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Abstract

This thesis addresses the problem of extending the Form Factor Bootstrap Program
(FFBP), the main tool for computing correlation functions in integrable quantum field
theories (IQFTs), to the case of irrelevant deformations, with particular focus on gener-
alised TT-deformations. Such models pose new challenges, including the emergence of a
minimal length scale and the loss of strict locality. Relying solely on the exact S-matrix,
we construct the minimal form factors of TT-deformed theories and analyze their proper-
ties in detail. This resolves longstanding ambiguities in previous constructions and leads
to a deeper understanding of both deformed and standard IQFTs.
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Preface

Nearly one hundred years ago—in 1927—the Proceedings of the Royal Society of London
published what is widely considered the birth of Quantum Field Theory (QFT), namely
P.A.M. Dirac’s pioneering work on the quantisation of the electromagnetic field [1]. And
we are still here, carefully filling the gaps and exploring the limits and potential—if any,
rather well hidden—of this vast research framework.

Nowadays, QFT has been recognised as one of the most successful approaches to help
us understand physical reality. By embodying both the principles of special relativity
and quantum mechanics, its applicability goes way beyond the description of “just” fun-
damental interactions and embraces all kinds of phenomena related to the large distance
behavior of many degrees of freedom. At the same time, the mathematical foundations of
these theories remain somewhat obscure and not fully rigorous in the way that, for exam-
ple, classical analysis or even much of quantum mechanics are. Many constructions—such
as interacting fields, path integrals, and renormalisation procedures—are defined formally
or perturbatively, and a fully rigorous non-perturbative construction exists only in a lim-
ited number of cases. Integrable Quantum Field Theories (IQFT) in 1+1-dimensions
constitute a small subset that offers both elegant, well-defined mathematical tools and
interesting and physically relevant applications.

Already from the “prehistory” of modern scientific thought, the observation of celestial
motion “challenged men to search for the impersonal invariants behind events” [2]. In
our contemporary times, this approach to science becomes even more fundamental when
we consider the disparity in scales of the phenomena we aim to understand: from the
inconceivable vastness of the universe to the extremely small realm of the fundamental
constituents of matter, these scales lie far beyond human experience, leaving ever less room
for physical intuition grounded in our everyday world. Invariants guide us where we would
otherwise lose our way: in the depths of outer space or in the realm of the infinitesimal.
Notice, however, that while getting lost in space still resonates with human experience,
even thinking of a corresponding analogy for the microscopic world gives some difficulties.
Integrable field theories are models with infinitely many invariants1 , and this fact clearly
makes them very attractive to theoretical physicists and mathematicians. Their appeal
stems not only from the possibility of obtaining exact solutions, but also from the deep
insights they provide into non-perturbative phenomena, the rich mathematical structures
they reveal, and the way they serve as guiding examples for more complex, non-integrable
systems.

The seminal work of A.B. Zamolodchikov [3] proposed a viewpoint of IQFTs as massive
perturbations of critical points, universally described by conformal field theories (CFT).

1While initially the term “invariants” is used in a more conceptual sense, in the context of integrable
models these invariants acquire a precise mathematical meaning as conserved quantities, such as higher-
spin charges, which are central to the exact solvability of the models as we will see later.
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These perturbations are relevant and associated with specific fields of the underlying CFT
having conformal dimension ∆ ă 1. For over three decades, such integrable models have
been extensively studied, and a variety of well-established techniques have been developed
to analyse them, including the Thermodynamic Bethe Ansatz (TBA) [4, 5] and the Form
Factor Bootstrap Program (FFBP) [6, 7, 8, 9, 10]. These methods allow for the com-
putation of exact spectra, correlation functions, and other non-perturbative quantities,
providing a deep understanding of the dynamics of these theories. However, relatively
recently, scientists have also begun to consider irrelevant deformations—of both confor-
mal and massive quantum field theories. These theories present a number of challenges:
they are generally non-renormalizable, are believed to often exhibit non-local features,
and can display various pathological behaviors. Nevertheless, they preserve integrabil-
ity, which naturally raises the question: can we learn more about these theories using
standard integrable techniques? The answer is likely negative, or at least, it is unlikely
that the same level of success achieved with conventional IQFTs can be reproduced. A
direct reason for this is that these irrelevant deformations effectively introduce a mini-
mal length scale—controlled by the deformation coupling—posing challenges analogous
to those encountered in quantum gravity. Standard QFT techniques rely on the ability to
probe arbitrarily short distances, but the deformation imposes a finite resolution, compli-
cating renormalisation and the definition of local observables. Consequently, constructing
exact, non-perturbative quantities in such deformed theories becomes highly nontrivial,
and many familiar tools of conventional QFT require—if possible—substantial adapta-
tion. Nevertheless, integrability is preserved, providing a guiding principle to explore
these ideas.

Well, certainly I am not aiming to solve quantum gravity; the goal here is precise
and limited, but still technically challenging. As the title of this thesis suggests, we shall
attempt to employ the FFBP, a standard framework for computing correlation functions
in IQFTs. This is by no means an easy task, since, as discussed, irrelevant deformations
are expected to introduce non-local features, particularly at the level of observables [11].
Can the general framework withstand these challenges? Can we still extract a meaningful
characterisation of the observables of these models? In what follows, I present the results
obtained in five works [12, 13, 14, 15, 16]. As the title indicates, the program is still
being completed, and for this reason the present thesis—or book, as I prefer to think of
it—remains necessarily incomplete. Nevertheless, especially during the final year of my
PhD, after a long period of difficulties, we managed to obtain results that renewed our
optimism and suggest that much more can yet be achieved.

This thesis is structured as follows. In writing it, I have preferred to adopt a “book-
like” approach: my aim was to make it possible for a reader—ideally someone with a
background in theoretical physics but without prior expertise in the specific field—to fol-
low the discussion and, in principle, to understand the main ideas. For this reason, I
begin with Chapter 0, where the notion of quantum fields is introduced and the minimal
background needed for the research part of the thesis is established. Since our goal is to
adapt IQFT techniques to a different setting, I felt that a general introduction to CFTs
and IQFTs was essential.

In Chapter 1 I provide a detailed review of scattering amplitudes in IQFTs, with par-
ticular attention to diagonal theories without bound states, which lie at the core of this
work. Scattering amplitudes in the presence of boundaries are also discussed.

xii



Chapter 2 introduces the TT deformation and briefly reviews some of its key proper-
ties—at least those that will be directly relevant to our analysis. This chapter is inten-
tionally concise, since the essential input for our purposes is the deformation of scattering
amplitudes derived from perturbed models.

In Chapter 3 I introduce the FFBP, together with its main techniques and results, and
then present our first attempt to apply it to the study of form factors in TT-deformed
theories [12, 13, 14]. Although these preliminary solutions raised some technical chal-
lenges—such as the appearance of square-roots, divergences in specific cases, and a pro-
liferation of free parameters—they also provided important insights and highlighted the
key difficulties that any consistent approach must overcome.

Chapter 4 builds on these observations and presents progress towards resolving some of
the aforementioned issues. In particular, the issue of the free parameters that afflicted ear-
lier form factor solutions has been resolved through a refined construction of the minimal
form factors, eliminating these ambiguities and significantly strengthening the consistency
of the framework. However, as acknowledged before, not everything is settled, and some
subtleties persist.

Finally, in the Conclusions I summarise the main results and argue that there is
strong evidence for the non-local nature of observables in these models. At the same
time, this does not rule out the possibility of computing correlation functions, and the
thesis closes by outlining a number of open problems together with possible directions for
future investigation.
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Chapter 0

A Very Short Introduction to Quantum
Fields

Our starting point is a statistical model defined on some lattice, where the lattice spac-
ing “a” defines a natural microscopic length-scale. The model’s discrete degrees of
freedom sit on the lattice sites and interact with each other. From a mechanical point of
view the interactions are represented by some coupling constants that can be controlled
by varying some external parameters. The interaction between the constituents defines
another length scale, the correlation length ξ. When the system is close enough to a
critical point we have that ξ " a and therefore a continuous formulation of the model in
terms of “field” φpxq becomes natural. As mentioned in the introduction, throughout this
work we shall always consider a 1 ` 1-dimensional spacetime. In this setting we denote
a point as a two–vector x “ px0, x1q, where the component x0 represents the Euclidean
time and x1 the spatial direction. The second component x1 remains the standard spatial
coordinate of the two–dimensional theory. This convention will be adopted consistently
in what follows.

In the functional formalism of Euclidean QFT [17, 18], if tsiu is a set of discrete
classical variables for a given model, near a critical point we have that the partition
function is

Z “
ÿ

si

e´Hptsiuq »

ż

Dφipxqe
´Artφiu;tgnus , ξ " a, (0.1)

where the model is described by an Action

Artφiu ; tgnus “

ż

d2xL pφipxq, Bµφipxq, BµBνφipxq, . . . ; tgnuq . (0.2)

Here L is the lagrangian density, a function over a set of “fundamental fields ” φi

(scalar, spinorial, etc.) and their interaction strength, specified by a set of coupling
constants tgnu. Since we are working in the Euclidean spacetime R2, it will often be
convenient to use the shorthand notation d2x for integration, without distinguishing it
from dx unless explicitly required. In the same symbolic spirit, we shall also write x
instead of the full bi–vector x whenever no confusion can arise.

The Lagrangian density L is typically a polynomial in the fields and their deriva-
tives. To give a simple example, consider the Landau-Ginzburg theory described by the
Lagrangian density

L “
1

2
BµφpxqB

µφpxq ` g1φpxq `
m

2
φ2

pxq ` g3φ
3
pxq ` ¨ ¨ ¨ ` gnφ

n
pxq ` ¨ ¨ ¨ , (0.3)
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where φ is a scalar field, m is the mass parameter and the coupling constants gi are
responsible for the possible interactions. Already at this level we encounter problems:
the measure Dφ is not a well-defined object a priori. The idea is that these continuous
theories are effective and valid up to a certain scale, the microscopic length-scale a. Having
a continuous relativistic theory it is customary to require translational invariance. This
implies that plane waves become a natural basis to describe the field and then we can
decompose the fields in its Fourier components

φpxq “

ż

|k|ăΛ

d k

2π
φ̃pkqeikx , (0.4)

where the physical cut-off is related to the microscopic length-scale as

|k| ď Λ »
1

a
. (0.5)

This is at the basis of effective field theories as initially thought by Wilson and Kogut in
the seminal work [17] and this kind of set-up would be the one we are referring to when
later we will speak of “Wilsonian” QFTs.

0.1 What Is a Quantum Field?

After introducing effective field theories as large-scale limits of statistical systems, we
would like to return to the more foundational question: what is a quantum field, in
general? While effective field theories provide powerful low-energy descriptions, the notion
of a quantum field itself precedes this framework. It is therefore important to clarify what
we mean by a quantum field beyond its role in effective descriptions.

0.1.1 Canonical Quantisation

As previously mentioned, the idea was to unify quantum mechanics and special relativity.
Taking the simple example of a scalar field ϕ of mass m obeying the Klein-Gordon (KG)
equation considered as a classical field equation

pl `m2
qϕpxq “ 0 , (0.6)

where l is the 2-dimensional Laplace operator (or d’Alembertian), one imposes quan-
tisation rules on the field in the form of canonical commutation relations. An elegant
Lorentz-invariant scheme due to Peierls [19] consists in finding commutation relations
between fields at arbitrary space-times points

rϕpxq, ϕpx1qs “ i∆px´ x1q, (0.7)

where ∆ is the difference between the retarded and the advanced Green’s function of
the KG equation (0.6). This is a singular integral kernel, solution of the KG equation
with initial conditions

∆pxq|x0“0 “ 0 ,
B∆

Bx0

ˇ

ˇ

ˇ

ˇ

x0“0

“ δpx1q . (0.8)

Then two important remarks follow

• The commutator of fields at different space-time points is a c-number, i.e. a multiple
of the identity operator, and therefore it commutes with all observables;
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• The commutator vanishes for space-like separations

rϕpxq, ϕpx1qs “ 0 , px´ x1q2 ă 0 . (0.9)

While the first property is exclusive to free fields, the second one is general and has
a simple but deep physical meaning: measurements of a field in a given region of space-
time cannot disturb a measurement in another region if the two regions have no causal
connection. This is one of the fundamental properties of local QFT, sometimes called
microcausality and implies locality of the theory under consideration. We will return
to this notion later on as we set up our working framework, where locality is essential for
the consistent construction of scattering amplitudes but also observables such as correla-
tion functions. Throughout the thesis, we will also revisit this principle in more detail,
especially in relation to situations where it may fail: either due to non-local interactions
or in the presence of deformations that challenge standard locality.

Now, due to the field equations (0.6), the support of the Fourier transform in momen-
tum space is concentrated on the two hyperboloids

p0 “ ˘
a

pp1q2 `m2 , (0.10)

and as anticipated before, it is possible to decompose the field into Fourier modes:

ϕpxq “
1

2π

ż

dk
a

2p0

`

apkqe´ik¨x
` a:ppqeik¨x

˘

. (0.11)

The Hermitian creation and annihilation operators satisfy the Canonical Commutation
Relations (CCR)

rappq, apqqs “ ra:ppq, a:pqqs “ 0 , rappq, a:pqqs “ 2p02πδpq ´ pq . (0.12)

The CCR algebra just defined needs to be supplemented with the requirement of
existence of a vector in the representation space, the vacuum |0y such that, for any k,
apkq|0y “ 0. The Fock space HF is then generated by the actions of their Hermitian
conjugates a:pkq. This is the essence of the canonical quantisation of a free scalar field ϕ
and it leads to a theory of a quantum system of an arbitrary number of identical, spinless
free particles obeying Bose statistics. After this brief review it should be clear that the
quantum field ϕ at a point defined above is not a proper observable. Physically speaking
it should be clear that, by simple quantum mechanical arguments, measurements at a
point require infinite energy. But mathematically speaking, ϕpxq is not an operator in
HF but rather an operator-valued distribution. Therefore we conclude that fields are not
physical objects and that their role is to implement the principle of locality and the nature
of different basic fields needed in a theory is related to the charge structure, not to the
empirical spectrum of particles [20]. The physical information is in fact contained in
the expectation values of products of fields, whose most notable example is given by the
Wightman functions1 [21]

wn
px1, . . . , xnq “ x0|ϕpx1q ¨ ¨ ¨ϕpxnq|0y . (0.13)

1Strictly speaking, in the Euclidean setting one refers to Schwinger functions, which are related to
Wightman functions in Minkowski space by analytic continuation (Wick rotation). The rigorous connec-
tion is provided by the Osterwalder–Schrader reconstruction theorem [20].
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To “solve” a QFT, in principle, does not only mean to determine the possible states
and energies (or masses) of particles or bound states in the theory via the calculation
of its S-matrix (when available) and to understand how the theory behaves in different
regimes. One of the main goals (probably the main goal) is to find a good description
of its observables, i.e. the calculation of all the correlation functions. Returning to the
Euclidean formulation, considering a collection of observables Oipxiq we can rewrite a
correlation function as

x0|O1px1q ¨ ¨ ¨Onpxnq|0y ”
1

Z

ż

Dφ pO1px1q ¨ ¨ ¨Onpxmqq e
´Arφs , (0.14)

where the partition function, as defined in (0.1) gives the correct normalisation. If we
consider the simple example of the free bosonic field defined by (0.6)–(0.12) it is not
difficult to see that ϕpxq itself with the normal product of its powers t: ϕnpxq :u2 define,
together with the Identity operator I ” ϕ0 a vector space, and every observable can be
expanded as a series

Opxq “
8
ÿ

k“0

ak : ϕ
k
pxq : . (0.15)

In the framework of algebraic quantum field theory (AQFT), the field operator ϕpxq
and its normal-ordered powers : ϕnpxq : are understood as generating elements of a net
of C˚-algebras. These normal-ordered operators do not directly correspond to physical
observables, but rather serve as a basis from which the entire space of observables is con-
structed within the algebraic framework [20]. The concept of a net of C˚-algebras comes
into play when considering bounded regions of spacetime. Each region R corresponds to
a subalgebra ApRq, and the observables in that region are formed by elements of the alge-
bra associated with R. The field ϕpxq then generates observables for any region by acting
on the subalgebra of that region. Then, local observables are associated, like in (0.9), to
bounded space-time regions so that operators associated with space-like separated regions
commute. The full set of observables in the theory is the union of the algebras

Ť

R ApRq
for all regions R, and the algebraic structure ensures that the theory respects locality
and causality by construction. Importantly, the algebraic relations (such as commutation
and anticommutation) among the field operators and their products dictate the physical
interactions and the dynamics of the theory. In general it is a very hard task to construct
local observable for models beyond the free particle cases but in the two-dimensional case
some progress has been made in the last few decades.

0.2 The Renormalisation Group and Universality

The Renormalisation Group (RG) method is a beautiful construction that I describe
below. Returning to the Wilsonian framework, changing the scale (energy) at which the
system is observed, a flow in the parameter space tgu “ pg1, . . . , gn, . . . q of the theory is
generated. Mathematically, the nature of the RG transformations is completely equivalent
to a dynamical system: starting from a given point in the parameter space tgu, also
called the theory space or the action space, one can indeed expect abitrary behaviour
for the trajectories, with oscillations, discontinuities, chaotic behaviors or strange curves.

2These are local scalar densities where the normal ordering is defined by the subtraction of the diver-
gent terms from the product of operators. Starting from : ϕ2pxq :“ limyÑx ϕpxqϕpyq´ x0|ϕpxqϕpyq|0y, we
can systematically define them by using the Wick theorem.
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However in many interesting cases, especially the ones of physical relevance, a smooth
convergence towards the so-called fixed points is observed. Critical points g˚, points that
are invariant under this flow, describe universal behaviors and physically correspond to
phase transitions in the model under study. At the critical point the correlation length
ξ Ñ 8 and the continuous description in terms of fields becomes more natural. The fixed
points for which instead ξ “ 0 are called trivial fixed points. As in dynamical systems
the fixed points can be further classified by their stability nature: we can have attractive,
repulsive or mixed points. By linearizing the action of the RG transformations it is then
possible to determine their nature. If in the neighbourhood of a critical point g˚ the
iteration of the RG transformations converges again to g˚ we speak of an attractive fixed
point, while if the action of the RG flow moves the point away from it we have a repulsive
fixed point; a mixed fixed point contains both trajectories.

0.2.1 Conformal Field Theory

The classification of operators (through the RG flow) helps us understand the scaling
behavior of various physical quantities near criticality. Specifically, the RG-flow tells us
how the different types of couplings (interaction terms) appearing for instance in (0.3)
behave at different scales. Starting from a critical point, described by a Conformal Field
Theory (CFT) [22, 23], we can classify the typology of fields, depending on how they
behave under conformal transformations3. Again, locality plays a fundamental role in the
construction. Assume the existence of a numerable set of fields Oipxq that constitute a
basis for the model, like for the free boson in (0.15). Then, given two fluctuating fields
O1px1q and O2px2q placed at two distinct points, clearly their separation is smaller than
the diverging correlation length, and considering the limit x1 Ñ x2 it seems natural to
expect the composite field to become local. Heuristically one is then driven to take

O1px1qO2px2q “
ÿ

k

Ck
12px1 ´ x2qOkpx2q . (0.16)

This is the powerful Operator Product Expansion (OPE). Conformal invariance, to-
gether with translation symmetry fixes the structure constants appearing in (0.16) to
be

Ck
12px1 ´ x2q “

ck12
|x1 ´ x2|d1`d2´dk

, (0.17)

where ck12 are pure numbers and the di are the so-called scaling dimensions of the fields.
The power-law behavior of correlation functions is a typical feature of critical models.
Indeed, considering the two-point function of a scalar operator for a unitary CFT we have

xOiprqOip0qy „
1

r2di
, (0.18)

where r “ |x ´ y| is the relative distance between the fields and d is the scaling
function associated to the field O. Under the action of the RG-flow, operators are classified
depending on their scaling dimensions. In 2D the classification proceeds as follows:

3Remember that we restrict our attention to 1+1-dimensional theories. In particular, when discussing
conformal field theories (CFTs), all statements refer exclusively to the two-dimensional case, where con-
formal transformations are precisely given by holomorphic or antiholomorphic (analytic) functions. This
special property, along with many other properties that follow from it, does not hold in higher dimensions.
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• If di ă 2 a field is called relevant. Physically this means that under the action
of the RG-flow, the interaction strength becomes stronger “zooming out”, that is at
large distances (low energies) while at short distances the coupling tends to zero.
Returning to the classification of fixed points mentioned just above it is then clear
that the action of a relevant operator move the theory away from the critical point:
the fixed point action is unstable under the insertion of these operators in the action.

• If di “ 2 a field is called marginal and the coupling remains unchanged.

• If di ą 2 a field is called irrelevant. These are the exact opposite of the relevant
ones. Their interaction strength goes to zero at large distances (low energies) while
they become important at short distances (high energies).

More specifically, a scaling operator Φpxq is labeled by a pair p∆Φ, ∆̄Φq, called the left
and right conformal dimensions (or conformal weights), corresponding to the scaling
dimension ∆Φ and the spin sΦ as

dΦ “ ∆Φ ` ∆̄Φ , sΦ “ ∆Φ ´ ∆̄Φ . (0.19)

While the scaling dimension controls how a local operator transforms under global
dilatations: x Ñ λx, Oipxq Ñ λ´diOipλxq, conformal dimensions refine the notion of
scaling dimension by encoding local symmetry data. If the CFT is unitary (we will always
consider that this is the case) all the conformal dimensions are non-negative ∆Φ, ∆̄Φ ě 0
and only the identity field I has both left and right dimensions equal to zero (except
for some specific cases like in the Gaussian model). The local conformal symmetry of
a two-dimensional conformal field theory is generated by an infinite-dimensional algebra
of conserved charges, known as the Virasoro algebra. This algebra is generated by the
modes of the holomorphic and anti-holomorphic components of the energy-momentum
tensor. Local fields of the CFT do not satisfy the Virasoro algebra themselves, but are
organised into lowest weight representations of it4:

rLm, Lns “ pn´mqLn`m `
c

12
npn2

´ 1qδn`m,0 . (0.20)

The constant c, known as the central charge, quantifies the quantum anomaly5 in the
algebra of conserved charges associated with conformal transformations. Physically, c
measures the effective number of local degrees of freedom and plays a key role in charac-
terizing conformal field theories. In conformally invariant theories the energy-momentum
tensor Tµν is symmetric and traceless (T µ

µ :“ Θ “ 0). In terms of z, z̄ “ x0 ˘ ix1 coordi-
nates it decomposes into holomorphic and anti-holomorphic components as

4In many conformal field theories, such as Wess–Zumino–Witten and coset models, the fundamental
local symmetry is described by an affine Kac–Moody algebra of conserved currents [23]. The Virasoro
algebra then arises as a composite structure, constructed from the currents via the Sugawara or coset
construction.

5The Virasoro algebra is nothing but the quantum extension of the classical Witt algebra describing
global conformal transformations (isomorphic to slp2,Cq{Z2) [23]. A quantum anomaly occurs when a
symmetry present at the classical level fails to be preserved upon quantisation. The classical algebra
acquires a central extension, captured in our case by the central charge c.
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Tzz “
1

4
pT00 ´ 2iT10 ´ T11q :“ T pzq ,

T z̄z̄ “
1

4
pT00 ` 2iT10 ´ T11q :“ T pz̄q , (0.21)

Tzz̄ “
1

4
pT00 ` T11q :“ Θpz, z̄q{4 ,

and it satisfies the continuity equations

B̄T pzq “ 0 “ BT pz̄q , (0.22)

where B “ B0 ´ iB1 and B̄ “ B0 ` iB1. The generators of the Virasoro algebra are
obtained from the Laurent expansion of these components. For instance

T pzq “
ÿ

nPZ

z´n´2Ln ðñ Ln “

¿

z

dw

2πi
pw ´ zqn`1T pwq . (0.23)

The OPE (0.16) of the stress-energy tensor defines the central charge:

T pzqT pwq „
c{2

pz ´ wq4
`

2T pwq

pz ´ wq2
`

BT pwq

z ´ w
` ¨ ¨ ¨ , (0.24)

where the presence of the pz ´ wq´4 term reflects the conformal (trace) anomaly.
Because conformal symmetry in two dimensions factorises into independent holomorphic
and antiholomorphic sectors, the theory becomes chiral: the energy-momentum tensor
splits into two conserved components, T pzq and T̄ pz̄q, each generating an independent
Virasoro algebra. The space of fields of a CFT then decomposes into a sum of irreducible
weight representation spaces of VIR ˆ VIR:

ΣCFT “
à

α

rΦαs , (0.25)

where rΦαs is known as conformal class or family of a certain primary operator satis-
fying the equations

LnΦα “ L̄nΦα “ 0 , for n ą 0 , (0.26)
L0Φα “ ∆αΦα , L̄0Φα “ ∆̄αΦα . (0.27)

Each operator family consists of such a field and infinitely many descendant operators
obtained through repeated action on the primary by the Virasoro generators. Therefore,
a basis in the space of descendants of Φα is given by the operators

L´i1 . . . L´iI L̄´j1 . . . L̄´jJΦα , (0.28)

with 0 ă i1 ď i2 ď ¨ ¨ ¨ ď iI and 0 ă j1 ď j2 ď ¨ ¨ ¨ ď jJ . The levels

pl, l̄q “

˜

I
ÿ

n“1

in,
J
ÿ

n“1

jn

¸

, (0.29)

determine the conformal dimensions of the descendants (0.28):

p∆, ∆̄q “ p∆α ` l, ∆̄α ` l̄q . (0.30)
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In general, the number of independent operators at a given level pl, l̄q is pplqppl̄q, where
pplq is the number of positive integer partitions of l. Notice that the energy-momentum
tensor T pzq is not a primary field, but rather a level-2 descendant of the identity operator,
corresponding to the state L´2I. This reflects the fact that conformal symmetry is not
imposed externally but emerges from conserved currents intrinsic to the theory, i.e. it is
dynamically realised by the theory’s own degrees of freedom. Indeed from (0.23),

T pzq “ pL´2Iqpzq “
¿

z

dw

2πi
pw ´ zq´1T pwq , (0.31)

and more generally

pL´nIqpzq “
1

pn´ 2q!
B
n´2T pzq . (0.32)

As expected, all the descendant fields of the identity are composite operators built
from the holomorphic6 component of the stress-energy tensor and its derivatives. We can
therefore build the infinite-dimensional space of (left) descendant fields Λ which admits a
decomposition

Λ “

8
à

s“0

Λs , (0.33)

in terms of eigen-spaces of the s “ 0 Virasoro generator:

L0Λs “ sΛs , L̄0Λs “ 0 . (0.34)

By definition, the space Λ is an irreducible Virasoro module, a so-called Verma module,
with the highest weight equal to zero. All the fields in a given sub-space have conformal
weights ps, 0q and spin s. They all satisfy a continuity equation like (0.22), B̄Λ “ 0,
therefore they are chiral but they are not all linearly independent. In fact, from (0.32),
we can see that all the fields for n ą 2 are total B derivatives. It is better to consider
the quotient space Λ̂ “ Λ{L´1Λ where we took out the sub-space of total derivatives
L´1Λ P Λ. The new space Λ̂ enjoys the same decomposition of (0.33) in terms of sub-
spaces Λ̂s which also satisfy (0.34). In the same way as in (0.23), every field Ts P Λ̂s

7

gives rise to an infinite set of generators

Tspzq “
ÿ

nPZ

z´n´sLs,n ðñ Ls,n “

¿

z

dwpw ´ zqn`s´1Tspwq , (0.35)

with n “ 0,˘1,˘2, . . . in such a way that, given a local field χpz, z̄q in a particular
CFT, the operators

pLs,nχqpz, z̄q “

¿

z

dw pw ´ zqn`s´1Tspwqχpz, z̄q , (0.36)

6We will focus only on the left chiral (holomorphic) components of the chiral algebra. It is clear from
the discussion above that the same construction can be adapted for the right chiral (anti-holomorphic)
sector.

