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For quantum computers to become useful tools to
physicists, engineers and computational scientists,
quantum algorithms for solving nonlinear differential
equations need to be developed. Despite recent
advances, the quest for a solver that can integrate
nonlinear dynamical systems with a quantum
advantage, while being realizable on available (or
near-term) quantum hardware, is an open challenge.
In this paper, we transform a nonlinear dynamical
system into a linear system, which we integrate
with quantum algorithms. Key to the method is
the Fokker-Planck equation, which is a non-normal
partial differential equation. Three approaches
are proposed: (i) forward-Euler stepping by block
encoding; (ii) Schrodingerization and (iii) forward-
Euler stepping by a linear combination of unitaries.
We emulate the integration of prototypical nonlinear
systems with the proposed quantum solvers and
compare the output with the benchmark solutions
of classical integrators. We find that classical and
quantum outputs are in good agreement. This paper
opens opportunities for solving nonlinear differential
equations with quantum algorithms.
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1. Introduction

Nonlinear differential equations are ubiquitous in physics, engineering, chemistry, biology,
economics and various other subjects (e.g. [1]). In many instances, computing numerical
solutions on classical computers is challenging—and sometimes intractable, e.g. in turbulence—
because of the large number of degrees of freedom [2]. Because of the exponential state space
of quantum computers and a theoretically proven quantum advantage of numerous linear
quantum algorithms, there is a growing interest in developing efficient quantum algorithms for
integrating nonlinear dynamics [3-13]. State-of-the-art ansdtze can broadly be structured into
the following categories. First, in hybrid quantum computing schemes [3-5], the integration of
differential equations is formulated as a minimization problem, which is solved by evaluating
the loss function on a quantum computer with parameter updates being carried out on classical
computers. These ansédtze can already be implemented on the available quantum hardware;
however, it is not yet clear whether they offer a scalable quantum advantage. Second, in a mean-
field-based ansatz [6], several copies of a quantum state evolve under a symmetric interaction
Hamiltonian, which leads to a nonlinear evolution of individual copies. This solver offers a
scalable quantum advantage, but it also requires extensive quantum hardware resources that
are not yet available. Third, nonlinear systems can be linearized via Carlemann embedding.
This yields truncated equations, which are an approximation of the original nonlinear equations,
which can be integrated with existing quantum algorithms [7-9,11,13]. On one hand, for
dissipative systems, these ansétze offer scaling advantages. On the other hand, the required
quantum hardware resources are unlikely to be available in the near- to mid-term future.

Fourth, instead of integrating a nonlinear system itself, one may consider the evolution of
the distribution function of dynamical variables, for instance using the Koopman—von Neumann
formulation of nonlinear dynamics (e.g. [10]) or a level set method (e.g. [14]).

To integrate nonlinear dynamics on near- to mid-term available quantum hardware with
a scalable quantum advantage, new ansdtze and quantum solvers need to be developed. In
this paper, we propose quantum solvers that are based on the idea of transforming nonlinear
differential equations into a corresponding Fokker—Planck equation. The Fokker—Planck equation
governs the evolution of a probability distribution function of dynamical variables, which are
stochastically forced. Upon spatial discretization, the Fokker-Planck equation becomes a master
equation, which is a linear and non-normal ordinary differential equation (ODE) system. (While
writing this paper, the authors became aware of [15], in which a similar approach is proposed
using linear ODE quantum solvers for the final integration step.) However, although high-
level linear ODE quantum solvers have been developed, their implementation on currently
available quantum hardware is challenging. Moreover, as we demonstrate, it is crucial to take
into account the non-normal nature of the semi-discretized Fokker—Planck operator, which has
not been tackled in [15]. In this paper, we propose quantum solvers that prioritize structural
simplicity. In particular, some of our approaches do not rely on fully scalable digital quantum
computing hardware but could also be executed on analogue quantum hardware. This offers an
alternative route to integrate nonlinear dynamics on future upcoming quantum hardware. We
propose three ways of integrating the master equation by taking into account its non-normal
nature. The computational output of this approach is a quantum state that is the time-evolved
distribution function. From a dynamical systems point of view, the time-evolved state represents
a solution of the deterministic dynamics that is subject to the stochastic uncertainty, which is of
key interest to many disciplines, from weather and climate forecasting to turbulence, to name
a few. The proposed solvers are showcased by numerically integrating prototypical nonlinear
systems.

The paper is organized as follows. In §2, we review the Fokker-Planck formalism. In §3a, we
discuss the spatial discretization of the Fokker—Planck equation and the properties of the resulting
ODE system. The non-normality of the Fokker—Planck operator is discussed and tackled in §3b.
In §4, we discuss quantum solvers that prioritize structural simplicity over optimal asymptotic
scaling. In particular, we develop a solver that employs a linear combination of unitaries to
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achieve a forward-Euler integration. In §5, we emulate these solvers for different model systems,
thereby assessing the performance of the employed quantum solvers. We discuss the results in
§6, and conclude the paper in §7.

