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Abstract

One of the most interesting aspects of the Special Theory of
Relativity is its intimate connection with geometry by way of
Minkowski's four dimensional space-time world. In this thesis

we examine that connection from various points of view. On the

one hand we consider Minkowskt space as an axiomatic system built on

certain postulates in the style of Peano and Hilbert, an avenue

of development which began with Robb prior to 1914 and continues .

still with the work of Schutz in 1973 and 1979. On the other
hand certain groups arid group geometries are given prominence;
this avenue of development began with Lorentz and Larmor

before 1905, continued with Bateman and Cunningham in 1909 and

received a boost recently with the work of Zeeman in 1964.
The unifying theme of this part of our development concerns
the way of making manifest, in the various group geometries
associated with Minkowski space, key matters of physical experience

and intuition, collectively known as the prinetple of causality.

The procedures by which causal issues are treated in the

Minkowski space model are subjected to critical review and the

thesis contains original and/or simpler proofs of the

theorems associated with the local and global causal groups.

In addition, we present a systematic mathematical development

of a procedure for dealing with the class of uniformly accelerated

frames within the theory of Special Relativity, without the
necessity of dealing with the curved space-time of General

Relativity. The problems of physical interpretation that arise

regarding the preservation of local and global causality and the

restrictions on the use of the allowable transformations are

also discussed and critically evaluated.
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Introduction

We shall be concerned with Minkowski space as a mathematical

entity in its own right, and, separately, its use as a mathematical

foundation for the physics of Special Relativity. Indeed, since

the suitability of Minkowski space for that modelling role is well

appreciated, it is clearly appropriate that its character as a

mathematical structure should be examined.

In Part I, Chapter 1, we give brief historical accounts of the

growth of Special Relativity and of the development of axiom

systems for Minkowski space. There is also a discussion which

gives some flavour of the interplay between geometry and physics,

and a section devoted to causality. Lastly, there is an explanation

that we shall be concerned with Minkowski space as a mathematical

structure first, and with physics, second.

In Chapter 2, we look at the axiom of system of Robb (1914) in

some detail ; here,Minkowski space, Mas is regarded as a four

dimensional absolute geometry with the Euclidean property for

parallels. The whole edifice is built on a single strict partial

order relation which Robb refers to as after , this relation

generates all the geometric entities, line, plane and hyperplane,

as well as a "null cone" which separates each class of geometrical

entity into three varieties.

Chapter 3 is concerned with notation and nomenclature, and

the definitions and elementary properties of the standard affine

groups associated with My, viz. the Lorentz and Potnearé groups.



In Part II we examine certain bijective maps of parts, or of

the whole, of Mg which preserve aspects of its mathematical

structure, aspects which reflect those physical concepts known as

(local and global) "causality". Clearly these maps form groups,

and the groups generate geometries ; Theorems A and B of Part II

respectively tdentify the global and local causality groups with

standard groups, both affine and non-affine,associated with Mg.

Theorem A, which identifies the global causality group with the

"augmented" orthochronous Poincaré group, P** , is due in its

explicit form to Zeeman (1964). However, our proof is new,

and it invokes properties of the conformal group associated with

My : indeed, this proof is designed to point the distinction

between the affine subgroup P** of the full conformal group and

the group itself, regarding global causality preservation.

Theorem B makes explicit ideas that were implicit in Wess (1960),

and in Flato and Sternheimer (1966), concerning the local causality

preservation properties of the spectal conformal group.

In Part III we make a more detailed examination of the

properties of the special conformal group, Sq: At this stage we

are equipped with an abstract mathematical structure My and a

transformation group Sq> a pair which characterizes the "locally

causal geometry" for Mg. We look at two classes of subsets of Mg ‘

the homogeneous hyperplanes, and the homogeneous hyperbolic hyper-

surfaces, and the most important new result which emerges is

Theorem C of Part III. This is a purely geometric (or group

theoretic) theorem, in which the group generated by S, and the

augmented orthochronous Lorentz group, L**, appears as the local

invariance group for regions of those hyperplanes and hypersurfaces



mentioned above.

We now interpret Theorem C in terms of the kinematics associated

with one-dimensional motion ; in particular, we discover the

existence of a member of the collection of maps mentioned in

Theorem C which associates (locally) a straight line through the

origin with a given hyperbolic arc through the origin. Such a map

is suggestive of a procedure for transforming from the coordinate
system of a "non-accelerated observer" to that of a “uniformly

accelerated observer". However, before that suggestion is fully

pursued, we find a rather surprising fact, the map that would operate

this procedure is not "physically" limited by the presence of the

"singular cones" (where the transformations break down).

In Chapter 7, we proceed in a manner which may be described

as "physically naive". We do not yet have the concept of “inertial

frame", and we deliberately delay its introduction. That delay is

well worth while since we may clearly establish the need for a class

of privileged Minkowski coordinate systems even at this level of

"naive physics". The privileged systems are then referred to as

inertial. Finally, we make a full examination of the procedure

for mapping from an inertial frame to a wutformly accelerated frame 3;

this is Theorem D, the third new result of the thesis. That completes

Part III of the thesis.

The work ends with a brief collection of concluding remarks,

together with some suggestions for further investigation.
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PART I. FOUNDATIONS

Chapter 1. The historical and philosophical background.

In common with many mathematical disciplines, the kinematics

and dynamics associated with the motion of massive and massless

particles since 1880 has developed in two ways. On the one hand,

the equations of J. Clerk Maxwell (1873), which so profoundly

categorize the behaviour of electromagnetic fields and massless

particles were found not to match the equations of Newtonian

mechanics regarding the motion of massive particles. This mis-

match is immediately noticeable in the sense that, while the

maximal linear group under which Maxwell's equations are invariant

is the Poincaré group, that for the invariance of the Newtonian

mechanical equations is the Galilean group. Clearly there would

have to be some means of reconciling the two formulations, or one

formulation would have to be rejected. This theoretical problem, -

thrown up by the mathematical physicists, was then echoed by the

experimentalists in their search for evidence of absolutes in the

fabric of the universe ; it led to Einstein's theory of Special

Relativity (Einstein, 1905) and to Minkowski's formulation of

kinematics in terms of a four dimensional space-time "world"

(Minkowski, 1908 ; 1952). Quite apart from Einstein's theory of

gravitation (Einstein, 1916), which would further widen the class

of transformations which were to be allowable in the description of

Physics, the Special Theory led to a plethora of results in mechanics,

optics and electrodynamics . In addition, sustained efforts to absorb

the theories of gravitation and of electromagnetic phenomena into

a single “unified field theory" were undertaken.
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Teil Axiom systems for Minkowski space.

There is another trend which balances that toward increasing

theoretical complexity ; it is that toward economical axiomati-

zation. On the face of it, this would seem to have started with

the work of C. Carathéodory (1924) and that of H. Reichenbach

(1924), one of Einstein's students in Berlin at the time of his

first course of lectures on Relativity. Surprisingly, it was a

British mathematician A. A. Robb (1913, 1914, 1921) who had a

prior claim. An analysis of Robb's intellectual life around 1900

reveals an interesting fusion of the ideas of the axiomatists

G. Peano (1889, 1894) and D. Hilbert (1899, 1902) with those of the

Cambridge school of mathematical physicists, notably Larmor (1900).

We examine both the historical development and the mathematical

content of Robb's contribution in Chapter 2.

It is clear that Carathéodory and Reichenbach are little

influenced by the first detailed expression of Robb's theory (1914),

and, indeed, the continental school was inclined to dismiss it as

being of little account.

Thus, Herman Wey] (1923 : 8) :

"For that reason, we can, if we are working with

the entire infinite universe, construct the geometry

of Minkowski [space], completely on the single

concept of the null element ; the straight line

becomes superfluous. This was developed a few

years ago by the English (sic) mathematician Robb in

a system of axioms which is admittedly very complicated

and artificial ..."

Yet Robb's work was favourably acknowledged by Eddington (1924),

Carnap (1958), Whitrow (1961) and Synge (1965), and begins to re-

12



assert its influence with the appearance of the paper "Causality

implies the Lorentz group" of E. C. Zeeman (1964). Here, Minkowski

space is treated as an essentially geometric entity, but without

the confusion brought about by the terms "pseudo-Euclideanism"

and the "indefinite metric" ; the treatment is carried to its

logical end in Nanda (1976).

Further considerations of the axiomatics of Minkowski space

had flared briefly with McVittie (1942) and Walker (1948, 1959)

following Milne and Whitrow (1938) and Reid (1938). Recently, in

a collection of papers under the editorship of P. Suppes (1973)

several authors put forward axiom systems of their own, notably

Domotor (Suppes, 1973 : 3 - 55) and Latzer (Suppes, 1973 :

321 - 365). Each pays due deference to Robb (1914) and each

indicates a newly awakened interest in Minkowski space geometry

as the result of Zeeman's paper (Zeeman, 1964). In addition, an

Australian school, initiated by Szkeres (1968) has led to the

development of the systems of Schutz (1973, 1979) ; these have a

flavour of Hilbert's (1899) system as opposed to Robb's (1914),

which is clearly fashioned in the Peano (1889) mould.

It is appropriate to give Robb's axiom system pride of place,

in spite of the degree of artificiality associated with it. The

system relies on the single primitive relation after, and is the

archetype of every system in which there is an a prior? acceptance

of the primacy of "an observer's time order”. Once that primacy

is accepted we have a clearer appreciation of the subjective nature

of “causality”.

13



1.2 Geometry and Physics.

Greek geometry was clearly not initially an abstract

invention of the human intellect; it must have grown out of, and

developed along with, primitive physics. Indeed, human endeavour

has always progressed by that procedure we know as "trial and error";

it is likely that it always will. In ancient times, as now, there

existed a breed of man more inquisitive than his fellows ; in

modern terms we would say that these primitive scientists

“observed phenomena", “designed experiments" to verify those

observations, and used that body of accumulated knowledge to make

predictions. The very word "observation" indicates the importance

of primitive optical science, and geometry in the ancient

civilizations necessarily developed as a distillation from

observed natural phenomena. No doubt experience soon taught the

ancients the geodesic value of the "straight line" on simple

conservationist and economical grounds. But how would one judge

collinearity ? By optical alignment, as we do, for example, in

surveying, today. Thus, there are no hyperbolic grids for

irrigation systems, roads are straight, buildings often of rectan-

gular plan. Is that only because straightness was a vogue of early

civilization ? Hardly, for if light rays had non-straight paths,

always, not only might we be inclined to ape that non-straightness,

we would surely christen those paths "straight": Of course, there

might have been trouble if it were found that geodesic straight-

ness was not of the same nature as optical straightness. To

modern (post-renaissance) minds such a disparity would be evidence

of a lack of the underlying unity that we hope for in Nature.

Even on the evidence of the parts of the geometry of Euclid

14



that have survived, Greek geometry was incredibly inventive and

rich. It must be remembered, however, that it was abstracted

from the properties of geodesy and optical alignment ; it was

also, frequently, of practical contemporary use. Seventeen

hundred years and more later, Galileo and Newton had the surviving

body of Greek geometrical theory and intuition with which to build

their models of mechanics. Without that theory they would scarcely

have been able to start.

Nowadays we may examine Newton's description “uniform motion

in a straight line" critically, and pose certain questions. What

is a straight line ? What is uniform? What reference system is

implied ? But clearly Newton had no doubts : it was Euclidean

geometry, the geometry that grew out of terrestrial geodesy and

optical alignment that he knew, and was using.

In our era the two disciplines, physics and geometry, do not

exist in isolation or in mutual antipathy, but are mutually supportive,

as they were in ancient times. Whether or not, in the future,

physics will be “geometrized away" in the sense that the universe

will be modelled by a system without the concepts of particle,

mass, charge, motion, rest, collapse, decay or rebirth, is speculat-

jon. The irony is that if such a "space time manifold" was

designed so that its intrinsic differential geometry and topology

jin the form of knots, folds, cuts, holes, plateaux etc., manifested

physical phenomena, we would still not use the model to build

bridges. Of the interface between geometry and physics Poincaré

(1952 : 50) says "One geometry cannot be more true than another ;

it can only be more convenient". If, by that statement, he meant

to imply the relation between geometry and the uses to which physics

1S



is put in the world of our existence, he is undoubtedly correct.

Whether or not there will be a system in which physics is completely

geometrized is an unanswered,and possibly, unanswerable question.

The claim of such a system would then be that for the purposes

of what we take to be normal civil engineering projects, Euclidean

geometry was appropriate but only as an approximation of very high

order. The distinction might be too fine for engineers, designers

and builders.

1.3 What is causality ?

In Special Relativity the physical universe is one of equal

opportunity inasmuch as each observer (whether or not absolutely

accelerated) is entitled to set up his own Minkowski space model,

with its attendant system of coordinates - his "frame". Thus he

is entitled to assign quadruples of numbers to events using (co-

accelerated) measuring rods and clocks ; if he is either wnaccelerated

in some absolute sense or uniformly accelerated in some absolute

sense, he will find that the history of a light pulse is a local

straight line in his geometry - otherwise not. “However, it is not

our purpose to assume any physics at the outset but simply to

contend that Minkowski space is an interesting mathematical structure

and that certain groups and their geometries (abstractly available)

are also of interest.

Now, although those groups are abstractly available, one

of our aims is that the groups should give mathematical expression

to a physically intuitive concept - "causality". It is instructive,

therefore, to examine exactly what physical concepts might be

considered to be built into an axiomatic construction of Minkowski

16



space, even though we shall initially deny such physicality.

For example, according to Robb (1914), each observer is implicitly

aware of a natural phenomenon which he characterizes as hts "past",

"present" and "future". He is also inclined to assign to remote

pairs of events (i.e. those events that do not lie in A¢s history)

a "causal" connection ; thus, he will give his opinion that two

events A, B are (i) "causally connected", with A "in the future

of" B, (ii) "causally connected", with B “in the future of" A,

(iii) not causally connected. Similarly, it is assumed, on good

experimental grounds, that there is a finite maximum speed for

signals by which information concerning remote events is brought

to an observer, so that there is a second physical aspect to be

enshrined in the axiomatic structure. This is achieved by the

presence in Minkowski space of a null cone at each point, and the

mathematical assertion that there are three "conical" regions,

each with its distinctive nature, at each point. The null cone

reflects the physical limitation on the signal speed and models

the aspects of antecedence, futurity and simultaneity not only for

the observer himself but for events remote from him.

Thus causality is essentially a subjective concept, one

which is peculiar to a single observer. On the other hand, the

principle of causality concerns the question of comparing inform-

ation between (any) two observers. For example, if 0, 0' are the

observers, and A, B are two happenings (events), then if 0

assigns a causal: relation between A and B, with A “in the future of"

B the requirement that 0' should assign the same description to

the pair A and B is called the (physical) principle of causality.

7



It is worth noting that such a principle is quite independent

of the assumptions involving constancy of the signal speed,

finite maxtmum for the signal speed or the truth or falsity of

the statement that 0, 0' are in uniform relative motion ; it

is simply a requirement that the subjective assessments of two

observers concerning a causal relation, or lack of it, agree.

1.4 The treatment of causality in the mathematical model.

We have adopted the view that the mathematical edifice

known as Minkowski space will always be a physically useful model.

We have also accepted that causality is an intuitively important

and physically necessary concept, and that its qualities should

be reflected in the mathematical model.

Robb's effective advocacy of the importance of causality,

and his strong conviction that the principle of causality should

have a priori acceptance (Robb, 1936 : 20) ensures a place of

importance for his views. However, the discussion of his axiomatic

development in Chapter 2 is subsidiary to the main line of devel-

opment of this thesis.

From Chapter 3 onwards My is a given mathematical structure,

already coordinatized, and with the distinction between null, time-

like and spacelike vectors already made. In Chapter 3 itself there

is an account of the group theoretic and geometric qualities of

My associated with the Lorentz group and the Poincaré group. There

is another group associated with Minkowski space, the non-affine

conformal group, Cy ; we examine aspects of its geometry in both

Chapters 4 and 5. We notice how the affine group P+* and the

18



special conformal group Sq (also non-affine, and an abelian sub-

group of C4) absorb into their geometries mathematical qualities

which model "global" and “local" principles of causality.