7Here we are simplifying a bit the notation by labelling each field just by its spin. In general we should
also specify the dimension of the subspaces Λ̂s which can be deduced from the corresponding character
formula.
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constitute an infinite set of linearly independent integrals of motion (IM) of that given
CFT.

0.3 IQFTs as Perturbed CFTs

In the fundamental work [3] (one of many as we will see), A. B. Zamolodchikov showed how
starting from a given CFT and perturbing it with a relevant field it is possible to flow to
an IQFT. Integrability in short means infinitely many constraints, giving rise to infinitely
many IM which survive the relevant perturbation. Integrable field theories possess, at
least in principle, a high degree of solvability and are at the centre of our discussion in
the next chapters. We will begin here by providing some introductory background to this
framework.

0.3.1 Away From Criticality

We quickly saw that CFTs are associated to fixed points of the Renormalisation Group
action and that a great deal of information can be deduced from the very elegant and
beautiful structure of the theories at the conformal point. What about the vicinity of
these fixed points? A given theory is defined by a set of local observables Oi: operators
in the theory are associated with couplings gi and their behavior under RG-flow depends
on their scaling dimensions di. In particular, relevant operators tend to push the flow
away, outlining unstable directions, while for irrelevant ones the couplings tend to shrink,
bringing the flow back towards the fixed point, signaling therefore attractive stable tra-
jectories8. Consider the subspace of ΣCFT consisting of the relevant fields only

À

r Φr, i.e.
those fields such that their scaling dimension is dr ă 2. We can interpret this space as a
tangent space corresponding to an unstable manifold taken at the fixed point and a shift
along it is described by relevant perturbations

A “ ACFT `
ÿ

r

λr

ż

d2xΦrpxq . (0.37)

However, all known examples consist of perturbations by a single relevant fields. In
fact, the integrable structure is very delicate and more than one relevant perturbation
tends to destroy it9 [24]. Therefore we will restrict our discussion to the case of a unitary
CFT perturbed by a single relevant operator:

A “ ACFT ` λ

ż

d2xΦpxq . (0.38)

As we already said, in a unitary CFT all conformal weights are non-negative. For
a spinless primary field we also have ∆Φ “ ∆̄Φ :“ ∆, hence dΦ “ 2∆ and a field is
relevant if ∆ ă 1. Looking the action (0.38), by dimensional analysis we can argue that

8In the following we will not consider the case of marginal flows for which further analysis is needed:
at linear order, the RG flow does not “know” wether the coupling will grow, shrink or stay constant.

9Here we are not taking into account some other “borderline cases” like for instance integrable RG
flows between two CFTs (e.g. from the tricritical Ising model to the critical Ising model) or exactly
marginal + relevant combinations. In all these borderline cases, the apparent “multi-deformation” nature
disappears upon closer inspection — either the couplings are related by symmetry, one perturbation is
exactly marginal (not a second relevant direction), or the structure forces them into a single integrable
potential.

9



the relevant coupling λ should scale as λ „ pm2q1´∆, i.e. the coupling constant must
have dimensions p1 ´ ∆, 1 ´ ∆q. The relevant nature of the operators makes it so that
the model described by (0.38) approaches the original CFT in the UV while we expect a
drastic change at the large-distance scales. This fact means that we should also expect the
absence of ultraviolet divergences in the perturbative expansion of (0.38), i.e. the theory
should be super-renormalizable. The first effect that we encounter perturbing a CFT is
the breaking of the conformal invariance by the generation of a mass gap: from the same
dimensional analysis just performed, it is clear that the expected mass scales should go
as m „ λ

1
2p1´∆q . A finite mass gap means a finite correlation length ξ „ 1{m, (m being

the mass of the lightest particle that couples to the field Φ) that will be reflected in the
asymptotic behavior of 2-point functions at large distances:

xOiprqOip0qyc “

#

r´2di , r Ñ 0 ,

e´r{ξ , r Ñ 8 ,
(0.39)

with Oi being a local operator of the theory. The fact that the theory is integrable
means that an infinite amount of IM are still present in the theory. In particular, the
operator content and therefore the IM of these models are in a one-to-one correspondence
with the one that the CFT one is starting with. Although more advanced results have
been obtained during the years [25, 26, 27, 28] (mainly in the context of the Form Factor
Bootstrap Program that we will discuss later on) we propose here the qualitative argu-
ment given in the original work [3], that is, in any case, the main foundation upon which
all subsequent studies were built.

We want now to argue that the operator space of a given CFT ΣCFT is in one-to-one
correspondence to the operator space of an off-critical gapped IQFT that we will address
as ΣIQFT. Therefore, let us consider the analogue of the quotient space Λ̂ in the massive
case (0.38). For the perturbed theory we will still have fields Ts P Λs but they will not
satisfy anymore the continuity eq. B̄Λ “ 0. We will rather have

B̄Ts “ λR
p1q
s´1 ` ¨ ¨ ¨ ` λnR

pnq
s´1 ` . . . (0.40)

where the Rpnq
s´1 are some local fields in ΣCFT with conformal dimensions ps ´ np1 ´

∆q, 1´ np1´∆qq and then spin s´ 1. Remember also that we are considering a unitary
CFT and therefore all these fields must have non-negative weights

s´ np1´∆q ě 0 , 1´ np1´∆q ě 0 , (0.41)

consequently, we can always find a value of n high enough in such a way that the right
conformal dimension of the field R

pnq
s´1 become negative, i.e. the field vanishes and the

series (0.40) is finite. The n at which this occurs is the smallest integer that satisfies

n ą
1

1´∆
. (0.42)

In the simplest possible case only the first term in (0.40) will appear and therefore the
continuity eq. will be reduced to

B̄Ts “ λR
p1q
s´1 . (0.43)

We will focus on this case only. From (0.42) it is clear that this will always be the
case if the relevant perturbing field is chosen in such a way that
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0 ă ∆ ă
1

2
, (0.44)

namely, its scaling dimension is chosen to be 0 ă dΦ ă 1 . What is left now is to
identify explicitly the field. The obvious method is to check by expanding perturbatively
(0.38) around the CFT by means of the conformal perturbation theory (CPT). For any
arbitrary correlation function of fields Ts we have

xTs ¨ ¨ ¨y “ xTs ¨ ¨ ¨yCFT ` λ

ż

dw

ż

dw̄xTspzqΦpw, w̄q . . .yCFT , (0.45)

where Φpw, w̄q is the relevant perturbing field of (0.38) and x¨ ¨ ¨yCFT are the correlation
functions in the original CFT. From the definition of the Ts (0.35), we can deduce the
OPE

TsΦpw, w̄q “
ÿ

nPZ

pz ´ wqn´s
pLs,´nΦqpw, w̄q . (0.46)

Then, substituting (0.46) in (0.45) and using the formal identity10

B̄pw ´ zq´m´1
“ ´2πi

1

m!
B
mδp2qpz ´ wq , (0.47)

we find that eq. (0.45) reduce to

B̄Tspz, z̄q “ λ

¿

z

dw

2πi
TspzqΦpw, z̄q ðñ Rs´1pz, z̄q “

¿

z

dw

2πi
TspzqΦpw, z̄q , (0.48)

i.e. the field arising in (0.40) is identified in terms of the IM of the unperturbed CFT.
From the general form of the conservation laws in the CFT, if we want the fields Ts to still
be conserved after the perturbation, we clearly need the fields Rs´1 to be total derivatives,
i.e. Rs´1 “ BΘs´2, with Θs´2 being a local field of spin s´ 2. Therefore, we end up with
the general form of the continuity equation for any integral of motion of a given IQFT
obtained as deformations of a CFT:

B̄Ts`1 “ BΘs´1 . (0.49)

In principle, motivated by these results, we can think of checking the quantum inte-
grability of a 1 ` 1-dimensional QFT built from eq. (0.38) in the following fashion: one
takes a chiral field of the original CFT, Ts`1 ( with spin s), and computes the OPE in
(0.46) in the usual way. If the residue on the r.h.s. of (0.48) turns out to be a total
derivative, then Ts`1 is an integral of motion of the perturbed CFT. The drawback is
that this is not very efficient unless we already have some idea of the spins s at which
conserved quantities should appear. In this direction, there exists a “counting argument”
due also to A.B. Zamolodchikov [3, 29], which is derived as follows: we know from eq.
(0.43) that Ts`1 P Λ̂s`1, whereas the field Rs P Λ̂s. We can therefore interpret (0.43) and
(0.49), as resulting from the action of linear operators fs such that

fs`1 : Λ̂s`1 ÝÑ Λ̂s . (0.50)

As usual, we can associate to this map a kernel, Ker fs`1, which will contain the
fields in Λ̂s`1 satisfying B̄Ts`1 “ 0 modulo total derivatives, that is, those fields which

10A sketch of the derivation of this identity can for instance be found in [29].
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remain conserved in the perturbed CFT. Consequently, the existence of spin-s conserved
quantities in the perturbed CFT will be guaranteed provided

dimKerfs`1 ‰ 0, (0.51)

which means that equation (0.51) is a necessary and sufficient condition for the exis-
tence of spin-s conserved quantities in the massive QFT. Associated to the map fs`1 we
will also find an image, Imfs`1, defined as the subspace of Λ̂s containing those fields Rs

which arise on the r.h.s. of equation (0.43). Obviously,

dim Λ̂s`1 “ dimKerfs`1 ` dim Imfs`1. (0.52)

Since the image contains always fields in the subspace Λ̂s, i.e., dim Imfs`1 ď dim Λ̂s,
whenever the condition

dim Λ̂s`1 ą dim Λ̂s (0.53)

is satisfied, we can surely claim that some spins-s conserved charge of the underlying
CFT exists, since the constraint (0.53) ensures that (0.51) is fulfilled. However, the oppo-
site statement is not true in general, since equation (0.51) could hold even if (0.53) does
not. Therefore, the counting argument [3] provides a necessary condition for proving the
quantum integrability of a perturbed CFT without any prior knowledge of the dimen-
sionalities of the subspaces Λ̂s. Such dimensionalities are available once the characters
of the irreducible representations of the Virasoro algebra associated to the unperturbed
CFT are known. As a simple example we can consider the case of the analytic component
of the stress-energy tensor T pzq, i.e. the spin s “ 1 descendant T2 P Λ̂1 in our notation.
Considering the perturbed theory (0.38), following (0.45) we have

xT pzq ¨ ¨ ¨yλ “ xT pzq ¨ ¨ ¨yCFT ` λ

ż

dw

ż

dw̄xT pzqΦpw, w̄q . . .yCFT . (0.54)

The OPE [23, 18] we need is

T pzqΦpw, w̄q “
∆

pz ´ wq2
Φpw, w̄q `

1

z ´ w
BΦpw, w̄q ` . . . (0.55)

“
∆

pz ´ wq2
Φpz, z̄q `

1´∆

z ´ w
BΦpz, z̄q ` . . . ,

where in the second line we Taylor expanded the relevant perturbing field around
z. Now, substituting the OPE inside (0.48), solving the simple contour integration we
immediately obtain

B̄T pzq “ λp∆´ 1qBΦpz, z̄q . (0.56)

Now, remembering that the stress-energy tensor, as defined in (0.21), away from the
critical point satisfies the continuity equation

B̄T `
1

4
BΘ “ 0 , (0.57)

by comparison with (0.56) we get that the trace of the stress-energy tensor is given
by11

11Even though the calculation given here is based on CPT and therefore is exact only at first order,
the equality shown in (0.58) is actually true in general as it is shown for example in the original work [3].
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Θ “ 4λp1´∆qΦpz, z̄q . (0.58)

Notice that our notation for the spin s integrals of motion (IM) in the perturbed models
(0.49) is inspired precisely by the conservation law of the stress-energy tensor (0.57), even
though for the generic conservation laws we preferred to invert the signs of the currents
appearing on the right-hand side of (0.49). This difference in notation arises directly from
the different ways the stress-energy tensor is expressed in various contexts. In particular,
in Chapter 2 we will adopt a slightly different notation for which the notation in (0.49)
will also be natural for the stress-energy tensor.

0.3.2 Zamolodchikov’s c-theorem and ∆-sum Rules

Zamolodchikov’s c-theorem [30] extends the notion of the central charge of a CFT to a
more general function cpgq, called c-function, defined along the whole renormalisation
group flow. In a conformal theory the central charge measures the number of degrees
of freedom and is fixed at the critical point. When the theory is perturbed away from
criticality, one can still define a quantity cpgq which reduces to the central charge at the
fixed points but is otherwise a function of the couplings g “ pg1, . . . , gnq.

The theorem states that in any unitary and Lorentz-invariant 1`1-dimensional theory
this function decreases monotonically along the flow. If t denotes the logarithm of the
energy scale, t “ log µ, this monotonicity can be expressed as

dcpgq

dt
ď 0. (0.59)

The ultraviolet fixed point therefore has a larger value of c than the infrared one,

cUV ą cIR. (0.60)

This means that the number of effective degrees of freedom is reduced as one moves from
high to low energies. Moreover, this function is stationary at critical points g “ g˚ at
which the QFT becomes a CFT. Consider the so-called β-functions βipgq [17], i.e. the
vector fields associated to the coupling space

βipgq “ ´
dgi
dt

, (0.61)

i.e. the “velocities” of change of the renormalised couplings along the flow. The
stationarity condition of the c-functions can be equivalently expressed in terms of β-
functions as:

βipg
˚
q “ 0 ðñ

„

dcpgq

dgi

ȷ

g“g˚

“ 0 . (0.62)

We can give a quick sketch of the proof of these statements as follows. Consider, in
the generic IQFT the following functions built out of the components of the stress-energy
tensor defined previously in (0.23):

F pz, z̄q :“ z4xT pz, z̄qT p0, 0qy , (0.63)
Gpz, z̄q :“ z3z̄xT pz, z̄qΘp0, 0qy , (0.64)
Hpz, z̄q :“ z2z̄2xΘpz, z̄qΘp0, 0qy . (0.65)
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The various components are related to each other by the continuity equation (0.57)
(and its anti-holomorphic version), which imply the following differential equations

dF

d log τ
`

1

4

ˆ

dG

d log τ
´ 3G

˙

“ 0 ,

(0.66)
dG

d log τ
´G`

1

4

ˆ

dH

d log τ
´ 2H

˙

“ 0 ,

where explicitly τ “ pm2zz̄q “ pmrq2, with m being a fixed mass scale and r the radial
distance. This adimensional combination defines a sort of distance from the critical point.
Then defining the combination

cpτq ” 2F ´G´
3

8
H , (0.67)

we have

dc

d log τ
“ ´

3

4
H . (0.68)

Because of the unitarity assumption, the function H is a positive quantity and there-
fore this new function (0.67), is a non-decreasing function of the distance τ at fixed values
of the coupling constants. At the critical point the stress-energy tensor is traceless, i.e.
Θ “ 0, and therefore G “ H “ 0 while F “ c{2 (c being the central charge). Indeed this
function assumes the value of the central charge at the conformal point. 12

In a generic QFT, the Callan-Symanzik equation [31, 32, 17] describes how correlation
functions depend on the (standard) energy scale µ. For an n-point correlation function
one has

˜

µ
B

Bµ
` βipgq

B

Bgi
`

n
ÿ

k“1

γk

¸

xO1px1q ¨ ¨ ¨Onpxnqy “ 0 , (0.69)

where the γk are the anomalous dimensions of the operators13. The idea is to apply the
Callan-Symanzik equation to the two-point function of the stress-energy tensor compo-
nents (0.63-0.65). The variation with respect to the scale µ can be expressed using the
β-functions and anomalous dimensions, linking the running of the couplings gi to the
behavior of these correlators. Zamolodchikov use this insight to define the c-function as
a particular combination of these two-point functions which depends on g through the
correlation functions. In particular, the Callan-Symanzik equation for the function cpτ,gq
reads

ˆ

τ
B

Bτ
´ βipgq

B

Bgi

˙

cpτ,gq “ 0 . (0.70)

12Note also that the distance τ can also be related to the RG-time as defined in (0.61). In fact, in our
problem we have the natural physical scale

?
τ“mr and therefore we can treat this square root as the

inverse (up to constants) of µ.
13The anomalous dimension γpgq represents the correction to the conformal dimensions along the

renormalisation group flow, so that ∆pgq “ ∆CFT ` γpgq. Thus, the total scaling dimension receives
corrections from γpgq.
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that is, the scale derivative of cpτ, gq can be written in terms of β-functions as

τ
d

dτ
cpτ, gq “ βipgq

B

Bgi
cpτ, gq , (0.71)

and Zamolodchikov showed that

βipgq
B

Bgi
cpgq “ ´

3

4
βipgqG

ij
pgqβjpgq , (0.72)

where Gijpgq is a positive-definite metric on coupling space constructed from correlators
and we suppressed the dependence on the scale. Notice that, in contrast with (0.69),
no explicit γ term appears in (0.72), because the effect of the anomalous dimensions of
the perturbing operators is already encoded in the β-functions. The derivation uses only
the flow of the couplings and the two-point correlators, so γ does not need to be written
separately. Eq. (0.72) shows explicitly how the Callan-Symanzik equation connects the
RG flow (via theβ-functions) with the monotonic decrease of the c-function defined from
the energy-momentum tensor correlators. Eqs. (0.68) and (0.72) constitute an explicit
proof of the c-theorem (0.59). Integrating eq. (0.68) we can obtain the difference between
the ultraviolet and the infrared Virasoro central charges

∆c “ cUV ´ cIR “
3

4

ż `8

´8

dτ Hpτq “
3

2

ż `8

0

dr r3xΘprqΘp0qy . (0.73)

Recall that our theory in the infrared is described by an IQFT, i.e. a model with zero
central charge and therefore (0.73) gives the UV central charge of the underlying CFT
(that we initially perturbed with a relevant operator) in terms of the correlation function
of the trace of the stress-energy tensor only.

In a very similar fashion to the derivation of the c-theorem, one can derive an analogous
result for the conformal dimension of a primary field O of the underlying CFT [24]:

∆O
UV ´∆O

IR “ ´
1

2xOy

ż 8

0

dr rxΘprqOp0qy . (0.74)

This is the so-called ∆-sum rule. In [24], starting from the correlators of a scaling
operator O with the stress–tensor components T and Θ, the continuity equation of the
stress-energy tensor leads to a differential relation between these correlators, exactly as in
(0.66). Using the fact that Θ is proportional to the perturbing operator (see eq. (0.58)),
its short–distance OPE with O fixes the UV behavior. In the simplest case (no mixing),
the integration of the differential equations yields (0.74): the difference between the UV
and IR conformal dimensions of O equals an integral of the correlator xΘpxqOp0qy. Again,
in a massive theory this directly gives the UV conformal dimension, since ∆IR “ 0.
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Chapter 1

Integrable Quantum Field Theories in 1+1
Dimensions

One of the most influential physical concepts of the past century is that of quantum fields.
Fields mediate the connections between directly observable events (as a bridge between
experiment and prediction), even though fields are not measurable objects by themselves.
But as we saw in Chapter 0, the definition of what a quantum field is and its range of
validity are no easy matter; furthermore their mathematical formulation is not always
well-defined. Therefore, we want to be as concrete as possible. In Section 1.1, without
going too deep into the details, we will review some basic concepts usually found in any
QFT textbook that are pivotal for the introduction of the main character of the chapter:
the S-matrix. In Section 1.2 integrability and its consequences we will be introduced while
in Section 1.3 we will study the S-matrix’s analytic structure. At this point we will be
ready to classify some solutions in Section 1.4, in particular we will focus on diagonal
S-matrices. We will finish the chapter with Section 1.5 with an extension of the models
to the presence of boundaries.

1.1 Building a Quantum Field Theory

In this section we will develop the basic concepts necessary to build a consistent quantum
field theory in terms of scattering amplitudes. Starting from the physical intuition given
by a collision experiment we will introduce the main character, the S-matrix, and we
will go through the main axioms and assumptions necessary to obtain a suitable theory.
The basic concepts here presented can be found in any QFT textbook but we preferred to
report them again because they are not only fundamental for the construction of scattering
amplitudes but to the whole framework of dispersion techniques in quantum field theory
as we will see in Chapter 3, where they will be used again to derive the Form Factors
equations from first principles.

1.1.1 Asymptotic States and the S-matrix

Let us consider a convenient way of characterizing the states prepared by a physicist
setting up an experiment in her laboratory and those in terms of which the results of
the experiment are analyzed. The typical experiment is a scattering measurement: we
have a target, a certain number of some kind of particles at rest, and we shoot a beam
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of particles with a given momentum, for a certain time frame. These are the initial con-
dition that completely fix the system, in the sense that, given this information, the same
experiment can be repeated, in principle, infinitely many times. In a sense this means
also that an experiment is defined by prescribing the motion of the colliding particles a
long time before the collision actually takes place. Being concerned only with the speci-
fication of the system we are not inquiring at all about what happens during or after the
collision. We expect them to eventually collide, probably in a very complicated way, but
this does not invalidate the specification of the system in terms of particles moving freely
or equivalently independently of each other a long time before the collision. This way of
reasoning leads us to introduce the following fundamental axiom:

Axiom Ia:
The states which, as t Ñ ´8, i.e. a long time in the past, had given numbers of given
particles of given momenta form a complete set. We denote such states as

|p1, p2, . . . , pny
in
a1a2...an

. (1.1)

A long time before the collision, this state contained one particle each of momentum
p1, p2, . . . , pn with quantum numbers a1, a2, . . . , an; all moving freely. With the same
reasoning, we can think that looking at the system after a long enough time after the
scattering has taken place, it will eventually consist of particles moving freely in given
numbers with given momenta. This is the typical description that an experimentalist is
looking forward to, counting and analyzing the “clicks” coming out of its detectors. We
can likewise believe that the complete specification of this final configuration of the system
defines the system itself as well as the initial configuration. Therefore we can formulate
another fundamental axiom:

Axiom Ib:
The states which, as t Ñ `8, i.e. a long time in the future, had given numbers of given
particles of given momenta form a complete set. We denote such states as

|p11, p
1
2, . . . , p

1
my

out
a1a2...am

. (1.2)

Therefore, we have a notion of asymptotic state1. The number of particles with a
given momentum must naturally be an integer. The set of in-states can be thought of as
eigenvectors, in Hilbert space, of number operators N in

pi
each having non-negative integer

eigenvalues. States differing by one particle are connected with each other by the operators
ainppiq, a:inppiq satisfying the usual CCR-algebra (0.12). The same is true for the set of
operators that defines the out-states. The fact that the operator algebras of the in and out
operators are identical, means that they should be connected by a unitary transformation,
which we denote by S. Choosing to order the momenta p1 ą p2 ą ¨ ¨ ¨ ą pn, we define the
S-matrix as a unitary and linear operator that maps final asymptotic states into initial
asymptotic states (and viceversa):

| . . .yin “ S| . . .yout , (1.3)

or in components

1Note that by definition these states are time-independent, i.e. we are working in the Heisenberg
picture.
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|p1, p2, . . . , pny
in
a1a2...an

“

8
ÿ

m“2

ÿ

p11ąp12ą¨¨¨ąp1n

Sb1b2...bm
a1a2...an

pp1, p2, . . . , pn; p
1
1, p

1
2, . . . , p

1
mq

ˆ |p11, p
1
2, . . . , p

1
my

out
b1b2...bm

, (1.4)

where on the right side we are actually integrating in the outgoing momenta p11, . . . , p1m.
This operator contains all the information available from scattering experiments. In gen-
eral scattering processes are taken to include all collisions, both elastic and inelastic, but
integrable field theories are characterised by the fact that the latter are absent, due to
heavy constraints that make the theory in principle solvable. This construction is by no
means rigorous because we have ignored a fundamental fact: if particles can be regarded
as heading towards a collision, then they must be localised in space, therefore the un-
certainty principle does not allow their momenta to be exactly prescribed. Another way
to think about this setup is by assuming that the interactions between the particles oc-
cur only at short range. This implies that, having a collision in a very small region of
space-time, then, very far away from the interaction, we expect to see free particles. Last
but not least, as already pointed out in the introduction, a further axiom needs to be
introduced, which logically we label as

Axiom 0:
There should exist a particular state |0y, called the vacuum, with the following properties

• It is invariant under Lorentz transformations;

• Its eigenvalue w.r.t. all the dynamical observables (e.g. energy, angular momen-
tum) is zero, while its eigenvalue w.r.t. discrete symmetry operations (like space
reflection) is `1.

