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Abstract

One of the most interesting aspects of the Special Theory of
Relativity is its intimate connection with geometry by way of
Minkowski's four dimensional space-time world. In this thesis

we examine that connection from various points of view. On the
one hand we consider Minkowski space as an axiomatic system built on
certain postulates in the style of Peano and Hilbert, an avenue

of development which began with Robb prior to 1914 and continues .
still with the work of Schutz in 1973 and 1979. On the other

hand certain groups and group geometries are given prominence;
this avenue of development began with Lorentz and Larmor

before 1905, continued with Bateman and Cunningham in 1909 and
received a boost recently with the work of Zeeman in 1964.

The unifying theme of this part of our development concerns

the way of making manifest, in the various group geometries
associated with Minkowski space, key matters of physical experience
and intuition, collectively known as the prineiple of causality.
The procedures by which causal issues are treated in the

Minkowski space model are subjected to critical review and the
thesis contains original and/or simpler proofs of the

theorems associated with the local and global causal groups.

In addition, we present a systematic mathematical development

of a procedure for dealing with the class of uniformly accelerated
frames within the theory of Special Relativity, without the
necessity of dealing with the curved space-time of General
Relativity. The problems of physical interpretation that arise
regarding the preservation of local and global causality and the
restrictions on the use of the allowable transformations are

also discussed and critically evaluated.
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Introduction

We shall be concerned with Minkowski space as a mathematical
entity in its own right, and, separately, its use as a mathematical
foundation for the physics of Special Relativity. Indeed, since
the suitability of Minkowski space for that modelling role is well
appreciated, it is clearly appropriate that its character as a

mathematical structure should be examined.

In Part I, Chapter 1, we give brief historical accounts of the
growth of Special Relativity and of the development of axiom
systems for Minkowski space. There is also a discussion which
gives some flavour of the interplay between geometry and physics,
and a section devoted to causality. Lastly, there is an explanation
that we shall be concerned with Minkowski space as a mathematical

structure first, and with physics, second.

In Chapter 2, we look at the axiom of system of Robb (1914) in
some detail ; here,Minkowski space, M4, is regarded as a four
dimensional absolute geometry with the Euclidean property for
parallels. The whole edifice is built on a single strict partial
order relation which Robb refers to as after , this relation
generates all the geometric entities, line, plane and hyperplane,
as well as a "null cone" which separates each class of geometrical

entity into three varieties.

Chapter 3 is concerned with notation and nomenclature, and
the definitions and elementary properties of the standard affine

groups associated with M,, viz. the Lorentz and Poincaré groups.



In Part II we examine certain bijective maps of parts, or of
the whole, of M4 which preserve aspects of its mathematical
structure, aspects which reflect those physical concepts known as
(local and global) "causality". Clearly these maps form groups,
and the groups generate geometries ; Theorems A and B of Part II
respectively identify the global and local causality groups with
standard groups, both affine and non-affine,associated with M4.
Theorem A, which identifies the global causality group with the
"augmented" orthochronous Poincaré group, P** , is due in its
explicit form to Zeeman (1964). However, our proof is new,
and it invokes properties of the conformal group associated with
My 5 indeed, this proof is designed to point the distinction
between the affine subgroup P** of the full conformal group and
the group itself, regarding global causality preservation.
Theorem B makes explicit ideas that were implicit in Wess (1960),
and in Flato and Sternheimer (1966), concerning the local causality

preservation properties of the special conformal group.

In Part III we make a more detailed examination of the
properties of the special conformal group, 54. At this stage we
are equipped with an abstract mathematical structure M4 and a
transformation group 54, a pair which characterizes the "locally
causal geometry" for M4. We look at two classes of subsets of M4 3
the homogeneous hyperplanes, and the homogeneous hyperbolic hyper-
surfaces, and the most important new result which emerges is
Theorem C of Part III. This is a purely geometric (or group
theoretic) theorem, in which the group generated by 54 and the
augmented orthochronous Lorentz group, L**, appears as the local

invariance group for regions of those hyperplanes and hypersurfaces



mentioned above,

We now interpret Theorem C in terms of the kinematics associated
with one-dimensional motion ; in particular, we discover the
existence of a member of the collection of maps mentioned in
Theorem C which associates (locally) a straight line through the
origin with a given hyperbolic arc through the origin. Such a map
is suggestive of a procedure for transforming from thé coordinafe
system of a "non-accelerated observer" to that of a "uniformly
accelerated observer". However, before that suggestion is fully
pursued, we find a rather surprising fact, the map that would operate
this procedure is not "physically" limited by the presence of the

"singular cones" (where the transformations break down).

In Chapter 7, we proceed in a manner which may be described
as "physically naive". We do not yet have the concept of "inertial
frame", and we deliberately delay its introduction. That delay is
well worth while since we may clearly establish the need for a class
of privileged Minkowski coordinate systems even at this Tevel of
"naive physics". The privileged systems are then referred to as
inertial. Finally, we make a full examination of the procedure
for mapping from an inertial frame to a wniformly accelerated frame ;
this is Theorem D, the third new result of the thesis. That completes

Part III of the thesis.

The work ends with a brief collection of concluding remarks,

together with some suggestions for further investigation.
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PART I. FOUNDATIONS

Chapter 1. The historical and philosophical background.

In common with many mathematical discfplines, the kinematics
and dynamics associated with the motion of massive and massless
particles since 1880 has developed in two ways. On the one hand,
the equations of J. Clerk Maxwell (1873), which so profoundly
categorize the behaviour of electromagnetic fields and massless
particles were found not to match the equations of Newtonian
mechanics regarding the motion of massive particles. This mis-
match is immediately noticeable in the sense that, while the
maximal linear group under which Maxwell's equations are invariant
is the Poincaré group, that for the invariance of the Newtonian
mechanical equations is the Galilean group. Clearly there would
have to be some means of reconciling the two formulations, or one
formulation would have to be rejected. This theoretical probiem,-
thrown up by the mathematical physicists, was then echoed by the
experimentalists in their search for evidence of absolutes in the
fabric of the universe ; it led to Einstein's theory of Special
Relativity (Einstein, 1905) and to Minkowski's formulation of
kinematics in terms of a four dimensional space-time "world"
(Minkowski, 1908 ; 1952). Quite apart from Einstein's theory of
gravitation (Einstein, 1916), which would further widen the class
of transformations which were to be allowable in the description of
Physics, the Special Theory led to a plethora of results in mechanics,
optics and electrodynamics . In addition, sustained efforts to absorb
the theories of gravitation and of electromagnetic phenomena into

a single "unified field theory" were undertaken.
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j Axiom systems for Minkowski space.

There is another trend which balances that toward increasing
theoretical complexity ; it is that toward e;onomical axiomati-
zation. On the face of it, this would seem to have started with
the work of C. Carathéodory (1924) and that of H. Reichenbach
(1924), one of Einstein's students in Berlin at the time of his
first course of lectures on Relativity. Surprisingly, it was a
British mathematician A. A. Robb (1913, 1914, 1921) who had a
prior claim. An analysis of Robb's intellectual 1ife around 1900
reveals an interesting fusion of the ideas of the axiomatists
G. Peano (1889, 1894) and D. Hilbert (1899, 1902) with those of the
Cambridge school of mathematical physicists, notably Larmor (1900).
We examine both the historical deve]opment and the mathematical

content of Robb's contribution in Chapter 2.

It is clear that Carathébdory and Reichenbach are little
influenced by the first detailed expression of Robb's theory (1914),
and, indeed, the continental school was inclined to dismiss it as

being of little account.
Thus, Herman Weyl (1923 : 8) :

"For that reason, we can, if we are working with

the entire infinite universe, construct the geometry
of Minkowski [space], completely on the single

concept of the null element ; the straight line

becomes superfluous. This was developed a few

years ago by the English (sic) mathematician Robb in

a system of axioms which is admittedly very complicated
and artificial ..."

Yet Robb's work was favourably acknowledged by Eddington (1924),
Carnap (1958), Whitrow (1961) and Synge (1965), and begins to re-

12



assert its influence with the appearance of the paper "Causality
jmplies the Lorentz group" of E. C. Zeeman (1964). Here, Minkowski
space is treated as an essentially geometric entity, but without
the confusion brought about by the terms "pseudo-Euclideanism"

and the "indefinite metric" ; the treatment is carried to its

logical end in Nanda (1976).

Further considerations of the axiomatics of Minkowski space
had flared briefly with McVittie (1942) and Walker (1948, 1959)
following Milne and Whitrow (1938) and Reid (1938). Recently, in
a collection of papers under the editorship of P. Suppes (1973)
several authqrs put forward axiom systems of their own, notably
Domotor (Suppes, 1973 : 3 - 55) and Latzer (Suppes, 1973 :
321 - 365). Each pays due deference to Robb (1914) and each
indicates a newly awakened interest in Minkowski space geometry
as the result of Zeeman's paper (Zeeman, 1964). In addition, an
Australian school, initiated by Szkeres (1968) has led to the
development of the systems of Schutz (1973, 1979) ; these have a
flavour of Hilbert's (1899) system as opposed to Robb's (1914),

which is clearly fashioned in the Peano (1889) mould.

It is appropriate to give Robb's axiom system pride of place,
in spite of the degree of artificiality associated with it. The
system relies on the single primitive relation after, and is the
archetype of every system in which there is an a prior: acceptance
of the primacy of "an observer's time order". Once that primacy
is accepted we have a clearer appreciation of the subjective nature

of "causality".
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1.2 Geometry and Physics.

Greek geometry was clearly not initially an abstract
invention of the human intellect; it must have grown out of, and
developed along with, primitive physics. Indeed, human endeavour
has always progressed by that procedure we know as "trial and error®;
it is likely that it always will. In ancient times, as now, there
existed a breed of man more inquisitive than his fellows ; in
modern terms we would say that these primitive scientists
"observed phenomena", "designed experiments" to verify those
observations, and used that body of accumulated knowledge to make
predictions. The very word "observation" indicates the importance
of primitive optical science, and geometry in the ancient
civilizations necessarily developed as a distillation from
observed natural phenomena. No doubt experience soon taught the
ancients the geodesic value of the "straight 1ine" on simple
conservationist and economical grounds. But how would one judge
collinearity ? By optical alignment, as we do, for example, in
surveying, today. Thus, there are no hyperbolie grids for
irrigation systems, roads are straight, buildings often of rectan-
gular plan. Is that only because straightness was a vogue of early
civilization ? Hardly, for if 1ight rays had non-straight paths,
always, not only might we be inclined to ape that non-straightness,
we would surely christen those paths "straight"! Of course, there
might have been trouble if it were found that geodesic straight-
ness was not of the same nature as optical straightness. To
modern (post-renaissance) minds such a disparity would be evidence

of a lack of the underlying unity that we hope for in Nature.

Even on the evidence of the parts of the geometry of Euclid

14



that have survived, Greek geometry was incredibly inventive and
rich. It must be remembered, however, that it was abstracted

from the properties of geodesy and optical alignment ; it was

also, frequently, of practical contemporary use. Seventeen

hundred years and more later, Galileo and Newton had the surviving
body of Greek geometrical theory and intuition with which to build
their models of mechanics. Without that theory they would scarcely

have been able to start.

Nowadays we may examine Newton's description "uniform motion
in a straight line" critically, and pose certain questions. What
is a straight line ? What is uniform ? What reference system is
implied ? But clearly Newton had no doubts : it was Euclidean
geometry, the geometry that grew out of terrestrial geodesy and

optical alignment that he knew, and was using.

In our era the two disciplines, physics and geometry, do not
exist in isolation or in mutual antipathy, but are mutually supportive,
as they were in ancient times. Whether or not, in the future,
physics will be "geometrized away" in the sense that the universe
will be modelled by a system without the concepts of particle,
mass, charge, motion, rest, collapse, decay or rebirth, is speculat-
jon. The irony is that if such a "space time manifold" was
designed so that its intrinsic.differential geometry and topology
in the form of knots, folds, cuts, holes, plateaux etc., manifested
physical phenomena, we would still not use the model to build
bridges. Of the interface between geometry and physics Poincaré
(1952 : 50) says "One geometry cannot be more true than another ;
it can only be more convenient". If, by that statement, he meant

to imply the relation between geometry and the uses to which physics
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is put in the world of our existence, he is undoubtedly correct.
Whether or not there will be a system in which physics is completely
geometrized is an unanswered,and possibly, unanswerable question.

The claim of such a system would then be that for the purposes

of what we take to be normal civil engineering projects, Euclidean
_geometry was appropriate but only as an approximation of very high
order. The distinction might be too fine for engineers, designers

and builders.

1.3 What is causality ?

In Special Relativity the physical universe is one of equal
opportunity inasmuch as each observer (whether or not absolutely
accelerated) is entitled to set up his own Minkowski space model,
with its attendant system of coordinates - his “frame". Thus he
is entitled to assign quadruples of numbers to events using (co-
accelerated) measuring rods and clocks ; if he is either unaccelerated
in some absolute sense or wniformly accelerated in some absolute
sense, he will find that the history of a light pulse is a Tlocal
straight line in his geometry - otherwise not. ‘However, it is not
our purpose to assume any physics at the outset but simply to
contend that Minkowski space is an interesting mathematical structure
and that certain groups and their geometries (abstractly available)

are also of interest.

Now, although those groups are abstractly available, one
of our aims is that the groups should give mathematical expression
to a physically intuitive concept - "causality". It is instructive,
therefore, to examine exactly what physical concepts might be

conaidered to be built into an axiomatic construction of Minkowski

16



space, even though we shall initially deny such physicality.

For example, according to Robb (1914), each observer is implicitly
aware of a natural phenomenon which he characterizes as his "past",
"oresent" and “future". He is also inclined to assign to remote
pairs of events (i.e. those events that do not 1ie in %<s history)
a "causal" connection ; thus, he will give his opinion that two
events A, B are (i) "causally connected", with A "in the future
of" B, (ii) "causally connected", with B "in the future of" A,
(ii1) not causally connected. Similarly, it is assumed, on good
experimental grounds, that there is a finite maximum speed for
signals by which information concerning remote events is brought
to an observer, so that there is a second physical aspect to be
enshrined in the axiomatic structure. This is achieved by the
presence in Minkowski space of a null cone at each point, and the
mathematical assertion that there are three "conical" regions,
each with its distinctive nature, at each point. The null cone
reflects the physical limitation on the signal speed and models
the aspects of antecedence, futurity and simultaneity not only for

the observer himself but for events remote from him.

Thus ecausality is essentially a subjective concept, one
which is peculiar to a single observer. On the other hand, the
principle of causality CONCerns the question of comparing inform-
ation between (any) two observers. For example, if 0, 0' are the
observers, and A, B are twolhappenings (events), then if 0
assigns a causal relation between A and B, with A "in the future of"
B the requirement that 0' should assign the same description to

the pair A and B is called the (physical) prineiple of eausality.
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It is worth noting that such a principle is quite independent
of the assumptions involving constancy of the signal speed,
finite maximan for the signal speed or the truth or falsity of
the statement that 0, 0' are in uniform relative motion ; it
is simply a requirement that the subjective assessments of two

observers concerning a causal relation, or lack of it, agree.

1.4 The treatment of causality in the mathematical model.

We have adopted the view that the mathemat{ca1 edifice
known as Minkowski space will always be a physically useful model .
We have also accepted that causality is an intuitively important
and physically necessary concept, and that its qualities should

be reflected in the mathematical model.

Robb's effective advocacy of the importance of causality,
and his strong conviction that the principle of causality should
have a priori acceptance (Robb, 1936 : 20) ensures a place of
importance for his views. However, the discussion of his axiomatic
development in Chapter 2 is subsidiary to the main 1ine of devel-

opment of this thesis.

From Chapter 3 onwards M4 is a given mathematical structure,
already coordinatized, and with the distinction between null, time-
like and spacelike vectors already made. In Chapter 3 itself there
is an account of the group theoretic and geometric qualities of
M4 associated with the Lorentz group and the Poincaré group. There
is another group associated with Minkowski space, the non-affine
conformal group, C4 . we examine aspects of its geometry in both

Chapters 4 and 5. We notice how the affine group P** and the

18



special conformal group 54 (also non-affine, and an abelian sub-
group of C4) absorb into their geometries mathematical qualities

which model "global" and "local" principles of causality.