1.5 The principle of local causality and kinematical equivalence.

There is still no mention of other physical phenomena, whether

rods, clocks or light signals - no concept of inertial frame,

none of uniform motion. All the kinematics that is, implied at

this stage is as follows :- if an observer 0, at the origin of

a Minkowski coordinate system, assigns a straight line history to

a particle P, then P and 0 are relatively unaccelerated. If the

history of P is not straight P and 0 are relatively accelerated.

We now select the class of hyperbolic world lines for special

consideration (Briginshaw, 1980) and that leads us to a technique

with which to conduct a simple thought experiment, that involved

in the "clock paradox".

At this point, we ask the following question :

"Can the class of coordinate systems to which the principle of

local causality applies be considered as kinematically equivalent ?".

For the mathematical model to make physical sense the answer is

"no" and we are forced to introduce the concept of "inertial frame".

Only then do we make contact with the standard developments of

Special Relativity (Pauli, 1958 ; Rindler, 1960 ; Synge, 1965 ; etc.).

19
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Chapter 2. The Robb axiom system for Minkowski space.

2.1 The historical perspective.

Alfred Arthur Robb (b. 1873 ; d. 1936) traced the origins

of his theory as far back as 1902, when he attended a meeting

of the British Association in Belfast to hear a paper from

Lord Rayleigh (1902). At that time Robb, the son of a well-to-do

farming family in Ulster, was twenty-nine ; after obtaining a

B.A. at Queen's University, Belfast and an M.A. at St. John's

College, Cambridge, he was awarded his Ph.D. at Gottingen in

1904 (Robb, 1904), and returned to St. John's as a Fellow. Robb

was an associate of Sir Joseph Larmor, a fellow Ulsterman, who was

himself soon (1903) to be appointed to the Lucasian Professorship

of Mathematics in succession to Sir George Stokes and it was

natural that Robb should be involved in the discussions that were

provoked by the failure of experiment to "detect uniform motion

through the aether". It was just such an experiment that Rayleigh

(1902) was describing at the meeting in Belfast.

Now Robb studied at Gottingen between 1902 and 1905, and his

doctorate was awarded for the thesis "On the theory of the Zeeman

effect" (Robb, 1904). It was quite possible that at this stage

of his career Robb became aware of Hilbert's approach to the

axiomatization of three dimensional Euclidean geometry. He

certainly became familiar with axiom systems propounded by

Guiseppe Peano (1889, 1894) and the Italian school, for Robb pub-

lished a paper (Robb, 1913a) and a short note (Robb, 1913b) in

which he proved that two axioms of the Peano system for plane

geometry were redundant. Incidentally the references to these
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proofs given in Robb (1914, 1936) are incorrect ; they are

correctly given in Briginshaw (1979), and in this thesis.

Clearly, at the same time that he was assimilating what

was then the recent work of Peano (1889, 1894) and Pasch (1882),

and the very recent work of Hilbert (1899) and Veblen (1904),

Robb was working on his concept of "conical.order". It is this

concept, based on a single primitive relation after, from which

he would eventually fabricate the full geometric structure that

is Minkowski space (i.e. Minkowski's "space-time world").

Certainly, at the time of publication of “Optical Geometry of

Motion" (Robb, 1911), the conically ordered structure had not

fully crystallized as an axiomatic geometry, for Robb

(1911 ; 1 - 2) writes :

"It is proposed in the following pages to refer briefly ,

in the first place, to certain Optical phenomena which
occur in free space, upon which we might suppose some of the
chief axioms to have their foundations ; and then to employ
these to establish on a new basis some of the groundwork

of the theory of ‘Relativity’.

The writer does not propose, in the present paper, to go
into the more minute Logical details of the foundations
of Geometry ; as it seems to him that these would tend to

obscure the general standpoint which he desires to
emphasise. For thts reason he prefers to reserve them

for a future occasion". (My italics).

"Optical Geometry of Motion" was lodged with the London

Mathematical Society in 1910 but not published in the Society's

Proceedings, and Robb arranged for it to be published privately, as

a pamphlet. The fact that it was not published in the Proceedings

is not surprising, for the development is deficient in one key

respect; it is based on the highly artificial concept “index of

a particle" (Robb, 1911 ; 5). Although Robb himself abandoned the
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idea of index, the pamphlet nevertheless had an important

influence on his later work. In addition, the term "rapidity"

is introduced for the first time [(Schutz, 1973 ; 233) wrongly

assigns its first usage to Robb (1921)], and Robb's concept of

"fundamental particle" recurs later, in the work of Walker (1959).

It is certain that the grand design for Robb's axiom

system was complete before 1914, for another privately financed

pamphlet (Robb, 1913c) was the forerunner, in précis form, to

the comprehensive work "A Theory of Time and Space" '(Robb, 1914).

Throughout the remainder of his life he was to refine and

reconstitute his proposals (Briginshaw, 1979) and the culmination

of his work was to be the book “Geometry of Time and Space"

(Robb, 1936).

One A Peano axiom system for four dimensional absolute geometry .

The following set of fifteen axioms is an appropriate extension

of Peano's (1889) system for a three dimensional absolute geometry.

Let § be a set of elements with a three element primitive

relation Zinearly between ; we shall use the abbreviated form ABC

for B is linearly between A and C.

A.l 4 has at least two elements.

A.2 For each ach. dx, AXA.

A.3 ‘If A,B are distinct, 4C, ACB.

A.4 If ACB then BCA.

Definitions :

(AB) { C : ACB } is called the Zinear segment of A and B.

A'B { C : ABC } is called the Zinear prolongation of (AB).
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AS If A,B are distinct, 4C c A'B.

A.6 If A,D are distinct, and if C e« (AD), B e (AC) then

Be (AD).

A.7 If A,B are distinct and C,D « A'B , then either C = Dor

C « (BD) or De (BC).

A.8 If A,B,C,D 4 and B ce (AC), C « (BD), then C ec (AD).

Definition :

AB = A'B y (AB) y B'A is called the straight line through A and B.

A.9 ‘If 2 is a straight line, JAZ 2

A.10 If A,B,C are three non-collinear points and D « (BC),

Ec (AD) then AF c B'Eq(AC).

A.11 If A,B,C are three non-collinear points and D « (BC),

Fc (AC) then JE c (AD) q (BF).

Definition :

If A,B,C are non-collinear points and D « AB, then

nm = {E : E « CD, D arbitrary} is called the plane through A,B

and C.

A.12 If mis a plane, P¢nt

Definition :

If A,B,C,D are non-coplanar points and E ec 1 » where 1 is the

plane through A,B and C, then

Hp ABC = {Fs Fe DE; Evarbitrary}

is called a Ayperplane, cf Forsyth (1930 : 6).

A.13 If His a hyperplane.4Q Au.

AG = aLf Pi Heine

then 4 = (G:Ge FE, E © Hy ages E arbitrary) .
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A.15 If 2 is a straight line and A ¢ 2% , there is one and only

one line 2' through A, and which lies in the plane of A and

2 , such that 2, %' have no common point.

2.2.1 Remark

Axiom 15 concerns the uniqueness of parallels in the system and

makes the geometry Euclidean as opposed to Elliptic or Hyperbolic.

There is no metric associated with the system.

2.3 The axiomatic geometry of A. A. Robb

The procedure of Robb (1936) is fourfold in operation.

Firstly, he starts with an abstract event set, in which there is a

primitive partial order, and constructs the null cone (abstractly ;

there is no vector space structure and no coordinate system until

the very last stage of the procedure) at each point appropriate

to the partial order. It is the null cone that serves as a

selector for the assemblage of geometric entities that contain

the point. In this way, these entities, which are elements of a

non-metric Euclidean geometry (Robb, 1936 : 121 - 124, 131 - 132,

148, 188, 192) are categorized into mutually exclusive subsets,

which Robb calls optical, inertia and separation ; terms which

are more usually known by the equivalent titles muZZ, timeltke

and spacelike, respectively. Secondly, the geometric entities

themselves are fabricated in two stages, beginning with optical

line, and obtaining at one stage the assemblage of planes and

lines, and then the assemblage of hyperplanes (Robb uses the term

threefold) ; there is then an axiom by which the hierarchy of

subspaces is limited to four varieties.
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When the non-metric Euclidean geometry has been completed,

Robb does not attempt to metrize the whole four dimensional edifice,

instead, he metrizes sets of lines of the same variety (all inertia

lines belong to one variety, as do all separation lines, but skew

optical lines are not all members of the same variety for the

purposes of metrization), and the method of congruence by which

this is achieved leads to an implied correspondence between points

of a general line and the set of rational points on the real

metric Euclidean line (this is the line with a linear order induced

by d(x, y) = |x -y|). The final axiom is designed to make each

variety of line in the four-dimensional geometry a copy of the

whole of the real metric Euclidean line, including the irrationals.

In addition, having chosen a scale for metrization of inertia

lines, Robb uses the scale induced on the conjugate (Robb, 1936 :

163) separation line for application to the whole variety of

separation lines. There is no attempt to compare the scales for

inertia or separation lines with those on optical lines. When

this is achieved, Robb is able to distil from the abstract pure

geometrical design, an appropriate coordinatization. Only one

variety of plane and one variety of hyperplane, in each case, the

separation variety, has a metric geometry associated with it in

the sense that these are the only entities in which the analogues

of Pythagoras' theorem and the triangle inequality are valid.

Indeed, Robb shows that each separation plane can be identified

with the metric Euclidean plane Ree and each separation hyperplane

with the metric Euclidean variety R. As for the other two

varieties of plane and hyperplane, the optical and inertia types,

the geometry is quite different, because, for certain regions of
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each entity, the analogue of Pythagoras' theorem and the triangle

inequality are both violated (for example, there are triples of

points in an inertia plane for which the inequality is reversed).

2.4 The analytical geometry of the system

Finally, Robb achieves an analytic description of the whole

geometry, and the quadratic form whose sign differentiates the

three varieties of line, and, as a result, the three varieties of

both plane and hyperplane. The coordinate description of the

geometry is also one in which the three subspace entities, line,

plane and hyperplane have affine (inhomogeneous linear) equations ;

the full precision of the design is then realised by noticing

that the vector space structure applies throughout the geometry,

in other words, that the axiomatic geometry, when coordinatized ,

is Minkowski Space.

A complete catalogue of appropriate equations for the

homogeneous varieties is as follows :-

The hyperplane

AQXq > 24%] 7 AnX_ - 83X3 = 0

2 2: : . s : . 2 2
is optical, inertia or separation according as a) - a) - ap - a3

is zero, positive or negative.

A general plane, with equations

AgXq ~ 24%] ~ ADXg ~ 4X3 = 0)

b b b =0SSO Sl min2ec ies 3
is optical, inertia or separation according as

b ‘a 2 2 = 2 2 2 2 2

(agPq - ay] = agby - 233) - (ay - ay - ap - a3)(by - by - bp - bs)
is zero, positive or negative.
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A general line, whose equations are

x

~w lw
gol ibesBo gael.

Sotoa! lonariee

2 2

is optical, inertia or separation according as ts fy 7 hg 7 bg

is zero, positive or negative.

A variety which is the translate of one of these is tested

using the same criteria.

2.5 Interpretation of the model

The geometry that Robb fabricated is a logical structure

built from certain postulates ; it is self contained irrespective

of any application . However, the motivation of the whole work

was to obtain a logical and acceptable model for the description

of space-time, and it is in this light that Robb sought to interpret

his theory. In the world of space-time,according to Robb, two

events may or may not be related, but if they are related then

one event is after the other, and this information is absolute.

As a result of this intrinsic quality of space-time, it is possible

to set up a variety of coordinate systems at any point of the

universal set in each of which the coordinate directions are

mutually normal. For a material particle (and for a photon) we

may say that the locus of its coincident event is its history.

We may also define the absence of acceleration for a particle :

a particle is said to be unaccelerated between the events A and

B if its history between A and B lies in the inertia line AB.

Suppose now that we select any inertia line and consider the

class of inertia lines parallel to it ; we must agree to interpret

this class as containing the histories of unaccelerated particles

which are at relative rest, and agree to refer to the class as
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an inertial frame. Equally, any other inertia line and its

parallel class is a second inertial frame. Now, in the first

inertial frame, the constituents of the second inertial frame are

interpreted as representing unaccelerated material particles,

and vice versa, and it is taken as axiomatic that there are

vectors associated with each pair of frames, called their relative

velocities, which characterize the state of no acceleration. In

addition, if the relative velocity of second with respect to first

isu implies that the relative velocity of first with respect to

second is -u, this must be a matter of agreement , too. With

these matters agreed, as well as a method of calculating the

relative velocities associated with a pair of frames, it is

now possible to obtain the equations of transformation between

the event-coordinates according to two coordinate systems, one

in each inertial frame. Clearly an individual's assessment of

causality is endemic in the system ; Robb (1936 : 20) accepts as

axiomatic the principle of causality, too , so that the most natural

procedure from which to obtain these Poincaré (inhomogeneous

Lorentz) transformations is that of Theorem A in Chapter 4.
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Chapter 3. The standard affine transformation groups.

3.1 Perspective.

It is important to be clear exactly what mathematical entity

is implied when we use the description Minkowski space. For

example, from an algebraic viewpoint Minkowski space is a vector

space, but not a linear algebra ; also, because of the vector

space structure there are the elements of the usual (affine)

geometry, these are entities for which the invariance group is the

affine group. What, however, is the status of any topology

associated with the space, is it a metric topology that we imply ?

Certainly the vector space structure alone always generates a

natural topology and that topology is semi-metric ; to what extent

is that appropriate when the crucial quadratic form is not

positive definite ? These are important questions and ones which

a succession of authors, beginning with Zeeman (1967) have sought

to answer. As far as this work is concerned, as the title indicates,

it is concerned with causality and geometry and the interplay

between the two ; when questions of continuity arise, as they do in

Chapters 4 and 5, the topology is taken to be the Ry metric

topology. As for the construction of topologies finer than the

metric topology,which are themselves non-metrizable, but which

match the Lorentz geometry in a remarkable way, there is a brief

survey in Chapter 7.

The present chapter, for its part, is concerned with

nomenclature and notation, and the establishment of a number of

standard results concerning the Lorentz group and allied groups,

and their geometrical nature. We define Minkowski space to be a

35



four dimensional orthogonal space (Porteous, 1969 : 146-164).

3.2 The vector space, Yq

We shall refer to the collection of quadruples of real numbers

of the type (X95 Xp» Xoo X3) with the usual vector space structure

[ i.e. X + Y F(X) + Yqs Xy + Yq> Xp + Yqo Xz + ¥3) 3

ae (Axg> AX] > Xs AXx3)] as Vy -

3.3 Nomenclature

We shall say that an homogeneous linear transformation of

the components of the quadruple,

ater ? ,

as ay %j f5 is Linear :

and that an inhomogeneous linear transformation,

xo SD Yai5 Xj is affine

Transformations whichare not inhomogeneous linear are often called

non-linear, but we shall use the term non-affine.

3.4 The usual geometry for V4

The sets fal, {a+ Ab: a, be Vy, © R} >

fa + Ayby + Agbp : a, by, bo e Vy 5 ApoAg © RE,

fa + A4>y + Abo + Agb3 Sas. bys bos b3 € Yq . Ayprrgerg e R} ,

are the elements of the usual geometry associated with Vg 3

they are respectively points, lines, planes and hyperplanes.

It is clear that the group of non-singular affine transfor-

mations is the invariance group for this geometry, i.e. the

entities point, line, plane and hyperplane are invariant figures
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for the group.

3.5 Definition : orthogonal space.

We say that Vq is assigned an inner product « if there is a

mapping p : Vq x V4 + R given by p(u,v) = u.v with the properties

(i) u.v = v.u Yo u,v : symmetry

(ii) u.(Av + pw) = AuU.v + pU.W

Yusvwe Vas V Aju e R: Lineartty.