2. Fokker—Planck formalism

The evolution of nonlinear systems may be generally sensitive to the initial condition. Ensemble
averages over several trajectories for varying initial conditions are a common tool to address
this sensitivity. They can be formed using the distribution function of the dynamical variables.
Commonly, ensemble averages are derived by integrating several different initial conditions
and forming averages of the resulting outputs. While it can be parallelized, this approach is
computational expensive and the quality of the ensemble forecast crucially relies on and is limited
by the number of ensemble members used for model integration. By contrast, direct access to the
distribution function would allow for more effective ensemble forecasts. In this section, we revise
the Fokker—Planck equation, which describes the evolution of the distribution function of the
dynamical system variables that are subject to stochastic forcing. Crucially, solving the Fokker—
Planck equation—in the limit of zero diffusion—is equivalent to integrating the nonlinear system
[16], as discussed in this section. We consider a dynamical system governed by

x=f(x,t) + ['(x, 1), 2.1)

where x(t) = (x1,x2,...,x7)T denotes the state vector of d dynamical variables; f may be a
nonlinear function, and I is stochastic forcing, which models both the effect of the variables that
are not modelled by f and aleatoric phenomena. Given an initial condition x(0) = xin, the direct
integration of the dynamical equation (2.1) yields a probabilistic outcome owing to the stochastic
forcings. Instead of computing a single trajectory of the system & (t) for a specific realization
of the stochastic forcing I, it is more informative to consider the evolution of a distribution
function of initial values pj, = p(Xin). In the limit of a precisely known initial condition, the initial
distribution function becomes a § function around Xi,, i.e. pin = 8(x — Xjn). The evolution of the
distribution function p subject to equation (2.1) follows the Kramers—Moyal equation [16], which
for a single dynamical variable (i.e. one degree of freedom, d =1) is

o0

3 B 3 \k i«
atp(x,t)—;(—ax) DM (x, (). (22)

The coefficients DIFl can formally be written as expectation values with respect to the stochastic
ensemble represented by I',

1
DG, i) = 2 Jim —([&r(t + ) = £ (O g ()= (23)

1

k' <
where () is the expectation. For systems with multiple dynamical variables x1,...,x;, the
Kramers-Moyal equation generalizes to multiple index sums of tensorial coefficients D1k2--1,

We refer the reader to [16] for more details. By considering stochastic forcing I' that decomposes
into §-correlated Gaussian-Langevin forcings, I, weighted by smooth functions g,

d
rx,n=Y gt (2.4)
=1

and
(My=0, (FuOFu(t)) =28t — 1), (2.5)

where all terms of order k>3 in the Kramers-Moyal equation vanish owing to a corollary
of Pawula’s theorem [17]. Thus, the Kramers-Moyal equation simplifies to the Fokker—Planck
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equation, which, for d dynamical variables, is

d

d 3
5P == ; aE(D( )(x, )p(x, 1) (2.6)
L0 (if)
+ ]2 gy (0 (D)
= Fp(x,b). 2.7)

The drifts D® and diffusion terms D) form the linear Fokker-Planck operator, F, which can be
computed as functions of the dynamics, f=(f},...,f;)T (equation (2.1)), and stochastic forcings
(equation (2.4)) (cf. [16] for more details),

d
DO, 1) = £ )+ Y s, 3 8i(x,) 28)
k=1
and
. d
DD, ) =" gix(x, Dgji(x, t). (2.9)
k

The nonlinear dynamical system (equation (2.1)) has been transformed into a linear dynamical
system, as defined by the non-normal Fokker-Planck operator, . When integrating the Fokker—
Planck equation on a quantum computer, the problem-specific drift and diffusion terms need to
be readily computable and accessible in the form of oracles, which will be discussed in §3b. For a
vanishing forcing I' =0, the dynamical system in equation (2.1) is deterministic, thus, the Fokker—
Planck equation simplifies to the Liouville equation, 9;p + V - (fp) =0. Although analytical
solutions to the Liouville equation for an initial §-distribution are equivalent to integrating the
deterministic nonlinear dynamical system, x = f(x, ), numerically, an initial §-distribution does
not remain localized, and the correct normalization of the distribution function is not guaranteed.
To overcome this problem, the diffusion terms in the Fokker—Plank equation enable numerical
stability. By using the linear embedding Fokker-Planck equation, we can integrate nonlinear
dynamics on quantum computers.

3. Numericalintegration of the Fokker—Planck equation on quantum computers

A number of quantum algorithms for solving linear partial differential equations have been
developed recently (e.g. [18]). Based on a discretization of the spatial domain, these algorithms
rely on subroutines such as the quantum linear system algorithm (QLSA) (i.e. the original
Harrow-Hassidim-Lloyd algorithm [19] or refinements thereof such as [20]), which pose a
challenge to currently available quantum hardware. We start by considering consistent spatial
discretizations of the Fokker-Planck equation with the inclusion of boundary conditions (§3a),
which leads to a system of homogeneous linear ODEs with the output being a probability density
function. We then discuss the applicability of existing quantum ODE solvers to this system, and
the asymptotic scaling of those solvers in §3b. Because most existing quantum ODE solvers
make use of the QLSA, they may not offer an immediately feasible route for integrating the
Fokker—Planck equation on near- to mid-term available quantum hardware. Instead, we improve
strategies based on block encoding and the recently proposed Schrodingerization method, and
develop an integrator based on the linear combination of unitaries method in §4.

(a) Spatial discretization of the Fokker—Planck equation

Let the domain of interest be the interval [—], +I]. We define a grid {xy = —I + kAx}x—o.N-1 Of
N equally distanced grid points, where Ax =2[/(N — 1). With the introduction of the grid, the
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continuous probability distribution function p(x,t) can be approximated by an N-dimensional
vector p = (p(xp), p(x1),...)T . Similarly, we can choose to represent the probability density
distribution by a vector p = (po, p1, - - )T of probabilities defined by py = Axp(xy), i.e. px represents
the probability of finding the dynamical system variable x at a value within x; £ Ax/2. In this
paper, we use p. The equations governing the evolution of p can be derived by semi-discretising
the Fokker—Planck operator F (equation (2.7)), which takes the form of a master equation [21],

pP=Rp, (3.1)

whose formal solution is
p(H) =T el RO — ), (3.2)

where 7 is the time-ordering operator.