1.5 The principle of local causality and kinematical equivalence.

There is still no mention of other physical phenomena, whether
rods, clocks or 1light signals - no concept of inertial frame,
none of uniform motion. A1l the kinematics that is_implied at
this stage is as follows :- if an observer 0, at the origin of
a Minkowski coordinate system, assigns a straight line history to
a particle P, then P and 0 are relatively wnaccelerated. If the
history of P is not straight P and 0 are relatively accelerated.
We now select the class of hyperbolic world lines for special
consideration (Briginshaw, 1980) and that leads us to a technique
with which to conduct a simple thought experiment, that involved

in the "clock paradox".

At this point, we ask the following question :

"Can the class of coordinate systems to which the principle of
local causality applies be considered as kinematically equivalent ?".
For the mathematical model to make physical sense the answer is
"no" and we are forced to introduce the concept of "inertial frame".
Only then do we make contact with the standard developments of

Special Relativity (Pauli, 1958 ; Rindler, 1960 ; Synge, 1965 ; etc.).

19



1.6 References.

Briginshaw, A. J. (1980)
The conformal geometry of Minkowski space ; hyperbolic world
lines.

Journal of Mathematical Physics 21 : 878 .

' Carathﬁodory, C. (1924)
Zur Axiomatik der Speziellen Relativitatstheorie.

Sitaungsberichte der Preussischen Akademie der Wissenschaften

pp 12 - 27" .

Carnap, R. (1958)
Introduction to Symbolic Logic and its applications (New York :

Dover) .

Eddington, A. S. (1924)

The Mathematical Theory of Relativity (Cambridge University Press) .

Einstein, A. (1905)
Zur Electrodynamik bewegter Korper .

Annalen der Physik 17 : 891 .

Einstein, A. (1916)
Die Grundlage der allgemeinen Relativitatstheorie.

Annalen der Physik 49 : 769 .

Hilbert, D. (1899)

Grundlagen der Geometrie. (Liepzig : Teubner) .

Hilbert, D. (1902) translated by E. J. Townsend

Foundations of Geometry . (Chicago : Open Court).

20



Larmor, J. J. (1900)

Aether and Matter . (Cambridge University Press) .

Maxwell, J. C. (1873)

Treatise on Electricity and Magnetism . (Oxford : Clarendon Press).

McVittie,G. C. (1942)
Axiomatic treatment of kinematical relativity .

Proceedings of the Royal Society of Edinburgh . 41 : 210 .

Milne, E. A. and Whitrow, G. J. (1938)
On the meaning of uniform time, and the kinematic equivalence
of the extra-galactic nebulae.

Zeitschrift fur Astrophysik 15 : 263 .

Minkowski, H. (1908)
Die Grundgleichungen fir die elektromagnetischen Vorgange in
- bewegten Korpern .

Gottinger Nachrichten p. 53 .

Minkowski, H. (1952)

‘Space and Time. In : The Principle of Relativity (New York : Dover).

Nanda, S. (1976)

A geometrical proof that causality implies the Lorentz group .
Mathematical proceedings of the Cambridge Philosophical Soctety
79 3 B33 .

Pauli, W. (1958)

Theory of Relativity. (London : Pergamon)

21



Peano, G. (1889)

I principii di geometria. (Turin).

Peano, G. (1894)
Sui fondamenti della geometria.

Rivista di Matematica 4 : 51

Poincaré, H. (1952)

Science and Hypothesis. (New York : Dover).

Reichenbach, H. (1924)

Axiomatik der relativistischen Raum-Zeit-Lehre (Berlin : Springer).

Reid, J. B. (1938)
An accelerated and a decelerated linear equivalence.

Zeitschrift fur Astrophysik 15 : 333.

Rindler, W. (1960)
Special Relativity . (Edinburgh : Oliver and Boyd) .

Robb, A. A. (1913)
A theory of Time and Space. (Cambridge : W. Heffer).

Robb, A. A. (1914)

A theory of Time and Space. (Cambridge University Press).

Robb, A. A. (1921)

The absolute relations of Time and Space. (Cambridge University Press).

&

Robb, A. A. (1936)

Geometry of Time and Space . (Cambridge University Press).

Schutz, J. W. (1973)
Foundations of Special Relativity : Kinematic Axioms for

Minkowski Space-Time. (Berlin : Springer-Verlag).

22



Schutz, J. W. (1979)
An axiomatic system for Minkowski space-time .

(Mﬁnchen : Max-Planck-Institut).

Suppes, P. (1973)

Space, time and geometry . (Dordrecht : Reidel) .

Synge, J. L. (1965)
Relativity : the Special Theory. (Amsterdam : North Holland).

Szekeres, G. (1968)
Kinematic geometry : an axiomatic system for Minkowski space-
time .

Journal of the Australian Mathematical Society 8 : 134 .

Walker, A. G. (1948)
Foundations of relativity .

Proceedings of the Royal Society of Edinburgh 62 : 319 .

Walker, A. G. (1959) In : The Axiomatic Method
editors Henkin, L. ; Suppes, P. and Tarski, A. (Amsterdam :

North Holland) .

Weyl, H. (1923)

Mathematische Analyse des Raumproblems. (Berlin : Springer) .

Whitrow, G. J. (1961)

The natural philosophy of Time (London : Nelson) .

Zeeman, E. C. (1964)
Causality implies the Lorentz group .

Journal of Mathematical Physies 5 : 490 .

23



Chapter 2. The Robb axiom system for Minkowski space.

2.1 The historical perspective.

Alfred Arthur Robb (b. 1873 ; d. 1936) traced the origins
of his theory as far back as 1902, when he attended a meeting
of the British Association in Belfast to hear a paper from
Lord Rayleigh (1902). At that fime Robb, the son of a well-to-do
farming family in Ulster, was twenty-nine ; after obtaining a
B.A. at Queen's University, Belfast and an M.A. at St. John's
College, Cambridge, he was awarded his Ph.D. at Gottingen in
1904 (Robb, 1904), and returned to St. John's as a Fellow. Robb
was an associate of Sir Joseph Larmor, a fellow Ulsterman, who was
himself soon (1903) to be appointed to the Lucasian Professorship
of Mathematics in succession to Sir George Stokes and it was
natural that Robb should be involved in the discussions that were
provoked by the failure of experiment to "detect uniform motion
through the aether"l It was just such an experiment that Rayleigh

(1902) was describing at the meeting in Belfast.

Now Robb studied at Gottingen between 1902 and 1905, and his
doctorate was awarded for the thesis "On the theory of the Zeeman
effect” (Robb, 1904). It was quite possible that at this stage
of his career Robb became aware of Hilbert's approach to the
axiomatization of three dimensiona] Euclidean geometry. He
certainly became familiar with axiom systems propounded by
Guiseppe Peano (1889, 1894) and the Italian school, for Robb pub-
lished a paper (Robb, 1913a) and a short note (Robb, 1913b) in
which he proved that two axioms of the Peano system for plane

geometry were redundant. Incidentally the references to these
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proofs given in Robb (1914, 1936) are incorrect ; they are

correctly given in Briginshaw (1979), and in this thesis.

Clearly, at the same time that he was assimilating what
was then the recent work of Peano (1889, 1894) and Pasch (1882),
and the very recent work of Hilbert (1899) and Veblen (1904),
Robb was working on his concept of "conical.order". It is this
concept, based on a single primitive relation after, from which
he would eventually fabricate the full geometric structure that
is Minkowski space (i.e. Minkowski's "space-time world").
Certainly, at the time of publication of "Optical Geometry of
Motion" (Robb, 1911), the conically ordered structure had not
fully crystallized as an axiomatic geometry, for Robb
(1911 5 1 = 2) writes :

"It is proposed in the following pages to refer briefly ,

in the first place, to certain Optical phenomena which

occur in free space, upon which we might suppose some of the

chief axioms to have their foundations ; and then to employ

these to establish on a new basis some of the groundwork

of the theory of 'Relativity'.

The writer does not propose, in the present paper, to go

into the more minute Logical details of the foundations

of Geometry ; as it seems to him that these would tend to

obscure the general standpoint which he desires to

emphasise. For this reason he prefers to reserve them

for a future occasion". (My italics).

"Optical Geometry of Motion" was lodged with the London
Mathematical Society in 1910 but not published in the Society's
Proceedings, and Robb arranged for it to be published privately, as
a pamphlet. The fact that it was not published in the Proceedings
is not surprising, for the development is deficient in one key

respect; it is based on the highly artificial concept "index of

a particle" (Robb, 1911 ; 5). Although Robb himself abandoned the
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idea of index, the pamphlet nevertheless had an important

influence on his later work. In addition, the term "rapidity"
is introduced for the first time [(Schutz, 1973 ; 233) wrongly
assigns its first usage to Robb (1921)], and Robb's concept of

"fundamental particle" recurs later, in the work of Walker (1959).

It is certain that the grand design for Robb's axiom
system was complete before 1914, for another privately financed
pamphlet (Robb, 1913c) was the forerunner, in prgcis form, to
the comprehensive work "A Theory of Time and Space"‘(Robb, 1914).
Throughout the remainder of his 1ife he was to refine and
reconstitute his proposals (Briginshaw, 1979) and the culmination
of his work was to be the book "Geometry of Time and Space"

(Robb, 1936).

2ot A Peano axiom system for four dimensional absolute geometry .

The following set of fifteen axioms is an appropriate extension

of Peano's (1889) system for a three dimensional absolute geometry.

Let-% be a set of elements with a three element primitive
relation linearly between ; we shall use the abbreviated form ABC
for B is linearly between A and C.

A.l 15 has at least two elements.
A2 For each Acdy, T x, nxa.

A.3  If A,B are distinct, 3 C, ACB.
A.4 [f ACB then BCA.

Definitions :

(AB)

{ C: ACB } is called the IZnear segment of A and B.
A'B

{ C : ABC } is called the lZnear prolongation of (AB).
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A.5 If A,B are distinct, Ea € ¢ A'B.

A.6 If A,D are distinct, and if C ¢ (AD), B ¢ (AC) then
B ¢ (AD).

A.7 If A,B are distinct and C,D ¢ A'B , then either C = D or
C ¢ (BD) or D ¢ (BC).

A.8  If A,B,C,D s‘% and B ¢ (AC), C ¢ (BD), then C e (AD).

Definition :

AB = A'B , (AB) y B'A 1is called the straight line through A and B.
A.9  If 2 is a straight line, 3A £ ¢
A.10 If A,B,C are three non-collinear points and D ¢ (BC),
Ec (AD) then 3 F ¢ B'E 5 (AC).
A.11 If A,B,C are three non-collinear points and D ¢ (BC),
F e (AC) then JE e (AD) n (BF).

Definition :

If A,B,C are non-collinear points and D ¢ AB, then
m ={E : E e CD, D arbitrary} is called the plane through A,B
and C.

A.12  If mis aplane, 3P g1
Definition :

If A,B,C,D are non-coplanar points and E e I , where 1 is the

plane through A,B and C, then

H = {F : F e DE, E arbitrary}

D,ABC
is called a hyperplane, cf Forsyth (1930 : 6).

A.13 If His a hyper‘planeaQ £ H.
A.14 If F){HD,ABC‘

then QJ S E b ket E arbitrary} .

D,ABC’
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A.15 If % is a straight line and A ¢ ¢ , there is one and only
one line &' through A, and which lies in the plane of A and

% , such that 2 , &' have no common point.
2.2.1 Remark

Axiom 15 concerns the uniqueness of parallels in the system and
makes the geometry Euclidean as opposed to Elliptic or Hyperbolic.

There is no metric associated with the system.

2.3 The axiomatic geometry of A. A. Robb

The procedure of Robb (1936) is fourfold in operation.
Firstly, he starts with an abstract event set, in which there is a
primitive partial order, and constructs the null come (abstractly ;
there is no vector space structure and no coordinate system until
the very last stage of the procedure) at each point appropriate
to the partial order. It is the null cone that serves as a
selector for the assemblage of geometric entities that contain
the point. In this way, these entities, which are elements of a
non-metric Euclidean geometry (Robb, 1936 : 121 - 124, 131 - 132,
148, 188, 192) are categorized into mutually exclusive subsets,
which Robb calls optieal, inertia and separation ; terms which
are more usually known by the equivalent titles null, timelike
and spacelike, respectively. Secondly, the geometric entities
themselves are fabricated in two stages, beginning with optieal
line, and obtaining at one stage the assemblage of planes and
lines, and then the assemblage of hyperplanes (Robb uses the term
threefold) ; there is then an axiom by which the hierarchy of

subspaces is limited to four varieties.
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When the non-metric Euclidean geometry has been completed,
Robb does not attempt to metrize the whole four dimensional edifice,
instead, he metrizes sets of lines of the same variety (all inertia
1ines belong to one variety, as do all separation lines, but skew
optical lines are not all members of the same variety for the
purposes of metrization), and the ‘method of congruence by which
this is achieved leads to an implied correspondence between points
of a general line and the set of rational points on the real
metric Euclidean line (this is the Tine with a linear order induced
by d(x, y) = |x-y|). The final axiom is designed to make each
variety of line in the four-dimensional geometry a copy of the
whole of the real metric Euclidean line, including the irrationals.
In addition, having chosen a scale for metrization of inertia
lines, Robb uses the scale induced on the conjugate (Robb, 1936 :
163) separation line for application to the whole variety of
separation lines. There is no attempt to compare the scales for
inertia or separation lines with those on optical lines. When
this is achieved, Robb is able to distil from the abstract pure
geometrical design, an appropriate coordinatization. Only one
variety of plane and one variety of hyperplane, in each case, the
separation variety, has a metric geometry associated with it in
the sense that these are the only entities in which the analogues
of Pythagoras' theorem and the triangle inequality are valid.
Indeed, Robb shows that each separation plane can be identified
with the metric Euclidean plane Rz, and each separation hyperplane
with the metric Euclidean variety Rs. As for the other two
varieties of plane and hyperplane, the optical and inertia types,

the geometry is quite different, because, for certain regions of
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each entity, the analogue of Pythagoras' theorem and the triangle
inequality are both violated (for example, there are triples of

points in an inertia plane for which the inequality is reversed).

2.4 The analytical geometry of the system

Finally, Robb achieves an analytic description of the whole
geometry, and the quadratic form whose sign differentiates the
three varieties of line, and, as a result, the three varieties of
both plane and hyperplane. The coordinate description of the
geometry is also one in which the three subspace entities, line,
plane and hyperplane have affine (inhomogeneous linear) equations ;
the full precision of the design is then realised by noticing
that the vector space structure applies throughout the geometry,
in other words, that the axiomatic geometry, when coordinatized ,

is Minkowski Space.

A complete catalogue of appropriate equations for the

homogeneous varieties is as follows :-

The hyperplane

a Xy = A1X] = Xy = gy = 0
; : r ; A . 2 2 2 2
is optical, inertia or separation according as a, = ay -3, - 2,

is zero, positive or negative.

A general plane, with equations

aox0 - a1x] - azx2 - 33x3 =0

b b 0

e e
is optical, inertia or separation according as
2

b b 2 2 Z 2 2 2 2 2
(agby = 31Dy = azby - agby) - (3, - ay - a, = a3)(b, - by - by - by)

00
is zero, positive or negative.
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A general line, whose equations are

fo g L Taet 8

%, % Lo 23
) : ) 3 ! ) 2 2 2 2
is optical, inertia or separation according as W T Ty

is zero, positive or negative.

A variety which is the translate of one of these is tested

using the same criteria.

2.5 Interpretation of the model

The geometry that Robb fabricated is a logical structure
built from certain postulates ; it is self contained irrespective
of any application . However, the motivation of the whole work
was to obtain a logical and acceptable model for the description
of space-time, and it is in this light that Robb sought to interpret
his theory. In the world of space-timejaccording to Robb, two
events may or may not be related, but if they are related then
one event is after the other, and this information is absolute.

As a result of this intrinsic quality of space-time, it is possible
to set up a variety of coordinate systems at any point of the
universal set in each of which the coordinate directions are
mutually normal. For a material particle (and for a photon) we

may say that the locus of its coincident event is its history.

We may also define the absence of acceleration for a particle :

a particle is said to be unaccelerated between the events A and

B if its history between A and B lies in the inertia line AB.

