

4,3.5 Boundary friction

The program allows limiting friction to be simulated
at any of the horizontal or vertical boundaries using the
same method as Jofriet et al. (1977). If, for instance,

a horizontal boundary has a coefficient of friction My
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then the horizontal forces at the nodes along this boundary
will be given by

Fxi = PpFyj
where the direction of the horizontal force is in oppos-
ition to the horizontal displacement at the boundary.
Each node where limiting fricticn applies will give rise
to one such equation (although in the author's program
the forces are incremental forces) and these extrs equat-
ions are incorporated into the main set (Eqn 4.5) as follows.
The rows from Egn 4.5 arising from the ecuilibrium of node

i are

in = in seee il e R2)

L]
Fyi 3 R)"i LR (4-25)

where in and F are the incremental horizontal and vert-

yi
ical forces at node i and Ry 4 and Ryi are the right hand
sides of the relevant rows of Egqn 4.5. To incorporate
the fricticnal boundary conditicon Eqn 4.23 is multiplied
by By and subtracted from Eqn 4.22 which gives
0 = Ryj= Ry;

and eliminates Eqn 4.2% from the set. This procedure and
the corresponding one for vertical boundaries is repeated
for each frictional node.

After their equations had been solved, Jofriet et al.
examined each frictional node to see if the assumed sign
of the friction was consistent with the relative directions
of the force and the displacement. If the force was not
in opposition to the displacement the sign of the fricticn

was changed and the equations solved again. The author

has found that this refinement is unnecessary and, with
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the author's program, the sign of the friction is spec-
ified in the data.

4.5,6 Side wall friction

Plane strain conditions apply only to infinitely long
straight retaining walls or walls of a finite length where
the side walls are frictionless. In any practical case
neither of these conditions are fulfilled and so some means
must be found to assess the effect of side wall friction
on the loads on the main walls. The ideal way of doing
this would be to treat the stress analysis as a completely
three dimensional one. However, experience with the two
dimensional analysis has shown that, although possible
in principle, this would be impracticable. As well as
needing many more ncdes, extending the method into three
dimensions would require the solution of three equations
for each node at each step instead of two and so would
lead to solution times which would be unacceptably long.

Eransby and Smith (1975) have shown that the three
dimensional problem can be reduced to one in two dimen-
sions by assuming that the shear stress mobilized at the
side walls changes at a uniform rate across the width i.e.
in the z direction. They have shown that the three dim-
ensional differential equations describing the equilibr-
ium of the granular mass reduce to a form similar to those
applying to the plane strain case except that an extra
body force term must be included. This body force term
is analogous to the gravitational force but its direction
is opposite to that of the displacement. If the width
of the silo is W then the magnitude of this body force is

p = 2“’5“2
W
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and so the actual force on a prism with a small cross
sectional area AA extending across the width of the silo
is BpsdzAA -

Bransby and Smith used this technique in conjunction
with the method of characteristics (Sokolovskii, 1965)
to investigate the effect of side wall friction on model
tests but it is also suited for use with the incremental
finite element method. In the author's program the body
force and the normal stress in the z direction are increm-
ental quantities. The body force for any particular step
is calculated using the 2z stress increments and the dis-
placement directions which occured at the last step. This
is felt tec be reasonable as the increments in stress are
fairly constant if each new layer is of a constant thick-
ness but it does slightly underestimate the value of the
body force because the stress increment at the top layer
is assumed to be zero. This extra body force is incorpor-
ated in the same way as the gravitational body force (spec-
ific weight) that is by taking the area AA as the area of
an element and assigning one third of the force to each
node. As mentioned by Bransby and Smith, this method will
underestimate the effect of friction near the side walls
and overestimate it near the middle but should lead to a
figure representative of the average effect across the width
of the silo.

4,4 General characteristics of the finite element model

4.4,1 Non-linear relationships between octahedral and

Cartesian quantities

Initial trials of the computer program using non-

linear relationships between the octahedral stresses and
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strains and the Cartesian stresses and strains (the [S]
and [R] matrices of Sect. 4.2.2) were disappointing. The
large strains which occured when the material was close to
failure gave rise to components of the [R] matrix which
varied widely from element to element and between load
increments. This led to extremely uneven and unrealistic
stress distributions and sometimes to the setting up of
sets of equations for which the solution routine was un-
stable.

To overcome this problem the components of [s] and
[R]nad to be kept constant and were set at the values which
apply for stress conditions on the triaxial plane. The
justification for this simplification is the same as that
given in Sect. 3.3.2, i.e. for the applications dealt with
here the intermediate principal stress will be of a gsimilar
value to the minor principal stress.

4.4,2 Effect of changing the element size

When using the finite element method a balance must
be made between the time taken for the preparaticon of data
and running the program, and accuracy. Smaller elements
will lead to increased accuracy but at the expense of an
increased time taken to solve the procblem. Experiments
were therefore carried out with the computer program to
determine the effect of changing the element size on the
calculated values of wall stress and the time taken for
solution.

A plane strain situation wss chosen for this invest-
ication which simulated the loading of wheat in horizontal
layers into a silo where the distance between the front

and back walls was 4m and the final depth of grain was
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also 4m. The stress/strain properties of the wheat were
as given in Table 5.1. The walls of the silo were assumed
to be perfectly rigid and the front and back walls to have
a coefficient of friction of 0.3. There was assumed to be
no slip between the grain and the floocr of the silo. This
assumption was Justified because the maximum ratio between
the shear and normal stresses calculated by the program

at the nodes along the floor did not exceed C.05, a value
less than any practical coefficient of friction. The side
walls of the silo were frictionless and the values of the
parameters Fmo and le (Sect., 4.%3.4) were taken to be 0.5
and 0.968 respectively. The seemingly strange choice for

le is that which gives a maximum value for a (that at

i
failure) equal to 1000 times its minimum value (that under
hydrostatic stress conditions). The standard element con-
figuration is shown in Fig. 4.6. The elements were all
isosceles triangles obtained by dividing a rectangle into
four and the loading was simulated by dividing the filling
into equal horizontal layers. As the cross section was
symmetrical it was only necessary to perform calculations
on one half, the centre line being represented by a fric-
tionless vertical boundary. The horizontal stress on the
wall was calculated at each boundary node by averaging the
stresses in all elements connected to that node.

To determine the effect of changing the vertical size
of the elements, the program was run using six, eight,
ten, and twelve horizontal layers. The strese distrib-
utions calculated using different numbers of layers (Fig.
4.7) were almost indistinguishasble but the time taken for

the sclution roughly doubled for each additional two layers
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and ranged from 9C seconds (6 layers) to 567 seconds (12
layers).

To determine the effect of changing the horizontal
size of the elements, the half cross section was divided
into two, three, and four columns of rectangles using eight
layers (Fig. 4.8). Again the stress distributions (Fig.
4,9) were little affected by the size of the elemente bhut
the solution time roughly doubled for each extra column
and varied between 105 seconds (2 columns) and 4R6 seconds
(4 columns).

For general use it would be inadvisable to use the
least number of columns along with the least number of
layers even though the accuracy would probably be accept-
able with the silo configuration of Fig. 4.6. The effect
of element size on the calculated stress distribution may
depend on the silo geometry and so to provide a "factor
of safety" it is recommended that at least three columns
of elemente and eight layers be used as a general rule.
Unfortunately, if the cross section is not symmetrical
the whole of it must be analysed. To keep the same elem-
ent size as in the symmetrical case this would require
gix columns which, because the solution time roughly
doubles for each extra column, would take about 2000 seconds
to solve. This is felt to be unreasonably long and so
for unsymmetrical cross sections five columns are recomm-
ended. If necessary, three columns could te used in one
half and two in the other where accuracy on one particulagr
side is more important.

4,4,3 Effect of changing the parameters Fmo and Fm

¥
The parameter F__ defines the fraction of the strength
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of the material mobilized when the stresses are zero, that
is on the first pass of the program for elements in newly
placed layers (Sect. 4.3.4). Recause F . should represent
some average value during an element's initial load inc-
rement, it was felt that the effect of changing this para-
meter might depend on the stress conditions likely to be
found during that lcad increment. Because of this the
computer program was run to simulate two different cases
leading to different stress systems. In the first, both
the front and the back silo walls were allowed to deflect
by outward rotation about their bases during the loading,
The final wall movement, measured at the top of the wall,
was C,1% of the depth. Eight layers were used with three
columns of rectangles for half the cross section as in
Fig. 4.8, 1In the second case only one wall was allowed
to rotate outwards to a final figure of 1% of the depth
of grain and, since the system was no longer symmetrical
the whole cross section had to be analysed and five vert-
ical columns of rectangles were used (Fig. 4.10). In both
cases the amount of rotation was equal for each layer app-
lied and Fmo was varied between 0.2 and 0.8 with le set
at 0.968. The solution times for F o equal to 0.2, 0.4,
0.6, and 0.R were 402, 360, 168, and 183 seconds for 0,1%
rotation and 657, 627, 294, and 378 seconds for 1% rotation.
The effect of changing Fmo is, to some extent, self
compensating. For example, setting Fmo to a value close
to 1.C means that newly placed elements will have a high
(Sect.3.3.1) because a

value of the parameter a cont-

14 11
ains a term (1 - Fmo)2 in its denominator. This results

in a large octahedral shear strain being necessary to give
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any appreciable change in the octahedral shear stress.
However, the parameter as5 is independent of Fm and so

the octahedral normal strain needed for a given change

in the octahedral normal stress is unaffected. PRecause

of the presence of surrounding material and the boundaries
of the silo, there is some constraint on the strain in

any particular element and so this large value of ¥
leads to an octahedral shear stress change that is small

compared with the change in octahedral normal stress. This

results in the material being stronger i.e. F

i is lower,

at the end of the first pass and so the element starts

the second pass with a low value of Fm as a result of a
high value at the beginning of the first pass. Conversely
if a low value of Fmo is chosen the element starts the sec-
ond pass with a higher value and so, as the mean of the stress
changes over the two passes is taken, the stress conditions
at the end of the first step are reasonably independent

of the choice of Fmo’ This compensation also occurs from
step to step as well as tetween separate passes on the same
step and as more layers are placed on top of an element

the choice of F_  becomes increasingly less significant.
This effect can be seen in the stress distributions at the
walls of the silo (Figs 4.11 and 4.12) for the two differ-
ent conditions of wall rotation where the spread of calec-
ulated stresses is larger nearer the surface. For both

the 0.1% rotation and the 1% rotation (where the stresses
on each wall are different) a value of Foo °f 0.6 gives
gtrecsses which are about halfway between the extreme read-
ings. As this value also requires a significantly smaller

computing time, it will be used for the rest of the work.



The parameter le is the maximum allowable value of
F, (Sect., 4.3.4). From Eqn 3.21, a,, changes from its
value under hydrostatic stress conditions (when Fh = Q)
)2

to a maximum (when E = le) in the ratio (1 - Foq) e

and so le also determines the allowable range of 8,40
With Fmo = 0.6 and using the same two conditions of wall
rotation as in the previous case, le was chanced in the
range 0.683 to 0.990 (a,, (max) /a,, (min) =10, 1CO,

1000, and 10000). The stresses at the walls were virtually
indistinguishable for all values of le and, as they were
so close to those of Fig. 4.12 with Fmo = 0.6, they were
not plotted. The solution times were also virtually the
came for all values of le. The lack of dependence of the
stresses on le wae due to the fact that very few elements
reached a stress state such that F was greater than C.683
and so the choice of F.1 was unimportant. Kulhawy et al.
(1969) used Hooke's law with a non-linear form of Young's
medulus (Et) to describe their material when simulating

the construction of an earth bank dam (Sect. 3.2.3). They
found that the calculated stresses were unaffected by the
choice of the minimum value of Et provided it was less than
1/10C0 times the value under hydrostatic conditions. As
a,, is proportional to 1/Et in a material that obeys Hooke's
law, the ratio a11(max)/a11(min) in the author's material
model is analogous to Et(minJ/Et(max) in that of Kulhawy

et al. and so a value of 10C0O as used by Kulhawy et al,

will be used for the rest of the work.

4,5 Effect of parameter changes on wall stresses

4,5.1 Effect of wall rotation

The computer program was run to calculate the horiz-
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ontal wall stresses for the same silo as used in previous
runs i.e. depth of grain, 4m; distance between front and
tack walls, 4m; front and back wall friction coefficient,
O.3. The filling was assumed to be in eight horizontal
layers and the side walls were assumed to be frictionless.
The computer program was run to simulate the front wall
rotating about its base so that the top of the wall moved
outwards by O, O0.1%, 0.2%, 0.5%, and 1% of the final depth
of grain (D). The final rotations were assumed to be
achieved in equal steps at each lcad increment. The
stresses (Fig. 4.13) became progressively smaller as the
maximum wall rotation was increased and those for the run
with 1% wall rotation were about 10¥ lower than those with
zero rotation. The ratio of the horizontal force of the
grain on the wall to that of a liquid having the same den-
sity (the K value) was also calculated for each run by
integrating the stress distributions using the trapezoid-
al rule. The K values varied from 0.424 to 0.380 and their
relationship to the rotation was represented extremely
well by a straignt line (Fig. 4.14),

The stresses calculated with the computer program
can be compared with the practical tests of Terzashi (193%4).
Terzaghi measured the force on a wall 2.14m high by 4.28m
wide which formed one face of a bin measuring 4.28m from
the front to the back wall. In one series of tests the
bin was filled by lightly pouring sand into it after which
the wall was rotated outwards about its base. Terzaghi
found that the K value decreased from 0.405 for no rotation
to a minimum of 0.241 at a rotation of C.42% of the height.

This represents an average rate of 96% reduction of K for
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each 1% of wall rotation whereas the rate calculated for
wheat is only an 11% reduction of K for each per cent of
wall rotation.

The difference between Terzaghi's experimental results
and those from the finite element prcgram are due to the
following two causes:-

a) 1In Terzaghi's case the wall was rotated after
filling the bin. Rotation after filling leads to higher
strains in the material behind the wall because material
at a given level is subjected to the whole of the wall
movement at that level. Conversely, if the wall is allo-
wed to rotate during filling, material at a given level
is subjected only to the movement that occurs after that
level has been placed. Hence rotation after filling is
likely to reduce the stresses more quickly.

b) Terzaghi used sand (void ratio 0.46) whereas the
avthor's material was wheat. It has already been pointed
out that more compressible materials are likely to require
more wall movement to reduce the stresses upon them (Sect.
2.1.%) and wheat is more compressible than sand. For
example, the ratio of volumetric strain change to octah-
edral normal stress change (5322) is about ‘I.’el‘fIPa"'1 for
wheat (Sect. 3.5.1) whereas the equivalent value for loosely
poured sand (void ratio 0.50) is about 0.24 MPa~' (Domas-
chuk and Wade, 1969).

The classical formulae for calculating wall loads
(Sect. 2.1) nearly always assume that the shear strength
of the stored material is fully mobilized whereas the finite
element method does not. Comparison of the results from

the finite element program with those obtained from a class-
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ical formula will therefore determine how much this assump-
tion affects the calculated stresses. The stress distrib-
utions plotted in Fig. 4.13 were obtained by assuming a
finite value of front wall friction but zero side wall
friction. The results are therefore directly comparable
with those calculated by Coulomb's trial wedge method.

Airy (1897) gave a formula for the horizontal force per
unit width, Fx’ derived from the trial wedge method:-

2
YD A -p
F = CICI {dude
% 2A(]‘PPw+(P+Pw)A)

where

Bl + p?)
B+ Bw

A= B+
The stress on the wall at distance y below the surface
can be derived by differentiating this expression with
respect to depth hence

o, = I Bl et (.58)
A\l = BRyw + (B + Bw)A

A problem when comparing the results given by Eqn 4.25
with those given by the finite element program is the
choice of a suitable value for the coefficient of internal
friction, p, as this quantity is not directly related to
any of the parameters required for the stress/strain model
developed in Chapter 3. BRecause of this a series of tests
was conducted on the same wheat sample as used in Chapter
3, using the large shear box developed by Lawton and
Marchant (1980). The coefficient of internal friction was
measured as O0.51 with negligible cohesion. This measured
value of p and the same values of p (0.3) and Y(6.65

kN/mE) as used in the computer runs were substituted into
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Eqns 4.24 and 4.25. The resulting stress distribution
(Fig. 4.13) and the K value (0.32) were lower than those
from the finite element program by between 16% (1% rotation)
and 24% (zero rotation).