The form of the matrix operator R may not be unique. For any discretization ansatz,
equation (3.1) needs to converge towards the continuous Fokker-Planck equation (2.6) for an
increasing number of grid points N. In addition, p(t) should remain a probability distribution,
i.e. with all pr >0 and constant normalization |p|; =1 when periodic or reflecting boundary
conditions are imposed. For non-boundary components p1,...,pn—2 of p, the following rate
equations ensure probability normalization [21]:

Pk = Tk—1kPk—1 + Tk L kPt 1 — (k=1 + Thks1)Pks (3.3)

where r;; can be interpreted as the (positive) flow rate from grid point i to j. The detailed
expressions for r are reported in appendix A. Expressions for the matrix elements of R can also
be derived by replacing the spatial derivative operators in the Fokker—-Planck equation with finite
differences. Using the central-difference approximation, we find for non-boundary grid points
that

. 1 1 1
pe= - ((ED,?Z + D}f{/Ax) pr—1 — 2D/ Ax)py + (—ED,E’il + D,?i‘{/Ax) pkH) . (34

where D](x) and D](XX) are the drift and diffusion coefficients evaluated at x;, respectively. The above
rate equations approximate the Fokker—Planck equation within a spatial discretization error of
O(Ax?). Because equation (3.4) can be derived by expanding the flow rates r in equation (3.3) in
orders of Ax, the evolution of p under equation (3.4) leads to a consistent probability distribution
provided that all components of p remain positive throughout the evolution. This requires that
the prefactors of the off-diagonal components, pr_; and py1, in equation (3.4) are positive, and it
is necessary to choose a grid size smaller than

(
_ 2Dt
Ax <min |[——|. (3.5)
k D(x)
k

Consequently, there is a lower bound on the number of grid points given the size of a domain of
interest. Although some discretization schemes, e.g. [21], manage to avoid negative off-diagonal
matrix elements of R even for grid sizes larger than the lower bound (equation (3.5)), the physical
interpretation remains: resolving the diffusion part of the Fokker-Planck equation imposes a
constraint on the grid size. As shown in §3b, this lower bound affects the scaling of a quantum
solver. In the flow-rate framework (equation (3.3)), boundary conditions need to be enforced. For
reflecting boundary conditions, r_1,0 =791 = 0; whereas for periodic boundary conditions, we
have to include flow rates ry 1 and r y between site k =N and site k =1. Sources and absorbing
boundary conditions can be included by using an auxiliary site from or to which there is only a
single-directional flow rate.
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In multi-variable systems, the spatial semi-discretization of the Fokker—Planck equation leads
to a master equation similar to equation (3.1). The vector p is now formed by elements with
multiple indices, e.g. for two dynamical variables x; =x and x, =y,

P = (Pk,=0k,=0, P01, P02, - - - PON,—1, P10, - --) - (3.6)

Correspondingly, the matrix! R can be expressed as a sum of outer products,

Ny_l N,{—l
(Ny) \ N,
R=Y R(y)®E; "+ > E” @Ry(x), (3.7)
j=0 i=0

where Ny and Ny are the number of grid points in the x and y dimensions, and E,((Il\]) represents the
N-dimensional square matrix with a single non-zero entry of ‘1’ at position (k, ). The matrices
R«(y;j) and Ry(x;) are formed according to equation (3.3) or (3.4) by using drift and diffusion
coefficients evaluated at constant x; and y;, respectively. For non-diagonal diffusion coefficients
D (equation (2.9)), additional cross-terms need to be taken into account. However, since the
scope of this paper is to utilize the Fokker-Planck equation for effectively integrating nonlinear
dynamics on quantum computers, we proceed by assuming that the diffusion is constant and
isotropic. This implies that the diffusion matrix (equation (2.9)) is diagonal. In particular, the
added diffusion generally contributes to numerical stability, and one can choose a simple, i.e.
diagonal form. Alternatively, it can be diagonalized by variable transformation. The tensor-
product structure of R can naturally be mapped onto operator structures on multi-partite Hilbert
spaces. This is advantageous for quantum solvers that require either a Hamiltonian simulation of
R, or its hermitian and anti-hermitian parts such as Schrédingerization (§4b), or the integration
by a linear combination of unitaries (§4c) techniques.

In summary, the continuous Fokker-Planck equation and boundary conditions can be
consistently discretized in the form of a master equation (3.1), which is linear and non-normal.

(b) Applying existing Quantum ODE solvers to the semi-discretized Fokker—Planck
equation

Both the Fokker-Planck operator F (equation (2.7)) and its discretized counterpart R
(equation (3.1)) are sparse, semi-stable (i.e. the maximum real part of the spectrum is zero) non-
normal operators. Suitable quantum solvers for the corresponding homogeneous ODE system
have been constructed in [8,22-24], of which Krovi’s algorithm offers a particularly promising
asymptotic scaling. It requires access to R in the form of oracles that reveal the column and row
indices of the non-zero entries and a bit representation of their matrix value. This is also known
as the sparse access model.