Suppose now that we select any inertia line and consider the
class of inertia lines parallel to it ; we must agree to interpret

this class as containing the histories of unaccelerated particles
which are at relative rest, and agree to refer to the class as
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an inertial frame. Equally, any other inertia line and its
parallel class is a second inertial frame. Now, in the first
inertial frame, the constituents of the second inertial frame are
interpreted as representing unaccelerated material particles,

and vice versa, and it is taken as axiomatic that there are
vectors associated with each pair of frames, called their relative
velocities, which characterize the state of no acceleration. In
addition, if the relative ve]ocity of second with respect to first
is g_{mp1ies that the relative velocity of first with respect to
second is - u, this must be a matter of agreement , too. With
these matters agreed, as well as a method of calculating the
relative velocities associated with a pair of frames, it is

now possible to obtain the equations of transformation between

the event-coordinates according to two coordinate systems, one

in each inertial frame. Clearly an individual's assessment of
causality is endemic in the system ; Robb (1936 : 20) accepts as
axiomatic the principle of causality, too , so that the most natural
procedure from which to obtain these Poincaré (inhomogeneous

Lorentz) transformations is that of Theorem A in Chapter 4.
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Chapter 3. The standard affine transformation groups.

3.1 Persgective.

It is important to be clear exactly what mathematical entity
is implied when we use the description Minkowski space. For
example, from an algebraic viewpoint Minkowski space is a vector
space, but not a linear algebra ; also, because of the vector
space structure there are the elements of the usual (affine)
geometry, these are entities for which the invariance group is the
affine group. What, however, is the status of any topology
associated with the space, is it a metric topology that we imply ?
Certainly the vector space structure alone always generates a
natural topology and that topology is semi-metric ; to what extent
is that appropriate when the crucial quadratic form is not
positive definite ? These are important questions and ones which
a succession of authors, beginning with Zeeman (1967) have sought
to answer. As far as this work is concerned, as the title indicates,
it is concerned with causality and geometry and the interplay
between the two ; when questions of continuity arise, as they do in
Chapters 4 and 5, the topology is taken to be the R, metric
topology. As for the construction of topologies finer than the
metric topology,which are themselves non-metrizable, but which
match the Lorentz geometry in a remarkable way, there is a brief

survey in Chapter 7.

The present chapter, for its part, is concerned with
nomenclature and notation, and the establishment of a number of
standard results concerning the Lorentz group and allied groups,

and their geometrical nature. We define Minkowski space to be a
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four dimensional orthogonal space (Porteous, 1969 : 146-164).

3.2 The vector space, V4

We shall refer to the collection of quadruples of real numbers
of the type (xo, X|s Xoo x3) with the usual vector space structure
[ 6. X+ Yy = (xo - yo? Xy Y1s X5 * Y5 X3 = y3)_;

AX = (Axo, AX1s AXgs Ax3)] as Vy .

3.3 Nomenclature

We shall say that an homogeneous linear transformation of

the components of the quadruple,

] = . M
X; = zaij xj 3 is Llinear 3

and that an inhomogeneous linear transformation,

Xt = by+ {aij Xj » 1S affine

Transformations whichare not inhomogeneous linear are often called

non-linear, but we shall use the term non-affine.

3.4 The usual geometry for V4

The sets {a} , {a+Ab:a, be V4,A )5
{a + A]bT + lzbz IO VR b], b2 € V4 3 x1,k2 e R} .

{a + RIbT + }zbz + 13b3 W b], bz, b3 € V4 3 Aatgsdg € Rt 5
are the elements of the usual geometry associated with V4 3

they are respectively points, lines, planes and hyperplanes.

It is clear that the group of non-singular affine transfor-
mations is the invariance group for this geometry, i.e. the

entities point, line, plane and hyperplane are invariant figures
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for the group.

3.5 Definition : orthogonal space.

We say that Vy is assigned an inner product « if there is a

mapping p : V4 X Vy =+ R given by p(u,v) = u.v with the properties

(1) u.v = v.u Y u,v : symmetry
(1) u.(Av + uw) = Au.v + uuw

Y u,v,w e Vq_; Y A,u e R : linearity.

The pair (V,, -) is said to be an orthogonal space (Porteous,

1969 : 148) .

3.6 Definition : Minkowski space.

It is clear that p : V4 X V4 + R given by
p(u,v) = u.v = UgVp = UpVq = UpVp = UgVsy is an inner product; in
this case, the pair (V,, -) is said to be Minkowski 4-space or

four dimensional Minkowski space, and denoted by M,.
3.7 Remark.

The inner product as introduced above does not have the
property that u.u > 0 Yu , and does not therefore generate a

semi=-norm in V4 : M4 is not a pre-Hilbert space.

3.8 Definition : Lorentz transformation.

A Tinear transformation of V4 which preserves * is said to
be a ILorentz transformation of M4. Thus: A3 M4 - M4 is a
Lorentz transformation if A is linear and if (Au).(Av) = u.v

Y u,v e M4 (See Chapter 4, if f is a bijection,which preserves .

37



then it is necessarily linear).

3.9 Theorem 1. (Trautman, 1965)

A is a Lorentz transformation iff
(Au) . (Au) = uu, YueM .

Proof :

sufficiency : suppose that (Au) . (Au) =u.u, Yue M ;
then A(u+v) . A(u+v) = (u+v) . (u+yv)
. AU.AU + 2AU.AV +  AV.AV
= U.u + 2u.v + V.V
LANLAV. B UV, VU N E M4

A 1is a Lorentz transformation.

3.10 Matrix representation of A.

Consider an appropriate basis for V4, viz.

ey = (1,0,0,0) ; e = (0,1,0,0) 3 e, = (0,0,1,0) 3 ey = (0,0,0,1).

Now €y-eq = 32 e;.e; = -1 for i # 0,and e1..ej = 0 for 1 # J.

Thus, if A is a Lorentz transformation

o 2 2 2 2 s
1 = 2 2 2 » 1
Wher‘e ﬁei .Aei = :\10 = li] 7= A-.iz w2 :\13 = =1

Also, hes . Aej w0  for i fJe
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The matrix representation of A is then

00 01 02 03
T G i S T
s B T

3.11 Theorem 2.
A is non-singular.
Proof:-

Consider scalars dgs Qs Gps O3 such that

aghgp * Mo *f 90 * e3lzp =0
agrg;  * MMyt agdyp  *oagdyp =0
aghgz  * MMt agdyp + aghz; =0
aghgz * M3t aglpz t+ agdzz =0
Now
2 " 2
ag = (agdyg +agdgg * agrzg)
2
- (a2 *+aglyy +agdy)
2
= (agdqp * agdpy * agizy)
2
- (aqM3 +aglpz + a3l33)
0
2 2V aE A L i
= - ap - ay = a3 ¥ Z20q05[Aq0190 “Agq2 12222 “M3te3 |

0

+ 2ay03 [Mgh3g “illi;}f"’;azksz 2%l gs)
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0
+ 205030290130 “21%32 ~A93A33]

2 9 e i 2
% - o - %y + @3 = 0

- e (e e SO e
Thus the column vectors of A are independent, and det A # 0.

3.12 Definition : the Lorentz group.

Consider the collection of Lorentz transformations of M4 .
if A is any member of the collection, then the inverse transform-
ation exists, from theorem 2. Consider arbitrary elements

2l 3 Ay , then

(nn’1u) ; (AA_]V) = (n'lu) ) (A"]v) ;

1

since A is Lorentz ; it is clear therefore that A" is also

Lorentz, as is 1M . Thus, with composition as the group
4
operation, it is clear that the collection is a group, which we

denote by L, and call the Lorentz group.

3.13 Types of vector.

The vectors of M, may be classified into three types as
follows :-

(i) u is timelike if u.u >0 ,

(i) u is null if uu =0, s

(iii) u is spacelike if u.u <0 .
3.14 Theorem 3.

If u,v are timelike vectors, with u, > 0, W2 0, then

Uy > 0.
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UV = UV UpVq - UpVy - UgVg
TP e T
Now Uive- | 2 TR V.
LA =1 ' {i=1 "
3
Thus (izl uvg | < fugl |v0] = UV,

U-[VI + U2V2 - 03V3 < UOVO

i.e. 0 < u.v

Coro11arz.

If u,v are timelike vectors, with U, < 0, L 0, then

u.y > 0.

3.15 Time orientation.

Let'] be the set of all timelike vectors in M,, then
Jredtued s u, >0} is said to be the positive time
direction or future, and ]- i ule) u, <0}

is called the negative time directiom Or past.

3.16 Definition : orthochronous Lorentz transformation.

A Lorentz transformation A is said to be orthochronous
if, for each u e My, (ﬁu)0 has the same sign as u,.. The
collection of orthochronous Lorentz transformations is a sub-

group of L ; we shall refer to it as the group e,

3.17 Inner orientation (Trautman, 1965)

Let VN be a real vector space and SM be a vector subspace
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of VN. Let]3 be the set of all bases of SM 3 now, if

{ei} ” {fi} , i=1,2,...M are two such bases, then

e. = A..f , where |A..

J jii gib Bl

and we may define the equivalence relation O onB as follows :-
({e} » 1fg} ) e Q iff Al > 0.

Thus, there are two équivaTence classes in SM‘
[{ei}] : [{-ei}]. and we may single out one of them, and call it the
positive inner orientation, the other equivalence class then
characterizes the negative orientation. The same procedure applies
to the whole space Vy, in which case the inner orientation is
called the orientation of VN. In the case of the subspace SM’
there is also the possibility of an outer orientation, which does

not exist for the whole space.

3.18 Outer orientation of a subspace (Trautman, 1965)

Suppose that UN has an orientation, and SM has an inner
orientation ; let {ei} , i=1,2,...Mbe a basis of SM with
positive inner orientation, we may extend the collection of basis
vectors to {ei} ,i=1,2,...N in such a way that the basis for

V. has positive orientation. Now the collection ey ., y.5,... €y

N
is a basis for VN - SM , and we stipulate that it defines a
positive inner orientation for vn - SM , which we refer to as the

outer orientation of SM'

3.19 Definition : orientation preserving Lorentz transformation.

A Lorentz transformation A is said to be orientation

preserving if, for every basis {ei} of M4, {Aei} and {ei}
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belong to the same equivalence class of orientations i.e. they are

both positive or both negative orientations of M, (V4).

3.20 Definition : proper Lorentz transformation.

If A is both orthochronous and orientation-preserving, we
say that A is a proper Lorentz transformation. The collection of
all proper Lorentz transformations is a subgroup of L and is called

the proper Lorentz group ; it is denoted by L: 4
3.21 Remark.

A proper Lorentz transformation of M4 is one which preserves
the time orientation and also the inner orientation of a triad of

spacelike vectors.
3.22 Remark.

We may improve on the result that the matrix of a Lorentz

transformation is non singular ; in fact, its determinant is %) {8

3.23 Adjoint of a Lorentz transformation.

Let A eL, then there is a unique linear map

4
7 R M4 > M4 such that

ki ) A#y = y. AX Y X,y ¢ M4 '

3.24 Theorem 4. (Porteous, 1969 : 154).

A el 9FF e = 1M .
4

Proof :=-



now A#x.y = X.Ay ¥ X,y € M4

. : #
in particular A AX.y

= AX.AY
i.e. Xy = Ax.Ay
so that A ¢ L.
Conversely, from A#Ax.y = AX.AY
with A € L, we obtain
A#Ax.y = X.Y
. #
j.e. (A'A - 1M4)x.y =0 , YyeM,
#
Now, let (A A = 1M4)x - (30501 :32303) 3
Choose y = (1,0,0,0) etc.,
then ao = Cf." = 02 = {13 = 0,
thus W
M

i f
3.25 Theorem 5.
2
If Ae L then ( detn) = 1.

Proof:-

Consider the isomorphism f from the general linear group in
4 dimensions to the set of all non-singular matrices.

LAt R - ml siand A = AT

it is clear that A¥ = A' (transpose)
' Y #
for, let A = (Aij) and A" = (Aij) :

3
then Ae; = ] A..e.
i jeo 1473

ek . he. = A.

L # r
Similarly A e, - & = Aki ‘



Also A'A = I , from Theorem 4,

3.26 Remark.

The sign of the determinant decides whether or not
orientations are preserved, so that det A= + 1 correéponds to
A e L+ and det A= -1 means that A is an improper Lorentz

map (Porteous, 1969 : 158).

3,27 Definition : dilatation.

If VN is a real vector space, a map dx : VN - VN given by
d (x) = Ax , where A ¢ R", is said to be a dilatation of Vy ;
the collection of dilatations is an abelian group, since A= 0

is excluded.
3.28 Remark.

For M4, each dk is a linear transformation and has
orthochronous and orientation preserving properties ; however, dx
does not preserve inner product (except » = 1), and is not, there-
fore, a Lorentz transformation. The dilatation map does share
some of the qualities associated with L in that it preserves

the null cone and timelike and spacelike qualities.

3.29 Definition : augmented Lorentz transformation, group.

We shall denote the group generated by the elements of R*
and L as L*, and refer to it as the augmented Lorentz group ;

the elements of L* are called augmented Lorentz transformations.
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Similarly, there is an augmented orthochronous Lorentz group, L*e,

3.30 Definition : translation.

A translation of a real vector space V ., is a map

N

t, VN - VN given by ta(x) = X +a, where a ¢ VN' Under
composition, the collection {ta} is an abelian group, known as

the translation group.
3.31 Remark.

In the case of M4, it is clear that translations are not
Lorentz maps, but they do preserve time and spatial orientation

and also the null, timelike and spacelike qualities of vectors.

3.32 Definition : Poincare transformation, group.

Amap 1 : M4 - M4 given by 1mx = AX + a , where
Ael, ace M4 is said to be a Poincaré (inhomogeneous Lorentz)
trans formation ; the collection of such maps is the Poincaré

group, which we denote by P.
3.33 Theorem 6.

P is a group.
Proof:- 2

It is clear that composition is associative.

For each T , define 1! by ™y = A'](x -a),
=) =
shen i Xl = X = 10X
thus mm) = 1M - 1.
4
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3.34 Nomenclature.

If A eL’ , then the Poincarg transformation generated by
A and any a,lT = (A, a) € P+ , the orthochronous Poincaré
group ; similarly if A* e L* (respectively L+*) then
m* = (A,1,a ) e P* (respectively P+*), the augmented -

(respectively orthochronous) Poincaré group.
3.35 Remark.

In semi-direct product formulation (Roman, 1975 : 101) P
can be looked upon as the semi-direct sum R ? L (Michel : 1968),

P* as the semi-direct product R D P, and so on.

3.36 Preservation of the null cone.

Clearly, if m™ = (A,),a) e P*,
then
(m*x - m*b) . (m*y - m*c)

]

( A{Ax + a} = A{Ab + a}) . ( A{Ay + a} - A{Ac + a})

Az(ﬂx - Ab) . ( Ay - AC)

2
k% =-b) « (y=¢) .

In particular, the elements of P* preserve sets of the type
{x : (x=-0b).(x=-b)=0}, and it has been shown by Frank (1911)

that P* is the largest affine group with this property.

3.37 The Lorentz and Poincaré geometries.

In geometric parlance we can say that each of the groups,
Ls L+, Lt iP5 P*, p**  has an affine geometry associated with

it, in which lines, planes and hyperplanes are a prior: invariant
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figures. In addition, what is common to the geometries is the
preservation of the qualities null, timelike, spacelike associated
with the invariant figures ; in particular, we look upon these
groups as preserving the "surface" and the "interior" and "exterior"

of the null cones {x : (x-b) . (x=-b) =0}
3.38 Remark.

The purpose of Chapter 3, to make explicit the structure
and the group theoretic and geometric terminology associated with
M4 , is now achieved ; we are now in a position to discuss the

recent work concerning local and global causal automorphisms of My.
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PART 1T CAUSAL ISSUES

Chapter 4 The globally causal geometry

4.1 Persgectiva.

In 1964, the paper of E.C. Zeeman entitled "Causality
implies the Lorentz group." (Zeeman, 1964) was published. In
it, Zeeman proved that without an a priori assumption of Tinearity,
or even continuity, the requirement of global causality preservation
was enough to ensure that the allowable mappings to be associated
with the model of Special Relativity - Minkowski space, were
members of the group P+*. The result was challenging and stimulating,

but, on reflection, not as surprising as it first seemed.

