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Memory Bounds for Bounded Queues
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Abstract

Concurrent data structures often require additional mem-
ory for handling synchronization issues in addition to mem-
ory for storing elements. Depending on the amount of this
additional memory, implementations can be more or less
memory-friendly. A memory-optimal implementation enjoys
the minimal possible memory overhead, which, in practice,
reduces cache misses and unnecessary memory reclamation.

In this paper, we discuss the memory-optimality of non-
blocking bounded queues. Essentially, we investigate the pos-
sibility of constructing an implementation that utilizes a
pre-allocated array to store elements and constant memory
overhead, e.g., two positioning counters for enqueue(. .)
and dequeue () operations. Such an implementation can be
readily constructed when the ABA problem is precluded, e.g.,
assuming that the hardware supports LL/SC instructions or
all inserted elements are distinct. However, in the general
case, we show that a memory-optimal non-blocking bounded
queue incurs linear overhead in the number of concurrent
processes. These results not only provide helpful intuition
for concurrent algorithm developers but also open a new
research avenue on the memory-optimality phenomenon in
concurrent data structures.

1 Introduction

Developing concurrent algorithms is complex, and limiting
synchronization is crucial in achieving high performance.
Mutual exclusions allow building concurrent implementa-
tions on top of standard sequential algorithms at the expense
of scalability. Non-blocking synchronization has the potential
to improve scalability, but it often requires allocating extra
memory. The classic Michael-Scott queue [13] serves as an
illustrative example, allocating a new node for each enqueue
and, therefore, using a significant amount of memory for
node objects; this design results in increased memory usage
and cache misses. Modern queues [5, 14, 22] incorporate
several elements into a single node, significantly reducing
memory allocation and creating a more compact memory
structure that mitigates cache misses. We consider these solu-
tions more memory-friendly, as they allocate less additional
memory. The intuition is that the more memory-friendly
the implementation is, the better and more predictable per-
formance it usually provides under both high and low con-
tention. This is especially important for general-purpose
solutions in standard libraries of programming languages
and popular frameworks.

In this paper, we raise the question of memory-optimality:
what is the absolute minimum of memory overhead a
concurrent data structure must incur? We narrow our

attention to bounded queues, ubiquitous in resource manage-
ment systems and task schedulers. Bounded queues allow
for a straightforward definition of memory overhead: the
amount of memory that must be allocated on top of the fixed
memory required for storing the queue elements.

A straightforward sequential C slots
bounded queue implementation
maintains an array of size C (the ngu oo u
queue capacity) equipped with e N
head % C tail % C

two counters that track the to-
tal numbers of enqueue(..) and
dequeue () invocations; their val-
ues modulo C point to the next
working slots of the operations. See
Figure 1 for an illustration. This implementation utilizes ex-
actly C array slots to store elements and two memory loca-
tions for the counters, producing the ©(1) memory overhead.

Can we build a concurrent bounded queue with the same
memory footprint? A trivial solution that utilizes coarse-
grained locking incurs constant overhead required for the
lock but is inefficient under high load. To the best of our
knowledge, most fast and scalable concurrent queues are
non-blocking, e.g., [14, 15, 17, 22]. While the classic Michel-
Scott queue [13] algorithm allocates a new node for each
element, these modern solutions pack multiple elements into
a single node, making the implementation more memory-
friendly. Nevertheless, the memory overhead remains linear
in the number of elements.

For bounded queues, it is natural to utilize a pre-allocated
array of C slots to store elements. This raises an interesting
question: is it possible to design an algorithm where the
memory overhead depends on neither the queue capacity nor
the number of concurrent processes? Can we architect a non-
blocking bounded queue using just an array for elements and
two positioning counters for enqueue(..) and dequeue(),
similarly to the sequential implementation?

Figure 1. Sequential
bounded queue on top
of an array of C slots
and two counters.

Our contributions. We first observe that the primary chal-
lenge in building a concurrent bounded queue is the ABA
problem. Intuitively, it may lead to dequeue () removing an
element from the middle of the queue, assuming it is the
first one. When the ABA problem is precluded, e.g., when
all inserting elements are distinct or when using the LL/SC
synchronization primitives instead of CAS, we show that it
is possible to design an algorithm with constant memory
overhead (Section 2).

In the general case, we prove that any obstruction-free [7]
bounded queue implementation must use additional Q(T)

1

1Obstruction-freedom is known to be the weakest non-blocking progress
condition.
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memory locations for synchronization, where T is the num-
ber of processes (Section 3). To show that, we construct a
non-linearizable execution for any algorithm that utilizes
fewer memory locations. The lower bound appears to be
tight: we present an algorithm with O(T) memory overhead.

Practical impact. Our experience shows that many engi-
neers have tried to build a concurrent bounded queue using
only a pre-allocated array of the queue capacity and po-
sitioning counters and failed with that. Our work shows
the impossibility of constructing such an algorithm and can
potentially save a tremendous amount of time and mental
energy for those willing to do that.

Notably, most modern unbounded concurrent queues pack
multiple elements into fixed-capacity segments and try to
reuse them [14, 15, 17]. These segments, also known as ring
buffers, essentially are bounded queues with slightly relaxed
semantics, allowing enqueue (. .) to fail spuriously and close
the segment for further additions. To reuse the segments,
they equip each slot with a 64-bit epoch value, leading to
O(C) memory overhead, where C is the segment capacity.
Our results do not prove but provide an intuition that it is
impossible to implement such a reusable ring buffer structure
with constant memory overhead.

Theoretical impact. This work opens a wide research av-
enue on memory-friendly and memory-optimal concurrent
computing. It provides theoretical value by setting strict
bounds on memory overhead in dynamic data structures
and enabling intuition on the minimal memory overhead
algorithms can achieve.