For the Fokker—Planck operator associated with a single dynamical variable, equations (3.3)
and (3.4) show row and column sparsities of s, = s. = 3, respectively, with all non-zero elements
located on the main diagonal and two neighbouring lower and upper diagonals. This allows for
a computationally efficient implementation of index oracles. The generalization to systems with
d dynamical variables is straightforward and yields a row and column sparsity of s, =s. =1 + 2d
(from the structure of equation (3.7)). Both the spatially discretized drift and diffusion matrices
are sparse individually with sparsity s, =s. = 24 for the drift and sparsity s, =s. =1 + 2d for the
diffusion parts (cf. equations (3.4) and (3.7)).

To construct an oracle for the value of matrix elements of R, we need to determine a method
of reversibly evaluating a bit representation of either the transition rates rx_1 x (equation (3.3))
or the drift and diffusion coefficients (equation (3.4)). Although the exponential function in the
definition of the transition rates potentially leads to accuracy issues, thereby requiring a larger
bit-depth, the evaluation of D® and D in the finite-difference ansatz for R can be carried out

!In this paper, matrices are shown in italic bold and upper-case text, vectors are shown in italic bold and lower-case text and
operators are shown in italic text.
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using quantum networks for elementary arithmetic operations [25]. These operations have an
efficient computational cost that is polynomial in the bit representation depth. Consequently,
quantum networks for elementary arithmetic operations can be used to form computationally
efficient oracles for the values of the non-vanishing matrix elements of R in our ansatz.

Equipped with efficient oracles, we can now analyse the asymptotic scaling and computational
cost for integrating the semi-discretized Fokker-Planck equation. Let p(t) = eR'p, denote the time
evolved distribution function and |p(t)) a corresponding normalized quantum state. Let further
q=maxsepo;1] llp()12/11p(T)ll2, N = maxj—1,_ 4(Nj) and C(R) = sup, (o7 le¥||2. Based on theorem
7 in [8], we find that the number of oracle calls required for generating an integration output
within 2-norm e-error distance of |p(T)) with success probability £2(1) scales as

0 (qﬂ IR||2C(R) - poly [d, log(N), log (%) log(T| |R||ZC(R>)D . (3.8)

The related gate complexity of the algorithm is larger by a factor of at most

o0 (polylog [%,T||R||2i|> . 3.9)

As seen in equation (3.5), resolving diffusion imposes a bound on the grid size. Thus, the
polynomial dependence on the logarithm of N can be recast into a scaling with polylog[! x
max; ye[1,] DD (x)/ D (x)]. Consequently, the effect of drift and diffusion on the overall
computational cost is mainly given by the linear factor of [|R||; in equation (3.8).

Although the explicit dependence of the oracle count (equation (3.8)) on the integration time
T is difficult to evaluate since g and C(R) implicitly depend on T, a worst-case lower bound can
be established using an algorithm-agnostic result by An et al. [26]: provided that at least two
eigenvalues of the coefficient matrix have different real parts, there exist initial conditions such
that the overall computational overhead for any quantum ODE solver is exponential in T. Since
the Fokker—Planck operator R has a spectrum of eigenvalues with different real parts [16], we
conclude that the number of required oracle calls must in some cases grow exponentially with the
integration time.

In summary, the existing state-of-the-art quantum ODE solvers can be deployed to
integrate the semi-discretized Fokker-Planck equation. Their scaling advantage is given by a
polylogarithmic dependence on the number of grid points. However, for certain initial conditions,
quantum solvers will encounter a computational overhead, which grows exponentially with the
integration time. In the next section, we propose structurally simpler ansitze.

4. Quantum approaches

Existing quantum linear ODE solvers rely on subroutines such as the QLSA, which are
challenging to implement on near- and mid-term quantum hardware. In this section, we develop
three alternative approaches. Two approaches are based on block encoding [27] (§4a) and
quantum simulation techniques [28] (§4b). The third approach uses linear combinations of
unitaries (§4c). We discuss the suitability of the three approaches in the context of integrating the
Fokker-Planck equation. All three approaches aim to minimize quantum hardware requirements,
while accepting a potential reduction in the asymptotic scaling efficiency.

Common quantum ODE solvers (such as the one in [8]) rely on subroutines that need to be
executed on digital quantum hardware (i.e. they are based on gate-based quantum computing).
The proposed approaches, especially §4c, do not rely on digital quantum computing but could
also be implemented with analogue quantum computing, i.e. by using quantum hardware to
directly simulate the required Hamiltonians that are an explicit (linear) function of the Fokker—
Planck operator. This offers an additional approach for implementation in the near—to mid-term
future.

The output of all methods is a quantum state vector that encodes the values of the discretized
distribution function as amplitudes of the computational basis states. Like with other quantum
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algorithms, one can then extract information by measuring average values, which in our case are
related to the average ‘position” of the system in phase space and the spread of the underlying
distribution, etc.

(a) Forward-Euler integration by block encoding

The semi-discretized Fokker—Planck equation (3.1) can be integrated using the finite-difference
forward-Euler method with time step size At. This requires repeated multiplications of the initial
state vector p(0) by the matrix A =1 + AtR. Let |p(0)) represent a normalized quantum state that
is proportional to the initial state vector. Since A is not a unitary operator, we have to resort to
block encoding [27] for implementing a quantum matrix multiplication. A matrix is said to be
block-encoded in a unitary operator U if it forms a block in the matrix representation of U. By
using an additional ancilla qubit |g,), we can form the unitary operator

(U — V1-AtA A
AT\ a ~V1-aa’),
and Uat = 104)(0a] ® V1 — AYA + |00) (1a] ® A" + 1) (0a] ® A — 102)(0s] ® V1 — AAT.