The pair (Vy, +) is said to be an orthogonal space (Porteous,

1969 : 148) .

3.6 Definition : Minkowski space.

It is clear that p: Yq x Vy +R given by

p(u,v) = u.v = Vg 7 UY] 7 UaVp ~ U3Y3 is an inner product; in

this case, the pair (Vq> +) is said to be Minkowski 4-space or

four dimensional Minkowski space, and denoted by My.

3.7 Remark.

The inner product as introduced above does not have the

property that u.u 2 0 Yu , and does not therefore generate a

semi-norm in Yq ; My is not a pre-Hilbert space.

3.8 Definition : Lorentz transformation .

A linear transformation of Vq which preserves * is said to

be a Lorentz transformation of Mg. Thus A: My > My isa

Lorentz transformation if A is linear and if (Au).(Av) = u.v

Vu,ve Mg (See Chapter 4, if f is a bijection,which preserves «
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then it is necessarily linear).

3.9 Theorem 1. (Trautman, 1965)

A is a Lorentz transformation iff

(Au). (AU) = uu, VueM.

Proof :

Sufficiency : suppose that (Au) . (Au) = u.u, Yue My 5

then aA(u+v) .A(u+v) = (uty). (u+v)

*. Au.AU + 2Au.AV + AV.AV

= U.u + 2uU.V + V.V

". AU.AV UsVicg. Veul,Vew My

A is a Lorentz transformation.

3.10 Matrix representation of A.

Consider an appropriate basis for Vy> viz.

&9 = (1,0,0,0) 5 e, = (0,1,0,0): 5 & = (0,0,1,0) 3 @3 = (0,0,0,1).

Now @9-€q = 1, e@;-e; = -1 for i # 0,and e, +e; = 0 for i # j.

Thus, if A is a Lorentz transformation

Neg = go®o + ror®1 * *o2®2 * Xo3®s

2) 2 2 2 Bai

where = N@p-N€q = Agg ~ oy - Ao2 wags = ss

he; = Aqgeg + Aer t Anta + Aa383 > 1 = 152335,

2 2 2 Oak oe 1

where Ae;.Ae; = Megee AGT ot Moe a sac

Also, Ae;. hey =20) . TOR ade
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The matrix representation of A is then

!

Ae inaiay! \QONmn Olea (02; 1°03

ott elem ame als

MOO) eel: aaaaey = 823

3.11 Theorem 2.

A is non-singular.

Proof :-

Consider scalars Gigs A> Gps Oy such that

X99 «+ «M9 + A2r2q + 43439 = 9

Goro) + 944g Brgy? + ghg7 = 0

Aprog + %A12 + S222 + aghg2 = 0

agro3 t+ 8443 * Gphgg + 333 = 0

Now

2 3 z

aq = (a4%49 + 8229 + 93439)
2

~ (ayAqq * o2%27 + 93437)
2

~ (ayrq2 + aprgg + 23h32)
2

- (94443 * a2493 + 93433)
0

2 2 2

= = ay - ay ~ 03 + 2ayapldqqhoq ~AqqAgp-% 2422 “443423 |
0

+ 2aya3 [y9439 “ays Tiele me ignaa!
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0

+ 2ape3[r29\39 es Bie aXp3)33!
2 Qe ee 2 i

Gy +o, +a, +o, = 0

Thus the column vectors of A are independent, and det A # 0.

3.12 Definition : the Lorentz group.

Consider the collection of Lorentz transformations of My 3

if A is any member of the collection, then the inverse transform-

ation exists, from theorem 2. Consider arbitrary elements

ee ally » then

(AAT Tuyo (AK Wye =) (APtU) ee (LV)

since A is Lorentz ; it is clear therefore that a7] is also

Lorentz, as is ty, Thus, with composition as the group

operation, it is clear that the collection is a group, which we

denote by L, and call the Lorentz group.

3.13 Types of vector.

The vectors of M, may be classified into three types as

follows :-

(i) u is timelike if u.uu>O,

(ii) u is mut? if u.u=0, °

(iii) u is spacelike if u.u<0.

3.14 Theorem 3.

If u,v are timelike vectors, with Uy > 0, Vee 0, then

u.v > 0.
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Proof :-

UeV = ULV, = UVa = UpVy = UZV,

3 Heat 3 2
Now |) uv. | Sous ve

ile i= ah :

3

Thus Ih uve |< [ugl Ivo UpYo

Corollary.

If u,v are timelike vectors, with uy < 0,v,< 0, then

Wave >= 05

3.15 Time orientation.

Let J be the set of all timelike vectors in M,, then

Ji = {uc} :u, > 0} is said to be the posttive time

direction or future, and 3 a {cu e'J sua" < 0}

is called the negative time direction or past.

3.16 Definition : orthochronous Lorentz transformation.

A Lorentz transformation A is said to be orthochronous

if, for each uc My, (Au), has the same sign as u,.- The

collection of orthochronous Lorentz transformations is a sub-

group of L ; we shall refer to it as the group Ne

3.17. Inner orientation (Trautman, 1965)

Let Vy be a real vector space and Sy be a vector subspace
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of Vue Let 8 be the set of all bases of Sy 3 now, if

fe} : {f;} > i= 1,2,...M are two such bases, then

e. = A,.f. >» Where |A.

and we may define the equivalence relation QO on as follows :-

(fe). CF) ) © O itt JAj1 > 0.

Thus, there are two equivalence classes in Sy>

(fe, 3] . {t-e,}], and we may single out one of them, and call it the

posttive inner orientation, the other equivalence class then

characterizes the negative orientation. The same procedure applies

to the whole space Vue in which case the inner orientation is

called the orientation of Vue In the case of the subspace Sy?

there is also the possibility of an outer orientation, which does

not exist for the whole space.

3.18 Outer orientation of a subspace (Trautman, 1965)

Suppose that Vy has an orientation, and Sy has an inner

orientation ; let fe} >» 1 =1,2,...M be a basis of Sy with

positive inner orientation, we may extend the collection of basis

vectors to fe} , i = 1,2,...N in such a way that the basis for

Vy has positive orientation. Now the collection @y4,), Gy)5s--- ey

is a basis for Vy - Sy , and we stipulate that it defines a

positive inner orientation for Vy - Sy > which we refer to as the

outer ortentation of Sy:

3.19 Definition : orientation preserving Lorentz transformation.

A Lorentz transformation A is said to be ortentation

preserving if, for every basis fe;} of Mq> {he} and fe;}
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belong to the same equivalence class of orientations i.e. they are

both positive or both negative orientations of My (Vq)-

3.20 Definition : proper Lorentz transformation.

If A is both orthochronous and orientation-preserving, we

say that A is a proper Lorentz transformation. The collection of

all proper Lorentz transformations is a subgroup of L and is called

the proper Lorentz group ; it is denoted by Le 4

3.21 Remark.

A proper Lorentz transformation of My is one which preserves

the time orientation and also the inner orientation of a triad of

spacelike vectors.

3.22 Remark.

We may improve on the result that the matrix of a Lorentz

transformation is non singular ; in fact, its determinant is ea

3.23 Adjoint of a Lorentz transformation.

Let A cL, then there is a unique linear map

oes My > My such that

x. Myo= yx Yx.yeM, -

3.24 Theorem 4. (Porteous, 1969 : 154).

AcL iff MA = 4€ 1 = M

Proof :-

Let ava
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now A*xey = x.Ay VY x.ye My

4 5 #
in particular A Ax.y = AX.Ay

i.e. “x.y = Ax. Ay

so that Ae L.

Conversely, from A*ax.y = Ax.Ay

with A e L, we obtain

APax.y = xy

: #
Hae. SE Siig Pe AD ; Yye My

#
Now, let (A°A - 1y,)* = (a9 204 249903) >

Choose y = (1,0,0,0) etc.,

then Me ce cals Bedae cs = 0,

thus a’a = J
M,
ie:

3.25 Theorem 5.

2

If Ac L then (deta) = 1.

Proof :-

Consider the isomorphism f from the general linear group in

4 dimensions to the set of all non-singular matrices.

Let fA = A and fat =A" 3

it is clear that A” = A’ (transpose)

for, let A = (A,
: ee #

43) and AU = (Aig) >

then Ae; = wraw > o
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Also A’A = I ,. from Theorem 4,

3.26 Remark.

The sign of the determinant decides whether or not

orientations are preserved, so that det A= +1 corresponds to

Ae lL, and det A= -1 means that A is an improper Lorentz

map (Porteous, 1969 : 158).

3.27 Definition : dilatation.

If Vy is a real vector space, a map qd, : Vy > Vy given by

d,(x) = ax , where A ¢ RY, is said to be a dizatation of Vy 3

the collection of dilatations is an abelian group, since A= 0

is excluded.

3.28 Remark.

For My> each dq, is a linear transformation and has

orthochronous and orientation preserving properties ; however, qd,

does not preserve inner product (except 4 = 1), and is not, there-

fore, a Lorentz transformation. The dilatation map does share

some of the qualities associated with L in that it preserves

the null cone and timelike and spacelike qualities.

3.29 Definition : augmented Lorentz transformation, group.

We shall denote the group generated by the elements of Rt

and L as L*, and refer to it as the augmented Lorentz group 3;

the elements of L* are called augmented Lorentz transformations.
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Similarly, there is an augmented orthochronous Lorentz group, ie,

3.30 Definition : translation.

A translation of a real vector space a is a map

t,: Vy > Vy given by t, (x) = x +a, where a ec Vy. Under

composition, the collection {t,} is an abelian group, known as

the translation group.

3.31 Remark.

In the case of My, it is clear that translations are not

Lorentz maps, but they do preserve time and spatial orientation

and also the null, timelike and spacelike qualities of vectors.

3.32 Definition : Poincaré transformation, group.

Amap 1: My > Mg given by mx = Ax +a , where

Nel, ae My is said to be a Potnearé (inhomogeneous Lorentz)

transformation ; the collection of such maps is the Potnearé

group, which we denote by P.

3.33 Theorem 6.

P is a group.

Proof :- =

It is clear that composition is associative.

For each 1, define a7! by mx = ATN(x a\B)e 4

then ox =x = max

thus am! = 1, 2 w'n.
4
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3.34 Nomenclature.

Tih El > then the Poincaré transformation generated by

A and any a, = (A, a) cP , the orthochronous Poincaré

group ; similarly if A* e L* (respectively us) then

m* = (A,A,a ) « P* (respectively ptr), the augmented -

(respectively orthochronous) Poincaré group.

3.35 Remark.

In semi-direct product formulation (Roman, 1975 : 101) P

can be looked upon as the semi-direct sum R » L (Michel : 1968),

p* as the semi-direct product R* 2 P, and so on.

3.36 Preservation of the null cone.

Clearly, if m = (A,A,a) « P* ,

then

(1*x - 1b) . (my - mc)

a ( a{ax + a} = a{Ab + a}) . ( Atay + a} - A{Ac + a})

x (ax - Ab) . ( Ay - Ac)

Rake =ab) = (yo= cya

u

In particular, the elements of P* preserve sets of the type

{x : (x -b) . (x - b) = 0} , and it has been shown by Frank (1911)

that P* is the largest affine group with this property.

3.37. The Lorentz and Poincaré geometries.

In geometric parlance we can say that each of the groups,

bs tees ite craks Bi, p** has an affine geometry associated with

it, in which lines, planes and hyperplanes are a prtort invariant
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figures. In addition, what is common to the geometries is the

preservation of the qualities null, timelike, spacelike associated

with the invariant figures ; in particular, we look upon these

groups as preserving the "surface" and the "interior" and “exterior”

of the null cones {x : (x-b).(x-b) = 0}

3.38 Remark.

The purpose of Chapter 3, to make explicit the structure

and the group theoretic and geometric terminology associated with

My > is now achieved ; we are now in a position to discuss the

recent work concerning local and global causal automorphisms of My.
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PART II CAUSAL ISSUES

Chapter 4 The globally causal geometry

4.1 Perspective.

In 1964, the paper of E.C. Zeeman entitled "Causality

implies the Lorentz group." (Zeeman, 1964) was published. In

it, Zeeman proved that without an a prior? assumption of linearity,

or even continuity, the requirement of global causality preservation

was enough to ensure that the allowable mappings to be associated

with the model of Special Relativity - Minkowski space, were

members of the group pt, The result was challenging and stimulating,

but, on reflection, not as surprising as it first seemed.

Thus, it had always been assumed that the linearity of

transformations of Special Relativity was axiomatic (Pauli, 1958:9),

but that, to accord with an independent physical prinetple of

causality, the maps were of the orthochronous variety. Now, it was

clear that the linearity was consequent on the requirement of

causality preservation. Clearly the fact of an individual's causality

iswoven into the fabric of his model of the universe in any viable

axiomatic system (e.g. Robb, 1936; Schutz, 1973; Schutz, 1979;

Carnap, 1958: 212), so that the acceptance of the principle of

causality first and its consequence of linearity seemed to be an

important achievement. However, as Flato and Sternheimer (1966)

were quick to point out the mappings that Zeeman (1964) refers to

as “causal automorphisms" are everywhere bijective; that fact alone,

together with the preservation of null cones was, as Weyl (1923) and

Fock (1955) had noticed, enough to guarantee affine transformations.

This fact was reinforced by Alexandrov (1967), and reiterated by

Dutta, Mukherjee and Sen (1970), Hegerfeldt (1972), and Borchers
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and Hegerfeldt (1972). More recently still, Nanda (1976) has given

a geometrical proof of the theorem, using a method

reminiscent of Alexandrov (1967); and Lester and McKiernan (1977)

have proved that null cone preserving mappings are linear under

considerably weaker conditions than heretofore. In every

contribution, it is made clear that the theorem is not valid

for Mo3 for My there are certainly non-affine causal

automorphisms.

There were other responses to the Zeeman (1964) paper;

Alonso and Yndurain (1966) proved that for a space which is

locally homeomorphic (in the Euclidean metric topology) to

M, (nz3), every causal automorphism is continuous. Barucchi

and Teppati (1967) and, separately, Barucchi (1968) and Teppati

(1968), using a mixture of group theoretic and geometric methods,

provided alternative proofs of the causality theorem; their work

covered similar ground to that of Alexandrov (1967).

In this chapter of the thesis, we present a new proof of the

theorem of Zeeman that proceeds from the continuity of the causal

maps as proved by Nanda (1976) to their membership of the conformal

group. We then use an easily established result concerning the

causal violation property of the non-affine elements of the conformal

group to remove them from consideration.

4.2 Properties of the conformal group.

4.2.1 Null line.

If x,y are null related i.e. (x-y).(x-y) = 0, we say that the

set Ny y = fe: z = xXtub, weR, b = xy} is the nulZ Zine through x

and y.
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4.2.2 Conformal map, group.

Let f: My >My (Mg compactified by the addition of an

ideal "hyperplane at infinity") be such that f is continuous at

every non singular point and YW appropriate x,y, if x' = fx, we

have

dx' dy! dx.dy

then f is said to be conformal. Under composition, the collection

of such maps is a group, called the conformal group, is

4.2.3 Generators of C.

Following the method of Lie and Engel (1888), it was established

by Bateman (1909), in conjuction with Cunningham (to whom Bateman

assigns the discovery of the inversion map) that the conformal group

is that generated by dilatations, Lorentz transformations,

translations and inversions (see the next paragraph). Cunningham

and Bateman (1909) refer to the inversion as a mapping "by reciprocal

radii" or "an inversion with respect to the psuedosphere" because of

the close analogy between maps which preserve null cones in My and

those that preserve hyperspheres in Ry.

4.2.4 The inversion map.

The conformal map I: My +h given by Ix = a is said to be

an inversion of My.
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4.2.5 Remark.

Wess (1960) has drawn attention to a collection of conformal

maps which constitutes an abelian subgroup of the full group; the

collection is called the special conformal group, and its elements

are of particular importance in the consideration of “local

causality".