2 Memory Overhead: The Intuition

We start by developing intuition on memory-friendliness
and the challenges in attaining constant memory overhead.
To illustrate the latter, we present solutions that work under
specific assumptions, thereby shedding light on the funda-
mental obstacles.

2.1 Intuitive Memory-Friendly Algorithm

We first present a memory-friendly bounded queue algorithm.
While it is not memory-optimal, which we further show in
Section 3, it can be tuned to be more or less memory-friendly,
thus, developing an intuition on memory-friendliness.

The idea is to build a bounded queue on a conceptually
infinite array with head and tail counters directly point-
ing to the array slots. Similar to the Michael-Scott queue
design [13], enqueue(..) first installs the element in the
next empty slot, followed by the tail counter increment.
Similarly, dequeue () begins by extracting the first element,
incrementing its tail counter after that. Listing 1 presents
the algorithm. As each enqueue-dequeue pair manipulates a
unique array slot, the same element cannot be installed into
the same slot, so the ABA problem is naturally eliminated.

Anon.

fun enqueue(e: E): Bool = while(true) {
// Read the counters snapshot

t := tail; h := head

if t != tail: continue

// Is the queue full?

if t == h + C: return false

// Try to insert the element

done := CAS(&altl, L, e)

// Increment the counter

CAS (&tail, t, t + 1)

if done: return true // finish on success

fun dequeue(): E? = while(true) {
// Read the counters snapshot

t := tail; h := head

if t != tail: continue

// Is the queue empty?

if h == t: return L

// Try to extract an element

e := alh]

done := e != 1 && CAS(&al[h]l, e, 1)

// Increment the counter
CAS (&head, h, h + 1)
if done: return e // finish on success

3

Listing 1. Memory-friendly bounded queue of capacity C
implemented on an infinite array.

Infinite array. We suggest implementing the infinite array
as a concurrent linked list of fixed-size segments, following
the approach proposed earlier for synchronous queues and
channels in Kotlin Coroutines [11, 12]. All segments are
marked with a unique id and follow each other; Figure 2
illustrates the high-level structure. To access the i-th cell in
the infinite array, we have to find the segment with the id
= i /K (adding it to the linked list if needed) and go to cell
i%Kinit.

Memory overhead. Each segment has a memory overhead
of ©(1) to store its id and a pointer to the next segment.
However, we still have to address the memory reclamation
problem: once a segment no longer contains queue elements,
it should be recycled, and the memory it occupies should be

chlls
B ETE ~ Ee T R
f N — 1

TAIL_SEGMENT

HEAD_SEGMENT  head tail
Figure 2. High-level structure of the memory-friendly
bounded queue based on a conceptually infinite array imple-
mented via a concurrent linked list of fixed-size segments.
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released. To make the memory overhead bounded, we sug-
gest reusing segments by applying the technique to reclaim
descriptors [1]. This approach requires ©(T) additional seg-
ments on top of the ones that store values, where T is the
number of concurrent processes. With storing K elements in
each segment, the overall solution exhibits ©(C/K + T - K)
memory overhead. Though not memory-optimal, this simple
algorithm can be tuned to be more or less memory-friendly
by adjusting the segment size K, achieving the minimum of

O(T - VC) when choosing K = \C.

2.2 Constant Overhead with Distinct Elements

We now describe an algorithm that uses only O(1) additional
memory under a few reasonable assumptions. First, we re-
quire all inserting elements to be distinct, which is common
in practice. This eliminates the ABA problem [8]. The second
assumption is that the system is provided with an unlim-
ited supply of versioned L (null) values, so we can replace
unique elements with unique 1-s on extractions. This can
be achieved by stealing one bit from addresses (values) to
mark them as L-s and using the rest to store the L version.

fun enqueue(e: E): Bool = while(true) {
// Read the counters snapshot

t := tail; h := head

if t != tail: continue

// Is the queue full?

if t == h + C: return false
// Try to insert the element
round :=t / C; i := t%C
done := CAS(&alil, Lround, €)

// Increment the counter
CAS(&tail, t, t + 1)
// Finish on success
if done: return true

fun dequeue(): E? = while(true) {
// Read counters+element snapshot

t := tail; h := head; e := a[h%C]

if t != tail: continue

// Is the queue empty?

if t == return L

// Try to extract the element

round := h/C + 1; i := h%C

done := e !=_l1l,ound && CAS(&alil, e, Lround)

// Increment the counter
CAS(&head, h, h + 1)

// Finish on success

if done: return e

3

Listing 2. Bounded queue algorithm with O(1) additional
memory that requires elements to be distinct and an unlim-
ited supply of versioned L (null) values.
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Essentially, both enqueue(. .) and dequeue() (1) read the
counters in a snapshot manner, (2) try to perform a “round-
valid” update (enqueue(..) replaces L oung With the ele-
ment while dequeue() does the opposite, where round =
counter / C), and (3) increase the counter via CAS. The pseu-
docode is presented in Listing 2.

2.3 Constant Overhead with LL/SC

Another way to avoid the ABA problem is to use the LL/SC
(load-link/store-conditional) ABA-immune synchronization
primitives instead of CAS. In this algorithm (Listing 3), both
enqueue(..) and dequeue() begin by reading a snapshot
of the counters and the corresponding array slot — this part
remains unchanged. However, to update the slot state, we
now use the SC primitive instead of CAS. By inserting the LL
instruction before reading the snapshot, we can ensure that
the update fails if the cell has been changed.