• It is normalizable: x0|0y “ 1.

• It is the lowest energy eigenstate and it is unique.

The vacuum acts as the “no-particle” state for both the in and out operators simultane-
ously: ainppq|0y “ aoutppq|0y “ 0, while the successive application of creation operators
give rise to the multi-particle states defined in (1.1)-(1.2). Then the completeness postu-
late included in Axiom I guarantees that all vectors in the Hilbert space can be written
as linear combinations of basis vectors either in the form (1.1) or by (1.2).

1.1.2 Asymptotic and Interpolating Fields

To formalise the connection between particle states and local observables, we can intro-
duce asymptotic fields ϕin{out(also called auxiliary fields). These are precisely the field
operators built out of the pinq and poutq CCR-algebras and therefore they are free fields:
they are related to physical particles (subject to interactions) only by the physical inter-
pretation we gave to the in{out-states in the previous section, i.e. they exist as long-time
limit of interacting ot interpolating fields that we will introduce shortly. We don’t want to
indulge to much into the details of the free field construction but it is important to stress
that these fields satisfy all the usual desiderable properties already discussed in Subsection
0.1.1 (see also Appendix A). The main aim of this subsection is to delve for the first time

19



into non-trivial field theory by introducing the following axiom, the asymptotic condition:

Axiom II:
Given any pair of states |Ay and |By of interest to the experimentalist, i.e. any of the
in{out states, there exists an operator field ϕpxq, called the interpolating field, such that

lim
tÑ˘8

ż

d xfpxq
Ø

B0 xA|
␣

ϕpxq ´ ϕin{outpxq
(

|By , (1.5)

where fpxq is any normalizable solution of the free particle Klein-Gordon equation
(0.6).

The role of this field is basically to mediate the evolution of the physical system between
its directly detectable initial and final configurations. Nevertheless observe that to do it,
we must first smear out the field operators by folding them into the normalizable wave
fpxq, and second, we must apply this condition not to the operators themselves but rather
to their matrix elements (weak convergence). A further necessary requirement for these
fields is the stability of 1-particle states. To define it, it is customary to introduce a source
term ηpxq by

pl `m2
qϕpxq “ ηpxq , (1.6)

and then taking matrix elements between the vacuum and 1-particle state, we need
that

x0|ηpxq|py “ 0 . (1.7)

Normally, working on Lagrangian field theories, the dynamics is specified by expressing
the source as a function of the interpolating fields but in our context this is not required.
The only essential assumption which we need to make is that ηpxq is a local operator,
in the sense that it depends on the interpolating fields only at the point x. For example
it is forbidden to take for ηpxq a quasi-local operator like

ş

d x1Gpx ´ x1qϕnpx1q, where
Gpx ´ x1q is a c-number function [33]. Lastly we need to stress once more the following
and fundamental microcausality axiom:

Axiom III:
Irrespectively of any dynamical detail of the theory, the commutator of the fields shall
vanish for space-like separations:

rϕpxq, ϕpyqs “ 0 , px´ yq2 ă 0 . (1.8)

Taking into account the locality required for the source operator ηpxq, the following
condition follows:

Axiom IV:
Considering a local source ηpxq, the microcausality axiom implies:

rηpxq, ϕpyqs “ 0 , px´ yq2 ă 0 . (1.9)

From basic relativistic requirements, we must avoid propagation of signals exceeding
the speed of light, and axioms III and IV ensure that experiments subject to the laws of
quantum mechanics do not violate this causality condition. In Appendix A I present the
first direct application of these principles: the LSZ reduction formulas [34].
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1.2 General Properties of Integrable Field Theories

We are now ready to outline the general properties satisfied by the S-matrix. We will first
introduce the general properties usually satisfied by any relativistic quantum field theory,
and then we will see how integrability imposes drastic simplification on the scattering
amplitudes: in the end, the only important object needed will be the 2-particle S-matrix
that, thanks to symmetries, can be fixed “almost” uniquely.

1.2.1 Unitarity and Lorentz Invariance

Unitarity as usual means that, given a generic asymptotic state, that for brevity we
write as |ψy “

ř

n an|ny
2 we have conservation of probabilities

1 “
ÿ

n

|xn|S|ψy|2 , (1.10)

or equivalently S:S “ 1. This property is often referred in literature as physical unitar-
ity. Having a relativistic theory we also expect Lorentz invariance to play a fundamental
role. If we denote by L a generic Lorentz transformation such that L|ny “ |n1y, requiring
invariance for the S-matrix means that

xm1
|S|n1

y “ xm|S|ny . (1.11)

To appreciate better this constraint we can consider a simple two-to-two scattering
process: p1 ` p2 Ñ p3 ` p4. As usual when studying scattering theory, it is useful to
introduce the Mandelstam variables:

s “ pp1 ` p2q
2 , t “ pp1 ´ p3q

2, u “ pp1 ´ p4q
4 , (1.12)

where pi “ pp0i “ Ei, p
1
i q. Because of the usual conservation law p1 ` p2 “ p3 ` p4

and the fact that momenta are on-shell p2i “ m2
i , then s ` t ` u “

ř4
i“1m

2
i and the

scattering amplitudes depend only on this Lorentz invariant combinations that represent
the total energy squared in the centre-of-mass frame and the momentum transfer squared
(between the particle 1 and 3 and between the particle 1 and 4 respectively). Usually, the
parametrisation pEi, p

1
i q “ pmi cosh θi,mi sinh θiq in terms of the rapidity variable θ is the

next step. Now the Mandelstam variables read

s “ m2
1 `m2

2 ` 2m1m2 cosh θ12 , (1.13)
t “ m2

1 `m2
3 ´ 2m1m3 cosh θ13 , (1.14)

u “ m2
1 `m2

4 ´ 2m1m4 cosh θ14 , (1.15)

where θij “ θi´θj. Indeed, Lorentz invariance implies that relativistic invariants can only
depend on rapidity differences. In the following, we will also impose the usual discrete
symmetries: charge conjugation, parity reversal and time reversal symmetries together
with the fundamental property of relativistic S-matrices, the so-called crossing symmetry ;
but we postpone their characterisation to later. In fact, it turns out that, thanks to
integrability, the only important object we will need to characterise arbitrary scattering
of particle is the 2-particle S-matrix and we will enforce on it all these symmetries to fix

2Clearly the vectors |ny are orthogonal basis vectors that from the completeness postulate generate
the Hilbert space of the asymptotic states (1.1) and (1.2).
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it almost completely. Another very important assumption is the macroscopic causality
property of space-time [35].

Axiom V: Macrocausality
The scattering amplitude is non-zero only if the outgoing particles are created after the
incoming ones.

Considering a scattering amplitude

a3,...,am`2xp3, . . . , pm`2|S|p1, p2ya1,a2 , (1.16)

where the momenta are ordered as p1 ą p2; p3 ą p4 ą ¨ ¨ ¨ ą pm`2. This assumption
implies that the time τ12 when the incoming particle 1 collides with the particle 2 has to
be smaller than the time τ23 when the slowest incoming particle (the particle 2) interacts
with the fastest outgoing particle (the particle 3), τ23 ď τ12. A violation of this inequality
is allowed on microscopic but not macroscopic time scales.

1.2.2 Integrability in 1+1-dimensional QFTs

While in classical integrable theories the meaning of integrability is very clear and well
established - we have the Liouville-Arnold theorem for finite dimensional systems [36]
and the inverse scattering method for infinite-dimensional ones [37] - to translate the
notion to the quantum world is not easy at all and up to this date it is still an object
of debate [38, 39, 40]. The general idea is that these models should be characterised by
the existence of an infinite number of independent, conserved and mutually commuting
charges Qs, i.e. Integrals of Motion (IM). As a consequence they can be diagonalised
simultaneously Qs|pya “ q

paq
s ppq|pya and if they are local, i.e. they can be expressed as

integrals of local densities, they satisfy an additivity condition:

Qs|p1, . . . , pnya1,...,an “
`

qpa1qs pp1q ` ¨ ¨ ¨ ` qpanqs ppnq
˘

|p1, . . . , pnya1,...,an . (1.17)

Now, we arrive at the reason why 1+1-dimensional theories are special: by the
Coleman-Mandula theorem [41], in d ą 2 the existence of even one conserved charge, either
a second or higher order tensor, the S-matrix trivialise: S=1! Therefore 1+1-dimensional
QFTs constitute a very peculiar case where integrability implements constraints that are
“strong” but “not too much”: the S-matrix is non-trivial but it is elastic and factorised.
We will now go through these properties that are the trademark of integrability.

Elasticity means that there is no particle production and that the total momentum is
conserved between incoming and outgoing particle states. If we consider the single charge
Qs:

dQs

dt
“ 0 . (1.18)

Hence, an initial eigenstate with a given eigenvalue will evolve into a superposition of
states sharing the same eigenvalue

ÿ

iPin

qpaiqs ppiq “
ÿ

jPout

qpbjqs pp1jq . (1.19)

However, we have infinitely many of these constraints and therefore we must have m “ n,
pi “ p1j and qpaiqs “ q

pbjq
s for any i “ 1, . . . , n.
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time

Figure 1.1: The space-time diagram for a two-particle scattering process.

Another, more rigorous argument comes from [42, 43]. Consider a localised wave
packet with position and momentum centred around x0 and p0 respectively. Its wave
function is

ψpxq “

ż 8

´8

dp e´a2pp´p0q2`ippx´x0q . (1.20)

Here we have taken, for convenience, a Gaussian form of the momentum-space wave
function. If the incoming and outgoing particles are localised in space by placing them
in wave packets described by eq. (1.20), then the space-time diagram of the process is
as shown in Fig. 1.1. Each one of the lines in Fig. 1.1 represents the centre of the
wave packet of a particle either before any collision for the incoming particles or after
all collisions for the outgoing particles. Acting on the state described by (1.20) with an
operator exp ticQsu, where c is a constant and Qs is a conserved tensor of order s, we
obtain3 a new state with wave function

ψ̃pxq “

ż 8

´8

dp e´a2pp´p0q2`ippx´x0q`icps . (1.21)

The wave packet is concentrated near the value of x where the phase is stationary at
p “ p0. Therefore we find that if ψpxq is concentrated near x “ x0 (by construction) then
ψ̃pxq is concentrated near x “ x0 ´ scps´1

0 , i.e. for n ą 1 the centre of the wave packet is
shifted by an amount that depends on its mean momentum p0 (for n “ 1, the charge is
just the momentum and all packets are moved by the same amount). Therefore, applying
the same operator to a multiparticle state, with wave packets of different momenta, all of
them will be moved relatively with respect to each other. Now, consider for instance the
scattering amplitude (1.16). Since the charge Qs commutes with the S-matrix, we can use
it to rearrange initial and final configurations without changing the resulting amplitude:

a3,...,am`2xp3, . . . , pm`2|S|p1, p2ya1,a2 “ a3,...,am`2xp3, . . . , pm`2|e
´icQsSeicQs |p1, p2ya1,a2 .

(1.22)
This means that with a suitable choice of c, the time t23 at which the fastest outgoing

particle interact with the slowest incoming one, can in principle be smaller that t12, the
time of interaction between the two incoming particles. But then, by the macrocausality

3Just note that, from the definition of the conserved charge, we have eicQs |py “ eicp
s

|py, since under
a Lorentz transformation, the charge Qs transforms as s copies of the total momentum P “ Q1.
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axiom, this amplitude vanishes. Thus, the only case in which the amplitude (1.22) is
non-zero is when we only have two outgoing particles with the same momenta p1, p2 as
the incoming ones. This is indeed an elastic scattering.

Factorised scattering means that the multiparticle S-matrix elements can be ex-
pressed in terms of two-particle ones. This fact greatly simplifies the dynamics of the
theory. To clarify this point, we will use the heuristic semi-classical argument pointed out
by Zamolodchikov and Zamolodchikov [44]. A more rigorous result can be found in [45].
Consider a system of N interacting particles with finite interaction range L. The config-
uration space of this model is RN , therefore, the position of the particles is described by
txu “ tx1, . . . , xNu and in addition there are N ! disconnected domains in this space where
all the particles are far enough from each other in such a way that they effectively behave
like free particles without interactions. This last consideration is completely equivalent
to the assumption of existence of asymptotic states as previously formulated. Each of
these domains can be identified by the succession of inequalities xσ1 ă xσ2 ă ¨ ¨ ¨ ă xσN

,
where |xσi`1

´ xσi
| " L and σi permutations of the N integers. We denote this domain

by Xσ. The free motion of particles in these domains can then be described by a wave
function Ψpx1, . . . , xNq, with txu P Xσ. Now, if the incident momenta are ordered as
p1 ą p2 ą ¨ ¨ ¨ ą pN , the wave function in each domain can only be a superposition of a
finite number of N -particle plane waves:

Ψσpx1, . . . , xNq “
ÿ

σ1

Apσ, σ1
q exp

“

ippσ1
1
xσ1 ` ¨ ¨ ¨ ` pσ1

N
xσN

q
‰

, (1.23)

where the sum is carried over all permutations σ 1 of the fixed set of momenta p1, p2, . . . , pN
constrained by elasticity, i.e. the set of momenta can only be reshuffled by the collision
processes. The coefficients Apσ, σ1q are functions of the domain Xσ and of the permuta-
tion σ1. Specifically, the coefficient Apσ, Iq (I here is the identical transposition) describes
the incident wave function in the domain Xσ and to obtain the scattering wave one needs
to have Apσ, Iq “ 0 if σ ‰ 1 and Ap1, 1q “ 1. Instead, outgoing waves are described by
coefficients Apσ, Ĩq (Ĩ here is the inverse transposition Ĩp1, 2, . . . , Nq “ pN,N ´1n . . . , 1q)
in Xσ and therefore they are recognised as elements of the N -particle S-matrix. Taking
the 2-particle case (with particles of the same mass)

Ψx1!x2px1, x2q “ eipp1x1`p2x2q ` SRpp1, p2qe
ipp2x1`p1x2q ,

(1.24)
Ψx1"x2px1, x2q “ ST pp1, p2qe

ipp1x1`p2x2q .

Here SR and ST are two-particle S-matrix elements corresponding to backward scatter-
ing (reflection) and forward scattering (transmission) respectively. This setup would have
been completely exact if we had considered a 1-dimensional problem of non-relativistic
particles interacting via a δ-function potential [46]: basically, the scattering process can
be thought of as a system of plane waves propagating from one of these asymptotic/free
regions to the others passing through “boundary” interaction regions, a system of semi-
penetrable hypersurfaces positioned at xi “ xj (for any i, j). The point is that the
propagation path can always be chosen in a way such that it goes through interaction re-
gions where only two particles are close enough to interact. In the case of (1.24), this
region is identified by

|x1 ´ x2| ! L , |x1 ´ xj| " L , |x2 ´ xj| " L , |xi ´ xj| " L , i, j “ 3, 4, . . . N. (1.25)
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Figure 1.2: Space-time diagram illustrating a multiparticle factorised scattering.

In the end, the knowledge of the two-particle S-matrix is sufficient to determine all
the coefficients Apσ, σ1q and therefore to obtain the full multi-particle S-matrix. Every
N-particle element would be given by a product of NpN ´ 1q{2 two-particle ones:

SNpp1, p2, . . . , pNq “
N´1
ź

i“1

N
ź

j“i`1

S2ppi, pjq . (1.26)

In Fig. (1.2) we have a typical representation of this kind of scattering picture. Clearly,
to prove formally this result we would have needed to consider at least the case of a 3-
particle scattering as in [45]. But to give an idea, we can make use again of the action of
the symmetry operator exp ticQsu. If we consider a 3-particle state, it should be possible
to show that, by the action of the symmetry operator for different values of c one should
be able to pass from one configuration to the others. This equivalence is formalised by
the famous Yang-Baxter equation (YBE) [47, 48]:

S2pp2, p3qS2pp1, p3qS2pp1, p2q “ S2pp1, p2qS2pp1, p3qS2pp2, p3q . (1.27)

The full power of this equation is best appreciated when considering matrix elements
involved in a generic non-diagonal process, where exchanges of flavors between particles
are possible. Indeed, making explicit the components, the YBE reads

ÿ

c1,c2,c3

Sc1,c2
a1,a2

pθ12qS
b1,c3
c1,a3

pθ13qS
b1,b3
c2,c3

pθ23q “
ÿ

c1,c2,c3

Sc2,c3
a2,a3

pθ23qS
c1,b3
a1,c3

pθ13qS
b1,b2
c1,c2

pθ12q , (1.28)

where we also passed to rapidity variables. To generalise this result to amplitudes of an
arbitrary number of particle is straightforward. For instance, given a 5-particle process,
it is always possible to decompose it in products of 4-particle ones by displacing a particle
and repeating the procedure again and again we arrive at the fundamental 2-particle
components. From this construction we can also understand better why the S-matrix
trivialise in dimensions d ą 2. In fact, in higher dimensions it is possible to choose non-
crossing trajectories for the particles, which in the plane is impossible, and in the end
every scattering event can be made equivalent to one where the particles never cross each
others.
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Figure 1.3: Equivalence of the 3-particle scattering amplitudes representing the Yang-
Baxter equations.

1.3 The Analytic Properties of the 2-particle S-matrix

The 2-particle S-matrix is all we need to describe scattering processes of an integrable
quantum field theory completely. Thus, we are left with the task of characterizing it,
relying mostly on its symmetries and analytical properties. From here onwards we will
primarily make use of the rapidity parametrisation already defined previously. Because
of Lorentz invariance, the Mandelstam invariants depend only on difference of rapidities.
Therefore, following the general definition (1.3), in a 2-particle elastic scattering of two
incoming (outgoing) particles with rapidities θ1, θ2 (θ3, θ4), because of the constraints
already discussed, we have, θ1 “ θ3 and θ2 “ θ4. The 2-particle S-matrix is then just a
function S “ Spθ1 ´ θ2q and for θ1 ą θ2 its action is defined by

|θ1, θ2y
in
i,j “ Skl

ij pθ1 ´ θjq|θ1, θ2y
out
k,l . (1.29)

In terms of the Mandelstam variables defined in (1.13)-(1.15), we have u “ 0 and
t “ spiπ ´ θ12q

4. Therefore the S-matrix depends only on one invariant: S “ Spsq.

1.3.1 Symmetries and Analyticity

Now we can make use of the symmetries to fix it as much as possible. We start requiring
CPT-symmetry.

Parity symmetry (P-symmetry) indicates invariance under space-reflections. This
means, looking at (1.4), that the process should be the same if we exchange the par-
ticle i with the particle j and the particle j with the particle l, or in components

Skl
ij pθq “ Slk

ji pθq . (1.30)

4Not to be confused with the time-intervals defined previously
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Figure 1.4: Graphical representation of the 2-particle elastic S-matrix element defined
by (1.29).

Time-reversal (T-symmetry)indicates reflection but in time, i.e. the process should
be the same if we exchange the particle i with the particle l and the particle j with the
particle k, or in components

Skl
ij pθq “ Sji

lkpθq . (1.31)

In a theory invariant under charge conjugation (C-symmetry)we expect that the scat-
tering amplitudes is the same if the particles are substituted by their respective charge-
conjugates. That is

Skl
ij pθq “ S l̄k̄

īj̄ pθq , (1.32)

where the barred indices indicates the charged conjugated particles or anti-particles
(that can be considered also as moving backwards in time). These are fundamental
symmetries that we will always take for granted in our theories5 . Now we can proceed
and discuss the analytic properties in terms of the Mandelstam variables. We just saw
that in a 1 ` 1-dimensional integrable field theory only one of these is independent and
it is standard to choose s, the energy squared of the centre of mass (the square of the
forward-channel momentum). Remembering the definition in terms of rapidities (1.13),

s “ m2
i `m2

j ` 2mimj cosh θij , (1.33)

we see that, to have a physical process we need θij P R and consequently s is also real
and then it also satisfies the inequality: s ě pmi `mjq

2. To study the analytic properties
of the function Spsq we need to analytically continue it to the complex plane.

In the complex s-plane S is a singlevalued, meromorphic function with branch cuts on
the real axis starting at the kinematical thresholds s ě pmi`mjq

2 (the “direct” s-channel)
5Note that in IQFTs such as the homogeneous sine-Gordon model or the Federbush model, an S-

matrix can be constructed even in the absence of explicit PT-symmetry; in these models the factorisation
and integrability properties suffice to determine a consistent scattering theory. For further reading, see
e.g. [49, 50, 51, 52, 29].
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Figure 1.5: The simplest 2-sheet Riemann surface of the 2-particle S-matrix.

and s ď pmi ´mjq
2 ( the “crossed” t{u-channel). The physical region is therefore defined

by s` “ s ` i0, i.e. slightly above the right cut (see Fig. 1.6) and the first sheet of the
Riemann surface for S is consequently called the “physical sheet”.

Analyticity of the S-matrices in this circumstances means that apart from the thresh-
olds, these objects are analytical in the entire plane apart from a minimal number of
singularities (poles) dictated by specific physical processes.

Unitarity in the physical region implies

Skl
ij ps

`
qpSmn

kl q
˚
ps`q “ δmi δ

n
j . (1.34)

Then from the analyticity assumption just stated above, the S-matrix in the physical
region is the boundary value of an analytic function in the whole s-plane and we can
upgrade this property to hermitian analyticity:

Skl
ij ps

˚
q “ pSij

klq
˚
psq . (1.35)

If we add up the T-symmetry (1.31) we obtain an even stronger property called real
analyticity [51]

Skl
ij ps

˚
q “ pSkl

ij q
˚
psq , (1.36)

hence for s P R, Spsq is also real and pmi ´mjq
2 ď s ď pmi `mjq

2.

Another crucial property we require is the crossing symmetry:

Skl
ij psq “ S j̄k

l̄i
ptq . (1.37)

In terms of rapidities, since tpθq “ spiπ ´ θq, this property can be rewritten as

Skl
ij pθq “ S j̄k

l̄i
piπ ´ θq “ CjnSnk

mipiπ ´ θqCmn, (1.38)
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where C is the charge-conjugation operator.This property is deeply related in the relativis-
tic invariance of the theory since it is based on the invariance of the physical processes
under exchange of space and time (i.e. rotation of the s-channel into the t-channel). The
real analyticity property (1.36) implies that

Skl
ij ps

`
qpSmn

lk q
˚
ps´q “ δni δ

m
l , (1.39)

with s´ “ s ´ i0. This condition ensures the existence of the branch cut starting at
s “ pmi`mjq

2 (the 2-particle threshold) for the S-matrix6 and crossing symmetry implies
that the other branch cut starting from s “ pmi´mjq

2 (towards ´8) must also be there.
If we take for granted this structure on the s-plane is also easy to see that the branch is
of square-root type. Indeed, let Sγpsq be the analytical continuation of Spsq below the
cut around the right branch point. By unitarity

Sps`qSγps
`
q “ 1, (1.40)

and then

Sγps
´
q “ S´1

ps´q “ Sps`q, (1.41)

by real analyticity. The last equality means that to return to the original S-matrix we
need to analytically continue twice around the branch point, i.e. the branch point is of
square root type. See Fig.(1.5) for a qualitative idea of the structure of the Riemann
surfaces. Another perspective on the analytical structure can be obtained passing to
rapidity variables. Inverting (1.13) we get

θij “ cosh´1

ˆ

s´m2
i ´m2

j

2mimj

˙

“ log

˜

s´m2
i ´m2

j `
a

ps´ pmi `mjq
2qps´ pmi ´mjq

2q

2mimj

¸

. (1.42)

Now, the physical sheet is mapped into the strip 0 ď Impθijq ď π, the second sheet is
mapped to π ď Impθijq ď 2π and so on, with periodicity 2πi. As a function of rapidity θ,
Spθq is a meromorphic function and by real analyticity, Spθq is real on the imaginary axis
of θ (see Fig.(1.7)). In terms of rapidity variables we can also rewrite the fundamental
analytic properties of the S-matrix as

• Unitarity:
Smn
ij pθqSkl

nmp´θq “ δki δ
l
j; (1.43)

• Crossing:
Smn
ij pθq “ Skj̄

il̄
piπ ´ θq. (1.44)

6If the theory is an interacting one.
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Figure 1.7: S-matrix analytic properties in the θ-plane. U and C stand for unitarity
and crossing transformations.
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1.3.2 The Zamolodchikov-Faddeev Algebra

Another important aspect of the formulation of scattering amplitudes in integrable field
theories that we need to introduce comes from the algebraic perspective. In fact, we can
describe the general structure of the factorised S-matrix by generalising the usual CCR-
algebra (0.12) to the interacting case. We can think of defining the S-matrix directly as
an operator that satisfies

AapθiqAbpθjq “ Scd
abpθijqAcpθjqAdpθiq, (1.45)

where the Aapθiqs define an algebra of symbols that acting onto the vacuum create
asymptotic particles. The arrangement of the symbols in a product corresponds to that of
particles along the spatial axis: in-states are identified with order of decreasing rapidities
of particles and the order is inverted for out-states. That is

Aa1pθ1q|0y “ 0 “ x0|A:
a1
pθ1q , (1.46)

while A:
a1
pθ1q|0y “ |θ1ya1 creates a particle with rapidity θ1 and transforms in a linear

irreducible representation of the symmetry algebra. For generic asymptotic states, taking
the order θ1 ą θ2 ą ¨ ¨ ¨ ą θn, we have

|θ1, θ2, . . . , θny
in
a1a2...an

“ A:
a1
pθ1qA

:
a2
pθ2q . . . A

:
anpθnq|0y , (1.47)

|θ1, θ2, . . . , θny
out
a1a2...an

“ A:
anpθnq . . . A

:
a2
pθ2qA

:
a1
pθ1q|0y , (1.48)

a1a2...an
in
xθ1, θ2, . . . , θn| “ Aa1pθ1qAa2pθ2q . . . Aanpθnq|0y , (1.49)

a1a2...an
out

xθ1, θ2, . . . , θn| “ Aanpθnq . . . Aa2pθ2qAa1pθ1q|0y . (1.50)

The operators Aa1pθ1q , A
:
a1
pθ1q are elements of an associative non-commutative alge-

bra, the Zamolodchikov-Faddeev (ZF) algebra [44]. To complete its definition we need to
specify the full commutation relations:

A:
apθ1qA

:

bpθ2q “ Sc d
a bpθ12qA

:
cpθ2qA

:

dpθ1q , (1.51)

Aapθ1qA
:

bpθ2q “ Sc d
a bpθ21qA

:
cpθ2qAdpθ1q ` δpθ12qδab . (1.52)

These relations clearly generalise the free bosonic/fermionic CCR, corresponding to
S “ ˘1. In this algebraic perspective, the Yang-Baxter equations naturally arise as the
associativity condition of the ZF algebra and also the unitarity condition (1.43) can be
seen as a simple consequence of it.