It is useful at this point to consider the possible
K values which can occur with the finite element program.
From Sect 4.3%.4

T = F,(0-6350)

where the figure of 0,635 is the value of K2 for wheat
(Sect. 3.5.1). Substituting for rt and o from Eqns 3.4

and 3.5

1
[(o1-o2)+(o2- 3)+(a3-o112]/2 0-835F, (o, +9, +0,) .. (4.26)
If the analysis is confined to the simplified case of no

boundary friction and a flat grain surface then the prin-

cipal stresses are the normal stresses in each of the three
coordinate directions and K = 05/ o,. Unfortunately S5

the stress normal to the x,y plane, is not known but for

the present let o, = C°3' The minimum value of K will be

that at failure i.e. when F,= 1« In this case, dividing

Eqn 4.26 by O3 and manipulating gives

—&2{1-60) - —'1(—(2-81(“ + 2:81) + 1-60(C%+ 1) - 281C = 0., (4.27)

which is a quadratic equation in 1/K. Sect. 3.%.2 showed
that C is unlikely to be outside the range 1.0 to 1.4 and
the solutions of Egqn 4.27 for the extreme values of C and
where o, > oz are K = 0.29 (C = 1.0) and K = 0.24 (C = 1.4),
The K value derived using Egn 4.24 with B, O and p=0.51
is 0.38 which shows that the finite element program could
predict stresses which were lower than those using Fgn 4,25

if enough wall movement were allowed so that the material
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failed completely.

Eqn 4.26 can be re-solved to give the value of P
required to produce a K value equal to that derived using
Eqn 4.24. This results in Fm = 0.78 for C = 1.0 and Fm=

0.65 for C = 1.4. 1In the computer runs the average value
of C was about 1.1 which shows that Fm had to reach about
C.75 before the wall stresses would have been reduced to
those given by Egn 4.25 whereas in most of the elements
F_ was less than 0.65 even at 1% wall rotation (Fig. 4.15).

The positions of the centres of pressure (Fig. 4.14)
were also calculated by integrating the stress distrib-

utions using the formula

where y is the height of the centre of pressure abtove the
floor. Once again the trapezoidal rule was used. Three
points are apparent from this calculation:-

a) The centre of pressure is located at about one
third the height up the wall, which is the position deri-
ved using Eqn 4.25.

b) The change in height of the centre of pressure
as the wall is rotated is small.

¢) This small change is in a downwards direction
with increasing rotation.

These conclusions are in qualitative agreement with Terz-
aghi's practical results for loose sand (Terzaghi, 19%4)
in which the centre of pressure decreased from 0.%4 to
0.30 of the depth of the sand for a rotation of O to 0.45%

of the depth.



4,5.2 Effect of front and back wall friction

The silo configuration of Sect. 4.4.2 was again used
in the computer runs to investigate the effect of changing
the friction at the front and back walls. The walls were
both assumed to be completely rigid and their coefficients
of friction were assumed to be equal and were varied in
the range O to 0.4.

The stresses calculated using the finite element prog-
ram (Fig. 4.16) were integrated to give the K values. Once
again the K values calculated using the finite element
program were higher than those calculsated from Eqn 4.24.
However, the amount by which K was reduced for a given
change in p,, (Fig. 4.17) was very similar for both methods.

When Eqn 4.25 is used the centre of pressure is always
one third of the height above the floor and Fig. 4.17 showe
that those calculated using the finite element program
were close to this especially for zeroc friction. However,
as the friction was increased the stresses at the floor
fell at a greater rate than the stresses at the higher
levels which shifted the centre of pressure slightly up-
wards.

4,5,3 Effect of side wall friction

Once again the same silo configuration was used but
this time with a constant front and back wall friction
coefficient of 0.3. The side wall spacing was set at 4m
and the coefficient of friction at the side walls was
va}ied in the range C to 0.4.

The trial wedge method does not take side wall friction
into account but Janssen's formula (Egn 2.9) does and so

can be used for a comparison with the finite element program.
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Janssen's formula assumes that the wall friction is constant
around the perimeter of the bin whereas in the silo conf-
igurations used with the finite element program Bg is usua-
lly different from Bye However, an examination of the der-
ivation of this formula shows that an equivalent value can
be used which is a weighted average of the frictions along
the perimeter, the weighting factors being the lengths of
the perimeter over which the respective coefficients apply.
If the rectangular section silo used has a side wall spac-
ing of W and a distance from front to back walls of L then
the coefficient of friction that should be used in Eqn 2.9
e BaW + KL

w+ L

l.l.w=

The ratio between the horizontal and vertical stresses,
k, used in Eqn 2.9 was that assuming total failure through-
out the material (Egqn 2.10) i.e. the value normally used
for design purposes. Again, the stresses calculated with
the classical formula were lower than those calculated
using the finite element program (Fig. 4.18). However,
the reduction of the K value with side wall friction (Fig.
4.19) was virtually the same for both methods of calculat-
ion despite the actual magnitude of K being lower when
using the classical formula. (Note that k which is the
ratio of horizontal to vertical stress is not equal to K).

The centres of pressure calculated using each method
were very nearly equal (Fig. 4.19) and both methods pred-
icted a slight increase in the height of the centre of
pressure as the side wall friction increased.

The effect of side wall friction was also investig-

ated at different widths with the depth at 4m and different
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depths with the width at 2m and the results are shown in
Figs 4.20 and 4.21. It can be seen that the stresses dec-
reased as the width became smaller but the differences
between the stresses with and without side wall friction
were smaller as the total depth decreased. This suggests
that there might be a unique relationship between the dim-
ensionless parameters AK (the difference between the K
value with side wall friction and that without) and Dps/w.
These parameters have been plotted (Fig. 4.22) for all the
computer runs that included side wall friction and it can
be seen that a single straight line describes the relation-
ship well. This line must pass through the origin as the
side wall friction effect must be zero when Bg = O or when
W is infinite and so its slope can be calculated from the

formula
(sum of y values)

C_=
5 (sum of x values)

which gives C_ = 0.082.

4.5.4 A possible simple formula for the K value

The changes in K can be related to the values of rot-
ation and front wall friction acting separately by fitting
straight lines to the data points of Fig. 4.14 and Fig. 4.17.
This gives parameters Cr (=0.045) and Cw (=0.153) which
are analogous to the parameter Ca. It is suggested that
these parameters can be combined in a linear manner to
give a simple formula for calculating the K values for
rectangular section silos with a level filling of wheat
where the wall is rotating outwards about its base. This

formula has the form

K = Ky = Cwhw = Crr = G DV::S
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where Ko is the K value with zero front wall friction,
zero rotation, and zero side wall friction. From Fig. 4.17

K, is 0.470 which gives the formula

K = 0:470 - 0-153p,, - 0-045r - 0-032% asy k.20

Table 4.1 shows all the values calculated using the
finite element program along with those using Eqn 4.28
and it can be seen that the agreement is excellent over
a wide range of conditions except when the depth is not
equal to 4m. The relatively poor agreement for shallower
depths could be due to Ko being dependent on the depth agd
S0 Ko was re-calculated by integrating the stress distrib-
ution with R = O of Fig. 4. but this time down to depths
of 2m and %m only. This gave values for Ko of 0.491 and
0.479 respectively which, when used instead of 0.47C in
Eqn 4.28 resulted in calculated values of K which were
much closer to the ones from the finite element program.
These are shown in parentheses in Table 4.1.

It is felt that this approach could lead to the prod-
uction of simple design formulae from results obtained
from the finite element program. However, more work would
need to be done in the following areas:-

a) An investigation of the K values over a wider
range of the variables.

b) The determination of equivalent values for r when
the wall movement is not a simple rotation.

¢) The determination of equivalent values for D when
the surface is not flat.

d) The determination of the variation of K_, C,» Cpo
and CB with the mechanical properties of the grain, probably
as functions of dimensionless groups formed with the a para-
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meters of Chapter %, the specific weight, and the depth,

e.g. C_ = f(a,,/YD).

These points are left as suggestions for further work.

4,5.5 8ilos with circular cross sections

Although the practical measurements of wall stresses
in this work are confined to a silo with a rectangular
cross section (Chapter 6), the finite element program has
been written to handle cases of silos with circular cross
sections. The horizontal wall stresses on a silo with
perfectly rigid walls filled with wheat to a depth of 4m
have been calculated with the finite element program. In
the first set of runs the diameter was 2m and the wall
friction was varied from zero to 0.4 while in the second
set the wall friction was held constant at 0.3 and the dia-
meter was changed from 2m to 4m. In both sets the stresses
(Figs 4.23 and 4.24) were higher than those calculated
using Janssen's formula but, as with the rectangular section
silos, the reduction of the K value with wall friction
and the heights of the centres of pressure were similar

(Fig. 4.25)-
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Table 4.1

K values calculated using the finite element program and
also using the proposed simple formula.

Py r D Mg K K
4 m m F.E.M Eqn 4.28

0.3 0 4 4 0 0.424 0.424

0.3 0.1 4 4 0 0.419 0.420

0.3 0.2 4 4 0 0.415 0.415

0.3 0.5 4 4 0 0.401 0.402

0.3 1.0 4 4 0 0.380 0.379

0 0 4 4 o} 0.470 0.470

0.1 C 4 4 0 0.453 0.455

0.2 0 4 4 0 0.438 0.43%9

0.3 0 4 4 0 0.424 0.424

0.4 0 4 4 (o} 0.412 0.409

0.3 0 4 4 0.1 | 0.416 0.416

0.3 o) 4 4 0.2 | 0.407 0.408

0.3 o) 4 4 0.3 | 0.399 0.400

0.3 0 4 4 0.4 | 0.391 0.391

0.3 0 4 1 0.3 | 0.332 0.326

0.3 0 4 2 0.3 | 0.375 0.375

0.3 0 4 6 0.3 | 0.407 0.408

0.3 o) 2 2 0 0.452 | 0.424 (0.445)
0.3 0 2 2 0.3 | 0.423 | 0.400 (0.420)
0.3 0 3 2 (o) 0.437 | 0.424 (0.433)
0.3 o) 3 2 0.3 | 0.398 [0.387 (0.396)

Note:~ The figures in parentheses were obtained by making
Ko a function of depth.
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Fig. &.1 Simple friangular cross section finite element shown before (solid
lines) and affer (broken lines) distortion. Nodes shown thus :-e .

Y, — "
o= 1 P
5
g o Y Tan (L)
&= 0
£
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TS T
Load, L L

Fig. 4.2 Left, compression/load characteristic of a non-linear spring. Right,
detail of first part of simulation showing ftrue curve (solid curve)
and simulated curve (broken lines).
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Calculate [D] for each element as
a function of element stresses

Calculate stiffness matrix for
each element

Assemble element stiffness mafrices
info global matrix [ki]

Set up load increment
vector [F]

Eliminate known displacement
incremenfs from equations

Solve equations for unknown,
displacement increment vector [ 4]

Calculate element strain and
stress increments from [ 3]

Add stress and strain increments
to existing stresses and sfrains
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Fig. 4-3 Flow chart illustrating incremental finite element method .



Fig. &4-4 Cubic box of unit dimensions before (solid lines) and affer (broken lines) distortion. Left, normal
strain change r:’,. Right, shear strain change ¢
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Fig. 4.6 Standard element configuration.

Lot

Depth below surface, m

{. 1 L 1 i L 1 1 1 1 (]

0 1 7 3 4 5 6 7 8 9 10
Horizontal stress at wall, kPa

Fig. 4.7 Stress distributions at the wall for various numbers of layers .
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CHAPTER 5

EXPERIMENTAL EQUIPMENT FOR THE MEASUREMENT OF WALL LOADS
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5.1 Design of the test silo

5.1.1 Design philosophy

The loads imposed on a gilo by stored grain are expected
to depend on a number of variables, among which are:-

a) The mechanical properties of the grain and the
silo, e.g. the bulk density and stress/strain properties
of the grain, degree and mode of flexibility of the structure,
friction between the structural material and the grain.

b) The geometry of the silo, e.g. whether the retaining
walls are curved or flat, the proximity of the side walls.

¢) The way in which the silo is filled, e.g. the
shape of the deposited heap of grain, the depth of fill.

Bven if a silo could be designed so that the above
quantities could be varied in any required manner, its cost
would be prohibitive. However, it is felt that the design
to be presented here enables the effects of the variables
to be studied in sufficient detail to validate the finite
element model yet still falls within the financial constraints
of the project (National Institute of agricultural Engineering,
1977). It is also likely that the structure will be used
to study the loads resulting from materials having much
larger particle sizes (e.g. potatoes) than the ones of
immediate interest and so, while some of the measuring
and handling equipment has been designed specifically for
small grains, the basic design could be adapted for other
materials at a later date.

5.1.2 Main wall framework

The structures laboratory of the Farm Buildings Division
at N.I.A.E. has a specially designed floor that is provided

with tapped sockets spaced in a 1m square grid pattern.
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1o suit this spacing the main retaining wall, on which force
and stress measurements were taken, was made up of six
identical steel framed modules each 4.5m high and 1m wide.

By using different numbers of modules, the wall could be
varied in width from 1m to 6m in steps of 1m (Fig. 5.1).

Each module was made of heavy gauge (150 x 100 x 10mm)
rectangular hollow steel members welded together and connected
by two pin joints on to two posts which were welded to
T-shaped sections (feet) bolted to the floor. External
struts, each one serving two adjacent modules, supported

the main retaining wall and they were pin jointed to sections
bolted to the floor and also to the modules (Fig. 5.2).

The wall could be rotated about its lower pin joint either
after the silo had been filled or during filling. In the
first case the struts were shortened by activating the
hydraulic cylinders which formed their lower ends, and in

the second case by inserting steel disk springs between

the ends of the struts and the body of the hydraulic cylinder
(Fig. 5.3). By replacing some or all of the springs by

rigid stops, various wall compliances could be achieved.

A set of stops in each of five different sizes was made
which allowed for wall rotations of up to about B8Omm away
from the vertical when measured at the top of the wall.

5.1.3 Facing panels and stress measuring points

Each main wall module carried four 1m square timber
reinforced plywood panels which were bolted to the steelwork.
The 19mm birch faced plywood was reinforced on the outside
(i.e. the side not in contact with the grain) by 100 x 50mm
fully prepared timber sections glued and screwed to the

plywood. Smaller panels were bolted below the
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lowest square panel, filling in the spaces between the feet,
and also above the highest square panel =0 completing the
plywood facing of the modules.

In twelve of the square panels, two round holes were
cut which enabled instruments to measure wall stress to
be fitted (Sect. 5.3). Fig. 5.1 shows the centres of the
holes on a vertical line at a symmetrical spacing of 500mm
and so with the facing panels in this configuration the
complete wall had measuring points equally spaced at 0.5m
intervals vertically and 1m horizontally. As the panels
were square, they could be removed from the module, rotated
through 90° and replaced. In this alternative configuration
the measuring points were at 0.5m intervals horizontally
and 1m intervals vertically which was more suitable for
the study of horizontal stress distributions. Three of
the smaller bottom panels were provided with measuring
points in the spaces between the feet and these points,
which were below the level of the lower pin joints (Fig. 5.2,
right), enabled stresses to be measured close to the floor.

5.17.4 8Side walls and back wall

The side and back walls were 4.5m high and 4.5m and
6m long respectively and were bolted to the fixing points
in the laboratory floor. The internal distance between
the side walls could be varied between 5.7m and O0.7m in
steps of 1m by moving the west side wall with a hoist which
travelled along a mobile overhead gantry. There was in-
sufficient space in the laboratory to support the walls
externally and so the side walls were tied together at
five points whilst the back wall was supported by internal

steel ties bolted to the floor. Two of the side wall ties
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were fastened at the top of the walls and so were not buried

in the grain. To minimise any effect that the other three

ties might have had on the stresses exerted on the main

wall they were all positioned below the Rankine active

slip zone (Lambe and Whitman, 1969) and chains were used

instead of rigid members so that they could move to some

extent with the grain. Furthermore, by using chains it

was easier to change the width of the silo as, with suitable

end couplings, the length of the chains could be varied

easily. A plan view of the test silo is shown in Fig. 5.4,
To prevent grain spilling from the side walls when

the main wall was rotated, triangular plywood fillet pieces

(Fig. 5.5) were bolted to the main wall, one on each side.

A 50mm wide plastic strip was screwed to the edge of each

fillet piece so forming a lip type seal which was closed

by the pressure of the grain acting on it.

