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The hydrodynamic stability of flows in channels of slowly
varying width is presented in this thesis. Two classes of
channel are considered, a straight-wall divergent channel and
a channel with curved walls. A particular curved-wall

channel is taken, whose walls have equations

y = +[1 + % tanh (ex)] ,

where y is the cross-stream variable, x the downstream variable,
and ¢ is constant. These are the same physical situations as
were considered by Eagles & Weissman (1975) (straight-wall
channel) and Eagles & Smith (1980) (curved-wall channel).
However the results presented here are obtained by a campletely

different method than was used in either paper.

The straight-wall channel is taken first. Having
introduced the new co-ordinates and set up the governing
equations for two-dimensional flow, the steady-state solution
for the velocity profile is obtained numerically. The linearized
equation for the disturbance stream function is obtained, and
this solved by first obtaining the finite difference analogue
equations and solving these by Gauss elimination. Growth rates
based on the disturbance stream function, the disturbance kinetic
energy density and the relative kinetic energy density are
defined, and then the results presented. Camparisons are made
with results from Eagles & Weissman with favourable agreement, and

a graph of the critical Reynolds number based on the relative



kinetic energy density versus the semi-divergence angle of

the channel is presented.

For the curved-wall channel, the same order is followed
as for the straight-wall channel. The steady state stream
function equation is solved by two methods, one numerical and
the other an expansion method. The results for the disturbance
stream function and critical Reynolds number show reasonable
agreement with those of Eagles & Smith. The critical Reynolds

number drawn against e is shown.

Finally, the effect of a localized initial perturbation
is studied, which necessitates the solution of an initial-
boundary-value problem, the linearized equation for the
disturbance stream function. This was first replaced by two
coupled-equations, one of which was solved by an explicit finite
difference scheme, the other (Poisson's equation) by a direct
method based on Fourier analysis. A graph showing the
evolution of the disturbance as it travels downstream is

presented.



1.1 Hydrodynamic Stability: a Brief History

It is an experimentally established fact that the laminar
flow solutions of the Navier-Stokes equations do not occur at
very large Reynolds numbers. Indeed, the most naturally
occurring flows are fully or partially turbulent. Apart fram
their mathematical interest, however, laminar flow solutions
are important because they can be cbserved at low Reynolds
numbers, verifying the hypotheses behind the Navier-Stokes
equations. Also, a study of their stability as R, the
Reynolds number, increases gives information regarding the
transition from laminar to turbulent motion, or at least the

early part of that transition.

The mathematical investigation of hydrodynamic stability
can be formulated by taking a given steady-state solution of
the equations of motion and superimposing a disturbance of
same kind, which results in a set of non-linear equations for
the disturbance. If the disturbance ultimately decays to zero,
the flow is said to be stable, but if a disturbance results
which is permanently different from zero, the flow is said to
be unstable. It does not follow that instability leads to
turbulent motion, because another, probably more camplex, form
of laminar motion may be the result. Indeed, this is often

found to be the case.

What is generally sought, then, is the critical value of

10



R'R

S at which laminar flow begins to exhibit instability.

The value of R it depends upon the undisturbed primary flow,
and on the type of disturbance to which the primary flow is
subjected. The problem is very often simplified by assuming
that, for small disturbances, the equations governing the
behaviour of the disturbance may be linearized; that is

the terms quadratic or higher in the disturbances and their
derivatives may be neglected. Such is the case in the present

work.

It was Helmholtz (1868) who made the first major
contribution to the study of hydrodynamic stability. There
was an awareness of the problem before this time, but this was
indicated just through general description. Indeed, as early
as the fifteenth century there were drawings of vortices by
Leonardo da Vinci.

Same time after the theoretical papers by Helmholtz, a
great deal of most important work was undertaken in this field,
particularly by Reynolds (1883) and Rayleigh (1878, 1880, 1887,
1892a, 1892b, 1892¢, 1895, 1911, 1913, 1914, 1915, 1916a, 1916b,
1917). It was Reynolds who discovered the first experimental
evidence of "sinuous" motion in water and is generally credited
with a first description of random or "turbulent" flow. He
found the important number bearing his name by dimensional
analysis, pointing out that the disorder begins when this pure
number exceeds a critical value, and that special stresses must

be taken into consideration. However it is Rayleich who may be

11



thought of as the founder of hydrodynamic stability theory with
the great number of papers which he published between 1878 and
1917. The stability of flames attracted his attention, at the
age of thirty six, which led to a first paper on jets. His
contributions cover many topics, including the importance of
inflexion points in the velocity profile, and the instability

of rotating flows between cylinders.

The fact that the existence of a critical Reynolds number
could not be explained easily, and that the problem involved
both the effect of the second derivative of the mean flow and
of the viscous forces, became apparent around 1907. The
important equation arrived at independently by Orr (1907)
and by Sammerfeld (1908), now known as the Orr-Sammerfeld
equation, remained unsolved for twenty-two years, until Tollmien
(1929) calculated the first neutral eigenvalues and obtained a
critical Reynolds number. This success was made easier by the
thesis of Tietjens (1925), who studied diffusion in a flow
of constant shear, camputing an important function, and by
the analysis of Heisenberg (1924). Meanwhile Taylor (1923)
produced a first confirmation of a linear theory by his
experiments on vortices between concentric rotating cylinders.
This was in fact a dual effort where theory and experiment

were matched simultaneously.

It was later that Lin (1944, 1945) reviewed and improved
the mathematical procedure used by Tollmien, and laid the

foundations for a general expansion of the stability analysis.



At this time the stability of Poiseuille flows had become a
particularly controversial issue and Lin put it in order by
his newer and more general analysis. Any additional doubts
with respect to this system were finally settled by the first
use of a digital camputer in hydrodynamic stability. The

results of Heisenberg and Lin were in fact found to be correct.

Also at this time it became apparent that the critical
Reynolds number marked only the threshold of "sinuous" motion
and not that of turbulence. This was made perfectly clear
by the experimental results of Schubauer & Skramstad (1947) ,
who used a vibrating ribbon to impress a controlled
perturbation in the study of boundary layer stability.

The attack on campressible flows was started by the work
of Landau (1944) and Lees (1947), and continued by Dunn & Lin
(1955). Worthy of mention among the great many who studied
magnetic, gravitational and convective effects are Bénard (1901)

and Chandrasekhar (1961).

In 1955 the comprehensive monograph by Lin appeared, which

gave a systematic evaluation of the entire field of
hydrodynamic stability. Also at about this time there was
enough information available about instability in a continuous

medium to group the studies into three main categories:

(1) the oscillations of parallel flows, or nearly parallel

flows: channel flows, boundary layers, jets and wakes;
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(ii) the class with curved streamlines, such as vortices
between rotating cylinders or boundary layers along curved
walls;

(iii) those cases where the mean flow is truly zero, for

example Bénard cells and convective instabilities.

After establishing the instability of Poiseuille flow,
camputers were used to make gradually further impacts,
among which the works of Brown (1959, 196la, 1961b, 1962,
1965), Mack (1960, 1965a, 1965b) and Kaplan (1964) are

worthy of note.

The present investigation is a numerical attack on the
stability of flows in two types of channel with slowly
varying width, the first a straight-wall divergent channel
and the second a channel with curved walls which became
parallel at #+«=. These involve the same physical situations
as were studied by Eagles & Weissman (1975) (the straight-wall
channel) and by Eagles & Smith (1980) (the curved-wall channel),
but are solved by an entirely different method. More is to be
said of channels of varying width in the next section 1.2,
while the two papers cited above, for convenience, are
summarized separately in Chapter 2.

1.2 Channels of Slowly Varying Width

In the past, investigations of the linear stability of
steady flows that are nearly parallel, such as boundary layers,

jets or wakes, have been undertaken by use of what may be
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termed the "quasi-parallel" approach. In this method it is
argued that the stability at same point depends only upon
the local properties of the flow, since the basic flow

is changing slowly, and consequently the mean flow is taken
to be parallel (Schlichting, 1968). Using this method are,
among others, Howard (1959) for the stability of a jet,
Mattingly & Criminale (1972) for the stability of an
incampressible two-dimensional wake, and Eagles (1966) who,
it is believed, was the first to investigate the stability of

flow in a straight-wall divergent channel.

However, this method neglects the effect induced by
evolution of the basic flow on the instantanecus properties
of the disturbance. A number of authors have sought to
overcame this deficiency for flows which are slowly varying
with time or space by use of a slowly-varying approximation
known as the WKB method. This was originally a method of
approximating to the solutions of a second-order linear
differential equation, which was first applied to Schrodinger's

equation
2
98 4 g =0,

de

where f(x) is a positive slowly varying function of x, by
Wentzel (1926), Kramers (1926) and Brillouin (1926). This
method was first suggested for stability problems by

Benney & Rosenblat (1964), but does not appear to have been
used until Rosenblat & Herbert (1970) applied it to the study

of thermal convection in which the temperature of one boundary

N



is slowly oscillating in time. The method was developed by
Bouthier (1972) for a general steady, spatially dependent
shear flow, who then applied it (Bouthier, 1973) to the
stability of the boundary layer on a flat plate. Among other
authors to use the WKB method in their investigations of
stability are Gaster (1974), Nayfeh, Mook & Saric (1974),

Drazin (1974), Seminara & Hall (1975) and Hall & Parker (1976).

It was this WKB method which was applied by Eagles &
Weissman (1975) to the study of flows in a slowly diverging
channel, and by Eagles & Smith (1980) for the stability of
flows in a curved-wall channel (see Chapter 2 of the present
work for further details). The major part of the present work
is devoted to the same stability problems as in Eagles & Weissman
and Eagles & Smith, but by using a numerical method of solution
of the disturbance stream function equations. This present
method of attack removes an objection to the WKB method
(Smith, 1979b) about the way in which R © (where R is the
Reynolds number) is treated (see the last part of section 1.4
here). Indeed, Smith (1979a) has stated that there would seem
to be only two real alternatives to the slowly varying
approximation approach for a basic flow which is not quite
parallel: one is to solve the camplete set of partial differential
equations directly, and the other is to examine the behaviour
of the disturbances when the Reynolds number is asymptotically
large. The latter course was followed by Smith in his study
of the stability of the Blasius boundary layer, while the former
was taken in the present work for the straight-wall divergent
channel and the curved-wall channel. Indeed this appears to be

16



the first investigation for slowly varying flows by a direct
numerical method of solution for the disturbance stream function
equation, although numerical methods have been adopted for the
solution of the Navier-Stckes ecquations in nonlinear stability

studies for non-parallel flow (for example Fasel, 1976).

For both the cases considered here, fixed frequency
disturbances are considered and the growth rate downstream is
calculated. There are mathematical arguments (Eagles, 1979)
to support the intuitive feeling that if this spatial growth
rate is positive the flow is unstable. However, such growth
rates vary with the disturbance quantity considered and with
the spatial variables, so the meaning is not clear cut. This is

discussed in section 1.4.

Also considered in the present work is the determination
of the effect of a localized initial perturbation on the steady
flow in a straight-wall divergent channel by the numerical
solution of an initial-boundary-value problem. The effect of
such a disturbance in a Blasius boundary layer has been examined
in same detail by Criminale & Kovasznay (1962) by using an
asymptotic form of solution which, as Gaster & Grant (1975)
pointed out, is strictly only valid far downstream. Hence
Gaster (1975) proposed a linear model of a wave packet in a
laminar boundary layer. His model wave packet was chosen to
conform to a particular experimental situation where a packet
was artificially excited by a localized pulsed disturbance at
the wall boundary. The method used involved two simplifying

17



approximations: firstly it was assumed that a flat input
spectrum of modes was created at the source, and secondly
the spectral behaviour of individual modes was camputed
fram the quasi-parallel flow eigenvalues which had then

to be corrected for the influence of the boundary layer
development.

As far as is known, there is at present no published
work relating to slowly varying non-parallel flows which
have dealt with the camplete linear initial-boundary-value
disturbance equations for the stream function by a direct

numerical method and with an initial localized disturbance.

1.3 Layout of Thesis

In this section a brief outline of the layout of the
thesis is given so that an overall impression of the work

carried out may be obtained.

As already stated, the present investigation is of the
same physical situation, although by a camwpletely different
method, as those studied by Eagles & Weissman (1975)
(straight-wall divergent channel) and Eagles & Smith (1980)
(curved-wall channel), and these two papers are summarized

in Chapter 2.

The straight-wall divergent channel is dealt with in
Chapter 3. After the equations of motion have been set up,

and the new co-ordinates introduced, the steady-state

18



solutions, the Jeffrey-Hanel solutions, for flow in a
wedge are obtained numerically. The full equation for the
velocity profile is solved, and not the equation with
error 0(32) as is the case in Eagles & Weissman. The
linearized equation for the disturbance stream function

is then obtained, with a discussion on the upstream and
downstream boundary conditions used, and this is followed
by a description of the numerical method of solution, based
on a direct Gaussian elimination method with interchanges.
Definitions of the three growth rates used are given, based
on the disturbance stream function, the disturbance kinetic
energy density and the relative kinetic energy density.
After that the numerical results are presented, with
camparisons made between the results of the present work
and those of Eagles & Weissman, the diagrams presented
showing the closeness of the agreement. Finally in this
chapter, a coupled-equation method of solution is briefly
mentioned, a method which was rejected due to excessive
camputer run time, but which provided a very useful check on

the method which was used.

Chapter 4 deals with the stability in a curved-wall
channel. The steady-state solution is obtained first, with
two methods presented for solving the steady state stream
function equation. One method, an expansion method, although
slightly limited in its use, provided a useful check on the
other finite difference numerical method. The equation for

the disturbance stream function is found next, with a

19



description of the numerical method of solution after that.
Again three growth rates are defined, based on the same
three flow quantities as before, although in Eagles & Smith
only the growth rate based upon the disturbance kinetic
energy density is used. Finally, the numerical results are
given, a camparison with the Eagles & Smith solutions made,
and the results extended to include those based on the
disturbance stream function and relative kinetic energy
density. Again the degree to which the two sets of results
agree, those of the present work and those of Eagles & Smith,

may be seen.

In the next chapter, 5, the initial-boundary-value
problem in a straight-wall divergent channel is studied. The
time dependent partial differential equation for the disturbance
is first transformed into two coupled equations, the initial
localised perturbation is discussed, and the numerical method of
solution is presented. This involves one equation, the one
involving the time derivative, being solved by an explicit
finite difference method, and the other equation, Poisson's
equation, being solved by a fast direct method based on Fourier
analysis. The results obtained and the checks carried out are
then described.

In the final chapter, 6, a general conclusion and discussion

is made.



1.4 Discussion of Stability Problem

Most of the past work on hydrodynamic stability has dealt
with real wave numbers and camplex growth rates with respect
to time (for example, Lin, 1955; Curle, 1957; Stuart, 1963;
Mattingly & Criminale, 1972; Eagles, 1973; Drazin, 1974;
Seminara& Hall, 1975; Hall & Parker, 1976), the idea being
that an arbitrary disturbance can be synthesised by a superposition
of modes (see Stewartson & Stuart, 1971). For non-parallel flow,
however, it is easier to deal with real, fixed frequency waves,
and observe their spatial growth or decay. One difficulty with
this approach is that if a wave grows downstream, it decays
upstream,and vice versa, (and also a wave may grow or decay
downstream in different parts of the flow field). For example,
the waves discussed in Eagles & Weissman all eventually decay

downstream, but would grow indefinitely upstream.

There is, however, an intuitive feeling that if the wave
grows in the direction of the base flow, then the base flow is
"unstable". This may be made more precise in the case of the
quasi-parallel approach by the analysis presented now, which is
due to Eagles (1979), where first the equivalence of the
critical value of the Reynolds number, R, for 'spatially growing'
and 'temporally growing' waves is shown, followed by the

relevance of real frequency waves to the stability problem.

Consider a disturbance stream function

eiux - it

P = f(y) (1.4.1)

21



to a base flow w(y), considered parallel. Then o and 8

are connected by the Orr-Samerfeld problem

(Dz-u2)2f=iuR|:{ w(y) - % } (%) € - w" (Y)f] '
(1.4.2)

£1(0) = £'''(0) =0; £(1) =£'QQ) =0,

where D = d/dy, x,y are rectangular Cartesian co-ordinates
with y the cross-stream variable and x the downstream variable,
and t denotes the time. That root 8, as a function of a,

which has greatest 8, (imaginary part) is concentrated on.

Well established numerical results show the typical
situation for a neutral curve shown in figure 1.4.1. On the

line ARCD, as o is increased, is first negative, increases

By
to a positive maximum,and then decreases until it beccmes
negative again. An extrapolation may be made to sketch lines
By = constant and B, = constant in the camplex o plane.

Figure 1.4.2(a) shows the situation for R > R, (where R, is
the critical Reynolds number), and figure 1.4.2(b) when R = R ..
These may be interpreted for o as a function of g to give

figures 1.4.2(c) (R > Rc) and 1.4.2(d) R = Rc).

Thus it is seen that if a search is made for o as a function
of B (real) then if there is a range of a for whid'lai < 0y
it must follow that R > R, where R, may be thought to be
defined by figure 1.4.1. The conclusion is then made by
Eagles (1979) that as far as quasi-parallel theory is concerned,

using real 8 and searching for camwplex o yieldsthesameRc
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Figure 1.4,1: Typical neutral curve for "quasi-parallel"
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(c) (d)

Figure 1.4.2: (a),(b) B(a) drawn on (ar'“i) axes for
(a) R >R, (b) R=R,;

(c) (d) a(8) drawn on (Br,si) axes for

(c) R > Rc' (d R = Rc.
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as using real o and searching for camwplex g.

The relevance of real frequency waves to the stability
problem is then shown by Eagles (1979) as follows.