(4.1)

Propagation of the initial state by a single Euler step is achieved by applying Ua; to |0) ® [p(0))
followed by a projective measurement of the ancilla qubit and a subsequent bit flip X,. Note that
in this paper, the operators X, Y and Z refer to the Pauli operators [29]. With probability of success

Pgue =1+ AHp(O)I(R + R)|p(0) + O(AL), (4.2)

the updated state becomes |0) ® A|p(0)), which is proportional to |p(At)) + O(A#?). Since R is a
transition matrix, it has eigenvalues with non-positive real parts [30]. Therefore, for integration
step sizes of

.
_ Mun(-R—RY)

At < T
Amax(RR")

, 4.3)

we find that AAT < 1. Here, )\fmn() denotes the smallest non-zero eigenvalue and Amax represents
the maximum eigenvalue. The choice of a suitable integration time step size guarantees that
Ut is well defined and that Pg,. <1. For initial states |p(0)) that are not eigenvectors of R
with corresponding eigenvalue 0, Py is strictly less than one. Therefore, the probability for
successfully implementing n Euler steps decreases as O((1 — O(At))"), which imposes limitations
on the total integration time T =nAt. A possible mitigation strategy has been discussed in [31].
Block-encoding is not a straightforward task because the form of U in equation (4.1) does not
immediately reveal the Hamiltonian H, which is required to achieve a unitary evolution Ua; =
e H7 In order to overcome this challenge, we develop a method for implementing Euler steps
based on a linear combination of unitaries (§4c). Note that while analogue quantum computers
might prove instrumental for (parts of) specific dynamical integrations, the general case will
probably require error-corrected gate-based quantum hardware for implementation.

(b) Integration by Schrédingerization

As shown in §3a, boundary conditions can readily be included in the semi-discretized master
equation (3.1), therefore, we derive its Schrodingerization [28] and prove that it is suitable for non-
normal operators in appendix B. Let R, = %(R +RYand R, = %(R —RY represent the hermitian
and anti-hermitian parts of R. Let p(t) = eR!p(0). Since R is not anti-hermitian, the propagator eR!
is not unitary, thus, it cannot be realized by Hamiltonian simulation techniques. Instead, consider
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the function p(t, w) = e~ ®lp(t). For a positive real number w, it suffices as the partial differential
equation

d_ _
aPl= (=Rpdw + Ra)p. (44)
Given a solution of this differential equation for initial condition f, = e~“Ip(0), we can retrieve
the solution to the original ODE by integration of p(t)= [;~ p(t, w)dw. In order to solve
equation (4.4), we take the Fourier transform with respect to w, which yields

d._ , _

5P =(2xinR, + Ro)p, (4.5)

o]

where p(t,n) = [°, e_Z”iw"fJ(t, w)dw. For any n€R, equation (4.5) represents a Schrodinger
equation, which can be simulated using Hamiltonian simulation techniques. The outcome of
such a simulation is inverse-Fourier transformed to yield the solution for equation (4.4). Let us
summarize the steps for Schrédingerization:

1. Given a linear ODE (equation (3.1)) and some initial condition p(0), initialize a quantum
register in a state |p(0)) and add a continuous variable register |1/,) initialized such that
Ny = ﬁ, the Fourier transform of e~ %! 2

2. Carry out Hamiltonian simulation for the Hamiltonian Hg(n) = 27 nR;, + iR, conditioned
on 7.

3. Take the inverse Fourier transformation and retrieve [p(t)) by projecting the continuous
register onto the subspace with positive 7.

Because of the normalization of quantum states, Schrodingerization can only be applied to linear
operators whose eigenvalues have non-positive real parts. This is the case for the Fokker—Planck
operator as noted before [30]. In fact, while the Li-norm of the distribution function is preserved
over the evolution under the Fokker-Planck equation, the Ly-norm of the corresponding quantum
state decreases in line with the non-positive spectrum of the Fokker-Planck operator. As a
consequence, the probability of success in measuring the continuous Fourier register (cf. step
3 above) can decrease over time which is in line with the results of [26].

To execute Schrédingerization on quantum hardware, we can either discretize the Fourier
transformation and its corresponding register, or design new quantum hardware on which a
Hamiltonian of the form Hg can be generated. Although the latter approach is of potential interest
to quantum hardware engineers, an efficient discrete Fourier transformation is provided in the
form of the quantum Fourier transformation (QFT) [29]. Although the number of qubits scales
logarithmically with the resolution of the discretized Fourier transformation, the complexity of
the subsequent parameter-dependent quantum simulation is more difficult to access. Replacing
the continuous Fourier transformation by the QFT introduces truncation and aliasing errors,
which limit the accuracy of the final solution. Establishing analytical bounds on these errors
is beyond the scope of this paper. Therefore, we assess the performance of Schrodingerization
method when used to integrate the Fokker—Planck equation for a range of models in §5. While
the Schrédingerization approach will probably require an error-corrected gate-based quantum
computer, parts of the protocol, in particular the continuous Fourier transformation, motivate
further research on the suitability of specifically designed analoque quantum computers.