While LL/SC are not available in most programming lan-
guages, they can be used when programming for ARM, Pow-
erPC, and some other architectures. The algorithm also shows
that LL/SC are conceptually more powerful than CAS.

fun enqueue(e: E): Bool = while(true) {
// Read the counters snapshot

t := tail; h := head

state := LL(&al[t % C1)

if t != tail: continue

// Is the queue full?

if t == h + C: return false

// Try to insert the element

done := state==1 && SC(&a[t%C], e)
// Increment the counter

if LL(&tail) == t: SC(&tail, t+1)

// Finish on success
if done: return true

fun dequeue(): E = while(true) {
// Read the counters snapshot
h := tail; h := head

e := LL(&a[h % C1)

if t != tail: continue
// Is the queue empty?
if t == return L

// Try to extract the element
done := e != 1 && SC(&a[h%C]1, 1)
// Increment the counter

if LL(&head) == d: SC(&head, h+1)
// Finish on success

if done: return e

3

Listing 3. Bounded queue algorithm with O(1) additional
memory via LL/SC. This is a modification of the algorithm
in Listing 2; the changes are highlighted.
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2.4 ©O(T) Overhead with DCSS

Another way to eliminate the ABA problem is to use the
Double-Compare-Single-Set (DCSS) synchronization prim-
itive. DCSS(&A, expectedA, updateA, &B, expectedB)
checks that the values located by addresses A and B are equal
to expectedA and expectedB, respectively, updating A to
updateA and returning true if the check succeeds, and re-
turning false otherwise.

We use DCSS to atomically update the slot and check
that the corresponding counter has not been changed. If
DCSS fails, the algorithm helps to increment the counter and
restarts the operation. The rest is the same: getting a counters
snapshot (including the slot state for dequeue()), checking
that the queue is not full/empty, and trying to update the
slot state, incrementing the operation counter at the end.
Listing 4 presents the pseudocode.

fun enqueue(e: E): Bool = while(true) {
// Read the counters snapshot

t := tail; h := head

if t != tail: continue

// Is the queue full?

if t == h + C: return false

// Try to insert the element

done := DCSS(&a[e%C], L, e, &tail, t)
// Increment the counter

CAS (&tail, t, t + 1)

// Finish on success

if done: return true

fun dequeue(): E = while(true) {
// Read the counters snapshot
t tail; h := head

e DCSS_Read (alh % C1)

if t != tail: continue

// Is the queue empty?

if t == return L

// Try to extract the element
:=DCSS(&a[d%C]l, e, L, &head, h)
// Increment the counter
CAS(&head, h, h+1)

// Finish on success

done

if done: return e

3

Listing 4. Bounded queue algorithm with O(T) overhead
via recyclable DCSS descriptors. This is a modification of the
algorithm in Listing 2, the changes are highlighted.

The straightforward DCSS [6] implementation uses descrip-
tors, which can be recycled in a way so that only 2T of them
are required [1], thus, incurring ©(T) additional memory. In
short, a descriptor is a special object that “announces” an
operation, in this case DCSS, which allows it to be helped by

Anon.

other processes. Assuming the queue stores references, the
distinction between values (enqueued elements) and descrip-
tors can be implemented by either stealing a marker bit from
addresses or using a language construction like instanceof
in Java to check whether the object is a descriptor.

2.5 Values and Metadata

Notably, the algorithms with the “distinct elements” assump-
tion (Subsection 2.2) and with DCSS (Subsection 2.4) require
an ability to store elements and metadata (L-s and DCSS de-
scriptors) in the same array slots. In practice, to distinguish
metadata from data, we either have to steal a bit from values,
which results in a smaller universe of possible values, or use
an Object wrapper, which incurs Q(C) memory overhead.
Besides, many programming languages do not allow storing
primitive and Object types in the same memory locations,
let alone bit stealing.

3 Memory Overhead: The Lower Bound

Recall that the memory overhead of a bounded queue refers
to the extra memory necessary beyond that used to store the
elements. We now prove that the minimal memory overhead
of a linearizable non-blocking bounded queue is linear in
the number of concurrent threads and show that this lower
bound is tight by presenting a matching algorithm.

3.1 The Lower Bound: Proof Overview

We proceed by contradiction. Suppose that there exists an
obstruction-free linearizable bounded queue of capacity C
that employs X < % — 1 memory locations beyond the
C memory locations to store the queue elements; T is the
number of concurrent threads. (“24” here is a constant that
simplifies the proof without affecting the desired ®(T) lower
bound.) We construct a non-linearizable execution with such
an implementation, showing that any obstruction-free lin-
earizable bounded queue must incur ©(T) memory overhead.

To construct a non-linearizable execution, we first catch
X + 3 threads (recall that X is the memory overhead) in a
state when they are about to update different memory loca-
tions and pause these threads. For simplicity, we assume that
these threads will perform writes to the memory locations
and never update them to null; we explain how to support
updates via CAS and null values later.

Then, carefully ensuring that the queue is empty, we suc-
cessfully add C elements x1, xz, ..., x¢ into the queue — fol-
lowing dequeue ()s would have extracted these elements in
the same order. However, we do not extract the elements
now. Instead, we choose a thread caught right before updat-
ing a memory location, which stores an element x; where
1 < i < C, and is about to put y there. Intuitively, this write
will remove v; from the middle of the queue and put y in-
stead. As we have caught X +3 threads, and the queue uses X
additional memory locations, at least three threads are about
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Replace x;
— with “y”5

Xl ...Xi-l X"L Xi+1... XC

Figure 3. A thread is about to remove v; from the middle of
the queue and put y instead.

to update the location where the queue elements are stored
and one of them must point to a middle element. Figure 3
illustrates the resulting state.