Consider again the small disturbance of the stream function
given by (1.4.1) superimposed on the velocity w(y). Then the
Orr-Sammerfeld problem (1.4.2) determines o as a (many valued)
function of 8. Then a(8) is taken to be that root with
greatest value of -u i which, it is assumed, uniquely defines
a(B) in same region of the camplex plane containing the real
axis of 8. Then

-]

I eiu(B)x - igt £ly) dg

is also a solution of the disturbance equations, provided that

the integral converges. A simplified integral is now considered

I= J clo(B)x-18t g0 (1.4.3)

-0

At x

O this is a §-function in t, which provides a suitable
impulsive disturbance to the flow, which could be physically
approximated. It is in this sense that it is said that a
'general disturbance' will contain camponents of a real
frequency type - or can be regarded as containing camponents
of real frequency. It could equally well be regarded as a
certain integral of 'real wave number' waves.

The Reynolds number, R, is considered now to be slightly
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greater than the critical value, R_. Eagles (1979) then
goes on to show, by use of the method of steepest descent
for approximating (1.4.3) (see Jeffreys & Jeffreys, 1950) ,
that a 'wave packet' type of disturbance is given, and
further that

|Tjmax = exp (52%)
over X

forscrrerealozdepaﬁentuponaamls,mchtherefore

grows with distance. (AlSOUz ismxchthatifR=Rc,

02 = 0 and so the 'packet height' remains constant). Thus
the situation given leads to a growing wave packet. Hence,
if there exist values of a with ay < O for a range of real g,

the flow is unstable.

Although a generalization to non-parallel flow is not
easy, it is plausible that the main idea carries over, that
a positive growth rate downstream of an Eagles & Weissman
type disturbance would indicate instability to an arbitrary

disturbance.

Another possible approach, however, is to imagine that at
£ =%y (say), where £ is the downstream variable used in the
straight-wall channel analogous to X, scme sort of wave maker
is in operation at a fixed frequency (for example, an a coustic
signal or vib rating ribbon - see Gaster, 1965). In temms of
the Eagles & Weissman theory, this would presumably invoke a
sum of modes of the type
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I e igt + S(X;g) f(n,X)dg, (X = &),

(where o now refers to the semi-divergence angle of the
straight-wall channel and n is the new cross-stream

variable) and if the situation a long time after the wave
maker has been switched on is considered, it would reasonably
be expected that the camponent with the largest growth rate
would daminate, at least at same distance from the wave maker.
Thus the exact conditions specified at the wave maker would
not be important, since all but the "largest" mode would die
away with increasing £. In the work presented here,
therefore, the boundary conditions at & = £, are described
in terms of the wave maker idea, and, by analogy with

Eagles & Weissman, the flow is described as unstable if there
exist regions in which a positive growth rate is found over

sane range of &.

The downstream boundary conditions also need same
discussion. If the present work was restricted to the limited
object of trying to check the results of Eagles & Weissman
and Eagles & Smith, then y > O as £ » « should be set.
However, this is open to the objection that the solution is
scmehow being forced to be similar to Eagles & Weissman and
Eagles & Smith. Therefore a less restrictive condition, which
allows, but does not force, y + 0 as & > » , was also used

as a check, namely

2
W = iry, M2=—K2wat EimEae
3 13

where K is sare arbitrary camplex number.
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It should be emphasised that it eventually turned out,

after extensive trials, that the exact nature of the
boundary conditions at = and at g, were unimportant. The
"growth rates" were found to be almost independent of the
boundary conditions over a large range of ¢, indicating
that this growth rate is a fundamental property of the
system, and that the theory of Eagles & Weissman in choosing

the "greatest" mode does appear relevant.

The other point needing discussion is the way in which

R_l is treated like a constant as o » O in Eagles & Weissman.

In their O(l) equation

o, 3 e e ’
m1=[n 0?42 + 1(s, - wK) (D K2)+1Kwnn]'?1-0,

?1=D’Fl=0atn=tl,

-1 3l
where D = 3/dn, the term R T |
an

argued, although R_l = 0(a) and is therefore of higher order,

is retained since, it was

this term contains the highest order derivative and will be
dominant somewhere in the flow field. It has been suggested
(Smith, 1979a, 1979b), however, that the discrepancies which
exist between theory and experiment might be attributed to
this treatment of R, assuming it to be at one mament large,
and at another of 0(1). It should be pointed out that in the
present approach, no such assumptions were made, and that g
and R were treated as independent parameters. Indeed, no
approximations were used, except for the basic, steady flow

for the curved-wall channel.
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2. SUMMARY OF THE PAPERS EAGLES & WEISSMAN (1975)
AND FAGLES & SMITH (1980)

The major part of the present work is devoted to the
same physical problems that were dealt with by Eagles &
Weissman (1975) and by Eagles & Smith (1980), but by a
campletely different theoretical method of a numerical
solution of the governing partial differential eguations.
Each of the two papers is concerned with investigations
into the stability of two-dimensional flows in channels,
the former with flows in a straight-wall, divergent channel,
and the latter with flows in a channel with curved walls.
The two are sumarized in the following two sub—-sections.
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2.1 Eagles & Weissman (1975)

This paper deals with the stability of flow, which is
slowly varying, in a straight-walled, divergent channel, of
divergence angle 2a (see figure 3.1.1). The study was
carried out by use of a slowly varying approximation, a
modification of the method known as the 'WKB', 'ray' or
multiple scaling method. This method was used in order to
overcome same of the deficiencies in the "quasi-parallel"
approach, in which the mean flow is taken to be parallel
and analysis then made by normal modes. Two deficiencies
referred to in the paper are, firstly, that the "quasi-
parallel" method can only determine whether a wave is growing
or decaying at a particular point; it cannot detemmine the
solution as a function of the downstream variable. Secondly,
it cannot take into account, or even estimate, the effect of

the variation of the basic state on the local growth.

The slowly varying approximation method, developed
primarily for conservative systems which support neutral waves
(Keller, 1958; Lewis, 1964; Bretherton, 1966, 1968), but
which appears to work just as well for flows that are unstable,
may be applied to flows with a small rate of change in time
or in the direction of wave propagation (although the overall
change need not be small). In the equation for the disturbance
stream function ¥ (£,n,t), where £ is the streamwise variable,

n the cross-stream variable, t the time (see section 3.2 of the

present work for the transformation of the two-dimensional



polar coordinates (r,d) to the (£,n) coordinate system),
since the coefficients are independent of time and slowly
varying with £, the authors sought constant frequency

solutions of the form

IP(Ern;t) = ‘Hn;X)exp[i{G(E) = Bt}]+ CaCa

where c.c. refers to the cawplex conjugate of the preceding
term, X = af is the slow variable, 6(£) is the complex phase
function and describes the fast variation, while its
derivative, the wave number K, is assumed to be slowly

varying; that is

g8
Further, they considered waves of real frequency,waves that
would be generated by a wave maker in an experiment, and

so tock B to be real.

Approximations were then made by letting

‘l’=‘i’l+a"l'2+... .

Thus followed a sequence of problems, in which equations and
solutions were taken to be up to O(z), which included
eigenvalue problems and an "amplitude equation". Also for
the basic, steady state flow, the equation was taken to

O(x) (the O(a) version of equation (3.3.1) here). These
flows are the Jeffrey-Hamel profiles, and are desribed here
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in section 3.3. Note that in the present work, no such
approximations are used, for the basic flow or the
disturbance equation, and equation (3.4.4) is solved

numerically.

The authors point out the problem of what to use as
a measure of amplitude. Shen (1961) argues that, since
the basic state is changing, the growth or decay of a
disturbance should be measured relative to the basic flow.
Following his suggestions, a growth rate based on the ratio
of the disturbance kinetic energy to basic flow kinetic
energy was used, together with two other growth rates, one
based on the kinetic energy itself, and the other based on
the stream function. The definitions for these growth rates

are presented here in section 3.6.

A critical Reynolds number was defined, so that as
long as the Reynolds number is larger than this critical
value, there is a band of grbwing ‘waves for any value of
X (although this may not i:xii:;;;}ljl;::a%ility) . Also a critical
Reynolds number can be defined for each flow quantity,
indicating when that particular flow quantity will be able to
grow. A graph was presented showing the critical Reynolds
nurber based on the relative kinetic energy distribution

plotted against the semi-divergence angle a.

The results obtained by Eagles & Weissman, the approximate

solutions for waves of constant, real frequency as they travel
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down a slowly diverging chamnel, indicate that although waves
may pass through regions of growth and regions of decay, they
all eventually decay as they travel far downstream fram the
wave maker. Also discovered was the fact that the growth
rates of the various flow quantities considered (the stream
function, the absolute kinetic energy, the relative kinetic
energy) are each different, and that, at some point in the
channel, any one or more of the quantities may be growing
while the others are decaying.

It was pointed out by the authors, however, that although
waves of all frequencies eventually decay downstream, in the
unstable region waves may became large enough for non-linear
effects to be important, althouch the results of Eagles (1973)
indicate that the non-linearity will have a stabilizing

effect, for same values of a.

2.2 Eagles & Smith (1980)

Both the basic, steady flow and its stability, in a curved-
wall channel, are dealt with in this paper. The equations of
the walls of the channel were taken as y = +H(X), where
X = ex is a slow streamwise variable, x being the original
streamwise variable, and ¢ being a small quantity. The special

case considered in the paper was with

H(X) = 1 + % tanh X,

with the flow at X = #» expected to be Poiseuille flow
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(see figure 4.1).

The steady state solution was obtained by solving an
O(e) equation (equation 4.1.6 of the present work), and
this is described here in section 4.1. For the stability
of the flow, the same slowly varying approximation as for
the straight-wall channel was used, with equations and
solutions used to O(e). In the present work, the same
equation as Eagles & Smith is solved for the steady state,
but no O(e) approximation is used for the stability
calculations, the disturbance stream function equation

(equation 4.2.4 here) being solved numerically.

For the particular channel indicated above,
Eagles & Smith calculated the critical Reynolds number below
which all fixed frequency waves have kinetic energy
density E(X) decaying downstream. The results indicate that
with a Reynolds number above the critical value, waves
will have growing E(X) as the wave progresses downstream, for
same limited range of X. This, they pointed out, is a
different situation from the straight-walled channel, when
with the Reynolds number greater than the critical value,
growing disturbances would be expected to occur at all

X-stations.
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3. THE STRATGHT-WALL DIVERGENT CHANNEL

3.1 Equations of Motion

The Navier-Stokes equations for incampressible, viscous

flow with zero external forces, are

av'
dt!'

1 2

==-=grad p' + v vl __V_' . (3.3.1)

)
where p is the constant fluid density, p' the pressure,
v' the velocity vector, v the kinematic viscosity. The total
or substantive derivative following the motion, g-{:-. , saretimes
called the "Stokes derivative", consists of an unsteady term
and a convective term

d_ - g._ ]

o R AR e b
The equation is used in two-dimensional polar coordinates

(x',8'), and so

(vlz is used here since v2 is used later for a system with

transformed co-ordinates).

The equation of continuity is

div v' = O. (3.1.2)
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These equations can be expressed in non-dimensicnal
form in terms of M, where 2M is the volumetric flow rate

per unit thickness, and a representative length b(which is
Tmagiaary

half the distance across channel at thejwave-maker to be

discussed in section 3.2), where

Equations (3.1.1) and (3.1.2) then became

& 1.3
;—:—gradp+ R Vl v (3:1.3)
t

divv =0, (3.1.4)
whereR=% is the Reynolds number.

A convenient form of equation (3.1.3) is

v
st - Yoouwlys=-grad (pHy.v)

—%curl curl v. (B15)

Defining the vorticity vector by the relation

= curl v,

the pressure is eliminated from the Navier-Stokes equations

by taking the curl of equation (3.1.5), yielding
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— ol (e cl=-%curlcurlgr
ot b | Sk

)
d

|Iﬂ

r..

= (g. grad)v - (v. grad)£+%vlz g . (3.1.6)
This equation is the vorticity transport equation.

As stated, the cases considered are two-dimensional,
and thus

(z. grad)v = O,

so that the vorticity transport equation becames

2

9 -
g+ v. grad)z = 5 V,°%. (3.1.7)

el Lo

In polar coordinates, v = (Ur' Ud' 0), and the continuity
equation (3.1.4) becames

U
9 o
£ (0 ) + —.ﬁf‘ = 0. (3.1.8)

In terms of the stream function ¥, where

’

¥ 15 s hd

=1 3¢ - 52 =
U = A ? "in T C (0,0, "Vlz\l’)r

E

satisfying (3.1.8) identically, equation (3.1.7) takes the

form

[712 _re_ _-p A L_lﬂi_)] v,2v=0. (3.1.9)

37



3.2 The Divergent Channel

The flow considered is two-dimensional in a straight-wall
divergent channel of divergence angle 2a. To investigate the
stability of the basic flow, which is steady and symmetric, an imaginary
wave-maker is taken to be situated at a position in the
channel such that the channel width is approximately 2b.
Upstream from this position, the walls of the channel curve

smoothly until they are parallel (see Figure 3.2.1).

Coordinates £ and n are introduced by the following

definitions:

-

2 s

E=%ln(ur), .-

the walls of the channel thus becaming n = +1, with the imaginary

wave-maker situated at & = 0. Using these coordinates yields

the following:
ge. emBad b oLy
T SE- 9 HE T e AR
2 2
"12 e i3_‘“1_2'22"2
ar r or r~ g
2 2
= o 0E (ﬁ_ -a— ) + ae R, e Ly mze—zaE 12 §_2
13 13 13 o an
2 2
= o 208 (LZ +-§-—2 ¥
3k an
2 i
v° is defined as —, + —, , and thus
852 3'12
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Figure 3.2.1:

The straight-wall divergent channel.

X marks the position of a wave maker.
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e (3.2.1)
1 By 3 20 3Y 3, (3.2.2)
r ox - © an o9&
19¥ 3 _ ey (3.2.3)
r Bt  of 3E an

On substituting (3.2.1) - (3.2.3) into equation (3.1.9),
the following equation is obtained:

e =208 2.¢ -
[vz_ezagR_a__R(g}ga %%)](e vy) = 0.  (3.2.4)

at an E

The boundary conditions, which specify the total flow rate

and the condition of zero slip at the walls, are

3.3 The Steady State Flow

The steady, E-independent solutions of equation (3.2.4),
denoted by \Po, represent the stream function of the basic
flow. These solutions are the Jeffrey-Hamel solutions for

flow in a wedge (see Fraenkel, 1962, 1963). By taking



oY
g(n) = —> , it is found that g satisfies the equation

an

g"'l, + 4u2g‘ + 2amg' = 0’ (3.301)

(where a prime denotes differentiation with respect to n)

with boundary conditions

+1
g(xl) =0, J g dn = 2.
=l

The solutions are to be restricted to symmetric
velocity profiles here, so that the equation may be solved
for half the region, fram n = O (channel centre) ton =1
(wall). The boundary conditions then became

i X
g(l) =0, g'(0) =0, J g dn = 1.
0O

Following Eagles & Weissman (1975), a parameter y is
introduced, where y = aR, so that the solution of equation
(3.3.1) may be expressed as g(n; R,y). The parameter y is
restricted to a certain range - » < y <YlinFra.erﬂ<el"s
(1962) theory, where y>O corresponds to outflow and y<O to
inflow; the value of Y1 depends on R. For example with R = 10,
Yy = 5.05; with R =8, y; = 4.936; with R = =, y; = 5.46.
Within the range - = < y <5.46, g(n; R,y) is an analytic
function of vy, but at y= 5.46, %3 becames infinite, although
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g itself remains finite. As Eagles (1966) points out,

the flow cannot be analytically continued by any symmetric
Jeffrey-Hamel function beyond y = 5.46 owing to this
singularity in g. Also, as in Eagles & Weissman (1975),
only the outflow solutions are considered here, and thus

equation (3.3.1) is to be solved with O g oR < 5.46.

Although it is possible to solve equation (3.3.1) by the
use of elliptic functions, it would appear to be easier to
solve the equation directly by a numerical method, and

this is done in the present work.

In order to solve equation (3.3.1) using the Runge-Kutta
method, it would be necessary to have the starting values
g(0), g'(0), g"(0) specified, and hence it would be possible
to evaluate each g(n), g'(n), g"(n) at equally spaced
values of n up to g(1), g'(1), g"(1). However, in this case
only g'(0) is known together with two other conditions, and
so it is necessary to use an iterative scheme based on the

4th order Runge—-Kutta method as follows.

A and C are taken as the starting values of g(0) and

g" (0) respectively, and the following functions are defined:

F) (8,C) = g(1)
1

FZ(A,C) = J gdn = 1.
0

Note that with exact values for g(0) and g"(0),
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FlCA,C) = F2 (A,C) = 0. Thus save initial "guess"
is made for the values of A and C, and then better

approximations to these values are cbtained.
If 8A and 6C are, respectively, small increments in
A and C, then, by Taylor's Theorem:

oF oF

1 & 1
Fl(A+5A,C+5C)-E‘1(A,C)+6A -B"K + &C "a"c—: v {(3.3.2)
o 2 (3.3

The iterative method employed is then as follows:

(1) Equation (3.3.1) is solved by Runge-Kutta with
g(0) =a, g'(0) =0, g"(0) =C.

BFl aFl BFZ 3F2

g‘gaggaggr-é-é- are evaluated.

(ii) Fl(A;C) szfA;C)r
(iii) Assuming that Fl(,A+6A, C+ 4C) = FZ(A+5A, C+ sC) =0,
equations (3.3.2) and (3.3.3) are solved simultaneously

for 6A and &C.
(iv) Better approximations to A and C are taken as

A+SA, C+6C respectively.