(c) Integration by a linear combination of unitaries

As discussed in §4a, forward-Euler integration can be achieved by block encoding. However, for
most operators, block-encoding is not a straightforward task [32]. In this section, we, therefore,
develop a method for implementing forward-Euler steps based on linear combinations of

2Although the average energy of the continuous Fourier register is unbounded, the discrete implementations have finite
energy expectation values.
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unitaries. We recall that the action of a linear combination of two unitary operators U; and U
on some quantum state |) is achieved as follows. Let

1 (vE —m N
B_m<m «/‘Tl>, a1, >0, (4.6)

and add an ancilla qubit |¢;) to the quantum register and define the unitary Uc, = 104) (04| ®
Uy + |14)(14] ® Up. By applying BtUmB to the state |0,) ® |¢) and carrying out a projective
measurement on the ancilla qubit, upon outcome ‘0, the non-normalized quantum state is

1
') = (a1l + o)) (4.7)
a1 +op

The probability of success is given by the norm of |/'). To execute a forward-Euler step of size At,
we set a1 =1, ap = /At and add another ancilla qubit |¢, ) such that we can choose to implement

the unitaries
Uy = <(1) (1)) and Up= ((1) é) ® e iHRVAL (4.8)

where the Hamiltonian Hy, is given by

0 —iRr*
) ws

By using a Taylor expansion of Uy, we find that the linear combination of U; and U, acting on
[04) ® |p(0)) to leading orders in VAt yields

102) ® (1 + AtR)[p(0)) + O(AF)) + VAt[1y) ® |p(0)). (4.10)

With probability Py = (1 — O(At)), measurement and post-selection of the ancilla " now yields a
quantum state that is proportional to the forward-Euler propagated initial state. The probability
for successfully combining the two unitaries computes to P, = (1 — O(\/B)), therefore, the
overall probability scales as Psyc = (1 — O(+/At)). This can be quadratically improved using
amplitude amplification. Although this scaling is less efficient than that of the block encoding
approach (equation (4.2)), the implementation of the scheme is simpler. In addition to single
qubit operations on the ancilla qubits, we only require direct Hamiltonian simulation of the
well-defined Hamiltonian Hy for short times +/At. This can be accomplished by implementing
a Hamiltonian of the form iX, ® (R — Rt) and Y, ® (R 4+ R"). Because of the structure of R (cf.
equation (3.7)), this type of Hamiltonian is sparse.

5. Numerical results: integration of prototypical nonlinear systems

We apply the quantum solver integration techniques (§4a,b,c) to prototypical nonlinear models.
First, we consider a one-dimensional system x(t) subject to the nonlinear dynamical equation
(i.e. the drift), x=f(x)=x— «x® with « > 0. With a constant diffusion D, the Fokker—-Planck
equation (2.6) becomes

P, £) = =0c(f(X)p(x, 1)) + D p(x, 1). (5.1)

In the limit of vanishing diffusion, all initial distributions converge to the fixed points of the drift
x+ = +1//k. For non-vanishing diffusion, we still observe a drift towards the fixed points, which
is ultimately balanced by diffusion when the system approaches the steady-state. The steady-state
probability distribution can be computed analytically:

1

ps(x) oc e DY),

(5.2)

Outside the interval Z=[-1/,/k,1/4/k] the distribution ps quickly decays to zero, thus, for
an initial distribution localized within Z, we can select a finite domain Z >Z and reflecting
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Figure 1. Fokker—Planck evolution of an initially localized distribution subject to driftf (x) = x — 0.5 and diffusion D = 0.15.
Left: emulated integration output of the forward-Euler-based quantum solver; right: emulated integration output of the
Schrédingerization-based quantum solver. For further details, see 85.

boundary conditions. We have emulated the integration of equation (5.1) with the quantum
solvers introduced in §4. For a fixed total integration time T, carrying out n =T/At integration
steps requires on average E[T]=(p~" —1)/(1 —p) calls of a p-probabilistic quantum solver.
Owing to different success probabilities ((1 — O(At) versus (1 — O(v/At) as shown in §4a and
4c, both forward-Euler-based quantum solvers only differ by the average number of required
measurement-and-post-selection processes. Therefore, we only display the output of one of
the forward-Euler solvers along with the output of the Schrodingerization-based solver. For
the emulated integration, we select a diffusion of D=0.15, k =0.5 and the domain I=[-2,2]
with Ax =0.2. While a high resolution of the spatial discretization does not present a challenge
to future quantum computers, limited classical computing resources impose constraints when
emulating the integration of the quantum solvers. Our choice of the grid sizes takes this into
account but suffices to reveal key features of the models and quantum solvers. The forward-
Euler-based quantum solvers were emulated for At=0.1. Results for this parameter choice
are shown in figure 1. Further integration results for different parameter choices are reported
in appendix C. The quantum solvers yield qualitatively equivalent outputs. The distribution
function evolves towards local maxima around the fixed points and approaches the steady-
state equation (5.2). The latter is explicitly demonstrated in figure 2, which shows a comparison
between the distribution functions after 40 integration steps and the expected discretized form
of the analytic steady-state distribution. The observed differences can be attributed to a finite
integration time, finite-difference approximation errors and the constraints imposed by the
reflecting boundary conditions.

Next, we consider a two-dimensional nonlinear system subject to constant diffusion and a drift

gi\/en by
:.y y VX y . .

The integral curves of the drift vector field f,; are inward spirals, therefore, we can integrate
the corresponding Fokker-Planck equation on a finite domain 7, imposing reflecting boundary
conditions. Results of the emulated integration with the quantum solvers for y =0.1, constant
diffusion D =0.15 and a domain 7, =[-2,2] x [-2,2] are shown in figure 3. The distribution
function p(t, x) can be characterized by ensemble averages of the position vector (x) = [ xp(t, x)dx
and respective variances thereof. Results for different choices of the parameters are shown in
appendix C.