4.2.6 Special conformal maps, group.

If t,: My > My given by t,x = x +a is an arbitrary translation

of Mq> then the composite I ot,or is said to be a special conformal

map of My.

The collection of special conformal maps with composition is an

abelian subgroup of C; it is denoted by S and called the special

conformal group. We shall consider the group S in more detail in

Chapter 5.

4.2.7 Commutation properties of the generators of C.

LE hy tad are respectively arbitrary dilatation, translation

and Lorentz maps, and I is the inversion map, for Mq> then the

commutation properties for pairs of such maps is described in the

following theorem.

Theorem 2.

(i) Aico Ti eleorne,

(ii) AoI=TIoa

(iii) AOA=AOA

(iv) Ao t= t, 04



(v) MOcte = tO ho

there is no similar commutation relation for t, and I.

Proof :-

(i) Tov exeeee a
KONE xx

= Al oIx

(ii) aAoTxsa(~)
xox

s 1 AX
XX

an
AX.AX

= Io Ax

(iti) Clearlyaoa = AOA

u(iv) Ao t,x A(xta) = AX + Aa

tha 0 AX = tha (Ax) = AX + Aa

(v) rAot, x d(xta) = AX + A

tO x= t,x) = AX # da.

4.3 Causal relations.

There are three relations in Mas induced by the inner product
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and the time orientation, as follows:-

we write

(i) y < x if (x-y).(x-y)>0 and Yo%Xq (Zeeman, 1964),

(ti) y <.x if (x-y).(x-y) = 0 and Yo<%o (Zeeman, 1964),

(iti) y <€x if (x-y).(x-y) 2 0 and y) <x, (Nanda, 1976). -

4.3.1 Theorem 3

< is a partial order.

Proof :-

Suppose that z < y and y < x

(x-z).(x-z) = (x-y+y-z). (x-y+y-z)

(x-y).(x-y) + 2(x-y). (y-z) + (yz). (y-2)

Now, if u=x-yandv=y-Zz

then u > 0 and v > 0

so that from §3.14 u.v > 03;

thus (x-z).(x-z) > 0.

Also if Ziad and Yous o then Zy < Xoo

so that z < y and y < X=pz< X.

4.3.2 Remark

It is clear that <is also a partial order.

However, <. is not a partial order; for, consider
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z= (0,0,0,0); y= (i) A, x u Toe iwae Sie
](y-z).(y-z) =1-4-4-3 =0 andz,<y, teenez =. ¥

(xey).(x-y) =1-1-0-020 andy, <x, i.e. y<. x

(x-z).(x-z) = 4 -3-}-3- Te ssonthat z+. x,

44 Definition: the causal space Ma

We refer to the pair (Mq><) as a causal space, and denote

it by My.

4.4.1 Definition: causal automorphism.

If f: My > My is one: one and onto, and has the property

that y < x@afy < fx, then f is said to be a causal automorphism

of Mq-

4.4.2 Remark.

The description "morphism" in the definition given above

implies that some aspect of the structure of My is being preserved;

it is the partial order, of course, that is being preserved, not

the linearity.

4.4.3 Definition: causality group

It is clear that, with composition as the group operation,

the collection of causal automorphisms is a group, which we call the

causality group and denote by G.

56



4.4.4 Remark.

We might further distinguish the structures (Mg) »

(Myo<- ), refer to them as My and ity» and define two other types

of causal automorphism according to whether < or <. is preserved;

then the collections of such aUCOMOUDRT SHS would be respectively

G and G. In fact, we shall show that Gs G and é are identical.

4.4.5 Theorem 4.

Proof:

We show first that G = 6

Let f e G;

if x ¢ y then fx ¢ fy

for, suppose that x ¢{ y=>fx < fy

=o tle < ply

j.e. x < y, which is a contradiction.

Now x <. yepboth xt y

and y< Z>X< 23

so that, since fc G

<. y=>both fx ¢ fy

and fy < fz=>fx < fz

we toys

There is a similar property for #7

.feG
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Conversely, let F e« G,

if x 4. y then Fx ¢. Fy,

for, suppose that, x +{. y=>Fx <. Fy

1 1
=> FF <. FU Fy

j.e. x < . y, which ts a contradiction.

Now x < yepboth x $. y

and for somez, X <.Z <. Y3

so that, since F « G

x < y=>both Fx ¢{. Fy

and for some z, Fx <. Fz <. Fy

=> Fx < Fy.

There is a similar property for Fl

m>Fe

Thus G = 6.

Now X€ y=Setther x<y

or x <.y.

Ie fe G

x €y=peither fx < fy

or fx <.fy

=> fx fy
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with a similar result for f7!.

- @ M2»ete

Finally x <. yepboth xe y

je andWz, X «2

then either y < zorz<y.

a

If FeG

X <. y=>both Fx€ Fy

and YW Fz, Fx < Fz

then either Fy < Fz or Fz < Fy

=> Fx <. Fy

There ts a similar procedure for Fé!

PeGeG

m»
a a

thus G=G=

4.5 The principle of causality.

It is clear that the physical “principle of global causality"

as outlined in $1.3 has its mathematical formulation in the

restriction of the allowable mappings to the collection of causal

automorphisms.
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4 Ak

4.6 Causal properties for Land P_.

It is clear that the elements of LTM and p*TM preserve

the partial order <, so that ee pc G. The question

that poses itself is whether there are non-affine maps of My

which preserve <. As Zeeman (1964) has pointed out, this

matter is crucially dependent on the dimension of the space;

the theorem of Zeeman (1964) is that for My (and also for My,

with N z 3, but not for Mo) there are no non-affine causal

automorphisms of the causal space.

4.7 Non-affine causal automorphisms of Mo.

In Mo, we have the inner product - defined by

X.X = ee - us where x = (x5 9X7) e Mp, and this, in turn,

induces the three causal relations and the single causal

automorphism group, as in §4.4.5. We now write Ey = XQtXy3

Bo = Xq-Xy> SO that

X.X = EyEo.

Thus x < y corresponds to

(Ey is ny) (52 = no) > 0 and &) +E) < nj tno.

Let x < y and suppose that f: My > My is given by

F(X59%q) = (XyoXq) = Xs

a 3 oi a 3
where X, +X) = (xy + %) ae (x, x1) £

Now, since x < y, we must have gy, < 74 and Bo < Np
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together with &) + Fo < my + ng.

Then oF < m> and eS < ma from which ou + ey < m + ng’

Tek -< Ye

There is a similar procedure for el, and it is clear that f is

a non-affine causal automorphism of Mp.

4.8 The interval topology.

Define Oy = fe: KIT ie yf. then the collection

{{o,,y a Ve. M4} is a base of neighbourhoods for a topology

on Mg, that we call the interval topology (Nanda, 1976). We

denote the interval topology by Y and the Euclidean metric

topology by €; the following two results are those of Nanda

(1976).

4.9 Lemma 1.

Gee

Proof:-

(i) We prove first that Yee .
Without loss of generality, we may consider two points a,b such

that a = (T,0,0,0) and b = (-T,0,0,0).

Consider any Xe 0, . and the Euclidean ball, centre x, radius e;

3

if | fz-x| [2 =} (ot) then B = {es | |z-x] | < ¢} is the ball.
i=o

Now if yc B, ly4-X < e for each 7=0,1,2,33
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thus Yq = Xy + AG eo where -l< GQ < is

We have

(y-b). (y-b)

s (xytT ge)? (xytazel=Uxgtrge)TMCxgtage)”

= (x-b).(x-b) + 2e[ag (Xp#T) aX niger gta]

+ (aeaje2.

Also

(y-a). (y-a)

= (xy-TH ge)” - (xy4ye)? - (xy#age)” - (xgtage)?

= (xea) (xa) +2afg(XynT)-a yA gXpnAgXg] #OA-A Ee”.

We are given that (x-b).(x-b) > 0, (x-a).(x-a) > 0

and -T < xs + T; it is clear that, for sufficiently small

e, we have

(y-b).(y-b) > 0, (y-a).(y-a) > 0 and -T< yy, < +T.

It follows that Yee :

(it) To prove that € {: consider the ball

B -{ Zeemzlile< a} let y « B and construct

Op,q for which b = (yo-es Yys¥g0¥3)3 a = (ores Hy 2¥p0¥3)+
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We ask whether, for sufficiently small ec, OF ac B.

Let x ¢ Ob,a3 ‘

clearly Voce Epes te

sain te ages where -1<ag<l.

j.e. or%o! = pe? where O<y<l.

Also

3 7 a

/} (94)? < o (x;-a,)? - a): (a,-y)?
i=l i=l i=]

Now x = y + (x-y)

so that [Ixll ¢ Llyll + [Ixy]

< [lyl| + 10e .

Clearly, for sufficiently small c, ||x|| < 6 » so that xe B.

We have the result {=€. s

4.10 Lemma 2.

If f © G, then f is a homeomorphism of (My, &)-

Proof:- Let k(x) = fz: (z-x). (z-x) > of. and define

Kale dze R&R): X < zo} 5

K(x) = 4Ze R&): Z < XQ }.
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+ =

Clearly Oy k(x) , Kk (y), so that

F(0ay) 2 CR) KU) = Spy, ¢y3

there is a similar result for fa Thus £,f7! are both open

mappings i.e. f is a homeomorphism.

4.10.1 Corollary

If f ¢ G then f is a homeomorphism of (ME).

Proof :- feGafe G:

4.11 Lemma 3.

There are no null line triangles in Mg:

Proof: -

Without loss of generality we may prove that if

0 <. a <. g, and if 0 <.g then 0,a,8 are points of the same null

line. Write a - 8 =p, so that p.p=0; nowg +p is a null

vector,

-'. 6.8 + 28.p+p.p=0

j.e. B.p=0

If g,p are not in the same direction, then

|8;P) + BpPp + 83P31

2 [6 Parone ['p,?+p924032

= [Bol | Pol
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= By Po

g.p > 0.

Thus 0,a,8 are collinear.

4.12 Lemma 4.

If f « G, then f maps every null line onto a null line.

Proof: -

Let No be an arbitrary null line through p, and let q c« No

be such that p <. q.

Suppose that p,q are fixed and that Ee No is such that

p <. & <. q. Since fe G it follows that fp <. fe <. fq,

and that fp, fe, fq are collinear.

4.13 Lemma 5.

If I is the inversion map for Ngo then I ¢ 6.

Proof:-

Consider the null line N = fx: x=p + ub, ueRsb.be0, b# 0}.

Now, if xe N,

Tsp a ube = Pp + wul(p.p)b-2(p.b)pl

p.p + eu p-p p.p)(p-pt2u(p.b)] ”

and there is clearly a singular point on N, where the value of

u is oe ne
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In addition, the expression for Ix has the form

$kIx DP + aX

where X = (p.p)b - 2(p.b)p is null.

Thus the map of a null line is a null line;

: Ren eg 1 Ia =in adaition® * aploreor|'” aRhter |
Now p is an arbitrary point on N and we may choose it such

that 0 < p i.e. p.p > 0 and Py > 0; equally well, without loss

of generality, we may consider 0 <.b i.e. b.b = 0 and by a0)

in which case p.b > 0.

* *

Thus, if Hy < ug <u>» or {fue By] < Ups then

a1 < aos and the relation <. is preserved.

On the other hand, if ny < te < Upe then ag < ay> and the

relation <. is violated.

The behaviour of a as a function of y is illustrated in diagram 1.

4.14 Theorem A

a

pr ag

Proof:

Tt ts clear that Poe &.

Also, if f aC then f is continuous, from lemma 23;

and f preserves null lines, from lemma 4;

from Weyl (1923), it follows that f eC.

Now, if f = a10 Gp0c4300 70 +++ +s se ay?
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where each a; is an element of the generating subgroups

of dilatation, translation, Lorentz and inversion maps, then

we may arrange f thus:

fsrsonot,olot,oTot ol a eiaere'e grit (sys hare Sa

where A,A are respectively a dilatation and a Lorentz transformation

thoeeeeeeeeee tq are translations.

Consider the image of an arbitrary null line under f; without

loss of generality we may take q = 0, and consider the line

N= {x: X=€+4un, where €.6 #0, non =0sn #0}. It is

clear that, for each f « C, with b,...... p non-zero, there is a

corresponding network of finitely many singular surfaces.

Thus, I is singular on K(0), (as ts t, 0 I),
Pp

Leg ty o I is singular on K(0) y K(-p/p.p). (as is ty oTto ty oll);

if we now write 403 = 1+ 2(p.j) + (p.p)(j.j), then

To ty olo ty o I is singular on

K(O)yK(=p/P-P)yk(=P(5-J)/ 4, j-J/4,, 5) and so on.

Now consider the point x* at which N intersects the cone K(0),

and let u* be the parameter associated with x* as in 4.13. Let

Hy otgstg be close enough to u* to ensure that X76 X¥<.X9< XQ but

that if S is the union of all singular surfaces for f,

uyveS- K(0) uc .X4<-X3<-Ve

Thus Ixp<. 1x 3<. 1x43 also, for every other map of the collection

comprising the non-affine part of f these relations are preserved.

Case (i): suppose at least one of 5,c,..... p # 0 and that a is

non-orthochronous, then <. is violated for the pair Xo oXge
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Case (ii): suppose at least one of b,...... p # 0 and that

A is orthochronous, then <. is violated for the pair x,.X».

Case (iii): suppose that every b,...... p = 0 and that

A is non-orthochronous, then <. ts violated for every pair on N.

We conclude that every b,c,...... p = 0 and that a is orthochronous ,

in which case f « P**.

4.15 Remark.

We recall that, in 3.8, a Lorentz map f of M, was defined

to be one which was linear and such that fx.fy = xX.y, X ye My.

It is clear that the requirement of linearity can be weakened,

and we have the following result.

4.15.1 Corollary.

Tet: My > My is a bijection for which fx.fy = x.y,

X sy € Ma> then f is linear and therefore a Lorentz map.

Proof: -

Clearly f « C, now if f = 1009+ + + Ooty» and we write

TeetNOA Ob .0 Lee sce toAo t,o! t,o To q?

then, as before, if at least one of b,....p is non-zero f is

not bijective.

Thus f = AoA 0 t,> and if a#0or2#1, the condition

fx.fy = x.y is violated. We are left with f = A.
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4.16 Remark.

For na 3, the causal automorphisms of My are always

elements of the conformal group. However, for n = 2, that

is not true; the non-affine global causal automorphisms

mentioned tn ¢4.7 are not conformal.

For, let By = Xt» En = Xy-X >

then x.y = 2(Eqn2 + Egnq)>

dx. dy a[déidng + d&odm] .

dx.dx vdy.dy Y4e,dé, ¥dnydno
and

THUS, “Uh rats My >My is given by

F(X2Xq) = (XgoXq) =X» where Xp + X1 = (x4)

o
Xo - X = (%9-Xy) > then

creda fe, 2ng2drdngt Ep? my dead

Ay. dx/ay.d¥ a/ey2e2"de dE 2 3¥/nq2n22dny dng

4.17 Remark.

It is clear that the globally causal geometry for Mg is

the affine geometry associated with pt, but there are still

questions to be asked. The physical relevance of the larger

group C is clear, for it is the group for which Maxwell's

equations are invariant (Cunningham, 1910; Bateman, 1910.)

Yet C is not appropriate when global causality is involved.
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Is the requirement of global causality a reasonable one,

from a physical point of view? Certainly our observations

of the universe are markedly local, however we may choose

to extrapolate them; can we envisage, then, a local

causality?
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Chapter 5. The locally causal geometry.

5.1 Perspective.

In this chapter we confine our attention to the conformal

geometry of Minkowski space and investigate the behaviour of certain

hyperbolic hypersurfaces under conformal maps ; as far as inter-

pretation in terms of kinematical concepts is concerned, we pursue

that matter in Chapter 6. We shall also explain exactly in what

sense the special conformal maps are "locally causal preservators",

again, as a geometrical concept, rather than as a physical one.