(v) If [F;(a,C)| < e and [F,(A,C)[< e, where ¢ is same
small prescribed number, the iteration is camplete; it not,

return to (i) with the new values of A and C.
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BFi aFi

In order to evaluate 3 ' 3C (i=1,2)

in equations (3.3.2) and (3.3.3), eguation (3.3.1) i=s
solved with the four sets of values (A-h,C), (A+h,C),
(A, C-h), (A,C+h) as the starting values (g(0),g"(0)),
where h is a small step length in A and C; central

difference formulae are then used for the derivatives:

B_E_'_i £ Fi(A+h:C) ] Fi(A_h'C) s 0(h2)
3A 2h 3
aFi o Fi (A,C+h) - Fi (aA,C-h) 2
- = + 0(h").
aC 2h
(i=1,2)
1
The integral J g dn is evaluated by using Simpson's rule.
0

Many sets of values for (a,R) could be accammodated
during any one camputer run, the initial values of A and C
for a given (a,R) being the final values obtained for the

previous set (a,R).

The ICL 1905F camputer of the City University was used
for the solution, with a step length &n = 0.025., Test
runs were made by ignorj.ngtheotuz) term in equation
(3.3.1) and camparing the results with those obtained by
Eagles & Weissman and Fraenkel. A further test was made by
putting o« = O in equation (3.3.1) and so obtaining
Poiseuille flow results. Agreement was obtained in both tests.
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Checks were also made by using &n = 0.0125, giving agreement
to five decimal places or better with those results using

én = 0.025.

The solutions for g(n), 9'(n), g"(n) are stored in order

to be used as data for the stability problem, as is

Al 2
I‘=J [g(n)] dn which is also required (see section 3.6).
0

Typical velocity profiles are shown in figures 3.3.1
and 3.3.2 for the values y = oR = 3.57, 4.093, 4,71, these
being the cases which are to be campared with the results

obtained by Eagles & Weissman.

Note that y was fixed, R varied and the corresponding
values of a found. For the smaller values of y(3.57 and 4.093),
it is found that there is little variation in the solution
for g as R varied. However at y = 4.71, there are noticeable
differences in the solutions for different R values. Hence
only one curve is drawn for each of y = 3.57 and 4.093, while
two typical curves are drawn for y = 4.71 (R=10 and R=30).

Note, too, that the solution for y = 4.71, R=10 exhibits scme

reversed flow near the wall.

Also presented in table 3.3.1 are numerical values for
typical velocity profiles, g(n), covering the range of y
considered in the present work for stability considerations,

namely y= 3.25, R=50; y= 4.093, R=45; y= 4.8, R=10.
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g(n)

n v=3.25,R=50 v=4.093,R=45 | y =4.8,R=10
0.0 1.8000 1.9765 2.4792
0.1 1.7622 1.9230 2.3762
0.2 1.6531 1.7710 2.0912
0.3 1.4847 1.5428 1.6857
0.4 Y. 2737 1.2689 1.2350
0.5 1.0390 0.9804 0.8055
0.6 0.7980 0.7037 0.4432
0.7 0.5651 0.4582 0.1738
0.8 0.3507 0.2555 0.0084
0.9 0.1612 0.1020 -0.0498
1.0 0.0 0.0 0.0

Table 3.3.1 The velocity profile, g(n), for the values
of R & y shown.
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3.4 The Stability of the Flow

In order to investigate the stability of the basic flow,

a small disturbance is superimposed on the flow by allowing

¥ =¥ (n) + ¥ (Em.t)

in equation (3.2.4) and linearizing in ¥,.

By observing that

2
v2(e'2°‘5v2w) = e-Zat’,[(g_ ST 3—2] vzw;
9t an

equation (3.2.4) is first re-written as:

- IR 2
Y _ 4P+t + 25 (r7)- 2FR - )
3E 3E an at
. [gi £ (vz\n-zwz\v) -3Y 3 (vzw)] = 0. (3.4.1)
an 3¢ 3E 9n

On substituting v =‘¥o(n) + trl(g.n,t). where as in
av

section 3.3 =5n—°,andmtingthart

v =V%o +v%, =g + v, equation (3.4.1) becames:

32 (v2\v1) -4 3 (v""vlJ + 4a2(g'+v2\vl) gt a2 (vztyl)
2 2
9E 3E an

~eXE Ry _@2‘1'1) -R [(w_ﬂ ) @& zwl) “zug"&wz‘i’l)
at an 3L

e 5 2
o - v 'yl)] (3.4.2)
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On rearranging and dividing through by R, equation
(3.4.2) becames:

2
Fﬂ“LJ2M2+LJ %5-gm)&—-mﬂ¥ﬁ
n

13 3 ot 13

oY a¥ BW a o¥, 38
* G"(n) l + 209" (n) l [‘;‘ Cmmi= 2a) = —Ei'ga} VZWl
2 R-l[g"'(n)+4azg'(n) + 2aRg£n).g'(n)] ; (3.4.3)

The first expression on the right-hand side of equation

(3.4.3) consists of terms of the order of 4'12, and these

are assumed to be negligible, and the second term on the

right-hand side is zero by section 3.3.

The equation for the disturbance then becames:

g an at og

2
[R‘l{(a— -w)?+ 3—2} -t ling (n) & - Za)]vzwl

awl awl
+g"(n) 775+ 29" () 3= =0, (3.4.4)

with boundary conditions

3?1

‘Pl= 'a'-rr‘ =0 at n.

Il
I+
—
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Same modification is first made to equation (3.4.4)
before the solution is attempted. Since the coefficients
are independent of time, fixed frequency solutions of the

form
-igt :
v(E,m)e + camplex conjugate

are sought.

Thus, by putting ¥, = v,u(g,n)e_ist, equation (3.4.4) becames
R Ivdy- {4aR—1+g (n)} —gg(vzzp) + {40:21%'1+2ag(n)+ise2“5}v2w

()2 ay .
+g"(n)5g + 209" (n) 5= 0, (3.4.5)
and the boundary conditions became
¢=%—‘£—=o at n = +l.

Further, since the solution is to be symmetric about
the line n=0 (the channel centre), solutions are found only
for Osngl. The boundary conditions at the channel centre
(n=0) and the wall (n=1) are then taken as:

¢=%—-—o at n= 1,

3
- 2% -oatn=o.
an an

Boundary conditions are required also up-stream, at the
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line £=0, and down-stream, at the line g=gl (sav) .

Up-stream at £=0,y will be a given function of p.
Also since the coefficients of equation (3.4.5) are
slowly varying with £, as in Eagles & Weissman, constant

frequency solutions of the form

biEm= vy (e {106

are expected, where X = af, 0(£) is the camwplex phase
function, and the wave number

K(X) is defined by K= =-.

Then
W - (o iw_']; + i leie
5E = Yy .

Y
Since a—x-l- is unknown, an approximation to the derivative
3y

%ismadebyneglecmxgas-x—l-,yieldjng

L
aa"m“’

Thus at £=0 the following boundary conditions are used:
Y =y (0,n) = given function

L
3%‘ . ﬂ(o w(orl‘]).-

As explained elsewhere, the precise boundary conditions
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employed at =0 were found not to affect the growth rate
solution appreciably over most of the flow field. Thus
once the test cases had been considered, K was varied
in the preliminary numerical work, and was not chosen to

be the K occurring in Eagles & Weissman.

For the down-stream boundary conditions, the same
method may be employed, so that at a point £ = £, far
downstream the boundary conditions

oY _
Woig vl

2
2
83 =-x* elgm
23
can be used. Similar boundary conditions were used by

Fasel (1976).

Alternatively, since the disturbances are expected to
decay sufficiently far downstream fram the wave-maker, the

following boundary conditions may be used:

¢=ﬂ=o at E=E]_.

Both sets of boundary conditions were tried in the
presmtwork,thefm:merbemgusedinatestmmchwill
be described later, the latter being that finally adopted

as the most convenient, so long as it is possible to take the
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solution sufficiently far downstream. Again, more will
be said of this later.

Also it is necessary to note here that K(X) is not
a known function of X, arxitlmsthevalueofKo (and of
Kl) is not a known quantity. Experimentation was
carried out with different K values, and, sufficiently
far from the wave-maker, these did not affect the solutions
downstream. Once again more will be reported on this in

section 3.7 where the results are presented.

To sumarize, equation (3.4.5) is to be solved over
the rectangular region O < £ g Eqr O0g<ng 1, subject to
the boundary conditions

v = given function
} at £ =0, (3.4.6a)
s A
e T ¥
3
kLS =3_.‘§-=o at n =0, (3.4.6b)
an an
v = gn =0 at n =1, (3.4.6c)
either = %g =0 at E = t',]_, (304063-)
Y _
or 3E j.'[(.lw }
)
§.;§.2 - Klzlf’ at £ = . (3.4.6e)
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3.5 Numerical Solution

A finite difference method is used to transform the
partial differential equation (3.4.5), together with the
boundary conditions (3.4.6), to a set of finite difference

equations.

Letting h,k be the step lengths in the £-, n-
directions respectively, dividing the rectangular region
Os&s &, Osgns 1 by a mesh with N h-steps and
M k-steps (see figure 3.5.1), and denoting y (rh, sk) by
wr,s' etc., the central finite differences used are
pictorially represented by the computational molecules in
figure 3.5.2, the numbers in the various positions
representing the multipliers that are to be applied to the

values of |y at these stations (see Ames, 1969: 15-19).

Using these finite difference approximations for
equation (3.4.5) yields finite difference equations of the
form:

C L

As ‘pr—z,s & Bs ll'r-l,:s;—l i X .8 i Bs v

r-1,s r=1,s+l

+ E

i Dwr,s-—z r,s lljr,s-l 2 I':‘r,sq"r,.s b l:"'r,,s ‘pr,s+l i D""r,,s+2

i Hs wr+l,s—l * Ir,s"’rq-l,s i Hs”br+1,s+l ¥ Js‘pr+2,s =0

(r=1 (1)N-1, s = 0(1) M-1), (3.5.1)
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Figure 3.5.1l: The mesh arrangement in the ¢-n plane.
The unknown points are marked x.
h =68, k= dn.
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Figure 3,5,2: For legend, see next page.
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Figure 3.5.2:

Camputational molecules for partial
derivatives.
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where

-1
e 1
oS R gy SR T (3.5.2a)
3 B p3i 8
T (%_ B} -mineae o (3.5.2b)
r . .
h3 ond S
R o) e & (3.5.2¢)
r st w
h B ok S
=1
2R 1 1
E=-a) ~—= g, (3.5.2d)
e B ohx? S

£ 5. (3.5.2€)

& 5111— g"_+ ik 205, | (3.5.2f)
%
=1
R
= (3.5.29)
h
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il 2 1.1 2. . e 18 &
B s e {“ hz* =3 } ¥ 29 S P * 4 e K (3.5.2n)
=T iB:.l_{ 2 ..(l+_)} + By 4 Lgr 438 A8 (35.21)
r,s k2 h2 k2 k2 s 8 k2 ’
—1{ N 8 i
F = R {6(=,+=,) +—==~-8a" (= +—)}
r,s Tl L ne %
o 4,&(12 + lz)g -i28 (lz 3 iz)ezagr. (3.5.23)
|l ™ K

The boundary conditions in finite difference form became

lt'—l,s = lfJ1,,5; e 2hj1<01p0’s
for all s (upstream) (3.5.3a)
wo,s = given values
lprp_z 7 ‘pr,2
} for all r (channel centre) (3.5.3b)
wr;_l . d}rpl
lpr,M o
for all r (wall) (3.5.3¢)

Either:
e =9
for all s (downstream
v equivalent to (3.5.3d)
Yael,s ~ Y18 (3.4.6d)).



or: for the transform of boundary condition (3.4.6e) the

following is used:

Let Kl be the camplex wave number at the downstream
boundary. Then
(3 = 1 K ¥(Eqm)
3E 1 1!
£=8,
and @i = - K% ¥ (&)
2 -3 % lbﬁlrn.
13
E=£,

In finite difference form these yield:

Yils ~ W1, = 1 Ky

2
(2-h2K1

hur,s T OVN-1,s T My, s

Solving for wN,s and ¢N+1,s gives
e 2 2 ) 1,6 = K¥yaa,s
2—h2K1 - 12hK)
for all s. (%.5.3e)
Unel,s = (1+i 2h KlK)uJN_LS

The finite difference equations (3.5.1), with unknown mesh
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points (r,s), where 1 s x ¢ N-1,0¢ s ¢ M- 1, may be

written in matrix form:

3
Ia
I
o

(3.5.4)

where Q is a non-zero column matrix, since it incorporates
the values §(0,n) and (-g-%) . The other boundary conditions
£=0

are included within the coefficient matrix T. The forms of

the matrices T and Q are shown in figures 3.5.3 and

3.5.4 respectively.

The method of solution employed is to reduce T to
triangular form by partial pivoting, performing the same
row operations on the right-hand side vector Q, and then
using back substitution (i.e. the method of Gaussian

elimination with interchanges).

Since T is sparse (see figure 3.5.3), its elements
were stored in a matrix P, only the submatrices within the
diagonal band of matrix T being stored, without storing all
the submatrices of zeros outside the band. If no row
interchanges are to be used, P would be of dimension
{M(N—l)} X (4M + 1), but if, as is the case in the present
work, row interchanges are to be employed, P becames
{M(N—l)} X (6M+l) (see figure 3.5.5). In either case, a
considerable reduction in storage is obtained over having
to store the camplete {M(N—I%X {M(N—l)} matrix T. The change
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A
B, L. O E
A _5.3 £3 Q:; £
1= : : ;
ﬁ QM-3 £M-3 _D.M-3 £
A By, Gy, Dy,
A _B_M-1 £-M—1J
with:-
A Jq
A= e i E = j
Am-1 v
PCrp 2Bg " _Ir,o 2Ho A
B1 : Cr.1‘ B1 5 H‘| ' Im. H1 ;
= A0 4 b e _D_r = L R
Bv-2 Cim-2Bm2 Hu2 Im2 Hu-2
Bm Crma Hma Irma
& o s o
Figure 3.5.3: For legend, see next page.
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(F, ,+A) (6,#E,) 2D
E; (F +A+D) G, ,
D E12 (F +Al.
Lars s .
D
i
3 rO(GrD+Er0) 2D
, E+D) G,
D : Er,2 i Fr',2 :
e pally e <1
D
for r=2(1IN-2;
| [T
(R 10* )Gy 0 B
EnafRastd+D G-m
D EN4,2.(E~I-1fJ)_
Lya = T
D
Figure 3.5.3:
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1.2 - D

E| 3(EM3+A) Gim3 D
D E1M21M2+A) Gy 2

Eim 1[EM 1+A*D]
D
G., D
ErM—3 F.r,M—B GrM—3 D

Dr Er_M—Z l::rM -2 G
ErM -1 ( rM1+D)

E~4 m(@ *3-') GN-1M 3 D
J Enamolfavi)) Gy
D EN4,M4(§-1,1¢1J*D)_‘

The form of the coefficient matrix T.



I~

:lT

o= [a & z

(N-1) blocks

A
v

where : -

2hAg ($¥)50 -Bo Yo ~C10V0.0-Bo Yo
2hA, (jﬁ']oj =By Y0 -C11 Vo1 By Vo2

= ZhAy; ('%1”" )O,M-r BM—‘i%,M—Z-Q,M—1’WG,M—1'&4—1FWG,M

Figure 3.5.4: The right-hand side column vector Q.
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T
L TP - TR Re  Au]
where : -
b= [_4 Zi2ds Ll el Zuad Lowm &
P = _£-'1 2426, ZuwiHy Zwi Lo Zuad  Lom
£ = _._f Zu2Gr ZuiHe Zuidr Zuad  Zom g
for r=3(1)N-3;
Ai2= ___f Zu2 Ono ZwiBva ZveIno Zua s zzM]
fN-1 = :E Zus On4 Lt By Lus £3 Lua £y .‘ZZM:l
with : -
— T i
_:_Ao Ry et AM—_:J J :I:JD dy b 3 JM—1]
0 e o oMt el T
B‘i Cr,‘l B‘I H1 Ir,1 H1
...gr e+t BN lr =l
Buv2 Crm2 Bug Huz Irme Hue
_BM-1 Coma O | | e Iema O
Figure 3,5.5: For legend, see next page.
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Figure 3.5.5:

‘I‘hematrj.x_P_,usedtostorethebandof

matrix T.
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in the dimension of P when row interchanges are performed
may be seen if one considers figure 3.5.3. Due to the
band form of T, when row interchanges are made, each row
being changed has the number of elements increased by at
most 2M in number. To accamodate this, therefore, the
width of P is increased from 4M+l to 6M+l. All the row
operations are then performed within the matrix P, thus
reducing P to what may be temmed "quasi-triangular" form.

Remermbering that the elements of P are complex numbers,
each one requiring two camputer storage locations, it is
found that, using the CDC 7600 camputer of the
University of London Camputer Centre, the large core memory
is just large enough to accamodate P if N=80, M=10, P then
being 790 x 61 in dimension. This presents no problem with
h(= §¢£) = 0.2, so long as ¥ has decayed sufficiently at
£ = 16. This of course depends upon the values of y, R and

B being used, and in most cases is found not to be the case.

It is thus decided to use backing storage for P,

and this is accamplished by storing a block of rows on each
record of the backing mass-storage. During the process of
reducing P to its "quasi-triangular" form, when checking the
rows of the first block, a search is made through the rows
of the next two blocks only. Thus P is brought into the
central processor by first bringing down three blocks, row
operations are performed on the first block, which is then
rewritten onto the backing store, the other two blocks in
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the central processor are shifted up, and the next block
brought down. This process is repeated until all (N-1)
blocks have been dealt with. The working storage for P
is thus reduced to dimension 3M x (6M+l), with double the
number of locations required in the camputer since P is
canplex. A much larger value of N can be used with this
method, and the maximum value used, which is found to be

sufficient for all cases considered, is 300.