5.1.5 Grain handling and storage

Between fillings of the test silo, the grain was stored
in an adjacent holding bin and transferred between the two
with augers. When the silo was less than 3m wide it was
unloaded by allowing the grain to escape into a hopper
via a hatch at the base of the west wall, the auger then
tranferring it to the holding bin. When the silo was 3m
wide or more, the unloading auger was buried in the test
silo during loading but, again to minimise interference
with stresses on the main wall, its position was below the
Rankine active slip zone.

A second auger was used to fill the test silo and was
placed with its intake in the holding bin. This auger

delivered grain to a horizontal conveyor that was suspended
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from the overhead gantry above the test silo with its

belt travelling parallel to the main wall (Fig. 5.6).
Angled brushes were fitted to the conveyor which swept the
grain from the belt into the silo. With this arrangement,
the grain was deposited into a heap, the apex of which

was a reasonably straignt and horizontal ridge parallel

to the main wall.

5.2 Measurement of the total forces on the main wall

5.2.1 Measuring system

The experimental measurements in this work were carried
out using up to three modules on the east half of the main
wall only. The compressions in the four struts supporting
the east half of the main wall were measured using commercial
load cells (Novatech type F204), which formed the top end
of each strut. The forces at the points where each module
was pin jointed to the floor were measured by strain gauging
the posts on each foct section. Two sets of strain gauges
(Micromeasurements type FA06-250 VF-350) were applied to
each post in the positions shown in Fig. 5.7 and wired in
Wheatstone bridge configuration. This enabled the hori-
zontal and vertical component of the force at each pin
joint to be measured (Perry and Lissner, 1962).

Zero readings of the transducer outputs were taken
before the silo was loaded and the forces at the pin joints
calculated. After loading, the forces were again calculated
from a further set of readings and the load due to the
presence of the grain was derived by subtraction. The
horizontal and vertical components of the total force on
the main wall and the height of the centre of pressure

were calculated by resolution of forces and taking moments.
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5.2.2 Calibration technique

The load cells in the struts were supplied with calib-
ration certificates by the manufacturers. To calibrate the
transducers on the foot sections, standard load cells (Mayes
type MTLC), which had previously been calibrated on the
universal testing machine (W.H. Mayes Ltd) in the Engineering
Research Department at N.I.A.E., were used in the device
shown in Fig. 5.9. The standard load cells were set with
their axes in horizontal and vertical positions and forces
in the range O-10kN were applied to the posts by rotation
of the nuts on the threaded shafts.

It can be shown (Perry and Lissner, 1962) that the
output voltages of the Wheatstone bridge circuits are

Vi, = Kpl2v, - 2vy + 2y, - 2v,] ST D)

for the horizontal channel and

Vo= KylYay = Yoy * Yoy = Yoy * Yan = Yo * Yen = Yan) .. (5.2)
for the vertical channel, where Kh and Kv are the sensit-
ivities of the horizontal and vertical channels. The
suffices on the strains (Y) refer to the position and the
force causing the strdin, i.e. Yah is the strain at position
a (Fig. 5.7) caused by the horizontal force. If the expected
values of the strains measured in microstrains are substituted

into Eqns 5.1 and 5.2 then

Vi, = K,[240 + 240 + 40 - 40]

Vy = K20 + 6 +20 + 6 + 120 - 0 -120 - 0]
The detector should therefore isolate each force component
by adding strains caused by one component and subtracting
strains caused by the other. However, during initial calib-

rations it was found that loads applied in a precisely
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horizontal direction resulted in an output from the vertical
channel as well as the expected output from the horizontal
channel and vice-versa. This cross-coupling could have
arisen from a variety of causes, for instance manufacturing
errors in the gauges or the posts and slight misplacing

of the gauges. It was especially apparent in the vertical
channel because the strains caused by the horizontal force
were much larger than those caused by the vertical force.
For instance, if a 3% difference in nominally equal detected
strains occured due to the previously mentioned errors,

the outputs would be

Vi, = K [247:2 + 240 +41-2 - 40] = 4872 xK, +1-2 x K,

Vy = K, [20-6 +6:2 + 20+ 6 + 1236 - 0 ~120 - 0]

528 x Ky + 3:6 *x Ky
In this example the vertical force caused 1.2K. (0.3%) of
the total horizontal output and the horizontal force caused
3.6K,, (6.4%) of the total vertical output. It can be seen
that the cross-coupling on to the horizontal channel would
be negligible while that on to the vertical channel would
not. The calibration technique must therefore allow for
cross-coupling.

In an ideal situation the outputs of the horizontal
and vertical channels would be proportional to the horiz-
ontal and vertical forces (Fh and Fv) only, and could be

represented by the matrix equation
= vess (5:3)
Vy 0] Cuy £
However, in practice there will be cross-coupling, a zero
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offset, and possibly temperature drift. To admit the possib-

ility of these effects, EQn 5.3 must be modified as follows
Yh Chn  Chv||Fn Z, teh
L " s T ins LBad)
W th Cwv Fv Z, k

To investigate the effect of temperature changes the following
procedure was adopted. Befdre the foot sections were bolted
to the laboratory floor, one of them was placed in a temp-
erature controlled cabinet. The cabinet temperature was
raised to 30°C and the output voltage of each strain guage
channel was measured after allowing the foot section to
reach thermal equilibrium. The cabinet temperature was
then reduced to 200, thermal equilibrium re-established,
and the outputs measured again. The change in output voltage .
over this temperature range did not exceed 0.1mV. As the
variations of temperature in the laboratory would be much
less than this between taking zero readings and readings
on load (usually 5 hours maximum) and the expected full
load outputs were about 10mV (horizontal channel) and 2mV
(vertical channel) the temperature drift was expected to
be small. This was confirmed when the foot sections were
bolted to the laboratory floor and their outputs measured
during the course of several days. The effect of temperature
changes was therefore assumed to be negligible and the terms
tch and tcv in Egqn 5.4 were set to zero.

To calibrate each transducer, the following procedure
was adopted. Firstly three loads O, 4, and 10kN were applied
in the horizontal direction only and the outputs of the
horizontal channel vbOh’ Vhdh‘ Vh10h and the vertical channel

\'f noted. The procedure was then repeated

Vvon' Vyan» Vvion
but this time applying the loads in the vertical direction
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Vv \' and V \'

only giving outputs V vOv? Vuay) vv10v'

hOv’ "hd4v’ "hi1Cv
The Z terms of Eqn 5.4 were calculated by averaging the two

sets of no load readings i.e.

Zp = (Voon + Vno)/2

Z, = (Vyon * Vva)/2
The C terms were calculated by fitting least squares straight
lines to the appropriate items of data. For instance, Chv
(the sensitivity of the horizontal channel to vertical
loads) was obtained by fitting a straight line to data of
the horizontal output versus the vertical load and was
calculated as
Chw = Vaw * Vioy = Dhonl/ =14

Once the matrix components in Eqn 5.4 had been determined

it was possible to calculate the horizontal and vertical

components of any loads applied to a post by simple matrix

manipulation so that

= <]
F N
where [C]is the matrix of C terms.

523 Results of calibrations

The outputs of each channel (channel numbering con-
vention, Fig. 5.8) for the calibration loads are shown in
Table 5.1 and the components of the C and Z matrices are
shown in Table 5.2. The sign convention for the loads is
shown in Fig. 5.7. |

5.3 Measurement of stresses on the main wall

5.3.1 Theory

In Sect. 2.2.2 various methods of measuring the stresses

imposed on a wall by stored grain were discussed. 1t was
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Table 5.1

Outputs of transducer channels in mV at calibration loads

Channel|Horizontal loads, kN Vertical loads, kN

No. 0 4 10 0 -4 -10

Oo01 -5.95 "'10-07 0.01 O.TO 0010
1 0004 0.05 0.05 O¢O4 0.77 1.87

8 -0.06 | -4.17 | -10.60 |-0.06 0.01 0.16
2 _0"03 _0-11 -_'0-28 -0005 0069 1-72
9 0.01 -5091 -9¢95 0001 0015 0027
3 -0002 "'0008 _0-31 ".'.'0002 0.77 1-?9
10 -0.02 | -3.69 -9.36 [-0.02 0.03 0.12
5 -0.10 | -0.02 0.01 |-0.10 0.64 1.68
6 0.00 0.02 0.00 0.01 0.80 197
Table 5.2

Components of calibration matrices for each transducer

Channel Z
Nos mV mV mV/kN mV/kN mV/kN mV/kN

Tyl 0.01 0.04 | -1.003 | -0.013 0.001 | -0.183
8,2 -0.06 | -0.0%5 | -1.046 | -0.021 | -0.024 | ~0.176
9,5 0.01 | -0.02 | -0.990 | -0.027 | -0.025 | -0.186
10,4 -0.02 | -0.11 | =0.929 | -0.014 0.012 | -0.198
1145 0.0% | -0.10 | -1.026 | -0.011 0.014 | -0.180
12,6 0.02 0.00 | -0.969 0.009 0.001 {-0.196
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concluded that measurements of strains in the wall structure
would only give a rough indication of the stress distribution,
and a better method was to use separate stress measuring
gauges (sensing heads) at various positions on the wall.

This section considers the theoretical aspects of the design
of such devices

Required size of face plate

The area over which the wall stress is sensed will be
termed the face plate. The stress acting over the area of
a face plate is not continuous as it is made up of many
smaller forces which are the contact forces between each
grain and the face plate. Even if the stress in the region
of the face plate is uniform, there will be some uncertainty
in the total force on the face plate (equal to the stress
times the ares) due to the different possible numbers of
grain contacts and the possible uneven distribution of forces
between them.

To give some idea of the magnitude of this uncertainty
and so to quantify the likely errors due to this cause,
Kallstenius and Bergau (1956) assumed that the grains (in
their case soil particles) were all spheres of equal size
transmitting equal forces. They also assumed that the grains
were arranged on the face plate so that those on the periphery
were touching each other, forming a circle. This peripheral
circle was considered to be either just on or just off the
face plate and so the total range of possible forces acting
on the face plate was equal to the sum of the contact forces
of the grains on the circle. This error range was shown
to be a function of the ratio of the diameter of the face

plate to that of the grains. For an error of less than +3%,
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Kallstenius and Bergau calculated that the ratio needed to
be greater than 50 which would mean a face plate diameter

of the order of 300mm for cereal grains. These calculations
only put an upper bound, consistent with the assumptions

of equal regular grain size and packing, on the possible
error and give no indication of the probability of a given
error occurring. Errors approaching the upper bound, for
instance, may have little probability of occurring and it
may be possible to reduce the diameter of the face plate
while still keeping the likely error within reasonable
bounds. A more realistic analysis, taking into account
error probabilities, has been developed by the author and

is given below.

If it is assumed that the grains are of equal size

and, because of a regular packing, transmit equal forces
to the face plate under the action of a uniform stress

(as with the method of Kallstenius and Bergau) then the
problem reduces to one of finding the probability of a
given number of grains being in contact with the face plate.
To do this, a computer program was written to simulate

the placing of a disk on two types of regular array of
circles, cubic and hexagonal. A "cell" was scanned by fixing
the centre of the disk at regularly spaced points within
the cell. A cell was defined as being the area which

formed the basis of the array, that is the cell for the
cubic packing was a square and that for the hexagonal packing
was a 60° rhombus (Fig. 5.10), the sides of the two types

of figure being equal to the diameter of the circles. The
number of circles falling within the area of the disk was

counted for each scanning point and, when all the points
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had been scanned, the frequency of occurence of each number

of circles lying within the area was noted. In this way

a probability distribution of the number of circles on the

disk for each ratio of disk to circle diameter was determined.

There was obviously no need to scan more than one cell

as the probability distribution repeated itself from cell

to cell. The mean number of circles on the disk, n, was

calculated from the probability distribution using the formula
n= iiruﬂn)

where p(n) is the probabilig§=%f n circles being on the disk.

As expected, n was always equal to the disk area divided by

the cell area. A measure of the fractional spread of

possible numbers of circles on the disk (and so of possible

forces) was the coefficient of variation

® 1/
v I _ =2 =
V = n[nzo(n i) p{n)]

which was determined from the probatility distribution
as a function of D/d.

In practice the grains will not be spherical and so
some egquivalent grain diameter must be defined. In the
method of Matthies and Petersen (1974) measurements were
taken of the bulk density, p, and the thousand grain masse,

m, to derive the number of grains per unit volume, N, as

1000p. seas £5¢%)
m

An equivalent diameter, deq’ was then calculated equal to

N =

the diameter of the spheres packed in a regular way which
had the same number in a unit volume as the grains. For
example, a cubic packing has a solid fraction of 0,524

and so the number of spheres per unit volume is
N = 0-524 + (md®/6)
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The equivalent diameter is therefore given by
deq = N vons (5.8)
If a hexagonal packing is assumed (so0lid fraction 0.740)
deq = 1.123N "2 s K5
At first sight it would appear that V depends on the
way in which the spheres are assumed to be packed as the
probability distribution and the equivalent grain diameter
both depend on the packing. This dependence is however
very small as the methods of determining the probability
and the equivalent diameter are mutually compensating.
That is, if the packing is assumed to be more dense then
the cell area becomes smaller for the came diameter of
sphere so giving a narrower probability distribution.
However, the number of grains per unit volume must stay
constant, as it is determined from measurements of m and
p and does not depend on the assumed packing. deq must
therefore be larger with the more dense packing to keep the
same number of grains in a unit volume. Thus the potentially

smaller variation is offset by the increase in a, leaving

q
V substantially constant. Fig. 5.11 illustrates this by
plotting V against the dimensionless quantity N1/3D which
is a function only of the measurable quantities m, p, and
D. It can be seen that the one curve closely fits the data
from the two types of packing. This shows that if the bulk
grain is represented by a regular packing of spheres, V
depends only on the measurable properties of the bulk and
not on the way it is assumed to be packed.

Fig. 5.11 also shows that more variation in the possible
forces on the face plate is likely as N1/3D (which, substituting
for N'/3 from Eqn 5.6 or Eqn 5.7, is proportional to D/d4)
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decreases as predicted by Kallstenius and Bergau. Several
measures of likely error are possible, retaining the 3%
figure from Kallstenius and Bergau, V is equal to this when
N1/3D = 8 or using another criterion, assuming the measure-
ments are normally distributed, 99% of them will be between
23% of the mean value when N1/3D = 14, It was decided that a
convenient size for the face plate was about 100mm diameter
and the final size as designed was 106mm., This should
satisfy the latter criterion for values of N as low as

2 X 106

per cubic metre (equivalent diameters up to 7.6mm
for cubic packing).

Allowable deflection of the face plate

If the face plate of a sensing head retreats even
slightly under the action of the stress it is attempting
to measure, then the local strains caused by the deflection
will reduce the stress in the region of the face plate
and a stress lower than the true one will be measured.
Kallstenius and Bergau (1956) attempted to quantify the sens-
itivity of the measured stress to face plate deflection.
They assumed that the retained material was linearly elastic
and derived the following equation for the error in measured
stress ASEv2

Lo _
ot nDol(l - v2)

Where Ao is the error in stress, o is the true stress,

8 is the deflection and D the diameter of the face plate,

E is the Young's modulus and v the Poisson's ratio of the
elastic material. Although their analysis was an extremely
idealized one, especially as the material was assumed to

be linearly elastic, two important points are apparent:-

a) The fractional error in measured stress depends
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on the actual value of the stress.

b) The error also depends on the stress/strain prop-
erties of the retained material.

These points reinforce the arguments in Sect. 2.2.2
that recommendations for the allowable deflections of a face
plate in soils should be treated with caution. Not only
are the stress/strain properties of the bulk grain different
from soils (Chapter 3), but the stress levels are also likely
to be very different. For instance, a maximum wall stress
of about 16kPa is envisaged in this work whereas the Water-
ways Experiment Station cells (W.E.S., 1944) were calibrated
in the range 140 - 690kPa. Obviously the sensitivity of
the measured stress to face plate deflection will need to be
re-examined for agricultural grain but, for the present,
the design of the stress measuring equipment will be based
on the assumption that the deflection should be at least
as small as that specified by the W.E.S. With the present
face plate diameter of 106mm, the specified diameter to
deflection ratio (1000) gives a maximum deflection of 106pm.