Gamba and Luzzatto (1964) in a rapid addendum to Zeeman's

Paper (1964), were quick to point out that for the map of My, known

as an tnverston, causality is violated ; their conclusion was

then that the non-affine maps which were elements of the conformal

group were not allowable in physics because they did not even

preserve causality locally. However, in response, Flato and

Sternheimer (1966) warned that the conclusion was hasty, and, indeed,

invalid, and pointed out (as did Kastrup (1966), referring to

Wess (1960)) that for special conformal maps (see below) there is

a region of local causality preservation. We shall define the

concept “locally causal at the origin" in such a way that it admits

a composition group and show that the group is that generated

by dilatations, orthochronous Lorentz maps and special conformal

maps.

5.2 The special conformal group

We recall that the collection of maps of the type I 0 ts ol

comprises the special conformal group, S.
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5.2.1 The singular cones.

TEM SHC earache tere GmTT Tat Xia eee
1 + 2(a.x) + (x.x)(a.a)

provided that x.x # 0 and 1 + 2(a.x) + (x.x)(a-a) #0.

Now, if a.a #0

1 + 2(a.x) + (x.x)(a.a) = (a-a) ke | hx +2] ;
a.a a.a

so that f is singular on K(0)u K ( =]
a.a

where K(x) = {fy : (y - x).(y - x) = 0} is the nulZ cone at x.

5.2.2 Theorem 1.

S is an abelian group.

Proof :-

Let @, > o © S , and consider the collection of points of My

for which $0 05en is non-singular,

then ¢, = Tot, ol.; = lot ,ol

o, 0% Tot,ololot of
a

am 1eOehe 4) Ont

= 6,0,

Also ba has the properties

Ga Ob <4 Meni rab stair 1,

5.3 Definition : locally causal maps.

If o: My >My, is such that for ACM, and Vx,yeA

for which x < y, then 9x < oy, ¢ is said to be a locally causal

map of My with local causality region A.
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5.3.1 Remark.

It is clear from § 4.13 that each special conformal map is

a global causality violator ; we now show that there is a local

causality region associated with each fe S.

5.4 Theorem 2.

If f=lo t, oleS then f is a locally causal map with

local causality region Ue

Proof:-

Consider x,y ¢ My and let x' = fx, y' = fy 5

write ay

Then y' ETSI YAY) AT ae te X + (x.x)a

4y ay

1 + 2(a.x) + (x.x)(a.a).

Now (y'-x').(y'=x')

wee mele bs

AG ap bly) 1e2(y.a)+1y-y) (2.2) 3+ Ay (x-x){142(x.a)#(x-x) (aa) }

= 2a (yx) #(X.2) (ay H(y-¥) (2A) HH (ya) (2.2)

2 YY yg XX Lp (yx) #(x.x) (a.y)+(y-y) (a.x)+(x-x) (yy) (a.a)}

y x aay,

4A

Let y= x +6, and suppose that x < y, so that 0 < 6.

It is clear that by = a0 +R].
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where [Ry| < pe, and p depends on a,x ; p> 0.

re. =i “1
Similarly Ay Ay [14R5] a.

where |Ro| < qe, and q depends on a,x 3 q > 0

Thus (y'=x").(y'=x') = a)” [14Rp] (yx)-(y-x) 5 where [Rp] < 984.

In addition,

' -1 -1
VEXo Yo (y-y)ag]4y ~ [X) + (%-x)ag} 4,

= Ly, + ty.y)ag]ay. (14Ro] = [XQ + (x.x)ag]ay"

= (¥oXq) 45. + a,[2(e.x) + (8.8) + (y.y)Rp]ay"

-1
te (Y9-Xp) +R, where [Rg] ro

and r depends on a,x 3 r>0O.

Thus, for sufficiently small 8 > 0, timelike displacements map

-to timelike displacements ; however, if 4, changes sign Mes

has the opposite sign to Yor%y » $0 that causality is violated.

We now look at the boundary K(0) ; consider the inversion

map I, and let x'=Ix,

then (y'-x').(y'-x')

ee ey og 2x.y - X.X

(yy) (x.x)(y-y) (xx)

Mio wep ere ckeyeeoe tere Le

yy (x.x)(y-y) ax

ei (x-y) .(x-

(x.x) (y-y)

Thus, if x.x > 0 and y.y < 0 but (y-x).(y-x) > 0, then
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(Y ox (Vick es 0

so that a timelike segment is mapped to a spacelike one, and

causality is violated.

Now consider t, o I, with the same configuration for x,y

causality is similarly violated ; suppose that

x" os t, o Ix and Yo Story,

(yt=x"). (y"=x"

(x".x")(y"y")
then (Iy" - Ix").(ly"=Ix") =”

If the segment y"-x" does not intersect K(0), the spacelike

quality is retained for Iy" - Ix". Thus, it is clear that K(0)

is the other element of the causality violation boundary, and following

Wess (1960), the singular cones K(0) and K(-a/a.a) partition My

into nine regions, each of which is a local causality region

‘for: f:.

In particular A is a local causality region for f.
% 278/a.a

5.5 The singular cone causality grid.

The accompanying figures , 2 and 3, are from Wess (1960);

in figure 2, the broken lines indicate the cone K(-a/a.a), in

figure. 3, the broken lines indicate K(+a/a.a) ; the unbroken

lines indicate K(0) in both diagrams. The numerals indicate

corresponding regions of My under the map I o t, oI ; each

region is a local causality region either for f=Iot, ol

or for ae = 10 ee oI. Bateman (1910) concluded that,

if Maxwell's equations are to be invariant, there is a certain

class of bijections of a certain domain of Mg for which the

invariance holds, the bijections being elements of C ; the

domain in question is the complement of
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K(0) ¥ K(-a/a.a) U K(+4a/a.a)-

5.6 Local bijections of My and local causality preservation.

In Chapter 4, we were concerned with maps of My that were

globally bijective (i.e. maps for which both f, #7) were defined

at each point of My) and globally causal (i.e. both f, fi

preserved < or <.).

Even at that stage, a wider class of maps, the conformal

maps, became involved in the discussion. As far as the bijective

quality for conformal maps is concerned there are now domains

of Mg naturally associated with special conformal maps ;

equally, those domains are associated with the preservation of <

and <.. We may properly refer to these maps as locally causal

automorphisms in the following manner.

5.7 Definition : locally causal automorphism at 0.

Ifo: Mn> My is such that

(i) 90=0,

M,4(ii) if A=My- YX; . where X, = K*(0) U K(-a4) U K(a,),

i =1,2,...n , with, for each i, 0< a; 5

and Kk*(0) {x 2 x.x = 0 , x #0} , then

o¢: A+A is a bijection, °

(iii) for each i, K(0) U K(-a;)s K(0) u K(a,;)partition

My into nine regions Cy Co s24+ Cg A cs C. mes cy in the

manner of §5.5 such that

XY e c, with x< y > 6x, oye ct with 9x<4y>5

then ¢ is said to be a locally causal automorphism at 0.
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5.21 Remark.

It is clear that A= [k(0)q Ak*(+a;)1 U [k(0) a Q-ay)]

is a local causality region for both 9, haa in the sense of

§5.3.

5.8 Remark.

It would be possible to define, as in §5.3, three varieties

of locally causal map according to whether < , <. or « was to

be preserved. Whatever variety of causal map is under consideration,

Theorem 2 of §5.4 is still true, and the singular cones still

partition My into regions where each one of the relations < , <.

and «is preserved. Thus a locally causal automorphism at 0

regarding < , which we defined in 85.7 will clearly be a

locally causal automorphism at 0 regarding both <. and «.

(definition understood).

5.9 Definition : locally causal automorphism group.

If $,@ are both locally causal automorphisms,

with Ay My - [K*(0) U K(a,) UK(dy)]

a 7 M4

then ¢ 0 6 and @ 04 are defined on Ayn A, > and each

and A = [K*(0) UV K(ay) UK(by)}

is locally causal at 0 with local causality region Ay nAg-

Clearly, under composition, the collection is a group, for

60 (80 ¥y) and (608) 0 are defined on the same subset of Mas

the local causality region for each is the “smallest" of Aes Ay»

A and ¢0(60) = (08) 0H
y?
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Also ¢ @ljc= lp ot = bey VS
My My

and 606) = 6 06 = 44 .

where dy is the restriction of the identity map to A, 3
4

5.10 Remark.

It is natural to ask whether we can establish the nature

of the locally causal automorphism group in a Similac way to
that of Zeeman (1964) for the globally causal automorphism group.

It is clear that the locally causal automorphism group is exactly

that generated by special conformal transformations, orthochronous

Lorentz maps and dilatations.

5.11 Theorem B.

If G. is the group of locally causal automorphisms at 0, and

Cy is the group generated by special conformal maps, orthochronous

Lorentz maps and dilatations, then

Goa So).

Proof _:-

It is clear from 585.4 and 5.5 that Cc, 2G, . Suppose now that

de &, and that A is the bijective region for 9

If x,y e A are any two points such that x <. y, then the segment

of the null line through x and y is mapped onto the null line

segment through ox and oy.

From Wey] (1923), it follows that

oeC.

We pursue the method of Theorem A, 54.143 write
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¢=rAOhOtLoOTotol o.-.otolot olot,

‘and assume that none of a, b, c, ... p, q is zero.

There are two possibilities; we may group the generators to

obtain

(i) @ = AONOt, 08, 0t, 004...0t, 08, 0 t,

where 0; = Iot; ol

or we may obtain

(ii) o = AOAOtL, OT Ot, 00,0ty...0t, 00, 0 t,.

We may exclude (ii) because, here, 40 = w ( a point on the

hyperplane at infinity). Now, in (i), if A is non-orthochronous,

there is no local causality region for @ and a in the vicinity

of 0. Further, since #0 = 0, we must haveatc+...+k+q=0.

Thus » is a member of an equivalenceclass associated with a map

generated by S and P**. In that sense, we may write G, = C,.

5.12 The locally causal geometry.

It is now possible to speak of the geometry associated with

the local causality group ; it is clear that, since the group

is non-affine, lines, planes and hyperplanes in Mg are not, in

general, invariant figures. We shall find, however, that there

is a class of hypersurfaces and hyperplanes which is invariant

under the local causality group.

5.13 Definition : hyperbolic hypersurface.

A hypersurface with equation x.x = x.b, where b is a constant

vector, is said to be Ayperbolic. We shall confine our attention

2

to those hypersurfaces for which b.b=-k,keR.
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5.14 Invariance of the hyperbolic hypersurfaces under linear

transformation.

It is clear that hypersurfaces {x : x.x =-x.b, b.b = Bek e R}

are mapped onto each other by elements of the group L*, generated

by the Lorentz transformations and dilatations. We notice also

that if A is a non-orthochronous Lorentz map then the part of

the hypersurface for which xo 0 is mapped to the part for which

(Ax), <0.

It follows that the maximal Zinear group which preserves both

the form of the hypersurface and the sign of Xp is that generated

by the orthochronous Lorentz maps and dilatations, L**.

5.15 Invariance under special conformal transformation.

Theorem 3

The special conformal map uA = Io t, oI maps the set

LK Coke SIND. g re #05 bibs -k?} onto

{x' : x'.x' = x'.g , where 8 = 4 } , provided that a.b # -1.
l+a.b

Proof:

We write Shape 1 + 2(x.a) + (x.x)(a.a) ,

then ‘ya ilo X eas eX. X,

and A oc x.b + (x.x)(a.b).
Xa

Thus, given that a.b # -1, the points of x.x = x.b for which

by a #0 are mapped onto

> as required.
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In addition, 8.8 = aed DAEs
(1+4a.b)?

5.16 Remark.

If we choose a such that a.b = -1, then the set

Ee Be So) ee #0} is mapped onto the hyperplane

txcmee xB 0} . It is clear, conversely, that every hyperplane

{x : x.b = 0, b.b = en is mapped onto

iees x). be =0, biebi = eka under a Lorentz transformation, with

a similar preservation for dilatations.

It is also easy to see that {x : x.b = 0, b.b = -K}

is mapped onto {x' : x'.x' = eo under special conformal
a.b

transformation, provided that a.b # 0 and to,x' : x'.b = 0,b.b = -K}

under special conformal transformation for which a.b = 0.

5.17 Notation.

We shall refer to the collection of all hyperbolic hyper-

surfaces and all homogeneous hyperplanes as H, and to those parts

of the ingredients of H for which Xy 2 0 as H* . We now prove that

the maximal invariance group for the collection H* which affords

local preservation for XQ 2 0 is that generated by the ortho-

chronous Lorentz maps, the special conformal maps and dilatations.

5.18 Theorem C.

The maximal invariance group for local preservation of the

collection H* is that generated by S, and Leis tees C
: 4 0

Proof:

Let W be the maximal invariance group for local preservation of 1
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Clearly C,eW 5

In addition, every element of W preserves the asymptotic hyper-

surface x.x = 0, thus, from Bateman (1909), we have WoC,.

5.19 Remark.

In the next chapter we shall associate hyperbolic lines in

My with the Rrecorice of uniformly accelerated material particles
in relativistic kinematics ; it is inevitable that we shall lose

the exact identity between the invariance group for the hyperbolic

lines (the conformal group) and the local causality group (which,

for My> contains non-conformal maps) .
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PART III KINEMATICS, INERTIAL FRAMES AND THE PRINCIPLE OF RELATIVITY

Chapter 6 Aspects of Space-Time kinematics.

6.1 Perspective.

Since the work of Bateman and Cunningham (1909) (1910a) (1910b)

it has been known that the conformal group is the largest covariance

group for the comparison of observations concerning electromagnetic

phenomena. At about the same time Born (1909) and Sommerfeld (1910)

made a detailed study of relativistic uniformly accelerated motion,

a type of motion which is also referred to as "hyperbolic"

because of the hyperbolic world lines associated with it in

Minkowski space. Both Born (1909) and, soon after, Noether (1910)

and Hassé (1912) were concerned with phenomena concerning uniformly

accelerated electrons, and Hassé (1912) used conformal maps in his

treatment of the problem. Later, Page (1936) attempted to establish

a theory based on a more general "principle of relativity" than the

special principle, admitting as equivalent the class of mutually

uniformly accelerated observers ; he, too, found that C, was naturally

invoked. In Chapter 7 we shall investigate just such an augmented

principle of relativity and comment on its usefulness. However, to

return to the historical thread, Hill (1945) (1947) reiterated the

association of uniform acceleration with the special conformal group

by finding the generators of the group for which a certain character-

istic differential equation is invariant. More recently a paper of

Fulton, Rohrlich and Witten (1962) contains a discussion of the means

of comparison of observations from pairs of special, conformal and

general relativistic observers ; their paper starts in the realms of

dynamics, which is beyond the scope of this thesis, and invokes the

"principle of equivalence" which is also beyond our scope.
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In Chapter 5, we have seen how the special conformal

transformations and L** generate the locally causal automorphism

group. We have also considered the same group's appropriateness for

dealing with hyperbolic hypersurfaces. In particular, for My» we

know of the divergence between the local causality group which

contains non-linear, non-conformal maps and the line/hyperbola

invariance group, which is precisely that generated by So and L**.

In this chapter we are concerned with the kinematics to be

associated with the collection of straight lines and hyperbolic arcs

through a point of My and a discussion of the relative priority of the

principles of local causality and special relativity will then follow

in Chapter 7.

6.2 Kinematics and Minkowski space.

From the time of Minkowski's address to the Assembly of German

Natural Scientists at Cologne on 21 September 1908 (Minkowski, 1952;

see also Minkowski : 1908, 1909), at which he proposed a new structure

"the space-time world" to model relativistic physics, it has been

accepted that what we now call Minkowski space is indeed tailored to

the needs of special relativity. Now, if each observer, whether or

not “absolutely accelerated", is entitled to his own Minkowski space,

based on Ais causality, and if we have a principle of local causality

to provide an invariance group, then what is the status of an

"inertial" observer, a matter which has so far not.been discussed

in our geometrical system ?