3.6 Growth Rates and Wave Number

Following Eagles & Weissman, three growth rates are
used, those based on the disturbance stream function y,
the disturbance kinetic energy density E, and the relative
kinetic enerqy density E, the last being suggested by Shen
(1961) as a suitable measurement of growth. These
quantities, together with the wave number, are defined as

follows.

The growth rate of y, GR(p), is defined as

GRY) = ﬁ]- B—L%L . (3.6.1)

where |y| is the wave amplitude that would be observed in

an experiment (the "total" or "physical" amplitude).

The mean kinetic energy density, averaged over time and

integrated across the channel, is defined as
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=
1

R
% J (uz + v2)r ag, (3.6.2)
=a

where an overbar indicates an average over a pericd.

Now
Y 2 oY 2
u2= }_2(_1) =e—2uﬁ(____]_._ ) )
3g an
2
oy
2 1 2a
VA o (ﬁ—) < ( ) r
N U :
where llll = Je + camplex conjugate,
and thus
W) ~20E ~20E 20,2
uw=2e ] | =2e Bl
Therefore fram (3.6.2):
i : ‘20l
Es 5 I 2 (132 + |22y 2
-1
1
=2 ek J ([mnlz + |¢E|2) dn . (3.6.3)
(0]

The growth rate of E, GR(E), is then defined as

GR (E)

&6

1
35 (3.6.4)

The kinetic energy density of the basic flow, E

O!

is given by
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1
- uaJ [g(m]? an. (3.6.5)
)
The relative kinetic energy density, E, is then
defined as
Es E/Eo'
Ny 2
Putting T = J [g()]* dn, then
0
EO = e“aE r
1
& v g 2 2
and E=%T Jo ([vpn| + |1p€| )dn. (3.6.6)
The growth rate of ﬁ, GR(I:D), is then given by
GR(E) = . (3.6.7)

L

28 &
The factor % was introduced in the definitions of

the growth rates of E and E ( (3.6.4) and (3.6.7)) by

Eagles & Weissman in order that all three growth rates
may be compared, since they found that

@.(n-!) = "Ki + 0(&)

when the factor % was included.
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Again following Eagles & Weissman, denoting the
argument of |y by argy, the cbserved or "physical"
wave number, WN(y), is then defined as
WN(y) = mag-“’—) . (3.6.8)
For the numerical calculations of the growth rates

and wave number, central differences are used for the

derivatives and Simpson's rule for the integrals.

3.7 Numerical Results

Test runs were first made to investigate the effect of
different mesh sizes on the solution for the stream function,
. The values finally adopted were h = 0.2, k = 0,1, Fram
the test runs it was found that calculations with these
interval sizes sliced in half lead to maximum relative

deviations in the camputed values always less than 1%.

The numerical method was then checked by taking same test
cases with which to caonpare the camputed values of the stream
function,y. Firstly, flow in a channel with parallel walls
was considered by allowing o« = O in the governing equation
(3.4.5). Since, for parallel flow, the growth rate should be
independent of £ throughout the channel, the downstream
boundary condition (3.4.6e) was taken, with K at £ =g, (Kl),
having the same value as at £ = O, (Ko). With ¢« = O in

equation (3.4.5), the coefficients are independent of £, and
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so solutions of the form

Pp(E,m) = ﬁ'j'KE £(n)

maybee:@ected,theKbejmthesarreasthatusedforthe
upstream and downstream boundary conditions. The values
used for this run were R = 45, 8 = 1.5. The values of

¥ (0,n) for the upstream boundary condition, and of the
basic flow velocity profile, g(n), were those fram

Eagles & Weissman consistent with R = 45, g = 1.5,

vy (=aR) = 4.093, as was the constant value taken for K

(= 1.794 - i 0.024). In figure 3.7.1 a graph of the values
of | at the channel centre (n=0) is presented, together
with same plotted points of eﬂ(‘sf(n), and, as can be seen,

the two results are in very close agreement.

Checks were then carried out to campare the results
obtained here with those cobtained by Eagles & Weissman.
The results of two such camparisons are shown in figures
3.7.2 and 3.7.3. In the former, the values used were
R = 45, y = 4.093, 8= 1.5, K = 1.794 - i 0.024, y(O,n)
being obtained fram Eagles & Weissman; in the latter,
the values were R = 100, y = 4.093, B8 = 1.5, KO = 1,798=i0.157,
with again ¢ (O,n) from Eagles & Weissman. The values of Ko
used were, in both cases, those fram Eagles & Weissman
results. Both sets of downstream boundary canditions,
(3.4.6d) and (3.4.6e), were tried, the latter with various

values of Kl However, Eq was chosen so that the stream
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Figure 3.7.1: The disturbance stream function evaluated at n = O, ¢¥(0),
fora=0, R= 45,8= 1.5, K, = 1.794 - i 0,024,

R1( ;
x R1(¥) } v = %8s ().
+ Im(¥)



SL

V(0)

-0.5

-1.0

Figure 3.7.2: The disturbance stream function evaluated
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function had decayed well upstream fram this point, and
so this did not affect the solutions upstream (more is
said on this below). Again, good agreement can be seen

between the two sets of results for both these cases.

As a further camparison, the growth rate based on
the stream function ¥, GR(y), together with the wave number,
WN(p), (as defined in section 3.6), evaluated at the
channel centre, were calculated for the two cases cited
above, and campared with the corresponding values fram
Eagles & Weissman. These results may be seen in figures
3.7.4, 3.7.5, 3.7.6 and 3.7.7. It should be restated here
that in the Eagles & Weissman calculations an equation
with error O(az) was solved for the basic flow, that an
expansion method which ignored terms of 0(a2) was used for
the disturbance stream function, and further that the
growth rate calculations ignored tems of O(a?). In the

present approach, however, no such approximations are made.

In addition, the stream function results were checked
against those obtained by a campletely independent method
of solution, the coupled-equation approach, the details of
which may be found in section 3.8. As can be seen fram the
values in table 3.8.1, there is excellent agreement between

the two methods.

For the general solutions to be obtained, in order to

find same neutral curves and the overall critical Reynolds
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Figure 3.7.4:

The growth rate of ¢y, GR(y), evaluated at n = O,

for y = 4.093, R = 45, 8= 1.5.

present work; _ _ _  Eagles & Weissman.
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Figure 3.7.5: The wave number of y, WN(y), evaluated at n = O for
vy = 4.093, R = 45, g = 1.5. present work;
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Figure 3.7.6: The growth rate of ¥, GR(y), evaluated at n= O,
for y = 4,093, R = 100, 8 = 1.5.
present work; _ _ _ Eagles & Weissman.
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Figure 3.7.7:

The wave number of ¥, WN(y), evaluated at

R =100, B8 = 1l.5. present work;

n =0 for vy = 4,093,
_ Eagles & Weissman.



number which again will be campared with the

Eagles & Weissman results, it is felt that it would be
unreascnable to use the values fram Eagles & Weissman
for ¢ (O,n), KO' Kl (where this is used), as it would
appear that the two solutions are being "forced" to be
the same. Thus extensive checks were carried out on

the influence of (0,n) and K, downstream fram £ = O,
and of using either of the downstream boundary conditions,
(3.4.6d) and (3.4.6e) (with various K; values) upstream
fram £ = El. As far as Y (0O,n) is concerned, it was
found that by taking different functions, the growth rate
results were not significantly affected downstream fram

£ = 0. Similarly, different values for K, were tried,
and again the results for the growth rates were not
affected at sufficient distance downstream fram £ = O,
The result of taking three different values for KD for

y = 4,093, R= 25, 8 = 0.1 is shown in figure 3.7.8.

The growth rates start off differently, but eventually
all merge into the same curve. The distance downstream
at which this happens depends upon the values of the
other parameters, y, R and 8, and so for each value of y
taken (for which the neutral curves are to be drawn and
for which the critical Reynolds number is to be calculated),
a range of values of R and 8 are used so that the various
values taken for K, do not affect the values found for
which each growth rate is zero (these being the points
plotted to obtain the neutral curves - this is discussed
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Figure 3.7.8: The growth rate of ¥, GR(¥), evaluated at n =0,
for the three values of Ko shown, with y = 4.093, R= 25, B8 = 0.l.



later in this section). For other cases within that
range of values of R, with a suitable value for 8,
itwasdeatﬂireasmabletotakeKO=1+i0. In
Eagles & Weissman the solution for ¢ is in the form
ARX) £(n; 8,(X), K(X)) + O (a), where

X =at, By~ 8e?X, and the function which has the

same basic shape as their eigenfunctions £ is used

extensively for ¥ (0,n) namely

¥ (O,n) = 0.5(1+cosmn) - i0.05(1-cos2mn),

and this is illustrated in figure 3.7.9.

Downstream at £ = £, both sets of boundary
conditions, (3.4.6d) and (3.4.6e), were tried, and it
was found that, solmgasthevalueofalwas
consistent with the fact that the solution had
decayed upstream fram this, the solutions upstream for
stream function and growth rates were unaffected by the
choice of boundary conditions. Indeed, tests were made
with various values of Ky for boundary condition
(3.4.6e), and again the solutions upstream were not
affected by the choice of K.

What is required fram the calculations are the
positions at which each growth rate is zero, so that, for
given y, the neutral curves can be drawn, dividing the
plane into regions of growth and regions of decay. Thus
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for each y experimentation was made with a range of
values of R, selecting suitable g and Eq SO that the
positions of the zeros were not affected by the boundary
conditions upstream at ¢ = O and downstream at £ = &;.
Shown in figure 3.7.10 are typical growth rates of

E, E: and (evaluated at n = 0). The neutral curves
are then plotted as follows. In equation (3.4.5) set

8, = 8e?¢, which is used instead of the variable g, so
that it can be seen that each growth rate (with GR(y)
evaluated at the channel centre, n = 0) is a function of
By /R and a. Eagles & Weissman introduced y = aR.
since for fixed y they have one velocity profile,

g(n) (or their w(n) to O(a) ). Thus it is a convenient
parameter to use, rather than o, and to fix y so that
with each value of R, o is determined by o = yR ©. Each

growth rate is therefore expressed as

GR(' Vo) = F(BlerY) r

and the neutral curves are drawn for each y by determining

the value of 8 1= E;ez""E for which each growth rate is zero
for various R values. A graph is then drawn on the (el,R)

axes. Three different sets of curves, for the values

y = 3.57, 4.093, 4.71, are shown in figures 3.7.11,

3.7.12, 3.7.13. These are the three values used by

Eagles & Weissman, and shown in each figure are the results
of the present work (continuous curves) and the results of

Eagles & Weissman (dashed curves). The curves indicate
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Figure 3.7.10: Typical growth rates, GR, of ¥(at n=0), E and E
for vy = 4.093, R = 45, 8 = 0.1.
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Y(0)

Figure 3.7.11: Neutral curves based on y(at n=0), E and E for y = 3.57.
Inside the curves there is growth, outside there is decay.
present work; _~ _ Eagles & Weissman.
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Figure 3.7.12: Neutral curves based on y(at n=0), E and E for y = 4.093.
present work; __ _ Eagles & Weissman.



Figure 3.7.13: Neutral curves based on y(at n=0), E and E for y = 4.71.
present work; _ _ _ Eagles & Weissman.



the regions of growth for the various flow quantities -
inside the curves there is growth, outside there is
decay. Also, for fixed g, the evolution of a wave as
it travels downstream is given along a line of constant
R, with waves which pass through a region of growth
ultimately decaying. As can be seen fram the three
figures, there is qualitative agreement between the
two methods, particularly when it is remembered that
Eagles & Weissman use methods with an error of 0(::2) ’
and the present work uses a direct numerical method
with no such approximations.

The critical Reynolds number for each flow quantity
is defined to be that value of R such that, with the
Reynolds number greater than this value, there is a
band of waves which grow over same range of values of k.
However, this may not indicate instability. Thus for
each value of y, a critical Reynolds number is defined for
each flow quantity, indicating when that particular flow
quantity will be able to grow. The calculations as for
the three values of y given above were repeated for
other y values, the critical Reynolds numbers based on E
were found, together with the corresponding values of .
These results are given in table 3.7.1. Plotted in
figure 3.7.14 is the critical Reynolds number based on E,
versus a. Also shown on this graph are the three values
fran Eagles & Weissman. Here there is good agreement for
this overall critical Reynolds number curve, although it
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Y Rorit * crit
3.25 49.5 0.066
3.57 37.8 0.094
3.75 32.6 0.115
4.093 24.3 0.168
4.25 21.0 0.202
4.5 15.8 0.285
4.71 11.7 0.403
4.8 10.3 0.466
Table 3.7.1:

The critical Reynolds numbers
(Rcritlbased on £ and the corresponding

values of a (x ) for the values of

crit
y (=aR) given.
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Figure 3.7.14: The overall critical Regnolds number, Rcrit' based

on the relative energy E. x the results of
Eagles & Weissman.



must be pointed out that the agreement to such a degree
most probably is in part a coincidence, since the
calculations of Eagles & Weissman neglect terms of
0(a®) in the growth rate, and in part due to the

scale used for the diagram.

A further point is of interest. With y = 4.8, it
was not possible to find points on the lower branch of
the neutral curve for E above R = 10.8, although both

points were cbtained for the values of R fram R it tO

it
10.8. Eagles (1966), in his study of the stability of
flows in a straight-wall divergent channel by the
"quasi-parallel" approach, points out that when y > 4.71
(and the velocity profile of the basic flow has reversed
flow near the walls), amplified waves with a negative
wave velocity occur when R is greater than a value

larger than the critical Reynolds number. In the present
case, this would result in a neutral curve going below

the R-axis, with a negative Bezag.

This may be an
explanation as to why these lower branch points cannot

be found, although it should be pointed out that the
failure to find them may be due to the influence of the
boundary conditions at £ = O giving incorrect growth rates
and not having settled down by the time the value of ¢

on the lower branch is reached, even when a value of B

as gmall as 10°° is used.
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3.8 The Coupled-Equation Method

The method described in section 3.5 which was finally
adopted for the solution of equation (3.4.5) is not that
which was first tried. One such method, which does give
results but was ultimately rejected due to the length of
run time on the camputer, will be described briefly in

this section.

In equation (3.4.5), set

vy (3.8.1)

Il
E

giving

R v - {4aR"l + g(n)} %-‘éi + {4a2R_1+2ag(n)+iBezaE}m

= —g"(n) %.E;’_ - 29" (n).gin 5 (3.8.2)

so that equations (3.8.1) and (3.8.2) form two coupled
equations to be solved for y and w. The boundary conditions

for ¢ are

p =0 atn=1,

s
Il
o
1
=

]

O,

¥ (0,n) = given function,

’JJ (Elrﬂ) = or
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while the boundary conditions for w are obtained using
w=v%y following Greenspan (1968), and making use of
the other boundary conditions for ¢ as given in section
3. 4.

The general method of solution employed is an

iterative scheme. First an initial "guess" is made for

w and ¢y (in fact both are put equal to zero everywhere), and
then each is updated in turn, using the latest values of
the other, by solving equation (3.8.2) and then equation
(3.8.1) until values obtained for ¢ and w are to the
required degree of accuracy. Thus the scheme may be set
out as follows, having first set up ¢ and 2L at £ =0

9E
as in the single equation method of sectiaon 3.4.

(i) Calculate new boundary values for w using the latest

values of .

(ii) Calculate a better approximation to w using equation
(3.8.2) and the boundary conditions found in (i) above.

(1ii) Calculate a better approximation to y using egquation
(3.8.1) and the fixed boundary conditions for y.

(iv) Return to (i) if y and w are not to the prescribed
required accuracy.

There is further discussion in section 5.2 on how the boundary
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conditions for ¢ are used at step (iii), and how they
are employed to calculate the boundary conditions for w

at step (i).

In order to solve equation (3.8.1) (Poisson's
equation) and equation (3.8.2), central differences are
used for the derivatives to reduce each to linear
simultanecus equations. At first, each set of equations
was solved by a successive over-relaxation iterative
method (SOR method), although for equation (3.8.2) the
optimum relaxation factor could not be found a priori,
and indeed would change for different values of R, o and
8. Each was tested separately for convergence. It is then
found that when the two are cambined to form the overall
iterative process given above in the steps (i)-(iv), the
values obtained for ¢y and w diverge. It is therefore
necessary to employ an under-relaxation technique, and
so at steps (ii) and (iii), the values of w and y adopted
are the weighted averages of the "new" and "old" values.
This then introduces two further relaxation or averaging
factors (cne for w and ane for y), and again there is no
known analytic method of calculating the optimum values of

these factors.

It is thus decided to solve equations (3.8.1) and

(3.8.2) (or rather the finite difference equations obtained
fram them) by the direct method of Gaussian elimination.
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Each is again taken separately, with results checked
against those found by the SOR method, and agreement
obtained. This then eliminated two of the relaxation
factors, and left two remaining. The optimum values of
these two averaging factors would change for different
values of R,ua,f and step lengths used, and, as pointed
out above, they could not be found analytically. However,
much numerical experimentation was carried out, and
convergence of the overall scheme was achieved. This
provided a very useful, independent check on the method
of solution finally adopted, and in table 3.8.1 is presented
a canparison of the solutions obtained by the two different
methods. The results given are with R = 15, o = 0.314,

= 0.1, Ko = 1+i0, and as can be seen there is excellent
agreement between the two methods. As an example of the
numerical experimentation carried out, with the relaxation
factor for ¥ kept at 0.1, convergence was cbtained in 237
iterations with the relaxation factor for w(RFu) equal to
0.6, 320 iterations with RFw = 0.7, while with RFw = 0.4 the

values diverged.