1.4 General Solutions for Purely Elastic Scattering

Historically, the first factorised S-matrix was discovered in the context of non-relativistic
one-dimensional scattering of particles through a δ-function potential [53, 47, 54] and in
the context of nonlinear classical integrable models [46, 55, 56, 57, 58] by means of the
inverse scattering method (ISM). The sine-Gordon equation [57] describes a relativistic,
nonlinear field theory admitting soliton and anti-soliton solutions. In the 1970s, it gained
prominence as a rare example of an exactly solvable quantum field theory, made even more
intriguing by its equivalence to the massive Thirring model [59]. Despite its integrability,
it features a rich particle spectrum including solitons, anti-solitons, and their bound states
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and it is therefore no surprise that it was chosen as the ideal testing ground for new non-
perturbative techniques and ultimately, for the first exact S-matrix computation. Indeed,
starting from some preliminary results obtained by the quantum version of the inverse
scattering method (QISM) [60], A. B. Zamolodchikov succeeded in computing the exact S-
matrix elements of soliton-antisoliton scattering [61, 62]. This result was later generalised
by himself and his brother to the complete S-matrix of the OpNq models (the sine-Gordon
model correspond to N “ 2) in the foundational work [44]. In this thesis we will focus
only on models with diagonal S-matrices with a single particle species without bound
states and therefore we do not need to go deep into the machinery of the more intricate
models (we will not discuss the S-matrix Bootstrap). For instance, the YBE can determine
the ratios between S-matrix elements belonging to the same multiplet, but clearly they
become trivial in the case we are interested in. Therefore in the following we will first
introduce general solutions for diagonal S-matrices following [63, 18, 64] and then, we will
return to a more general case (precisely the sine-Gordon scattering initially studied in
[62]) discussed in [65] to give an idea of the procedure used and to show the uniqueness of
the solutions. This last part is not there just as a mere curiosity, but in fact, we will see in
the small computation presented by M. Karowski et al. a method that will be proven to
be fundamental for the computations of form factors [66, 6] and to our results presented
in the later chapters.

1.4.1 Diagonal S-matrices

Integrability implies the conservation of the set of momenta in a scattering process but if
the scattering is diagonal the picture gets simplified even further. In fact, in this case the
momentum and all the quantum numbers of each particle are conserved in every precess
individually. The scattering is purely transmissive and having now

Skl
ij pθq “ δki δ

l
jSijpθq , (1.53)

we can specify the S-matrix elements by just Sij. The unitarity and crossing conditions
simplify to

SijpθqSijp´θq “ 1, Sijpθq “ Sij̄piπ ´ θq . (1.54)

There are two kinds of generic meromorphic functions that satisfy (1.54), real analyt-
icity and 2πi-periodicity [63]:

1. Functions fpθq such that

fpθq “
ź

xPA

pxqθ , where pxqθ “
sinh

`

θ`ixπ
2

˘

sinh
`

θ´ixπ
2

˘ , (1.55)

for A a set of complex numbers invariant under conjugation. Notice that the blocks
pxqθ posses a simple pole of residue 2i sin pxπq at θ “ ixπ and a simple zero at
θ “ ´ixπ.

2. Functions Φpθq such that

Φpθq “
ź

sPS
Φαspθq , where Φαspθq “ e´iαs sinh psθq , (1.56)

where αs is real and s is an odd integer in some arbitrary set S [67].
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The second kind (1.56) is usually excluded: in local QFTs, it follows from the Wight-
man axioms that scattering amplitudes are expected to be polynomially bounded in the
momenta [67, 68, 69] and the second type clearly violates this bound. Nevertheless am-
plitudes like (1.56) will be at the centre of our discussion in the later chapters and it is at
least interesting to note as they were already taken into account (and then disregarded)
in early studies. But now we want to concentrate on the first kind written above. We
exclude the existence of unstable particles requiring that all the poles occur on the imag-
inary θ-axis. In this way every x in (1.55) is real and we can restrict it to ´1 ď x ď 1.
The functions pxqθ inside this range are the basic building blocks for every purely elastic
scattering theory. They satisfy some other useful properties:

pxqθ “ px` 2qθ “ p´xq´θ ,

pxqθp´xqθ “ 1 ,

pxqiπ´θ “ p1´ xqθ , (1.57)
pxqθ´iπy pxqθ`iπy “ px´ yqθpx` yqθ ,

p0qθ ” ´p´1qθ ” 1 .

If then, at least one of the particles i or j is its own antiparticle, the additional
constraint coming from crossing

Sijpθq “ Sijpiπ ´ θq , (1.58)

implies [70] that up to a sign, Sijpθq must be a product of building blocks in the form

rxsθ “ ´pxqθp1´ xqθ “
sinh θ ` i sin xπ

sinh θ ´ i sin xπ
“

tanh
`

θ`ixπ
2

˘

tanh
`

θ´ixπ
2

˘ . (1.59)

These solutions satisfy a similar set of constraints

rxsθ “ rx` 2sθ “ r1´ xsθ “ r´xsθ ,

rxsθrxs´θ “ 1 (1.60)
rxsθ´iπyrxsθ`iπy “ rx` ysθrx´ ysθ ,

r0sθ ” 1 . (1.61)

For 0 ă x ă 1
2

the simple poles of these functions are at θ “ iπx and ip1 ´ xqπ with
residues 2i tan xπ and ´2i tan xπ while the zeros are at ´iaπ and ´ip1´xqπ. The analyt-
icity property we required previously implies that the poles (and the zeros by unitarity)
of a factorised S-matrix completely specify the dynamics of a given model. Therefore, its
poles in the strip ´π ă Impθq ď π of a given S-matrix element completely specify (up to
a sign7) the building blocks pxqθ into which the amplitude factorises.

Functions such as (1.55), (1.59) and (1.56) solve identically the unitarity and crossing
equations and are known as CDD-factors [71]. Studying Low’s scattering equation in
the one-meson approximation the authors found solutions involving an infinite number of
parameters. The existence of redundant solutions ignited the debate on what “physical”
really meant in this context and in particular, what are (if they exist) the most general

7We will not discuss further this problem but an overall minus sign is seen to be equivalent to an extra
factor of p1qθ.
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physical principles which allow us to pick out in a unique way one “physical” admissible
solution [72]. For us, as mathematical physicists, this seems the perfect time to state
what we think the word “physical” means. Clearly there are two main interpretation on
what a “physical” model can be for us: first, we can think of “physical models” as the ones
that are realised in the real world, i.e. theories that describe natural phenomena like the
fundamental interactions or the collective behaviour of matter’s constituents; secondly we
can think of a “physical model” in a broader sense, for example as a QFT model that is
consistent with all the criteria that we expect to hold, like relativistic invariance, unitarity,
crossing and locality. In this sense the diagonal S-matrices described for instance by (1.59)
define well-posed and consistent QFTs and they will be at the centre of the discussion in
the next chapters. The simplest model we can build from (1.59), i.e. a model consisting
of a single interacting neutral particle, is the sinh-Gordon model [73, 74]:

Spθq “

„

´
b` 1

2

ȷ

θ

“
sinh θ ´ i cos πb

2

sinh θ ` i cos πb
2

, (1.62)

where ´1 ď b ď 1. Apart from free theories, this is the only “physical” interacting
diagonal IQFT we will be interested in. A crucial property of the sinh-Gordon S-matrix
is that it does not admit any further non-trivial CDD factors. Indeed, the S-matrix (1.62)
itself can be interpreted as a pure CDD deformation of the free massive boson theory.
In particular, the free theory is recovered smoothly in the limit in which the coupling
constant is sent to zero, corresponding to bÑ 0, where the S-matrix becomes trivial.

This feature is not accidental, but rather reflects a general property of affine Toda field
theories: their exact relativistic S-matrices are given by the S-matrix of an underlying
conformal field theory, perturbed by a relevant operator, multiplied by a minimal CDD
factor encoding the interaction. From this perspective, the sinh-Gordon model can be
regarded as the simplest example of an affine Toda theory, corresponding to the SUp2q
case. Other well-known examples include the Bullough–Dodd model, which is related to
the Yang–Lee edge singularity, and more generally Toda theories associated with higher-
rank Lie algebras [73, 18]. In all these cases, the interacting S-matrix is fixed uniquely (up
to trivial factors) and coincides with the CDD dressing of the corresponding perturbed
minimal CFT.

Because CDD factors automatically solve unitarity and crossing symmetry, they repre-
sent, in general, the only ambiguity in the solution of the bootstrap equations for a given
particle content. However, in the case of the sinh-Gordon model this ambiguity is com-
pletely exhausted by (1.62) itself, which therefore provides a unique interacting solution
compatible with all physical requirements. Returning to the application to the real-world,
it is known in practice that not even one of the diagonal theories here described gives rise
to any realistic situation8: they are too unconstrained (by symmetries) and as such they
should be considered as useful (at least to us) toy models. Real-world particles have in-
ternal degrees of freedom which naturally implies non-diagonal scattering. Two relevant
examples are given by the already mentioned sine-Gordon model, which appears often
in condensed matter applications like Josephson junction arrays [78] and the magnetic
deformation of the Ising model [79] which was experimentally observed 15 years ago [80].

8Even though purely diagonal IQFTs do not seem to correspond to any direct physical model, their
non-relativistic limits can be identified with physically relevant systems. For instance, suitable non-
relativistic limits of Toda field theories and the OpNq non-linear sigma model reduce to Lieb-Liniger
models [75, 76, 77]. These examples provide explicit evidence of the universality of the Lieb-Liniger
model in describing non-relativistic integrable theories of bosons with local interactions.
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To conclude this paragraph, we briefly take a detour to address a concept that will
not be discussed further in this work, but nevertheless underlies the entire framework
developed so far, namely the notion of bootstrap, after which this thesis is named. We
have seen that all the constraints discussed up to this point are completely independent of
the particle content of a given theory. In particular, the diagonal two-particle scattering
amplitude of a local integrable quantum field theory can be constructed in terms of the
building blocks (1.55). These building blocks exhibit a simple pole at θ “ iπx. When
this pole lies on the physical sheet, namely for 0 ă x ă 1, it signals the presence of a
bound state in the spectrum of the theory. Let us consider this situation and place
the simple pole at θ “ iuCAB, where the indices refer to a scattering process in which
two stable particles of masses A and B form a stable particle C, namely A ` B Ñ C.
The particle C is an asymptotic one-particle state already present in the spectrum of the
theory. Therefore, from (1.33), the mass of this particle is given by

m2
C “ m2

A `m2
B ` 2mAmB cosuCAB , (1.63)

which establishes a direct relation between the masses of the particles involved in the
fusion process. The quantities uCAB are commonly referred to as fusing angles. A further
important consequence follows from crossing symmetry: depending on the channel in
which the process is viewed, each of the particles A, B, or C can be interpreted as a bound
state of the other two. As a result, one can write two additional equations analogous to
(1.63) by permuting the particle labels. Consistency then requires the constraint

uCAB ` uABC ` uBAC “ 2π . (1.64)

This interplay between the presence of bound states and crossing symmetry lies at
the core of the bootstrap method and of the associated bootstrap equations [81]. The
term “bootstrap” originates from the expression “to pull oneself up by one’s bootstraps”,
historically used to describe an impossible task. In the present context, it reflects the
idea that particles are held together by interactions mediated by the very same particles
appearing in the spectrum, leading to a set of self-consistency conditions.

At the level of the S-matrix, this self-consistency is encoded in the S-matrix bootstrap
equations [82, 61, 65], which relate scattering amplitudes involving bound states to those
of their constituents. Explicitly, one has

SADpθ ` iūBAC̄qSBDpθ ´ iūABC̄q “ SCDpθq , (1.65)

where ūCAB “ π ´ uCAB.

1.4.2 On the Uniqueness of Elastic S-matrices

Now, to end this section we will show, following [65], how the absence of particle pro-
duction, non-vanishing backward scattering and factorisation are enough to determinate
uniquely the S-matrix of a massive fermion g. Their work was an immediate follow up to
Zamolodchikov’s first results on the sine-Gordon model that was obtained not only from
the meromorphicity of the S-matrix elements but also requiring exactness of the semi-
classical bound-state spectrum, vanishing of the reflection amplitude at integer values of
the coupling constant λ and absence of resonances (poles away from the physical sheet).
They instead adopt the Thirring model point of view and prove that the meromorphicity
condition is enough to determine the scattering amplitude completely. Indeed, consider
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a 2-particle scattering amplitude with both transmissive tgḡpθq and reflective rgḡpθq com-
ponents

out
xgpp11qḡpp

1
2q|gpp1qḡpp2qy

in
“ δpp111 ´ p11qδpp

11
2 ´ p12qtgḡpθq ` δpp111 ´ p12qδpp

11
2 ´ p11qrgḡpθq .

(1.66)
If tggpθq is the particle-particle scattering amplitude then we can write down the crossing
relations

tgḡpθq “ rgḡpiπ ´ θq , tgḡpiπ ´ θq “ tggpθq “ tḡḡpθq , (1.67)

and, taking into account also the elasticity and meromorphicity constraints, the unitarity

tgḡpθqtgḡp´θq ` rgḡpθqrgḡp´θq “ 1 , (1.68)
rgḡpθqtgḡp´θq ` tgḡpθqrgḡp´θq “ 0 , (1.69)
tggpθqtggp´θq “ 1 . (1.70)

Notice that, if rgḡpθq ” 0 we return to the diagonal case (1.53) and these equations
admit an infinite family of solutions tgḡpθq, that we already classified in the previous
subsection. Instead for rgḡpθq ‰ 0 we introduce the ratio

hpθq “
tgḡpθq

rgḡpθq
, (1.71)

an odd function of θ, that satisfies

tgḡpθqtgḡpiπ ` θq “
hpθq

hpiπ ´ θq
, (1.72)

and the quadratic functional equation

hpiπ ´ θqhpiπ ` θq ` h2pθq “ 1 . (1.73)

Now comes into play the YBE (1.28), that we need to use to select the compatible
solutions. In fact not all the solutions of this equations are compatible with the factorised
form of the S-matrix. In particular, studying the 3-particle process (and its factorisation)
gpp1qgpp2qḡpp3q Ñ gpp1qḡpp2qgpp3q, equation (1.73) yields an additional constraint

hpθ31 ` θ12q “ hpiπ ` θ31qhpθ12q ` hpθ31qhpiπ ´ θ12q , (1.74)

from which, after symmetrisation we obtain

hpiπ ` θ31q ´ hpiπ ´ θ31q

hpθ31q
“
hpiπ ` θ12q ´ hpiπ ´ θ12q

hpθ12q
“ const. (1.75)

For convenience the constant is chosen to be equal to 2 cosµ. A common and unique
solution of the three equations (1.73)-(1.75) is given by the function

hpθq “
sinh pµθ{πq

sinh piµq
. (1.76)

The uniqueness of this solution can be seen to descend from the multiplicative addi-
tivity of the combinations Lpxq “ hpiπ ´ xq ` eiµhpxq, which indeed satisfy the so-called
exponential Cauchy functional equation: Lpx ` yq “ Lpxq ¨ Lpyq. What is left is to show
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that all the amplitudes can be obtained by this solution hpθq. We need two technical
assumptions here: first, there should exist a value of µ such that tgḡpθq is analytic and
non-zero on the physical strip 0 ă Impθq ă π and then, we need that the function
r1{ sinh pz ´ θqs log tgḡpθq vanishes in absolute value as |Repzq| Ñ 8. If this is the case, by
Cauchy’s formula

log tgḡpθq “
1

2πi

ż

C

log tgḡpzq

sinh pz ´ θq
dz . (1.77)

Therefore, since p1{2iq log tgḡpθq “ δgḡpθq, is the phase-shift, from (1.72) and (1.76) we
have

δgḡpθq “ ´
1

4π

ż `8

´8

d z

sinh pz ´ θq
log

ˆ

sinh pµθ{πq

sinh pµpiπ ´ θq{πq

˙

, (1.78)

or through Fourier transform and partial integration

δgḡpθq “
1

2

ż `8

0

d x

x

sinh rxpiπ ´ θq{πs sinh
”

x
2

´

π
µ
´ 1

¯ı

cosh
`

x
2

˘

sinh
´

πx
2µ

¯ . (1.79)

By using Malmsten’s formula9 for the integral representation of the logarithm of the
Gamma function and setting λ “ µ{π it is then possible to derive Zamolodchikov’s solution
[61, 62] in terms of an infinite product of Gamma functions. We want to stress [67] that
the unicity of this solution is obtained by adding several restrinctions: in particular, the
assumption that log tgḡpθq was damped out forced all the CDD-factors of the type (1.56)
to vanish.

1.5 Scattering Amplitudes in the Presence of Bound-
aries

In this section we briefly review the extension of integrable scattering amplitudes to
models characterised by the presence of boundaries. Infinite and homogeneus systems are
a great arena but sometimes they are too “idealised” with respect to physical situations
where finite size effects, inohomogeneities and defects are always present. It is therefore
natural to implement these occurences by taking into account boundary effects [18, 83, 84]
(see also [85] for a survey of related studies). Even tough the bulk theory (i.e. without
boundaries) is integrable, and therefore is characterised by a factorised scattering, it
is highly non-trivial to obtain a factorised reflection at an arbitrary boundary. Most
boundaries spoil integrability and only a restricted set of integrable boundary conditions
preserve the desired structure. In general these boundary conditions are specified through
a boundary action functional or as perturbed conformal boundary conditions [83] but for
the sake of brevity we will directly take them for granted and consider amplitudes.

1.5.1 Boundary Scattering Amplitudes

Boundary scattering amplitudes where first discussed in [86, 87] but all the material
reviewed here is taken from the works [88, 83, 89]. We will work only on semi-infinite

9log Γpzq “
ş`8

0
d t

”

pz ´ 1q ´ 1´e´pz´1qt

1´e´t

ı

e´t

t
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time ·
Figure 1.8: 1-particle reflection off the boundary at x “ 0.

systems; considering a semi-infinite Minkowski space-time px, tq, t “ ´iy, x ă 0, we define
asymptotic states as in Section 1.1. We have an impenetrable boundary in space and we
introduce a boundary Hilbert space HB associated with the half-line y “ const , x P

p´8, 0s. The initial state

|θ1, θ2, . . . , θny
B, in
a1,a2,...,an

“ A:
a1
pθ1q, A

:
a2
pθ2q, . . . A

:
anpθnq|0yB , (1.80)

where the subscript B indicates that | ¨ ¨ ¨ P HB and |0yB is the ground state in the
boundary Hilbert space. Again, the asymptotic state can be seen as created by a ZF-
algebra analogous to (1.45), where in (1.80) we have θ1 ą θ2 ą ¨ ¨ ¨ ą θn. The picture
is the following: at time t “ ´8 particles are created and travel towards the boundary
positioned at x “ 0´ all the rapidities are positive. At x “ 0 the particles are reflected
and in the infinite future, tÑ 8, the state becomes a superposition of out-states

| ´ θ11,´θ
1
2, . . . ,´θ

1
ny

B, out
b1,b2,...,bn

, (1.81)

of particles moving away from the boundary with negative rapidities. Notice that
because of integrability the scattering is purely elastic and therefore the set θ 11, θ12, . . . , θ1n
can differ from the initial state just by permutations.

We can think of the boundary as an infinitely heavy impenetrable particle B sitting
at the origin and then write the boundary vacuum as if it was “created” by a so-called
“boundary creating operator” B:

|0yB “ B|0y . (1.82)

Then this operator satisfies the following exchange relation with the ZF-algebra

AapθqB “ Rb
apθqAbp´θqB, (1.83)

where the coefficientsRb
apθq

10 are interpreted as the amplitudes of a 1-particle reflecting
off the boundaries as shown in Figure 1.8. Interestingly this is not the only set-up we can

10It is important to note that from the structure of the boundary asymptotic states, if ma ‰ mb the
amplitude Rb

apθqvanishes.
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Figure 1.9: 1-particle reflection off the boundary at t “ 0.

build from; we can also place a boundary in time, at t “ 0: this is the crossed channel
with respect to the previous situation, where the previous scattering process appears now
as a virtual emission pair from the boundary, with amplitude K b

apθq (see Figure 1.9).
Being the crossed channel, this amplitude is related to the previous one by analytic

continuation to the domain ´ Impθq “ iπ{2 ,Repθq ă 0´ as

Kb
apθq “ Rb

a

ˆ

iπ

2
´ θ

˙

. (1.84)

In this picture the boundary condition is encoded in a boundary state |By that is
contained in the Hilbert space of the bulk theory H. Hence this state is a superposition
of the asymptotic states (1.1) of the bulk theory but not all the states can enter: because
of integrability and relativistic invariance only pairs of equal-mass particles with opposite
rapidities or zero-rapidity particles11 can enter the combinations. In the end one can write
down the boundary state as an expansion whose coefficients are precisely the amplitudes
Kb

apθq:

|By “

ˆ

1`
1

2

ż `8

´8

dθKb
apθqA

:
apθqA

b
p´θq ` . . .

˙

“ exp

„

1

2

ż `8

´8

dθKb
apθqAa:pθqA

b
p´θq

ȷ

,

(1.85)
i.e., the boundary state is a linear superposition of infinitely-many multiparticle states
but because of integrability, the multiparticle amplitudes are all factorised into an ordered
infinite products of 2-particle amplitudes K b

apθq.

As in the infinite system, the fundamental amplitudes (now we have both bulk and
boundary scattering available) Sb1b2

a1a2
pθq and Rb

apθq are constrained by a set of equations.

1. Boundary Yang-Baxter equation (bYBE):

Rc2
a2
pθ2qS

c1d2
a1c2

pθ1`θ2qR
d1
c1
pθ1qS

b2b1
d2d1

pθ1´θ2q “ Sc1c2
a1a2

pθ1´θ2qR
d1
c1
pθ1qS

d2b1
c2d1

pθ1`θ2qR
b2
d2
pθ2q ,

(1.86)
11This possibility will be discussed briefly in the next subsection in the simple case of the Ising model.
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Figure 1.10: Boundary Yang-Baxter equations.

2. Boundary Unitarity :
Rc

apθqR
b
cp´θq “ δba , (1.87)

3. Boundary Cross-Unitarity :

Kabpθq “ Scd
abp2θqKcdp´θq , (1.88)

represented graphically in Figure 1.10, 1.11 and 1.12 respectively.
Like in the bulk case, the equations fix completely solutions up to a CDD-ambiguity,

i.e. we can always multiply a given solution by a function ΦBpθq satisfying trivially (1.87)
and

ΦBpθq “ ΦBpiπ ´ θq . (1.89)

1.5.2 The Boundary Ising Model

The simplest example we can consider is the Ising model at T ‰ Tc in zero magnetic field,
a free theory of massive Majorana fermions Ψpxq. The bulk S-matrix is just S “ ´1 and
the equations (1.87) and (1.88) simplify to

RpθqRp´θq “ 1, R

ˆ

iπ

2
´ θ

˙

“ ´R

ˆ

iπ

2
` θ

˙

. (1.90)

Having a free theory, we have linearity in the fermionic modes and there are two
obvious boundary conditions which preserve integrability of the bulk theory, namely
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Figure 1.11: Boundary Unitarity.
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Figure 1.12: Boundary Cross-Unitarity.
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`

Ψpxq ` Ψ̄pxq
˘

x“0
“ 0 , and

`

Ψpxq ´ Ψ̄pxq
˘

x“0
“ 0 . (1.91)

In the following we will refer to the first one as the fixed boundary condition and to
the second as the free boundary condition. Indeed, if we express the original spin op-
erator of the Ising model in terms of the Majorana fermions we can see that the first
case corresponds to the case where all the spins at the boundary are all equal to `1 (or
´1) while in the other case the spins at the boundary can take any arbitrary value. We
will not derive here the amplitudes but it is easy to see that to do it we just need to
take the mode expansion of the Majorana fermions in terms of their creation/annhilation
operators, substitute them into the boundary conditions (1.91) and then compare them
with the exchange relation of the boundary creating operator (1.83).

Imposing the fixed boundary condition the reflection amplitude that solves (1.83)
is

Rfixedpθq “ i tanh

ˆ

iπ

4
´
θ

2

˙

. (1.92)

The amplitude in the crossed channel then is simply Kfixedpθq “ i tanh θ
2
. Instead,

imposing free boundary condition, the solution is given by

Rfreepθq “ ´i coth

ˆ

iπ

4
´
θ

2

˙

, (1.93)

with the corresponding Kfreepθq “ ´i coth θ
2
. Notice that is amplitude possesses a pole

at θ “ 0 which points out at the existence of a zero-momentum 1-particle state in the
boundary state (1.85), i.e.

|Bfreey „
`

1` A:
p0q ` . . .

˘

|0y, . (1.94)

The physical picture [83] is that spin configurations associated to this boundary condi-
tion contain an infinitely long fluctuating domain wall which separates two domains with
opposite magnetisation. The domain wall is interpreted as a zero-momentum particle
emitted by the boundary as is shown in Figure 1.13.