5.3.2 Design of stress measuring equipment

Sensing heads

A schematic diagram of a sensing head fitted into a
wall facing panel is shown in Fig. 5.12. A plywood faced
steel plate fits into a hole cut into the timber panel
which is reinforced with a steel ring. This face plate
is supported on a shaft suspended from a carrier by two
beryllium copper suspensions. The rear end of the shaft
terminates in a stud which passes through a hole in a locking
bridge which, when locked, prevents rearwards movement of

the face plate. The horizontal stress exerted by the grain
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is measured by first screwing a force transducer onto the
rear of the carrier, its sensitive point Jjust touching the
stud. The bridge is then unlocked and is pushed backwards
by the internal springs so transferring the load from the
bridge on to the sensitive point of the transducer. The
exact technique and the transducer will be described in
later sections. Fig. 5.13 shows a front (grain side) view
of the main wall where the face plates can be seen.

Force transducer framework

The position of the stud with respect to the carrier
will not be precisely the same for each sensing head and
so a means of adjustment is provided by carrying the force
transducer in a framework on runners (Fig. 5.14) the ends
of which are threaded so that they can be joined with nuts
to the sensing head. The other ends of the runners are
fixed to the back plate of the framework into which is
fitted a micrometer head. When the micrometer head is
rotated the force transducer is pushed along the runners
against the resistance of two springs which minimise any
backlash in the system.

Force transducer

The requirements of the force transducer are listed
below:-

a) The transducer must be simple and robust as it
may be necessary in the future to use the device on a farm
where sophisticated test or repair equipment is not available.

b) The transducer must be accurate, free from hysteresis,
and must maintain its calibration and accuracy over long
periods.

¢) The effect of environmental changes, especially
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temperature, on calibration and zero offset must be small.

d) The output of the device must be high enough so
that effects due to "noise" are negligible. The supply
and output devices must also be as simple as possible for
the same reason as given in a).

e) The deflection of the transducer under load must
be very small.

To satisfy these requirements, a completely new type
of transducer has been designed that is powered by compressed
air. The new transducer, shown diagrammatically in Fig. 5.15,
is circular in cross section and symmetrical about the centre
line. The movable part A is held in position by two thin
beryllium copper suspensions, B, screwed into the fixed
part C. Compressed air is supplied from a regulator (Norgren
type 11-913-110) into two flow control valves (Air Automation
type FC1) each of which supplies one annular air chamber, D.
The air escapes radially, outwards and inwards, between
the ground faces of the fixed and movable parts and the
difference in pressure between the two annular chambers
is measured at the tappings E. As most of the pressure
drop in the system occurs at the flow control valves, small
changes in the width of the gaps between the fixed and
movable parts have little effect on the rate of airflow.
A horizontal force applied as shown in Fig. 5.15 will increase
the size of the left-hand gap and reduce the size of the
right-hand one. Since the flow rate to each side is essent-
ially constant, the pressure at the left-hand tapping will
decrease while that at the right-hand one will increase.
The pressure difference is a measure of the applied force

and can be calibrated against a known load.
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The pressure distribution for the radial airflow system
of one side of the transducer is shown in Fig. 5.16. The
applied force, F, is balanced by the air pressure in the

gap between the two parts and is given by
R2 Ry

F = nPD(Raz-Rzz) +2m [p,rdr + [pzrdr vov (5:8)
R, Ra
where Po is the pressure above atmospheric in the annular

chamber. To determine the pressure distributions P, and Ps
(Fig. 5.16) it will be assumed that the air is incompressible,
its physical properties are independent of pressure, and
velocity pressures are negligible compared with static
pressures. If the volume rate of flow is Q, then the mean

velocity at any radius, r, is
Q
V,, =
» 2nrh
The flow rates between the gaps of the transducer are such

that the flow is laminar (the highest Reynolds number is
about 300 at no load), giving a parabolic variation of velocity
in a direction normal to the flow. The velocity gradient

at the walls and normal to them is

dv _ OV _ 30
dn h nrh?
giving the shear stress at the wall as
3Qp
-
9 Trh2

where p is the absolute viscosity of the air. Considering
the balance of forces on an annular element of radius r,
width dr,and thickness h, the following differential equation

is obtained

p +* rEE = _SFQ

dr ﬂha
Solving and substituting the boundary conditions p = Po

at r = R, and p = 0 at r = R, (for p1) and p = P at r = R5

and p=0at r = R4 (for pe) leads to expressions for the
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pressure distributions

]I)1 = P0R2(| - 31_) s (5.9)
g w0ty fBe sone 4.5, 10)
2 R4"'R3 r
and for the flow rates

3
= _"PoRah hwisle- L owi)

] 6|1(R2"R1)
Q = "P0R3h3 e s e (5-12)

6p(R, - R3)

where Q1 is the flow rate via the inner gap and Q, is the flow
rate via the outer gap.
Substituting for P, and Py from Eqns 5.9 and 5.10 into
Eqn 5.8 gives
F = nPB(RsR, - RyR,) coes (5.13)
The transducer of Fig. 5.15 is equivalent to two of
the systems of Fig. 5.16 connected together. The applied
force Ft is balanced by the difference between the forces
at the two gaps. Denoting each side by the suffices a and
b and substituting into Egn 5.13 gives
Fy = m(R, - Py)(R;R, - R,R,) coee (5.14)
This shows that the relationchip between the applied force
and the differential pressure depends only on four of the
physical dimensions of.the device and so the calibr@tion
should be independent of environmental changes (neglecting
the change in radii with thermal expansion) and of the supply

pressure and flow rate.

The relationship between force and gap size for the
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single gap system of Fig. 5.16 is obtained by combining
Eqns 5.11 and 5.13 to give

GFQ1(R2 - Ry)(RgR4 - RoR;)

F
R,h?

In the transducer, a small increase in size, Ah, of one gap
is accompanied by an equal decrease in the size of the other
and so the applied force is given by
=3 -3
_ 6pQ,(R, - RY(R4R, - R2R1]{{h0-—Ahl - (hy+ An) }
Rp

where ho is the gap size at no load. Because Ah is small

compared with h Taylor's theorem can be used to derive

O‘
the spring rate as
i o 36PQ (R2"R1](R3R4 e R2R1)
Ah Rohg

s + ko 159

The critical dimensions in the final design of the
transducer were:-
R, = 6mm
R2 = O9mm
R37 = 19mm
R, - 25mm

h = 37um

and the flow control valves were adjusted so that P0 was
equal to 40kPa with a supply pressure (upstream of the flow
control valves) of 200kPa. These dimensions resulted in
a theoretical air consumption at no load of 0.72 x 10-5m5/s,
a sensitivity of C.76kPa/N, and s spring rateat no load
of 8.6N/pm.

A transducer has been designed therefore which is
simple and robust and is also capable of using equally

simple supply and output devices (e.g. a compressed air
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cylinder can be used as a supply and a mercury manometer
as the output device). In theory the calibration of the
device is not sensitive at all to environmental changes,
or even changes in supply pressure, and its spring rate

is very high and should result in a deflection of only
about 11pm at the full load of 100N. Hence the transducer
should sétisfy the requirements listed at the start of
this section.

5.3.3 Tests on stress measuring eguipment

Calibration of force transducer

The transducer was calibrated with its axis vertical
and its sensitive point uppermost using the arrangement
shown in Fig. 5.17. In this position the weight of the
movable part of the transducer contributes to the total
load and so the movable part and the beryllium copper suspen-
sions were weighed seperately before the transducer was
assembled. The weight of the suspensions was considered
to be shared between the fixed and the movable parts and so
the extra load was calculated as the sum of the weight of
the movable part and half the weight of the suspensions.
The weight of the hanger was adjusted by adding lead wire
so that the total load on the transducer in the vertical
position without any added weights was exactly 1kg. The
transducer was placed inside a temperature controlled cab-
inet at 15.8°C and, after allowing about 2 hours for equil-
ibrium to be established, the device was zeroed with its
axis horizontal. It was then placed in a vertical position
and loading started. The load was increased in steps of
1kg up to a total of 14kg and then reduced, again in steps

of 1kg. The transducer was also loaded at two other
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temperatures, 28.5°C and 2.7°%, after allowing about 2 hours
for equilibrium to be established at each temperature.

Separate calibrations were carried out to determine
the effect of changing the supply pressure. Three sets
of loadings were performed in the range 1-10kg, all at
16.5°C, with supply pressures of 150,200, and 250kPa. In
these tests the flow control valves, which were merely
needle valves, were left in their standard positions and
so the air flow rate was considerably different for each
test. The results of these calibrations are given in Tables
D3 and D.d,

Table 5.3 shows that the hysteresis was negligible
- only once was there any difference between the outputs
for increasing lcads and those for decreasing loads. This
difference was only O.1kPa or about 0.1% of the maximum
output. The effect of changing the temperatures was also
very small, the slope of a straight line fitted to the data
changed by only 0.14% for a temperature change of 26°%
and the intercept of the line changed by 0.6% of the maximum
output. The close correspondence of the outputs with the
fitted straight line shows that the calibration was extremely
linear, the maximum deviation from the calculated values
being 0.4% of the maximum output.

It can be seen from Table 5.4 that the calibration
was also little affected by the supply pressure and hence
the airflow rate - a change of #25% of the nominal supply
pressure caused a change'in the slope of the fitted line
of 0.7% and a change in the intercept of 0.9% of the maximum
output.

The insensitivity of the calibration to temperature
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Table 5.3

Output of force transducer (kPa) for calibrations

at three temperatures, T, with supply pressure

200k Pa.
load;

Key to columns:-

I, output for increasing

D, output for decreasing load; Ic

and D _,
e

calculated output from a least squares straight

line fit for increasing and decreasing loads

respectively.

Total load T =15.8°C T =28.5°C | T = 2.7°%
kg i D T D, I ’ I 54
1 Teg el ekt T8l 1.2 CTSE a0 B0
2 13.9 14.0 14.2 14.2] 14.0 .14.2' | 14.5. 14.8
3 209 20:9 21,0 21.0] 20.8 21.0121.4. 21.6
4 27.8 21.8 27.8 271.8] 27.8 27.8 |28.4 28.4
B 34.6 34.6 34.6 3%4.6| 34.6 34.6 | 35.3 35,2
6 41,6 41.6 41.4 41.4| 41.6 41.3|42.%3 42,0
i 48.4 48.4 48.1 48.1| 48.4 48.1 | 49.1 48.8
8 95.2 55.2 54.9 54.9}] 55.2 54.9 | 55.9 S%.6
9 62:0. .62.0 B1.T 61.T] 61,9 61.7]62.7 62.3%
10 68.7 68.7 68.5 68.5]| 68.6 68.4 | 69.4 69.1
11 F2s2 " 5lHsd T5ed T5:.3F 15:3 T5:2 1161 T5:9
12 82.0 82.0 82.1 82.1] 81.9 82.0|82.7 82.7
1% 88.6 88.6 88.8 88.8| 88.6 88.8 |89.2 Rr9.5
14 95.2 95.2 95.6 095.6| 95.1 95.5]|95.6 096.3
Slope of
least squares|0.692 0.692 0.692 0.692
fit, kPa/N
touercepts | o.9 0.7 0.7 1.3
kPa
Correlation
coefficient o Sx 98 1110.959955
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Table 5.4

Output of force transducer (kPa) for calibrations
at three supply pressures, P, at a temperature of
16.5°C. The columns are labelled as in Table HeBs

Total load |P = 200kPa | P = 150kPa | P = 250kPa
kg i Ic I IC I IC
1 T2 T35 7.0 T 7.6 TT7
2 120 15.71 115:9. 4.0 ] 4.4 14.8
3 20.9 20.9 | 20.8 20.8 | 21.2 21,2
4 els9 278 }|27.7 27:6 ]28:17 28.0
5 DlsT 46101 54.95 334.5] 34.8 34.8
6 41.6 21414155 . 41.5 1 41T ¥&1.6
T 48.2 48.% | 48.3 48.2 | 48.5 48.4
8 92«2 951 | 55:0 55:0:1 552 552
9 61.9 61.9]61.8 61.8] 62.0 62.0
10 68.6 68.8 | 68.5 68.7 ]| 68.6 68.8
Slope of
least squares 0.696 0.697 0.692
fit, kPa/N
Intercept, 0.4 0.3 0.9
kPa
Correlation | 4 999985 | 0.999986 | 0.999992
coefficient
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and supply pressure as predicted in Sect. 5.%.2 has therefore
been confirmed. It is also interesting to compare the
measured sensitivity, about 0.70 kPa/N, with the predicted
value, 0.76kPa/N. The correspondence is reasonably close
despite the assumption of Sect. 5.3.2 that the air was
incompressible.

Deflection of the force transducer and fm mework

The deflection of the transducer plus that of its
framework was measured by mounting the framework on a heavy
gauge (20mm) steel plate instead of on a sensing head. The
transducer was moved along its runners by rotating the
micrometer head until contact was established with the
plate when the differential pressure was noted. The micrometer
head was then screwed further in and readings of the diff-
erential pressure taken at various positions of the micrometer
head. As the steel plate was assumed to be perfectly
rigid, the deflection of the transducer and its framework
was equal to the change in micrometer reading. The deflection/
differential pressure characteristic (Fig. 5.18) was found
to be slightly curved with a maximum deflection of 25pum
at a differential pressure (70kPa) corresponding to the
nominal 100N full load, giving a diameter to deflection
ratio of 4000 at this load. This is only a quarter of the
maximum deflection recommended by W.E.S. for soils and so
well within the 1limit set out in Sect. 5.3.1 for the initial
studies.

Size of the face plate

The spread of measured forces will in practice be
greater than those calculated in Sect. 5.1.1 because the

grains are not spherical and are packed in a random way.
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Although the size and shape of each grain is usually very
similar, there will be some variation that will tend not
only to vary the number of grains in contact with the face
plate but also to vary the individual contact forces.

The extent of the spread of forces on a face plate was
determined by fitting a sensing head of the same design
as that used on the main wall into a tank (Fig. 5.19)
which consisted of two chambers each 12.7mm wide and separated
by a 450pum thick latex membrane. With the tank in a hor-
izontal position, seeds were loaded into the lower chamber
and then the two chambers were screwed together. Air pressure
was then applied tc the upper chamber, thus exerting a
pressure on the seeds via the latex membrane, and the complete
tank rotated into a vertical position. The pressure of the
seeds on the wall of the tank, which was assumed to be equal
to the air pressure on the other side of the membrane was
measured using the force transducer.

Three types of se~ds were used, rapeseed, wheat, and
tick beans. Runs were carried out for each type of seed
starting with the air pressure at 10kPa, increasing to
16kPa, reducing to 4kPa, and then increasing again to 10kPa.
Force measurements were taken at each pressure step and a
straight line, passing through the origin, was fitted to
the data of air pressure in the upper chamber vs force acting
on the face plate. Twelve runs were carried out for each
type of seed and the seeds were re-packed between runs.
As a control, twelve runs were carried out using table salt
for which it was assumed that errors due to particle size
could be neglected. The bulk densities of the three types

of seed were measured in a standard bushel weight apparatus
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(W.T. Avery Ltd) and the one thousand seed masses were
measured by weighing several lots of one hundred seeds and
averaging. Egqn 5.5 was used to calculate the numbers of
seeds per unit volume, N, and the value of the function
N1/3D was determined for each type of seed. The random errors
due to effects other than the seed size were removed using
the data from the runs with table salt.

The experimentally measured coefficients of varistion
are shown in Fig. 5.11. Although the observed variations
are in the correct relation to each other, they are about
2.5 times the theoretical ones which were derived assuming
regular packings of spheres. This shows that the non-spherical
seed shape and irregular packing have a significant effect
on the spread of measured forces. However, if it is assumed
again that the variations are normally distributed, then
for rapeseed more than 99% of all readings will be within
+3% of the mean while the corresponding values for wheat
and tick beans are 95% and 67% lying within this range.
The performance was therefore felt to be satisfactory for
seeds up to about the size of tick beans.

Movements in the sensing head

Initial calculations showed that elastic strains in
the components of the sensing head would lead to a negligible
displacement of the face plate at the likely maximum loads.
However, the locking bridge is unlocked and re-locked several
times when pressure readings are taken during the course
of an experiment and so the face plate may not return precisely
to its original position. To measure the possible variations
in position, a dial guage with a resolution of 2um was

clamped on to the rear flange of the carrier of the sensing
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head on the tank of Fig. 5.19 to measure the movement of
the stud. The zero reading of the dial guage was noted

and the air pressure increased toc 10kPa after which the
bridge was repeatedly locked and unlocked. The readings

of the dial guage after locking did not change by more than
3pum from the zero reading.

Effect of face plate deflection on measured stress

It was mentioned in Sect. 5.3.1 that, until more
information was available, the stress measuring equipment
would be designed with a lower limit of 1000 on the ratio
of the face plate diameter to the deflection. The equipment
repcrted in Sect. 5.3.2 achieved a diameter tc deflectien
ratio of four times this figure. However, the amount by
which the face plate deflection affects the measured stress
is still not known and so tests were carried out to quantify
this effect.