Thus, it had always been assumed that the linearity of
transformations of Special Relativity was axiomatic (Pauli, 1958:9),
but that, to accord with an independent physical principle of
causality, the maps were of the orthochronous variety. Now, it was
clear that the linearity was consequent on the requirement of
causality preservation. Clearly the fact of an individual's causality
iswoven into the fabric of his model of the universe in any viable
axiomatic system (e.g. Robb, 1936; Schutz, 1973; Schutz, 1979;
Carnap, 1958: 212), so that the acceptance of the principle of
causality first and its consequence of linearity seemed to be an
important achievement. However, as Flato and Sternheimer (1966)
were quick to point out the mappings that Zeeman (1964) refers to
as "causal automorphisms" are everywhere bijective; that fact alone,
together with the preservation of null cones was, as Weyl (1923) and
Fock (1955) had noticed, enough to guarantee affine transformations.
This fact was reinforced by Alexandrov (1967), and reiterated by

Dutta, Mukherjee and Sen (1970), Hegerfeldt (1972), and Borchers
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and Hegerfeldt (1972). More recently still, Nanda (1976) has given
a geometrical proof of the theorem, using a method

reminiscent of Alexandrov (1967) 3 and Lester and McKiernan (1977)
have proved that null cone preserving mappings are linear under
considerably weaker conditions than heretofore. In every
contribution, it is made clear that the theorem is not valid

for Mz; for M2 there are certainly non-affine causal -

automorphisms.

There were other responses to the Zeeman (1964) paper;
Alonso and Yndurain (1966) proved that for a space which is
locally homeomorphic (in the Euclidean metric topology) to
M, (n33), every causal automorphism is continuous. Barucchi
and Teppati (1967) and, separately, Barucchi (1968) and Teppati
(1968), using a mixture of group theoretic and geometric methods,
provided alternative proofs of the causality theorem; their work

covered similar ground to that of Alexandrov (1967).

In this chapter of the thesis, we present a new proof of the
theorem of Zeeman that proceeds from the continuity of the causal
maps as proved by Nanda (1976) to their membership of the conformal
group. We then use an easily established result concerning the
causal violation property of the non-affine elements of the conformal

group to remove them from consideration.

4.2 Properties of the conformal group.

4.2.1 Null Tine.

If x,y are null related i.e. (x-y).(x-y) = 0, we say that the
set Nx y = {z: z = x+ub, peR, b = x-y} is the yull 71{ne through x
and y.
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4.2.2 Conformal map, group.

Let f: ﬁ; a-ﬁ; (M, compactified by the addition of an
ideal "hyperplane at infinity") be such that f is continuous at
every non singular point and V appropriate x,y, if x' = fx, we

have

dx'.dy' dx.dy
JaxLdx'vVdy .dy' = Jdx.dx /dy.dy

then f is said to be conformal. Under composition, the collection

of such maps is a group, called the conformal group, Ce.

4.2.3 Generators of C.

Following the method of Lie and Engel (1888), it was established
by Bateman (1909), in conjuction with Cunningham (to whom Bateman
assigns the discovery of the inversion map) that the conformal group
is that generated by dilatations, Lorentz transformations,
translations and inversions (see the next paragraph). Cunningham
and Bateman (1909) refer to the inversion as a mapping "by reciprocal
radii" or "an inversion with respect to the psuedosphere" because of
the close analogy between maps which preserve null cones in M4 and

those that preserve hyperspheres in R4.

4.2.4 The inversion map.

—

The conformal map I: M, - ﬁﬁ given by Ix = xxx is said to be

an inversion of M4.
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4.2.5 Remark.

Wess (1960) has drawn attention to a collection of conformal
maps which constitutes an abelian subgroup of the full group; the
collection is called the special conformal group, and its elements
are of particular importance in the consideration of “local

causality".

4.2.6 Special conformal maps, group.

If ta: M4 - M4 given by tax = x + a is an arbitrary translation
of My» then the composite I ot ol is said to be a speecial conformal

The collection of special conformal maps with composition is an
abelian subgroup of C; it is denoted by S and called the special
conformal group. We shall consider the group S in more detail in

Chapter 5.

4.2.7 Commutation properties of the generators of C.

1 o T ta,A are respectively arbitrary dilatation, translation
and Lorentz maps, and I is the inversion map, for M,, then the
commutation properties for pairs of such maps is described in the

following theorem.

Theorem 2.
(i) 20 l=1T%9 A1
(i) AolI=TIoA
(iii) AO0A=AO0A
(iv) Aot=1t oA



(v) »ro0 b=t o

there is no similar commutation relation for ta and I.

Proof:-
Wy F e e e X
AXAX XX
- A—] ol X
(1) Aolxs=p (——)
XX
= 1 Ax
XX
= 1 Ax
AXJ AX
= [ o Ax

(iii) Clearlya0A = A O

u

(iv) Ao tx A(x+a) = AX + A2

tna 0 AX = tAa (AX) = AX + Aa
(v) rot, xs= A(x+a) = Ax + 22
tg O AX = txa(kx) = AX + Ad.

4.3 Causal relations.

There are three relations in M4, induced by the inner product
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and the time orientation, as follows:-

we write

(1)

(1)

(ii1)

y < x if (x-y).(x-y)>0 and YoXo (Zeeman, 1964),

y <.x if (x-y).(x-y) = 0 and y <x (Zeeman, 1964),

y €x if (x-y).(x-y) > 0 and Yo<Xo (Nanda, 1976). -

4.3.1 Theorem 3

< is a partial order.

Proof:-

Suppose that z < y and y < X

(x=-2).(x-2)

(x=y+y-2z).(x-y+y-2)

(x=y).(x-y) + 2(x-y).(y=z) + (y-2).(y-2)

Now, if u=x-yandv=y-2z

thenu>0and v >0

so that from §3.14 wu.v > 0;

thus (x-z).(x-z) > 0.

Also if I and Yo < %o then Z, < Xy
so that z<yand y < x=z < X.
4,3.2 Remark

It is clear that <€is also a partial order.

However, <. is not a partial order; for, consider
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PO R e (o S SN T T PR e L A
{ SR S o * 7o
(x-y).(x=y) =1=-1-0-0=0 andy, <x, 1i.e.y<. X
(x=2).(x=2z) = 4 - 9 _1_)a1 sothatz & x.
7 B N d

44 Definition: the causal space M,.

We refer to the pair (M4,<) as a causal space, and denote

it by M4.

4.4.1 Definition: causal automorphism.

"

Ir f: M4 - ﬁ4 is one: one and onto, and has the property
that y < xe&afy < fx, then f is said to be a causal automorphism
of Ma.

4.4.2 Remark.

The description "morphism" in the definition given above
implies that some aspect of the structure of ﬁ4 is being preserved;
it is the partial order, of couﬁse, that is being preserved, not

the linearity.

4.4.3 Definition: causality group

It is clear that, with composition as the group operation,
the collection of causal automorphisms is a group, which we call the

causality group and denote by G.
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4.4.4 Remark.

We might further d1st1ngu1sh the structures (M, <),
(M4,< ), refer to them as M4 and M4. and define two other types
of causal automorphism according to whether « or <. is preserved;
then the collections of such automorph1sms would be respectively

a

G and 6. In fact, we shall show that G G and G are identical.

4.4.5 Theorem 4.

Proof:

-

We show first that G = G

Let f e Gs
if x ¢ y then fx ¢ fy
for, suppose that x ¢ y=>fx < fy

= £ lfx < £y
i.e. X < y, which is a contradiction.
Now X <. ye>both X ¢ ¥

and Yy < 2=9X < Z}

so that, since f ¢ &
y=> both fx ¢ fy
and fy < fz=>fx < fz

= Tx <. Tyl

There is a similar property for £

Y, el

57



~

Conversely, let F ¢ é,

if x 4. y then Fx ¢&. Fy,
for, suppose that, x {. y=3Fx <. Fy

1 1

=F"'Fx <. F 'Fy

i.e. X < . y, which is a contradiction.

Now X < y&dboth x §. Y

and for some z, X <. Z <. Y;

so that, since F ¢ G

x < y=>both Fx . Fy
and for some z, Fx <. Fz <. Fy

=Fx < Fy.

There is a similar property for al

fep 8]
-

F e

»

v

Thus G =

Now Xx€ y=>either X < Y

or X2 Y

IffaEi

x &y=>either fx < fy
or fx <.fy
= fx £ fy
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with a similar result for f-].

oy >

i.e. fe

Finally x <. y&both X& ¥

= and ¥z, X<z

then either y < z or z < y.
A
IfFeG
X <. y=>both Fx¢ Fy
and ¥ Fz, Fx < Fz
then either Fy < Fz or Fz < Fy
=D FX «. Fy

There {s a similar procedure for F"‘]

Feécé

4.5 The principle of causality.

It is clear that the physical "principle of global causality"

as outlined in £1.8 has its mathematical formulation in the

restriction of the allowable mappings to the collection of causal

automorphisms.
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4% 4%
4.6 Causal properties for L and P .

It is clear that the elements of L+* and pt* preserve
the partial order <, so that L+*¢= P+*c= G. The question
that poses itself is whether there are non-affine maps of M4
which preserve <. As Zeeman (1964) has pointed out, this
matter is crucially dependent on the dimension of the space;
the theorem of Zeeman (1964) is that for M, (and also for My,
with N > %, but not for Mz) there are no non-affine causal

automorphisms of the causal space.

4.7 Non-affine causal automorphisms of M,.

In My, we have the inner product - defined by

X.X = xo2 - xlz, where x = (xo,x1) £ Mz, and this, in turn,

induces the three causal relations and the single causal
automorphism group, as in §4.4.5. We now write ] = XgtXqps

Eg = Xg™X1s SO that
X.X = EqE,.

Thus x < y corresponds to

(-E] -n]lcgz‘n2)>0 and E-I +Ez<n-| +r12.
Let x < y and suppose that f: M2 - Mz is given by
f(XOQX1) = (_XO,X-I) = X,
where X_ + Xy = (X + X 13 X. = Xo = (x = X )3
o} 1 0 J& 20 1 0 B

Now, since x < y, we must have g1 ¢ M and Ey < My
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together with 1t & <+ ny.
Then 513 < nla and 523 < nzz, from which 513 + 523 < n13 + n23;

VI TR 5

There is a similar procedure for f'], and it is clear that f is

a non-affine causal automorphism of MZ'

4.8 The interval topology.

Define Ox'y = {z: X <2 < y}, then the collection

{{Ox’y g Ry M4} is a base of neighbourhoods for a topology
on My, that we call the interval topology (Nanda, 1976). We
denote the interval topology by 1’and the Euclidean metric
topology by S; the following two results are those of Nanda
(1976).

4.9 Lemma 1.

f.€

Proof:-

(i) We prove first that ?:E .
Without loss of generality, we may consider two points a,b such
that a = (T,0,0,0) and b = (-T,0,0,0).

Consider any X ¢ 0b A and the Euclidean ball, centre x, radius e;

3
if [|z—x[[2 =) (zi*xi)z, then B = {z: [lz=x]] < a} is the ball.
i=0

Now if y ¢ B, [yi-xil < ¢ for each i=0,1,2,3;
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; S ST e - = %
thus y'l }l(_i )\1 £s- where 1o= X'l < 1

We have

(y=b).(y-b)

u

(x #7426 )2 Oxg a2 (g pe ) 2= (xgtage)

(x=b).(x-b) + 2e[xo(xo+T1-11x1 -x2x2-13x3}
+ (1.1);2.

Also
(y-a).(y-a)

= (xo-T+xoe)2 - (X1+A]e)2 - (X2+k25)2 - (X3+l3e)2
= (X-a).(X-a)+2g[AOLXO-T)-11X1-12X2'A3Xé]+(A.A)gz.

We are given that (x-b).(x-b) > 0, (x-a).(x-a) > 0

and -T < Xg< + T; it is clear that, for sufficiently small

e, we have

(y-b).(y-b) > 0, (y-a).(y-a) > 0 and -T < Yy's * Te
It follows that ?c: S .
(ii) To prove that E o ‘i’ , consider the ball

B = { z 03zl < 6}; let y ¢ B and construct

Ob a for which b = (yo"Es y'leZ9y3); a = (.Yo‘i'e, Y‘l :.YZSYB)'

£
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We ask whether, for sufficiently small e, Ob = B.
Let X e Op,as i

clearly Yy, =e< X, <Y, * ¢
B = + - .
X, =Yy Ao€s where 1<x0<1
i.e. [xo-yo[ = u,€s where O<y <1.

Also

3 /3 3
’/E (x-i".Y-i)z X _Z_I (.xi'ai]z ) ,21 (a-i'.Y)z
i= {=

i=1

Now x =y + (x-y)
so that [[x]|| « [l¥ll + [[x-¥l|

< |lyl] + /10e .

Clearly, for sufficiently small e, ||x|| < & , so that x ¢ B.

We have the result {i-':E p

4.10 Lemma 2.

If f ¢ G, then f is a homeomorphism of (M4,E)_.

Proof:- Let k(x) = {z: (z-x).(z-x) > 0}, and define
KF(x) = {z e k&x]: Xq < zo} R
K (x) = 4z e k(x): z, < X, }
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K'(x) o K(y), so that

Clearly Ox,y

F(0y ) = K(fx) o KT(fy) = Oy g

there is a similar result for #1. Thus f,f! are both open

mappings i.e. f is a homeomorphism.

4.10.1 Corollary

If f « G then f is a homeomorphism of (M4,E).

Proof:= fe é =f ¢ é.

4.11 Lemma 3.
There are no null Tine triangles in M4.

Proof:-

Without loss of generality we may prove that if
0 <. a<. 8, and if 0 <.g then 0,a,3 are points of the same null
line. Write a - 8 = p, so that p.p = 0; now g + p is a null

vector,
. 8.8 +2.p+p.p=0
i.e. g.p=0
If g,p are not in the same direction, then

|81P7 + BoPp + B3P

2 /512+622+332 ,/;12+p22+p32

« 185l 19
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= By Po
g.p > 0.

Thus 0,a,g8 are collinear.

4.12 Lemma 4.

~

If f ¢ G, then f maps every null Tine onto a null line.

Proof:-

Let Np be an arbitrary null line through p, and let q ¢ Np
be such that p <. q.

Suppose that p,q are fixed and that ze Np is such that

P <. £ <. q. Since P e é it follows that fp <. fz <. fq,
and that fp, fg, fq are collinear.

4.13 Lemma 5.

If T is the inversion map for My, then I ¢ G.

Proof:-
Consider the null line N = {x: x=p + ub, ueR,b.b=0,b#D}.

Now, if x ¢ N,

Ix = + ub = p + ul(p.p)b-2(p.b)pl
p-p + 2ub P-P p.pi[p.p+eu(p.B)] °
and there is clearly a singular point on N, where the value of

.- * &
wis w' =
p.
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In addition, the expression for Ix has the form
T e, ol
X .p + aX

where X = (p.p)b - 2(p.b)p is null,

Thus the map of a null 1line is a null line;

. §d . 1 p-p ]
in a§d1t1on 21575715757‘[ p.p+2u(p.b)

Now p is an arbitrary point on N and we may choose it such
that 0 < p i.e. p.p > 0 and Po > 0; equally well, without Tloss
of generality, we may consider 0 <.b i.e. b.b = 0 and bo > 0,

in which case p.b > 0.

* *
Thus, if My < Mg < m 5 OF 3 T T IR By < Hps then

a7 < ans and the relation <. is preserved.
*
On the other hand, if By € B < Mg then ap < a7» and the

relation <. is violated.

The behaviour of a as a function of u is illustrated in diagram 1.

4 .14 Theorem A
”
pt* = G

Proof:

It is clear that e E
Also, if f E‘E, then f is continuous, from lemma 2;
and f preserves null lines, from lemma 4;
from Weyl (1923), it follows that f e C.

Now, if f = %10 090030040 ... ays
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where each o; is an element of the generating subgroups

of dilatation, translation, Lorentz and inversion maps, then

we may arrange f thus:
f=xr0A0 ta olo tb olo tc i G R .o 10t

where A,A are resﬁectiveTy a dilatation and a Lorentz transformation
Bpaennnennnns tq are translations.

Consider the image of an arbitrary null line under f; without

loss of generality we may take q = 0, and consider the line

N= {x: X=E+ un, where £.£ # 0, n.n = 0,n # 0}. It is

clear that, for each f ¢ C, with b,......p non-zero, there is a
corresponding network of finitely many singular surfaces.'

Thus, I is singular on K(0), (as is t_ o I),

P

Lo tp o I is singular on K(0) y K(-p/p.p), (as is tj olo tp " B

if we now write ap g 1+ 2(p.j) + (p.p)(3.j), then

Io tj olo tp o I is singular on

KLQIuK(:P/P-D)qK(fp(j-jl/ap’j-j/ﬁp’j), and so on.