Perhaps surprisingly, these two are not the only boundary conditions that preserve
integrability in the Ising model. In fact the presence of a boundary magnetic field
does not spoil integrability. At the level of the action, this is possible because even with
the addition of this boundary field the action remains quadratic (in terms of the fermions).
With a similar procedure as in the other two cases, is then possible to arrive to a solution
that actually interpolates between the other two boundary conditions:

Rhpθq “ i tanh

ˆ

iπ

4
´
θ

2

˙

κ´ i sinh θ

κ` i sinh θ
, with κ “ 1´

h2

2m
, (1.95)

where h is the magnetic field. Varying h from 0 (free) to 8 (fixed), as just anticipated, this
amplitude interpolates between the two other boundary conditions realizing a boundary
RG flow. The crossed-channel’s amplitude reads

Khpθq “ i tanh

ˆ

θ

2

˙

κ` cosh θ

κ` cosh θ
, (1.96)
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~
Figure 1.13: Domain wall configuration interpreted as a zero-momentum particle emit-
ted by the boundary state.

and therefore for any non-zero value of h the amplitude no longer has a pole at θ “ 0
since the magnetic field splits the degeneracy of the two vacua from which we start at h “

0. As a final remark, we can note that for h ă hc “
?
2m we can use the parametrisation

κ “ cos v and we can study the pole in the physical strip at θ “ ipπ{2´vq that corresponds
to a boundary bound state. This phenomenon is usually understood as a form of “boundary
hysteresis”. For h ą hc the pole disappears but we still have a pair of resonances localised
at θ “ ´iπ{2 ˘ θ0, where now κ is parametrised as κ “ ´ cosh θ0 with θ0 positive and
real.
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Chapter 2

Irrelevant Deformations of IQFTs

In this chapter we will introduce the generalised TT-deformations : irrelevant perturba-
tions of a given CFT or QFT (in the RG-flow sense). Recently, a particular class of
such perturbations has attracted considerable interest: those generated by the field T T ,
where T and T̄ are the holomorphic and antiholomorphic components of the stress energy
tensor. Note that we have adopted a different notation for the TT-deformation and for
the operator itself TT , since the class of deformations we are about to introduce are not
given by the mere addition of this operator to the action but, as we shall see, arise from
a more involved procedure. The earliest study of this field’s properties, particularly its
vacuum expectation value, was carried out in [90] for generic 2D quantum field theory
and quickly followed by a systematic study of the form factors of the TT operator itself
[91, 92].

Generalised TT-deformations and their properties have been studied from several view-
points: in the context of 2D classical and quantum field theory1 [102, 100, 103], in the
framework of the ODE/IM correspondence [104] (see [105] for a review), employing the
thermodynamic Bethe ansatz (TBA) approach [106, 107, 108, 109, 110, 111, 112, 113],
from the viewpoint of perturbed conformal field theory [114, 115, 116, 117, 118, 119, 120,
121] and also in the context of string theory [122, 123, 124, 125], holography [126, 127,
128, 129, 130, 131, 132, 133, 134], quantum gravity [135, 101, 136, 137, 138, 139], out-of-
equilibrium conformal field theory [140, 141], long-range spin chains [142, 143, 144, 145],
and the generalised hydrodynamics (GHD) approach [146, 147, 148, 149].

2.1 Generalised TT-deformations of IQFTs

In this section, following closely [150] we will introduce generalised TT-deformations in
the context of IQFTs.

1While extensions of the TT-deformation to 1-dimensional, quantum-mechanical systems yields well-
defined, controllable theories [93, 94, 95], the proposed higher dimensional generalisations [96, 97] present
several complications, mainly consequence of the fewer amount of restrictions on the short-distance singu-
larities arising in the OPE of energy-momentum tensor components. Some promising advances have been
made in [98, 99] that considers extensions of the TT deformation in higher dimensions as field-dependent
perturbations of the space-time geometry, in the same spirit as the geometric interpretation of [100] and
the topological gravity picture of [101]
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2.1.1 Composite Fields from the Integrals ff Motion

As we already saw, the most important characteristic of these theories is the presence of an
infinite set of IM, generated by local currents, that is pairs of local fields tTs`1pzq,Θs´1pzqu
connected by a continuity equation

B̄Ts`1pzq “ BΘs´1pzq , (2.1)

where the label s represents the spin of the corresponding fields. Usually we are thinking
of a subset S ” tsu Ă Z which in general differs depending on the model under study
but at least for the values s “ ˘1 we can easily recognise the equations (2.1) to represent
the conservation of energy-momentum which should be expected by any standard QFT
under general assumptions. In this case, the currents are precisely the components of the
energy-momentum tensor Tµν that for later convenience we reparametrise as

T “ ´2πTzz , T̄ “ ´2πTz̄z̄ , Θ “ 2πTzz̄ . (2.2)

Considering a parity invariant theory (P-symmetric) the set S would result symmetric
under P-reflection: s Ñ ´s, therefore, it is convenient for the following to fix properly
the notation. For s ą 0 we write Θ´s´1 as T̄s`1 and T´s`1 as Θ̄s´1, removing all negative
entries from S. Then for s ă 0 the continuity equations (2.1) will read

BT̄s`1pzq “ B̄Θs´1pzq . (2.3)

From (2.1) and (2.3) follows directly that the integrals

Ps “
1

2π

ż

C

Ts`1pzqdz `Θs´1pzqdz̄ , (2.4)

P̄s “
1

2π

ż

C

T̄s`1pzqdz̄ `Θs´1pzqdz , (2.5)

are invariant under trivial deformations of the integration contour C and therefore de-
fine local IM. This is precisely the construction we introduced in Chapter 0, in particular,
eq. (0.49) was derived as the extension of the chiral continuity equation to the massive
perturbation. The other ingredient for integrability is the commutativity of these charges
Ps, i.e. we need

rPs, Ps1s “ 0 , @s, s1 P S . (2.6)

Notice also here that (2.4) and (2.5) are the natural generalisation to the massive case
of (0.36). Having local IM of the form (2.4),(2.5) implies for the Ps (similar equations
hold for the P̄s):

rPs1 , Ts`1pzqs “ BAs1,spzq , rPs1 ,Θs´1pzqs “ B̄As1,spzq , (2.7)

and

“

Ps1 , T̄s`1pzq
‰

“ B̄Bs1,spzq ,
“

Ps1 , Θ̄s´1pzq
‰

“ BAs1,spzq , (2.8)

where As1,s and Bs1,s are some local fields. Note also that, in general, the commutator
of a conserved charge Ps with any local field O can be defined to be

rPs1 ,Opz0qs “
1

2π

ż

Cz0

rTs`1pzqdz `Θs´1pzqdz̄sOpz0q . (2.9)
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In the case of QFTs with “conventional UV behaviour” the components tTs`1pzq,Θs´1pzqu
both have scale dimensions equal to s` 1. Now, having defined these conserved currents
and their properties we want to use them to construct composite scalar fields taking prod-
ucts at different space time points, say z and z 1 and then take the limit z Ñ z 1. In general
this should be a procedure plagued by divergencies and ambiguities but the combination

lim
zÑz1

`

Ts`1pzqT̄s´1pz
1
q ´Θs´1Θ̄s´1pz

1
q
˘

“ Xspz
1
q ` derivatives terms , (2.10)

up to derivatives, is a well defined and not ambiguous object. This result was obtained
originally by Al. B. Zamolodchikov [90] in the case s “ ˘1 and we review it in Appendix
B. The composite fields Xs have mass dimensions rmasss2ps`1q and are therefore irrelevant
in the RG-flow sense. Hence when used to perturb a given action, these operators will not
influence the long-distance/IR-behaviour but instead they will alter drastically the UV
properties. This means that, in general (not always), UV completeness will be lost . The
s “ 1 case is special: it defines the TT-deformation, as we will see in the next section. This
operator first emerged in Zamolodchikov’s analysis of massless RG flows [151], particularly
in the context of flows driven by a spontaneously broken supersymmetry between minimal
models. For instance for the tricritical Ising to Ising flow, the dominant operator in the
IR is precisely the composite field TT :

L “
1

2π
pψB̄ψ ` ψ̄Bψ̄ ` αψBψψ̄B̄ψ̄q , (2.11)

where ψB̄ψψ̄Bψ̄ „ TT . This Lagrangian, the so-called Volkov-Akulov model [152],
describes the goldstino emerging as the massless fermionic excitation resulting from the
broken supersymmetry.

To end this section we want to introduce a very interesting and universal property
satisfied by this family of operators. Consider an IQFT defined on an infinite cylinder,
i.e. with the spatial coordinate on a circle of circumference R, px, yq Ñ px ` R, yq´the
energy specturm is then discrete. It can be shown [90, 150] that, taking generic diagonal
matrix elements xn| . . . |ny of these operators, where |ny is an arbitrary non-degenerate
eigenstate of the energy and momentum operators2, we have

xn|Xs|ny “ xn|Ts`1|nyxn|T̄s`1|ny ´ xn|Θs´1|nyxn|Θ̄s´1|ny . (2.12)

In the case s “ 1 this property will be enough to completely characterise the energy-
spectrum of the theory. Notice also that, by rotational invariance, the expectation values
xXsy will all vanish in the infinite system size limit, R Ñ 8 for s ą 1.

2.1.2 The TT-flow

We are finally ready to introduce the models we want to study in the later chapters.
Consider an IQFT in the spirit of [3], i.e. as a relevant perturbation of some known CFT.
Now, we can think of perturbing it again, say with the s “ 1 operator defined in (2.10).
This operator is a very special one, it is precisely equal to the determinant of the stress-
energy tensor of the “seed theory”. Our intention is to generate a flow, that is, we want
to consider trajectories Aα in the action space Σ, where α denotes the parameter along
the trajectory, such that at any point of the curve, the tangent vector is proportional to

2Assume also the normalisation xn|ny “ 1.
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d

dα
Aα “

1

π2

ż

d2 z pdetT qα . (2.13)

This equation define the so-called TT-deformation, where the name comes from CFTs,
where the determinant is precisely given by the product of just the chiral components of
T µν (the trace Θ is zero in the conformal theory). These deformations preserve integra-
bility and are universal (in the sense that at least the s “ 1 case, is almost always clearly
defined, by deriving from the existence of the stress-energy tensor itself). At this point
some observations need to be made. Being irrelevant these deformations affect the UV
properties of the theory and therefore it is not obvious why one should try to study the
massive field theory. Indeed at very high energies (compared to the physical mass of the
particles) the deformed massive theory is expected to possess the same UV singularities
as the deformed CFT [153]. The massive theory is associated with a relevant perturbation
[3] that selects a spectrum of particles which describes the IR. In the end, to fix uniquely
the fields Xs we need to consider an IQFT, where these fields can be constructed explic-
itly in terms of the local IM densities (2.4)-(2.5) [150]. Another important aspect is that
IQFTs’ solvability is related to the possibility of reconducting all the interesting physical
quantities to a single object, the S-matrix. In the next section we will prove that these
irrelevant deformations modify the scattering amplitudes in a very precise way, that is,
they amount to multiplicative CDD-factors of the type (1.56) and therefore, in principle,
the IQFTs techniques can be carried out [106].

2.1.3 The Inviscid Burgers Equation and the Hagedorn Transi-
tion

As anticipated, we want to study the expectation value (2.12) in the s “ 1 case. Having
the theory defined on a cylinder of radius R, it was proven in [90] that

xn|X1|ny “ xn|T |nyxn|T̄ |ny ´ xn|Θ|nyxn|Θ̄|ny , (2.14)

where inside the bracket we have precisely the components of the stress-energy tensor
(2.2) and X1 :“ detT . Being in a finite-size geometry we expect a discrete spectrum; we
denote En “ EnpR,αq the energy of the stationary states |ny and Pn “ PnpRq “ 2πln{R
(ln P Z) the corresponding quantised spatial momenta. In [90] is shown that

xn|X1|ny “ ´
π2

R

ˆ

EnBREn `
P 2
n

R

˙

. (2.15)

The next crucial step was then taken more than ten years later simultaneously and
independently in the two fundamental works [106, 150]. In fact, according to the definition
(2.13), an infinitesimal shift of α is generated precisely by X1 and when the operator is
sandwiched between eigenstates, the result will be proportional to the variation of the
energy with respect to the deformation itself. Therefore we are led to a close differential
equation for the deformed energy levels in terms of the undeformed ones that act as initial
condition at the RG-time α “ 0 [106, 150]:

BαEpR,αq ` EpR,αqBREpR,αq `
P 2

R
“ 0 . (2.16)

The equation is the same for all n so we dropped the index. Equation (2.16) is known
as the forced inviscid Burgers equation, known for describing an incompressible fluid in
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the absence of viscosity. In our context the energy EpR,αq plays the role of the velocity
field and α is the time variable. Notice also that the term proportional to P can be
interpreted as a “driving force”, with dimensions of a momentum flux and therefore can
be interpreted as a pressure. The general solution for any P can be worked out with the
method of characteristics but for P “ 0 the equation (2.16) reduces now to the standard
inviscid Burgers equation

BαEpR,αq ` EpR,αqBREpR,αq “ 0 . (2.17)

It is now instructive to derive the solutions of this equation explicitly to study their
properties: the inviscid Burgers equation is known to possess solutions that develop shock
waves, i.e. singularities. This pathology has physical meaning and it is one of the main
features of these theories. The method of characteristics is the simplest way to treat a
partial differential equation (PDE) as (2.17): a quasi-linear first order hyperbolic equation.
It is a powerful method that relies on finding special curves, the so-called characteristics,
in the pα,Rq plane, along which the PDE reduces to a family of ordinary differential
equation (ODE). Once the ODE is found, it can be solved along the characteristic curves
and we can revert back the solution to the original PDE. Take again equation (2.17)

BEpR,αq

Bα
` EpR,αq

EpR,αq

BR
“ 0 . (2.18)

Considering an arbitrary curve α Ñ Rpαq, then by chain rule, the total derivative of
E along the curve is

dEpR,αq

dα
“

BEpR,αq

Bα
`
dR

dα

BEpR,αq

BR
. (2.19)

Now, the idea is to pick dR{dα in such a way that the PDE will imply dE{dα “ 0,
i.e. EpR,αq would be constant along it. From the PDE (2.17)

dEpR,αq

dα
“

ˆ

dR

dα
´ EpR,αq

˙

BEpR,αq

BR
. (2.20)

For this to vanish for all E (except from trivial constant cases) we need to choose

dR

dα
“ EpR,αq , (2.21)

and then (2.20) will follow, that is EpR,αq will be constant along each characteristic
curve Rpαq. Now we need to solve a system of ODEs along the characteristics:

dR

dα
“ EpR,αq , and

dEpR,αq

dα
“ 0 . (2.22)

We now need initial conditions. We impose the energy profile at α “ 0 to be EpR, 0q “
E0pRq and each characteristic is uniquely labeled by its starting point:

Rp0q “ R0 , EpR0, 0q “ E0pR0q . (2.23)

Recall now that the energy is constant along the characteristics:

E pRpαq, αq “ E0pR0q . (2.24)

Therefore, integrating the characteristic equation (2.22) we obtain
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Rpαq “ R0 ` αE0pR0q . (2.25)

Since EpR,αq “ E0pR0q, we can now invert the relation (2.25) to get the implicit
equation

EpR,αq “ E0 pR ´ αEpR,αqq . (2.26)

This equation gives the universal TT-deformed spectrum (on the cylinder) of any
possible model as a function of the undeformed one. Notice also that to get this result we
never used integrability even tough the same solution can be found by IQFT techniques as
the TBA and the NLIE [106]. We are finally ready to discuss some possible solutions and
their breakdown, i.e. how shock singularities develop. The problem is that, the method of
characteristics works only as long as characteristics do not intersect. Once they
cross, the solution becomes multi-valued corresponding to a break-down of the classical
method. In fact we found that each characteristic is defined by (2.25): since the energy is
constant along each curve, we can recover the solution at a given point pR,αq by finding
the characteristic that passes through it, i.e. finding the corresponding R0. To do this we
must invert the function (2.25) and therefore invertibility is the crucial property that
guarantees that characteristics do not cross each other. To check invertibility we need to
check the derivative of (2.25) with respect to R0:

R1
pαq :“

dR

dR0

“ 1` α
dE0pR0q

dR0

. (2.27)

When this derivative vanishes the mapping ceases to be locally invertible, i.e. two or
more characteristics intersect at the same point pR,αq. Therefore the shock condition is

1` α
dE0pR0q

dR0

“ 0 . (2.28)

This means that there exists a critical value of the deformation parameter α “ α̃ at
which the first shock appears:

α̃ “ ´

ˆ

dE0pR0q

dR0

˙´1

. (2.29)

We can understand the nature of the singularity by expanding the characteristic curve
R around the critical point Rc defined by

1` α
dE0pR0q

dR0

ˇ

ˇ

ˇ

ˇ

R0“Rc

“ 0 . (2.30)

Then we can Taylor expand RpR0q around this point:

R “ R0 ` αE0pR0q » Rc ` αE0pRcq ` p1` αE 1
0pR0qqpR0 ´Rcq `

α

2
E2

0pRcqpR0 ´Rcq
2
` ...

(2.31)
but at the shock point by definition 1` αE 1

0pRcq “ 0, hence the linear term in (2.31)
vanishes and we are left with

R » Rc ` αE0pRcq `
α

2
E2

0pRcqpR0 ´Rcq
2
` ... . (2.32)

Inverting this expression for R0 we get to leading order
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R ´Rc ´ αE0pRcq »
α

2
E2

0pRcqpR0 ´Rcq
2 , (2.33)

and solving for R0 ´Rc:

R0 ´Rc »

d

2pR ´Rc ´ αE0pRcqq

αE2
0pRcq

. (2.34)

Now, we can plug this solution in (2.24) to find, expanding again

EpR,αq “ E0pR0q “ E0pRc » E0pRcq ` E 1
0pRcqpR0 ´Rcq ` . . . (2.35)

» E0pRcq ` E 1
0pRcq

d

2pR ´Rc ´ αE0pRcqq

αE2
0pRcq

` . . . .

This shows that the energy develops a square-root branch point at the shock
location. We are finally ready to see a concrete example. Consider now the undeformed
theory to be a unitary 2-dimensional CFT. For the initial conditions we have [23]:

EnpR, 0q “ EnpRq “
2π

R

´

∆n ´
c

12

¯

, PnpR, 0q “ PnpRq “
2π

R
sn , (2.36)

where ∆n “ hn ` h̄n is the scaling dimension, sn “ hn ´ h̄n is the spin and c is the
central charge. Considering the ground-state in the simplest setting possible, like a free
boson (the same reasoning works also for more involved theories where ∆0 ‰ 0), we have

E0pRq “ ´
πc

6R
. (2.37)

Imposing the shock condition (2.28) we get

dE0pR0q

dR0

“
πc

6R2
ą 0 , (2.38)

and therefore from (2.29), as soon as α becomes negative the singularity develops.
Always with the method of characteristics, and initial conditions (2.36) we can find

a general solution of (2.16) [154]. Actually, there will be two solutions E˘
n pR,αq for the

equation, corresponding to the two branches of square root:

E˘
n pR,αq “

R

2α

«

1˘

c

1´
4αEnpRq

R
`

4α2P 2
n

R2

ff

, (2.39)

but we can select the “physical branch” by Taylor expanding for small deformations
α „ 0 and seeing which one of the two reduce to the original CFT data. Indeed, taking
the ground-state, we can see that the branch with the minus sign goes like

E´
0 pR,αq „

R

2α

„

1´

ˆ

1´
2αE0pRq

R
´ . . .

˙ȷ

“ E0pRq ` . . . . (2.40)

Hence, it correctly reproduces the undeformed theory, while the other branch, in the
same limit, is seen to diverge as „ R{α. As already mentioned, these shock singularities
are not just a mathematical feature but rather a signal of the breakdown of theory. To
end this section we want to proof that the appearance of shock singularities in the finite-
volume spectrum is precisely related to the breakdown of the theory at short distances
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and in fact it signals an Hagedorn transition [81, 155]. To see this we need to compute the
density of states: the irrelevant nature of the perturbation causes an exponential growth
of the density of states leading to a maximal temperature, known as Hagedorn temperature.
This is a signal of a phase transition where conventional thermodynamics break down,
often interpreted as the emergence of a stringy/non-local regime3. To compute the density
of states we need first to define the partition function on a torus. Actually, TT-deformed
CFTs enjoy a lot of interesting and deep modular properties but we don refer the interested
reader to [115, 154] for the details.

To conclude this section, let us emphasise that an integrable quantum field theory
deformed by a TT operator exhibits remarkably different physical properties depending
on the sign of the deformation parameter. Consider a theory with undeformed ground-
state energy given by (2.37). Taking the physical branch, the deformed ground-state
energy for P0 “ 0 is

E´
0 pR,αq “

R

2α

«

1´

c

1`
2παc

3R2

ff

. (2.41)

If α ă 0, the function eventually develops a branch point at a certain value of α;
this is precisely the shock-singularity we described above. On the other hand, for α ą 0,
the ground-state energy is well-defined for arbitrarily large values of α. However, in the
high-energy limit R Ñ 0 we obtain

lim
RÑ0

E´
0 pR,α ą 0q “ ´

c

πc

6α
, (2.42)

i.e. a finite α-dependent ground-state energy ´e0pαq in the UV. This behavior is
not the one you would expect from a standard local QFT where the vacuum energy
becomes very large as you probe very short distances ( the UV limit). This normally
happens because there are infinitely many high-energy modes — the so-called zero-point
fluctuations — contributing to the energy. As a result, the ground state energy usually
diverges in the UV, as one can see for instance from eq. (2.37). This occurs because the
deformation introduces a new “minimal length” scale, α „ ℓ2, and when the finite volume
R is sent to zero, this length remains as the only relevant scale, effectively taking its place.
Notice that in the limit αÑ 0, this density diverges exactly as the Casimir energy would
have diverged as a function of R.

2.2 CDD-factors from TT-deformations

The main motivation behind our interest in this class of deformations of integrable quan-
tum field theories (IQFTs) lies in the fact that they correspond, at the level of the S-matrix,
to simple multiplicative CDD factors. Specifically, it is understood that, deforming a given
IQFT with S-matrix S0pθq with a generic number of generalised TT-deformations of spin
s P S, as defined by (2.10) and (2.13), corresponds to the following deformation of the
scattering amplitude:

3The meaning of the Hagedorn temperature can vary significantly across different models. In some
cases, it signals a first-order phase transition, while in others it corresponds to a second-order or even a
more subtle crossover, depending on the underlying microscopic details and the nature of the deformation
[155, 106, 150, 156, 157].
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Sαpθq :“ S0pθqΦαpθq with log Φαpθq “ ´i
ÿ

sPS
αsm

2s sinhpsθq . (2.43)

Notice that this CDD-factors are precisely the ones already mentioned in (1.56). Here
S denotes the set of the spins of the local conserved quantities and it is a fundamental
datum that depends on the specific theory under consideration. In the interpretation of
IQFTs as massive perturbations of CFTs, these are the conserved charges that are not
destroyed by the deformation process [3, 158]. In many cases, such as the thermal Ising
and sinh-Gordon models, S coincides with the set of odd natural numbers, but this is not
always the case4. Already in [161], it was observed that deforming the Ising field theory
(whose S-matrix is simply (S “ ´1) with a sinh-Gordon-like CDD factor (1.62) yields
a “bosonic” type S-matrix. These theories were generally labelled “unphysical” 5 due to
the appearance of complex values in the finite-volume ground state energy. Nevertheless,
it was understood that this S-matrix corresponds to a massive Ising model perturbed
by a particular combination of irrelevant operators, with TT being the leading term in
the perturbative expansion. However, these CDD-factors were first employed within the
framework of integrability techniques in the context of string theory [162, 163]. Specifi-
cally, it was discovered that the finite-size spectrum of free massless bosons deformed by a
simple scalar CDD factor can be exactly computed via the Thermodynamic Bethe Ansatz
(TBA)6 , reproducing the well-known Nambu–Goto energy levels. This approach, initially
developed to describe the closed string spectrum, was later extended to open strings and
to arbitrary 2D CFTs, offering a novel integrable perspective on effective string mod-
els for confining flux tubes [164, 106]. In [165] certain theories of free fields ϕpQ, xq on
noncommutative Minkowski spaces with different noncommutativity parameters Q were
studied. These models were proven to satisfy a weaker form of localisation called wedge
localisation. Interestingly, these models can also be viewed as non-local (but wedge-local)
field theories on a flat Minkowski space with a non-trivial S-matrix given precisely by the
s “ 1 term in (2.43), i.e. the CDD factor coming from a “pure” TT-deformation. Wedge
locality is a weaker notion of locality: instead of demanding that fields commute at arbi-
trary spacelike separation, one requires commutativity only when the fields are localised
in opposite wedge-regions of Minkowski space. Note that a wedge is not a bounded region
- it extends infinitely - so this condition is strictly weaker than the usual point-locality.
The existence of non-trivial “local” observables and their characterisation is one of the
main open questions in the study of these models. The construction here described is
briefly summarised in Appendix C.

2.2.1 TT-deformations and Dressing of the ZF-algebra

We want to provide here an original (and unpublished so far) way of proving the relation
between TT-deformations and the CDD-factors (2.43). The general idea comes from [166].
We start from an integrable theory with ZF-algebra (1.45):

4For example in the magnetic deformation of Ising model, S “ t1, 7, 11, 13, 17, 19, 23, 29umod 30 [3].
Remarkably, these numbers are the Coxeter exponents of the Lie algebra E8. This is just one instance of
the deep relationship between IQFTs and the structure of Lie algebras, particularly evident for models
in the Toda family. The interested reader can find more details in, e.g., [159, 160].

5As clarified in subsection 1.4.1, by “physical QFT” we mean a consistent local quantum field theory.
6T the first TBA analysis on models with S-matrices of the type (2.43) were performed in [162, 164],

before the “official” introduction of the TT-deformation in [150, 106] although the fact that this operator
possessed a key role had already been noted [151, 161, 164].
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Zpp1qZpp2q “ Spp1, p2qZpp2qZpp1q ,

Zpp1qZ
:
pp2q “ Spp2, p1qZ

:
pp2qZpp1q ` δpp1 ´ p2q ,

(2.44)

along with the usual S-matrix properties

S´1
pp1, p2q “ pSpp1, p2qq

˚
“ Spp2, p1q “ Sp´p1,´p2q. (2.45)

Notice that in the present analysis we depart from our usual rapidity variables and revert
to momenta. This choice is motivated by two reasons. First, the perturbative computation
we follow is more naturally expressed in terms of two–momentum conservation, where
working directly with momenta avoids unnecessary changes of variables. Second, the
original reference [166] on which this section is based also employs momentum variables,
so adopting the same convention allows for a more direct comparison with its results. This
change is purely technical: as we know, momenta and rapidities are related one-to-one
for massive particles, and no ambiguity arises. For consistency with the rest of this work,
however, we shall eventually return to rapidity variables when presenting the final result
to facilitate comparison and maintain a uniform notation. That said, we want now to
study possible deformations of this algebra that still satisfy all the standard properties
and preserve integrability. Infinitesimally we have

Z 1
ppq “ Zppq ` ϵW ppq ,

S 1
pp1, p2q “ Spp1, p2q ` ϵT pp1, p2q .