The test silo was filled with barley to a depth of
4.5m. The force transducer and framework were screwed on
to a sensing head and the transducer advanced, by rotating
the micrometer head, so that it was Jjust in contact with
the stud. This pcint was easily determined by a sudden
increase in the output of the transducer. The bridge was
then unlocked, the output noted, and the bridege re-locked.

A second measurement was then taken by advancing the tranes-
ducer with the bridge locked until the output was equal

to the first reading. The bridge was then unlocked. This
pre-stressing of the transducer resulted in a much smaller
deflection than would otherwise have occured because the
change in applied force when the bridge was unlocked for the

second time was much smaller. With the load now taken on
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the transducer, the micrometer was used to move the trans-
ducer outwards in 2pum steps, then back in past the start
position and finally out to the start position again. The
ohtput of the transducer was noted at each step. The maximum
outward movement was set approximately equal to that which
would have occured when the bridge was unlocked for the first
time, while the maximum inward movement was set at about

30% of this figure. This procedure was repeated with the
force transducer screwed on to the other sensing heads in
turn. To calculate the movement of the face plate with
respect to the start position, the micrometer movement was
corrected by adding to it the slight deflection of the
transducer itself. This deflection was caused by the change
in force from the start position to the position under con-
sideration and was obtained from the known differential
pressure/deflection relationship (Fig. 5.18).

A representative sample of the relationships between
face plate deflection and the measured stress is shown in
Fig. 5.20. It can be seen that the relationships are all
well represented by straight lines and show little hysteresis,
and that the slopes of the lines increase as the measured
stress at the start position increases. The slope of each
line is approximately proportional to this measured stress
which means that the error in measured stress due to movement
can be expressed as 2 given percentage of the actual stress,
per unit of movement. The figure is about 1.5% error per
micron of movement and if a deflection is taken equal to
the upper limit of the W.E.S. criterion (i.e. 106pm
for this diameter of face plate), the resulting error will

be 159%. Of course, an error of greater than 100% would
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not be possible and it is to be expected that the rate of
fall in measured stress with deflection would gradually
become less but even so, this emphasises the point that

a criterion for soils cannot be used for materials that have
different mechanical properties and are under different
stress conditions. The high value of error per unit deflect-
ion also means that the stresses measured with the device
described here would also be in error if some means were

not devised to correct for the deflection.

5.3.4 Measurement technique

Fortunately, because the relationships plotted in Fig.
5.20 are linear, it is possible to devise a technique by
which the sensitivity of the stress to face plate deflection
is measured at the same time as the stress itself. Because
the deflection for any force is known (Fig. 5.18), this
makes 1t possible tc correct the measured stress for the
deflection. As each characteristic is a straight line,
it can be determined uniquely by the coordinates of any
two points on it. OCnce these have been identified, the force
at zero deflection can be calculated by coordinate geometry.
Referring to Fig. 5.21 this is done as follows:-

a) The micrometer head is rotated until the transducer
is just in contact with the stud so giving a small output,

By (about 3kPa).

b) The bridge is unlocked which changes the load on
the transducer so that the output becomes F1. This force
change results in a deflection of the transducer and
hence a deflection of the face plate of &F,) - G(Fo). 5(F,)
and 6(Fo) are the deflections at the respective forces

which are obtained from Fig. 5.18. Point 1 has therefore
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coordinates of (&(F,) - 5(1?0), F1).
¢) The micrometer head is used to advance the trans-
ducer by a set amount, [, (10pm) and the new force reading,

F noted. The face plate is thus advanced by a distance

29
equal to [/ minus the deflection of the transducer which
is due to the change in force from F1 to F2, that is
L - 6(F2) - 6(F1) . The coordinates of point 2 are thus
( 8(F,) - 8(F,) - £, F,).

d) The bridge is locked and the transducer withdrawn.
The transducer and framework can now be unscrewed from the
sensing head and, if necessary, moved to the next one.
e) The force which would exist if no movement had

occured (point 3) is calculated from the coordinates of

the known points as

(E, - F)(&(F) - &(F,))
£ - 5lE)+ slE)
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CHAPTER 6

MEASUREMENTS OF WALL LOADS

- 179 -



6.1 Experimental method

6.1.1 The material

The material used to fill the silo was a good quality
feed wheat (variety Maris Huntsman) from the 1977 harvest.
Properties of the wheat were measured when first delivered
and they were as follows:- Bulk density (Avery bushel weight
apparatus) 6?8kg/m3; moisture content (oven dried for 16hrs
at 13000) 14.8% w.b.; 1000 grain mass 53.1g. The angle of
internal friction of the sample was measured using the
N.I.A.E. sheer box (Lawton and Marchant, 1980) and was found
to be 27.0° with a negligible cohesion.

The wheat was transferred between the holding bin and
the test silo over fifty times during the course of the
experiments and this resulted in some deterioration of the
grain. A considerable number of broken grains were present
in the final sample and a large amount of dust accumulated
in the laboratory. The above properties of the wheat were
measured again at the end of the experimentation to see if
they had been affected by the repeated handling, and the
results were:- Bulk density 662kg/m3; moisture content
15.7% w.b.; 100C grain mass 35.9g; angle of internal friction
26.50. The percentage of broken grains by weight had
risen from virtually zero to 41%.

6.1.2 Configuration of the silo

The test silo was filled in two basic configurations.
In one, the 'A' configuration, the 5verhead conveyor (Sect.
5.1.5) was positioned so that the ridge of the heap of
grain was mid-way between the main and back walls and the
grain sloped down at its angle of repose to the main and

back walls. In the other, the 'F' configuration, the grain
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was deposited at the main wall and sloped down towards the
back wall. In these basic configurations the ridge was
just below the top of the side walls but experiments were
also carried out at a lesser depth for each configuration.
When the test silo was unloaded, a considerable amount

of grain was left on the floor after the auger intake was
exposed and could not be removed without a large amount

of manual work. To minimise the amount of shovelling, the
test silo was not completely emptied after each experimental
run. Jlnstead, enough grain was shovelled into the auger
intake so that the floor was clear of grain for about 3uOmm
away from the main wall. rrom there the grain sloped at
its natural angle of repose up to the back wall. 'Thus each
run was started with a triangular prism of grain on the
flocr with a base about 5.9m long and height abcocut 1.7m.

"o investigate the effect of different silc widths,
the spacing of the side walls was changed so that either
one, two, or three main wall modules were in use. 'The
internal widths of the silo corresponding to these cases
were O.7m, 1.7m, and 2.7m respectively. The effect of
rotation of the main wall about its lower pin Jjoint was
studied by using the disk springs in the main wall struts
(Sect. 5.1.2).

A coding convention was adopted so that, for example,
2F referred to configuration F with the greater depth
using two main wall modules and 1A% referred to configur-
ation A with the lesser depth (the so-called "half depth")
using one main wall module. When the springs were used
in the struts, an S was added to the code. The dimensions

of the cross sections of the heaps is shown in Fig. 6.1.
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A run number was allocated each time the silo was
filled (Table 6.1). Where two configurations are shown
with the same run number, this indicates that the filling
was stopped to enable the "half depth" readings to be taken
and then continued to full depth. It was not always possible
to do this in one working day and in these cases the silo
was emptied after the half depth loads were read and the
full depth loads were measured after filling on another day.
In each case the forces and stresses on the main wall were
measured after allowing sufficient time for the dust in
the laboratory to settle, i.e. about one hour.

6.2 Results

6.2.1 Deflections of the main wall

The deflections of the steel framework of the main
wall were measured with respect to two vertical beams spaced
at approximately one third and two thirds of the distance
across the main wall. Deflections were measured at five
heights on each beam as the silo was filled in the %A and
3F configurations. Fig. 6.2 shows the horizontal deflections
calculated by averaging the two readings from the beams
at each of the five heights. The deflection of the centre
of a wooden panel with respect to the steelwork was also
measured and was found to increase linearly with the mean
of the stresses measured at its two sensing heads at a rate
of 52pum/kPa. The maximum deflection of any part of the
wall did not exceed 1.9mm in the 3A configuration or 2.1mm
in the 3F configuration.

When the disk springs were used, the change in lensth
of each strut was measured as the silo was filled. The

loads in the two struts at the sides of the main wall were
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Table 6.1
Run numbers and configurations for the experimental
runs and the dates on which they were carried out

- 8l -

Run Con. Late Run Con. Date Run Con. Date Run Con. Date
32 3A esixl9 | 52 3F 22.8.79] 68 22 10.10.79'] 80 1F¥ 16.11.79
33 3A 4.7.79 53 3F 24.8.79 69 2A% 11.10.79 " 1F "

34  3A 4779 1 54  3FS 4:9.79F " 2A " R1 1F%+ 19.11.79
35 3AS 9.7.79 | 55 3FS 5.9.79 1 70 1A+ 29.10.79 ] ™ 17 "
36 3AS 11T 7Y 56 3FS 6.9.79 * 1A " 82 1F%¥ 20.11.79
37  3AS 12.9.79 57 3A% 18.9.79 71 1A%+ 30.10.79 " 1F "
28  3A 1T.7.79' |1 58 3A+ 19.9.79 | 72 1A 31.10.79' ] 85 1B% 21.11.7%
39 3) 19.7:79 | 59 3A% 20.9.79 | 73 1A% t-.01.79 | " 18 "
40 3A 2%2.7.79 | 60 3F3 24.9.79 " 1A " 84 2F% 26.11.79
RN EAES. PR .79 ] 61T 3FF 25.9.79 | 74 1A¥ S.11.79/1 ¢ o "
42 3AS 26.7.79 62 3F% 26.9.79 4 1A " 85 2F% 27.11.79
4% 3AS 2T<T:19 63 2F% %.10.79 75 1A 6.11.79 il 2F E
44 3A 31.7.79 | 64 2F " 76 1A%+  7.11.79 | 86 2F%+ 28.11.79
45 3F 1.8.79 | 65 2FF 4.10.79 . 1A " B oF P
46 AF €.8.79 » 2F o TT 1A% 9.11.79 87 2A% 4.12.79
47 3F 7.8.79 | 66 2F% 5.10.79 § 1A " " 2A #
48 3FS 9.8:79 1 ™ 2F " 78 1F% 14.11.79 | 88 2% 5.12.79
49 3FS 13.8.79 | 67 2A* 9.10.79 o 1F 5 i 2A "
50 3FS 14.8.79 g 2A w 79 1F% 15.11.79 | ”R9 24+ 6.12.79
51 AR 21.8.79 1 68 24+ 10.10,79 | " 1F " i 2A "




less than those in the middle two struts but, as the springs
in each strut were graded to suit the likely loads, the change
in length of each strut was very nearly equal and the main
wall deflected virtually as a plane. Fig. 6.5 shows the
change in length of the struts (average of the four struts)

as the fillings progressed.

6.2.2 Stress distributions

The horizontal stresses on the main wall were measured
using the technique described in Sect. 5.3. The plywood
panels were positioned so that the sensing heads were
in vertical columns with a horizontal spacing of 1.0m.

For each run, an average value of the stress measured at
each depth was derived (Figs 6.4 to 6.14) using the following
technique:-

When three main wall modules were used there were three
sensing heads in a horizontal line at various levels below
the surface (the depths are given in Fig. 6.1). One of

the sensing heads was situated on the vertical centre line
and the other two were at a distance of 1m either side. The
side walls were spaced at a distance of 1.35m either side

of the centre line. A second order polynomial was fitted

to the horizontal stress distribution defined at these

three points, the average of this distribution being given
by

o, = 0'304°xe +0-3‘320“"1+0-:304cr,(W

X

where e’ Txm? and O.w 2T¢ the stresses at the east, middle,
and west sensing heads respectively. When two wall modules
were used, a first order polynomial (straight line) was

fitted which had an average of

G, = 0‘5%e + 0-50y
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In the cases where one wall module was used, there was only
one sensing head at each depth and so the stress at this
single head was plotted. In Figs 6.4 to 6.14, where several
fillings gave nearly equal stresses, the abscissa of each
symbol is correct but some ordinates have been displaced

to avoid overlapping. The correct levels of the sensing
heads are given in Fig. 6.1.

6.2.3 OQverall forces

The overall horizontal and vertical forces per unit
width of the main wall for each experimental run are plotted
in Figs 6.15 to 6.17. It is possible to derive the overall
horizontal force from the stress measurements by integration.
This has been done by applying the trapezoidal rule to the
experimental points of Figs 6.4 to 6.17. Because the overall
force transducers measure forces on the articulated section
of the main wall (Sect. 5.1.2), the integration was carried
out from the grain surface down to the bottom of the artic-
vlated section only. The overall horizontal forces calculated
in this way are also shown in Figs 6.15 to 6.17.

6.2.4 Centres of pressure

The centres of pressure on the articulated section
of the main wall are shown in Figs 6.18 to 6.19. As with
the horizontal forces, it is possible to calculate the
centres of pressure by integrating the experimental points
of Figs 6.4 to 6.17 over the articulated section. These
calculated values are also shown in Figs 6.18 and 6.19.

6.5 Discussion

6.3.1 Comparison between overall force measurements and

stress distributions

The area over which the wall stress was actually
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measured (i.e. the area of the face plates of the sensinge
heads) represented only a small proportion, about 2%, of
the total main wall area. Thus there would have been some
random sampling errors between the horizontal wall force
measured by the overall force transducers and that calculated
by integrating the stress distributions. However, Figs
6.15 to 6.17 show that the forces calculated by integration
were nearly always greater than those from the overall
force transducers by an average of about 6%. A t-test
(Davies and Goldsmith, 1977) showed that this difference
would have been caused by random errors in less than 0.1%
of cases (i.e. the difference was significant at the 0.1%
level).

Part of this difference could have been caused by
friction between the fillet pieces (Sect. 5.1.4) and the
side walls of the silo but calculations based on Janssen's
formula and using a coefficient of friction of 0.3 between
the fillet pieces and the side walls suggest that this would
not account for more than about 2% difference in the 3A
configuration. This explanation would also have resulted
in a larger percentage error as the width was reduced
which, from Figs 6.15 to 6.17, did not occur. It seems
likely therefore that errors in the instrumentation accounted
for a difference of sbout 4%.

Because it was impossible to apportion the error
between its possible causes, the true values cof the forces
per unit width were taken as the average of those measured
by the two methods and the stress distributions were
multiplied by a factor that made them consistent with the

corresponding forces. The stress and overall force readings

- 186 -



for each run in a configuration were combined to form an
average stress distribution for that configuration. The
average distributions were factored as mentioned above and
plotted in Figs 6.20 to 6.23. The corresponding average
forces per unit width for each configuration are shown in
Fig. 6.24.

6.3.2 Effect of wall rctation

In the %AS configuration, the horizontal movement
of the main wall at the point where the grain surface
intersected it had an average value of 51mm or 1.5% of the
depth of the grain at the main wall. The corresponding
figure for the 3FS configuration was 2.1%. Despite this
Figs 6.18 and 6.19 show that the difference between the
stress distributions on the flexible wall and those on the
relatively rigid wall were small. The force per unit width
in the 3AS configuration (Fig. 6.24) was 7.0¥% less than
that in the 3A configuration (significant at the 1% level)
and the force per unit width in the 3FS configuration even
showed a slight increase (2.4%), but a t-test showed this
only just to be significant at the 5% level. Three possible
reasons for these small differences are:-

a) The loads on the main wall were reduced to their
minimum values by the slight wall deflection which occured
when the springs were absent and so the extra compliance
provided by the springs had no further effect.

b) The deflection needed to reduce the stresses
appreciably was greater than that achieved, even with the
springs present.

¢) The value to which rotation would reduce the

wall load was not very different from that exerted on a
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perfectly rigid wall.

The maximum deflection of the wall framework in the
runs with no springs occurred in the 3F configuration and
was about 1.9mm at 2.26m above the floor (Fig. 6.2).
However, this represented the total deflection from the
pogition at the start of the loading but when the grain
reached this height the framework had already deflected
by O.6bmm and so the grain experienced a movement of about
1.5mm after it had been deposited. The deflection of the
plywood facing panels at that depth (taking the average
as half the centre deflection and the rate of deflection
as 52pm/kPa) would have added a further O.1mm giving a
total deflection of 1.4mm or 0.03% of the grain depth.