In order to gauge the performance of the quantum solvers, we have used classical numerical
matrix exponentiation to compute the propagator eR' of the master equation. The left-hand
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Figure2. Long-term distribution functions computed by emulated quantum solver integration. Forward-Euler (dotted line) and
Schrédingerization solver outputs (dashed line) after 40 integrations steps of size At = 0.1for an initial distribution, localized
around x = 0and evolving under equation (5.1), are shown. For comparison, the discretized distribution of the analytic steady-
state equation (5.2) is displayed with a solid line. Despite minor discrepancies owing to finite integration time, finite-difference
errors and the constraints imposed by the reflecting boundary conditions, the quantum computation well approximates the
analytical solution.
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Figure 3. Time evolution of the ensemble average position of a distribution o (x, y) evolving under the Fokker—Planck equation
related to equation (5.3) and constant diffusion. Left: forward-Euler quantum solver solution (blue vertical crosses) versus
classical output (red circles) for time step sizes At = 0.01. Right: Schrodingerization method output versus classical output
(blue dots) for different discretizations of the Fourier register (blue circles correspond to € [—10, 10] and red diagonal crosses
correspond to 17 € [—5, 5] with An = 0.01).

side of figure 3 shows a comparison between the classical solution and the output of the
forward-Euler quantum solver for time steps of size At =0.01. The quantum solver successfully
replicates the classical solution to a small numerical error. Results of the emulated integration
by the Schrédingerization-based quantum solver are shown on the right-hand side of figure 3.
As discussed in §4b, a finite resolution of the Fourier register introduces truncation and
aliasing errors. For a Fourier domain of n € [-10,10] with discretization level Ap =0.01, we find
agreement between quantum and classical outputs (blue vertical crosses and dots). However,
when truncating the inverse Fourier transformation to n €[-5,5], we find that the quantum
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Figure 4. Spread of the distribution functions as measured by the variances of x and y. The red dotted lines represent the

classical output, whereas the blue dashed lines show the forward-Euler quantum solver output. The solid lines mark the

Schrddingerization method output based on a discrete Fourier register with € [—10,10]and An = 0.01.y = 0.1. The three
groups of graphs belong to varying choices of the diffusion (a, D = 0.25; b, 0 = 0.2, ¢, D0 = 0.15).

output (red crosses) diverges from the classical output. Furthermore, aliasing errors have an
even more significant effect on the quality of the solution. When decreasing the resolution of the
Fourier register, we find that the quantum output diverges from the actual solution and forms
a qualitatively different trajectory. A graphic display of these results is shown in figure 7 of
appendix C. This demonstrates that analytic bounds on the accuracy of the Schrodingerization
method must be established in future work.

Variances of the mean position represent a second key characteristic of localized distribution
functions. Although the mean of the distribution converges to the fixed point at the origin,
diffusion increases the spread of the distribution over time. A comparison of the classical and
the quantum outputs is shown in figure 4 for y = 0.1 and different values of the diffusion D. For
both variances of the x- and y-positions, the forward-Euler quantum solver outputs (blue dashed)
are almost identical with the classical output (red dotted). The Schrodingerization method output
also replicates the classical solution with small errors, which are attributed to truncation and
aliasing errors.

6. Discussion

Similar to the emergence of classical GPUs and CPUs, future quantum hardware engineering
should be customized to specific tasks to bridge the gap between quantum algorithm design
and available quantum hardware resources. In particular, the Hamiltonian, which is required
for solving the Fokker-Planck equation on the newly developed quantum solver (§4c), can be
written as a simple linear form of the discretized Fokker—Planck operator (equation (4.9)). It only
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contains terms on the diagonal and first off-diagonals and therefore specific quantum simulation
techniques could be developed that are not subject to the current worst-case resource costs. For
example, integration of a Fokker-Planck equation of d =10 dynamical variables, each spatially
discretized by 1000~ 21° grid points, requires Hamiltonian simulation of Hg (equation (4.9)),
which in this case becomes a sparse Hamiltonian on 101 qubits. We thus conjecture that near-
to mid-term quantum computing technologies, which offer dozens of qubits with high-fidelity
anywhere-to-anywhere connectivity, e.g. ion traps or neutral atoms trapped in optical lattices,
might be able to integrate Fokker—Planck equations of 10 or more dynamical variables, a task
that—if not intractable—requires extensive classical resources.

7. Conclusion

In this paper, we propose a strategy to solve nonlinear differential equations with quantum
algorithms. The strategy is based on transforming the nonlinear dynamical system’s equation into
a linear equation via a Fokker—-Planck approach. Upon spatial discretization, the Fokker—Planck
operator yields a master equation, which is a linear ODE. First, we analyse the computational
complexity of the existing quantum linear solvers to integrate the master equations. We find
that the non-normal nature of the master equation poses a challenge. This is because both
non-normality and the the real part gap in the spectrum of the Fokker-Planck operator can
lead to an exponential computational overhead for certain initial conditions. Furthermore, the
existing quantum ODE solvers require quantum hardware resources that—albeit that they
might become available in the long-term future—are unavailable in the near-future. Second,
we propose quantum solvers that aim to reduce the quantum hardware requirements, while
accepting a potential reduction in the asymptotic scaling efficiency. The proposed quantum
solvers are based on block encoding, the Schrédingerization technique, and a linear combination
of unitaries technique. We find that the block encoding and the linear combination of unitaries
techniques yield equivalent integration outputs up to leading order in the time step size. Both
methods require measurement and post-selection steps and are therefore non-deterministic.
Since the respective probabilities are found to scale differently with the integration time
step size, the expected number of solver calls will be larger for the linear combination of
unitaries technique. Third, we emulate the integration of prototypical nonlinear models with
the proposed quantum solvers. For various parameter settings, we find good agreement
between quantum and classical integration outputs for the block encoding and the linear
combination of unitaries techniques. The accuracy of the Schrédingerization technique is limited
by truncation and aliasing errors arising from the discretization of the Fourier register. Our
results indicate that further research should be carried out to establish analytic bounds on these
erTorS.