Although the coupled-equation method does work, it was
felt that if numerical experimentation had to be undertaken
for each run in order to obtain overall convergence, and
since each separate equation for v and | was being solved
by a direct method, it was logical to solve the single equation
(3.4.5) by a direct method. The coupled-equation method was
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¥ (£,0)

R1(y)
£
(a) (b) (a) (b)
0.0 1.0 1.0 0,0 0,0
1.0 0.640694 0.640694 0,998280 0.998281
2,0 -0,455809 <0.455810 1.398530 1,398534
3,0 =1.486120 -1,486127 0.449692 0.449698
4,0 -0,725872 =0.725883 =1.218603 ~1,218607
5.0 1.215649 1.215657 =0.269553 -0.269564
6.0 -0.728331 -0.728333 0.589218 0.589231
7.0 0.380516 0.380523 0.139096 0.139093
8.0 0.020362 0.020363 0.004523 0.004522
Table 3.8.1 Values of the stream function evaluated at the channel
centre, V(£,0), for R = 15, a = 0.314, 8 = 0.1, Ko = 1+4i0.
Colums (a): Coupled equation method;

colums (b):

single equation method.




thus rejected in favour of the method finally adopted.
However, the solution of Poisson's equation (3.8.1) was
to prove useful in the solution of the initial-value
problem described in Chapter 5, although both methods of
solution indicated here (direct and SOR) were finally
rejected in favour of a Fourier transform method, details

of which may be found in section 5.2.



4. THE CURVED-WALL CHANNEL

This section deals with the basic, steady flow and
its stability in a channel with curved walls. Taking the
usual two-dimensional Cartesian Coordinate System (x,y),
a slow variable X = ex is introduced, where ¢ is a small
parameter, and the equations of the walls are then taken
to be y = + H(X). Following Eagles & Smith (1980), a
particular class of channel is considered with equation

H(X) = 1 + % tanh X,

so that the flow at X = +» is expected to be Poiseuille
flow. The type of channel is illustrated in figure 4.1.

4.1 The Steady State Flow

The non-dimensionalized Navier-Stokes equations for
two-dimensional, steady, incampressible viscous flow in
the absence of external forces are

3u gu Le wign 0 L 2

s + Vg; 5% tRVw (4.1.1)
LA S I (4.1.2)
X Y 3y R y ' e

and the continuity equation is

1 - b
a_x + ay " 0- (_4.1-3)
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20T

Figure 4.1. The curved-wall channel.
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The velocity vector is (u,v), p denotes the fluid
pressure, and X,y are rectangular Cartesian co-ordinates
in the streamwise and transverse directions respectively.

The non-dimensionalization has been performed by

2
r Y=zlr P=(r"'i'2_] P',

a
)

x'
u= (,%)___u', v = (%)v', Tl

where the primes denote dimensional quantities, 2M is the
volumetric flow rate per unit thickness of the oncaming
Poiseuille flow, a is the undisturbed channel width, o

is the fluid density. The Reynolds number, R, is

defined by R = M/v, v being the kinematic viscosity. The
non-dimensional stream function, y (non-dimensionalized
with respect to M), is also introduced at this point, where

in the usual way

The flow considered here is the steady planar
laminar flow through a fixed channel of slowly varying
width. Far upstream the channel walls are taken to be
parallel and to contain incampressible fluid in plane

Poiseuille motion. This oncaming flow is then described
by

2

1p0+3y-4y3, u= 3 = 1y 2

av'*or'g"‘;% ”"_ﬁ (4.1.4)

dsS X = = w,
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As in Eagles & Smith, the type of channel considered
is one whose typical axial length scale is O(R), i.e.
the slopes of the channel walls are O(R 1) typically. The
two main reasons given for this are, first, that longer
typical axial length scales generally produce a basic flow
which is essentially just a minor perturbation of the
original Poiseuille flow (e.g. Wilson, 1969; Tutty, 1980)
while, second, shorter length scales tend to lead to
multi-structured flow fields (Smith, 1976a, 1976b, 1979c),
often involving separation and detached shear layers. What
is required in this channel is the solution to equations
(4.1.1), (4.1.2) and (4.1.3), with boundary conditions as
the oncaning Poiseuille flow (4.1.4), no slip conditions
at the wall, and a downstream condition of boundedness as

x+m.

The slow variable X = ex is now introduced, and it is
supposed that the channel width 2H is a function of X. Also
R and € are taken to be related in the form A = e¢R, where A
is an O(l) constant. In fact different flow fields will be
obtained by altering A. Asymptotic expansions in powers of
¢ are taken for u,v,p and Vor these substituted into equations
(4.1.1), (4.1.2) and (4.1.3), with the result that the

expansions are in the form

UK,y) +0(?d), v=eVXyH0ED),

o
il

o}
Il

P(X) +0(2), ¥, =¥ (Xy) +0().
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The lowest order streamwise mamentum equation then reduces

to the boundary layer ecuation

Bk ae :
Uuu = + (4.1,5)

X-?OXUY

>
c
5
&
c
Il
e

The boundary conditions are

2
Y lmepy) = 3y = 4y°,  Ulmmy) = 3:12y°,

E (=) = 207,
‘Po=-l,U=0aty=-H(X),
y =1, U=0aty=+ HEX).

The solution of equation (4.1,5) with its boundary
conditions can be obtained in principle by marching forward
fram the incaming solution since the governing (boundary
layer) equation is locally parabolic in the X-direction,
provided there is no flow reversal. The y-co-ordinate
is now transformed to make the walls became the co-ordinate
lines, by use of

n = y/H{X).

Also ¥ is denoted by F(X,n), which yields the governing

equation as

S

=0 (4.1.6)

2
A -F ' -
Fomn * [H (an_FX nFnX)+H Fn ] RHJ
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where the prime denotes differentiation with respect to X.

The boundary conditions are

FIX,; =)= %1 Fn(x' 1) =0 (4.1.7a)
e

F(-~=,n) = 3N -3 (4.1.7b)

E (=) =207,

where (4.1.7a) ensures constant flux and no slip at the walls,

while (4.1.7b) matches with the oncaming Poiseuille flow.
Alternative boundary conditions to (4.1.7a) may be used, and

such is the case in the present study, by using a symmetry condition

at n = 0, yvielding

F(X,1) =1, Fn(x'l) =0, (wall) (4.1.8a)

F(X,0) an (X,0) = 0, (channel centre). (4.1.8b)
Note that equation (4.1.6) is the integral with respect to

n of the vorticity equation:

- [ ] _
F o+ 2H'EF HH(E 0. (4.1.9)

nnnn nnnFX_FnanX)

In the present work, equation (4.1.6) is solved numerically
following a method by Smith (1974), which provides the values
required for the stability problem, while equation (4.1.9) is
solved by an expansion method, which, with the terms found, is
valid for a limited range of values of A, but which provides a
very useful check on the numerical results for the solution of

equation (4.1.6). The method of solution of each equation
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now follows.

4.1.1 Numerical Solution of the Stream Function Equation

The equation to be solved, giving the stream function,
F(X,n), of the basic, steady flow, is:

-] 'F - ........ = )
ann+J[H(anFX Fnan)ﬂ-l ] ) ol o, (4.1.1.1)

with boundary conditions

F(x'l) = lf Fn(}(fl} = O (.4.1.1.2&)
F{X, 0] = an (X,0) =0 (4.1.1.2b)
Fl-myn) = 3n = 20> (4.1.1.2¢)
dp RS _
= (=) = =245 (4.1,1.24)

Following Smith (1974), the equation (4.1.1.1) is replaced
by three first order central difference equations in the
variables F,G,SarﬁP,whereG=Fn a.ndS=Gn=F « Thus

nn
the equations to be solved are:

G=F
n!
S=G,
s G - 3G _ AF
371 +\H'G AHB + lH{Gé-}E S-é'i).

The finite difference approximations to these three
equations are:
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= r,s r,s-1
Cp, ok = el ; (4.1.1.3)
Sl e - G
sr,s—% = r,s : r,s~1 3 R
¢ Wi PP
r-%,s r-%,s-1 i 2 - N
k + 2H r_% (G ) r_% f S—k = ;\HJr_!E (_._-._h )
G -G
r,s-% r-1,s-%
+ A, [c;r_sz'_}_lj ( - )
F -F
T Pr-%, sk ( L h 1,87 )]: (4.1.1.5)

where h and k are the step lengths in the X- and n=

coordinates respectively, so that xr = Xr-1 + h, and

Xr—% = Xr - %th ete., and s = 0,1,...,M where the interval
O ¢ n £ 1 has been divided into M equal intervals of
length k = 1/M so that 0 - sk. To facilitate the
computation the values of the variables (e.q. S ok s) at
r
points midway between mesh points are averaged in terms
of their values at the surrounding mesh points (e.q.
Sr—l,s and Sr,s) .
Thus equations (4.1.1.3), (4.1.1.4) and (4.1.1.5) are

to be solved for the unknowns

M
{Fr,s' Gr,s' Sr,s} - Pr
s=0

for given r, knowing the solutions at (r-1).
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k
2 (Grrs s GrrS“l) TS Fr s=1 '
or
k it o
k R
Gl TG gt 38 g P58 =0 (4.1.1.7)

while (4.1.1.5) becames

_2']_<_(Sr,s Teee T SJ:,s--l 5 Sr—l,s-l)

b AH']’_":'% % [(Gz)r,s-%ﬂgz)r-l,s—%]

J\I-I3

=___r_:?z(p_P

h r--l)

A G

3 '2' Hr__% [ (G S“% r_l’s_%) ( rps_% 5

Gr—l,s—%)

"(S

F - §
r,s-% r-1,s-%
r,s% T Sr-l,s—%) ( h ):I

On multiplying through by 2k and collecting the unknowns on
the left-hand side, this equation becames:

- Ak
Sr,s - r, 1 AR r—?g[(G )y s—%:l r—’s[( r,s-% Sr,s—!s(Fr:S“!s
(4.1-1.8)
L N ¥ 21k
Fr—l,s-%zl Sr—l,s—!sFr,s—% Hi’_% - r—l 5=%'
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where:

: 2
Weed, ok ™= = (Sr—l,:ar.-sr—l,,s—l)-)‘kH r-% I:(G )r—l,s—%]

_ Ak < 22k
2 7 A Hr-s[(Gr-l,s—%) Sr—l,s-ls Frvl,s-k] ‘ Har-«% r<l’

An iteration process is used to solve these equations.
The nth approximations to the true solutions of equations
(4.1.1.6), (4.1.1.7) and (4.1.1.8) are denoted by
Fcn) (n) S(n) P (n)- The (n+l)th approximation is

8! r,s, 48, X

then written as

p@) _ ) |, o)

etc.,
r,s r,s r,s

these substituted into the equations and linearized, equation

(4.1,1.8) giving:

inf .ot ..l o) ' 2(n), . ~2(n)
Sr,s+158rs Sr,s—-l Gsr,s—-l +1kH r‘%l:(G +5G )r,s—%:!

lk (n) (n) 2 (n) (n) n) _
r-% Gr s— 45+‘5Gr,s—95) (Sr S 35 Srns—%) (Fr s-% Fr sk Fr—-l,s—!s)

+57 (D) (P"“l 6B, “ly

21](
5 Sr—l,s—% r,s—% r,s- %)]

-1,s=%"°

Now: =
[cazh @45 (6% :]r i g[(e ) Pas @ @), o6 P )‘“’}r’s,l]

" 35[(Gz) ), () ) 42 6 5™ ), gt 26 ec® ,r'S_J
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i +e s +e D) e
and
(g)s 2t GG{?)S 532 = (G(?),s-s’ * ZG(g)s T (Irl‘)s-?s
> (Gxt-r:;—g)z + g ) 4 o (n)

1‘;5-;5 (SG r,s l) i

where the expressions have been linearized by ignoring second

order terms (8G) 2

Thus the equation becames, on rearranging as an equation for
se™ | sg™, ss sp)

(n) (n)
I:Zh r- %(Sr s—% r-1,s- 35) GFr,s-l

' (nl Ak (n) (nl
Ekﬂr-%rs—l n Hr-—%rs% Grs—l

Ak (n) (n)
y l+ %h B %(Fr,s-% r-1, s—%) 88, -1

Ak (n)
i [ %8 r—?s{s s"%+sr—1 5= !r):l L

' (n) (n) (n)
- AkH r—%Gr,s h Hr-% r,s-% '5G

Ak (n) (n)
i '|:l+ 7h Hrey (Fr,s--?t;'-Fr--l,,s--lsl 55r,s

2k (n) (b} . <in)
i I: r—%:l BP r -1,s-% i Sr,s—l Sr,s

~akat_, @12

r<% r,s<%
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A M) (2. @) ) )

h 5 o o r,s-% r,sﬂls r—-l,s—%) r-1, s-*% r,s—

22k .3 (n}

Thus equation (4.1.1.9) is of the fomm:
(n) (n) (n) (n) cn) (n) (n) (n)
r, SF ,8=1 A br s 5Gr,,s l r, Gsr s-1 3 ar,s ‘SFr,s

d(n) 62 + o™ 6™ +£_ sp ™

,S ."" S '.

(n)
Wrr--l s=-% + 9, ,5=% !

(4.1.1,10)

where:
(n) (n)
2h By Gr et Sr"lfs-’i) .
(n) _ v g _ Ak .(n)
br,s = X8 r—% r,s-1 h Cp ,5=% '

7 I S b (£ iy
Cr,s = L+ 2h r—% (Fr ,S=% F1:—1.,5---15)'

(n) _ (n) ' (n) e
At = N e L S S

),

R
(n) _ _ 22k
T h HJB:—% !
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(n) (n) (n) ' (n),2 Ak o (n) 2
r,s—% r s—-l-sr, lkHr—%(G ) r,s- 35 h r—% I:(G r,s—*?ﬁ)

_gh) )

r,s-%" r,s-% Fr1 3-35) Bl pkir ok | *

(n) + 22k H3 (n)
h Tr-% r 4

Using the same process, equations (4.1.1.6) and (4.1.1.7)

became:
(n) (n) (n) (n)
GF Sl GGsl GF' +§6G,s
(n) _ (n) (n) (n)
g Sy hgale B b OB, 1 (4.1.1.11)
(n) k () _ =ie) o R (n)
GGr,s-l by Gsr,s—l GGr,s g lSSrl,s
n) _ .{n) (n) (n)
Gr,s Gr,s-l (S + S, s—l) (4.1.1.12)
The boundary conditions are
F{X,1) = 1, Fn(X,l) =0, F(X,0) = an X,0) =0,
and in finite difference form these yield:
B =9 ?F(n) + 8F_ )
: ) _ _ o)
- GFr,o = Fr,o A (4.1,1.13)
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5, ,=0=> asf:()) . s(‘:’ ! (4.1.1.14)
Foy= 1= aF]f_’:gi = - Fflg& > (4.1.1.15)
Gy = O = GGS:IL =- Gf:g& . (4.1.1.16)
The initial conditions are
¥ =%ﬂ ) '32:n3ﬁ>Fo,s =%‘s _%nss A
B % B %nz"":>Go,s - % = % “52'
§==- 3= 8 = -Ing.

Thus, in order, the equations

M

(410,330, 8,1 1:34) { M.0.2.00Y, (0.0.0.22), (4.1.1.10)} e

(4.1.1.15), (4.1.1.16) give the (3M+4) equations for the
(3M+4) unknowns

M
(n) (n) (n) (n)
{ GF:::‘,S ’ GGr'S ) GSr'S } & B .

The initial values for GFI(_O;, GGJEO)S, ..., may be taken as
r r

8G

the final values for &F sasp
r-1,s’

r=1,s' and the procedure

is repeated until successive iterates are sufficiently close

in value.

The (3M+4) equations may be expressed in matrix form as
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Ar=g.

where the form of matrix A and colum vector r is shown in
figure 4.1.1.1, and g consists of the right-hand sides of
equations (4.1.1.10) to (4.1.1.16), taken in the order above.

The method of solution now differs from that of Smith
(1974) , where in the present work a direct method of
solution is used based on that used for the straight-wall
channel given in section 3.5. Here, as for that case, the
coefficient matrix A is sparse and of band fomm, with the
exception of the right-hand colum, which is now non-=zero.
The method is modified to take account of the different
band width here, and also to cope with the right-hand
colum. The results obtained were checked graphically with
those of Eagles & Smith, with good agreement. A check was
also made with the method of solution for finding F(X,n)
from equation (4.1.9) which is detailed in the next section,
4.1.2, and details of this will be given there. Following
Eagles & Smith, the values §X = 0.01, 6n = 0.01, X__ = -4.5
were used, with an iterative tolerance of 10_7. The program
was run on the CDC 7600 camputer of the University of London
Camputer Centre. Figure 4,1.1.2 illustrates the velocity
profiles at X = O for three A values (=8, 12 and 16), with
the incaming Poiseuille flow shown as the dashed curve. The
way in which the velocity profile, U (= & Fn), for A = 16
develops downstream in the curved wall channel is presented

in figure 4.1.1.3.
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Figure 4.1.1.1:

of unknowns r.
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Figure 4.1.1.2:

0.4 06 0-8 1.0 1.2 1.4 1.6
HU

Velocity profiles HU (=F,) versus n for the three
values of A, 8, 12 & 16 (continuous curves) at X = O,
The dashed curve is the incaming Poiseuille flow.
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The downstream develomment of the velocity

Pigure 4,1,1.3:

) for A = 16,
n

1
EF

profile, U ( =



F(X,n)

A =8 A =16

N =2 =0 X=+2 X=—2 | %0 X=+2

0.0 0.0 0.0. 0.0 0.0 0.0 0.0

0.1 0.1506 | 0.1756 | 0.1584 0.1512 | 0.1984 |0.1922
0.2 0.2980 | 0.3445 | 0.3124 0.2991 | 0.3866 |0,3745
0.3 0.4392 | 0.5006 | 0.4579 0.4408 | 0.5555 |0.5384
0.4 0.5711 | 0.6388 | 0.5911 0.5729 | 0.6984 [0.6781
0.5 0.6905 | 0.7557 | 0.7092 0.6924| 0.8117 | 0.7907
0.6 0.7946 | 0.8491 | 0.8096 0.7963 | 0.8949 | 0,8760
0.7 0.8804 | 0.9188 | 0.8906 0.8817| 0.9502 | 0.9361
0.8 0.9451 | 0.9658 | 0.9503 0.9458( 0.9822 | 0.9742
0.9 0.9858 | 0.9919| 0.9873 0.9861| 0.9967 | 0.9942
1.0 1.0 1.0 1.0 1.0 1.0 1.0

Table 4.1.1.1 The basic flow stream function, F(X,n),
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In table 4.1.1.1, numerical values for the basic flow
stream function, F(X,n), are given for 1=8 and )=16,

evaluated in each case at X = -2, O and +2.