So far, if, in the estimation of any observer, a set of points

in his Minkowski space constitutes a continuous path (in the Rt

topology) then he refers to the set as a world line or history.
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Thus, if the observer registers a straight world line in his Mg > he

associates it with either an unaccelerated material particle or a

photon, thus Robb (1936: 19) " ....... we are able to say in

terms of these relations what we mean by a particle being unaccelerated".

At this stage of the development, it is not clear why he could not

have as well written relatively unaccelerated, and the question

turns on the concepts of inertial frame and observer, and why they

are essential parts of the theory.

Perhaps it should be remarked that the concepts are endemic

in Reichenbach, (1969 : 29-54) but not clearly apparent in Robb

(1936), Carnap (1958) or Schutz (1973,1979). We choose to avoid

defining inertial frame until it is forced on us, which indeed

it is, by the "clock paradox" and we reserve further discussion

until that point is reached. For the moment, we contend that if an

observer sees a world line in his My which is not straight, he

will register a (relative) acceleration for that history.

In this chapter we are wholly concerned with Mo» and its role

in modelling one-dimensional motion,particularly regarding

uniform (relative) acceleration. Later, in Chapter 7, still concerned

with Mos the newly developed method of Chapter 5 for mapping to a

zero (relative) acceleration system is used to calculate the

discrepancy in clock readings due to two mutually uniformly acceler-

ated observers. It is at this stage that we are forced to select

a category of reference systems called inertial frames.

6.3 Definitions.

For a particle in one dimensional motion we shall identify

three systems of coordinates :-
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(i) a system in which the particle is instantaneously at

rest is called a rest system (Hill, 1945),

(ii) a system in which the particle has zero acceleration

instantaneously is called a zero acceleration system

(Briginshaw, 1980),

(iii) a system in which, instantaneously, the particle has ~*

zero acceleration and is also at rest is called a proper

system (Hill, 1945).

At this stage we make no claim of privilege for any of the three

coordinate systems ; indeed none is to be regarded as an “inertial

system" for the time being.

6.4 The class of hyperbolic world lines in Mo.

2

In My, the world line x.x = x.b, with b.b =-k and x, 2 0 is

the history of a particle which is accelerated relative to the

coordinate system observer. In addition, the particle passes

b

through 0 with speed u = 3
1

Thus, if bo # 0, we may consider the Lorentz transformation X = ax,

given by

X = oe - |,

0 A i ae fj 0 7 1

x u

Beer Aled eyes
/ 2 f Ba?
tu -u

for which the map of x.x = x.b is X.X = X.B, where 8, = 0 and

Mi
u

By = fae by #0. This is exactly the form of the world line
in Pauli (1958 : 74 - 76) appropriate to uniformly accelerated

motion in spectal relativistic kinematics. We shall assume that,

whatever the status of the Minkowski coordinate system and observer,

such a world line is associated with an important type of relatively
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accelerated motion. By analogy with Pauli (1958 : 74 - 76) we

shall refer to this type of motion as uniformly accelerated ;

it is understood, however, that the motion is relative to a

given Minkowski coordinate system whose status ("inertial" or

"non-inertial") is not specified.

Using the same analogy we shall introduce a number K, given by

2

B, = k , and speak of it as the1
4

magnitude of the relative uniform acceleration.

In the following paragraphs, prior to § 7.3.2, these conventions

operate, and we do not imply (until then) uniform acceleration

in the special relativistic sense.

However, two special conformally related observers will agree

that a particle is uniformly accelerated, but they will not

agree on the magnitude of the uniform acceleration.

Fors \tax” =o 150 t, o Ix, then the map of x.x = x.b is

Gloca lly) ex ste = x" b > in general. In the frame of 0',
l+a.b y

the particle passes 0' with speed 2 , as before, but the
b

1

magnitude of the uniform acceleration is now

Kt = 2 (1+a.b) = K(14a.b) .
k
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6.4.1 Alternative form for the special conformal map

It is often convenient to write the special conformal map

KON Axons cl 0 t, 0 Ix ina varied form, replacing

aby ~. If a.a #0 this is always possible, for the
a.a

requirements that a = -—* is satisfied by the choice
a.a

rh a
7 ee

a.a

Thus, we may always consider a special conformal map in

the form

Tass in0..t ol
‘a/a.a

in which case

fx = a.a)X + X.X)a

Medit OX.0 + XX

625 The zero acceleration and proper systems.

If x.x = x.b is a given world line we may obtain a zero-

acceleration system by using the special conformal transformation

RapegeeceD) Xie (eK) DE (subject to the usual non-singularity
b.b - 2x.b + x.x

restrictions)
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which gives a straight line history in the new system,

X.b = 0.

b
Thus, in the new system, the particle has constant speed — &,. and

b
zero acceleration. :

In addition, the proper system is obtained by applying the

appropriate orthochronous Lorentz transformation to the zero

acceleration system.

6.6 Remarks.

6.6.1 Unbounded uniform acceleration

It is.clear from § 6.4 that super light speeds are not

attained for an unbounded uniform acceleration, since the limiting

situation as K+ is the light cone Nab = { X: (x-}b).(x-4b)=0 }

as a degenerate hyperbola.

6.6.2 Zero uniform acceleration

We now examine the limiting case K +03; Jet x.x = x.b be

b
the usual hyperbolic world line, and let u = —2 be the speed with

b
which the particle passes 0. 1

2 2 
,From Noes boXo - by x, » we obtain

2 2

Xy 7] bX - by x,

b.b b.b b.b

2

and if we let k -b.b + © in such a way that bo/b.b / Py/b.b > Uy
then we obtain X] = UX, as the limiting equation of the world line,

corresponding to the case of zero uniform acceleration.
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6.6.3 Degenerate form of the zero acceleration map for vanishing

relative acceleration.

The system in which the particle appears to be uniformly

accelerated is traditionally referred to as an “inertial system" or

"frame", neither concept of which we have so far defined. However,

looking forward to such a definition, and the selection of a certain

class of systems for the purposes of reference, we show that as the

relative acceleration associated with the world line x.x = x.b

approaches zero, so the re to the zero acceleration system approaches
the identity map.

This is clear, for consider

uae b.b)x = (x.x)b

b.b = 2x.b + x.x

where « = -b.b measures the reciprocal of the magnitude of the

uniform acceleration relative to the reference system. Thus K +0

- is effected by letting b.b + - = , and the fact of the hyperbolic

arc "straightening out" implies that both bob, + -, too.

Now X- (x.x) gos
x' = sie se

y - 2xb + ik

bo
and, by hypothesis u =— <1

by

b b 2

Clearly xo, OF 2 = — +0
b. - b Lye? u’- 1)b1 G eagie AUR?

u

we ae 1 PA ing
2 2by - by (u>= 1)by (u°= 1)b,
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Thus, in the limit that b.b>-> , the map degenerates to x' = x.

Since the invariance group for the line/hyperbola collection is,

from § 5.18 Theorem C, that generated by positive dilatations, the

orthochronous Lorentz group and the special conformal group, we

conclude that, in kinematical terms, the degenerate form of the map

from one system to another which has zero relative uniform

acceleration is an augmented orthochronous Lorentz transformation.

6.7 Remark.

In the kinematics of one dimensional motion, modelled by M,,

it is the nature of the group Cy. that generated by Sp sLt and

dilatations to preserve the local uniformity of acceleration, the

whole group does not itself preserve zeroness and non-zeroness.

To preserve zeroness and uniformity, we are confined to the subgroup

Lt*, and the progress to the zero uniform acceleration state is

entirely consistent with that fact, as we have seen in § 6.6.3.

We also know that, whereas C, is included in the local causality

group for M,, it is now a proper subgroup of that local causality

group (since there are globally causal maps of M, which are not

conformal maps). However, this is a matter of little importance ;

what is more important is the extent to which physical limitations

are imposed by the presence of the singular cones ; we investigate

this matter in 56.9.

6.8 Interpretation of a.

6.8.1 Theorem 1.

If (X27) »with =) fixed, is the representative point of a
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given straight world line in the coordinate system associated with 0,

then the map of the line under

Sahat x + (x.x)a

142(x.a)+(x.x)(a.a)

, ; 2 ; a, 2
is the hyperbola (x6 - By) = 2 (Xai OT) eee

where 8, = 2ue,a) 3.8, = u(2aq1-1)

and te = 2[(a.a)é, + aq].

Proof :

We have x' = fx , where f = Io t, oT

First inversion : write y = Ix = wis
XX

x ey

iy SN SR le
2 Xx 1 Xx

¥:
also y.y = pled eo)

Xe 5]

A 2 2 4 Shite
locus is Yea e = = 0 , which is an hyperbola.

Translation : write y' = t, 0 Ix: ty = yta

: 2 ‘ 2 (yq-a])
locus is (Yq - a) - (yy - a) - a =

' 2 2 Yj a
i.e. (Yq) - (y}) - 2a.y'+a.a - _ + = =,0

Second inversion: write x! = ly! = ¥—
y'.y'

SO, thaticx" Xs ae eae
y'ey'

and a.y! = (y'y')ax! = 2%)
Kiox!

oF



Thus the locus is

' x a
] ea ira ge gee ee reg

rd eae a! 5, (x'.x') 5

ay Eii.e. (ex) [aa + aol - @a.x' - — +1 = 0
5 a

which is an hyperbola.

Write a = 2[(a.a)é, + a, ] , then'we have

a

Yo 1
- me CORN! Fy. 28 Xt etd) = 0

2eyu o°0 12] &]

Leen, Sapp, 4 aa 4uE18QX5 a eux, (2a£, -1j+t+ equ =0

é 2 F 2
j.e. [x6 - 2ue a4] San Xas u(2e,a, -1)]

Boo 2 2
- 4 Ba, + u (2&)a, -1) + 2e yu = 0

“ ‘ 2 ? 2
1.e. [x9 = 8] e Dy = Sy)

Dire 22 Bee g 2= 4 [& a - 45134 - 4e 1a, +1)- ie = -u

uy

6.8.2 Corollary.

If (X91) > with ey fixed, is the representative point of a

given straight world-line in the coordinate system associated with

0, then the map of the line under

x' = (a.a)x + (X.X)a

Muy TeX, oetiXeX

is the hyperbola

2 Beit eee

(x5 iy 84) = (x4 im 8) Bap

where p = an4 ,
26, +44)
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Ey, 20,8) - a.a
By = lo and 8, = EON a

ets 2(6 404)

6.8.3 Remark.

In the coordinate system associated with 0' we may identify

the world line of 56.8.1 as being appropriate to a uniform

acceleration * 2 [(a.a)&, + ay). Furthermore, if we let By? 0,

we obtain the uniform acceleration of 0 relative to 0', viz * 2a,.

In the notation of 56.8.2 these quantities are respectively

2[e, + a]
Poe. wands ef

a.a a.a

cil

6.9 Zero acceleration systems and singularities of the conformal group

Since the group c, is known to be associated with Mos as the

local invariance group for uniformly accelerated (relative) motion,

it is natural to ask to what extent the singular cones represent

physically significant barriers. We therefore investigate the

properties of the region for which f « So represents a bijective

map of Mos corresponding to the kinematical situation of a

transformation from one system in which a particle appears to be

uniformly accelerated to another in which it has zero acceleration.

The most natural estimate of the limitation imposed by the

singular cones (lines) in this kinematical situation is the speed

with which the particle approaches the lines of singularity.

6.9.1 Nature of the singular region.

It is clear that the map F : My > My defined by

eer b.b)x = (x.x)b

b.b - 2(x.b) + x.x

is singular on the cones K(0) and K(b). We must now stipulate that the

world line x.x = x.b is to represent the history of a particle

b

which passes through 0 with speed u = i > 0 ; for an appropriate world line
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2 2 2

we must also have bo sop aS -k.

In that case, with the usual geometrical representation of Mo»

we look upon the world line as the hyperbola

] 2 : = 2 &

Come Poem tae es atBoee Py)

for which the centre is at [2% 1 b4| and

, 1 1 ] :the appropriate vertex at [2 btaks a bo] 3

square brackets are used to indicate the cartesian representation

of My which is to be distinguished from (X59%q) > the number pair

description of an element of My (see figure 4).

The implication of the coordinate representation is that by »by

b,
are negative numbers, with u = —2 > 0, as required.

bi
It is evident that x.x = x.b is asymptotic to

1 2 1 2.5

Corio) ain iaeereP | a =o

i.e. to the cone KG b) ; it is also clear that x.x = x.b does not

intersect K(b) in the future of 0.

Thus the map x + X imposes no physical limitations in the future of 0.

- 2 2

Now consider the inverse map F 1 :M +M_ defined by

“ly, _(b.b)X + (X.X)b

b.b + 2(X.b) + X.X

Kees DF

which is singular on the cones K(0) and K(-b).

We investigate the intersection of the world line X.b = 0 with the

forward cone at -b, which occurs on the branch X te by = -(X% + bi)

the intersection is at 4 =-b,X = ~by (figure 5).
D210

Consider the point (-b; + eb, . -b, + eb,) € My where « > 0, and

transform back to the system of 0
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=(I-e)b, - (I-e)'b,
se lg, odie |

Q Wee ee)-

2

-(1-€)by - (1-¢) by
Xx

1 Ter Cae)e

At this stage of the progress of the particle in the system of

0', what speed has the particle achieved in the system of 0 ?

Clearly,

dx, by ~ 2x,

2 4

by{l = (I-e) } + 2(T-e)by + 2(T-e) by
RO ageless sees nae emet EO

by{l = (I-e) } + 2(1-e)b, + 2(1-e)7b,

dx

so that Jim le eal,
270 dx,

We conclude that the map X + x implies no physical limitations as

far as super light speed is concerned in the future of 0', either.

6.9.2 Causality violation.

We have seen that the singular cones also have the property of

partitioning Minkowski space into regions in which causality is

preserved, but that in crossing the singular surfaces causality is

violated ; so it is with the map F.

Let X = (-b, + eb, , +55 + eb,) be a point on the world line

X.b = 0 prior to the singular line intersection (-by> - b,) and let

v= (-b,-eb,, -b,-eb,) be immediately after the intersection ;

clearly X < Y (i.e. X - Y is timelike, and %< Y,)-

Then
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2 2

-(1-e)by - (l-e) by -(1-e)by - (I-e) by
as Pie

1 Teeleg i Gee

with a similar designation for y.

We obtain

2 2 ake 2 4
(XG7¥0) = Oya) So aoaa! | emer 1.0)

e (4-e°)

for appropriately small « .

Thus x - y is spacelike i.e. x & y , and causality is violated by

eh

In thesystem of 0', -by seconds will have elapsed before the particle's

world line reaches the singular cone K(-b), at which event the causality

violation occurs.

Now, from § 6.4, the magnitude of the uniform acceleration is

2

bv - ue

the causality boundary is not soon reached for small accelerations, and

measured by » which is small when by is large ; thus

for zero acceleration, causality is preserved.

6.9.3 Remark.

To check that the physical procedures are not contradictory,

we confirm that as Xo > ~by in the systemof 0', tas in the frame
bo6

of 0. Consider the point X = (-b)-6 , -b, - - ) on the world
1

line X.b = 0, prior to (-b,, -b Ye
Oo oo

2 2bo6 bos

Then X.X = -b.b + 2b16 +6 - Brees

4 5
now x = ObsD)X + (X.X)b

oO

b.b + 2b2X + X.X

and we obtain
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(b,+b) + 0(8)

Piie 26 + 0(é°)

: : (by40,) + 0(8)

tees shh, pene

so that x, ~ Koes ie nese S 0 ; this is exactly what we would

dx
expect, to accord with the fact that lim— = 1.

540 IXp

6.9.4 Nature of the vector b.

We have seen that, if a particle has a world line x.x = x.b in

b

the system of 0, then the ratio ons gives the velocity of the
1

particle at 0 (and this is invariant for all systems special

conformally related to that of 0, and for dilatations of the system

of 0, but not, of course, for Lorentz related systems), and the

magnitude b.b = 6 - b5 gives a measure of the reciprocal of

the uniform acceleration, according to 0 (and this is not invariant

for systems special conformally related to that of 0, nor for

dilatations of the system of 0, but it is invariant for Lorentz

related systems). As we have explained in § 6.7, the whole group

c, preserves wtformity of acceleration and local causality.