(2.46)

In order to satisfy the ZF algebra they must fulfill the following relations [166]:

W pp1qZpp2q ` Zpp1qW pp2q “ T pp1, p2qZpp2qZpp1q ` Spp1, p2qpZpp2qW pp1q `W pp2qZpp1qq ,

W pp1qZ
:
pp2q ` Zpp1qW

:
pp2q “ T pp2, p1qZ

:
pp2qZpp1q ` Spp2, p1qpZ

:
pp2qW pp1q `W :

pp2qZpp1qq ,

(2.47)

and unitarity conditions for T

pT pp1, p2qq
˚
“ T pp2, p1q “ T p´p1,´p2q “ ´T pp1, p2qS

´2
pp1, p2q . (2.48)

Note that infinitesimal changes of the S-matrix are especially subtle and not taken for
granted if we consider a free boson because for every other integrable theory except this one
the S-matrix at zero momentum is Sp0q “ ´1. Therefore we can say that the transition
from a free bosonic point of an integrable theory to another one is discontinuous at the
S-matrix level7 and in this general construction we are explicitly thinking of S-matrices
that are “fermionic” (at zero rapidity). Returning to the main point, we are interested in
those transformations that in [166] are called “generators of S-matrix changes”. These are
transformations that induce a non-zero function T in the S-matrix and they are unique
in the sense that any infinitesimal transformation that has the same effect must involve
this ones8. The ansatz is the following

W ppq “

˜

ÿ

q

αp,qZ
:
pqqZpqq

¸

Zppq . (2.49)

7In fact it is proven [167] that it is possible to obtain the S-matrix of all possible IQFT with smooth
deformations of the free fermion.

8This is in constrast with the usual aim of [83, 166] where the desired deformation of the states needs
to preserve the S-matrix.
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Inserting this ansatz in the conditions above gives a very strict constraint which is com-
pletely encoded in a relation for the coefficients in the sum:

αp,q ` α˚
p,q “ 0 . (2.50)

Hence, one can also set directly αp,q “ iap,q with a real functions. This infinitesimal
deformation of the ZF algebra preserves conserved charges by construction and the cor-
responding finite transformation reads

Z 1
ppq “ P

„

exp

ˆ

i

ż

dt Îpptq

˙ȷ

Zppq , where Îpptq “
ÿ

q

αp,qZ
:
ptqZpqq , (2.51)

where Pr. . . s denotes path-ordering integration and t is a continuous parameter along
some path. This produces a change in the original S-matrix given by

S 1
pp, qq “ exp

„

i

ż

ds paq,ppsq ´ ap,qpsqq

ȷ

Spp, qq . (2.52)

This closely resembles the result of [103], where the scattering amplitudes are dressed
via topological gauging of the Poincaré symmetry, implemented through a path inte-
gral deformation by bilinear current operators. In contrast, our approach is inspired by
boundary integrable quantum field theories and quantum quenches, where the boundary
or quench state can be expressed as a dressing of the initial state by coherent pairs of par-
ticle–antiparticle excitations9. Therefore the transformation convert the old particle into a
new particle of the same momentum accompanied (or “dressed”) by a particle-antiparticle.
In the context of the TT-deformation this should correspond to “graviton-antigravitons”
pairs, i.e. the original particle gets gravitationally dressed. Hence, the aim of this section
is two-fold: first we will prove perturbatively that by dressing the ZF-algebra with TT
we correctly reproduce the CDD-factors (2.43): to prove this point we will consider the
simplest and most tractable theory (at least perturbatively) there is, i.e. a massive free
bosonic theory. Secondly, we will use the general idea to propose an exact and universal
deformation of the ZF-algebra that correctly implies it in the spirit of [166].

Consider the free massive boson Hamiltonian

H0 “
1

2

ˆ

Bϕ

Bt

˙2

`
1

2

ˆ

Bϕ

Bx

˙2

`
1

2
m2ϕ2 , (2.53)

and deform it with

T T̄ “ εµρενσTµνTρσ “
1

2

“

pBµϕB
µϕq2 ´m4ϕ4

‰

. (2.54)

We want to dress the ZF operators with the interaction following [166]. We first define
auxilliary operators

B:
`pkq “ Ω`A

:
pkqΩ:

` , B:
´pkq “ Ω´A

:
pkqΩ:

´ , (2.55)

where Ω˘ are the Møller operators

Ω˘ “ lim
TÑ˘8

e´i
ş0
´T dtHint . (2.56)

9We already saw a similar construction for the boundary state (1.85).
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Acting on the vacuum state of the interacting theory, the operators B:
`pkq, B

:
´pkq cre-

ate “in” and “out” states respectively. We consider, as usual, the interaction Hamiltonian
as normal ordered, so that we have at first order, using the Hausdorsf-Baker formula

B:
˘pkq “ A:

pkq ´ i
α

2

ż 0

¯8

dt

ż

dx
“`

: pBµϕB
µϕq2 : ´m4 : ϕ4 :

˘

, A:
pkq

‰

. (2.57)

For simplicity let’s divide and calculate separately the two contributions.
We have

X:
˘pkq “ i

α

2

ż 0

¯8

dt

ż

dx
“

: pBµϕB
µϕq2 : , A:

pkq
‰

; (2.58)

Y :
˘pkq “ im4α

2

ż 0

¯8

dt

ż

dx
“

: ϕ4 :, A:
pkq

‰

. (2.59)

Actually (2.59) was already calculated in [166] and therefore we just need to calculate X
and then take the difference. We define

ϕpx, tq “
1

2π

ż

dk
?
2Ek

`

eik¨xA:
pkq ` e´ik¨xApkq

˘

, (2.60)

Bµϕpx, tq “
i

2π

ż

dk
?
2Ek

kµ
`

eik¨xA:
pkq ´ e´ik¨xApkq

˘

, (2.61)

with E2
k “ k2 `m2 and rA:pkq, Appqs “ 2πδpk ´ pq. We get

“

: pBµϕB
µϕq2 : , A:

pkq
‰

“ 4

ż

dk1dk2dk3

p2πq3
a

24Ek1Ek2Ek3Ek

ˆ

ˆ

„

´pk1 ¨ k2qpk3 ¨ kqA
:
pk1qA

:
pk2qA

:
pk3qe

ipk1`k2`k3´kq¨x

` 3pk1 ¨ k2qpk3 ¨ kqA
:
pk1qA

:
pk2qApk3qe

ipk1`k2´k3´kq¨x

´ r3pk1 ¨ k2qpk3 ¨ kq ` pk1 ¨ kqpk2 ¨ k3qsA
:
pk1qApk2qApk3qe

ipk1´k2´k3´kq¨x

` 2pk1 ¨ k2qpk3 ¨ kqApk1qApk2qApk3qe
ip´k1´k2´k3´kq¨x

ȷ

.

Where pki ¨ kjq “ pkiqµpkjq
µ is the scalar product of the momenta. Now the idea is

to invert some of the momenta inside the integral so that, integrating in space we can
factorise a common Dirac delta. We obtain

X:
˘pkq “ i

α

2
4

ż 0

¯8

dt
e´iEkt

?
2Ek

ż

dk1dk2dk3p2πqδpk ` k1 ` k2 ` k3q

p2πq3
a

23Ek1Ek2Ek3

ˆ

ˆ

„

´pp´k1q ¨ p´k2qqpp´k3q ¨ kqA
:
p´k1qA

:
p´k2qA

:
p´k3qe

´ip´Ek1
´Ek2

´Ek3
qt

` 3pp´k1q ¨ p´k2qqpk3 ¨ kqA
:
p´k1qA

:
p´k2qApk3qe

´ip´Ek1
´Ek2

`Ek3
qt

´ r3pp´k1q ¨ k2qpk3 ¨ kq ` pp´k1q ¨ kqpk2 ¨ k3qsA
:
p´k1qApk2qApk3qe

´ip´Ek1
`Ek2

`Ek3
qt

` 2pk1 ¨ k2qpk3 ¨ kqApk1qApk2qApk3qe
´ip`Ek1

`Ek2
`Ek3

qt

ȷ

.
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Now we can make use of the “adiabatic switching” prescription wich consist in the
introduction a factor e´ϵ|t| in the t-integrand. According to the identity

ż 0

¯8

dte´ϵ|t|´iEt
“

i

E ˘ iϵ
, (2.62)

we find

X:
˘pkq “ 2α

1
?
2Ek

ż

dk1dk2dk3p2πqδpk ` k1 ` k2 ` k3q

p2πq3
a

23Ek1Ek2Ek3

ˆ

ˆ

„

`
pp´k1q ¨ p´k2qqpp´k3q ¨ kqA

:p´k1qA
:p´k2qA

:p´k3q

Ek ´ Ek1 ´ Ek2 ´ Ek3

´ 3
pp´k1q ¨ p´k2qqpk3 ¨ kqA

:p´k1qA
:p´k2qApk3q

Ek ´ Ek1 ´ Ek2 ` Ek3 ˘ iϵ

`
r3pp´k1q ¨ k2qpk3 ¨ kq ` pp´k1q ¨ kqpk2 ¨ k3qsA

:p´k1qApk2qApk3q

Ek ´ Ek1 ` Ek2 ` Ek3

´ 2
pk1 ¨ k2qpk3 ¨ kqApk1qApk2qApk3q

Ek ` Ek1 ` Ek2 ` Ek3

ȷ

.

The only term where the shift ˘iϵ is required is the second one, because it is the only one
with a singularity ( at k1 “ ´k, k2 “ ´k3 or k2 “ ´k, k1 “ ´k3). Using then the formal
identity

lim
ϵÑ0`

1

E ˘ iϵ
“ P

ˆ

1

E

˙

¯ iπδpEq , (2.63)

we obtain

X:
˘pkq “ X:

pkq ˘ 2α
3iπ

?
2Ek

ż

dk1dk2dk3

p2πq2
a

23Ek1Ek2Ek3

ˆ pp´k1q ¨ p´k2qqpk3 ¨ kqA
:
p´k1qA

:
p´k2qApk3qδpk ` k1 ` k2 ` k3qδpEk ´ Ek1 ´ Ek2 ` Ek3q

“ X:
pkq ˘

3iα

8

ż

dk3
p2πqEkEk3

pk3 ¨ kq
2

ˇ

ˇ

k
Ek

´ k3
Ek3

ˇ

ˇ

A:
pkqA:

pk3qApk3q

“ X:
pkq ˘

3iα

8

ż

dq

p2πq

pq ¨ kq2
ˇ

ˇkEq ´ qEk

ˇ

ˇ

A:
pkqA:

pqqApqq ,

with

X:
pkq “

2α
?
2Ek

ż

dk1dk2dk3p2πqδpk ` k1 ` k2 ` k3q

p2πq3
a

23Ek1Ek2Ek3

ˆ

ˆ

„

`
pp´k1q ¨ p´k2qqpp´k3q ¨ kqA

:p´k1qA
:p´k2qA

:p´k3q

Ek ´ Ek1 ´ Ek2 ´ Ek3

´ 3P .V .pp´k1q ¨ p´k2qqpk3 ¨ kqA
:p´k1qA

:p´k2qApk3q

Ek ´ Ek1 ´ Ek2 ` Ek3

`
r3pp´k1q ¨ k2qpk3 ¨ kq ` pp´k1q ¨ kqpk2 ¨ k3qsA

:p´k1qApk2qApk3q

Ek ´ Ek1 ` Ek2 ` Ek3

´ 2
pk1 ¨ k2qpk3 ¨ kqApk1qApk2qApk3q

Ek ` Ek1 ` Ek2 ` Ek3

ȷ

.
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In the same way, we can write

Y :
˘pkq “ Y :

pkq ˘
3iα

8

ż

dq

p2πq

m4

ˇ

ˇkEq ´ qEk

ˇ

ˇ

A:
pkqA:

pqqApqq , (2.64)

with

Y :
pkq “

2αm4

?
2Ek

ż

dk1dk2dk3p2πqδpk ` k1 ` k2 ` k3q

p2πq3
a

23Ek1Ek2Ek3

ˆ

ˆ

„

`
A:p´k1qA

:p´k2qA
:p´k3q

Ek ´ Ek1 ´ Ek2 ´ Ek3

´ 3P .V .A
:p´k1qA

:p´k2qApk3q

Ek ´ Ek1 ´ Ek2 ` Ek3

`
A:p´k1qApk2qApk3q

Ek ´ Ek1 ` Ek2 ` Ek3

´ 2
Apk1qApk2qApk3q

Ek ` Ek1 ` Ek2 ` Ek3

ȷ

.

The final result is

B:
˘pkq “ A:

pkq ´ rX:
˘pkq ´ Y :

˘pkqs “ B:
pkq ¯

3iα

8

ż

dq

p2πq

pq ¨ kq2 ´m4

ˇ

ˇkEq ´ qEk

ˇ

ˇ

A:
pkqA:

pqqApqq ,

(2.65)
with B:pkq “ X:pkq ´ Y :pkq. We can also use rapidity variables to rewrite it as

B:
˘pθq “ B:

pθq ¯
3iαm4

8

ż

dθ1

p2πq

ˇ

ˇ sinh pθ ´ θ1q
ˇ

ˇA:
pθqA:

pθ1qApθ1q . (2.66)

Now, we can define the ZF-operator

Z:
pθq “ B:

pθq ´
3iα

8

ż

dθ1

p2πq
sinh pθ ´ θ1qA:

pθqA:
pθ1qApθ1q

“ B:
˘pθq ´

3iα

8

ż

dθ1

p2πq

`

sinh pθ ´ θ1q ¯
ˇ

ˇ sinh pθ ´ θ1q
ˇ

ˇ

˘

A:
pθqA:

pθ1qApθ1q

(2.67)

If we remain at the first order in α we see that this operator satisfy the ZF-algebra

Z:
pθ1qZ

:
pθ2q “ pSpθ12qq

˚Z:
pθ2qZ

:
pθ1q , with Spθ12q “ 1´

3iα

4
sinh θ12`Opα

2
q . (2.68)

Therefore we have now another way to see the dressing by TT of the CCR algebra.
This gives also the right S-matrix (2.43) for the free boson at first order (The coefficient
can be reabsorbed as we wish in the α). Perturbatively we found that effectively TT
generate the S-matrix that we wanted but gave us also a way to deduce the exact form of
the dressing in the form (2.51). Actually this kind of dressing is not new and can be traced
back to methods of ISM [168]. The same method applies in general for 1+1-dimensional
QFT [169] but also in the context of TT-deformations was actually already introduced
(abstractly) in [165]. Basically, if we consider a free bosonic field with CCR-algebra (0.12)
it is always possible (formally) to define a bilinear form

Wαpθq “ exp

"
ż

dθ1Gαpθ ´ θ1qA:
pθ1qApθ1q

*

, (2.69)

and then

WαpθqA
:
pθ1q “ eGαpθ´θ1qA:

pθqWαpθq , (2.70)
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and

Wαpθq “ : exp

"
ż

dθ1
´

eGαpθ´θ1q
´ 1

¯

A:
pθ1qApθ1q

*

: . (2.71)

In this way we can generate the ZF-algebra Z:pθq “ WαpθqA
:
αpθq where Gαpθ ´ θ1q Ñ

lnFαpθ ´ θ1q is exactly the exponent of the CDD-factor. The new ZF-algebra will satisfy
for example

Z:
pθqZ:

pθ1q “ e2 lnΦαZ:
pθ1qZ:

pθq . (2.72)

With the choice Fαpθ ´ θ1q “
a

Φαpθq from (2.43) we get precisely the result we
wanted. It is worth noting that our construction not only shows how a deformation of
the action is explicitly related to the previously defined CDD factors, but also that such
factors preserve integrability. This, however, is not surprising, as these CDD factors,
as already saw in Chapter 1 (see 1.56) satisfy trivially the S-matrix equations.
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Chapter 3

Completing the Bootstrap Program for
TT-deformed IQFTs

In a IQFT the only important data is the S-matrix of the model: the logarithm of the S-
matrix is in fact the only object needed for the TBA analysis already discussed previously,
but there is more to add. The knowledge of the scattering data is also a fundamental step
towards the determination of correlation functions. An essential ingredient for the full
solution of a 1+1-dimensional IQFT is the determination of its generalised form factors
[6, 10, 170, 171], i.e. the matrix elements of local or semi-local operators O, evaluated
between out and in states:

FO
m`npθ

1
1, . . . , θ

1
m|θm`1, . . . , θnq “

out
xθ11, . . . , θ

1
m|Op0q|θm`1, . . . , θny

in . (3.1)

See Figure 3.1 for a graphical representation. Indeed, it can be easily seen that corre-
lation functions can be expanded as spectral series of form factors. Inserting a complete
set of intermediate states

1 “

8
ÿ

n“0

ż ż 8

´8

dθ1 . . . dθn
n!p2πqn

|θ1, . . . , θny
in in

xθ1, . . . , θn| , (3.2)

into a 2-point function of two operators O1, O2 we obtain

x0|O1prqO2p0q|0y “
8
ÿ

n“0

ż 8

´8

dθ1 . . . dθn
n!p2πqn

FO1
n pθ1, . . . , θnq

´

FO:
2

n pθ1, . . . , θnq
¯˚

e´rm
řn

j“1 cosh θj

(3.3)
where r “

a

x20 ` x21 and

FO
n pθ1, . . . , θnq “ x0|Op0q|θ1, . . . , θny

in (3.4)

is the actual form factor (see Fig. 3.2), i.e. the matrix element of a local or semi-
local operator placed at the origin, between an n-particle state and the vacuum with
θ1 ą θ2 ą ¨ ¨ ¨ ą θn. By relativistic invariance we just need to consider the relative distance
r between the operators and the exponential damping in (3.3) is obtained considering the
action of a Poincaré translation UTx on the operator UTxOp0qU´1

Tx
“ Opxq and on the

ZF-algebra

UTxA
:
pθiqU

´1
Tx

“ e´ipµpθiqxµA:
pθiq , (3.5)
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Figure 3.1: Generalised form factor of the operator O.

that results into

x0|Opxq|θ1, . . . , θny
in
“ e´ipµpθiqxµFO

n pθ1, . . . , θnq . (3.6)

The integrals that enter the spectral series are all convergent in principle, but a com-
plete proof of convergence of these spectral series was proposed just recently [172, 173].
All the rest of this thesis will be devoted to the study of these objects. As we did in the
first half of the thesis we will first introduce the main object in the context of IQFTs and
then we will try to understand how we can adapt what it is known to a TT-deformed
theory.

3.1 The Form Factor Bootstrap Program for IQFTs

As already stressed previously, the very ambitious goal we have is to solve a IQFT com-
pletely by specifying its observables and we want to do it expanding the correlation
functions in terms of form factors (3.4).

3.1.1 The Form Factor’s Axioms

Like in the S-matrix case, we expect these objects to fulfill a series of constraints imposed
by symmetry and general physical requirement. Indeed, some of the properties we derive
for these objects are based on very fundamental requirements, namely the validity of the
LSZ-reduction formalism and the validity of the maximal analyticity assumption already
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Figure 3.2: Form factor of the operator O.

employed in subsection 1.3.1 which now we extend:

Maximal analyticity: the S-matrix and the form factors are analytic functions ev-
erywhere except at the points where they posses singularities due to physical intermediate
states.

Considering a scalar operator placed at the origin Op0q we define a 2-particle gener-
alised form factor as the boundary value of an analytic function

x0|Op0q|θ1, θ2y
in
“ FO

2 ps12 ` iϵq , (3.7)

where s12 “ pp1 ` p2q
2 “ 2m2p1 ` cosh θ12q is the usual Mandelstam variable. Under

the assumption of analyticity, an interchange between “in” and “out” states (equivalently
an inversion of the order of rapidities) brings us on the other half of the plane, i.e. through
analytic continuation to the lower edge of the unitary cut we obtain

x0|Op0q|θ1, θ2y
out

“ FO
2 ps12 ´ iϵq . (3.8)

This property can be easily deduced from the LSZ-reduction formalism (see Appendix
A) by looking at the connected components of these elements. More generically, the
crossing property for the connected components yields

out
xθ11, . . . , θ

1
m|Op0q|θm`1, . . . , θny

in
conn “ FO

psij ` iϵ, trs ´ iϵ, skl ` iϵq , (3.9)

where 1 ď i ă j ď m, 1 ď r ď m ă s ď n, m ď k ă l ď n and trs is the trasmitted
momentum. Usually we can suppress completely the “in/out” notation for the states
assuming that form factors are analytic functions of the rapidities which assume physical
values when the ordering prescription is (1.50). In practice we can restrict our attention
to matrix elements of the form (3.4) because the change in sign (and then direction) of the
particles can be implemented in rapidity variables by shifts of iπ in the crossed channel.
Therefore (3.9) can be rewritten as

FO
m`npθ

1
1, . . . , θ

1
m|θm`1, . . . , θnq “ FO

pθ11 ` iπ, . . . , θ1m ` iπ, θm`1, . . . , θnq . (3.10)

Let’s now list some other fundamental properties.
Relativistic covariance implies that, for a generic operator of spin s, a boost of rapidity
Λ gives:
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Figure 3.3: Graphical representation of the Watson equation for the braiding.

FO
n pθ1 ` Λ, . . . , θn ` Λq “ esΛFO

n pθ1, . . . , θnq . (3.11)

As expected the form factors of a scalar operator (i.e. s “ 0) only depend on rapidity
differences. The braiding property

FO
n pθ1, . . . , θi, θi`1, . . . , θnq “ Spθi ´ θi`1qF

O
n pθ1, . . . , θi`1, θi, . . . , θnq , (3.12)

is a simple consequence of the integrable structure of the theory (see Fig. 3.3).
In fact, considering the simple 2-particle case, from the definition of the ZF-algebra

(1.45) is clear that

x0|Op0q|θ1, θ2y “ x0|Op0q|A:
pθ1qA

:
pθ2q|0y

“ Spθ12qx0|Op0q|A:
pθ2qA

:
pθ1q|0y “ Spθ12qx0|Op0q|θ2, θ1y . (3.13)

We can make this discussion a bit more precise. Returning to the initial definition
(3.7), if we insert a complete set of out-states between the operator insertion and the
2-particle state we can determine, for all 1s ě 4m2, the discontinuity of FO

2 psq across the
cut

FO
2 ps` iϵq “ x0|Op0q|θ1θ2y

out out
xθ1, θ2|θ1, θ2y

in
“ FO

2 ps´ iϵqSps` iϵq . (3.14)

This is the only branch-cut of the 2-particle form factor in the s-plane. Always consid-
ering just the 2-particle form factor, if we instead consider the crossing symmetry property
(3.9)-(3.10) together with eqs. (3.7)-(3.8) we get

out
xpµ2 |Op0q|pµ1y

in
“ x0|Op0q|pµ1 ,´p

µ
2y

in
“ FO

2 p4m2
´ s´ iϵq , (3.15)

in
xpµ2 |Op0q|pµ1y

out
“ x0|Op0q|pµ1 ,´p

µ
2y

out
“ FO

2 p4m2
´ s` iϵq . (3.16)

1In general we should have: “lowest inelastic threshold” ą s ě 4m2, but in integrable theories there
are no inelastic transitions.
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Figure 3.4: Graphical representation of the Watson equation for the monodromy. This
equation can also be interpreted as defining the action of a map K : FO

n`2 Ñ FO
n .

But these two matrix elements should coincide ( it can be shown by using the com-
pleteness of the in and out basis states and the fact that outxpµ2 |p

µ
1y

in “ δppµ1 ´ pµ2q) and
therefore we get the monodromy property

FO
2 p4m2

´ s´ iϵq “ FO
2 p4m2

´ s` iϵq, (3.17)

or in term of rapidities

FO
2 pθ2, θ1 ´ iπq “ FO

2 pθ1 ` iπ, θ2q . (3.18)

Notice that this equation was obtained just for θ1 ´ θ2 ą 0 but this result holds true
on the whole strip 0 ď Impθ12q ď 2π by analytic continuation. If in (3.18) we shift θ1 by
iπ we can recast it in the more “standard” form

FO
2 pθ1 ` 2iπ, θ2q “ FO

2 pθ2, θ1q . (3.19)

More generally, as in the case of eq. (3.12), also the monodromy property holds for
each 2-particle sub-channel, i.e.

FO
n pθ1 ` 2πi, θ2, . . . , θnq “ FO

n pθ2, . . . , θn, θ1q . (3.20)

Equations (3.12) and (3.20) are usually referred as generalised Watson’s equations
[174, 6] (see also Fig. 3.3 and Fig. 3.4). Finally, if we consider diagonal theories without
bound states, form factors are meromorphic functions of rapidity differences θij in the
strip 0 ď Impθijq ď 2π with simple poles arising only at θij “ iπ; the corresponding
particle–antiparticle pair is not an independent asymptotic state anymore: together they
effectively annihilate. From the point of view of crossing, this situation is equivalent to a
three-particle configuration (cluster) in which two of the particles form a cluster that is
kinematically indistinguishable from a single particle (see Fig. 3.5). In other words, the
invariant mass of the cluster approaches that of a single on-shell excitation, schematically

pp1 ` p2 ` p3q
2
ÝÑ m2

4 . (3.21)
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This explains why the residue of the pole is governed by the reduction from an pn ` 2q-
particle to an n-particle form factor: the “missing pair” has effectively been replaced by a
single particle state. To understand this better let’s consider eq. (3.10) with m “ n “ 0
and taking O “ I, i.e. the identity operator. We have

F I
2pθ

1
|θq ” out

xθ1|θyin “ 2πδpθ1 ´ θq . (3.22)

This extremely simple example shows that when a particle with rapidity θ appears
both in the initial and in the final state, a singular contribution is generally “produced”
in the right hand side of (3.10). Basically, the particle Apθq in the final state, crossing to
the initial one becomes Apθ` iπq and annihilates the particle of the same type Apθq that
is already there. More formally [10, 175], from the LSZ-reduction formalism follows that,
taking a set of ordered rapidities θ1 ě θ ą θ1 ą ¨ ¨ ¨ ą θn, and considering the full matrix
elements (with also the disconnected contributions) we have

FO
n`2pθ

1
|θ, θ1, . . . , θnq “ FO

n`2pθ
1
` iπ, θ, θ1, . . . , θnq ` 2πδpθ ´ θ1qFO

n pθ1, . . . , θnq , (3.23)

FO
n`2pθ

1
|θn, . . . , θ1, θq “ FO

n`2pθn, . . . , θ1, θ, θ
1
´ iπq ` 2πδpθ ´ θ1qFO

n pθn, . . . , θ1q . (3.24)

We can then use (3.12) and the unitarity of the S-matrix to rewrite (3.24) as

FO
n`2pθ|θn, . . . , θ1, θq “ FO

n pθ, θ1, . . . , θn, θ
1
´ iπq (3.25)

` 2πδpθ ´ θ1q
n
ź

j“1

Spθj ´ θqFO
n pθn, . . . , θ1q .