Now consider the point x* at which N intersects the cone K(0),
and let u* be the parameter associated with x* as in 4.13. Let

Hyskoskg be close enough to u* to ensure that x]c.x*<.x2<.x3 but

that if S is the union of all singular surfaces for f,

u,veS - K(O),u<.x.[<.x3<.v.

Thus Ix2<.Ix3<.Ix1; also, for every other map of the collection
comprising the non-affine part of f these relations are preserved.
Case (i): suppose at least one of b,c,..... p # 0 and that A is

non-orthochronous, then <. is violated for the pair X,,X,.
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Case (ii): suppose at least one of b,...... p # 0 and that

A is orthochronous, then <. is violated for the pair X,.X,.

Case (iii): suppose that every b,...... p =0 and that
A is non-orthochronous, then <. is violated for every pair on N.
We conclude that every b,c,...... p = 0 and that A is orthochronous,

in which case f e Pt*.

4.15 Remark.

We recall that, in §3.8, a Lorentz map f of M, was defined
to be one which was linear and such that fx.fy = x.y, X,y ¢ M,.
It is clear that the requirement of Tinearity can be weakened,

and we have the following result.

4.15.1 Corollary.

If f: M, = M, is a bijection for which fx.fy = x.y,
4 4
X5y € My, then f is linear and therefore a Lorentz map.

Proof:-

Clearly f ¢ C, now if f = %005« Oy s and we write

f =20A0 ta L (e tp olot

then, as before, if at least one of b,....p is non-zero f is
not bijective.
Thus f = AoA 0 ta’ and if a # 0or x #1, the condition

fx.fy = x.y is violated. We are left with f = A.
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4,16 Remark.

For n 2 3, the causal automorphisms of Hn are always
elements of the conformal group. However, for n = 2, that
is not true; the non-affine global causal automorphisms

mentioned in 4.7 are not conformal.

For, let E) = XotX1» &2 = XXy

then X.y = ﬁ(E]nz + EZT]])$

dx.dy 3 [d51dnp + d5pdn]
dx.dx #ﬁy.dy vﬂg]dzz Vﬁn1dn2

and

Thus, 1 «fs Mz - M2 is given by

f(xo’XT) E (XO.X1) = X, where X  + X, = (x0+x])3,

3
X == (xo-x1) , then

dx. dY i 9[51 2 np2dE1dng+ Ep%m 2dEnd n'|]

/dX. dx/dY . dY 3/1%29%dg 1 deg 3/ny2np2dn;dng

4 .17 Remark.

It is clear that the globally causal geometry for M, is
the affine geometry associated with P+*, but there are still
questioﬁs to be asked. The physical relevance of the larger
group C is clear, for it is the group for which Maxwell's
equations are invariant (Cunningham, 1910; Bateman, 1910.)

Yet C is not appropriate when global causality is involved.
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Is the requirement of global causality a reasonable one,
from a physical point of view? Certainly our observations
of the universe are markedly local, however we may choose
to extrapolate them; can we envisage, then, a Zoeal

causality?
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Chapter 5. The Tlocally causal geometry.

5.1 Perspective.

In this chapter we confine our attention to the conformal
geometry of Minkowski space and investigate the behaviour of certain
hyperbolic hypersurfaces under conformal maps ; as far as inter-
pretation in terms of kinematical concepts is concerned, we pursue
that matter in Chapter 5. We shall also explain exactly in what
sense the special conformal maps are "locally causal preservators",

again, as a geometrical concept, rather than as a physical one.

Gamba and Luzzatto (1964) in a rapid addendum to Zeeman's
paper (1964), were quick to point out that for the map of M¢ known
as an Znversion, causality is violated ; their conclusion was
then that the non-affine maps which were elements of the conformal
group were not allowable in physics because they did not even
preserve causality locally. However,.in response, Flato and
Sternheimer (1966) warned that the conclusion was hasty, and, indeed,
invalid, and pointed out (as did Kastrup (1966), referring to
Wess (1960)) that for special conformal maps (see below) there is
a region of local causality preservation. We shall define the
concept "locally causal at the origin" in such a way that it admits
a composition group and show that the group is that generated
by dilatations, orthochronous Lorentz maps and special conformal

maps.

5.2 The special conformal group

We recall that the collection of maps of the type I © ta o1

comprises the special conformal group, S.
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5.2.1 The singular cones.

X + (x.x)a

It is clear that f e S iff fx = :
1 + 2(a.x) + (x.x)(a.a)

provided that x.x # 0 and 1 + 2(a.x) + (x.x)(a.a) # 0.

Now, if a.a # 0

1+ 2(a.x) + (x.x)(a.a) = (a.a) |}+L ] |:x +—-§—1 >

a.a a.a

so that f is singular on K(0)u K (: - ) s
a.a

where K(x) = {y : (y - x).(y = x) = 0} 1is the null cone at X.
5.2.2 Theorem 1.
S is an abelian group.

Proof:=-

Let ¢, » ¢y € S , and consider the collection of points of M,

for which ¢4 0 ¢ is non-singular,

then ¢a = Jo ta g1 .3 ¢b = o ty © I

¢4 Oy = Tot,ololot ol
= Io ta+b o1
= ¢b0¢a
Also d.a has the properties
Yo D dig T g YRGS 1M4

5.3 Definition : locally causal maps.

-~ ~

If ¢ & FI4 + M, is such that for Acﬁ4 and VY x,y ¢ A
for which x < y, then ¢x < ¢y, ¢ is said to be a locally causal

map of ﬁ4 with Zlocal causality region A.
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5.3.1 Remark.

It is clear from § 4.13 that each special conformal map is
a global causality violator ; we now show that there is a local

causality region associated with each f e S.
5.4 Theorem 2.

It =il 0 0 I S then f is a locally causal map with

1 i i -
ocal causality region 00’_‘_:[/&.a

Proof:=

Consider x,y ¢ M, and Tet x' = fx, y' = fy s
1 + 2(a.x) + (x.x)(a.a).

write Ax

hen 'y’ yriyge . el X + (x.x)a

&y ﬂx

Now (y'-x').(y'-x")

a;za;jéi(y.y)[1+2(y.a)+(y.y)(a.a)}+ ai(x.x){l+2(x.a)+(x.x)(a.a)}
- ZAxAy{(y.x)+(x.x)(a.y)+(y.y)(a.x)+(x.x)(y.y)(a.a)ﬂ

Yo¥ XX o {(yex)H(xex)(a.y)+(y.y) (a.x)+(x.X) (y.y)(a.a)}

Ay ﬁx axay

y.y = 2y.X + X.X

AxAy
=X)L Y=X

&x&y

let y= x + 8, and suppose that x < y, so that 0 < s.

It is clear that ay = ax[1 + RI] s
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where |R1l < ps, and p depends on a,x ; P> 0.

<1
imilarly A
Similarly y

a;l [14Ry] 5

where |R2| < g9, and q depends on a,x ; g > 0

Thus  (y'-x').(y'-x") = a;z [1+R,] (y-x).(y-x) , where |R2| < q8,.

In addition,

Xy = D+ (yy)aglast =[xy + (xx)aglay’

y =X

Iy, + (vy)aglsy (4R, = [xg + (x-X)aglay’

(yo-xo)a;l - aO[Z(e.x) + (6.8) + (y.y)RZ]a;1

-1
oy (¥5-%,) + Ry »  where |Rg| < re,
and r depends on a,x ; r > 0.

Thus, for sufficiently small 8y > 0, timelike displacements map
-to timelike displacements ; however, if A changes sign yé-xé

has the opposite sign to Yy -Xx, , soO that causality is violated.

We now look at the boundary K(0) ; consider the inversion
map I, and Tet x' = Ix ,

then (y'-x').(y'-x")

74 G 2X.Y + XX

2 2
(y.y) (x.x)(y-¥y) (x.x)

PG L Pl IR o T )
y.y (x.x)(y.y) X.X
b (x=y).(x-
(x.x)(y.y)

Thus, if x.x > 0 and y.y < 0 but (y=-x).(y-x) > 0, then
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(yF=x"joy' =n") < 0

so that a timelike segment is mapped to a spacelike one, and
causality is violated.

Now consider t,o I, with the same configuration for X,y
causality is similarly violated ; suppose that

X" = ta o lx and §'m ta oly

then (Iy" - Ix").(Iy"-Ix") = - LX) (yP=x")
(X".X")(y".y“)

If the segment y"-x" does not intersect K(0), the spacelike

quality is retained for Iy" - Ix". Thus, it is clear that K(0)

is the other element of the causality violation boundary, and following
Wess (1960), the singular cones K(0) and K(-a/a.a) partition M,

into nine regions, each of which is a Tocal causality region

for ¥,

In particular A = 0 is a local causality region for f.

os'a/a,a

5.5 The singular cone causality grid.

The accompanying figures , 2 and 3, are from Wess (1960);
in figure 2, the broken lines indicate the cone K(-a/3.a), in
figure 3, the broken lines indicate K(+a/a.a) 3 the unbroken
lines indicate K(0) in both diagrams. The numerals indicate
corresponding regions of M4 under the map I o ta oI ; each
region is a local causality region either for f =1 o tyo I
orfor f = lo t, 01 . Bateman (1910) concluded that,
if Maxwell's equations are to be invariant, there is a certain
class of bijections of a certain domain of M, for which the
invariance holds, the bijections being elements of C ; the

domain in question is the complement of
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K(0) v K(-a/3.a) L K(+2/a.a)-

5.6 Local bijections of M, and local causality preservation.

In Chapter 4, we were concerned with maps of M, that were
globally bijective (i.e. maps for which both f, £! were defined
at each point of M,) and globally causal (i.e. both f, £t

preserved < or <.).

Even at that stage, a wider class of maps, the conformal
maps, became involved in the discussion. As far as the bijective
quality for conformal maps is concerned there are now domains
of My naturally associated with special conformal maps ;
equally, those domains are associated with the preservation of <
and <.. We may properly refer to these maps as locally causal

automorphisms in the following manner.

5.7 Definition : locally causal automorphism at 0.

If ¢ : Hﬁ > Hﬁ is such that

(i) ¢0=0,

(i1) if A

My - lf X; » where X, = K*(0) u K(-a;) U K(as)s

i=1,2,...n , with, for each i, 0 < ay 3
and K*(0) = {x : x.x =0, x # 0} , then
¢ + A+ A is a bijection, o

(iii) for each i, K(0) L K(-ai); K(0) u K(ai)partition
M, into nine regions 01,C2.....Cg 5 Ci, Cos v Cé in the
manner of §5.5 such that

XY € Cj with x <y &> 60X, ¢y e Cé with ¢x < oY »

then ¢ is said to be a Zocally causal automorphism at 0.
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5.7.1 Remark.
It is clear that A= [k (0) n MK (+a))] U [K'(0) n M\ (-a,)]

is a local causality region for both ¢, ¢'1 in the sense of

§5,3.
5.8 Remark.

It would be possible to define, as in §5.3, three varieties
of locally causal map according to whether < , <. or « was to
be preserved. Whatever variety of causal map is under consideration,
Theorem 2 of §5.4 is still true, and the singular cones still
partition M4_into regions where each one of the relations < , <.
and « is preserved. Thus a locally causal automorphism at 0
regarding < , which we defined in §5.7 will clearly be a
locally causal automorphism at 0 regarding both <. and <«.

(definition understood).

5.9 Definition : locally causal automorphism group.

If 4,9 are both locally causal automorphisms,

i A
with 8

My = [K*(0) U K(aq) UK(by)]

8
then ¢ 0 8 and 8 0 ¢ are defined on A¢ n As , and each

and A, = My - [K¥0) Y K(ay) UK(b,)] ,

is locally causal at O with local causality region A¢ nAg -

Clearly, under composition, the collection is a group, for
50 (80y)and (6 08) oy are defined on the same subset of My,

the local causality region for each is the "smallest" of A¢, Ae’

A and spo(soy) = (d08)oy

w 2
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1]
o
b

<C
=

Also & 0%, = 1, 0%
Mg M

and 604 = M 1M .

where 1M is the restriction of the identity map to A¢ é
4
5.10 Remark.

It is natural to ask whether we can establish the nature
of the locally causal automorphism group in a simi]arlway to
that of Zeeman (1964) for the globally causal automorphism group.
It is clear that the locally causal automorphism group is exactly
that generated by special conformal transformations, orthochronous

Lorentz maps and dilatations.
5.11 Theorem B.

If Go,is the group of locally causal automorphisms at O, and
Co is the group generated by special conformal maps, orthochronous
Lorentz maps and dilatations, then

GO = CO .

Proof :-

It is clear from §5§5.4 and 5.5 that CO g;GO . Suppose now that

b € G0 and that A is the bijective region for ¢

If x,y ¢ A are any two points such that x <. y, then the segment
of the null line through x and y is mapped onto the null Tine

segment through ¢x and ¢y.

From Weyl (1923), it follows that
$ g G

We pursue the method of Theorem A, 54.143 write
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é=20AO ta olo tb 0 L 0ns 0 tk olo tp olo tq

‘and assume that none of a, b, ¢, ... p, @ 1is zero.

There are two possibilities; we may group the generators to

obtain

(1) ¢ = 2oA0t, 08,0t 008y...0t 08,0t
where o, = Io t; o0 I

or we may obtain

(ii)¢ = roAot olotyos . o0oty...ot 0 8, © tq.
We may exclude (ii) because, here, ¢0 = w ( a point on the

hyperplane at infinity). Now, in (i), if A is non-orthochronous,
there is no local causality region for ¢ and ¢”1 in the vicinity
of 0. Further, since 40 = 0, we must have a + ¢ +...+ k + g = 0.
Thus ¢ is a member of an equivalence class associated with a map

generated by S and P**, In that sense, we may write Go = Co.

5.12 The locally causal geometry.

It is now possible to speak of the geometry associated with
the local causality group ; it is clear that, since the group
is non-affine, lines, planes and hyperplanes in M, are not, in
general, invariant figures. We shall find, however, that there
is a class of hypersurfaces and hyperplanes which is invariant

under the local causality group.

5.13 Definition : hyperbolic hypersurface.

A hypersurface with equation x.x = x.b, where b is a constant
vector, is said to be hyperbolic. We shall confine our attention

2
to those hypersurfaces for which b.b = -k , k € R.
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5.14 Invariance of the hyperbolic hypersurfaces under linear

transformation.

It is clear that hypersurfaces {x : x.x =-x.b, b.b = -kz,k e R}
are mapped onto each other by elements of the group L*, generated
by the Lorentz transformations and dilatations. We notice also
that if A is a non-orthochronous Lorentz map then the part of
the hypersurface for which Xo > 0 is mapped to the part for which
(nx)o < 0.
It follows that the maximal ZZnear group which preserves both
the form of the hypersurface and the sign of Xo is that generated

by the orthochronous Lorentz maps and dilatations, L**.

5.15 Invariance under special conformal transformation.

Theorem 3
The special conformal map fa = Tot, ol maps the set
{X @ X.x = x.b A #0 , b.b= -kz} onto
XY 2 8 .t = xt.g 5 where' .8 = b } , provided that a.b # -1.
1+a.b
Proof:
We write B ™ 1 + 2(x.a) + (x.x)(a.a) ,
then ax,a X' X' m XX

and A x'.h x.b + (x.x)(a.b).

X,a
Thus, given that a.b # -1, the points of x.x = x.b for which

By # 0 are mapped onto

, aS required.
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In addition, 8.8 = -——flﬁl—- < 0.

(1+a.b)?

5.16 Remark.

If we choose a such that a.b = -1, then the set

X XX =

=

.b, By . # 03 1is mapped onto the hyperplane

X% 2 x*.b

0} . It is clear, conversely, that every hyperplane
{x ¢ x.b= 0, b.b = -f’} is mapped onto

%2 x%b" =0, b'.b" = -kz} under a Lorentz transformation, with

a similar preservation for dilatations.

It is also easy to see that ¢(x : x.b =0, b.b = -kz}

is mapped onto {x' : x'.x' = x'.b } under special conformal
a.b

transformation, provided that a.b # 0 and to {x' : x'.b = 0,b.b = =K'}

under special conformal transformation for which a.b = 0.
5.17 Notation.