Calculations with the finite element program suggest
that, for a silo with a flat grain surface, the horizontal
force per unit width decreases by only about 0.3% with a
rotation about the base of 0.03% of the grain depth but is
still decreasing steadily at 1% rotation (Fig. 4.14).
Although the configurations used here do not have flat
surfaces and the deflections are not rotations it is expected
that the calculations would give the sensitivity to movement
to at least the correct order of magnitude and so it seems
unlikely that a) above is valid.

The rate of change of wall force with rotation calculated
using the finite element program for a silo with a flat
surface is 10.6% of the force on a rigid wall for each
per cent of rotation (Fig. 4.14). If this rate applied
to a silo in the 3AS configuration, the wall force would
decrease by 16%, i.e. over twice that observed. In the 3FS

configuration the corresponding decrease would be 22%
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whereas a slight increase (although hardly significant)
was actually observed. Clearly the measured sensitivity
to wall movement for a sloping surface was lower than that
predicted for a flat surface and the liklihood of b) above
being applicable cannot be assessed with the finite element
simulations carried out so far.

Sect. 2.1.3 shows that the stress system in a material
sloping at its angle of repose and of infinite extent is
esuch that all the material is in a state of active failure.
Although the author's material is nececsarily finite, it
is expected that it will be nearer to a state of failure
than if the surface were flat, even if the wall were per-
fectly rigid. If this is the case then c) above is supported
because the loads on a wall that is allowed to rotate would
be nearer to those on a rigid wall. A further piece of
evidence to support this view is that in the 3FS configuration,
when the slope was of a zreater extent than that in the 3%AS
configuration, the sensitivity to wall rotation was much
less (in fact measured as negative).

6.3.,3 Effect of side wall spacing

Experiments were carried out with the ratio of the width
to the depth of grain (defined for this purpose as the
depth from where the grain surface met the main wall) varying
from 1.2% to 0.20 in the A configurations and from 0.98
to 0.16 in the F configurations. The author could find
no other systematic study which sought to determine the
effect of side wall spacing on main wall loads on a large
scale but it is generally believed that the force per unit
width on the main wall will start to decrease as the width

drops below twice the depth (Terzaghi, 1934). However,
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the practical work to support this view has been confined
to small scale models where the relative effects of =ide
wall friction could be much larger. For instance, when the
grain surface was observed on loading the silo it was seen
that the grains over the greater proportion of the width
were all moving at virtually the same velocity and only
those closer than about 150mm from the wall were retarded
by the drag at the side walls. If this represented the
extent to which the shear stress at the walls penetrated
into the grain mass then in a silo of width 2.7m it would
have had little effect but in a model, which may be only
50Cmm wide, its effect would be much larger. This could
explain why, in this large scale silo, side wall effects were
small (Fig. 6.24) even when the width to depth ratio wae

as low as 0.16.

6.5.4 Vertical forces

The ratio between the horizontal and vertical forces
on the main wall, i.e. the coefficient of friction mobilised
at the wall, was reasonably constant for the runs using
two and three main wall modules, the average being 0.27
(Figs 6.15 to 6.17). Also, the friction was little affected
by rotation of the main wall which agreed with Terzaghi's
tests (Terzaghi, 1934) where it was found that the wall
friction was not affected by movement for loosely packed
sand. The wall friction was in reasonable agreement with
limiting values of between 0.18 and 0.24 recorded by Iawton
(1980) for a similar wheat on plywood using various types
of annular shear apparatus. It may therefore be concluded
that the limiting value of wall friction was always mobilised

during these tests.
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The average wall friction for the runs using one main
wall module was 0.42 which was significantly greater than
that using two and three modules. This was probably due
to the vertical friction force on the fillet pieces being
measured along with that on the main wall which would have
had a noticeable effect at the very narrow single module
width.

6.3.5 Centres of pressure

The positions of the centres of prescure were, like
the horizontal forces, slightly different depending on
whether they were measured by the overall force transducers
or calculated by integrating the stress distributions (Figs
6.18 and 6.19). However, the amount of the error was small,
the average being 70mm lower, less than 2% of the grain
depth, when integrating the stresses, and so the true values
were taken as the average of the values calculated by each
method. Averages for each configuration , calculated by
combining data from all runs in that configuration, are
shown in Fig. 6.25.

There are three general points to note from Figs 6.20
to 6.2% and Fig. 6.25:-

a) The stress distributions were reasonably linear
with depth but usually the rate of increase of stress dropped
nearer the floor. The centres of pressure should therefore
have been at or above one third of the distance up the
main wall. This is confirmed by Fig. 6.25 which shows
that the heights of the centres of pressure were between
C.33% and 0.43 of the height of the articulated section
above the bottom of that section.

b) Comparing the results with and without rotation
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(Fig. 6.25) shows that the positions of the centres of
pressure were little affected by allowing the wall to rotate
by up to 2.1% of the grain depth.

¢) Although the change in the stress distribution
was small as the width was reduced, Figs 6.20 to 6.23
show that the reductions in stress occurred mainly nearer
the bottom of the silo. This was reflected by an increase
in the height of the centre of pressure as the silo became
narrower (Fig. 6.25).

Thie characteristic behaviour of the centre of pressure
is in agreement both with Terzaghi's tests (Terzaghi, 1934)
on loose sand and also with the calculations using the
finite element program with a flat grain surface (Sect. 4.5).

6.%3.6 Comparison with calculations using classical formulae

Unfortunately none of the classical formulae strictly
apply to the configurations used here. Rankine's formula
cannot cope with side wall or main wall friction, Janssen's
formula assumes a flat surface, and Coulomb's method ignores
side wall friction. Neither of these formulae can predict
the effect of wall deflections. However, they can be
used to determine the sensitivities of the main wall loads
to most of the variables. For instance, Coulomb's method can
be used to determine the horizontal wall force for each
configuration assuming that there is no side wall friction.
Janssen's formula (using a weighted wall friction coefficient
as in Sect. 4.5.3) can then be used to calculate the reduction
in force due to the side wall friction effect in some equi-
valent configuration having a flat surface. 1In fact this
approach is very similar to that leading to the simple formula

for a flat surface developed in Sect. 4.5.4, Coulomb's
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method being used to provide the K value with main wall

friction, K _— prw, and Janssen's formula being used to

0
provide the sensitivity to side wall friction, Cs'

This approach was adopted to calculate the horizontal
forces per unit width for the runs without springs in the
main wall struts. The calculated forces are shown in Fig.
6.26. The equivalent configurations used when applying
Janssen's formula were those having the same horizontal
cross section and containing the same volume of grain but
with a flat surface. The angle of internal friction and
bulk density used were those determined on the grain in
the condition existing at the start of the experimentation
(27.0° and 678kg/m3). The ratio of horizontal to vertical
stress was that calculated from the ﬁankine expression
(0.376) and the main wall and side wall friction was assumed
to be the average figure mobilised in the tests using two
and three main wall modules(0.27). The changes in angle
of internal friction and bulk density between the start
and the end of the experimentation were small (Sect. 6.1.1).
Because they both reduced, the stresses calculated using
Coulomb's and Janssen's methods were increased due to the
change in the angle of friction and reduced again due to the
change in bulk density. A few trial calculations showed the
differences between the calculated stresses using the two sets
of material properties to be negligible.

A comparison of the calculated values of the forces per
unit width (Fig. 6.26) and the measured values (Fig. 6.24)
shows that the values calculated with the classical formulae
are lower than the measured values, even those in which
the main wall was allowed to rotate. Thie again reinforces

the proposal (Sect. 2.2) that stored agricultural materials
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are not likely to be in the state of active failure ascsumed

by classical formulae.
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CHAPTER 7

COMPARISCN CF MEASURED LOADS WITH THCSE CALCULATED
USING THE FINITE ELEMENT MODEL
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7.1 Finite element discretisation

To test the finite element model proposed in Chapter 4,
it was used to calculate the wall loads for the same silo
configurations as those used in the practical tests of
Chapter 6. The way in which the cross section of the silo
was divided into elements and the sizes of the load increments
are shown in Figs 7.1 to 7.4. Most of the elements were
of a similar type to those used in the tests of Sect. 4.4
i.e. gquadrilaterals divided into four triangles. The
loading was divided into ten increments for the A and A%
configurations and twelve increments for the F and F#
configurations. The triangular prism of grain that was
already present on the floor at the start of loading in
the practical tests was represented by the first load increment.

7.2 Stress/strain properties of the grain and boundary

friction

The stress/strain properties of the grain used were
those defined in Table 3.1. The coefficient of friction
between the grain and the main wall was taken as the average
of the values mobilised in the experimental runs with two
and three main wall modules in use i.e. 0.27 (Sect.6.3.4),
This value was used for the coefficients of friction at
the back wall and at the side walls. As the initial runs
of the program indicated that the shear stress mobilised
at the floor was low compared with the normal stress (Sect.
4,4.2) it was assumed that no slip would occur between the
grain and the floor and so the element nodes along the
floor were assumed to be fixed in position. This assumption
was later confirmed because the calculated shear streaces

at the floor were very low compared with the normal stresses.

= 105 =



7.5 Bulk density of the grain

In the standard bushel weight apparatus used in this
work (W. & T. Avery Ltd.) the grain falls from a height
of only about 200mm into the measuring vessel whereas in
the test silo the grain may fall from up to about 4.5m and so
could result in a different arrangement of the grain particles
in the bulk. However, experiments to measure the in-situ
porogity of the grain in the surface layers at different
stages of filling (See Appendix) showed that the in-situ
porosity was less than 3% different from the porosity of
a sample which had been poured lightly into a relatively
small container. This was probably because the grain first
hit the heap already deposited and then rolled or slid
to its final position. Thus for locations in the silo
other than at the peak of the heap, the fall of the grain
was broken and the porosity was independent of the height
from which it had fallen.

As any particular volume of grain is buried during
the filling process its bulk density will change as it
is compressed. However, from the stress/strain properties
measured in Chapter 3, it can be shown that, even at the
maximum stresses to be encountered (say a hydrostatic stress
of about 16kPa) the compressibility of the grain would
result in a volume change and hence a change in the bulk
density of only about 1%¥. It seems reasonable therefore
to use the bulk density measured in the standard apparatus
in the following calculations.

7.4 Deflections of the main wall

Fig. 6.2 shows linear relationships between the def-

lection of the wall framework at five heights above the
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ground and the height which the grain had reached. FEach
individual line on this figure is in fact a time history

of the deflection of each measuring station on the wall.
The information contained in this figure can be presented
in a different way (e.g. Fig. 7.5 for the A configurations)
where each line on the figure %s a piecewise linear repres-
entation of the deflected shapelof the wall at any instant
of time. The instants of time chosen correspond to those
at the end of each load increment in the computer simulation.

Fig. 7.5 was used to determine the boundary displace-
ments fed into the computer program for runs in the A
configurations. For instance, node 41 was situated 1.1m
above the ground (Fig. 7.1), =0 a horizontal line with
ordinate 1.1m was drawn on Fig. 7.5. Until the fifth load
increment (step 5) there was no movement at this height so,
for steps 1 to 4, the horizontal displacement of node 41
was set to zero. At the end of step 5 the deflection of
the steel frame was 0.20mm and so the change in horizontal
displacement was also 0.20mm because the displacement at
the start of the step was zero. At the end of step 6 the
deflection was C.41mm, giving a change in horizontal dis-
placement for this step of C.22mm. This change in horiz-
ontal displacement then remained the same for subsequent
steps up to the final step, number 10. For the F config-
urations a similar procedure was adopted.

A problem arises with the deflection that should be
assigned to the uppermost boundary in the current top layer.
The displacements of the boundary nodes are those which
occur between the start of a step, just before a new layer

is added, and the end of a step, after the addition of a
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new layer. Obviously, deflections of the wall at any
particular level that occur before the grain has reached
that level have no effect (except on the dimensions of the
silo where the effect is negligible). In a real continuous
system, grain would reach the position of the uppermost
boundary node at a time corresponding to the end of the
step and there would be no displacement during the step
occuring after the grain had reached that level. Because
of this the displacement of the uppermost boundary node

in the current top layer was always set to zero.

The small extra deflection of the plywood panels with
respect to the steel frame was included as follows. The
computer program was run without this deflection and the
average stress over the area of each panel was determined
as the mean of the horizontal stress at each node situated
on that panel. The deflection of the centre of each panel
was calculated using a rate of 52pm/kPa (Sect. 6.2.1) and
the extra displacement of each node on the panel was taken
as half this centre deflection. The computer program was
then run again using the sum of the displacements from the
steelwork and the plywood panels.

The boundary displacements for the configurations
using springs in the main wall struts (3AS and 3FS) were
calculated by assuming initially that the articulated section
of the main wall deflected by rotating as a rigid slab
about the lower pin joint. From the geometry of the main
wall and struts (Fig. 5.2) it can be shown that the horis-
ontal movement Ax of a point distance y above the lower

pin joint is given by
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where Afis the change in strut length. Fig. 6.3 was used
to calculate AL for each load increment, for instance, in
the 3AS configuration the strut length had changed by 42mm
up to the end of step 7 (grain height 2.7m). The change

in strut length during step 8 was therefore 5.6mm. The
horizontal displacements of the boundary nodes due to this
rigid slab displacement were calculated by using this value
of A along with the height of each boundary node above the
lower pin joint for y in Eqn 7.1. Again the displacement
of the uppermost boundary ncde in the current top layer was
set to zero. It is to be expected that the large rotation
of the wall will swamp any extra effect caused by relatively
slight bending of the steelwork, but for completeness the
total displacements of the boundary nodes were obtained

by adding the deflections of the steelwork and the plywood
panels measured when the springs were absent.

7.5 Results and discussion

7.5.1 No rotation of the main wall

The stress distributions calculated with the finite
element program for the runs with no eprings in the struts
are shown in Figs 7.6 to 7.9. The calculated stress distrib-
utions exhibit the following similar characteristics to the
measured ones (Figs 6.20 to 6.22):-

a) The horizontal stresses increase reasonably linearly
from the grain surface but the rate of increase falls near
the floor.

b) The rate of stress increase near the surface is
greater in the A and A% configurations than in the F and
F%+ confizurations.

¢) Reducing the side wall spacing reduces the stresses
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on the main wall and the effect is greater near the floor.

d) The reduction in stress due to changing the side
wall spacing is less in the A% and F# configurations than
in the A and F configurations.

In general the calculated and measured stresses are very
similar in magnitude. A closer examination shows that the
agreement is excellent down to about half the grain depth
and from there to the floor the calculated stresses become
larger than the measured ones by an average of about 6%.

The larger magnitude of the calculated stresses is
probably due to the silo being left for about an hour after
filling before the measurements were taken (Sect. 6.1.2).

A future part of this work will be an investigation of the
dynamic loads on the test silo and, in preparation for this,
a summing amplifier had been constructed which added the
outputs of the overall force transducers in the correct
proportions to give a signal which indicated the total
horizontal force on the main wall. This device was being
tested during the last few runs reported in Chapter 6 and
recorded reductions in the total horizontal force of 9.7%,
4.%3%, and 3.3% in the 2A configuration and 4.4% in the

2F configuration between the time that loading was completed
and when the stress measurements were started. This reduction
was probably caused by creep occuring in the grain bulk
acting to relieve the stresses and it explains the greater
part of the differences between the calculated and measured
results. Other possible reasons for the measured loads
being lower than the calculated ones are:-

a) Deflections in the side and back walls of the test

silo. These were not measured but Figs 6.20 and 6.21 show
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that even when the main wall was rotated by up to 2.1% of
the grain height there was little effect on the horizontal
stresses. Reductions in stress due to side and back wall
movements are therefore expected to be slight.

b) Instrumentation errors. Sect. 6.3.1 cshowed that
forces calculated by integrating the stress distributions
were about 6% higher than those measured by the overall
force transducers. Because it was impossible to apportion
this difference between the two instrumentation systems,
the true forces were taken as the average of the two figures
and the stresses presented in Figs 6.20 to 6.22 were factored
down by about 3% to suit. It is possible that integrating
the stresses was the more accurate of the two systems in
which case the measured loads should have been slightly
higher.

c) Changes in stress/strain properties of the zrain.
Sect. 6.1.1 stated that the number of broken grains in the
sample at the end of the experimentation was considerable
while that at the start was negligible. This change slightly
affected the shear strength and bulk density and may have
affected the stress/strain properties of the material.

Had the properties of the damaged sample been measured,
they may have lead to lower calculated stresses.