It is interesting to notice that the vector b lies on the world

line x.x = x.b, but since the centre of the hyperbola is

ie bs 4 bo] > it is clear that x = b is on the second branch

of the hyperbola, not the world line branch.

x ~ po (Xx)
Now, under xt = —————_—_

Le 2X. Dl eKeX

b.b *5.Do|
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the map of Ab is

(ab)' = aes provided that a #1.
1

We observe that as A +1- , (Ab)'+-@ , and as

A> 1+, (AbD)' ++ . We have already noted in § 6.9.4

the corresponding result that as x'+-b,x+teo,
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Chapter 7. Inertial frames.

Fok Perspective.

We shall suppose that every one of a certain class of

observers with a pair of coincident (zero) events is equipped

or may equip himself with his own Minkowski space, Mq- Suppose

we then take as a fundamental law of nature the prinetple of local

causality which is abstracted as follows :-

a pair of observers 0,0' of the class compare observations by

way of the locally causal automorphism group (§§ 5.7 - 5.9).

Thus the principle of local causality implies local app-

licability of the group Cs from § 5.18, Theorem C ; this, in

turn, has two implications,

(i) null lines in the systems of 0,0' are locally correspondent,

(ii) the coordinate systems for 0, 0' are those that, for plane

world lines in each system, are kinematically appropriate to

relative uniform acceleration, with the same local applicability ;

they, too, are locally correspondent. ‘

We shall refer to the local correspondence of relatively uniformly

accelerated frames as the principle of C*-relativity.

Clearly the principle of C*-relativity invokes a wider class

of equivalent coordinate systems than the principle of special

relativity in one sense, inasmuch as, if the relative uniform

acceleration is zero, then we have the"special relativistic”

situation ; but a narrower class in another, in that coincident

0,0' are necessary for the operation of C*-relativity and that

operation is necessarily local.
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We also have a reverse implication that the property of

null line invariance and the principle of C*-relativity together

imply the principle of local causality.

We recall at this point that it is a mathematical

abstraction, Minkowski space, that we are dealing with i.e. a

set of ordered quadruples of real numbers together with a scalar

product : not an overtly physical situation.

It is important to emphasise that our method is a

mathematically abstract but physically naive development ; the

usefulness of the development is that it provides an insight into

the way in which, even at the level of naive physics, the C*-

relativity is shown to be inappropriate.

We shall make a formal elementary calculation based on

hyperbolic arcs in a plane and then associate the calculation with

a thought experiment in the C*-relativity physics. We shall find

that we obtain a contradiction, and conclude that the principle of

C¥-relativity is unsound at the most basic level of naive physics.

Thus we shall be led to make a new categorization of

equivalent systems and to define inertial observer and tnerttal

frame.

7.2 Comparison of clocks in uniformly accelerated motion.
é

Let A be the origin of My and consider a continuous world

line through A which consists of three connected hyperbolic arcs

as in figure 6. We shall interpret this geometrical situation

as being descriptive of an observer 0' who is first uniformly
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accelerated, then uniformly decelerated, then uniformly accelerated

with respect to 0 (an observer with world line AR) in such a way

that the world lines of 0 and 0' coincide at A and R. We shall

calculate the timelike coordinate of R in the system associated

with O and interpret it as the reading on a standard clock carried

by 0, on the assumption that 0 is the reference observer. Next we

use the map to a system in which 0' is always at rest and calculate

the timelike coordinate for the progression AR in this system ; we

interpret this reading as that on a standard clock carried by 0'.

7.2.1 Q's reading.

First arc:

The arc has equation

X.X = =by x » Where by is a negative number ;

and parametric equations

ie z b,sinhe esas ; b,(-1+coshs) .

The first arc is followed from the point A to the point P,

where 1,os al 4 bysinh os cere ¥ b, (-1+cosha) 3; we make the

convention that the coordinates of P in the diagram are written

(t)>%}) > instead of the usual practice. It is easy to see that P

is in the semi-infinite future region between the pairs of lines

2 2 2

Xoo Xe 0 and x

at 0 and B, = (0,+b,)].

(x, -b ia 0 [these are the null "cones"
bea

In addition, the gradient of the curve at P, u

(which measures the speed of a material particle for which the

1



arc is world line) is —M— 3;

thus u = tanha

Second arc:

2 2

The arc has equation X) - X = bX, » referred to axes at its

vertex, which is the point (-bysinho = ~b, {-1+cosha}) 5 the

equation referred to P as origin is

y+) bisinha] - [¥, +4 b,(-1 x[Y, +o bysin a] - Y, +5 by(- +cosha)]

= by lV; + y by(-T#cosha)]

for which an appropriate parametric form is

Yo +e bysinha = - 7 bsinhe

yy + z by (-1+coshe) = F dy (-T#coshe)

Thus the parameter associated with P is 9 = -a,and that associated

withQis¢= a.

It is clear that the hyperbolic arc PQ is confined to the semi-

infinite future region bounded by the line-pairs ve - " =0

and 5 + b,sinha) ” - (Yy + b,cosha) * = 0 [these are the null

"cones" at P and Bo, whose coordinates in the Y system are

respectively (0,0) and (-by sinh o . -b,cosha)].

Third arc:

2 2 :

The third arc has equation Zz - q = ~b,Z, referred to its vertex

R ; it is clear that the progress along the hyperbolic arc QR is

exactly similar to that along OP. We note also that QR is confined

to the semi-infinite past region between the cones at R and Bs :
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where Ba = (0,b,) in the Z coordinate system.

Time lapse according to 0.

If 0 considers himself to be an unaccelerated observer, the time

lapse according to his clock between the events 0 and R will be

-2b,sinh a .

7.2.2 O''s reading.

Suppose that 0 and 0' coincide initially but 0' is the observer

whose world line according to 0 is the previously described hyper-

bolic arc path. There is a zero acceleration system and a proper

system associated with each arc of the world line as in figures

7 and 8.

First zero-acceleration system : (this is also the proper system)

Consider the special conformal map

S 2
xt = (beb)x = (%x)b » where b.b = -b, 3

b.b = 2x.b + x.x

the map of the arc of x.x = ~by x) is the appropriate segment

of x} =0.
] 2

-by Xo

Also x' = ———— , andif x. =1.,%x, = 50 peeps 0 Ono t 1
1 11

-b, sinha

we have ee =

1 + cosha

Second zero-acceleration system :

Consider y' = {8-B)Y = (V.¥)B
B.B - 2Y.B + Y.Y

where By = ~b) sinha 3 B = ~b) cosh a >; B.B = ~b).
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In this case, the map of the arc of Y.Y = Y.B is the appropriate

segment of Y'.B = 0.

Al 2 =
30 ~byY, + (Y-Y)by sinh a

= eee

-b) + Y jb) sinh a - Yyb, cosha

2
Kae -by yy + (Y.¥)b, cosh a

1 2 “ee
~by + Y jb Sinh’a - {by cosha

~byY, + (-Yjb, sinha+ Y,b, cosha)b, sinha
ice. Me Ae

~by + Yb) sinha - Yyby cosh a

2
-brY, + (-Y.b, sinha+ Y,b, cosha)b, cosha

Aaiaa les 11 ol Tat 1

2 :
~by + Yb) sinha- Yy>y cosha

Let V be the event, which in P's system, occurs as the vertex of

the hyperbolic arc PQ. We find that, in the zero-acceleration

system, V has coordinates

=

~by sinhacosha ~by sinh a
ST ena ee

2 1 + cosha 1 + cosha

Second proper system :

The Lorentz transformation to the proper system has parameter

u = - tanha , and if the coordinates of V in the proper system

are t' , t; , then
0 1 é Saaz

ih 1 ~b sinhacosha _ tanhe bysinh o
5 ; ‘

“i - tanh? 1 + cosha 7 - gtanh7a 1 + cosha

5 ~b) sinha

1 + cosha

We have symmetry in the readings about V and conclude that the net

time lapse in the second proper system between events P and Q is
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~2b, sinh a

1 + cosh a

Third proper system.

This is formally the same as the first proper system, and we may

conclude that the total time elapsed on the proper clock for 0' is

-4b, sinha ~4b,u
———— _ or

1 + cosha ime Teesus

This is a positive number which is strictly less than -2b,sinha

(we cannot have a = 0).

7.2.3 Validity of the transforms.

We have proved in 886.9 - 6.9.3 the rather surprising fact

that the presence of the singular cones imposes no physical

constraint on the problem, inasmuch as u< 1 guarantees both

that the speed of light is not attained in either kinematical

system and that the causality violation boundaries are not breached.

Thus it is of no consequence to the foregoing analysis that the

speed u is arbitrarily close to 1 ( it cannot be equal to 1) nor that

the acceleration is arbitrarily large.

Ties Consequence for C*-relativity.

The consequence of the result of the previous paragraphs for

the theory of C*-relativity is simple, and devastating : We

may not conclude that in the C*-relativity, clocks are not proper

measuring devices ; proper or not, a standard clock is a standard

clock ! The only conclusion is that C*-relativity leads to a

self contradictory kinematical theory, if clocks are to be any use

at all.
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We are forced, therefore, to select a proper subset of

the coordinate systems thus far considered to be equivalent, and

give them privileged status. We shall refer to these privileged

systems in the forthcoming paragraphs as inertial systems or frames.

Equally, we may consider the wider class of coordinate systems

associated with the principle of local causality as insufficiently

restrictive for a viable kinematical theory.

7.3.1 Remark.

The privileged coordinate systems give rise to privileged

geometries with which to model space-time kinematics, thus if Mo

is a privileged system and if x < y then x,y lie in a privileged

timelike straight line inherited from the privileged geometry.

As far as the privileged clocks are concerned, if T is the

reading on a privileged clock which contains x,y in its history then

the reading on every other clock of the locally causal equivalence

claSs,ac0 1S:such that 7 < TW.

Further t=Tiffu=0 i.e.a=0.

We now make the following postulate.

7.3.2 Postulate of the inertial system.

If x,y are two events such that x < y then there exists

a member of the locally causal group such that x,y have the form

(x920,0,0), (y,s0,0,0) in that system and T = y, - x, is

maximal for the class of world lines encompassing both x and y

in the manner of §57.2 - 7.2.3. Such a system is referred to as

an tnertial system or inertial frame.

7.3.3 Remark.

It is clear that there is an equivalence class of inertial
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systems appropriate to a pair of events x,y for which x < y in My

but the systems differ only in that their spatial axes are

rotated to new directions. It is also clear that once we have

settled on the inertial frame(s) for a pair of events that

coordinate system will be the inertial frame for every event on the

inertial line through x and y.

7.3.4 Kinematical interpretation.

Thus far, it is recognized that only the inertial system(s)

appropriate to a pair of (causally) related events x,y are to

be considered equivalent for the description of space-time

kinematics, those which categorize a relative (non-zero) uniform

acceleration are not in the set of equivalent systems. We must

now forge the link from one inertial system, that associated with

x,y to another, that associated with u,v, where u<v but u,v

are not on the inertial line for x,y. We now state our second

postulate.

7.4 The principle of relativity.

All inertial systems are equivalent for the description

of space-time kinematics.

7.4.1 Deductions from the principle of relativity.

We would like to be able to say that if I,I' are any two

inertial frames then the allowable transformations are affine,

but this is not as easy as it looks (Hegerfeldt ; 1972) since

we are assured only that all inertial lines (timelike lines) are

mapped to inertial lines. However, Hegerfeldt (1972) has shown

that that fact is sufficient to ensure affine transformations. In

our system, if we had concerned ourselves with local phenomena,
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as in §§7.2 - 7.2.3 we would have the immediate implication

that the transformation group no longer contains special conformal

maps, so that the group would be Lt* locally. For remote inertial

frames the transformation group is then P**,

7.5 The theory of special relativity.

Having modified the principle of local causality as a

viable physical law we are manoeuvred into the position of

adopting the following postulates, in addition to the postulate of

the inertial frame

(i) null lines in the systems of locally causal observers 0 and 0'

are locally correspondent.

(ii) the principle of relativity for inertial frames.

However, we now know that the transformation group between inertial

frames is Pt*, and we know that this is the globally causal

covariance group (Zeeman; 1964). Thus we need not leave postulate

(i) as it stands but replace it by

(i)' null lines in the systems of inertial observers 0 and 0'

are globally correspondent.

Now we may follow Hegerfeldt (1972) and state that (i)'

also implies that the scalar factor is unity, so that the trans-

formation group is in fact pt.

7.6 Discussion.

Our development could be looked upon as having its foundations

in a Robb-type (Robb, 1936) axiom system ; can one say that it is

_an axiom system in which an individual's appreciation of causality

is endemic rather than his appreciation of external physical
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phenomena ? In a sense one can, for an individual's personal

appreciation of a before/after relation for himseZf is intellectually

appealing , yet there is the heaviest possible reliance on an

absolute geometry with the Euclidean parallel property. This is

as much a matter of external judgement and collaborative concert

as is an acceptance of Newton's laws, or inertial frames, or the

phenomena associated with the propagation of light. Nevertheless

the author has found it instructive to work with this idea of the

personal judgement of a before/after relation and the principles

of local and global causality. The more traditional developments

of the special theory of relativity, of course, very quickly

introduce the concept of inertial frame (Pauli, 1958 : 4 ;

Rindler, 1960 : 6) ; that is most natural, since the principle of

spectal relativity, the one that we are concerned with, only

applies to inertial frames. Now Infeld and Peblanski (1960 : 69)

speak of

" ,. the strange concepts of action at a distance, or an inertial

coordinate system..." (my italics), a statement that is echoed

in Pauli (1958 : 4)

"_,. It is unsatisfactory that one cannot regard aZZ systems as

completely equivalent or at least give a logical reason for

selecting a particular set of them." f

However, they are looking toward the theory of general

relativity for which a pseudo-Riemannian space is the model; as

far as Minkowski space is concerned, as we have seen, any attempt

to widen the class of equivalent frames beyond the collection of

inertial frames is fraught with difficulties at the level of

kinematics. Indeed, consistency is only restored in that case, if

we move into the realm of dynamics, and consider the concept
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of "external force" and make new postulates as to how such forces

affect measuring rods and clocks. None of this is surprising, for

physicists have never surmised that no experiment can be devised

to detect (non-zero) relative uniform acceleration.

7.7. Detection of non-inertial frames.

Rindler (1960 : 6) states that

"We shall now accept the existence of at least one inertial frame

as an experimental fact : the frame of the "fixed" stars is known

to be inertial to a high degree of accuracy". (My italics).

In our development there is theoretically an operational

_ method for detecting an inertial frame by checking that the clock

reading is maximal between pairs of causally related events. We

have referred to this method as “naive physics" and it may be true

that the more naive the physics the less the likelihood of importing

into the theory folkloric and intuitive conceptions (which may be

misconceptions).

To answer the question : “what other means are open to us to

distinguish a system that is non-inertial 2" we can look back to

Galileo's test (Kilmister, 1970 : 3). Galileo considers the

example of an observer on board a ship in calm, non-tidal waters;

if the observer were confined to his cabin below decks in the

company of a goldfish bowl, then a uniform motion of the ship would

surely leave the surface of the water in the bowl level, but a

uniform acceleration (for example) would cause the water to “pile

up" at the rear end (with respect to the direction of the accelera-

tion) of the bowl. Closer still to our conception, if a spaceship
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were in the vicinity of the neutral point for gravitational

attraction from the Sun, the Earth and the Moon, then a small free

object, say a pen, would betray a forward acceleration from the

rocket thrust by retreating to the rearward boundary of the capsule.

There is another, more sophisticated result that would

enable us to distinguish between a particle (frame) that has a

non-zero uniform acceleration with respect to an inertial frame

and a particle that has a zero uniform acceleration in the inertial

frame, unfortunately the result has been clouded in some controversy.