In the end, if we subtract (3.23) and (3.25) we get

FO
n`2pθ

1
` iπ, θ, θ1, . . . , θnq “ FO

n`2pθ, θ1, . . . , θn, θ
1
´ iπq (3.26)

` 2πδpθ ´ θ1q

«

n
ź

j“1

Spθj ´ θq ´ 1

ff

FO
n pθ1, . . . , θnq .

For θ1 ‰ θ this equation is clearly the same as (3.20) but it also implies that the form
factor FO

n`2pθ
1 ` iπ, θ, θ1, . . . , θnq posseses an annihilation pole at θ1 “ θ` iπ with residue

given by

´iResθ1“θ`iπ F
O
n`2pθ

1
` iπ, θ, θ1, . . . , θnq “

˜

1´
n
ź

j“1

Spθj ´ θq

¸

FO
n pθ1, . . . , θnq . (3.27)

This equation plays a crucial role, as it provides a recursive relation that allows one
to construct higher-particle form factors starting from the lower-particle ones. The three
equations (3.12), (3.20), and (3.27) are commonly referred to as the form factor axioms
or form factor consistency equations, though—as we have just seen—they are more aptly
described by the latter term. Indeed, we derived them from fundamental properties of
the IQFT, rather than postulating them as axioms.
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Figure 3.5: Graphical representation of the recursive equation for the kinematical pole.

In practice, however, the standard approach often treats these equations as given:
one typically solves Watson’s equation in the two-particle case and then employs the
kinematical residue equation to generate higher-particle form factors. Yet, this procedure
does not always yield consistent results. In particular, as we will see, the nature of the
observables enters explicitly into the equations, which turn out to be not entirely operator-
independent. In fact, the locality property of the observable plays a crucial role. This
is further confirmed by the fact that our derivation was explicitly carried out for a local
operator within the LSZ formalism.

3.1.2 The Karowski-Weisz Construction

The first step in the construction of form factors consists in solving the Watson’s equation
in the lowest-particle number case, i.e. the 2-particle one. The method was developed in
the foundational paper [6] and we are now going to review it here. We are dealing with
a diagonal S-matrix without bound-states and therefore the Watson’s equations (3.12)-
(3.20) in the case n “ 2 simplify to

FO
2 pθq “ SpθqFO

2 p´θq , FO
2 piπ ´ θq “ FO

2 piπ ` θq . (3.28)

Now, from [6] we state the following theorem

Theorem (Karowski and Weisz) :

If FO
2 is meromorphic in the physical strip 0 ď Impθq ď π with possible poles (or

zeros) only in the imaginary axis and FO
2 “ Opexp exp |θ|q for Repθq Ñ 8, the solutions

of (3.28) are uniquely determined by the poles at θ “ iαk (and zeros) up to a normalisation
constant. They can be written as

FO
2 pθq “ KO

2 pθqFminpθq , (3.29)

where the minimal solution of (3.28) (with Fminpiπq “ 1) has no poles (and zeros)
in the physical strip and KO

2 pθq is a solution of
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KO
2 pθq “ KO

2 p´θq “ KO
2 p2πi` θq . (3.30)

Notice that for interacting theories generally Sp0q “ ´1 and therefore the braiding
equation in (3.29) forces the minimal form factor (MFF) Fminpθq to have a zero at the
2-particle threshold:

Fminpθq » 0 , θ Ñ 0 . (3.31)

Having no poles or zero in the physical strip this object constitutes the first funda-
mental piece from which a complete solution is built. Indeed the first step is always to
find it, by solving the equations

Fminpθq “ SpθqFminp´θq “ Fminp2πi´ θq . (3.32)

Note that the first equality in (3.32) define a Riemann-Hilbert problem for the corre-
sponding function, with Spθq playing the role of “jump function” [176]. This can be used
to explicitly write the solution as an integral representation involving the logarithm of
the jump function and it is precisely how we are going to prove (3.29): we will solve the
Riemann-Hilbert problem fixing uniquely the MFF from the knowledge of the S-matrix.
Instead the remaining factors KO

2 pθq satisfy Watson’s equations but with S “ 1 and there-
fore they are completely symmetric functions in rapidity variables with period 2πi. As
the minimal part does not possess any pole they must have all the physical poles expected
for the form factors.

Let iα1, . . . , αL be the location of the poles of FO
2 pθq in the physical strip and

KO
2 pθq “ const

L
ź

k“1

„

sinh
1

2
pθ ´ iαkq sinh

1

2
pθ ´ iαkq

ȷ´1

, (3.33)

which solves (3.30). Then Fminpθq “ FO
2 pθq{KO

2 pθq is analytic in the physical strip
0 ď Impθq ď π and satisfies (3.32). Hence, by Cauchy’s theorem,

B

Bθ
logFminpθq “

1

8πi

ż

C

logFminpzq

sinh2 1
2
pz ´ θq

dz . (3.34)

Here C is a contour enclosing the strip 0 ď Impθq ď 2π as shown in Fig. 3.6.

Figure 3.6: The contour C in equation (3.34).
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The denominator sinh2 1
2
pz ´ θq has double poles at z “ θ ` 2πi n (n P N). For θ ą 0

only the pole at z “ θ falls within the contour. Then, by Cauchy’s residue theorem, we
obtain the derivative on the l.h.s. Let us examine this construction better. Because of
the equations (3.32), we have certain asymptotic properties the form factor must satisfy.
If the S-matrix tends to a constant in the high energy limit θ Ñ 8, then we must have
Fminpθq “ Opexp exp |θ|q for Repθq Ñ 8. This technical assumption is already contained
in Karowski and Weisz’s theorem and notice that a similar assumption was also used
in Chapter 1 to fix completely the S-matrix of subsection 1.4.2 (not coincidentally this
strategy was taken from another paper by the same authors). This is very important
when computing the integral along the contour above. We can divide the contour C in in
four pieces: C “ C1 ` C2 ` C3 ` C4. Given z “ x` iy we have:

• two horizontal segments: C1 “ tx : ´R ď x ď Ru and C3 “ tx` 2iπ : ´R ď x ď Ru;

• two vertical segments: C2 “ tR ` iy : 0 ď y ď 2πu and C4 “ t´R ` iy : 0 ď y ď 2πu;

with C oriented counterclockwise. So, our integral can be written also as
ż

C

dz wpzq “

ż R

´R

dxwpxq`

ż ´R

R

dxwpx` 2πiq` i

ż 2π

0

dy wpR` iyq` i

ż 0

2π

dy wp´R` iyq ,

(3.35)
with

wpzq “
logFminpzq

8πi sinh2 1
2
pz ´ θq

. (3.36)

The idea is that, if wpzq decays fast enough for large R, we can discard the vertical
contributions. That is by the estimation lemma we can write

ˇ

ˇ

ˇ

ˇ

ż

C2

dz wpzq

ˇ

ˇ

ˇ

ˇ

ď

ż 2π

0

dy |wpR ` iyq| Ñ
RÑ8

0 , (3.37)

and similarly for the integral along C4. For our function wpzq we have that
ˇ

ˇ

ˇ

ˇ

ˇ

logFminpR ` iyq

sinh2 1
2
pR ´ θ ` iyq

ˇ

ˇ

ˇ

ˇ

ˇ

“
ope|R|q

e|R|
ÝÑ
RÑ8

0 , (3.38)

because the MFF has the asymptotic behavior described above. Therefore, the integral
is given by the sum of the horizontal contributions. These contributions are related to
each other by the form factor equations (3.32) giving

1

8πi

ż

C

logFminpzq

sinh2 1
2
pz ´ θq

dz “
1

8πi

ż 8

´8

dx

sinh2 1
2
px´ θq

log
Fminpxq

Fminpx` 2πiq

“
1

8πi

ż 8

´8

logSpxq

sinh2 1
2
px´ θq

dx , (3.39)

which therefore provides a representation of the derivative of the MFF in terms of
the scattering matrix. This exactly what we wanted, i.e. we uniquely fixed the mini-
mal solution Fminpθq from the S-matrix. In addition, if the S-matrix admits an integral
representation

iδpθq :“ logSpθq “

ż 8

0

dt

t
gptq sinh

tθ

iπ
, (3.40)

69



that is, we can write it as a Fourier sine-transform, then we can obtain straight away
a similar representation for the MFF:

ρpθq :“ logFminpθq “

ż 8

0

dt

t

gptq

sinh t
sin2 tθ

2π
. (3.41)

Notice that this derivation is very similar to the one (not coincidentally by the same
authors) used to completely fix the diagonal elements of the S-matrix of the sine-Gordon
model (1.79).

3.1.3 Form Factors and Locality

Having fixed the MFF, we are led to the task of computing “the rest”. Already at the
level of the 2-particle form factors, we saw from the Karowski–Weisz construction (3.29)
that the pole structure is entirely conveyed into the symmetric function KO

2 satisfying
(3.30). Since the MFF does not contain any poles and its determination depends only on
the S-matrix (3.39), these functions must carry all the information about the observable
we wish to compute, and therefore their determination is the natural next step. Recall
that, by construction2, there must be a simple pole at θij “ iπ arising from three-particle
clusters that reach a kinematical configuration equivalent to a single particle (3.27). In
other words, these processes correspond to the crossing channels of the S-matrix (see Fig.
3.5). Therefore, all the poles of the form factors are determined by the scattering theory
itself and do not depend on the operator. But then, how can we identify the operator for
which we are computing the form factors? A first and very strong indication comes, as
always, from locality. Indeed, not all operators in a given theory are “ strictly local ”.

We already defined locality as an axiom (1.8) in Chapter 1. Our definition expressed
the usual notion that operators localised at different positions should not interfere in the
dynamics, i.e. we want our theory to fulfill causality. However, when considering more
than one field, it is natural to ask whether they preserve this property with respect to each
other. This leads to the notion of mutual locality: two fields O1 and O2, are said to be
mutually local if

rO1pxq, O2px
1
qs “ 0 (bosons), tO1pxq, O2px

1
qu “ 0 (fermions), (3.42)

for space-like separation. Thus, mutual locality is a relative notion: it expresses the
compatibility of two fields with each other under the principle of causality (depending on
statistics). But in two-dimensional quantum field theories the situation is special: besides
the usual Bose and Fermi statistics, one can consistently realise generalised statistics,
such as parastatistics and braid (anyon-like) statistics, due to the non-trivial topology of
particle exchanges in 1 ` 1-dimensions: we can introduce the concept of semi-locality.
Considering an index ω1,2, we call two fields O1 and O2 semi-local with respect to each
other if

O1pxqO2px
1
q “ p´1qf1f2 e´2πi ω1,2 Θpx´x1qO2px

1
qO1pxq , x ‰ x1 ; (3.43)

or

O1pxqO2px
1
q “ p´1qf1f2 e2πi ω1,2 Θpx1´xqO2px

1
qO1pxq , x ‰ x1 . (3.44)

2As already stressed previously, we are considering only diagonal theories without bound states.
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Here fi P t0, 1u is the fermion number of the operator Oi, and Θ is the Heaviside
step function. This phase factor encodes the semi-local commutation rules: circling one
operator around the other produces a nontrivial monodromy proportional to ω1,2.

We can get some further intuition of this concept from Feynman’s path integral for-
mulation of QFT [177]. Returning to the standard Minkowski signature, time-ordered
vacuum expectation values can be expressed via the path integral:

xvac|O1px1, t1q ¨ ¨ ¨Onpxn, tnq|vacy “

ż

rdΦs eiArΦs

n
ź

k“1

Okpxk, tkq, (3.45)

so the semi-locality condition implies, for any operator insertions at times different from
zero:

lim
εÑ0`

ż

rdΦs eiArΦs
´

¨ ¨ ¨O1px, εqO2px
1, 0q ¨ ¨ ¨

¯

(3.46)

“ e˘2πi ω1,2 Θp˘px1´xqq lim
εÑ0`

ż

rdΦs eiArΦs
´

¨ ¨ ¨O1px,´εqO2px
1, 0q ¨ ¨ ¨

¯

.

The choice of ˘ signs is consistent with the orientation of the spatial axis, and the result
holds for bosonic as well as fermionic fields. Using the standard prescription for time
ordering, we can analytically continue to imaginary time, replacing ε ÞÑ ´iε:

lim
εÑ0`

ż

rdΦs eiArΦs
´

¨ ¨ ¨O1px,´iεqO2px
1, 0q ¨ ¨ ¨

¯

(3.47)

“ e˘2πi ω1,2 Θp˘px1´xqq lim
εÑ0`

ż

rdΦs eiArΦs
´

¨ ¨ ¨O1px,´iεqO2px
1, 0q ¨ ¨ ¨

¯

,

for x ‰ x1. It is now convenient to define the functional integral

F px, tq :“

ż

rdΦs eiArΦs
p¨ ¨ ¨O1px, tqO2p0, 0q ¨ ¨ ¨ q, (3.48)

and analytically continue the time variable t from a space-like region |x| ą |t| to purely
imaginary time tÑ ´iτ . Notice that in imaginary time the distance between two opera-
tors is always space-like. While the action ArΦs defines local displacements of fields via
the equations of motion, semi-locality shows that moving a field around a point along a
closed path can generate a nontrivial phase. In fact, introducing complex coordinates

z “ x` iτ, z̄ “ x´ iτ, (3.49)

the operator F then exhibits a monodromy when rotated around the origin:

F peiαz, e´iαz̄q
ˇ

ˇ

ˇ

α:0Ñ2π
“ e2πi ω1,2 F pz, z̄q, (3.50)

indicating that the function F pz, z̄q naturally lives on a branched cover of the complex
plane, with a branch cut along R` or R´ according to (3.47). By “local displacements”, we
mean its continuation through that cut, defined as the finite limit of its normal derivative
(given by the equations of motion) as we approach the cut; in other words, we consider
its value on a covering of the Euclidean plane with a branch point at p0, 0q.

In Euclidean signature, the path integral representation of correlation functions be-
comes
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Figure 3.7: Branch-cut generated by the insertion of the Up1q twist field at the origin.

ż

rdΦs e´AErΦs

n
ź

k“1

OE
k pxk, τkq . (3.51)

Taking Φ to be a complex scalar field, the monodromy (3.50) can be realised concretely
by introducing a twist field T E, associated to a global Up1q symmetry, Φ ÞÑ eiαΦ (with
the electric charge set to q “ 1). Basically, this twist field corresponds to the insertion of
a source of magnetic field at the origin3 p0, 0q:

ż

rdΦs e´AErΦsT E
p0, 0q

n
ź

k“1

OE
k pxk, τkq “

ż

CApwq

rdΦs e´AErΦs

n
ź

k“1

OE
k pxk, τkq . (3.52)

The name twist field comes precisely from this property: CApwq denotes the quasi-
periodicity (literally a twisted boundary condition) constraint on the fields Φ in the func-
tional integral, namely:

CApwq :“

#

Φpx, 0´q “ e2πi ω Φpx, 0`q, x ą 0 ,

Φpx, 0´q “ Φpx, 0`q, x ă 0 .
(3.53)

See Fig. 3.7 for a graphical representation. Operationally, the functional integral is
defined by removing the ray x ą 0, evaluating the path integral with fixed boundary
conditions on the two sides of the cut so that (3.53) is satisfied, and then integrating over
all configurations on each side while keeping (3.53) enforced. It is then immediate that
the field T E defined in this way has semi-locality index ω with respect to the fundamental
field Φ, and semi-locality index 0 with respect to any Up1q-invariant field. Moreover, since
the Hamiltonian density hpxq has to be Up1q-invariant, T E is local with respect to it. As
a consequence, T E can be inserted anywhere in the path integral without spoiling the
causal structure. Its correlation functions are independent of the shape of any cuts or
branch points in the Euclidean plane, up to global Up1q transformations of the fields that
the moving cut may cross.

Indeed, consider cutting not only along A : x ą 0, but also along a path B starting
and ending on the line x ą 0, thereby isolating a region bounded by B and by a segment

3The Up1q twist field can be viewed as inserting a magnetic charge (or twist defect) at the origin and
then, for consistency, one imagines a compensating charge placed at infinity; since it is at infinity, its
only effect is an overall normalisation of correlation functions, without altering their local properties.
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Figure 3.8: Deformed branch-cut.

C Ă A. Fix configurations along all these cuts with the quasi-periodicity condition (3.53)
across A and with continuity across B, i.e.

#

Φ|C´ “ e2πi ωΦ|C` ,

Φ|B´ “ Φ|B` .
(3.54)

Integrating over all configurations on these cuts reproduces the functional integral
(3.52). In fact, placing a cut at B with a continuity condition and summing over its
configurations is equivalent to inserting a complete set of states, hence does not modify
the path integral. Renaming (3.52) as

IA ”

ż

CApωq

rdΦs e´AErΦs

n
ź

k“1

OE
k pxk, τkq, (3.55)

consider now the path B starting and ending on x ą 0, and let C Ă A be the segment
of A enclosed by B (see Figure 3.8). Denoting by R the region bounded by B and C and
by Rc its complement, we can rewrite the functional integral as

IA “

ż

´

rdΦsR rdΦsRc

¯

e´AErΦs
ź

k

OE
k , (3.56)

with boundary conditions (3.54). Here the integration is meant as integration over fields
in R and Rc with fixed boundary values, followed by integration over such boundary
values (which corresponds to the insertion of a complete set of states):

IA “

ż

DφB DφA

˜

ż

Φ|B“φB

Φ|AzC“φA

rdΦsR e
´AErΦsR

¸˜

ż

Φ|B“φB

Φ|AzC“φA

rdΦsRc e´AErΦsRc
ź

k

OE
k

¸

,

(3.57)
where φB, φA denote boundary values along B and AzC, respectively.

Since R is an isolated region, we can then make a Up1q transformation in it

Φ ÞÑ Φ̃ ” eiωχR Φ, χRpx, τq “

#

1 px, τq P R,

0 elsewhere.
(3.58)

such that AErΦ̃s “ AErΦs and rdΦ̃s “ rdΦs, i.e. the action and the measure remain
invariant. After applying Φ ÞÑ Φ̃ in R, the boundary conditions (3.54) become
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#

Φ̃|B´ “ e2πiωΦ̃|B` ,

Φ̃|C´ “ Φ̃|C` .
(3.59)

Thus the discontinuity (twist) is “moved ” from AzC to B, while on C we now have
continuity. Now the functional integral reads

IA “

ż

CBYpAzCqpωq

rdΦs e´AErΦs
ź

k

OE
k ” IBYpAzCq, (3.60)

where CBYpAzCqpωq denotes quasi-periodicity along BYpAzCq and continuity along C. In
the end we have that

IA “ IBYpAzCq. (3.61)

That is, the functional integral with the original cut A is equal to the one with the
deformed cut, up to a Up1q transformation inside the isolated region, which leaves the
action and the measure unchanged.

Actually it is even possible to remove the cut but in exchange we get the insertion
of the Noether current associated to the local Up1q transformation needed for “the re-
moval”. Consider the path integral (3.52) in the presence of the cut, and perform the
Up1q transformation Φpxq ÞÑ eiωΦpxq only inside an infinite triangular region bounded
by:

1. the line A : x ą 0 (which coincides with the cut),

2. the line B : z “ eiαl, l ą 0, and

3. infinity.

This triangular region (see Figure 3.9) can be taken, for instance, as lying above the cut
A. Because the transformation is a symmetry, the bulk action is invariant. However,
three modifications appear:

• a contribution on the boundary B coming from the kinetic (derivative) term in the
action,

• a modification of the boundary condition just above A, and

• a Up1q transformation of any fields that may be located inside the triangle.

Now, if we choose the parameter ω of the Up1q transformation so that the boundary
condition just above A becomes equal to that just below A, the discontinuity of the fields
across the cut disappears. As a consequence, the path integral reduces to an ordinary
one, without cut, but with an insertion of a boundary contribution along B:

OEp0, 0q “ exp

ˆ

2πi ω

ż

B

dxµ jν ϵµν

˙

, (3.62)

where jν is the Noether current associated with the global Up1q invariance, and ϵµν
selects the component of the current normal to B. An appropriate regularisation of the
exponential is of course required. It is now clear that the insertion that replaces the cut
is nothing but a Wilson line operator for the Up1q current: the exponential of the line
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Triangular 
Region

Figure 3.9: Triangular region on which we are performing the Up1q transformation
Φpxq ÞÑ eiωΦpxq.

integral of jν along B. Moving B across other fields implements a Up1q transformation
on them, while integrating the current along a closed loop L yields

exp

¨

˝iω

¿

L

dxµ jν ϵµν

˛

‚, (3.63)

which acts as a Up1q transformation on all fields enclosed by L. This establishes that
the operator OE can be equivalently described as a disorder operator implementing a
magnetic-type charge, or, more geometrically, as the insertion of a Up1q Wilson line in
the path integral.

As a concrete example, consider the free Majorana (Ising) theory with Z2 symmetry
ψ ÞÑ ´ψ. One can define a twist field σ such that the Euclidean correlator

xvac|σp0, 0qψpx, τqψpx1, τ 1q|vacy (3.64)

solves the Euclidean equations of motion on a double cover of the plane branched at the
origin. Circling the branch point once changes the sign of the fields, reflecting the semi-
local nature of σ [178, 179, 180].

As we just saw, the distinction between local and semi-local fields originates from the
principle of locality, which requires commutativity (or graded commutativity) of observ-
ables at space-like separations, ensuring compatibility with relativistic causality. Semi-
local fields relax this requirement: they remain consistent with causality but develop non-
trivial exchange phases or branch-cut monodromies when taken around other operators.
Such behavior reflects the presence of distinct charge sectors that cannot be connected
by strictly local observables. In the examples considered here, these semi-local proper-
ties are realised through a global Up1q symmetry, or in the free Majorana (Ising) theory
through the Z2 symmetry, where twist fields create excitations in superselection sectors
associated with the respective symmetry [20, 181]. In this way, semi-locality provides
a natural bridge to the operator-algebraic notion of superselection rules , which classify
the different sectors of a quantum field theory according to their locality and symmetry
properties.

75



It is therefore clear that, depending on the locality property of a given observable, its
form factors will follow different consistency equations. In particular, the equations for the
form factors, which involve analytic continuations in the rapidity variables, are sensitive
to the monodromy imposed by the corresponding twist field. This is because continuing
a rapidity θi by 2πi in the complex plane corresponds to moving the operator associated
with that particle around the insertion point of O in Euclidean space. Hence, if O is
semi-local, this encircling picks up a non-trivial phase determined by the semi-locality
index ωO. Hence, the n-particle form factor satisfies a generalised cyclicity condition:

FO
n pθ1 ` 2πi, θ2, . . . , θnq “ γOF

O
n pθ2, . . . , θn, θ1q , (3.65)

where γO “ e2πiωO is the so-called factor of local commutativity 4 first introduced in
[182]. Similarly, the kinematical pole equation, must also reflect the monodromy of the
operator:

Resθ1“θ`iπ F
O
n`2pθ

1
` iπ, θ, θ1, . . . , θnq “ i

˜

1´ γO

n
ź

j“1

Spθj ´ θq

¸

FO
n pθ1, . . . , θnq . (3.66)

Thus, the semi-locality or locality of the operator directly controls the analytic struc-
ture and permutation properties of its form factors, ensuring that all monodromies and
residues are consistent with the operator’s symmetry and superselection sector.

It is important to stress again that the locality or semi-locality of an operator is not an
absolute property, but is defined relative to the fields considered fundamental in the theory.
In particular, the factor of local commutativity appearing in (3.65) and (3.66) is always
measured with respect to the fundamental field Φpxq associated with the particle creation
operators Z:pθq. Concretely, consider the operator Opyq and the field ϕpxq associated
with the ZF particle creation operators Z:pθq. The factor of local commutativity γO is
defined through the equal-time exchange relation

ΦpxqOpyq “ γO OpyqΦpxq for x1 ą y1 and x0 “ y0 , (3.67)

where, formally, the fundamental field admits the mode expansion

Φpxq „

ż

dθ
”

Zpθq e´ip¨x
` Z:

pθq eip¨x
ı

. (3.68)

This relation makes it explicit that the notion of semi-locality is always measured rel-
ative to the fundamental excitations of the theory. As an example, for the order/disorder
operators in the Ising field theory, σ and µ, we have γσ{µ “ ˘1. However, γO can be a
more general phase as it happens, for instance, in the Federbush model [49, 183, 184].
One can also have exchange relations more complicated than (3.67), where fields do not
simply pick up a phase but become different fields. For instance, this is what happens in
the case of branch point twist fields [185] which we will introduce later in the chapter to
try to investigate the entanglement properties of TT-deformed IQFTs.

A direct consequence is that equations (3.65) and (3.66) cannot be satisfied if this
factor is not included [183, 184]. In other words, the locality properties of the observables
enter explicitly into the form factor equations and their understanding is pivotal for the
computation of closed exact expressions for n-particle form factors.