We shall refer to the collection of all hyperbolic hyper-
surfaces and all homogeneous hyperplanes as H, and to those parts
of the ingredients of H for which X 2 0 as H' . We now prove that
the maximal invariance group for the collection H' which affords
local preservation for Xo 2 0 is that generated by the ortho-

chronous Lorentz maps, the special conformal maps and dilatations.
5.18 Theorem C.

The maximal invariance group for local preservation of the

collection H' is that generated by S4 and L** s Tea, Co

Proof:

Let W be the maximal invariance group for local preservation of Ht.
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Clearly C,eW.

In addition, every element of W preserves the asymptotic hyper-

surface x.x = 0, thus, from Bateman (1909), we have Nc_:Co.

5.19 Remark.

In the next chapter we shall associate hyperbolic lines in
M2 with the hist;ries of uniformly accelerated material particles
in relativistic kinematics ; it is inevitable that we shall lose
the exact identity between the invariance group for the hyperbolic
lines (the conformal group) and the local causality group (which,

for M, contains non-conformal maps).
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PART II1 KINEMATICS, INERTIAL FRAMES AND THE PRINCIPLE OF RELATIVITY

Chapter 6 Aspects of Space-Time kinematics.

6.1 PersEective.

Since the work of Bateman and Cunningham (1909) (1910a) (1910b)
it has been known that the conformal group is the largest covariance
group for the comparison of observations concerning electromagnetic
phenomena. At about the same time Born (1909) and Sommerfeld (1910)
made a detailed study of relativistic uniformly accelerated motion,

a type of motion which is also referred to as "hyperbolic"

because of the hyperbolic world lines associated with it in

Minkowski space. Both Born (1909) and, soon after, Noether (1910)
and Hassé (1912) were concerned with phenomena concerning uniformly
accelerated electrons, and Hassé (1912) used conformal maps in his
treatment of the problem. Later, Page (1936) attempted to establish
a theory based on a more general "principle of relativity" than the
special principle, admitting as equivalent the class of mutually
uniformly accelerated observers ; he, too, found that C4 was naturally
invoked. In Chapter 7 we shall investigate just such an augmented
principle of relativity and comment on its usefulness. However, to
return to the historical thread, Hill (1945) (1947) reiterated the
association of uniform acceleration with the special conformal group
by finding the generators of the group for which a certain character-
istic differential equation is invariant. More recently a paper of
Fulton, Rohrlich and Witten (1962) contains a discussion of the means
of comparison of observations from pairs of special, conformal and
general relativistic observers ; their paper starts in the realms of
dynamics, which is beyond the scope of this thesis, and invokes the

"principle of equivalence" which is also beyond our scope.
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In Chapter 5, we have seen how the special conformal
transformations and L** generate the locally causal automorphism
group. We have also considered the same group's appropriateness for
dealing with hyperbolic hypersurfaces. In particular, for M2’ we
know of the divergence between the local causality group which
contains non-linear, non-conformal maps and the line/hyperbola
invariance group, which is precisely that generated by S, and L**,

In this chapter we are concerned with the kinematics to be

associated with the collection of straight 1ines and hyperbolic arcs
through a point of M2 and a discussion of the relative priority of the
principles of local causality and special relativity will then follow

in Chapter 7.

6.2 Kinematics and Minkowski space.

From the time of Minkowski's address to the Assembly of German
Natural Scientists at Cologne on 21 September 1908 (Minkowski, 1952;
see also Minkowski : 1908, 1909), at which he proposed a new structure
"the space-time world" to model relativistic physics, it has been
accepted that what we now call Minkowski space is indeed tailored to
the needs of special relativity. Now, if each observer, whether or
not "absolutely accelerated", is entitled to his own Minkowski space,
based on #is causality, and if we have a principle of local causality
to provide an invariance group, then what is the status of an
"inertial" observer, a matter which has so far not.been discussed

in our geometrical system ?

So far, if, in the estimation of any observer, a set of points
in his Minkowski space constitutes a continuous path (in the R4

topology) then he refers to the set as a world line or history.
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Thus, if the observer registers a straight world line in his M4, he
associates it with either an unaccelerated material particle or a
photon, thus Robb (1936 : 19) " ....... we are able to say in
terms of these relations what we mean by a particle being unaccelerated".
At this stage of the development, it is not clear why he could not
have as well written relatively unaccelerated, and the question
turns on the concepts of inertial frame and observer, and why they

are essential parts of the theory.

Perhaps it should be remarked that the concepts are endemic
in Reichenbach,(1969 : 29-54) but not clearly apparent in Robb
(1936), Carnap (1958) or Schutz (1973,1979). We choose to avoid
defining inertial frame until it is forced on us, which indeed
it is, by the "clock paradox" and we reserve further discussion
until that point is reached. For the moment, we contend that if an
observer sees a world line in his M, which is not straight, he

will register a (relative) acceleration for that history.

In this chapter we are wholly concerned with My, and its role
in modelling one-dimensional motion,particularly regarding
wniform (relative) acceleration. Later, in Chapter 7, still concerned
with M, the newly developed method of Chapter 5 for mapping to a
- zero (relative) acceleration system is used to calculate the
discrepancy in clock readings due to two mutually uniformly acceler-
ated observers. It is at this stage that we are forced to select

a category of reference systeﬁs called Znertial frames.

6.3 Definitions.

For a particle in one diménsiona] motion we shall identify

three systems of coordinates :-
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(1) a system in which the particle is instantaneously at
rest is called a rest system (Hill, 1945),

(i) a system in which the particle has zero acceleration
instantaneously is called a zero acceleration system
(Briginshaw, 1980),

(iii) a system in which, instantaneously, the particle has -
zero acceleration and is also at rest is called a proper
system (Hill, 1945).

At this stage we make no claim of privilege for any of the three

coordinate systems ; indeed none is to be regarded as an "inertial

system" for the time being.

6.4 The class of hyperbolic world lines in M2'

2
In M2, the world 1line x.x = x.b, with b.b = -k and Xq 2 0 is
the history of a particle which is accelerated relative to the

coordinate system observer. In addition, the particle passes
b

through O with speed u = 59
1
Thus, if b0 # 0, we may consider the Lorentz transformation X = px,
given by
X u
Xo 2 e - S
fi -u #i -u
X u
4 2 4 2
-u -u

for which the map of x.x = x.b is X.X = X.B, where BO = 0 and

B1 = /4_:_33 b] # 0. This is exactly the form of the world line

in Pauli (1958 : 74 - 76) appropriate to uniformly accelerated
motion in special relativistie kinematics. We shall assume that,
whatever the status of the Minkowski coordinate system and observer,

such a world line is associated with an important type of relatively
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accelerated motion. By analogy with Pauli (1958 : 74 - 76) we
shall refer to this type of motion as wuniformly accelerated ;
it is understood, however, that the motion is relative to a
given Minkowski coordinate system whose status ("inertial" or
"non-inertial") is not specified.

Using the same analogy we shall introduce a number K, given by

2 2
B, = k , and speak of it as the

3 1
K P

magnitude of the relative uniform acceleration.
In the following paragraphs, prior to § 7.3.2, these conventions

operate, and we do not imply (until then) uniform acceleration

in the special relativistic sense.

However, two special conformally related observers will agree
that a particle is uniformly accelerated, but they will not

agree on the magnitude of the uniform acceleration.

ror, I x* = ['o ta o I x, then the map of x.x = x.b is
(Tocally) x'x" = x' b , in general. In the frame of 0',
1+a.b o
bo
the particle passes 0' with speed — , as before, but the
b
1

magnitude of the uniform acceleration is now

K' = & (Tsa.b). = K(1sa.b) .
K
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6.4.1 Alternative form for the special conformal map

It is often convenient to write the special conformal map

SR R e ta o0 Ix in a varied form, replacing
aby =2 . If a.a # 0 this is always possible, for the

a0
requirements that a = —> s satisfied by the choice

a.0
Lk

a - ——

a.a

Thus, we may always consider a special conformal map in

the form
R (S ol
a/a.a
in which case
P (a.a)x + (x.X)a

a.a + 2X.0 F X.X

6.5 The zero acceleration and proper systems.

If x.x =x.b is a given world line we may obtain a zero-

acceleration system py using the special conformal transformation

y = (b.b)x - (x.x)b
b.b - 2x.b + x.x

(subject to the usual non-singularity

restrictions)
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which gives a straight Tine history in the new system,
X.b = 0.
Thus, in the new system, the particle has constant speed —2 , and

Zzero acceleration.

In addition, the proper system is obtained by applying the
appropriate orthochronous Lorentz transformation to the zero

acceleration system.
6.6 Remarks.

6.6.1 Unbounded uniform acceleration

It is. clear from 56.4 that super light speeds are not
attained for an unbounded uniform acceleration, since the Timiting
situation as K + » is the light cone Néb = { x : (x-3b).(x-4b)=0}
as a degenerate hyperbola.

6.6.2 Zero uniform acceleration

We now examine the 1imiting case K = 0 ; let x.x = x.b be

the usual hyperbolic world line, and Tet u = -2 be the speed with
b
which the particle passes 0. 1
2 2 LEas
From Xy “t%y @ box0 - b]x] , we obtain
2 2
Xo = %4 3 box0 " b1x1
b.b b.b b.b

2
and if we let k

-b.b + = in such a way that bo/b.bj//b1/b.b + U,
then we obtain Xp = ux, as the 1imiting equation of the world line,

corresponding to the case of zero uniform acceleration.
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6.6.3 Degenerate form of the zero acceleration map for vanishing

relative acceleration.

The system in which the particle appears to be uniformly
accelerated is traditionally referred to as an "inertial system" or
"frame", neither concept of which we have so far defined. However,
looking forward to such a definition, and the selection of a certain
class of systems for the purposes of reference, we show that as the
relative acceleration associated with the world line x.x = x.b
approaches zero, so the m;p to the zero acceleration system approaches
the identity map.

This is clear, for consider

(b.b)x - (x.x)b
b.b - 2x.b + x.x

xl

2

where k = =-b.b measures the reciprocal of the magnitude of the
uniform acceleration relative to the reference system. Thus K - 0
. is effected by letting b.b + - = , and the fact of the hyperbolic

arc "straightening out" implies that both bo’bl + -, too.

how X = (X.X) EEE
x' = :
1 - 2%x.b , x.x
b.b " b.b
bo
and, by hypothesis u=— <1
bs
b b B
0 . 0 ! u
Tt RS s el e
) 1 ('l-—b = 0
i
_z.t.)]_.. = —.._.b_1__ =—1— +0
2 2 2 2
bo - b] (u=- 1)b] (u™- 1)bT

95



Thus, in the limit that b.b*-* , the map degenerates to x' = X.

Since the invariance group for the line/hyperbola collection is,
from 5 5.18 Theorem C, that generated by positive dilatations, the
orthochronous Lorentz group and the special conformal group, we
conclude that, in kinematical terms, the degenerate form of the map
from one system to another which has zero relative uniform

acceleration is an augmented orthochronous Lorentz transformation.

6.7 Remark.

In the kinematics of one dimensional motion, modelled by M,,
it is the nature of the group Co’ that generated by 52,L+ and
dilatations to preserve the local wniformity of acceleration, the
whole group does not itself preserve zeroness and non-zeroness.
To preserve zeroness and uniformity, we are confined to the subgroup
L**, and the progress to the zero uniform acceleration state is

entirely consistent with that fact, as we have seen in § 6.6.3.

We also know that, whereas C0 is included in the local causality
group for M,, it is now a proper subgroup of that local causality
group (since there are globally causal maps of M2 which are not
conformal maps). However, this is a matter of little importance ;
what is more important is the extent to which physical limitations
are imposed by the presence of the singular cones ; we investigate

this matter in §56.9.

6.8 Interpretation of a.

6.8.1 Theorem 1.

If (xo’51) , with £ fixed, is the representative point of a
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given straight world line in the coordinate system associated with 0,

then the map of the line under

T X + (x.x)a
142(x.a)+(x.x)(a.a)
: l 2 : 3.0 2
is the hyperbola (xo - Bo) =, kgas Pl e
where fgiie 2“5130 3By = u(2a151-1)
and u"1 = 2[(a.a)gy + 3,].
Proof :
We have x' = fx , where f =1 o ta ol
First inversion : write y = Ix = ——
X X
X €
0 1
'| e ‘y = [ 3 y = ———
9 y B L Rk
¥
also y.y = = SR Al
XX &1
: 2 2 N St
locus is Tl e 0 , which is an hyperbola.
1
Translation : write y' = t olIx = Ty = aiyed
’ . 2 : 2 (.Y'i'a]) Y
locus is (yo - ao) - (yl - a]) - ; =
2 2 .y]I a]
i.e. 1y - 1) - 2a.y'+aa - — + — =0
(¥p) (¥1) y 3 il
Second inversion : write x' = 1Iy' = L
Yy
so that x'.x' = S
Yy
and a.y' = (y'.y')a.x' = 8.%
%o
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Thus the locus is

1 %3 a
! - 23X + 3.4 = e + 1. 0
X% X o 61(x'.x') €1
3, xi
1ol {xlat) [a.a + — - 2a.x' = — +1 =0
5 1

which is an hyperbola.

Write ! = 2 [(a.a)gy +a; ] , then we have
X' X x]'
. “ ZaLx 4 28.x! = o= &7 = 0
251u 070 121 E1
Fuly  XYXED = 4p51a0x6 + 2ux1'[2a]s1 -1] + Zg]u =0

£ . 2 : 2
i.e. [x0 - 2ug1a°] = u(2.51a1 - 1)]
g3 2 2
- 4y B8y % (2.5].311 -1) + Zs]u = 0
: , 2 ] 2
1.8, [x0 - 30] - [x] - s-l]

Pre g 9 2 2 3 2
H

6.8.2 Corollary.

If (Xys&1)» with g, fixed, is the representative point of a
given straight world-line in the coordinate system associated with

0, then the map of the line under

x! = (G.G)X + (X.X)a

a.0 + 2X.a + X.X

is the hyperbola

] 2 ] 2 — 2
(XO > 30) ] (x] = 31) =2 e
where u = —%2
2(5.I + u1)
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g1 201]51 - a.a

S 2(&y+ey)
6.8.3 Remark.

In the coordinate system associated with 0' we may identify
the world line of §6.8.1 as being appropriate to a uniform
acceleration T 2 [(a.a)g; + a;]. Furthermore, if we let g, + 0,
we obtain the uniform acceleration of 0 relative to 0', viz * Za].

In the notation of 56.8.2 these quantities are respectively
2[&q + aq] 2a
Sl 0! S GRS |
a.0 .

'

6.9 Zero acceleration systems and singularities of the conformal group

Since the group CO is known to be associated with MZ, as the
local invariance group for uniformly accelerated (relative) motion,
it is natural to ask to what extent the singular cones represent
physically significant barriers. We therefore investigate the
properties of the region for which f ¢ S2 represents a bijective
map of M2, corresponding to thé kinematical situation of a
transformation from one system in which a particle appears to be

uniformly accelerated to another in which it has zero acceleration.

The most natural estimate of the limitation imposed by the
singular cones (lines) in this kinematical situation is the speed

with which the particle approaches the lines of singularity.

6.9.1 Nature of the singular region.

It is clear that the map F : Mz + M, defined by

(b.b)x - (x.x)b

X = Fx =
b.b - 2(x.b) + x.x

is singular on the cones K(0) and K(b). We must now stipulate that the

world line x.x = x.b is to represent the history of a particle

which passes through 0 with speed u =-59 > 0 ; for an appropriate world line
1
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2 2 2
we must also have b0 - b] = =k,

In that case, with the usual geometrical representation of M2,

we look upon the world line as the hyperbola
be) om b= by
(X5 =2 B} - (%37 13 = giby = By )

for which the centre is at [;-b] ! %—bO] and

’ 1 1 1 -
the appropriate vertex at [2 b] 5 k , E'bo] :
square brackets are used to indicate the cartesian representation
of M2 which is to be distinguished from (xo,x]), the number pair

description of an element of Mz (see figure 4).

The implication of the coordinate representation is that bo’b1
b
are negative numbers, with u = =2 >0, as required.
b
1

It is evident that x.x = x.b is asymptotie to

2 1
(% =z bg)" = (X, =5b) =0

i.e. to the cone K(% b) ; it is also clear that x.x = x.b does not

intersect K(b) in the future of 0.

Thus the map x -+ X imposes no physical limitations in the future of O.