We now replace the value v; with y by invoking “write” in
the caught thread. Assuming the bounded queue implementa-
tion does not differentiate elements, the state is now the same
as when filling the queue with vy, v, ..., 0;_1, Y, Vj41, .., UC ele-
ments. Therefore, the following C dequeue ()-s successfully
extract these elements.

Intuitively, this execution is non-linearizable, as we have
managed to put an element in the middle of the queue, ob-
serving “old” elements vy, vy, ..., v;_1, then a “new” element
y, which could not be installed concurrently as the queue is
bounded, and followed by “old” elements v;1, ..., vc.

Note that this is a very simplified version of the proof
dedicated to creating an intuition on constructing a non-
linearizable execution. To complete the proof, we need to
be extremely careful with catching the threads, extending
executions, and supporting CAS operations and null (L)
values. The following subsections describe the model we
use, the reasonable algorithm assumptions that simplify the
proof, and the full proof itself.

3.2 Model

Threads and atomic operations. We consider a system
of T processes (threads) ps, ..., pr communicating by invok-
ing primitives on shared memory. Besides plain reads and
writes, we assume Compare-and-Set primitive, denoted as
CAS(&a, old, new), that atomically checks the value at ad-
dress a and, if it equals old, replaces it with new and returns
true, returning false otherwise.

While we do not support Fetch-and-Add implicitly, it
does not break the proof when not manipulating memory
locations where elements are stored. In particular, using
Fetch-and-Add for updating counters is allowed.

The LL/SC (load-link/store-conditional) synchronization
primitives, however, are not allowed, as they are ABA-immune
and enable bounded queue implementation with constant
memory overhead, as discussed in Subsection 2.3.

Bounded queue data structure. The Bounded Queue (BQ)
data structure parameterized with type Type and capacity C
stores elements of type Type and provides two operations:
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e enqueue(x: Type) (or enq(x)): if the size of the
queue is less than C, the operations adds value x and
returns true; otherwise, the operation returns false.

e dequeue() (or deq()) retrieves the oldest element
from the queue, returning L if the queue is empty.

Here, L is a special null value, available in most pro-
gramming languages for references. Also, we omit type Type
when discussing BQ.

Implementation. Informally, an implementation of abounded
queue BQ is a distributed algorithm A consisting of automata
Ay, ..., Ar. Given an operation invoked on BQ by p;, A; spec-
ifies the sequence of primitive operations on the shared
memory that p; needs to execute to compute a response.
An execution of an implementation of BQ is a sequence of
events: invocations and responses of high-level operations
on BQ, as well as primitives applied by the processes on the
shared-memory locations and the responses they return so
that the automata A; and the primitive specifications are
respected. An operation is complete in a given execution if
a matching response follows its invocation. An incomplete
operation can be completed by inserting a matching response
after invocation. We only consider well-formed executions:
a process never invokes a new high-level operation before
its previous operation returns. An operation o; precedes op-
eration o, in execution « (we write 0; <, 0,) if the response
of 01 precedes the invocation of 0, in a.

For simplicity, we only consider deterministic implementa-
tions: all shared-memory primitives and automata Ay, ..., Ar
exhibit deterministic behavior. Our lower bound can be, how-
ever, easily extended to randomized implementations.

Concurrent execution. A concurrent execution « of a
bounded queue is linearizable [2, 9] if all complete operations
in it and a subset of incomplete ones can be put in a total
order S such that (1) S respects the sequential specification
of the bounded queue, and (2) <,C<s, i.e., the total order
respects the real-time order on operation in «. Informally,
every operation o of & can be associated with a linearization
point put within the operation’s interval, the fragment of o
between the invocation of 0 and the response of 0. An imple-
mentation is linearizable if any its execution is linearizable.

Progress conditions. In this paper, we focus on non-blocking
implementations that, intuitively, do not involve any form
of locking: a failure of a process does not prevent other
processes from making progress. We can also talk about
non-blocking implementations of specific operations.
Popular liveness criteria are lock-freedom and obstruction-
freedom [8]. An implementation of an operation is lock-free
if, in every execution, at least one process is guaranteed to
complete every such operation it invokes in a finite num-
ber of its own steps. An implementation of an operation
is obstruction-free if it guarantees that if a process invokes
this operation and, from some point on, takes sufficiently
many steps in isolation, i.e., without contending with other
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processes, then the operation eventually competes. We say
that an implementation is obstruction-free (resp., lock-free)
if all its operations are obstruction-free (resp., lock-free).
Lock-freedom is a strictly stronger liveness criterion than
obstruction-freedom: any lock-free implementation is also
obstruction-free, but not vice versa [8].

3.3 Algorithm Restrictions

Atomic operations. Recall the model supports read, write,
and Compare-and-Set operations. For simplicity, we do not
support Fetch-and-Add, but it does not break our proof
when not manipulating memory locations where elements
are stored. In particular, using Fetch-and-Add for updating
counters is allowed.

Values and metadata. We restrict our attention to algo-
rithms that assume a clear separation between value-locations,
used exclusively to store queue elements, and metadata-
locations, used to store everything else (e.g., counters or
descriptors). Importantly, we impose no restrictions on the
number of bits that can be stored in memory locations for
both metadata and data, allowing metadata-locations to hold
either value or metadata. Notably, we require that values
and metadata be indistinguishable — metadata without con-
text can be seen as a value. Making values and metadata
distinguishable would require stealing a bit, automatically
imposing ©(C) memory overhead. Therefore, we find this
restriction reasonable.