During the review process of the present manuscript, another manuscript highlighting the
challenges of integrating the Fokker—Planck equation via Schrodingerization has been published
[33], which indicates an ongoing interest in this line of research.
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Appendix A. Rate equation coefficients

In this appendix, we briefly present the explicit form of the transition rates as derived in [21]. In a
system of a single dynamical variable, we define the potential:

V(x)=— / D™ (x)/D¥) (x') dx’. (A1)

Thermodynamically consistent transition rates are given by

(A2)

D™ (xy) ( V(xge1) — V(xk)>
rk,k:i:l = exp — .

Ax? 2

The generalization to systems of d dynamical variables is straightforward and requires the
definition of d pseudo-potentials similar to equation (4.2). For positive diffusion, the transition
rates are necessarily positive. Furthermore, by truncating the Taylor expansion of the exponential
function to the first order, we retrieve the finite-difference expression in equation (3.4).

Appendix B. Proof of the Schrodingerization method

We provide a proof for the Schrédingerizsation method. More specifically, we show that the steps
outlined in §4b give rise to a propagator, which is identical to the propagator associated with the
original ODE P(t) = eRt. First, observe that P suffices as the differential equation and the initial
condition

P=RP, P(0)=1. (B1)

Following the list of operations given in §4b, the propagator Ps(t,s) combining all steps apart
from the final integration over the continuous variable register is

2 .
P t,s) = 727‘[17](Rht7S)+Rufd . B2
st9= [ Taere " 62)

By taking the derivative with respect to time, we find

—2min(Ryt—5)+Ra g

. 2 :
Ps(t,s)= | ————(—2ninRy)e 27 Rit=)+Rat qpy 1. f e
s(t,9) le+4n2n2( minR;) 0| )

2
——(R
1+ 4n2n2(

= —2mwinRy,Ps(t,s) + R,Ps(t,s)

= —0sRy,Ps(t,s) + R, Ps(t,s). (B3)
The final line represents a partial differential equation for Ps(t,s) with the initial condition
P5(0,5) = 1e~1I. Observe that for positive s, e IP(t) is a solution to the differential equation (B 3)

and, therefore, Ps(t,s) = e ¥/ P(t) on the domain of positive s. Consequently, the final step in the
Schrédingerization method yields the original propagator,

P(t)= /Ooo Ps(t,s')ds/, (B4)

which completes the proof.

Appendix C. Parameter studies of the prototypical nonlinear models

In this appendix, we present the results of integrating the prototypical nonlinear models
discussed in §5 for varying parameters. The one-dimensional system evolving under the
Fokker-Planck equation (5.1) depends on the parameter « and the constant value of diffusion
D. A comparison between different distribution functions is shown in figure 5. We choose
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Figure 5. Trace distances L; between long-term distribution functions derived by emulated quantum solver integration and
the analytic steady-state distribution (equation (5.2)) after 40 integrations steps of size At = 0.1 for an initial distribution,
localized around x = 0 and evolving under equation (5.1). In each group, the left-hand bar (AS) shows the distance between
the analyticand the Schrddingerization solver outputs, and the right-hand bar (AF) shows the distance between the analyticand
the forward-Euler quantum solver outputs. Groups |-l correspond to parameters D = 0.15and « = 0.3, 0.4, 0.5, respectively.
Groups IV-VI correspond to parameters k = 0.5and D = 0.12, 0.15, 0.18, respectively.
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Figure 6. Time evolution of the ensemble average position of a distribution p(x, y) evolving under the Fokker—Planck equation
related to equation (5.3) and constant diffusion. Left: forward-Euler quantum solver output for nonlinear coupling parameters
& = 0.1(a, inner spiral) and x = 0.06 (b, outer spiral), diffusion of D = 0.15 and integration time step sizes At = 0.01. Right:
Schrddingerization method output for nonlinear coupling parameters « = 0.1 (a, inner spiral) and « = 0.06 (b, outer spiral)
and diffusion of D = 0.15.

the trace distance Ly (p®, p’) = > ilp! —p?| between distributions p” and p’ and compare the
Schrodingerization solver and quantum forward-Euler solver outputs after 40 integration steps
with the discretized analytic steady-state distribution equation (5.2) for various parameter
settings.

The two-dimensional system (equation (5.3)) is parametrized by y. Integration outputs for
variable y and constant diffusion are shown in figure 6.

In figure 7, we display the quantum output for a Fourier register discretized by An =0.1. The
quantum output (red crosses) diverges from the actual solution and forms an outward spiral.
This demonstrates that by decreasing the resolution of the Fourier register, the quantum output
can change qualitatively.
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Figure 7. Evolution of the mean of the distribution function as derived through emulated integration by the Schrédingerization
method with reduced resolution of the Fourier register (n € [—10,10]and A = 0.1). The quantum output (red crosses) forms
an outward spiral and diverges from the classical output (blue dots).
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