& 2 2
Now consider the inverse map F 1 :M - M defined by

-1 (b.b)X + (X.X)b

b.b + 2(X.b) + X.X

) O U A |

which is singular on the cones K(0) and K(-b).

We investigate the intersection of the world line X.b = 0 with the
forward cone at -b, which occurs on the branch X + b, = -(X; + by);
the intersection is at X] = -bo, xo = -b1 (figure 5).

Consider the point (-b1 + eb] . -bo - ebo) £ MZ’ where ¢ > 0, and

transform back to the system of 0
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2
~(1-¢)by - (1-€) b,

o~ 1= {1-g)”

2
-(]-e)bo - (1-¢) b1
I {1e)

X-I =

At this stage of the progress of the particle in the system of

0', what speed has the particle achieved in the system of 0 ?

Clearly,

2 2
by {1 = (1-¢) 3 + 2(1-e)by + 2(1-¢) by

- ]

.
by{1 = (1-€) } + 2(1-e)by + 2(1-¢) b,
dx.l
so that lim — = 1.
e-+0 dxo

We conclude that the map X - x implies no physical Timitations as

far as super light speed is concerned in the future of 0', either.

6.9.2 Causality violation.

We have seen that the singular cones also have the property of
partitioning Minkowski space into regions in which causality is
preserved, but that in crossing the singular surfaces causality is

violated ; so it is with the map F.

Let X = (-b1 - eb1 - -bO - sbo) be a point on the world Tine
X.b = 0 prior to thg singular line intersection (-b1, - bo) and let
Y = (-b1-sb', -bo-ebo) be immediately after the intersection ;
clearly X < Y (i.e. X - ¥ is timelike, and X < Yo).

Then
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“Cl=e)by = (1-6)2b0 -(]-e)bo - (T-r-:)zb1
X = > 3 8.
0 1= (18}

o

with a similar designation for y.

We obtain >
4k

[ 2 2 *4] O
— =l 4 g <
32(4-€2)2

(xg¥)" = (xqyp)° =

for.gppropriate1y small ¢ .

Thus x - y is spacelike 1i.e. x £y , and causality is violated by
)

In thesystemof 0', -b, seconds will have elapsed before the particle's

world line reaches the singular cone K(-b), at which event the causality

violation occurs.

Now, from 5 6.4, the magnitude of the uniform acceleration is

2

b1/i - u2

the causality boundary is not soon reached for small accelerations, and

measured by , which is small when b1 is large ; thus

for zero acceleration, causality is preserved.
6.9.3 Remark.

To check that the physical procedures are not contradictory,
we confirm that as XO £= -b1 in the systemof 0', Xy * © in the frame

b,s

of 0. Consider the point X = (-b;-5 , -b, - EE. ) on the world
; !

line X.b = 0, prior to ('bl’ -bo).

5 2628 bos”
Then X.X = =b.b + 2b;s + & - s SR
2
by b3

(b.b)X + (X.X)b
0
b.b + ;h?x + X.X

now x =

and we obtain
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[ (by+b,) + 0(8)
%o = by 7
26 + 0(8) ]

b1 { (b]+b0) + 0(¢) ]

and X
! 26 + 0(5")

so that x, - Rl ash & o 0 ; this is exactly what we would
dx
expect, to accord with the fact that 1lim ol 1.
5+0 %o

6.9.4 MNature of the vector b.

We have seen that, if a particle has a world line x.x = x.b in

b
the system of 0, then the ratio <59 gives the velocity of the
1
particle at 0 (and this is invariant for all systems special

conformally related to that of 0, and for dilatations of the system
of 0, but not, of course, for Lorentz related systems), and the
magnitude b.b = bé - b% gives a measure of the reciprocal of

the uniform acceleration, according to 0 (and this is not invariant
for systems special conformally related to that of 0, nor for
dilatations of the system of 0, but it is invariant for Lorentz
related sy;tems). As we have explained in § 6.7, the whole group

C0 preserves wuniformity of acceleration and local causality.
It is interesting to notice that the vector b lies on the world
line x.x = x.b, but since the centre of the hyperbola is

1 1 e s
EE b1 » 3 bo] , it is clear that x = b is on the second branch

of the hyperbola, not the world 1line branch.

X -E?E-(x.x)
Now, under x' =
1= 2x.b + XX
b.b b.b
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the map of b is

Ab_
T-2

(Ab)" , provided that 2 # 1.

We observe that as A »1- , (Ab)' + = = , and as
x>T4+, (Ab)' > += . We have already noted in § 6.9.4

the corresponding result that as x' + -b , x » ¥ = |
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Chapter 7. Inertial frames.

7l Persgective.

We shall suppose that every one of a certain class of
observers with a pair of coincident (zero) events is equipped
or may equip himself with his own Minkowski space, M4. Suppose
we then take as a fundamental law of nature the principle of local
causality which is abstracted as follows :-
a pair of observers 0,0' of the class compare observations by

way of the locally causal automorphism group (§§ 5.7 - 5.9).

Thus the principle of local causality implies local app-
licability of the group CO, from § 5.18, Theorem C ; this, in
turn, has two implications,

(1) null lines in the systems of 0,0' are locally correspondent,
(1) the.coordinate systems for 0, 0' are those that, for plane
world lines in each system, are kinematically appropriate to
relative uniform acceleration, with the same local applicability ;
they, too, are locally correspondent. '

We shall refer to the local correspondence of relatively uniformly
accelerated frames as the principle of C*-relativity.

Clearly the principle of C*-relativity invokes a wider class
of equivalent coordinate systems than the principle of special
relativity in one sense, inasmuch as, if the relative uniform
acceleration is zero, then we have the"special relativistic"
situation ; but a narrower class in another, in that coincident
0,0' are necessary for the operation of C*-relativity and that

operation is necessarily local.
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We also have a reverse implication that the property of
null line invariance and the principle of C*-relativity together

imply the principle of local causality.

We recall at this point that it is a mathematical
abstraction, Minkowski space, that we are dealing with i.e. a
set of ordered quadruples of real numbers together with a scalar

product : not an overtly physical situation.

It is important to emphasise that our method is a
mathematically abstract but physically naive development ; the
usefulness of the development is that it provides an insight into
the way in which, even at the level of naive physics, the C*-

relativity is shown to be inappropriate.

We shall make a formal elementary calculation based on
hyperbolic arcs in a plane and then associate the calculation with
a thought experiment in the C*-relativity physics. We shall find
that we obtain a contradiction, and conclude that the principle of

C*-relativity is unsound at the most basic level of naive physics.

Thus we shall be Ted to make a new categorization of
equivalent systems and to define inertial observer and inertial

frame.

7.2 Comparison of clocks in uniformly accelerated motion.
-

Let A be the origin of Mz and consider a continuous world
line through A which consists of three connected hyperbolic arcs
as in figure 6. We shall interpret this geometrical situation

as being descriptive of an observer 0' who is first uniformly
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accelerated, then uniformly decelerated, then uniformly accelerated
with respect to 0 (an observer with world line AR) in such a way
that the world lines of 0 and 0' coincide at A and R. We shall
calculate the timelike coordinate of R in the system associated
with 0 and interpret it as the reading on a standard clock carried
by 0, on the assumption that 0 is the reference observer. Next we
use the map to a system in which 0' is always at rest and calculate
the timelike coordinate for the progression AR in this system ; we

interpret this reading as that on a standard clock carried by 0'.

7.2.1 0's reading.

First arc:
The arc has equation

X.X = -b]x] » Where b] is a negative number ;

and parametric equations

0 : I <
Xg'® ﬁ-b151nhe s X E’bI( 1+coshs).

The first arc is followed from the point A to the point P,

where =t = --% b1sinh a2 ore %-b](-1+cosha) ; we make the

0
convention that the coordinates of P in the diagram are written

(ro,r]) , instead of the usual practice. It is easy to see that P

is in the semi-infinite future region between the pairs of lines
2

2 0 d 2
Xo X-] . an Xo -

at 0 and B, = (0,+b])].

2
(x,=b,) = 0 [these are the null "cones"
B

In addition, the‘gradient of the curve at P, u

(which measures the speed of a material particle for which the
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arc is world line) is —mm™ X — 3
thus u = tanha

Second arc:

2 2
The arc has equation XO - x] = b1X1 , referred to axes at its

vertex, which is the point (-b,sinha, —b]{-1+cosha}); the

equation referred to P as origin is

g 2 2
(Y, +5 bysinha] - [¥; + % by (~1+cosha)]

= byl¥y + ‘? by (-1+cosha)]

for which an appropriate parametric form is
1 : - 1 :
Y0 + 5 b]s1nha = = 2-b1s1nh¢

1

Y1 - %—bl(—1+cosha) e b](-1+cosh¢).

Thus the parameter associated with P is ¢ = -a ,and that associated
with Q is ¢ = a .

It is clear that the hyperbolic arc PQ is confined to the semi-
infinite future region bounded by the line-pairs Yi - Y? =0

and (Y0 + blsinha)z - (Y.l + b.lcosha)2 = 0 [these are the null
"cones" at P and 82, whose coordinates in the Y system are

respectively (0,0) and (-bysinha, -b]cosha)].

Third arc:

2 2 -

The third arc has equation 20 - Z] = -b.IZ1 referred to its vertex
R ; it is clear that the progress along the hyperbolic arc QR is
exactly similar to that along OP. We note also that QR is confined

to the semi-infinite past region between the cones at R and B3 ’
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where 83 - (D,bl) in the Z coordinate system.

Time lapse according to 0.

If 0 considers himself to be an unaccelerated observer, the time
lapse according to his clock between the events 0 and R will be

-2bysinha .

7.2.2 0''s reading.

Suppose that 0 and 0' coincide initially but 0' is the observer
whose world line according to 0 is the previously described hyper-
bolic arc path. There is a zero acceleration system and a proper
system associated with each arc of the world Tine as in figures

7 and 8.

First zero-acceleration system : (this is also the proper system)

Consider the special conformal map

(b.b)x = (x.x)b
b.b - 2x.b + X.X

X I

2
where b.b = -b] -

the map of the arc of x.x -bTx] is the appropriate segment

of x1-=10.
1 2
-b.I xO
Also X! = ——— . , and if X = T s X3 = Tq 5
0 b % Do 0 pe 1 1
1 ) gt

-b] sinh o
we have xé = —

1 + cosha

Second zero-acceleration system :

(B.B)Y - (Y.Y)B
B.B - 2Y.B + Y.Y

Consider Y' =

. 2
where BO = -b]s1nha X B] = -b]cosha s BB = 'bl‘
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In this case, the map of the arc of Y.Y = Y.B is the appropriate

segment of Y'.B = 0.

2
Also -byY + (Y.¥)b;sinha
iy -b2 + Y b,sinha- Y,b, cosh
-I 0 151!‘1 o ] 'I SNa
-b% Y, + (Y.Y)b; cosha
o 2 2518
'bI - Y0b1s1nh¢:- Yib] cosh a
2 : -
g -b1Yo - (-Yob1 sinh o+ Y]b1 cosha)b1 sinh o
9 -b% + Y by sinha - Y;b; cosha
-b7¥; + (-Y by sinha+ Y;b; cosha)by cosha
and Yi =
2
-b

1 * Yob1 sinha-Y1b] cosha

Let V be the event, which in P's system, occurs as the vertex of

the hyperbolic arc PQ. We find that, in the zero-acceleration

system, V has coordinates
-b1sinhacoshu

To = T 2 L

2
-b] sinh a
1 + cosh a 1

1 + cosha

Second proper system :

The Lorentz transformation to the proper system has parameter

u =- tanha , and if the coordinates of V in the proper system
are t' , ti , then
0 ) .2
R 1 'b]S1nhaCOSha _tanha b151nh a
0 - - e n ey
#i - tanh%q 1 + cosha /i -,tanhza 1 + cosha
5 -b151nhu
1 + cosha

We have symmetry in the readings about V and conclude that the net

time lapse in the second proper system between events P and Q is
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—ZbTSinha

1 + cosh a

Third proper system.

This is formally the same as the first proper system, and we may
conclude that the total time elapsed on the proper clock for 0' is
-4b, sinha ~4b, u

R or

1 + cosha 1+ ;1 - 5%

This is a positive number which is strictly less than -Zb}Sinhm

(we cannot have o = 0).

7.2.3 Validity of the transforms.

‘We have proved in §§6.9 - 6.9.3 the rather surprising fact
that the presence of the singular cones imposes no physical
constraint on the problem, inasmuch as u< 1 guarantees both
that the speed of light is not attained in either kinematical
system and that the causality violation boundaries are not breached.
Thus it is of no consequencé to the foregoing analysis that the
speed u is arbitrarily close to 1 ( it cannot be equal to 1) nor that

the acceleration is arbitrarily large.

TS Consequence for C*-relativity.

The consequence of the result of the previous paragraphs for
the theory of C*-relativity is simple, and devastating ! We
may not conclude that in the C*-relativity, clocks are not proper
measuring devices ; proper or not, a standard clock is a standard
clock ! The only conclusion is that C*-relativity leads to a
self contradictory kinematical theory, if clocks are to be any use

at all.
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We are forced, therefore, to select a proper subset of
the coordinate systems thus far considered to be equivalent, and
give them privileged status. We shall refer to these privileged

systems in the forthcoming paragraphs as inertial systems Or frames.
Equally, we may consider the wider class of coordinate systems

associated with the principle of local causality as insufficiently

restrictive for a viable kinematical theory.

7.3.1 Remark.

The privileged coordinate systems give rise to privileged
geometries with which to model space-time kinematics, thus if Hz
is a privileged system and if x < y then x,y lie in a privileged

timelike straight line inherited from the privileged geometry.

As far as the privileged clocks are concerned, if T is the
reading on a privileged clock which contains x,y in its history then
the reading on every other clock of the locally causal equivalence
class, & 1S such that ¥ g T

Further t =T iffu=0 i.e. a =0.

We now make the following postulate.

7.3.2 Postulate of the inertial system.

If x,y are two events such that x < y then there exists
a member of the locally causal group such that x,y have the form
(xO,O,O,O), (yO,O,O,O) in that systemand T = ¥Sr=che is
maximal for the class of world lines encompassing both x and y

in the manner of §§7.2 - 7.2.3. Such a system is referred to as

an inertial system Or inertial frame.
7.3.3 Remark.

It is clear that there is an equivalence class of inertial
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systems appropriate to a pair of events x,y for which x <y in M4
but the systems differ only in that their spatial axes are

rotated to new directions. It is also clear that once we have
settled on the inertial frame(s) for a pair of events that
coordinate system will be the inertial frame for every event on the

inertial line through x and y.

7.3.4 Kinematical interpretation.

Thus far, it is recognized that only the inertial system(s)
appropriate to a pair of (causally) related events x,y are to
be considered equivalent for the description of space-time
kinematics, those which categorize a relative (non-zero) uniform
acceleration are not in the set of equivalent systems. We must
now forge the link from one inertial system, that associated with
X,y to another, that associated with u,v, where u < v but u,v
are not on the inertial line for x,y. We now state our second

postulate.

7.4 The principle of relativity.

A1l inertial systems are equivalent for the description

of space-time kinematics.

7.4.1 Deductions from the principle of relativity.

We would 1ike to be able to say that if I,I' are any two
inertial frames then the allowable transformations are affine,
but this is not as easy as it looks (Hegerfeldt ; 1972) since
we are assured only that all inertial lines (timelike lines) are
mapped to inertial lines. However, Hegerfeldt (1972) has shown
that that fact is sufficient to ensure affine transformations. In

our system, if we had concerned ourselves with local phenomena,
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as in §§7.2 - 7.2.3 we would have the immediate implication
that the transformation group no longer contains special conformal
maps, so that the group would be L** locally. For remote inertial

frames the transformation group is then P**,

7.5 The theory of special relativity.

Having modified the principle of local causality as a
viable physical law we are manceuvred into the position of
adopting the following postulates, in addition to the postulate of
the inertial frame
(i) null lines in the systems of locally causal observers 0 and Q'
are locally correspondent.

(ii) the principle of relativity for inertial frames.

However, we now know that the transformation group between inertial
frames is P%*, and we.know that this is the globally causal
covariance group (Zeeman; 1964). Thus we need not leave postulate
(i) as it stands but replace it by
(i)' null lines in the systems of inertial observers 0 and 0'

are globally correspondent.
Now we may follow Hegerfeldt (1972) and state that (i)'
also implies that the scalar factor is unity, so that the trans-

formation group is in fact Pl
7.6 Discussion.