Value-independence. Furthermore, we assume that the al-
gorithm is agnostic to values: intuitively, the values passed
to the operation only reflect the value-locations in the mem-
ory and not the steps performed by the algorithm. We call
such algorithms value-independent. A value-independent al-
gorithm must be non-creative, enqueue-value-independent
and dequeue-value-independent. Intuitively, (1) a enqueue or
dequeue operation can only use the values stored in value-
locations or provided as an argument, (2) it does not matter
what is enqueued, x or y—the only difference is that y’s
should be stored instead of x’s in the memory, and (3) if
the only difference in the memory is x and y in one value-
location, a dequeue operation must return y instead of x.
We present the formal definitions below. To the best of our
knowledge, all the state-of-the-art queue implementations
satisfy these assumptions.

Definition 3.1. A BQ algorithm A is non-creative if each
time an operation op uses as an argument in a write and CAS
or returns a value v, then op previously read v in a value-
location or received v as an argument (if op is enqueue).

Definition 3.2. Let S be a memory state reached by some
execution of a BQ algorithm A. Suppose that ay, ..., a; and
v are distinct values and ay, . . ., ax do not appear in value-
locations in S. Let a process p be idle in S (not executing any
operation). Let S; be the memory state reached from S by

Anon.

p sequentially executing enq(ay), ..., enq(a;), ..., enq(ax)
and S, be the memory state of A reached from S by p se-
quentially executing enq(a;), ..., enq(v),..., eng(ax) (i.e.,
instead of a;, v is inserted). A is enqueue-value-independent if
Sy is identical to S,, except that every value-location storing
a; in S; stores v in S,.

Definition 3.3. Let S be a memory state reached by some
execution of a BQ algorithm A. Suppose that there is a
value x that appears only in one value-location in S and
let process p be idle in S. Let process p sequentially apply
dequeue () operations as long as they are successful, i.e., un-
til the queue becomes empty, and suppose that exactly one of
these dequeue () operation op returns x. A is dequeue-value-
independent if when we replace x with y in S and replay
dequeue () operations by the process p, we obtain an execu-
tion of A in which op now returns y.

Definition 3.4. A BQ implementation A is value-independent
if it is non-creative, enqueue-value-independent, and dequeue-
value-independent.

3.4 Auxiliary Notions

Definition 3.5. In the proof, we construct an execution
where some processes are paused just before performing
CAS(1, x,y) operation. Such processes are called poised, and
the location [ is said to be covered by that process.

For simplicity, we treat l.write(y) as CAS(L, *, y) with “+”
matching any value.

Definition 3.6. If a value v was never used as an argument
in the execution E, we say that v is fresh in E.

Let E be a finite execution of A, and p be an idle process
in E. A fill procedure applied to E (or just fill) consists of
a process p enqueueing C different values in isolation. We
say that a fill procedure is successful if all C enqueues are
successful and C different value-locations store these values.

An empty procedure (or just empty) consists of process p
executing C dequeue operations in isolation. We say that an
empty procedure is successful if all these C dequeue opera-
tions are successful.

We say that a fill-empty-procedures pair is up-to-date if
both procedures are successful and dequeues from the empty
procedure return the values enqueued by the fill.

Lemma 3.7. Every execution can be extended by one working
process with an up-to-date fill-empty procedure at the end.

To prove Lemma 3.7, we need the following lemmas first.

Definition 3.8. We say that the queue is logically empty
if it is in a state for which a new dequeue operation would
return L if executed in isolation.

Lemma 3.9. Consider some state of a system S: there are
poised processes and a logically empty queue. If we conse-
quently perform a fill procedure and an empty procedure on
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the queue and one of these procedures is not successful, then one
of the poised operations “took effect’, i.e., is linearized before
any future operation.

Proof. We have a logically empty queue and we perform a
fill procedure. Suppose this fill is not successful. By defini-
tion, there can be two cases. First, some enqueue operation
is not successful then another enqueue operation succeded
(exactly, C enqueues succeed) — which can only be the one
that was poised and, thus, it is linearized. Second, all en-
queue operations are successful, but not all C new values are
stored in the shared memory. Thus, there exists some poised
dequeue operation that can return the non-stored value. But
after the successful empty procedure, it would mean that
this poised operation is linearized.

After the fill procedure, the logical state of the queue is full.
Thus, C dequeues should succeed. If the empty procedure is
not successful, thus, some old poised dequeue takes place.
This means that it was already linearized before that moment.

O

Lemma 3.10. Consider some state of a system: a logically
empty queue with poised operations. If we perform a success-
ful fill procedure followed by a successful empty procedure
and dequeue operations of the empty procedure return not the
exactly same values that were enqueued by the fill procedure,
then one of the poised operations “took effect”.

Proof. Let us look at the value v that was enqueued and was
not dequeued by the empty procedure. In the end, the queue
is empty; thus, the value v was dequeued by some operation.
Since it was not returned by any operation from the empty
procedure, it should be some poised operation. Thus, after
the empty procedure, this poised operation is linearized. O

By combining the last two lemmas, we construct the fol-
lowing result.

Lemma 3.11. Consider some state of a system: a logically
empty queue with poised operations. If a fill-empty-procedures
pair applied to this state is not up-to-date, then one of the
poised operations “took effect’, i.e., is linearized before any
future operations.

We are now ready to prove Lemma 3.7 and show that
every execution can be extended by one working process
with an up-to-date fill-empty procedure at the end.

Proof of Lemma 3.7. In our proof, a dedicated process repeat-
edly performs alternating fill and empty procedures, until
the corresponding pair is up-to-date. By Lemma 3.11, the
number of such iterations cannot exceed T, as in our proof
we catch at most T — 1 concurrent operations O

3.5 The Lower Bound: Complete Proof

We now present a complete proof of the memory overhead
lower bound. Specifically, we prove Theorem 3.12 below.
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Theorem 3.12. Any obstruction-free linearizable value-inde-
pendent implementation of Bounded Queue with capacity C
uses C + [%J value-locations, assuming that there exists at
least ©(T - C) different values and % <C.