The values which are required for the stability
calculations are

FX' B

}QQ('G'GX'S' SX'T' where T = S_..,

XX

and for each value of ) these are calculated and stored on

permanent file.

Also recuired for the growth rate of the relative
energy density ﬁ are
1 1

2 I 2
IOGdn and OFX dn

at each X station, since these are involved in the kinetic
energy of the basic flow (see section 4.4). These too
are calculated and stored on permanent file. Second order
central differences are used for the derivatives and

Simpson's rule for the integrals.

4.1.2 Solution of the Stream Function Equation by an
Expansion Method

Equation (4.1.9), the derivative with respect to n of

equation (4.1.6), is rewritten here:

120



F +2)\H'F F__+)\H(F F ~-FF _)=0 (4.1.2:1)
nnnn n nn nn n

nnX

where the prime denotes differentiation with respect to X.
The boundary conditions are:

F(X,t1l) = +1, F (X,t1) =0

n
F(_“'rﬂ) e g %‘n3c

I

Note that for different values of the parameter A,
different solutions to equation (4.1.2.1) are obtained.

Thus F may be expressed as

= F(XrnFl) .

F is then expressed as a power series in A:

rxnid) = FO @ nar? &,maF? &,n0a3F 3 x,n+...,

this substitued into equation (4.1.2.1), and the coefficients

of the powers of A then equated. This yields the following:

(a) Independent of 1,

p ) =0 (4.1.2.2)
nnnn

(b) Coefficient of A,

) opp (o} (©) ©) o (0)_(0).(0)y_ .
F o HH'E VR HH(F BT R UE )= 0; (4.1.2.3)

(¢) coefficient of ;\2,

22 o (e O W)y ©) )5 O D)
nnnn nn nn X X nnn

PO 00 ) g,
e TnnX Tun IS0 (4.1.2.4)
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(@) coefficient of X°,

(2),x (D (1)
n

F® yon @O p@ 4y Dp 1) 1215 0)) 1y O)p
VR R i e nnn X n X

nnnn

2Yo 0} 0 12Y D) ) ) 0} ¢
+ annFX Fﬂ B e Fn anX Fn F nnX) 0; {4.1.2.5)

etCC
The boundary conditions give:
PO 1) =11, £ x,:00,

r®™ (x,41) = 0, Fé") 02,41)=0; B 1.2,3, 05

Thus equations (4.1.2.2), (4.1.2.3), (4.1.2.4), (4.1.2.5)
etc., give a system of equations to be solved in order. Equation
(4.1.2.2) gives F'9, vhich can then be substituted into equation
(4.1.2.3), and this then solved for F. F© ana P are
substituted into equation (4.1.2.4), which is solved for
£2) and s0 on. This is done as far as the temm F3), the

coefficient of 13, as follows.

(i) Independent of A.

The equation is

+(0
nnnn

On integrating four times and using the boundary conditions
FO (x,+1)=1, 7 (x,41)=0, this yields
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S ST (4.1.2.6)

(ii) Coefficient of .

On substituting for F© into equation (4.1.2.3),

the equation for F(l) becames

which was solved, using the boundary conditions

pl) (x,:1) = Frfl) (X,£1) = 0, to give

p) - s 1 S=B LR 3 ) H (4.1.2.7)

(111) Coefficient of A°.

The solutions for F(O} and F(l) are then substituted

into equation (4.1.2.4) to give

2 _3n £ 2 O
men =75 (57-204n“+189n ~42n ) (H')

= % (21-69n 24630 2-15n%)H H",

and this solved, with boundary conditions F%) (x,:1) =

Frfz) (X,+1) = 0, yielding
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10 2

rid) . 4—3§1L—203 (2875-—8222n2+8778n4—4488n6+1155n8"93n ) (H')

555 2 4 6 asr Blai A0
- T3ias (1213-3279n43234n ~1518n +385 ~35n" ) HH'.

(4.1.2.8)

(iv) Coefficient of )\3

(2)

With the functions for F© 71 and F®, equation

(4.1.2.5) becames

F nn= 715600 (31324-169770n"+316008n ~257796n +90860n 1131957 ) (H')
B 212600 (28529-137218n2+231462n *~177408n ®+619850°~7350n -0) HH 'H"

+ :2'1%116-0_0 (4312-1944912430492n 2221100 %4+7700n8-945, 1) H2H " 1 1,
(3) S -
and on solving, using F ()tl,,ﬂ)—li‘n (X,+1)= 0, gives
P £8) ) @3-£ () mrE + £ EfE,  (4.1.2.9)

where the fi(3) (n) (i=1,2,3) are given below.

Thus, to summarize, the following is obtained

P&, =F @ m)ar® a2 &0 F D ®n+...
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O g =t (32,

P ) = eV ) w ),

P@ t,n) = £2) () [ @] ? - £ () BEE" 0,

PO ot = £ [ @) - £ EE 08" )
+ £33 ( [EE] %8 o,

with

£ (n) = 5k (15-33 %4210 %-3,°),

£ () = %% (2875-8222, 2+8778, -4488, ®+1155,8-98,17) ,

~ 431200

f2(2) () = 7exbes (1213-3279 243234, -1518, %4385, %-35,') ,

~ 431200

1) ~784 784000

1

£83) () =mral——— (704562-2 187777, %2 850484,* -2 207010,°

+ 11411408 - 35544640+ 5782042 - 3773.1%),

(3) L n 2
£,7" ) = 557784000

4 6

(740069-2180596, +2596139,, ~1783834y,

+835835,, 2244608, 1 +39445, 22450, 1) ,

(3) = 2 d 2

~30485,, 0+4900, 2-315, %) .
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F(O,n)

A=1 A =

I (@ ®) @) ®)
0.0 0.0 0.0 0.0 0.0
(19 20 0.152278 | 0.152276 0.162335 0.161969
052 0.301188 | 0.301184 0.319900 0.319223
03 0.443409 | 0.443404 0.468186 0.467298
0.4 0.575718 | 0.575713 0.603183 0.602211
Q.5 0.695025 | 0.695021 0.721551 0.720627
0.6 0.798401 | 0.798398 0.820723 0.819960
O 0.883092 | 0.883091 0.898922 0.898392
0.8 0.946519 | 0.946519 0.955099 0.954818
0.9 0.986256 | 0.986257 0.988802 0.988720
1) 1.0 1.0 1.0 1.0

Table 4.1.2.1

The stream function of the basic flow
evaluated at X=0, F(O,n), for A=l and 4.

Colums (a) are the results fram the

expansion method, colums (b) fram the
numerical method.
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The results for this method are checked against
those obtained by the method given in section 4.1.1 for same
values of A. With A = 0.1, the two results differ by at
most 1 in the fifth decimal place, all values for F lying
between O and 1. Note that for the last term included,
max|F |« 0.5 x 1074, Although it may be thought that this
method would be valid for small values of A only, it is
found to be useful for fairly large values as well. Given
in table 4.1.2.1 are numerical values of F, evaluated at
X=0 for the two values A=1 and A=4, obtained by using the
two methods given here in thissection (the values in colums
(a)) and in the previous section, 4.1.1 (colums (b)). By
camparing the two sets of results obtained by each method,
it can be seen that the expansion method is surprisingly
accurate for A as large as 4. Indeed, the results of the two
methods differed by at most 2 in the second decimal place for
A=8. Clearly for any larger values of A it would be necessary
to find further terms in the expansion, although in the present
work only the terms up to F(B) are found. However, it is a
very useful method in its own right, even though for a limited
range of values of A, as well as providing a most useful check

on the numerical method of section 4.1.1.

4.2 The Stability of the Flow

By an analogous method to that of Section 3.1 it is possible
to obtain the non-dimensionalized vorticity equation for the

stream function ¥ for incampressible, viscous flow in the absence

127



of external forces. In two-dimensional Cartesian co-crdinates
this may be expressed in the fomm

RO L e [ Ve S

(at + 5y 3% 9% 97 ) vy 5 v‘tv, (4.2.1)
with boundary conditions ¥ = #*1, -g—'—*;;=0 at the walls, where
the variables have been non-dimensicnalized as in Section 4.1;

2 2
R:Lsasgaintl'neReynoldsnmnberan<i’t\;f25-§—+a

ax2 ay2
The stability of the flow in a curved-wall channel is
investigated by superimposing a small disturbance on the

basic steady flow, by substituting
w(er:t) = F(xrn) 11 ‘Pl(x.IY!t)

into equation (4.2.1) and linearizing in Yy where fram
section 4.1, F(X,n) is the stream function of the basic

flow (with error O(c2)), with X = ex being the slow variable,
¢ a small parameter, and n = y/H(X), y = tH(X) being the

equations of the walls.
This yields the equation

Fy ,oF) -3 3 M
S e ST I
e iy vz\yl 3% (7 °F) 3%

-
=]
I
(a7 ]
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with boundary conditions

¥

v
3 - —1 = 0 at the walls.
Yy

Since the coefficients of equation (4.2.2) are independent

igt

of time, fixed frequency solutions of the form lple— +

camplex conjugate are sought, where, as for the straight-wall
channel, g is taken to be real.

Thus, equation (4.2.2), on substituting

=-igt
‘i-'l(errt) = lbltxry}e iB r

and rearrenging, becames

1.4 “9Fd o2 s WFY 2 e T ey
RV ¥ ayaxw‘*’l)“Laxayw¢1)+lﬁvwl+ayw2F) ax
oy
) B it
= (vZF) o 0. (4.2.3)

The equations of the walls are taken to be y = +H(X),
and therefore, to make the walls the coordinate lines, as in
section 4.1, the y-coordinate is transformed by use of

n = y/H({X).
Also as in section 4,1, the ¥-coordinate is transformed by

putting X = ex. With these new co-ordinates, and by setting

¥, (%,¥) =¥ (X,;n), equation (4.2.3) takes the form:
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3 423,,;3_“11.52 41:: aw st 3y
R|* 4 " 2 Xz 3 2
X H an BX an an 9 H aXon

3w 2o 3 2 2
B N T
H Bn2 92X H 9n3X H 3n3 3X2 1-12 an
2 F 1 r 383F R o
(& i (e =
H BnBXZ 0 o aX Hza}(an
_ s Rl
H3 3112 Han
3
mwttimG:-a-E’Szg-g:ﬁF—zaIﬁT:Eg:aF
an an an an an
and rearranging, this equation yields:-
5434‘P+82(3¢ ﬂi_ 1&-95’&
£ 22 1 3
R 38X 3X8n an 9 RH an H aX

3 3 3
il (4€H+G)_L2+§_ Ei’_'L2+£3§F_3__.'1’_3
H R aXan H 3X 9nd3X® H 23X 9n

Ve 2_;%2+; {ZGEH.+652(H')2_252}H" +iBH2}a_2_1p_
2

R R 3n2
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3
""'€'3 (EZHZ'B'—BE— + T) ﬂ-%l (92H3-§-F3-+H-3-§—2H'S) ¥ .o,
H anod 3X H oX oX an

(4.2.4)

The same symmetry condition as for the straight-wall
channel is used, so that the boundary conditions at the walls

are replaced by one at the channel centre and one at a wall:-

an
9 33
—i=——¢—3=0atn=0 (channel centre).
an an

Again, as for the straight-wall channel, boundary
conditions are required upstream, at X = —~, and downstream,
at X = + ». The same boundary conditions are taken, with the
same trials being made, that the upstream and downstream
boundary conditions do not affect the solutions to any
appreciable extent sufficiently far fram the boundaries
X=X0 and X=Xl. Since a numerical solution is employed, it
is clearly not possible to use X = ~ and X = + «», and
consequently these are replaced by the finite values X=Xy and
x=xl respectively. More will be mentioned of the boundary

conditions when the results are presented.
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Thus, to sumarize, the governing equation for the
disturbance stream function, v (X,n), is equation (4.2.4),

together with the boundary conditions

} at X = XO; (4.2.5a)

ax = 1KY
3 33
l = = 0 at n= O; (4.2.5}3)
an an
Y = %%: O atn = l; (4.2.5C)
either: § = L =0at X = X, ; (4.2.54d)
> X i s N
W _
ar: sx = 1KV
} at X = X, (4.2.5e)
2
u = - Klzlp

9

where K, and K, are arbitrarily chosen camplex numbers.

4.3 Numerical Solution

As for the straight-wall chamnel, a finite difference
scheme is employed, transforming the partial differential
equation (4.2.4), together with the boundary conditions

(4.2.5), to a set of finite difference equations. For the
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numerical solution it is necessary to use a finite value of
X to replace the upstream X = -« and it is found that a
value of -4.5 is sufficient. The value of X used at the
downstream boundary ranges fram 4.5 to 10.5, and will be
denoted by Xy The step-lengths in the X~ and N -directions
are denoted, as before, by h and k respectively, and the

rectangular region of interest, —4.5 s X ¢ Xl, 0 €5 a8 Ly

is divided into a mesh with N

steps in X and M steps in n (as in figure 3.5.1, with

X=-4.5 replacing ¢=0 and X=X, replacing £t ). The value of

y at a general point, y (-4.5+rh,sk), is denoted, in the usual
way, by ‘pr,s' The same second order, central finite differences
as for the straight-wall case are again used and the
computational molecules are illustrated in figure 4.3.1. On

applying these to equation (4.2.4), the following equations

are obtained:
(1) (2) (3) (4)
Cr,s wr-z,s i Cr,s wr—l,s—l .8 iJ’r—l.,s"' Cr,s lL'J:hl,s-l-l

pnl) L alb) st

L] v

(8) (9)
r,s I’.‘,S‘Z r,s B

r,s-1 r,s‘pr,s r,s“’r,s+l r,s"’r,s—l-z

(10) (11) (12) (13) =

*Cr e V1,81, 8 Y rt1, 870, s Vi, s41*Cr s Y v, T 208
where
N TR T (4.3.2a)
T8 oy pt Eop Syl 2

f 4
L R e (4.3.2b)
r,s awit s T ey - i 5

E
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T R, G)r—0) b
X r,s zh 1,8 \-jr,s r+l,s
k) . ol 4 r,s-l-l
an I,S_ 2k o
r,s ;
r,s—l
2
R OO mORE
r,s
5 _;_{ z
=07 ) @) )
o r,s = 1 r,s
3
I (02 0O OSONE
3X3 2h3 T,8 =
r,s
T S @)
3 5 3
N ys 2% o i
r,s
4 - % (OO0}
X h r,s At
r,s
Figure 4.3.1: For legend, see next page.
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L=%]
1=

o

Qr
=)

Y SO
anod X2 r,s 2h2k

4 4

3 _ 3 % cail
%202 an2X>  hok’

Figure 4,3.1: Camputational molecules for
partial derivatives.
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c )
i 2RHr3h2k2
(4)
C
' 2RHr3h2 2
(10) _
T8 2RHr3h2k2
C(12)_ £
T
L TR -
.8 ZRHrBh;iz
+ %R {2 {
2
+ 388
h2
C(J—l)_ 5

e {Ze(Hr+hH'r)+R(hG '-'e:Zk.HrZI'F‘r‘r }

—hZR{

i —e—-}':' { 2e (Hr+1‘11-l'r)+R(l'ﬂrrs+Ead'lrzE‘£'s)} -

= —=t { 2e (H -hH' )‘R(hG -|-52]d-Ir2Fr s } '

2
{2&: (1, b )R (G, e kHrZF'r,s)}.

[89 {ezkzﬂr3+h2 ( +hH"_ )}

2% ey 2 7,

rrs

[Be {gzszrz—hz (Hr-hH'r)}

(ezkzl-l 2112y 4052 (o 2u_2an

L]
(2 -Rek HrFr 5
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r r,s

"))

4+ Tr,sl}]

(4.3.2c)

(4.3.2d)

(4.3.2e)

(4.3.2f)

(4.3.29)

(4.3.2h)

(4.3.21)



c(9) _ _117 (24Rek HF. ), (4.3.23)

r,s Z‘R.Hr K o o2 -

g e CH [4{ 2h2k2(3H + H)=2 (k2K 2+h2)}

LA 2RH 454

2 - y , 2 .2
+ Rek {mzmrtzer's k 5, J4+2HF r's(gzkz}lr +h?)