The calculated values of the horizontal forces per
unit width (Fig. 7.12) are nearly all slightly higher than
the measured ones (Fig. 6.24) reflecting the higher calc-
ulated stresses. The relative magnitudes of the forces in
each cenfiguration at the came width are predicted well,
for example the measured forces for the %A, 3F, 3A%, and

3F% configurations are in the ratio 1.00:0.99:0.42:0.41
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and the calculated forces are in the ratio 1.00:1.02:0.4%:0.43
for the same configurations. However, the effect of dec-
reasing the side wall spacing is greater with the calculated
forces. This could be because the shear stress produced

by the side wall friction was assumed to vary linearly

across the width of the silo (Sect. 4.3.65 whereas qualitative
visual evidence suggests that the effect of the shear stress
was only felt for a relatively short distance away from

the side walls (Sect. 6.3.3). However, this fairly short
penetration distance of the shear stress should not render
the side wall friction part of the program completely invalid
because the extra body force term induced by the shear

stress depends on the rate of change of the shear stress
across the width and not on its actual value. If the shear
stress falls off rapidly near the side walls then the body
force is high which compensates to some extent for the short
distance over which the body force acts. As stated by
Bransby and Smith (1975) the method of correction for the
side wall friction should underestimate its effect near the
side walls and overestimate it near the middle of the silo,
however, it seems that the average of the effect across the
width is overestimated.

The calculated positions of the centres of pressure
(Fig. 7.13) are, like the measured ones (Fig. 6.25), slightly
above one third of the height up the wall. The agreement
between the calculated and measured heights is good but
the increase in the heights calculated for the A and A%
configurations over those in the F and F# configurations
is greater in the measured figures than in the calculated

ones. The increase in the heights of the centres of pressure
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observed when the side wall spacing was reduced is also
predicted well.

7.5.2 Rotation of the main wall

The calculated stress distributions (Figs 7.10 and 7.11)
for the configurations with springs in the main wall struts
were disappointing. The stress levels were much lower than
those measured and the stress distributions were very uneven.
A closer examination of the calculated stresses in each
element showed that in many of them the octahedral shear
stress was such that the material had gone past a state of
failure (i.e. Fm was greater than 1.0) and that the large
boundary displacements had given rise to tensile stresses
in some elements. Obviously, in a continuous system Fm
cannot exceed 1.0 as this would require infinite shear strains,
nor can tensile stresses develop in the material. The
computer program has features that seek to prevent both
these occurences (Sect. 4.3.4) but they do not become eff-
ective until the step after either Fm becomes greater than
1.0 or a tensile stress developes. For instance, if a
tensile stress is calculated in an element the nodal forces
causing that stress are re-distributed among the neighbouring
elements on the next step. The stresces in the element are
then set to zero and stress increments are added on to these
zero stresses for subsequent steps. This results in strescses
that are lower than those which occur in practice. If the
load increments are small enough this approach gives only
small errors. However, smaller increments require smaller
elements and so more nodes and more equations. This leads
to solution times which are unacceptably long and so there

is clearly a need for further work to establish a more
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realistic method for dealing with elements beyond failure

and those where tensile stresses are about to develop.
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Fig. 7.1. Division into finite elements for the A configurations.
element boundaries ;

load increments.
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CHAPTER 8

GENERAL CONCLUSICNS AND SUGGESTIONS FOR FURTHER WCRK
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In the main body of this thesis, conclusions have
been drawn where appropriate. However, since these con-
clusions are scattered throughout the text, the main points
have been drawn together in this chapter which also contains
some suggestions for further work.

8.1 Previous work

The traditional methods of calculating loads on the
walls of grain storage structures can be divided into three
main categories. These are:-

a) Trial wedge methods.

b) Methods assuming failure throughout the material..

¢) Methods that consider the equilibrium of thin
horizontal layers.

Methods in the first two categories assume that the deflec-
tions of the walls of the structure will be large enough

for the stored material to reach its strength limit. The
stored material is assumed to be just at the point of failure,
either along a surface within the material (the rupture
surface) in the first category or throughout a certain

volume of material (the zone of failure) in the second
category. Methods in the third category rely on a know-
ledge of the ratio between the horizontal and vertical stress
at all points in the material and, in principle, it is

not necessary to assume failure. However, because there

are no methods available to calculate this ratio for the
general case, the value applying for failure conditions

is nearly always used in practice.

The loads on a perfectly rigid retaining wall would
be higher than those on a wall that deflects and it is to

be expected that the loads would reduce with deflection
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until the strength limit of the stored material was reached.
Unfortunately, traditional methods of calculation can give
no indication of the amount of wall deflection necescsary

to reach the strength limit. Experimental work with soils
has shown that the necessary deflection is very small and
would easily be accomodated by the design of most soil
retaining walls. However, this deflection will depend

on the stress/strain properties of the stored material

and will be larger for more compressible materials such

as agricultural grain. The larger deflection necessary

to achieve active conditions coupled with the fact that

the walls of agricultural storage structures would collapse
with much smaller deflections than those allowed in say

a gravity retaining wall for soils means that the deeien

of structures for storing agricultural materials using
methods assuming active failure conditions may be inapp-
ropriate.

If failure of the material cannot be assumed then the
method of calculation must take into account all poseible
stress conditions within the material. This means that
the problem ceases to be a relatively simple one where
only strength properties of the stored material are required.
Modern computer based methods can, in principle, handle
the complex non-linear stress analysis problem that results
but they need a more complete description of the way that
the stored material responds to imposed strescses than the
much simpler traditional methods.

As well as calculating the loads on the walls of storage
structures, previous workers have also made measurements.

The best way of measuring the stress distritution on s wall
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is to mount separate stress measuring gauges on it but
attention must be paid to the pessible modification of the
imposed stress by the presence of the gauge. Experimental
work indicates that the measured stress will be highly
sensitive to the deflection of the gauge and theoretical
considerations indicate that the sensitivity will depend

on the stress/strain characteristics of the stored material
as well as the conditions at its boundaries.

Farly measurements of stress distributions, when plotted
on common axes and compared with standard design formulae,
are very scattered. This could be due to a variety of
causes such as:-

a) The simplifying assumptions made in the design
formulae. For example the loads being independent of wall
deflections and the proximity of side walls. Effects due
to factors not taken account of in design formulae were
probably very different for each range of experiments.

b) Unsuitable instrumentation. It seems that exper-
imenters were often anaware of the effect of gauge deflection
on the measured stresses. Also many experiments were carried
out over seventy years ago when instrumentation may have
been unreliable. .

More recent experiments, especially those in which great
care was taken to minimise gauge deflection and where the
"fixed depth" technique was used to ensure the absence of

a general lowering of stresses due to a bottom effect,

show stresses to be above those calculated using traditional
design methods. This is especially true of methods such

as Coulomb's method which include the effect of main wall

friction.
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8.2 The new stress/strain model

A suitable technique with which to investigate the
loads exerted by granular materials on retaining walls
is the finite element method. As with all methods of stress
analysis this requires a knowledge of the stress/strain
characteristics of the material being analysed. For a
realistic simulation of the behaviour of bulk granular
materials it is necessary that the stress/strain law be
a non-linear one. Previous workers, using soils, have
derived incremental non-linear laws suitable for use with
the finite element method. These were based on Hooke's
law where the Young's modulus and Poisson's ratio were
functions of the stresses in the materiasl. Unfortunately,
Hooke's law is incapable of representing one of the obeerved
phenomena associated with granular materials, that is shear
induced dilation.

A new incremental model has been developed in this
thesis that not only relates the normal stresses to normal
strains and the shear stresses to shear strains but aleso
includee cross—-coupling terms between normal and shear
quantities. In this way shear induced dilation is included.
The four stress dependent parameters needed to describe
the behaviour of the material can be measured with suitable
tests using a triaxial cell.

R.3 The finite element model

The new stress/strain model is formulated in terms
of the octahedral normal stress (a measure of the average
normal stress) and the octahedral shear strese (a measure
of the average shear stress) and the corresponding octa-

hedral strains. However, for inclusion in a8 finite element
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stress analysis program the behaviour of the material must
be specified in terms of relationships between the normal
and shear strescses in each of the three coordinate directions,
In this work the way in which these average stresses and
strains would split into their Cartesian components was
derived by assuming that a bulk of material would react
in a symmetrical manner in response to certain applied
etraing. While the author feels that these assumptions
are reasonable, there is no means of checking them with
the basic triaxial equipment available. This may be an
area in which useful work could be done with a true triaxial
apparatus.

The computer program was used to calculate the stresses
on the vertical walls of a rectangular section silo with
a flat grain surface. The calculated stresses, assuming
perfectly rigid walls were higher than those obtained
using Coulomb's method by about 30%. The rate of change
of the stresses with wall rotation was only about 11% for
each per cent of rotation. This means that even with a
rotation of 1%, which is a large deformation for most types
of structure, the calculated strescses would still be about
19% greater than those given by Coulomb's method. An
inspection of the stresses calculated within the stored
material showed that this increase was due to the shear
stress in most of the material being considerably lower

than that required to cause failure.

Although the magnitudes of the stresses calculated
without the assumption of failure (i.e. using the finite
element program) are higher than those calculated using

classical techniques, the sensitivity of the stresses to
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wall friction is very similar whichever method is used.

This is true both in the case of changing the front and

back wall friction and in the case of changing the side wall
friction. The position of the centre of pressure calculated
by either method is very similar.

A limited investigation of the performance of the
finite element program with circular section silos gave
similar conclusions i.e. the stresses for a rigid walled
silo were greater than those calculated by a classical
method (Janssen's formula) by about 25% but the sensitivity
to wall friction was about the same; the position of the
centre of pressure was very similar whichever method was
used.

Some initial work was done to determine the possibility
of a simple formula being used to calculate the stresces,
the parameters for this formula being derived from the
results of the finite element program. It was found that,
for the limited range of conditions considered (i.e. rect-
angular section silos with vertical walls, horizontal
floors, and horizontal grain surfaces and where the wall
deflection was a simple rotation), the stresses could be
calculated by combining the effects of wall rotation, front
and back wall friction, and side wall friction in a linear
manner. Simple formulae, where the parameters could be
obtained from a table or chart, would be very useful to
a designer. It is suggested therefore that future work
should be done with the finite element model to investiecate
the possibility of deriving such formulae to cover a wider

range of silo configurations.

= 212 -



8.4 Measurements of wall loads

To assess the validity of the finite element model,

a test silo was built so that the practical measurements
of wall stresses could be made for comparison with the
calculations. The silo was 4.5m high and 4.5m from front
to back walls. Its width could be varied in steps of

1.0m up to a maximum of 6m. In this work however, the width
was restricted to a maximum of 3m so that the main wall
could be fully instrumented with the available equipment.
As the main wall was pivoted about a point near the floor,
it was possible to carry out measurements with either a
virtually rigid wall or one with a controlled amount of
compliance.

Considerable attention was paid to the design of the
stress measuring guages. A computer simulation showed that
if the area over which the stress was measured (the face
plate) was too small compzred with the grain size, a random
error would be introduced into the measurement. Calculations
with the computer simulation showed that, with the particular
sensing area chosen (106mm dia.), 99% of all readings would
be within £3% of the true value for equivalent grain dia-
meters of up to about 8mm. Practical tests showed that
a slightly lower figure, 95%, of the readings should lie
within #3% of the true value for wheat grains. This figure
was felt to be acceptable.

Experimentes were carried cut to measure the effect
of face plate deflection on the measured stress. It was
found that if the face plate was allowed to move as a plane
after the silo was filled, the stress reading changed by

about 1.5% of the reading for zero deflection for each
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micron of movement. This emphasises the importance of
considering very carefully the effect of face plate def-
lection, for instance if the face plate were allowed to
move by only one quarter of the amount usually recommended
for soils (i.e. by 26pm for the 106mm diameter face plate
used in this work) the error would be nearly 40%.

The stress measuring gauge designed by the author
had an extremely small deflection ( a maximum of about
25pum) and, over this range, careful experiments showed
that the change in measured stress with deflection was
linear with hardly any hysteresis. Because of this
linearity it was possible to develop a technique that
measured the stress, the face plate deflection, and the
sensitivity of measured stress to deflection. With this
information it was possible to derive the stress that wonld
have been measured had no deflection occured.

The experimental measurements of wall loads consisted
of filling the test silo in two basic configurations, one
in which the grain sloped up from the main wall to a peak
and then down to the back wall, and one in which the grain
sloped down from the main wall to the back wall. Runs were
carried out with two depths of grain, with three silo widths,
and, at the maximum depth and width only, with a rotation
of the main wall. As is to be expected, the loads increased
with increasing depth and reduced with reducing width.

The reduction of the total horizontal force on the wall

as the width was reduced was fairly small, a maximum of

13% on reducing the internal width from 2.7m to O.7m with

a grain depth of 2.7m sloping downwards from the main wall,

In the author's opinion the low sensitivity of the loads
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to the silo width is due to the effect of the shear stress

at the side walls falling rapidly with distance into the
grain mass. The effect of wall rotation was also fairly
small., In the case where the grain sloped up from the

main wall the reduction of total horizontal force was only
7% for a 1.5% rotation and in the case where the grain sloped
down from the main wall a slight increase, 2.4%, was observed
for a rotation of 2.1% (however, a statistical test showed
that it was not unlikely that this increase could have

been due to random chance).

The position of the centre of pressure was much the
same for all the experiments lying between 0.33 and 0.43
of the distance up the main wall.

By using Janssen's formula to correct Coulomb's method
for the proximity of the side walls, it is possible to
calculate the wall loads using the classical idea of active
failure in the stored material and including the effect
of side wall friction. Calculations using this technique
gave horizontal forces on the main wall which were on averarge
about 13% less than the measured values for the largest
silo widths. The technique overestimated the effect of
side wall proximity and, at the smallest width, the cal-
culated values of horizontal force were an average of 21%
lower than the measured ones.

8.5 Comparison between calculated and measured loads

There was good agreement between the shapes of the
stress distributions calculated using the finite element
model and those measured. There was also a good agreement
in the relative values of the loads for the different

configurations investigated. However, for the largest
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silo widths the magnitudes of the stresses calculated using
the finite element model were generally higher than those
measured. On average the calculated value of the total
horizontal force on the main wall with a silo width of

2.7m was about 1%% higher than that measured. It was
discovered in the later stages of experimentation that

a significant proportion of this difference could be due

to a reduction of stress occuring between the end of filling
and taking the stress readings. This reduction is thought
to be caused by creep in the stored material acting to
relieve the stresses on it. It should be possible to
measure parameters to describe creep, possibly on a small
sample in a triaxial cell. It should also be possible to
simulate tne phenomenon within the finite element model
and, if creep is assumed to commence from the moment any
given volume of grain is stressed, the correspondence
between the stresses calculated using the finite element
model and those measured should be much closer. This poss-
ibility is left as a suggestion for further work.

Like the calculations using classical techniques, those
with the finite element model overestimated the sensitivity
of main wall stress to side wall proximity. This could
be due to the non-linear nature of the variation of shear
stress across the width of the silo rather than the linear
variation assumed. The investigation of the shear strese
distribution across a silo is also left as a suggestion
for further work and might be approached experimentally
or possibly, with the help of a three dimensional finite
element model, in a theoretical manner.

The performance of the finite element model in simulating
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the practical tests with wall rotations was disappointing.
This is in contrast to its good performance when used to
simulate a hypothetical silo with a flat grain surface

and a rotating wall. Inspection of the stresses calculated
when simulating the practical tests with wall rotations
showed that in many of the elements the material had gone
past a state of failure. Again this contrasts with the
calculations in which the grain had a flat surface where

the stresses in all the elements were considerably below

a state of failure. This is not surprising because a volume
of material with a sloping surface must be closer to a state
of failure than one with a flat surface, even in the absence
of any wall deflection. The finite element model has a
fairly crude mechanism for preventing elements passing

a state of failure. If it is to be useful in situations
where a state of failure is approached closely then the
computer program needs to be able to simulate this cond-
ition realistically. The author feels that this is an

important area in which further work should be done.
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APPENDIX

COMPARISON CF THE INITIAL VOID RATIO AND

ORIENTATICON OF THE GRAIN IN THE TEST
SILO WITH THAT IN A TRIAXIAL SAMPLE
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Introduction

If two samples of a granular material are tested then
different values of a given mechanical property can be
measured even if the individual grains comprising the
samples are exactly similar. For instance, identical spher-
ical bearings can be placed in a similar container so that
they assume the minimum volume for a given number of spheres.
This close packed array has a void ratio (void volume
divided by solid volume) of 0.35 (Lambe and Whitman, 1969).
Alternatively they could be packed in such a way that the
maximum volume for a given number of spheres was obtained
in which case the void ratio would be 0.92.