Recall that the key idea is to construct a non-linearizable
execution. Before diving deeper into details, we describe
the execution we target to construct and prove that it is
non-linearizable.

Lemma 3.13. Let k = 2X + 3. Let E be an execution that
results in a state that has k distinct value-locations Ly, . . ., I
such that for alli 1 < i < k we can replace x; with y; in
I; using poised CASes. Also, all x; are distinct, and for all i,
X; # Y;, and x;, y; are non-L.

Then we can extend E to a non-linearizable execution.

Proof. First, we extend E using one process so it ends with
up-to-date fill-empty pair (by Lemma 3.7, this is possible).
By the definition of a successful fill, there are C distinct
values stored in memory after it, so, since we have C + X
value-locations in total, there are at least C — X of these new
values that are stored in a single location. As k = 2X + 3,
after the fill, there are at least 3 locations among [y, ..., I
such that a value of some enqueue from fill is stored only
in that location. Thus, there is I; that stores a value of some
enq from the fill procedure that is not a first eng, nor the last
one, and this value is stored only in J;. Using enqueue-value-
independence we change the argument of the corresponding
enqueue to x;, reaching the state where after the fill ; is the
only location storing x; and x; is returned in the following
empty procedure.

Therefore, if we replay this updated fill procedure we
could perform poised CASes substituting x; with y; before
the empty procedure. Thus, if at this point we replay the
empty procedure, the dequeue that used to return x; now
returns y; by dequeue-value independence.

By that, the last fill-empty-procedures pair have opera-
tions

eng(vc)
deq — ve

enq(x;)
deq — y;

eng(vq)
deq — vy

We call a pair of type (enqueue(v), dequeue — v) a match-
ing pair and it is true-matching if in any given linearization,
these enqueue and dequeue indeed match each other.

We claim that {enq(v;), deq — v1) and (enq(ovc), deq() —
uc) are true-matching pairs in the constructed execution.

To see this, note that for a matching pair to be not true-
matching there should be another enqueue whose value is
dequeued. But v; and vc are fresh values since the only non-
fresh value among enqueues is x; and by the construction, it
is not the last, nor the first enqueue. Thus, there can not be
other poised enq(v;) or enq(vc).

The question now is where to place enq(y;) to find a true-
match deq — y;. It cannot be placed before eng(v,) or after
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enq(vc) since the pairs for v; and vc are true-matching and
they cannot transpose due to FIFO property of the queue. So,
it can only be placed between enq(v;) and enq(ovc).

But then we have C + 1 successful enqueues in a row, so
there must be deq — v; before enq(vc) which means that the
pair {(enq(v;),deq — v1) from the table is not a true-match,
but we have proven it already.

Thus, enq(x;) corresponds to deq — y; which makes the
execution not linearizable. O

We are finally ready to prove the main Theorem 3.12 and
show that any obstruction-free linearizable value-indepen-
dent implementation of Bounded Queue with capacity C
uses C + L%J value-locations, assuming that there exists
at least (T - C) different values and % <C.

Proof of Theorem 3.12. The proof proceeds by contradiction.
Namely, we pick the number of additional value-locations
X small enough, though still linear in T, and show that for
each implementation that uses at most X additional value-
locations, we can build a non-linearizable execution. We
prove that it is sufficient to pick X = L% .

Our procedure to create non-linearizable execution is par-
titioned into four steps. During the first step, the queue is
filled with fresh values, and % processes are poised right
before the CAS operation. In the second step, we just call
empty and fill procedures in order to obtain fresh values in
memory. The third and fourth steps are the most compli-
cated. Depending on the BQ algorithm, we get three cases
depending on poised operations. The goal of each case is to
come up with an execution that brings the queue to the state
required by Lemma 3.13. Finally, using this lemma we build
a non-linearizable execution.

Now, we dive into the details. Our construction algorithm
works in four steps.

First step. We try to extend an execution % times with an
up-to-date fill-empty pair using Lemma 3.7. For each pair,
we require a new idle process. Though, for each try, we don’t
let a process finish an extension, rather we stop this process
right before it is about to CAS at a not yet covered value-
location from L. We say that we catch the process when we
stop it right before performing a CAS. When we catch the
process, we restart with another process using Lemma 3.7.
We claim that using this procedure we can catch % processes.

To see that, assume by the contrary that we do not catch
% processes. Thus, one of them managed to perform a suc-
cessful fill. By the definition of successful fill, there must
be C fresh values stored in the value-locations after it, so a
process made successful attempts to CAS C value-locations
and was not poised. This implies that all those locations are
covered since all locations initially store L and hence cannot
be modified without being previously covered. But since one
process covers only one location and C > %, C locations
cannot be covered, a contradiction.

Anon.

Second step. We extend an execution using a new idle pro-
cess to end up with a successful fill. It is indeed possible
by the trivial corollary of the Lemma 3.7: if we can ensure
successful fill and empty, we can just stop after the fill.
Third step. We try to extend an execution % times with an
up-to-date fill-empty pair using Lemma 3.7. For each pair, we
require a new idle process. Though, for each try, we do not
let a process finish an extension, rather we stop this process
right before it is about to CAS on a location that satisfies the
following catch criteria:

1. The corresponding value-location was not yet covered
by some CAS at Step 3;

2. This value-location is already covered by some CAS
at Step 1;

3. The poised CAS must be from a non-bottom value dif-
ferent from the previous CASes poised during Step 3.

Fourth step. This step is to account for the case when there
are few processes caught at Step 3.