+ n2k%H, (%0 Rt + 8. }] -, (4.3.2K)

r r,s
kHr

CCSJ 2 [4{ 2,22 (31{' +H )'2(6](21'1 2+1r12)}

ReB "o h2k4

2 . : 2
+ Rek {thkH (26, ks, ) mrprr (e 2K H_ 21h°)

(NN B
k hzkzl-lr(e H, ZF 5. o }] %4 27 (4.3.21)

r

5+ ) S 22 .2 T Byl Lo e
G- ooy 4 8. [a h’H_ (3521(21-11_ +4h%)+h {3 262K (32 %+ )}
! g

2 2,22 2.2
- Rh2k {Za{'rGrrs-i-iBHr e k2Hr +h )H ) (4.3.2m)
where H' = é—‘ﬂ- etes o B = g—§ etc

In finite difference form, the boundary conditions

(4.2.5) becaome:
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Vi =¥ s = 208y

0'0,S
} for all s (upstream), (4,3.3a)

v -
o,s given values

"’r,—z e \br,2
} for all r (channel centre), (4.3.3b)
Ve,-1 = ¥r,1
LB

} for all r (wall), (4.3.3c)

‘l’r,M-l-l = wr,M =]

either
Y™ 2
} for all s (downstream), (4,3,34d)

1"N-i-l,.s < lf’N—l,s

2

Yn,s T Yn-1,8 = K ¥%1,8

(2—1'12](12-12111(1)
} for all s (4.3.3e)
(downstream) .

p1,e = IH2ERAVg

As for the straight-wall channel, the equations (4.3.1)

may be expressed in matrix form as

TU=Q, (4.3.4)
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where the coefficient matrix T is of the same band form as
before (see figure 3.5.3), except that the block matrices
Aand F now include coefficients with a downstream as well
as cross-stream dependence. Thus A and £ may be replaced

by,ﬂr and £ respectively, with r = 3(1)N-1 for,g_r and

r = 1(1)N-3 for Er In the former, each AS is replaced by

C(l

) (13)
r,s

;, and in the latter, eachJs is rt-":pliztcesdbycr gt
r

with s = 0(1)M-1. The form of the other blocks may be
found by comparing the corresponding coefficients in the
two sets of equations, (3.5.1) and (4.3.1). Thus the first

(2) (4)
B, is replaced by cr,s' the second by Cr,s } Cr,s is

replaced by C(B): the first D is replaced by Cés)s, and so

on. The right-hand side colum vector Q also has the same
form as before (see figure 3.5.4) with again the same change

of coefficients.

In the same manner as for the straight-wall case, for
camputational purposes the band of matrix T is stored in a
matrix P, which has the same form as that given in figure
3.5.5 with the same transformation of coefficients as
indicated above. The main difference between the two cases is
that in equation (3.5.1), there are constant coefficients,
coefficients dependent upon the cross-stream variable only,
and coefficients dependent upon both variables, whereas in
equation (4.3.1), all coefficients depend upon both the

cross—stream and downstream variables.
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Once the matrices have been set up, equation (4.3.4)
is solved in exactly the same way as equation (3.5.4) for the
straight-wall divergent channel, details of which are given in
section 3.5. Once again the maximum value of N which is used
is 300, and this is found to be sufficient for all the cases
considered.

4.4 Growth Rates

Eagles & Smith used the growth rate based on the disturbance
kinetic energy density, E. It is decided in the present work,
however, to extend this and to use three growth rates, as used
in Eagles & Weissman for the straight-wall channel, namely those
based on E, on the disturbance stream function ¥, evaluated at
the channel centre, and on the relative kinetic energy density,
ﬁ. These are defined as follows.

The growth rate of ¥, GR(y), is defined as

_ 1 alw]l - e alwl

The mean kinetic energy density, averaged over time and

integrated across the channel, is defined as

H(X)
E®) = 1 IO (2 + v2) dy, (4.4.2)

where u and v are the velocity camponents of the disturbance,
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and an overbar indicates an average over a period. Now

oY, 2 ate 2
v L i X R
us = ¢ 5 ) and v° = e )
o -igt 2
where \Pl(x,y,t) = ¢l(x,y)e + camplex conjugate.
& 39y |2 5 3y |2
Thus U =2]-——{ and v =2|—,a:ﬂa1$etting
3% ax
by &,y) = ¥(X,n) gives

— 2 _— 2
uz = ...2- l ilp_ and V2 = 232 E.‘E. ~
H2 an X

Substituting these into (4.4.2) yields:

11 |2 2 2
: 1| aw[
E(X)_HIO(HZl3H|+E 2 ) an
- HX) TX). (4.4.3)

The growth rate of E, GR(E), is then defined as

GR(E) = . (4.4.4)

H=|=
&\
|

el )

Denoting the velocity camponents of the basic flow by
ug and LA the kinetic energy density of the basic flow, Eo'

is given by

141



Lane L ame L
Since u o HZ (an) H2 G" ,
2 3F.2  2,3F.2 2
and v ‘= () D = ezFX A
then E_(X) =§[l .6 + .2 an
[0} & 0 Hz X
g
g ro(x) (4.4.5)

The relative kinetic energy density, E, is then defined as

E = E/‘Eo,
fe.: s mbOTGN.. 2060
HEr_®) T )

ﬂlegrmthrateofiz, GR(;E:), is then defined as

"~

GR(E) = . (4.4.6)

=2 -
% [
oo

& |6

For the numerical calculations, Simpson's rule is used
for the integrals and central differences for the

derivatives.

4.5 Numerical Results

As for the straight-wall channel, the effect of different
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mesh sizes on the solution for y was first investigated with
same test runs, and h = 0.05, k = 0.1 were finally adopted.
As before, with these interval sizes halved the maximum
relative deviations in the camputed values were always less
than 1%.

Since the method of solution for the curved-wall channel
is identical to that for the straight-wall channel, once the
equations and matrices have been set up, it is necessary only
to check that the P matrix used in the camputation has been
stored correctly. One way in which this was done was to
print out the blocks of P after they had been stored, and to
check them by hand. A further check which was undertaken
was to consider the same parallel flow case for both the
straight-wall and the curved-wall solutions. This was
achieved by taking o (the semi-divergence angle) equal to zero
in the former case, and H(X) = 1 in the latter., In the
curved-wall solution, € was chosen so that the same streamwise
step lengths were used in each case (where X = ex), that is
that 8¢ = 8x. Also for each the appropriate Poiseuille flow
was found for the basic, steady state. The two solutions
were then compared taking various R values, and in each case
the results found to be identical.

As for the straight-wall channel, extensive checks were

made on the influence of the boundary conditions upstream and
downstream upon the results obtained (see section 3.7). This
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was done by first fixing A(=eR), and then taking a range of
values of R and 8. In each case the conclusion was the same
as for the straight-wall solution: firstly upstream, that
the values taken for u;(xo,n) and K, (where Xo = -4.5 for the
numerical solutions) do not affect the results at

sufficient distance downstream; secondly, that the choice

of downstream boundary conditions (4.2.5d) or (4.2.5e) do
not affect the solutions upstream, so long as the position
chosen for these, at X = X;, is consistent with the fact that

the solution has decayed upstream fram this.

Once the value for Xl has been fixed by making same test
runs as above, for the other values of R and g for each ), the
same values are used for the boundary conditions as for the
straight-wall case; namely Ko =1 + io, w(xo,n) is taken as
the function illustrated in figure 3.7.9, and the downstream
boundary conditions (4.2.5d) are used.

Fram the solutions cbtained, it is required to evaluate
the critical value of the Reynolds number, Rc:r it for each of
the three growth rates chosen in the present work (see
section 4.4). This is the value of R below which the particular
flow quantity always has a negative growth rate, and above
which that flow quantity has a positive growth rate for same
range of values of X and for same values of g. Also it is
necessary to campare the critical Reynolds number based on the
kinetic energy density, E, found in the present work with that

found by Eagles & Smith, since that was the one measure of
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growth rate used in their paper. Shown in figures 4.5.1,

4.5.2 and 4.5.3 are typical growth rates based on E for

three of the values used for ) (8,12 and 16), for the values

of R and B given on the figures. Note that in each case there

is a positive growth rate for a range of X, and that therefore the

value of R used is above the critical value for that value of ).

The method of finding the critical Reynolds number for
each flow quantity is more involved than is the case for the
straight-wall channel, since each growth rate is a function of
the four parameters X,8,R,A (where A = eR is used in place of
¢ for convenience, and following Eagles & Smith). The method
used by Eagles & Smith is as follows. They first fixed A,
calculated the growth rate for three values of 8 for a given
R; then by interpolation determined the value of g which gave
the minimum growth rate for that R; they repeated with two
other values of R and interpolated (or extrapolated) to a
point (R,8) where the minimum growth rate was zero. New
starting values were chosen by them and the process repeated

until the critical point (Rcr ) in (R,R) - space for

it,ferit
given X and A was found with sufficient accuracy. This process
was done for a range of A and X, and then they interpolated
over X for each A toobtaint]nnﬁnﬁmancrit for each A.

'l‘hustheyfmdecrtandthecorrespoxﬂingB

/1 for various

Crit
A=values.

The method adopted in the present work varies slightly

fram that above, and is as follows.
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(1) -

(ii) Take a value of R and a value of g and find the
maximum growth rate over X, GX.

(iii) Repeat (ii) with the same value of R and two other
values of 8, and use quadratic interpolation to find the
maximum of the maximum growth rates, max(GX), and the

corresponding value of B.

(iv) Repeat (ii) and (iii) for a second value of R.

(v) Use linear interpolation to find the values of R
and 8 for which max(GX) = O.

(vi) Repeat from (ii)-(v) with two new values of R until
R it and the corresponding Bopitdre found to sufficient

Ccr

accuracy.

The whole of this process is performed for various
r-values for each of the growth rates based on the disturbance
stream function, U (evaluated at the channel centre), the
kinetic energy density, E, and the relative kinetic energy
density, E. Same results found are given in table 4.5.1,
which gives values of Rcr it and the corresponding values of
Bearit and € dik for various values of ).

Figure 4.5.4 illustrates the comparison between the values
obtained in the present work (the continuous curve) with those
obtained by Eagles & Smith (the dashed curve), where the graph
of ) versus R_ .. (based on the kinetic energy density, E) is

plotted. As can be seen, there is reasonable agreement between
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W 5
¥ E E
A fLRcrit E"c:::it Corit Rc:rit Bc:rit forit ch:it Bc:r:it Cerit
7| - - - 75.0 | 1.01 | 0.093|/63.6 |0.97 | 0.110
8 ||57.0 | 0.84 |0.140 || 57.2 | 0.98 |0.140 ||46.1 (1.07 | 0,174
9 [l48.0 | 0.91 |o0.188 | 47.4 | 1.05 |0.190|(38.1 |1.12 | 0.236
10 ||42.7 | 0.93 |0.234 || 41.6 | 1.09 |0.240 [[32.7 [1.15 | 0.306
11 || 39.0 | 0.93 |0.282 || 37.5 |1.11 |0.293 |{28.7 |1.18 | 0.383
12 |136.2 | 0.92 |0.331 || 34.4 | 1.13 |0.349 [|25.6 |1.20 | 0.469
13 ||34.0 | 0.92 |0.382 || 31.9 | 1.16 |0.408 [|22.7 [1.21 | 0.573
14 ||32.3 | 0.91 |0.433 || 30.0 | 1.18 |0.467 | - - -
15 ||31.0 | 0.91 |0.484 | 28.4 |1.21 |o0.528 || - - -
16 || 29.9 | 0.91 |0.535 || 27.0 |1.23 |0.593 " = =
Table 4.5.1 Values of R it and corresponding Beorit and

€ »
crit

for the values of X shown, based on the

growth rates of ¥(at the chamnel centre), E and ﬁl
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the two sets of results, although it is again worth pointing
out that each is obtained by entirely different methods

for the disturbance stream function equation. Eagles & Smith
used an expansion method with error 0(52) , and in the present
work the equation is solved directly by a numerical method.

Finally, shown in figure 4.5.5 is the overall critical

Reynolds number, Rcr based on each of y(evaluated at the

i
channel centre), E and E:, drawn against e.
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5. AN INITIAL~BOUNDARY-VALUE PROBLEM IN A STRATIGHT-WALL
DIVERGENT CHANNEL.

5.1 Governing Equations.

In this section, the motion of an impulsively started
disturbance as it travels downstream in a straight-wall
divergent channel is considered. The same channel (see
figure 3.2.1) and coordinates are used (see section 3.2)s
The linearized equation for the disturbance stream function,
‘Pl(E,n,t), in such a channel was given in section 3.4
(equation (3.4.4)) and is restated here, where for

convenience ‘Pl(f;.n,t) is replaced by Y (E,n,t):

_ 2
[R % {(3— - )% + 3—2} -e®E L —g(n) - 2a):] 7%

13 an ot 13
+g"(,) ¥ 2
g"(y) 5 209" (n) e O (5.1.1)
BQJO
where g(n) = Tty being the stream function of the basic,

steady flow (see section 3.3). The boundary conditions,

using the same symmetry condition as before, are
v =-§%= 0at n=l (wall),

3
ﬁi:ua=03t n=0 (channel centre).
an an

In order to solve equation (5.1.1), it is first necessary to
change the single equation to two coupled equations by

setting
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v (5.1.2)

Il
€
~-

which yields

20t 3 _ omkd -1 dw
e at-R]'Vw {chR +g(n)} v:

+ {4a23—1+209(n)}w + g"(n) %g— + 2ag'(n) %‘g— 5 o tdied)

The channel centre (n=0) and wall (n=1) boundary conditions

for w are found by using the symmetry condition, so that

g—:‘=0at n=0,

and the fact that m=v21p is used in an iterative manner to

obtain the value of w at n=l.

What is considered is a stationary disturbance at time
t=0, and, with a well-defined local perturbation then applied,
as time increases the evolution of the developing flow is
followed by solving equations (5.1.2) and (5.1.3)
numerically. Thus for time t<O, the trivial solution
p=w=0 is used, so that the flow is campletely steady before
the onset of the disturbance. A very short time before
t=0, it is imagined that unspecified external forces are
applied so that at time t=0 the two functions 1 (£,n,0) and
w (£,n,0) have known expressions. An ideal localized
perturbation would be

¥ (0,0,0)

lb(Em:O)

1,

I

O, & and n not both zero.
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However, since o =y2y, this would make ; singular at
the origin. Thus, in order that the equations may be
solved numerically, a large positive constant ¢ is
introduced, and the initial values taken are

¥(Em,0) = exp [ + )], (5.1.4)

vzzp = 4o{c(£2+n2)-1} exp [-o(e;2+_n2):[, (5:1.5)

w (£ yn,0)

This would then give the ideal localized perturbation
above in the limit ¢ = 4=, In fact, for the numerical

solution the value taken for ¢ was 20.

Equations (5.1.2) and (5.1.3), then, define an
initial-boundary-value problem, and so boundary conditions
are required at £ = + ». Since for t<0, y= y = 0, and an
initial localized disturbance is taken, the additional

boundary conditions are taken as

‘\b(i‘”rnrt) = ﬂ!‘(i“’:nrt) = 0,

The general method of solution may then be set out as
follows, having first set the values for R,u,sc and the
initial values for w and y.

(i) Calculate new boundary conditions for , using the

latest values of y.

(ii) Calculate values of y at the next time level fram
equation (5.1.3) and boundary conditions for y found in
(i) above.
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(iii) Calculate values of ¥ at this time level fram equation

(5.1.2).

(iv) Return to (i) if the chosen maximum time level has not

been reached.
As mentioned, each of the equations (5.1.2) and (5.1.3)
is solved by numerical methods, details of which are presented

in the next section, 5.2.

5.2 Numerical Solution.

For the numerical solution, the upstream and downstream
boundaries at £ = - » and £ = +» are replaced by finite
boundaries £ = EO and £ = El respectively. Denoting the
step lengths in the £-direction and n-direction by 8¢ and
én respectively, the rectangular region Eo T gl,
Ogsng 1is divided by a mesh with N §£-steps and
M §n-steps, as in figure 3,5.1 with £ = £, DoW replacing
£=0.

A finite difference method is used for equation (5.1.3),
a first order forward scheme for the time derivative and a

second order central scheme for the space derivatives. Thus

+)_  (n)
I ' T 1%
ot st

and the space derivatives are the same as those used in

Chapter 3 (see figure 3.5.2). This forms an explicit method
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of solution, with the values of y at any time level being
given explicitly in terms of the values of » and y

at the previous time level.

The finite difference version of equation (5.1.3)

thus becanes

(n+l) (n) (n) S (n)
o208y (i : e 1 BRI e 55 ;, o T 1 Y
(413
(n) ugn) (n)
i,]+l 1.3 -l)
én

(n) (n)

w.
P S £ 5 Bl = 5 IR S N S0 =
J 25 5 L)

w(n) A w(n)l N n) _ w(n)
|: Pl 2 s i-1,3 i, 34 i,3-1
e 25¢€ Ay 261 :

' (5.2.1)

where with the usual notation

(n)

’j = U(EO'"].ﬁEp Jﬁ'ﬂ; nﬁt).

On rearranging this gives

2aE, (ntl) _ (n) (n) (n) (n)
e luy g =RAjuy ) gt By 53+ Gy 50,57 BO 40
o 2l @ @

yogerg By Bagy g " Vi 4

(n) (n)
- Fj (l].li'j_{_l vy 3-1)' (5.2.2)

(1 = 1(1)N-1, j = O(1)M - 1),
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-1
A, = atRz (+2ase) + - g.,
J SE 28
» SER T
B iy 2 r
n
Ci .= 92‘3‘51 + 2stR'l {2:::2- (—15 R %)} + 206t gj;
SER T st
D, = (1 - 2068) = 5= Gav
3 552 28 7]
El = é't_g"' r
Al S
g, o= S5% o
J 8n g 3

The boundary conditions for u are

N(Eorn rt) = w(&lm rt)=0r (UPEtreaIﬂ, dcmnstream),

g-‘:]i=0atn=0, (,channelcentre),andm=vzlp at

n= 1, (wall). The boundary condition at the wall in

finite difference form becames

VM Wy ttiam L Vi Tty
w = *
i,M 2 2
8E én

i,M~1

Now also at n =1

] g
v an O
Y Ve M-
bie. by py = O and i " Yiomel
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=SV =0 a3 ¥ = VM

Thus at n=1 the boundary condition for w becames

iM 5112 iM-1
The other boundary conditions for o in finite difference

form are

mip-l = wi;l .