Pauli (1958 : 93) states categorically, quoting a result of Born

(1909) , that a charge in uniformly accelerated relativisitic

motion does not radiate energy ; Synge (1964 : 421) is equally sure

that it does, although Anderson (1967 : 247) indicates exactly

how the confusion of interpretation has arisen. It is likely that

both Synge (1964) and Anderson (1967) were influenced by a paper

of Fulton and Rohrlich (1960) , in which the problem of radiation

from a uniformly accelerated charge is thoroughly examined. An

account of the problem and its explanation is beyond the scope of

this thesis.

7.8 The transformation between an inertial frame and a uniformly

accelerated frame.

We conclude our development by using the theory of §§6.3 - 6.5

to establish explicit transformations between an inertial frame I

and a frame A which is in uniformly accelerated one-dimensional

motion relative to I.
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7.8.1 Maps from one inertial frame to another : apparent length

contraction.

Consider the Lorentz transformation which maps one inertial

frame I to another I', with 0 = 0' ; x' = AUX > where

'

Xo

The map of the line x] " o a xa
" 1 =x

the map of the line x " m a *
'= + 71-UX 1

Thus, given a rod of length — at rest in the I frame ; at any

instant in the frame of I', the rod will appear to have length

Aare .

Our analysis of the map from a uniformly accelerated frame to

an inertial frame might be considered as a preliminary to that between

two uniformly accelerated frames. In any case, we shall incorporate

in the method of transformation a quality that will provide the

aforementioned relativistic length contraction when we are dealing

with the special case of two inertial frames.

7.8.2 World lines of constituent particles.

We shall say that a frame A is uniformly accelerated with

respect to an inertial frame I if every point of A has the same

uniform acceleration with respect to I.

Let K be the uniform acceleration of every point of the frame
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of A relative to I, then (Pauli, 1958 : 75)

2%
ive KT vag
dx,

where v is the speed of C relative to I at Xp -

Thus faeaer = | Kdx,
MIs v-)

and we obtain (via v = cose)

v Gs : 4
= Kx, + ty 3 ay arbitrary,

-Vv

2 2 2

whence v = (Kx, + a4) (l-v)

dx Kx, +a

and —L = 7 Waray
ax, + (Kx, + a9)

2

so that AitaS ee zW) + (Kx, + ay) > with ay arbitrary.

Thus the world line of each particle of the frame of A has the form

2 2 2

K (x + a4) - (Kx, + ay) = 1,

‘ ay 2 1ive. (+ 2 = (x +%0)) = + =e
0 K 1 1 Ke

and the individual world line appropriate to a given particle

in the frame will be determined by the initial (inertial frame)

conditions appropriate to that particle viz Ap say

(ES The geometric analysis.

For convenience, we write i = k and consider the world line

of a particle of A's frame as observed in the frame of I ; assume that

the particle passes through 0 with zero speed.
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Here ais 0 and Ree k , so that the world line is the hyper-

bola

2 2 2 5

Xe tS (hy + ke sack sieroneli)

Consider now a hyperbola through (0,&) in the frame of I, viz

2 Bt 2 2
Reno] theese Ho Meec ml)»

so that (XQ 9X7) are the coordinates of a point on the hyperbola

through 0 and (x9) are those for a point on the hyperbola

through (0,€). Thus x is a function of x and &€. Clearly both

hyperbolas have centre (0, -k) in the XQ/X system. We obtain

fs = 2 2
(x) +k) - (xX) +k) = & + 28k

a = 2

i.e. (x - x) 04 + x'+52k)p os eeepeekee.,. (111) &

Now write

dx. x
pee eae S| SOLER an
dx, x, + k

dx, x
and wire: —2 =U

dx, Xy+ k

We notice that if x > x, » then for a given value of x), <u 3

the hyperbola through (0,¢) is steeper in the x,/x, diagram than the

hyperbola through (0,0), (Figure 9).

From (i) we obtain

2
2 ee

Thetis Nee flume
(x + k)°

so that, if we introduce y = 7 and yY = tan -
5 oa

then x, +k=yk 4 X +k = Y(Etk)

and xX, +X, + 2k = ky + (e+ k)y
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Thus, from (iii)

2

= — + 2&k
xX = Xt (iv)

ky + (E+k)¥

We note two properties of this transformation of coordinates,

Ve) as £30, X) > x :

2.) as k + (which is equivalent to K + 0), we have

Xr xy + 2ek
kK(y+ ¥)

a 2
= x, + 3

or

3

in addition, y+y,

so that, in the limit

x ox

i

Thus, for zero uniform acceleration, A is itself an inertial

frame, and we obtain the correct relativistic length contraction

at any instant

xy 7 =e > Where — is the length,
x

Thus , for zero uniform acceleration i.e. if the acceleration is

suddently “turned off" A coincides with its comoving inertial frame,

and we obtain the correct relativistic length contraction at that

instant

where — is the length of a rod in the frame of A (since A and I

were at initial relative rest), and xy -X%y is its length according

to I at the subsequent “turn off" instant.
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3.) For & = -k , we obtain a pair of lines

2 rs 2

eae (x - k) = 7105

and we shall restrict the usage of the formulae to k > 0 and

& 3 -k.w

7.8.4 Remark.

We have now obtained a geometric formulation in which the

individual particles of the frame of A have hyperbolic world

lines in the coordinate system associated with the frame of 0. The

hyperbolae are concentric and they converge in a way which is

entirely consistent with our expectation for vanishing acceleration.

T3558 The map from I to A.

The world line

2 2 Pe
aS (x +k) = -

has the form xX.X = X.85

2

with Rone 0 and By = -2k, so that g.g = -4k

From 56.5

y = (8+8)x = (Xx

B.B - 2X.8 + X.X

is appropriate to map x.x = x.g , with X 2 0, onto xy =0.

Here, the explicit form for the transformation is the pair of

equations 2
o -4k x

Acai —-4k~ - 4xyk + Xo - x

2 2 2

yeti ~4k x, + 2(x, - x1)k
1,2 oS

2 2 iS
~4ke - 4xik ep ke say

It is interesting to look at the map of x, = 0, in particular; here
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4k :~4k x 2kx,
and =

° -4k + x : 4k? + x2

so that X, = ~ ley y
1 2k 0°

ne zee, 2

Also X,{-4k exe 2kx,

: 2 . 2 2

i.e. X9{Xy - 2k} = 4k xX

2

a
hence — {X,-2k} = X, 5

x2 1 1

0

2 2 2

from which we obtain X = (% -k) = ok.

We may adopt the following procedure :-

1.) to map the world line

2 = Das 2

Xo en (XG tak) aa ok

as observed by the inertial observer (appropriate to a single

particle of the system of A) to the corresponding world line as

observed in the accelerated frame :

(i) apply the appropriate special conformal map,

(ii) reflect in the line = -k 3

(see Figure 10).

2.) to map the world line

x, - (+k) = -(etk)” eA OL E> -k,

to the accelerated frame,

(i) translate to 0,

(ii) apply the appropriate special conformal map,

(iii) reflect in the line Sey -k,

(iv) translate from 0' ;

3.) to map the world line pair

- ae 2
x 7 (+k) = 0;
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(i) translate to 0,

(ii) apply the appropriate special conformal map, whieh ts formally

the identity map,

(iii) reflect in the line x, = “ks

(iv) translate from 0'

(this procedure is equivalent to a formal assignment of the

identity map for this line pair).

7.8.6 An algebraic formulation.

The oe is the special conformal map mentioned in the
8/8.8

previous paragraph, t, is a translation along the x axis of &,

and Pk is a reflection in x, = -k, then

Te Teaco Kio Paa/pa © *<e

is that map which applies to all points on the world line

x, - (x + ky = =(e+k) >.

Notice, however, that « > -k, so that the collection F = {f,1

has the property that F : Y + Z, where Y is that part of I for

which, initially, -k < x <% and Z is that part of A for which,

initially, -# < X ake

Now, formally

hha e, =1

ve (te 0 0. ° tg7g.g 9 te)

= te 0 b579.g9 PK ote »

so that Fo = ws is such that Fb :Z+Y.

7.8.7 Remark.

We notice that the procedure described in §7.8.5 3; 1.);

2.) and 3.) maps each world line of a particle of I's frame into

the second branch of a hyperbola of the original system whilst the
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first branch is mapped into the world line of a particle of A's

frame. Indeed, figure 10 demonstrates the completeduality between

the map from the inertial to the accelerated frame and vice versa.

Thus both inertial and accelerated systems may be illustrated

in the same Minkowski space diagram, and the formal results for

Fad given above are entirely appropriate to describe the map from

the accelerated frame to the inertial one.

7.8.8 Summary .

With reference to figure 10 we may now write down the

method of transforming from the inertial frame I to the uniformly

accelerated frame A as the following theorem.

Theorem D.

Each constituent of the collection of maps F : Y +Z,

where Y {(XgoXq) € 1: x9 205% +k 2 x, 3}

and z {(Xg9Xq) eA: X20 »X BER cack Jos

given by F = {f,} > where

Fe = £50 PK? taye.g ° te

is everywhere bijective. The collections F = {f,} and

Fol = (fp) are those appropriate to map from the inertial frame I

to the uniformly accelerated frame and vice versa.

Proof :

We need only confirm that the singular cones associated with

e/g 8 are not activated in the procedure.

(i) K(O) = {x : x.x = 0} jis only breached at x = 0, where

$973.8 (0) is formally assigned the value 0.
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(ii) K(8) = {x : (x = 8).(x - 8) = 0, where 8, = 0, See -2k }

is not breached for any point in the future of 0. It is clear

that the composite maps which comprise the collections F and FU)

are not singular in the regions of My to which they apply.

7.9 References.

Anderson, J. L. (1967)

Principles of Relativity Physics. (New York : Academic Press).

Born, M. (1909)

Die Theorie des starren Elektrons in der Kinematik des

Relativitatsprinzips.

Amatlen der Phystk 30:1.

Fulton, T. and Rohrlich, F. (1960)

Classical Radiation from a Uniformly Accelerated Charge.

Annals of Physics 9 : 499.

Hegerfeldt, G. C. (1972)

The Lorentz Transformations : Derivation of Linearity and Scale

Factor.

Il Nuovo Cimento 10: 257.

Infeld, L. and Plebanski, J. (1960)

Motion and Relativity . (Oxford : Pergamon Press).

Kilmister, C. W. (1970)

Special Theory of Relativity . (Oxford : Pergamon Press).

133



Pauli, W. (1958)

Theory of Relativity. (London : Pergamon Press).

Rindler, W. (1960)

Special Relativity. (Edinburgh : Oliver and Boyd) .

Robb, A. A. (1936)

Geometry of Time and Space . (Cambridge University Press).

Synge, J. L. (1965)

Relativity : the special theory . (Amsterdam : North Holland) .

Zeeman, E. C. (1964)

Causality implies the Lorentz group.

Journal of Mathematical Physies 5 , 490.

134



Concluding remarks.

Postscript.

The investigations reported in this thesis were triggered by

a need for a fuller understanding of three key concepts :

(i) the mathematical structure of Minkowski space,

(ii) the réles of causality and the principle of causality,

(iii)the relation between non-inertial and inertial frames.

It is hoped that valuable insights into those ideas have been

transmitted by our method of development. Certainly a remark of

Fulton and Rohrlich (1960 : 517),

"One concludes that the [ special conformal] transformation

+s. cannot be regarded as a physically meaningful transformation

of a world line ... into uniformly accelerated motion," seems

not to have validity ; indeed the statement is. modulated in

Fulton, Rohrlich and Witten (1962 : 659),

"The fact that the transformation is singular is in no way

disturbing. One must merely obey the injunction to stay away

from the singularities in discussing any physical process.

Using this transformation, we discuss physical processes only for

regions in space-time for which the transformation is non-singular".

We have obeyed the injunction to the letter.

Work is proceeding on the problem of mapping from one

uniformly accelerated frame to another.

Geometry and topology.

Zeeman (1967) considered the following question in relation

to Minkowski space and the globally causal geometry :

"If a set of elements and a group of transformations i.e. a geometry
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is given, can we design a topology that is compatible with it ?".

Here, we mean by “compatible” that the homeomorphism group

for the topology is identical to the transformation group for the

geometry. Zeeman proved that there was such a topology ; not

surprisingly, it turned out to be non-metrizable. However, if we

question its usefulness on this ground, for example, by saying that

it cannot generate measure and volume for subsets of Mg> then

we must examine to what extent such “four-volumes" are useful in Mg»

It is more likely that only three-volumes, induced on space-like

hypersurfaces, are required; that is certainly achieved in Zeeman's

topology.

Zeeman's paper..(Zeeman, 1967) evidently seeks to absorb causality

and the principle of causality at a deeper level in the mathematical

model for Special Relativity than we have attempted in this

thesis. It would clearly be a matter of some interest to work on

a comprehensive review of the mathematical structure of Minkowski

space, basing it on topological rather than geometrical foundations.

Of course, the physical principle of global causality is then

modelled in the mathematical structure at the level of topology.

It would certainly be worthwhile for physicists to have a clearer

understanding of what this new degree of abstraction implies for

the dynamics and physics of Special Relativity.

Recent developments.

The following authors have developed or varied the original

design of Zeeman (1967), whilst following the same precepts

and limiting their investigation to Minkowski space :-
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Nanda (1971, 1972), Whiston (1972), Williams (1974a, 1974b),

Nanda (1979, 1980).

Also of interest is Cel'nik (1968).

The following authors have designed topologies for pseudo-

Riemannian spaces associated with General Relativity whose homeo-

morphisms are also local preservators of causality, differentiability

and conformality :-

Kronheimer and Penrose (1967), Kronheimer (1971), Carter (1971),

Woodhouse (1973), Gobel (1976a, 1976b), Hawking, King and

McCarthy (1976).

References.

Carter, B. (1971)

Causal structure of Space-Time.

General Relativity and Gravitation 1 349.

Cel'nik, F. A. (1968)

Topological. structure of space in Relativistic Mechanics.

Sovtet Mathematics Doklady 9 1151.

Fulton, T. and Rohrlich, F. (1960)

Classical radiation from a Uniformly Accelerated Charge.

Annals of Physics 9 499.

Fulton, T. ; Rohrlich, F. and Witten, L. (1962)

Physical Consequences of a co-ordinate transformation to a

uniformly accelerating frame.

Il Nuovo Cimento 22 652.

137



Gobel, R. (1976a)

Zeeman Topologies on Space-Times of General Relativity Theory.

Communications tn Mathematical Physics 46 289.

Gobel, R. (1976b)

The smooth-path topology for curved space-time.

Journal of Mathematical Physics 17 845,

Hawking, S. ; King, A. and McCarthy, P. (1976)

A new topology for curved space-time.

Journal of Mathematical Physics 17 174.

Kronheimer, E. and Penrose, R. (1967)

On the structure of causal spaces.

Mathematical Proceedings of the Cambridge Philosophical Society

63 481.

Kronheimer, E. (1971)

Time ordering and topology.

General Relativity and Gravitation 1 261.

Nanda, S. (1971)

Topology for Minkowski space.

Journal of Mathematical Physics 12 394.

Nanda, S. (1972)

Weaker versions of Zeeman's conjectures on topologies for

Minkowski space.

Journal of Mathematical Phystes 13 12.

Nanda, S. (1979)

A-topology for Minkowski space.

Journal of the Australian Mathematical Society 21 53.

138



Nanda, S. (1980)

A note on Maximal and Minimal Causal Spaces.

Journal of the Australian Mathematical Soctety 2 357.

Whiston, G. (1972)

The Zeeman-Order Topology on Minkowski Space.

International Journal of Theoretical Physics 6 75.

Williams, G. (1974a)

On the geodesics of a manifold having a linear connection.

Journal of the London Mathematical Soctety 9 118.

Williams, G. (1974b)

Fine topologies for Minkowski space.

Mathematical Proceedings of the Cambridge Philosophical Soctety

76 503.

Woodhouse, N. (1973)

The differential and causal structures of space-time.

Journal of Mathematical Physics 14 495.

Zeeman, E. C. (1967)

The Topology of Minkowski Space.

Topology 6 161.

139