If there are % — 3X idle processes at this point, we consec-
utively extend the execution with a successful fill using each
of them. It is indeed possible by the trivial corollary of the
Lemma 3.7. We catch a process if it satisfies the following

catch criteria:

1. The corresponding value-location is not yet covered
by CAS at Step 4;

2. This value-location is already covered by CAS at Step 1;

3. The poised CAS must be from a non-bottom value
(to possibly a bottom one) different from the previous
CASes poised during Step 4.

Now, we explain how our poised operations provide a
state desired by Lemma 3.13. This part becomes a little bit
technical — we get three cases depending on how many
CASes we poised during Step 3:

e Suppose that we poised less than % processes.

After Step 2, the successful fill is performed, so C
fresh distinct values are stored in C different locations.
We have % value-locations covered by CASes at Step
1, so, since we have C + X value-locations in total,
there are % — 2X locations among covered that store
unique values. Let us call the set of these locations
that are not modified during Step 3 as L’. We claim
that [L'| > I - 2X.

To see this, assume the opposite, namely that L has at
most % — 2X value-locations. Then at least (% -2X) -
|| = % of our chosen value-locations were modified.
It means that during our procedure in Step 3, we made
a CAS on these locations but did not catch it. This
could happen only if one of the catch criteria of Step
3 was not satisfied. However, criteria (2) and (3) are
always satisfied due to the way we chose locations: the
chosen value-locations are already covered by some
CAS from Step 1, and they stored non-bottom value
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(they store some of C values from Step 2). Thus, the
only criterion that could not be satisfied is (1), i.e., it
is already covered by a CAS. But, we poised less than
% CASes in the main condition; thus, (1) is satisfied
for some location — we could have poised at least one
more CAS. Thus, |L'| is greater than % -2X.
We claim that during Step 4, we catch % — 3X pro-
cesses. Otherwise, one of them was able to complete
a successful fill, which implies that C fresh values
are stored, so at most X locations are left unmodified.
Thus, at least |L’| - X = % — 3X locations in L’ must
be overwritten — there will be attempts to successfully
CAS and hence cover them. Let L be the set of value-
locations covered by poised operations from Step 4.
Finally, we apply Lemma 3.13 with /; being locations
from L.
We now need to show that the Lemma 3.13 require-
ments are satisfied. By the construction of L, all [; € L
are indeed distinct. For each 1 < i < |L| there is a
poised CAS of the form CAS(l;, L,y;) and a CAS of
the form CAS(l;, x;, mb;). If mb; # L, then we can
change the value in [; from x; to mb;. Otherwise, we
can perform both CASes changing the value in [; from
x; to y;. We also need to show that all x; are distinct. It
follows from the fact that all values in L’ are. Finally,
|L| = % —3X > 2X + 3, thus, we can choose 2X + 3
locations from L and apply Lemma 3.13.

e Suppose that in Step 3 at least % processes are poised
while more than % of them CAS to non-bottom.
Let L be the set of value-locations covered by poised
CASes that CAS to non-bottom.
Now, we can apply Lemma 3.13 with I-s being loca-
tions from L.
Let us check Lemma’s requirements are satisfied. Lo-
cations in L are distinct by the catch criteria. We can
indeed substitute x; with y; in each [; applying the
corresponding CAS. x; are non-bottom because of the
catch criteria and y; are non-bottom because of the
current case assumption. All x; are distinct because
of the catch criteria. Finally, |L| > % > 2X + 3, thus,
we can choose 2X + 3 locations from L and apply
Lemma 3.13.

e Suppose that in Step 3 at least % processes are poised
and at least % of them CAS to bottom.
Here, we have at least % pairs of the type CAS(I;, L, y;)
and CAS(l;, x;, L).
Note that x-s are those values that were present in the
memory after Step 2, whereas y-s are those introduced
during Step 1. Recall that by non-creative property
y-s are all arguments of enqueue operations.
Filling the queue with fresh values in Step 2 guaran-
tees that at most X values out of those y-s are present
at the start of Step 3. Since all x-s are pairwise distinct
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by the catch criteria of Step 3, there can be no more
than X values from y-s among them. We no longer
consider CAS pairs where CAS is done from x which
is equal to some y;. However, there are at most X of
the non-satisfying pairs and we still have at least % -X
good CAS(l;, L,y;), CAS(l;, x;, L) pairs. Let L = {I;}
be the set of value-locations covered by these pairs.
Finally, we can apply Lemma 3.13 with ; being ele-
ments of L.

Requirements of the Lemma are satisfied. Indeed, I-s
are distinct and x-s are distinct by the catch criteria
of Step 3. For each [; we can substitute x; with y;
performing a pair of CASes. Moreover, x-s are distinct
from y-s, since y-s are values from Step 1 and by the
construction of L there are no values from Step 1.
Finally, |L| = % — X > 2X + 3, thus, we can choose
2X + 3 locations from L and apply Lemma 3.13.

3.6 The Upper Bound

Finally, we show that our lower bound is tight by presenting
an algorithm that asymptotically matches the lower bound
and uses O(T) extra memory. Please note that our goal is to
show the upper bound of the memory overhead rather than
provide a practical and efficient implementation.

Algorithm overview. The key idea is to use descriptors
for enqueue(. .) operations, with the possibility of reusing
them [1], to match the desired memory overhead. In addi-
tion, we use an T-size “announcement” array that stores
references to descriptors of “in-progress” enqueue(. .) in-
vocations. Intuitively, a descriptor in this array declares an
intention to perform an enqueue operation on some chosen
cell. This enqueue succeeds if the enqueues counter has not
been changed (which is similar to our DCSS-based solution
above). The descriptor stores a target cell to write and an
operation status in successful field. We say that a descrip-
tor/operation/thread “covers” a cell if it intends to put an
element there.