If the same finite difference scheme is applied to
equation (5.1.2), this would result in
1 + i o 1

1 1
e T e e e e
552 i=1,3 an i1 ag2 511.2 i Jj &n i, j+l

1 _
B o R
ke SRR TURRE L

As mentioned in section 3.8 on the coupled equation method,
this had been solved by both the successive over-relaxation
method (SOR method) and by the direct method of Gaussian
elimination. However, for numerical stability of ecuation
(5.2.2), the step-length in time, §t, would have to be very
small (more will be discussed on this in the next section),
and so equation (5.1.2) would have to be solved a great
number of times. It is felt, therefore, that it is beneficial

to solve this equation, Poisson's equation, by a fast direct
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method based on Fourier analysis due to Hockney (1965, 1970).

This method will now be described.

The method is applicable to rectangular regions with
simple boundary conditions, as is the case for the present
work. To restate the problem, at each time level it is

necessary to solve

2 2
B_‘P‘z (Erﬂ) + u‘z (Ern) A UJ(E:T]); (5.2.4)
9 an

for £ 5 £ Epr Oz nsg 1, where y(£,n)=0 for

£ = £yE; and n=l, and L (gm) = O for n=0. It is

worth mentioning here that although it might appear that
thebommdaryconditim-g%=0atn=lhasbeendropped, g

has in fact been incorporated above in the evaluation of the

boundary condition for w at n= 1 (giving w, =—2—21p. )
iM &n iM-1

This is identical to the method adopted by Greenspan (1968) for
the solution of similar coupled equations. The method is

described briefly here,

Along the wall n=l,
consider the four points (E,n),

(5"" GErn): (E - 5Erﬂ): (Er T]"'GT'I):

nurbered 0,1,3,4 respectively, in the figure. It is required
to determine parameters ajr @yr 33r 3y g such that
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22y 2% a0
¢ ih + 2 )| = aghy ¥ apyy *agug tagy, tag ()
(o]

Expansion of Yyr V3 and Va into Taylor series about the

point numbered O and reorganisation of tems implies

2 2
(—?’—% + %) = wo(ao+a +a +a4)
E an o

+

3
Ge| - (6.aymse.ay)

+

)
(—a%) o (~6n.a, + ag)

t—“f-) .t—i +—*1 a
aa

2
9 8

B (—‘kzyl . €2 .2y
an” lo

+

3)

In this latter equality, setting corresponding terms equal

yields

a0+a1+a3+a 4 =0,

8E .al—ﬁ-‘;.a3=0,

—an.a4+a5 =0,

2 2

SE (1 -

2.a]_-i- 2.a3 1,
2
Sn =
2.a41,

the solution of which is
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1 1 1 1 2
a ==2(—, +—,), a,=—y,a, =~y 3, =—) & =
o} 652 6n2 1 552 3 st E 5 5

Thus the following approximation is used:

2 2
9 ] ™ 1 ]! 1 3 2
Al +2¥)| =2+ )y Y, F U3t 5V
352 an - SE 8n (o] 5E 1 652 3 &n 4
2 3
+6n (an)o'

On using the boundary conditions for ¢ along the wall,

w=%%=0at n= 1, gives

= - = gﬂ‘ =
bo =¥y =43 = 0| =0,

and so
2 2
o 2 2 2 4
9k an (o] én

The boundary conditions allow ¥ (£,n) to be expanded
in a Fourier series in either the g-direction, n-direction
or as a double Fourier series in both directions. Since the
determination of Fourier coefficients is a time consuming job
on a camputer, it was suggested by Hockney that the fastest
canputer program is cbtained if the expansion is made in
only cne direction and if this is chosen to be the shortest.
In the present case, this is the n-direction. The appropriate
Fourier expansion is chosen to satisfy the boundary conditions
atn =0and n = 1, and so the expansion is

0
pEMmM) =) T (E) cos(2k+l) %n, (5.2.5)
k=0
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—(k)

and similarly for w(g,n), where ¥~ (¢) is the Fourier

amplitude of the k th hammonic.

The substitution of (5.2.5) into the partial
differential equation (5.2.4) results in a set of
ordinary differential equations relating the Fourier
amplitudes of Y (E,n) and w(g,n), and which for each

harmonic are independent of each other:

ﬁ(k) () _ {(_..2]?.!‘.1)_“} 4 7™ @ =a® @), (5.2.6)
dEz .

for k = O(1)M. Using second order finite differences

(2k+1) 7

5 and

for the derivatives, and putting Ak

h = 8¢, yields

1 ~(k) — (k) , —(k) 2 — (k) _— (k)
Oy =205 +¥50 ) oMb T =y
i = 1()N-1),

which on rearranging becames

-—(k TR T e
) LHZ“‘ ”’1“ 52 V54 =9y %

:::1’1—-

Using ﬂnbmnxdaryoaruiitimsi?u{)(s) = O on the upstream
and downstream boundaries, this may be expressed in

matrix form as
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- 2 +) 2) 1 ‘T 7 (k) — (k)
2%k 2 1 9
1 Bt i i — (k) — (k)
= =Eh ) ¥ W
5 27k 2 2 2
T ; v (5.2.7)
L e e
L — (k) — (k)
2 2 hz*"k ) ¥N-1 ON-1

The right-hand sides, Ei (k) , are obtained by the inverse

Fourier transform of (5.2.5), giving

M, -
B =2 T w, soos(@el) I 1 s (5.2.8)
=0

=i

¥ M

where, with the usual notation,

fj = BE 4. .+fn_l+!5fn.

Er

The tridiagonal matrix equation (5.2.7) is solved
(for each k) by the method of Gauss elimination in the
neat form as given by Varga (1962). Then, having obtained

iIfi(k) as the solutions of equation (5.2.7), vy j is
r
obtained by application of (5.2.5).

Sumarizing, the solution of Poisson's equation
(5.2.4) is obtained in three stages:
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(1) Fourier analysis of right-hand side

) gy

w(Em) » ©

(i) Solution of k independent sets of ordinary differential

equations or the corresponding tridiagonal matrix equations

75 ¢y » 72 @,

(iii) Fourier synthesis
9% + wEm).

Finally, to summarize the whole numerical procedure,
the initial values of ¥ and w are first set up using (5.1.4)
and (5.1.5). The new boundary conditions for w at the wall
(n=1) are calculated, and equation (5.2.2) is used to give
the values of w at the next time level. Ecuation (5.2.4) is
then solved by the Fourier method to give the values of y
at that time level. This process is repeated until the
maximum allocated time level is reached.

5.3 Numerical Results

The explicit method for equation (5.1.3) detailed in the
last section is clearly the simplest finite difference
analogue, in that it means that each of the values of w
are updated at each time level fram values cbtained at the
previous time level by use of equation (5.2.2). However,
this method brings in problems of numerical stability, and

means that a very small value of the time step-length, §t,
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must be used. The stability condition on 6t in fact

depends upon the coefficients of the highest order

derivatives of the right-hand side of the partial differential
equation, the time derivative term having been isolated on the
left-hand side. Thus equation (5.1.3) may be written

3w _ _=20E.~1 2
at-e RlV m+ . ea -

The stability condition is then (see Richtmyer, 1957)

st < R/ [2( =, + ) ] . (5.3.1)
(13 én

Since the motion is started by a localized perturbation,
the most rapid spatial rates of change would occur during the
early time levels, and so 8¢ and &n would have to be small,
with the hope that they, and therefore 6t, could be increased
as t increases. This would therefore mean very small values of
5t, and hence the need for the fast solution of Poisson's
equation given in the last section. As examples of the
restrictions on ét, with R = 45, y = aR = 4,093, if 0= -5,
then with 6& = én = 0.0125, &t < 0.0007, and with
8t = 8n = 0.025, 6t < 0.0028; if go = =7.5, 8¢ = én = 0.025,

then 6t < 0.0018.
Extensive checks were made on the effect of changing the

time step, 8t, the space steps 8£, én, and on changing the

positions of the upstream and downstream boundaries, o and £q-
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In all solutions presented, R = 45, y = 4.093,5 = 20, and
values of |y at the channel centre are given. For example
in table 5.3.1, three different results are shown at time

t=0.008, with £ = -7.5, §; = 7.5. In colum (a), the
values are obtained with &¢ = gy = 0,025, st = 0,0005;

in colum (b) with 6 = én= 0.025, st = 0.001. The closeness
of the two sets of values cbtained may clearly be seen.

The solutions in colum (c) were found with §¢ = &n = 0.025
for five time levels, then putting ¢ = §n = 0.05, with

st = 0.001 throughout, and again there is good agreement.

As an example of another check, the results of two
separate runs were checked at time t = 0,025. In both runs,
§& = én = 0.025 for five time levels, then both were doubled
to 0.05. 1In the first run &t was kept at 0.001, while in
the second run §t was chanced fram 0,001 to 0.005 after five
time intervals. In camparing the values cbtained for |"’Imax'
it was found to differ by less than 0.5% from one run to the

other.

It is the development of the disturbance as it travels
downstream which is of interest, and so it is intended to
follow this flow downstream. Hence, as the values close to
the downstream boundary & =‘c;1 increased, it is decided
to shift that boundary further downstream. A check was built
into the camputer program to enable this to be done. If,
however, the upstream boundary £ = gowerekept fixed, this
would increase the number of mesh points for the solution,
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y (£,0)

g (a) (b) (c)
= 1.00 0.,000389 0.000389 0.000412
= 0,75 0.000786 0.000788 0.000854
— 0,50 0.007036 0.007032 0.006966
- 0.25 0.247440 0.247289 0.244963

0.00 0.983789 0.984026 0.988840

0.25 0.327560 0.327489 0.325070

0.50 0.008429 0.008409 0.008357

.75 -0.000152 -0.000151 -0,000074

1.00 -0.000047 =0.000047 -0.000021
Table 5.3.1l: Values of {(£,0) at time t = 0.008 with

R= 45' Y =UR= 4.093( o= 20r EO= '_7.5p

El = 7.5,
(a) 6 = 6n = 0,025, &t = 0,0005,
(b)st = &n = 0,025, &t = 0,001,

(c)8E = 6n
SE én

0.025 for 5 time levels, then
0.05, with 6t = 0.001 throughout,

Il
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and so would increase the camputer run time. Tests were
therefore made on the effect of moving the upstream

boundary at the same rate as the downstream boundary

(i.e. keeping the interval (};o,gl) fixed) as campared with
keeping it fixed while the downstream boundary was shifted.

The result of one such test given in table 5.3.2 shows that
there is little difference in the values of y over the range

of & of interest (where the travelling wave is) with the

values upstream and downstream decaying to zero. The values are
taken at time t = 5 with 8¢ = sn = 0,025, st = 0.001 for five

time levels, then §& = én = 0.05, &t

0.005; for the moving

boundary solution, go=-Sattimet=0andhasﬂlevalue

E -1.5 at time t = 5, and for the fixed boundary solution,

o

£
o
thus decided to move both boundaries at the same rate, keeping

-5 throughout; for both, &, starts at +5. It was

the distance between them constant, and hence keeping the same

number of mesh points, after the initial five time levels.

Clearly with §t at such a small value, the camputer run
time is going to be very large, and in fact the maximum value
of t reached for any single camputer run was 20, all runs being
made on the CDC 7600 camputer of the University of London
Camputer Centre. This result is shown in figure 5.3.1 which
_clearly demonstrates the downstream development of the
initial disturbance. For this run, R=45, y=aR = 4.093, ¢=20,
8& = &n = 0.025, &t = 0.001 for five time levels, then
8E = &n= 0.05, 6t = 0.005. The solutions are shown at four

values of t, t = 5, 10, 15 and 20, This diagram is similar

170



¥ (£,0)

g Moving boundary Fixed boundary
1.0 0.019666 0.019452
1.5 0.024828 0.025400
2.0 0.032070 0.032498
2,5 0.040141 0.040209
3.0 0.050464 0.050416
3.5 0.072501 0.072475
4.0 0.099008 0.099005
4.5 0.066399 0,066399
5.0 -0.046250 -0.046250
DD -0.064059 -0.064059
6.0 0.01°9013 0.019013

Table 5.3.2.

The effect of a fixed upstream boundary

versus a moving upstream boundary at
time t = 5 with R = 45, y= aR = 4.093,
o= 20, 8¢ = &n = 0.025, &t = 0,001 for
5 time levels, then 6§ = én = 0,05,

§t = 0.005.

i

171

For the fixed boundary,
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/4

0.10

0.05

-0.05

-0.10-

Figure 5.3.1: The disturbance stream function at the channel centre,
y(£,0,t), for £t = 5, 10, 15, 20, with R = 45,
y = oR = 4.093.



to one presented by Betchov & Criminale (1967) for the

development of an initial localized perturbation in a Blasius

boundary layer.

With the values taken, R=45 and y =4.093, it is expected
fram the results of Chapter 3 for the straight-wall channel
that |“’|max should grow as the disturbance travels downstream
(see figure 3.7.12). However, as can be seen in figure 5.3.1,
this has not been the case. It is not fully understood why
there should be this difference between the two methods,
although the remarks of Betchov & Criminale (1967) may be
relevant. They noted that the maximum velocity pulse decays for
same considerable time before the mode of largest amplification
becames daminant and the maximum pulse begins to grow again.

Tt may be, therefore, that at time t = 20 this "largest mode"
has not had time to became sufficiently dominant for lemax to
start to grow. It was decided to see if the same were true
of the kinetic energy density, E, of the disturbance. If u,v

are the velocity camponents of the disturbance, then E(t) is

defined as
E(t) = %ro r‘" (u2+v2)rd¢dr.
. -a —
With u® = —— (?1.'3"_)2 - o Bt (3_‘P.)2
I._2 0P an

2 g5 &
and V2= H =e 2“5(%%)

the expression for E becames
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2 L S

E(t) = (b~ + ¥;")dndE.
- ‘0

Again, as for the id’lmax values, E decays over the range of

t. considered (05<tg<20).

More investigation is clearly needed so that runs for
larger values of t may be undertaken, to see if the dominant
terms or components eventually show a positive growth rate.
The way in which this might proceed will now be mentioned.

Further mumerical experimentation could be carried out
to look at the effect of further changes in the time step, $t,
so that larger values of t may be reached in a given camputer
run time. It may be that as the upstream boundary is moved
downstream, and £ 5 consequently increased, numerical stability
could be achieved with a larger value of §t, as the exponential
factor in the stability condition (5.3.1) would thus be
increased in value. Another possibility is in the use of an
implicit scheme for equation (5.1.3), choosing one which is
always stable for any &t, for example the Crank-Nicholson
scheme

(n+l) _ (n)
i 9 |

St

= 1 [wus) ™D 4 (mis) ™7,

so that larger values of &t may be used.
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6. CONCLUSIONS

Presented in this thesis are investigations into the
hydrodynamic stability of flows in channels of slowly
varying width, and in particular a channel with straight,
divergent walls and a channel with curved walls. The
particular channel chosen for the curved wall is one whose

walls have equations

y =+(1 + % tanh ex),

where vy is the cross-stream variable, x is the downstream
variable, and ¢ is constant. In each case the steady state
flows are found first. For the straight-wall channel same
typical velocity profiles are illustrated in figures 3.3.1
and 3.3.2. The solutions for the curved-wall channel differ
fram those of the straight-wall channel in that the stream
function and velocity have a downstream as well as cross-—
stream dependence. The downstream development of the
velocity profile for X (= eR) = 16 is shown in figure 4.1.1.3,
which clearly shows the influence of the change in channel
width on the basic flow. As can be seen, these profiles

are stretched out as the flow progresses downstream.

The stability of each of these flows is then studied by
use of the linearized equations in the disturbance stream
function. These equations are solved in both cases by
numerical methods which do not involve approximations. The

results obtained would thus be expected to be more accurate
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than any which involves an approximation of same kind, such as
the previously mentioned quasi-parallel approach (used for
the straight-wall channel by Eagles, 1966) or the slowly
varying, WKB, method (used for the straight-wall channel by
Eagles & Weissman, 1975, and for the curved-wall channel by
Eagles & Smith, 1980). The present work therefore makes a
further contribution to the study of hydrodynamic stability by
improving upon the methods previously used for channels of
varying width, although it should be pointed out that the
results using themﬂaapproacha.reseentobeinreasonable
agreement with those presented here. The critical Reynolds
nurber based on each of three flow quantities (the disturbance
stream function, the disturbance kinetic energy density, the
relative kinetic energy density) are calculated for each of the
two classes of channel, the main results being shown in

figures 3.7.14 and 4.5.5.

Also presented here is a study of an initial-boundary-value
problem in a straight-wall divergent channel, the evolution
of an initial localized perturbation as it travels downstream
being traced by the direct numerical soluticn of the linear
time dependent equation in the disturbance stream function.
Although this shows a decaying travelling wave where a growing
one is expected, it is pointed out that this could be due to the
fact that the dominant mode has not yet been "picked out" by

the solution up to the maximum value of t used (t = 20).

Related experimental work on the stability of channel flows
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appears to be non-existent. In the case of the straight-

wall channel there is the problem of setting up the original
Jeffrey-Hamel steady flows. Hence the particular curved channel
studied first by Eagles & Smith (1980) is believed to present

a much more realizable flow situation physically. Up to the
present time it is believed that no experiment has been
undertaken, but it is to be hoped that this will be forthcoming

so that camparisons may be made with the results presented here.
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