Rowe (1962) showed that the shear strength and volum-
etric strains of assemblies of identical spheres should
depend on the initial packing arrangement and this theor-
etical work was confirmed by experiment. Rowe also extended
his work to naturally occuring assemblies and measured the
shear strengths and volumetric strains for identical sands
at different initial void ratios. He found for example
that a medium fine sand at C.56 void ratio had a peak shear
strength about 1.3% times that of the same sand at 0.72
void ratio while the rate of volume increase near failure
was about 5.8 times greater. These high values of shear
strength and volume change can be explained by the greater
degree of interlocking between particles which occurs with
the more dense packing. As well as causing differences
in strains brought about by deviatoric stress changes,
different packing arrangements might also give different
behaviour under the action of hydrostatic stress changes.

For instance, the bulk compressibility (3322 in the model
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of Chapter 3) should be less for a more dense packing because
each grain is confined by the closer proximity of its ‘
neighbours.

The main body of this thesis is concerned with calcul-
ating the stresses at the walls of a test silo using stress/
strain properties measured on a relatively small sample
of grain. Although there is some justification for assuming
that the initial void ratio of the grain in the small =ample
is the same as that in the test silo (Sect. 7.3), they are
filled in completely different ways and so a limited study
was undertaken to compare the packing of the grain in the
test silo with that in a triaxial sample. This involved
removing samples of grain from the surface layers of the test
silo without disturbing the packing of the individuval grains.
These samples were then analysed to determine their void
ratios and hence to establish the initial void ratio (i.e.
the void ratio before the samples were stressed by the
weight of the material above them) throughout the silo.
Similar tests were carried out on a sample from the triaxial
cell and the results compared. The technique was also
suitable for investigating the degree and direction of
orientation of the samples and these properties were also
compared. It must be noted that no attempt has been made
to relate the initial void ratio or degree of orientation
to the mechanical properties of the bulk. In the author's
opinion the measurement of void ratio and orientation with
various methods of filling, the development of techniques
for reproducing these in test samples, and the relating
of these quantities to the parameters of a stress/etrain

model forms a volume of work far greater than that which
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could be contemplated here. However, the method of extracting
samples from the test silo and the methods of analysing

and presenting the data could be of use to anybody engaged

in such a course of work.

Preparation of samples

The sample preparation technique was a two stage process.
In the first stage about 200g of polyester resin (Type
CL 201 PA, Trylon Ltd) with a black dye added was poured over
an area of the grain surface approximately 100mm diameter.
A ring, carefully placed on the surface, was used as a
guide through which the resin was poured. During this time
care was taken not to walk on the grain surface and access
to the sampling area was by removable boards supported
just above the surface on clips screwed to the inside of
the two side walls. Access to these boards was gained by
using a ladder.

After 24 hours the aggregated sample was removed. It
was about 2COmm long, decreasing in diameter away from the
surface. It was strong enough to handle as all the grains
were stuck together by a surface coat of resin but there
were still air spaces between the grains. The sample was
then placed in a plastic bag with a quantity of black resin
sufficient to fill the air spaces and the bag was sealed
with a rubber bung. The bag was then evacuated via a tube
in the bung and the resin was allowed to set under vacuum
for about an hour. It was found that this procedure gave
a sample in which the original air spaces were completely
filled with black resin. Although this technique
was developed independently, the author subsequently found

that a similar technique had been used by Arthur and Shamash
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(1970) for extracting sand and gravel samples but in that work
a different setting material was used and the vacuum impreg-
nation stage was omitted. The orientation of the sample

with respect to the silo was recorded by glueing a label

on to it before it was taken from the silo. An arrow on

the label showed the direction along the axis of the silo
(i.e. perpendicular to the main wall) in the downward dir-
ection of the slope, and the angle of the slope was rec-
orded.

Two or three samples were taken from the surface after
which more grain was loaded into the silo and the process
repeated with the grain at a different level. The locations
from which the samples were taken are shown in Fig. A.1.

After all the samples had been prepared they were cut
into slices using a bandsaw. The first cut was made vertical
with respect to the original position of the sample and
along the axis of the silo. This cut was about one third
of the distance across the sample. The remaining two thirds
were cut into slices using the arrow and angle of slope
recorded on the label to ensure that the slices were horiz-
ontal with respect to the original position of the sample.
During this process a few grains fell out of the resin.

The resulting depressions were filled with white resin
after which all the slices were polished on a belt sander.
A typical slice is shown in Fig. A.2.

The sample from the triaxial cell was produced in a
similar way, the resin being poured into the grain after
it had been loaded into a rubber membrane inside a split

mould in the normal way (Sect.3.4.3).
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Void ratio

The volume fraction of a material consisting of two

phases, a and B, is defined as

V. s..L
Vv, +V
where V, is the volume fraction of the a phase and V, and

Y
VB are the total volumes of the a and P phases in the sample.

VV is thus related to the void ratio, e, by the equation
Vv

I = Vy

In this work the a phase is the air (or void) and the P

e =

phase is the grain. Underwood (1970) shows that the volume
fraction, and hence the void ratio, can be estimated from
measurements taken on planes cut through the sample. In
this work the polished faces of each slice of the samples
were divided into light coloured areas (the grains) and
dark areas (the resin). If a rectangular grid is super-
imposed on one of these faces with a total number of griAd
pointse PT and the number of points falling on the dark
areas, EF,,are counted, the ratio P, /PT will be an estimate

a

of VV' Underwood shows that the expected value of this
ratio equals the volume fraction.

The point counting procedure was carried out using
the Quantimet Image Analyser (Imanco Ltd) in the soil
microstructure laboratory at the City University. This
device uses a video camera to scan a rectangular area of
the sample on which it superimposes a grid of up to 500,000
points. The processor then counts the number of points
that are darker or lighter than a particular level which
is set beforehand by the operator. Setting this threshold

can cause some difficulty and this has been suggested as

the largest single cause of error in the device (Fisher, 1969).
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However, with care it can be set to give reproducible
readings by a technique known as the flicker method (Fisher,
1969). The device normally displays a view of the sample
on a television screen. By pressing a button, this display
can be changed so that the detected features (for instance
those areas lighter than the threshold level) are displayed
at one grey level and the rest of the sample is displayed

at another. These two display levels are adjusted so that
they correspond to the average levels of the grain and the
resin seen through the optical system after which the button
is pressed repeatedly. If the threshold is adjusted corr-
ectly the two displays, that of the face of the sample

and that of the detected features on it, should look very
gsimilar. Any error in the threshold level shows up as a

flicker and so the correct threshold setting is easily

obtained.

The samples were cut into between three and five horiz-
ontal slices, most of which had two usable faces. Sometimes
the faces were large enough to provide more than one separate
area for analysis and so each sample from the test silo
had between six and fourteen areas analysed in horizontal
planes and between one and three areas analysed in vertical
planes. The triaxial sample had nineteen usable horizontal
faces providing one area each for analysis and the vertical
face provided four areas.

A further feature of this particular Quantimet is the
rotating stage on which the samples are placed. By measuring
the angular variation of certain quantities, the orientation
of the grains can be investigated (see next section).

However, because the analysis area is rectangular, rotation

- 224 -



of the sample brings new parts of it into the field of
view while other parts are removed. This leads to a slight
variation in the measured quantity P, with rotation and
so, as the areas were analysed at each of nine 20° intervals
of rotation, the mean value of F, over these nine readings
was taken.

An initial examination of the estimated void ratio,
s /Pn, of the samples from the silo showed that, although
the average values for samples 2 to 9 were about the same,
that for sample 1 was considerably different. This is
illustrated in Fig. A.3 (top and middle) which shows the
relative frequency of observation of each class of void
ratio. The mean of sample 1 was 0.6C3% whereas that of
samples 2 to 9 was 0.447. A test of significance was carried
out by examining the t statistic (Davies and Goldsmith, 1977)
on the hypothesis that the two mean values were equal.
This showed that the difference between the means was sig-
nificant at the 0.1¥ level. There is no particular reason
why the void ratio of sample 1 should have been so much
higher than that of the other samples and it is likely that
this reading was caused by incorrect setting of the thresh-
0ld level. This view is reinforced by the fact that sample
1 was the first to be analysed and the author may not have
gained sufficient experience in setting the level. Samples
2 to 9 only were therefore taken to be representative of the
void ratio of the grain in the test silo.

Fig. A.3 (bottom) shows the relative frequency of each
void ratio class measured in the triaxial sample. The mean
value, 0.408, was lower than that of samples 2 to 9 and

again a test was carried out to see if the difference was
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significant. Examination of the t statistic showed that
the difference in the mean values of 0.039 was significant
at a level between 5% and 1% and so it was concluded that
the void ratio of the material in the silo was slightly
higher than that in the triaxisl cell. This could be due
to the fact that the grain in the silo arrived in position
largely by sliding and the resulting dilation which occured
as the particles slid over one another increased the void
voluume whereas this sliding did not occur as the grain
was loaded into the triaxial cell. The higher void ratio
of the grain in the silo would be equivalent to a solid
volume fraction and hence bulk density reduction of about
2.7% compared with the grain in the triaxial cell.

Preferred orientation

Fig. A.4 shows a set of ten straight lines of various
lengths, ﬂi, and directions, %} drawn in a circle. Cne
way of investigating the degree of orientation of the set
is to measure the way in which the sum of the vertical
heights of each line varies with the rotation, ¢, of the
figure (Foster, 1973). For Fig. A.4 as drawn (i.e. with ¢

= 0) this sum is given by

10
v(o) = Z lﬁicosei 1

1=]

and the variation with rotation is given by

10
VI#) = D |Licos(e; - ¢ |

i=]
V(4) is obviously cyclic in nature and will repeat itself

at 180° intervals of ¢. A plot of V(4) against ¢ (Fig. A.5)
shows that the curve is approximately sinusoidal but the

peak is flatter than the trough. The relatively sharp
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trough is caucsed by the dominant influence of the two lines
of length 30mm and 50mm which are in nearly the same dir-
ection (ASOand 500). A single straight line inclined at
45° would give a rectified sine curve with a peak at ¢==A50
and a sharp trough at ¢ = 1550. A measure of the orientation
can be derived by expressing V(¢) as a Fourier series but

firet V must be made a function of § =2¢ so that the period

of the function is %60°. V is now exprescsed as

co
V(y) = % + kz_l(akcos k§ + bysinkp)

where

& : 2w
2 = 5 fvivay
0

which is the average of V over one cycle and

2
a, = %‘[VN') cos (k¢) dy
0

and

2m
be = = [ V() sin (ki) ap
0

If the orientation is large then the variation of V over

the period will be large compared with its mean value.
Conversely, if there is little orientation the variation

will be small. The orientation can be considered to be
proportional to the ratio of the amplitude of the fundamental
component of the curve (k = 1) to the mean value or

Q = zg;diﬁ + b:
a

(6]

where C is a constant. The direction of the orientation

is given by the phase angle of the fundamental component

‘()
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It is desirable that the orientation should bte 1.0
for a set of parallel straight lines and in this case the

values of Bi are all equal. V is therefore given by
V(4) = [Lrcos(e -¢)

where ﬂT is the total length of the lines and 8 is their
inclination. The ratio between the fundamental amplitude
and the mean value for a rectified sinusoid is 2/3 (Westman,
1964) and so for Q to be 1.0, C must be 1.5 or, measuring

Q in per cent

Q = 23_69 a 4 b2

Fig. A.5 shows the calculated values of the fundamental
component and the mean value of V(¢) for the lines of Fig.
A.4 which give Q =49% and & =38°.

As mentioned previously, the image analyser was equipped
with a rotating stage coupled to the processor enabling
an analysis to be carried out automatically for each 207
rotation of the sample. The device was programmed to measure
the sum of the verticazl heights of the detected features
and a typical =et of results, that obtained from the slices
of sample 1, is shown in Figs A.6 and A.7. Because the
values of V were only available at discrete intervals, the
discrete Fourier series (Bendat and Piersol, 1971) was
used in which the integrals defining the coefficients were

replaced by summations i.e.
a9 _ 1 :
‘§'='§;£%\4¢ﬂ
1 -
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A coding convention was adopted so that slice 1 was
nearest the surface and slice 5 was at the bottom of the
sample. Face "a" of each slice was the upper and face
"b" the lower face. In drawing the figures care was taken
to ensure that they were the correct way round. For instance,
the slices were placed on the stage so that the original
direction of the silo axis was vertical on the television
screen. The first set of measurements was therefore always
in this direction. However, the rotation direction (clock-
wise or anticlockwise looking down on the original position
of the sample in the silo) depended on whether face a or
face b was being analysed. 1In Figs A.6 and A.7 positive
values of ¢ are for directions of analysis in an anticlock=-
wise direction looking down on the original position of
the sample in the silo. The direction ¢ =0 corresponds
to the axis of the silo in the horizontal slices and the
vertical direction in the vertical slices.

It can be seen that the peak of the fundamental compon-
ent always occured near ¢ =0 for the horizontal slices.
This indicates that the direction of preferred orientation
for the horizontal planes of sample 1 was along the axis
of the silo. For the vertical slices the peak occured
around ¢ = 900 which shows that the orientation direction
for a vertical plane through sample 1 was roughly horizontal.
Polar diagrams (Figs A.8 and A.9) have been used to present

the orientation data for the samples as a whole. For each
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sample the orientations for the individual =lices have been
grouped into 10° class intervals according to their directions,
$ . The magnitudes, Q,of the orientations in each class
interval have been added together to produce a total mag-
nitude for that direction. To compare the diagrams for
different samples the total magnitudes have been divided
by the number of areas analysed in that sample. This avoids
the problem of producing a larger total magnitude simply
because more areas have been analysed. The sum of the
magnitudes for all the class intervals in each diagram is
now the mean orientation magnitude for that sample. This
figure has been written alongside each diagram.

The orientation diagrams for the horizontal slices
show that nearly all of the samples had their grains orient-
ated in a direction along the axis of the silo. This
coincides with the direction they would have been travelling
in just before they came to rest i.e. down the slope. In
sample 9 however the orientation is less clearly defined
but is at a considerable angle to the silo axis. This is
probably because the samples were extracted in the period
before the overhead conveyor (Sect. 5.1.5) was inetalled
and the silo was loaded by using a telescopic shute on the
end of the loading auger (Marchant, 1979). The end of this
shute was constrained to move in a line across the silo
but was moved by hand. When the silo became neérly full
the end of the shute was nearly touching the peak of the
heap in the silo and the grain had to be moved away from
it by hand. This caused considerable disturbance to the
surface of the heap (which was one reason why the telescopic

shute was replaced) especially behind the peak and this was

=290 =



probably the cause of the peculiar orientation of sample 9.
The orientations for the vertical slices of all the samples
have been grouped on one diagram (Fig. A.9, bottom). The
directions of orientation for the samples on the right of the
peak (Fig. A.1) have been reversed so that the slope direction
is upwards from left to right. It can be seen that the
orientation in a vertical plane is between horizontal and

the slope direction (approximately 270 to the horizontal)
which, like the orientation in horizontal planes, is in the
direction of motion of the grains before they came to rest.
It seems therefore that the grains tended to slide down the
slope with their long axes parallel to the direction of
slide. The magnitudes of the orientations were however
generally low being in the range 6.9% to 17.1% but it is
interesting to note that these small magnitudes which would
go undetected with the naked eye are easily resolved with

the image analyser.

The method of filling the triaxial sample (Sect. 3.4.3)
should not give rise to any particular orientation direction
in horizontal planes. Fig. A.10 (top), which shows the
orientation for a typical horizontal slice, confirms this,
there being no noticeable cyclic variation of V with ¢.

The horizontal orientation diagram for the whole sample

(Fig. A.10, bottom left) shows that the orientation is very
low (note the scale which is ten times that of the other
diagrams) and the directions are variable. There is however
some capability for orientation in a vertical plane as the
filling of the triaxial sample proceeds by keeping the surface
level. This is confirmed by Fig. 10 (middle and bottom right)
which shows a small horizontal orientation in the vertical

plane.
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Fig. A1 . Location of samples in test silo.

Fig. A-2. Typical slice of a sample after impregnation, cutting,
and polishing.
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Fig. A-4 . Set of lines of various lengths and orientations.
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Fig. A-6. Measured values of V(¢) (arbitrary units) vs ¢ af 20" intervals of rofation for
horizontal slices of sample 1.
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the silo.
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Bottom, mean orientation in each 10 class inferval.
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