Thus, in total, we have O(T) memory overhead that asymp-
totically matches the lower bound shown in the previous
subsection.

Now, we explain how descriptors and the announcement
array help us achieve a correct algorithm. As in the previ-
ous algorithms, a dequeue () (resp., enqueue(. .)) operation
starts with taking a snapshot of the counters in lines and
checks if the queue is empty (resp., full).

The implementation of dequeue() slightly differs from
those in the algorithms from Section 2. To read an element,
it goes through the announcement array to check for the
ongoing enqueue operations on the target cell, which is
calculated from the counters. If one exists, our dequeue takes
the argument of that ongoing operation. Otherwise, it takes
a value from the target cell. Finally, it tries to increment
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the dequeues counter and returns the found element if the
corresponding CAS succeeds.

As for enqueue(. .), it creates a special descriptor, an-
nounces it in our announcement array, and then tries to
atomically apply the operation. Then, the operation incre-
ments the enqueues counter, possibly helping some concur-
rent operation. If the descriptor is successfully applied, the
operation completes. Otherwise, the operation is restarted.

There can be only one descriptor in the successful state
that can “cover” a given cell in the elements array, no other
successful descriptor can point to the same cell. Thus, only
the thread that started covering the cell is eligible to update
it. When the thread with exclusive access for modifications
finishes the operation, it “releases” the cell, so, another op-
eration is able to “cover” it. However, when an enqueue
operation finds a cell to be covered, it replaces the old de-
scriptor (related to the thread that covers the cell now) with a
new one and completes. The thread with the exclusive access
to the cell helps this enqueue operation to put the element.

Summing everything up, our algorithm is lock-free (Ap-
pendix A.1) and it uses just O(T) additional memory to C
values in the bounded queue. Please note that we do not
provide any guarantees about the execution time of oper-
ations on our BQ. One should expect the queue to answer
the queries in O(1), however, in our algorithm each opera-
tion should traverse through the whole announcement array
leading to ©(T) time. This leaves us with an open question
whether it is possible to implement a memory-optimal queue
that serves requests in O(1) time.

Implementation details. Due to space constraints, we dis-
cuss the implementation details and prove the algorithm’s
correctness in Appendix A.

4 Related Work

Memory efficiency has always been one of the central con-
cerns in concurrent computing. Many theoretical bounds
have been established on memory requirements of various
concurrent abstractions, such as mutual exclusion [3], per-
turbable objects [10], or consensus [23]. However, it appears
that minimizing memory overhead in dynamic concurrent
data structures has not been in the highlight until recently. A
standard way to implement a lock-free bounded queue, the
major running example of this paper, is to use descriptors
[16, 20] or additional meta-information per each element
[4, 18, 19, 21]. The overhead of resulting solutions is propor-
tional to the queue size: a descriptor contains an additional
Q(1) data to distinguish it from a value, while an additional
meta-information is Q(1) memory appended to the value by
the definition.

The fastest queues, however, store multiple elements in
nodes so the memory overhead per element is relatively small
from the practical point of view [14, 17, 22], and we consider
them as memory-friendly, though not memory-optimal.

10

Anon.

A notable exception is the work by Tsigas et al. [19] that
tries to answer our question: whether there exists a lock-free
concurrent bounded queue with O(1) additional memory.
The solution proposed in [19] is still a subject to the ABA
problem even when all the elements are different: it uses only
two null-values, and if one process becomes asleep for two
“rounds” (i.e., the pointers for enqueue(. .) and dequeue()
has made two traversals through all the elements), waking up
it can incorrectly place the element into the queue. Besides
resolving the issue, our algorithm, under the same assump-
tions, is shorter and easier to understand (see Subsection 2.2).

The tightest algorithm we found is the recent work by
Nikolaev [15], that proposes a lock-free bounded queue with
capacity C implemented on top of an array with 2C mem-
ory cells. While the algorithm manipulates the counters via
Fetch-And-Add, it still requires descriptors, one per each
ongoing operation. This leads to the additional overhead
linear in T. Thus, the total memory overhead is Q(C + T),
while the lower bound is ©(T) and does not depend on the
queue capacity.

5 Discussion

In this paper, we proved that any non-blocking implementa-
tion of bounded queue incurs Q(T) memory overhead, while
showing that the bound is tight with a matching algorithm.
In Section 2, we also presented a series of algorithms with
constant memory overhead that work under several practical
restrictions on the system or/and the application, along with
a simple DCSS-based algorithm that matches the lower bound
but requires an ability to store values and descriptors in the
same array slot.

We find the following relaxations important to consider
in future work: (1) the single-producer and single-consumer
application restrictions, (2) the ability to store descriptors in
value-locations (free in JVM and Go) or “steal” a couple of
bits from addresses (free in C++) for containers of references,
and (3) relaxing the object semantics, e.g., to probabilistic
guarantees. Each of these cases corresponds to a popular
class of applications, and determining the optimal memory
overhead in these scenarios is appealing in practice.

It would also be interesting to consider the problem of
memory overhead incurred by wait-free implementations
since such solutions are typically more complicated.

Finally, in this paper, we only focused on bounded queues,
as they allow a natural definition of memory overhead. One
may try to extend the notion to the case of unbounded queues
by considering the ratio between the amount of memory allo-
cated for the metadata with respect to the memory allocated
for data elements. Defining the bounds on this ratio for var-
ious data structures, such as pools, stacks, etc., remains an
intriguing open question.
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