Our development could be looked upon as having its foundations
in a Robb-type (Robb, 1936) axiom system ; can one say that it is

~an axiom system in which an individual's appreciation of causality

is endemic rather than his appreciation of external physical
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phenomena ? In a sense one can, for an individual's personal
appreciation of a before/after relation for himself is intellectually
appealing , yet there is the heaviest possible reliance on an
absolute geometry with the Euclidean parallel property. This is

as much a matter of external judgement and collaborative concert

as is an acceptance of Newton's laws, or inertial frames, or the
phenomena associated with the propagation of 1light. Nevertheless

the author has found it instructive to work with this idea of the
personal judgement of a before/after relation and the principles

of local and global causality. The more traditional developments

of the special theory of relativity, of course, very quickly
introduce the concept‘of inertial frame (Pauli, 1958 : 4 ;

Rindler, 1960 : 6) ; that is most natural, since the principle of
special relativity, the one that we are concerned with, only

applies to inertial frames. Now Infeld and Peblanski (1960 : 69)
speak of

", .. the strange concepts of action at a distance, or an Znertial
coordinate system ..." (my italics), a statement that is echoed
in Pauli (1958 : 4)

", .. It is unsatisfactory that one cannot regard all systems as

completely equivalent or at Teast give a logical reason for

selecting a particular set of them." 2

However, they are looking toward the theory of general
relativity for which a pseudo-Riemannian space is the model; as
far as Minkowski space is concerned, as we have seen, any attempt
to widen the class of equivalent frames beyond the collection of
inertial frames is fraught with difficulties at the level of
kinematics. Indeed, consistency is only restored in that case, if

we move into the realm of dynamics, and consider the concept
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of "external force" and make new postulates as to how such forces
affect measuring rods and clocks. None of this is surprising, for
physicists have never surmised that no experiment can be devised

to detect (non-zero) relative uniform acceleration.

7.7 Detection of non-inertial frames.

Rindler (1960 : 6) states that
"We shall now accept the existence of at least one inertial frame
as an experimental fact : the frame of the "fixed" stars is known

to be inertial to a high degree of accuracy". (My italics).

In our development there is theoretically an operational
_method for detecting an inertial frame by checking that the clock
reading is maximal between pairs of causally related events. We
have referred to this method as "naive physics" and it may be true
that the more naive the physics the less the likelihood of importing
into the theory folkloric and intuitive conceptions (which may be

misconceptions).

To answer the question : "what other means are open to us to
distinguish a system that is non—inertial ?" we can look back to
Galileo's test (Kilmister, 1970 : 3). Galileo considers the
example of an observer on board a ship in calm, non-tidal waters;
if the observer were confined to his cabin below decks in the
company of a goldfish bowl, then a uniform motion of the ship would
surely leave the surface of the water in the bowl level, but a
uniform acceleration (for example) would cause the water to "pile
up" at the rear end (with respect to the direction of the accelera-

tion) of the bowl. Closer still to our conception, if a spaceship
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were in the vicinity of the neutral point for gravitational
attraction from the Sun, the Earth and the Moon, then a small free
object, say a pen, would betray a forward acceleration from the

rocket thrust by retreating to the rearward boundary of the capsule.

There is another, more sophisticated result that would
enable us to distinguish between a particle (frame) that has a
non-zero uniform acceleration with respect to an inertial frame
and a particle that has a zero uniform acceleration in the inertial
frame, unfortunately the result has been clouded in some controversy.
Pauli (1958 : 93) states categorically, quoting a result of Born
(1909) , that a charge in uniformly accelerated relativisitic
motion does not radiate energy ; Synge (1964 : 421) is equally sure
that it does, although Anderson (1967 : 247) indicates exactly
how the confusion of interpretation has arisen. It is Tikely that
both Synge (1964) and Anderson (1967) were influenced by a paper
of Fulton and Rohrlich (1960) , in which the problem of radiation
from a uniformly accelerated charge is thoroughly examined. An
account of the problem and its explanation is beyond the scope of

this thesis.

7.8 The transformation between an inertial frame and a uniformly

accelerated frame.

We conclude our development by using the theory of 5§6.3 - 6.5
to establish explicit transformations between an inertial frame I
and a frame A which is in uniformly accelerated one-dimensional

motion relative to I.
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7.8.1 Maps from one inertial frame to another : apparent length

contraction.

Consider the Lorentz transformation which maps one inertial

frame I to another I', with 0 = 0' ; x' = Aux , where

>
u
U
>
==
-

1
0 ?

-uxa - /q:;Es :

Thus, given a rod of length £ at rest in the I frame ; at any

The map of the Tine Xy =

|
o
-
v
x
—
"

=ux

I
e
—ha
w
>
1

the map of the Tline Xy =

instant in the frame of I', the rod will appear to have length

A-ie .

Our analysis of the map from a uniformly accelerated frame to
an inertial frame might be considered as a preliminary to that between
two uniformly accelerated frames. In any case, we shall incorporate
in the method of transformation a quality that will provide the
aforementioned relativistic length contraction when we are dealing

with the special case of two inertial frames.

1.8.2 World 1ines of constituent particles.

We shall say that a frame A is uniformly accelerated with
respect to an inertial frame I if every point of A has the same

uniform acceleration with respect to I.

Let K be the uniform acceleration of every point of the frame
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of A relative to I, then (Pauli, 1958 : 75)

2 %
S KT =) 2
dxo
where v is the speed of C relative to I at Xg *
Thils |~ = |
(1-v d
1 =-v

and we obtain (via v = coss)

v i { 3
= I(x0 + @y 5 @, arbitrary,

2
sy

2 2 2
whence v = (Kxo + ao) (1 =-v)

dx1 b Kxo - ey
al'ld ey e A 2'
dxo + (Kx0 + ao)
g / g o :
so that XQto = % 1+ (Kxo + ao) s With o arbitrary.

Thus the world line of each particle of the frame of A has the form

2 2 2
K (X-I + G.'I) e (KXO = 0’.0) = ]’
: “o)z 2 1
i.e. (} + — )= (X3 +aq) = = — ,
0 K 1 1 KZ

and the individual world line appropriate to a given particle
in the frame will be determined by the initial (inertial frame)

conditions appropriate to that particle viz ERLE

7.8.3 The geometric analysis.

For convenience, we write % = k and consider the world line
of a particle of A's frame as observed in the frame of I ; assume that

the particle passes through O with zero speed.
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Here By 0 and @y = k , so that the world line is the hyper-

bola

2 2 2 "
Xy A (x1 +Kk) = =k RN )
Consider now a hyperbola through (0,£) in the frame of I, viz
2 i 2 2
Ry i (XI +k) = =-(& + k) sse kL) 5

so that (xo,xT) are the coordinates of a point on the hyperbola
through 0 and (xO,E}) are those for a point on the hyperbola
through (0,£). Thus Yj is a function of x; and £. Clearly both

hyperbolas have centre (0, -k) in the :ﬁ<0/x-l system. We obtain

- 2 2 2
(x + k) - (% +k) = & +2k

L s : 2
i.e. (x1 - x)(x-I + X eidk) = BeidEk oL, o (1i1) .
Now write

dx X

dx0 X1 + k

dx X
and -—J— = _0 = U.

dxo Xy+ k

We notice that if Eﬁ > X; » then for a given value of x, Uu<u;
the hyperbola through (0,£) is steeper in the x /x, diagram than the
hyperbola through (0,0), (Figure 9).

From (i) we obtain

2

2 )
] - W = k 2 s ] =Y = €+k 2
(x] + k) (§H+ k)

1

so that, if we introduce v = Ty and Yy = y 1
- u syt

then x; +k =vk , X +k = Y(z+k)

and xq + E& +2k = ky + (g+ k)Y
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Thus, from (iii)

2
§1 = Xy + g+ 2tk e LI
ky + (&+k)¥

We note two properties of this transformation of coordinates,
].) aSE'*Os -;(—'I'*x'l 3

2.) as k = (which is equivalent to K+ 0), we have

2tk
k(y+ ¥)

iq > Xy o+
=x1+L§_,

YHy

in addition, ¥ - vy ,

so that, in the limit

EH = Xq ¢+ 5
f!

Thus, for zero uniform acceleration, A is itself an inertial
frame, and we obtain the correct relativistic length contraction
at any instant

E& =X . & , where £ is the length,

y
Thus , for zero uniform acceleration j.e. if the acceleration is

suddently "turned off" A coincides with its comoving inertial frame,
and we obtain the correct relativistic length contraction at that
instant
¥ = Xy =
1 1 Y
where £ is the length of a rod in the frame of A (since A and I

were at initial relative rest), and i1 - Xy is its length according

to I at the subsequent "turn off" instant.
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3.) For £ = -k , we obtain a pair of lines
2 o 2
Xo - (XT " k) = 0,
and we shall restrict the usage of the formulae to k > 0 and

§ 3 =K.

W

7.8.4 Remark.

We have now obtained a geometric formulation in which the
individual particles of the frame of A have hyperbolic world
lines in the coordinate system associated with the frame of 0. The
hyperbolae are concentric and they converge in a way which is

entirely consistent with our expectation for vanishing acceleration.

7.8:5 The map from I to A.

The world line
2 % kz
K, = (x1 +k) = -
has the form X.X = X.B,
9
with By = 0 and By ® -2k, so that g.g = -4k
From §6.5

y o _(8:8)x - (x.X)g
B.B = 2X.B + X.X

is appropriate to map X.Xx = X.g8 , with Xo 2 0, onto x] = 0.

Here, the explicit form for the transformation is the pair of

equations 2
e -4k X
¥ - ° .
0
-4k = Axqk + X = X
2 2 2

2 2 2
-4k= - 4x1k Xy %

It is interesting to look at the map of Ky~ 0, in particular; here
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2 2
-4k xo 2kxo

X = ——— Y e e SO, S
0 2 2 1 2 e
-4k + XO -4k~ + XO
so that X, = - 1 ¥ X
1 ok 0o
: 4k2 el 2
Also X1{- - x0 } = kao
: 2 % 2
i.e. xO{X1 - 2k} = 4k X1
2
M
hence —= {X.=2k} = X, ,
xz 1 1
0
; : 2 2 >
from which we obtain xO - (X1 - &) wme

We may adopt the following procedure :-

1.) to map the world line
2 = 2 2
kol (x1 + k) = =k
as observed by the inertial observer (appropriate to a single
particle of the system of A) to the corresponding world line as

observed in the accelerated frame :

(i) apply the appropriate special conformal map,
(1) reflect in the line x; = -k ;

(see Figure 10).

2.) to map the world line
X - (B + k) = ~(ek)° L EA0, €k,
to the accelerated frame,
(i) translate to O,
(ii) apply the appropriate special conformal map,
(iii) reflect in the 1ine Xq = -k
(iv) translate from 0' ;
3.) to map the world line pair

2 . 2
Xy ™ (x.I +k) = 0,
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(i) translate to O,

(ii) apply the appropriate special conformal map, which 18 formally
-the identity map,

(iii) reflect in the line Xq = -k

(iv) translate from O'

(this procedure is equivalent to a formal assignment of the

identity map for this line pair).

7.8.6 An algebraic formulation.

4 SRR is the special conformal map mentioned in the

B/8.8
previous paragraph, tE is a translation along the X, axis of g,
and Pk is a reflection in Xy = -k, then

fe = B P P ¥ s © P
is that map which applies to all points on the world line
xz - (Eﬁ - k)2 = -(g+k)2.
Notice, however, that £ > -k, so that the collection F = {fE}
has the property that F : Y + Z, where Y is that part of I for
which, initially, -k g Xq < @ and Z is that part of A for which,
initially, =« < X] < k.
Now, formally

-1 _ -1
fE = (t'E 0 p_y 0 ¢-B/B-B DR 2

$50 $aya g 9 uPE Vg

so that F ' = {f;I} is such that F~' : Z > Y.

7:8.7 Remark.

We notice that the procedure described in §7.8.5 ; 1.),
2.) and 3.) maps each world line of a particle of I's frame into

the second branch of a hyperbola of the original system whilst the
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fipst branch is mapped into the world line of a particle of A's
frame. Indeed, figure 10 demonstrates the completeduality between
the map from the inertial to the accelerated frame and vice versa.
Thus both inertial and accelerated systems may be illustrated

in the same Minkowski space diagram, and the formal results for
Fol given above are entirely appropriate to déscribe the map from

the éccelerated frame to the inertial one.

7.8.8 Summary .

With reference to figure 10 we may now write down the
method of transforming from the inertial frame I to the uniformly

accelerated frame A as the following theorem.
Theorem D.

Each constituent of the collection of maps F : Y » Z,

where Y {(xo,x]) pilee R 50, X + k% % -3

0 0

given by F = {fg} , where
P B o0 00 gy O he

is everywhere bijective. The collections F = {fE} and

Frl = {fgl} are those appropriate to map from the inertial frame I

to the uniformly accelerated frame and vice versa.

Proof :

We need only confirm that the singular cones associated with

¢-B/B 8 are not activated in the procedure,
(i) K(0) = {x : x.x = 0} is only breached at x = 0, where
¢-s/3.3 (0) is formally assigned the value 0.
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(1) K(g) = Mx:(x- 8).(x = 8) =0, where B, = 0, 8 = -2k }

is not breached for any point in the future of 0. It is clear
that the composite maps which comprise the collections F and Fi

are not singular in the regions of Mz to which they apply.
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Concluding remarks.

Postscript.

The investigations reported in this thesis were triggered by
a need for a fuller understanding of three key concepts :
(i) the mathematical structure of Minkowski space,
(i) the rGles of causaiity and the principle of causality,
(iii)the relation between non-inertial and inertial frames.
It is hoped that valuable insights into those ideas have been
transmitted by our method of development. Certainly a remark of
Fulton and Rohrlich (1960 : 517),
"One concludes that the [ special conformall transformation
... cannot be regarded as a physically meaningful transformation
of a world line ... into uniformly accelerated motion," seems
not to have validity ; indeed the statement is modulated in
Fulton, Rohrlich and Witten (1962 : 659),
"The fact that the transformation is singular is in no way
disturbing. One must merely obey the injunction to stay away
from the singularities in discussing any physical process.
Using this transformation, we discuss physical processes only for
regions in space-time for which the transformation is non-singular®.

We have obeyed the injunction to the letter.

Work is proceeding on the problem of mapping from one

uniformly accelerated frame to another.

Geometry and topology.

Zeeman (1967) considered the following question in relation
to Minkowski space and the globally causal geometry :

"If a set of elements and a group of transformations i.e. a geometry
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is given, can we design a topology that is compatible with it ?".

Here, we mean by “compatible" that the homeomorphism group

for the topology is identical to the transformation group for the
geometry. Zeeman proved that there was such a topology ; not
surprisingly, it turned out to be non-metrizable. However, if we
question its usefulness on this ground, for example, by saying that
it cannot generate measure and volume for subsets of M4, fhen

we must examine to what extent such "four-volumes" are useful in My -
It is more likely that only three-volumes, induced on space-like
hypersurfaces, are required; that is certainly achieved in Zeeman's

topology.

Zeeman's paper (Zeeman, 1967) evidently seeks to absorb causality
and the principle of causality at a deeper level in the mathematical
model for Special Relativity than we have attempted in this
thesis. It would clearly be a matter of some interest to work on
a comprehensive review of the mathematical structure of Minkowski
space, basing it on topological rather than geometrical foundations.
0f course, the physical principle of global causality is then
modelled in the mathematical structure at the level of topology.

It would certainly be worthwhile for physicists to have a clearer
understanding of what this new degree of abstraction implies for

the dynamics and physics of Special Relativity.

Recent developments.

The following authors have developed or varied the original
design of Zeeman (1967), whilst following the same precepts

and Timiting their investigation to Minkowski space :-
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Nanda (1971, 1972), Whiston (1972), Williams (1974a, 1974b),
Nanda (1979, 1980).

Also of interest is Cel'nik (1968).

The following authors have designed topologies for pseudo-
Riemannian spaces associated with General Relativity whose homeo-
morphisms are also local preservators of causality, differentiability
and conformality :-

Kronheimer and Penrose (1967), Kronheimer (1971), Carter (1971),
Woodhouse (1973), Gobel (1976a, 1976b), Hawking, King and
McCarthy (1976).
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