4At times in the literature the factor of local commutativity is defined to be directly ωO.
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3.1.4 Identifying the Operator Content

We have just seen that the form factor equations are not entirely operator-independent,
as one might have thought at first sight: locality properties play a crucial role. But is this
sufficient? In practice, it is often “almost sufficient”, in the sense that, if we assume that
the superselection sectors of the underlying CFT remain separated after introducing the
mass scale, then we already have a clear idea of which families of observables characterise
a given model. What is left, in such cases, is essentially to extract the numerical data that
confirm these expectations. The two standard consistency checks were already discussed
in Chapter 0, namely the c-theorem (0.73) and the ∆-sum rules (0.74). Before we can
identify which solutions correspond to which operators, however, we must first examine
more carefully equation (3.66) and the general structure of its solutions.

The most general solution of Watson equations (3.12) and (3.65) is given by

FO
n pθ1, . . . , θnq “ HO

n K
O
n pθ1, . . . , θnq

ź

iăj

Fminpθijq , (3.69)

where the HO
n are rapidity-independent constants while the remaining factors KO

n , as
we already saw in (3.30) for the 2-particle case, satisfy Watson equation but with S “ 1
and therefore they are completely symmetric and periodic functions in the variables θij
with period 2πi. With this property in mind we can consider them directly as functions
of cosh θij. Moreover, because the only poles present are the kinematical ones encapsuled
by the recursive eq. (3.66), we can directly parametrise them as

KO
n pθ1, . . . , θnq “

QO
n pθ1, . . . , θnq

Dnpθ1, . . . , θnq
, (3.70)

where the denominator Dn is a polynomial in cosh θij fixed only by the pole structure
of the S-matrix and QO

n is another polynomial, the actual object that we need to compute
using (3.66), that completely specify the properties of the operator O. Being the KO

n

symmetric under permutations of rapidities it is customary to introduce the variables
xi ” eθi so that both numerator and denominator in eq. (3.70) can be written in terms
of a basis of elementary symmetric polynomials in the new variables. Denoting the order
k elementary symmetric polynomial of n symbols as σpnq

k px1, . . . , xnq, we can define them
as stemming from the generating function

n
ź

i“1

px` xiq “
n
ÿ

k“0

xn´kσ
pnq
k px1, . . . , xnq . (3.71)

By convention, usually all σpnq
k with k ą n or n ă 0 are zero. Explicitly we have

σ
pnq
0 px1, . . . , xnq “ 1 , . . . , σ

pnq
k px1, . . . , xnq “

ÿ

1ďi1ăi2ă¨¨¨ăikďn

xi1xi2 ¨ ¨ ¨ xik . (3.72)

Therefore the σpnq
k are homogeneous linear polynomials in xi of total degree k. The

polynomials QO
n of (3.70) are further constrained by the asymptotics of form factors. For

instance, if we consider the relativistic invariance property shown in (3.11), in the simple
case of a scalar operator we have

FO
n pθ1 ` Λ, . . . , θn ` Λq “ FO

n pθ1, . . . , θnq , (3.73)
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which implies the equality of the total degrees of numerator and denominator in (3.70).

Let us now turn to eq. (3.27). In the class of models under consideration, the kine-
matical residue equation encodes the presence of the only singularities of the form factors,
namely the kinematical poles. We may introduce a map K implementing the recursive
relation

FO
n`2 “ KFO

n , (3.74)

which allows one to generate the entire hierarchy of solutions starting from an initial
datum at n “ 1. All the form factor equations - (3.12), (3.20) and (3.74) - are linear in
nature. Consequently, for any fixed particle number n, their solutions form a linear space5.
Recall that at criticality the operator space of the CFT can be organised in terms of the
irreducible representations of the Virasoro algebra. Provided the relevant perturbation
does not mix different superselection sectors, one may then associate to each family of
primaries (at the conformal point) the vectors spanning these linear spaces.

However, some care is required: in fact, multiple solutions may correspond to the same
initial condition. Within these linear spaces one may find elements that belong to the
kernel of the operator K [26], namely functions F̂n such that

K F̂n “ 0 . (3.75)

Such functions do not carry any pole and hence satisfy the recursive equation in a
trivial manner; they are simply symmetric polynomials in the variables xi. The subspace
generated by these kernel solutions can be further classified by fixing the total and partial
degrees of the polynomials. Whenever the kernel is nontrivial, the most general solution
of the recursive equation at level n takes the form

Fn “ F̃n `
ÿ

i

αiF̂n , (3.76)

where F̃n is a reference solution of the recursion. In this situation, operator identifi-
cation is achieved only once all the coefficients αi are fixed at every level n. Establishing
the isomorphism between the operator content of the CFT and that of its relevant per-
turbation thus requires an explicit counting of these solutions [28].

Up to this point our discussion has mostly concerned operators corresponding to pri-
maries of the underlying CFT. A natural question then arises: what about the descen-
dants? How are their form factors characterised within the same framework? Although
we will only touch upon this topic briefly, it is worth saying a few words for complete-
ness, since descendant operators also play a role in the full operator content of the the-
ory. The interested reader may consult the existing literature for a more detailed ac-
count [18, 26, 25, 91, 92, 170, 186, 27]. The descendant are obtained by boosting the
fundamental solutions, i.e. given the “space of form factors” P , we can decompose it as

P “
à

s

Ps, (3.77)

where the FF FO
n P Ps if O has spin s [170]. A boost on the rapidity variables is

realised by θi Ñ θi ` ε and in the new basis we have xi Ñ eεxi. As already said the
elementary symmetric polynomials (3.71) are homogeneous in their variables and then
under a Lorentz boost they trasform as

5An operator O is uniquely determined once all its matrix elements FO
n are specified.
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σnpx1, . . . , xnq Ñ enϵσnpx1, . . . , xnq . (3.78)

This means that given a form factor FO
n of an operator O of spin s that satisfies the

consistency equations, it is possible to define a new function in the “boosted space” Ps`s1

which still satisfies Watson’s equations and it is given by

FO1

n px1, . . . , xnq “ Is
1

n px1, . . . , xnqF
O1

n px1, . . . , xnq (3.79)

provided that Isn is composed out of elementary symmetric polynomials too. An addi-
tional constraint comes from the requirement of “invariance under the kinematical residue
equation”

Isn`2p´x, x, x1, . . . , xnq “ Isnpx1, . . . , xnq . (3.80)

In this way it is possible to make an ansatz (always in terms of symmetric polynomials)
that covers all the possible solutions for descendant fields. Eq. (3.79) endows the space of
matrix elements of local operators in an integrable massive theory with a natural grading
[187, 170]. Concretely, once an invariant polynomial I sn is specified, eq. (3.79) generates
the form factors of a new operator O1

s. In analogy with the CFT terminology, it is there-
fore appropriate to interpret O1

s as the descendant of the spinless field O. A particularly
interesting case arises when O is taken to be the trace of the stress-energy tensor: in this
case, the form factors obtained from eq. (3.79) can be identified with the matrix elements
of higher conserved currents. Remember that even the stress-energy tensor itself is not
a primary field, and its form factors can therefore be expressed in terms of those of a
scalar descendant operator. In particular, all components of Tµν can be reconstructed
from the form factors of its trace Θ, which is directly related to the relevant primary field
defining the theory (0.58). The recursive equations then reduce the problem of fixing the
one- and two-particle form factors of Θ; the latter is normalised by requiring consistency
with the definition of the total energy. By contrast, the one-particle form factor remains
undetermined, reflecting the intrinsic ambiguity in defining the stress-energy tensor.

Finally, while general methods for Vacuum Expectation Values (VEVs) are lacking,
exact results are available in specific models such as the Ising, sine–Gordon, Bullough–
Dodd, and certain RSOS theories [188, 189, 190]. In general, in IQFTs the vacuum
expectation value (VEV) of a local operator Opxq is determined by dimensional analysis.
If O has scaling dimension ∆, then

xOy 9 m2∆, (3.81)

where m is the mass scale of the theory. In particular, since the trace of the stress–energy
tensor Θ has ∆ “ 1, its VEV scales as xΘy „ m2.

To conclude this discussion of the operator content, we shall outline a set of standard
consistency checks that can be used to identify the physical observables corresponding to
a given solution of the form factor equations. Already in Chapter 0 we encountered two
fundamental consistency checks for integrable QFTs, namely the c-theorem (0.73) and
the ∆-sum rule (0.74). Through the spectral decomposition of 2-point functions (3.3),
these results can be expressed directly in terms of form factors. In addition, there are two
further selection rules that follow from the asymptotic behavior of form factors. Given
an observable O, one expects that [191]
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lim
|θi|Ñ8

FO
n pθ1, . . . , θnq ď const. e∆O|θi| , (3.82)

i.e. the UV growth of the matrix elements of a given scaling operator O of the
underlying CFT should be exponentially bounded in terms of its scaling dimension 2∆O

6.
This is the so-called asymptotic bound. When the operator space splits into distinct
sectors associated with the internal symmetries of the model (i.e. the superselection
sectors previously discussed), this bound is often sufficient to single out the correct form
factor solutions [192]. In the absence of internal symmetries, for a relevant operator Φ
with ∆Φ ă 1, one can also exploit the asymptotic factorisation property [192, 193, 26, 194]:

lim
λÑ8

FΦ
r`lpθ1 ` λ, . . . , θr ` λ, θr`1, . . . , θr`lq “

1

xΦy
FΦ
r pθ1, . . . , θrqF

Φ
l pθr`1, . . . , θlq , (3.83)

where xΦy denotes the vacuum expectation value.

3.2 Applying the Form Factor Bootstrap Program to
TT-deformed IQFTs

Up to this point, the discussion has been mainly concerned with the general framework
and the existing literature. We now turn to the original results obtained over the last
few years. The first stage of this program began in 2022 with a series of three pa-
pers [12, 14, 13], in which we attempted to apply the Form Factor Bootstrap Program
(FFBP), in its standard formulation, to our particular “new” class of models. As already
emphasised in Chapter 1, the CDD-factors (1.56) were known since the earliest studies
of elastic S-matrices in 1+1-dimensions [67], but were systematically disregarded because
they were regarded as non-physical.7 In the last few decades, however, the origin and
relevance of such CDD-factors has become much clearer, particularly in the context of
high-energy physics. In particular, the works [150, 106] established that the properties
of a 1+1-dimensional QFT perturbed by the irrelevant deformations presented in Chap-
ter 2 are under exceptionally good control. Remarkably, the TT-deformation can be
regarded as solvable, in the sense that physical observables of interest — such as the
finite-volume spectrum (see Eq. (2.39)), the S-matrix [150, 106, 135], and partition
functions [101, 115, 195] — can all be determined exactly in terms of their undeformed
counterparts. The property of solvability extends to the generalised TT-deformations,
obtained by perturbing an integrable QFT with composite operators constructed from
higher-spin conserved currents [107, 108]. Performing a (generalised) TT-deformation in
an integrable QFT is equivalent to modifying the two-body scattering matrix precisely
by such CDD factors, as shown in (2.43) [150, 106, 109, 110]. It is worth noting that we
were not the first to attempt the computation of correlation functions in TT-deformed
theories using the form factor approach. Indeed, already in [162]8, the FFBP was applied
in its massless variant [196].

In a massless theory, since the mass gap is zero, the unitarity and crossing cuts of the
S-matrix in the s-plane join at the origin, so that the Riemann surface splits into two

6Here we restrict to scalar operators.
7Here, the notion of physical is again related to the expectation of locality, which is generally assumed

to govern physical laws.
8This is, to the best of my knowledge, the first paper in which these CDD factors were rediscovered

after a long period of neglect since their last appearance in the literature.
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distinct parts and a new parametrisation is required [151, 197]. We have free massless
right- and left-movers that can only interact through a “boundary”. This parametrisation
also takes into account the fact that one needs to send m Ñ 0 while keeping energy and
momentum finite. One then finds that by replacing θ with β˘ β0{2 and taking the limits
m Ñ 0, β0 Ñ 8 in such a way that M ” meβ0{2 remains finite, the excitations can be
classified as right-movers, with p0 “ p1 “ M

2
eβ, and left-movers, with p0 “ ´p1 “ M

2
e´β.

Notice that now the Mandelstam variable is sij “ M2eβi´βj . In this context, namely
a TT-deformed massless boson (equivalently a Nambu–Goto string in light-cone gauge),
the CDD-factor turns out to be [162]

Φpβq “ eiℓ
2
sM

2eβ , (3.84)

where ℓs is the string scale9. They therefore attempted to compute form factors,
starting from the MFF, which should still satisfy an equation like (3.32). The problem
is that the procedure discussed previously (see Subsection 3.1.2) does not seem to be
reproducible in this case, due to the poor convergence properties of this CDD-factor.
Again, this is a feature of a “non-local” theory in the sense of Hepp [68, 69]. These factors
are precisely the ones that Karowski and Weisz refused to include when formulating their
generalised version of Watson’s theorem (3.29). A possible solution to this problem will
be presented in Chapter 4. Therefore, the only available strategy is to attempt to guess
what a minimal solution of (3.32) could look like. In [162] they found the minimal solution

Fminpβq “ e´ℓ2sM
2 β
2π

eβ . (3.85)

At large momenta this function decays extremely fast: it is a double exponential in
rapidity. However, it grows at the same rate when Impβq “ π. In the end, their conclu-
sion was that there was no reason to assume polynomial growth for the Q-part of possible
form factor solutions, and they stated that, “at least in its standard form”, the technique
could not be used to determine form factors and hence off-shell observables. This is more
of a conjecture than an exact formal statement, but nevertheless a very convincing one,
especially in light of our previous discussion about locality and the way form factors are
built.

In our first three works we started from exactly the same “initial conditions”: we only
knew the S-matrix, without any certainty regarding the applicability of the FFBP. As
stated in the Preface, this remains an ongoing line of research and no definitive conclusions
can yet be drawn. Nevertheless, as we shall see, this initial effort provided valuable insights
and led to interesting results. We began by addressing the problem in the simplest possible
setting, namely the deformation of the Ising field theory, i.e. a theory of free massive
Majorana fermions [12]. We then showed how the results obtained in this case could be
extended to general diagonal theories without bound states [13], and finally we considered
the inclusion of branch point twist fields [14].

For simplicity, we are going to focus IQFTs with single particle spectrum. After a
single TT perturbation the scattering matrix S0pθq is modified to

Sαpθq :“ S0pθqe
´iαm2 sinh θ . (3.86)

i.e. the simple α “ α1 of the more general case (2.43). Written in terms of energy-
momentum vectors of the two scattering particles piµ “ mpcosh θi, sinh θiq, with i “ 1, 2,

9In the literature the phase of the S-matrix is often taken positive while throughout our works we
always adopted the opposite notation as in (2.43).
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Figure 3.10: Different effect of the deformation on the scattering depending on the sign
of the coupling α.

the TT-deformation (3.86) reads expr´iαεµνp1µp
2
νs, where θ “ θ1 ´ θ2. Although this

exponential form is formally reminiscent of the pure scattering phases that can appear in
models with current-current interactions [50, 198, 184], where the effect of the interaction
is exhausted by a topological or charge–dependent phase, in the present case the phase
carries genuine kinematical information and cannot be absorbed into a constant redefini-
tion of asymptotic states. For simplicity, from now on we will take the mass scale m “ 1.
This deformation introduce a very uncommon double-exponential dependence on the ra-
pidity that radically changes the S-matrix asymptotic behaviour and has a stark effect
on the theory’s RG flow. Generally speaking, whereas the IR regime is left unaltered by
the perturbation, in the short-distance limit the theory displays unusual features, which
are incompatible with the existence of a UV CFT10 [162, 163, 135]. This is in agreement
with the fact that the CDD factors (2.43) correspond to perturbations by irrelevant op-
erators, whose presence is not felt at large distances but is expected to severely alter the
properties of the UV. In a conventional, UV-complete IQFT the small R behaviour of
EpRq is dominated by a simple pole EpRq „ ´ πc

6R
that signals the presence of a CFT with

central charge c in the UV. As it has been shown in various works [106, 154, 202] (see also
Subsection 2.1.3 ), in TT-deformed theories there are two possible scenarios for small R
properties of EpR,αq, depending to the sign of α in (3.86):

• for α ą 0, from (2.42), we see that in the UV limit, the ground-state energy is finite
limRÑ0EpR,αq “ ´e0pαq, implying that the theory possesses a finite amount of
degrees of freedom;

• for α ă 0 a square-root branch point appears at R “ R˚ „ |α|´1{2 ą 0, signalling
the presence of a Hagedorn growth [81] of the density of states at high energy (see
Eq. (2.35)).

The GHD viewpoint [146] complements this picture, suggesting that the abnormal UV
limit of TT-deformed IQFTs can be imputed to point-like particles acquiring a positive or
negative size (i.e. free space is added), for α ą 0 and α ă 0 respectively (see Fig. 3.10).
For what concerns the generalised TT-deformations with S-matrices given by (2.43), it
was shown [109] that they can only display the second of the above behaviours. In fact,
for S-matrices (2.43) with a finite set of couplings α, the standard TBA equations only

10The nature of the UV regime has also been explored in a careful analysis of the spectrum in TT-
deformed 2D Yang-Mills [199, 200, 201].
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make sense if the coupling with larger index s is negative αs ă 0. One possible way
to study the regime αs ą 0 is to employ the generalised TBA [203] approach. Note that
neither of the behaviours listed above is compatible with Wilson’s paradigm of local QFTs
[17]. For this reason – and thanks to their property of being solvable and controllable at
any energy scale – the generalised TT-deformed theories can be considered as a sensible
extension of the Wilsonian notion of a local QFT. Our work constitutes the first systematic

attempt (in the sense that it encompasses a large set of theories, fields and perturbations)
at computing the form factors of local and semi-local fields in generalised TT-perturbed
IQFTs. Although the following work focuses particularly on the Ising model some of
the key results are clearly more general and will be discussed immediately after. The
form factors and correlation functions of a theory with similar unusual features (the sinh-
Gordon model, with deformation Φαpθq “ ´1) were computed for the first time in [161],
and found to give rise to a number of problems, including non-covergent correlators and
form factors involving free parameters that could not be fully fixed. The present work
will allow us to understand similar issues in a much wider context.

3.2.1 Form Factors of the TT-deformed Ising Field Theory

Consider an IQFT with a single-particle spectrum and deformed S-matrix given by (2.43),
with m “ 1. We can think of the n-particle form factor of a field O as defined as:

FO
n pθ1, . . . , θn;αq :“ x0|Op0q|θ1, . . . , θn|0y , (3.87)

where we have now included a dependence on the deformation parameters. Assuming that
the form factor equations still hold for the fields of the perturbed theory, we should be able
to compute the quantities (3.87) by following the usual bootstrap program just introduced
in the first part of this chapter, taking as starting point the deformed S-matrix (2.43).
Therefore we can then use them as building blocks to construct correlation functions,
allowing in particular to study the short and long-distance limits of these correlation
functions and to understand how those limits are affected by the perturbation.

In the absence of bound states, the form factor equations for local and semi-local fields
in this theory should be, in principle, be written as

FO
n pθ1, . . . , θi, θi`1, . . . , θn;αq “ Sαpθi ´ θi`1qF

O
n pθ1, . . . , θi`1, θi, . . . , θn;αq , (3.88)

FO
n pθ1 ` 2πi, θ2 . . . , θn;αq “ γOF

O
n pθ2, . . . , θn, θ1;αq , (3.89)

and

lim
θ̄Ñθ

pθ̄ ´ θqFO
n`2pθ̄ ` iπ, θ, θ1, . . . , θn;αq “ i

˜

1´ γO

n
ź

j“1

Sαpθ ´ θjq

¸

FO
n pθ1, . . . , θn;αq .

(3.90)
In the standard form factor bootstrap reviewed earlier in this chapter, the two-particle

form factor FO
2 pθq is first factorised into an operator-dependent prefactor KO

2 pθq (as de-
fined in (3.30)) and a universal minimal solution of Watson’s equations. The first step
is therefore to search for a MFF, i.e. a solution of (3.88) and (3.89) without poles in
the physical strip. Unfortunately the usual Karowski and Weisz procedure does not seem
here possible to pursue seeing the double exponential dependence in rapity of the CDD
factor itself that is stricly forbidden by the theorem (3.29). But as in [162], we can at
least guess what a minimal solution that solves the equation
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Fminpθ;αq “ SαpθqFminp´θ;αq “ Fminp2πi´ θ;αq , (3.91)

should look like. Since the S-matrix is factorised as in (2.43), it is natural to make
the ansatz

Fminpθ;αq :“ Fminpθ;0qφpθ;αq , (3.92)

where the function φpθ;αq solves the equations

φpθ;αq “ Φαpθqφp´θ;αq “ φp2πi´ θ;αq . (3.93)

It is easy to show that the simplest solution to (3.93) is

φpθ;αq “ exp

«

´
piπ ´ θq

2π

ÿ

sPS
αs sinhpsθq

ff

. (3.94)

Notice that this solution is precisely the correct one that reproduce (3.85) in the
massless limit. However, more generally, given a solution (3.94) it is always possible to
multiply it by a function of the following form

Cpθ;βq :“ exp

«

ÿ

sPZ

βs coshpsθq

ff

. (3.95)

In [12] we named these functions “CDD-factor” of the minimal form factor itself because
it satisfies trivially the MFF equations. It is clear that we have some free parameters that
we are unable to fix and for now we will not consider the larger family of solutions gen-
erated by (3.95) focusing on the “minimal” solution which is necessary to solve the equa-
tions. Nevertheless, it is possible to give a physical interpretation for the factor Cpθ;βq.
Remember in fact that, every CDD-factor coming from a generalised TT-deformation of
spin s is in one-to-one correspondence with a given conserved current defined by (2.1) and
(2.3). The terms αs sinhpsθq in the sum over s in (2.43) are the one-particle eingenvalues
of local conserved quantities of spin s. However, those one-particle eigenvalues are more
generically linear combinations of the form αs sinhpsθq`βs coshpsθq. The fact that we can
always add a sum of terms βs coshpsθq is a reflection of this “ambiguity" in our choice of
the conserved quantities. It also means that given a solution to the form factor equations
for a certain field for the choice β “ 0, new solutions can be constructed by “switching
on" some of the parameters βi. These new solutions will correspond to the same field but
to a different perturbation. Although these additional factors do not affect the property
of minimal analyticity, since they introduce no extra singularities in the physical strip,
they do modify the asymptotic behaviour of the solution. This, however, should not be
regarded as unexpected: the starting point already involves an S-matrix that does not
satisfy the standard constraints underlying the Karowski-Weisz construction, and accord-
ingly the remaining part of the minimal form factor is not required to display the usual
asymptotic behaviour of a conventional MFF.

For the free boson (`) and free fermion (´) theories, with scattering matrices S0pθq “
˘1, the minimal form factors are

F`
minpθ;αq “ φpθ;αq , F´

minpθ;αq “ ´i sinh
θ

2
φpθ;αq . (3.96)
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The key observation is then that the function φpθ;αq is common to all theories and
describes the universal way in which the minimal solution to the form factor equations is
modified by the presence of irrelevant perturbations. Before moving on, we remark that,
if S contains only odd spins, as we are going to assume henceforth, the function φ satisfies
the following identity that will be useful in subsequent computations:

φpθ;αqφpθ ` iπ;αq “
a

Φαpθq . (3.97)

Furthermore, with our normalisations

φpiπ;αq “ φpθ;0q “ 1 . (3.98)

Solving the Kinematical Residue Equation

We now turn to the problem of computing higher particle form factors. Being this a
universal deformation, we expect this result to still be true at least for any interacting
diagonal theory without bound state, as we will see later.

Consider the form factor equations (3.88), (3.89) and (3.90) for higher particle form
factors of local or semi-local operators. Assuming there is a kinematic pole whenever any
two rapidities differ by iπ11, we can make the standard type of ansatz

FO
n pθ1, . . . , θn;αq “ HO

n Q
O
n px1, . . . , xn;αq

ź

iăj

Fminpθij;αq

xi ` xj
, (3.99)

where the functions QO
n px1, . . . , xn;αq are symmetric and 2πi-periodic functions of all

the variables xj :“ eθj . As already discussed, they can be written in terms of a basis
of elementary symmetric polynomials in these variables. The symbols HO

n in (3.99) are
constants, independent of the rapidity variables. Plugging this ansatz into the kinematic
residue equation (3.90) we can reshape the left hand side into the following form

FO
n`2pθ̄ ` iπ, θ, θ1, . . . , θn;αq “ HO

n`2Q
O
n`2p´x̄, x, x1, . . . , xn;αq

ź

1ďiăjďn

Fminpθij;αq

xi ` xj

ˆ

«

n
ź

j“1

Fminpθ ´ θj;αqFminpθ̄ ` iπ ´ θj;αq

px` xjqp´x̄` xjq

ff

Fminpiπ;αq

´x̄` x
, (3.100)

where x “ eθ and θij :“ θi ´ θj. Then the equation becomes

lim
θ̄Ñθ

θ̄ ´ θ

x´ x̄
HO

n`2Q
O
n`2p´x̄, x, x1, . . . , xn;αq

n
ź

j“1

Fminpθ ´ θj;αqFminpθ̄ ` iπ ´ θj;αq

px` xjqp´x̄` xjq

“ i

˜

1´ γO

n
ź

j“1

Sαpθ ´ θjq

¸

HO
n Q

O
n px1, . . . , xn;αq. (3.101)

11Note that this is typically not the case for the two-particle form factor of the trace of the stress-energy
tensor Θ or more generally of any local fields (i.e. fields where γO “ 1), since in this case the r.h.s. of the
kinematic residue equation (3.90) with n “ 2 is vanishing. The kinematic pole in the two-particle form
factor is generally only present for symmetry fields, which sit at the origin of branch cuts in the complex
plane. However, for theories with a non-trivial S-matrix, kinematic residue poles will be present for the
higher particle form factors, even for local fields.
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where we used (3.98). Finally, noting that limθ̄Ñθ
θ̄´θ
x´x̄

“ ´ 1
x

and using the properties
(3.92), (3.97) and (3.98), we arrive at

´x´1HO
n`2Q

O
n`2p´x, x, x1, . . . , xn;αq

n
ź

j“1

Fminpθ ´ θj;0qFminpθ̄ ` iπ ´ θj;0q

x2j ´ x2

(3.102)

“ i

«

n
ź

j“1

Φαpθ ´ θjq
´ 1

2 ´ γO

n
ź

j“1

Φαpθ ´ θjq
1
2S0pθ ´ θjq

ff

HO
n Q

O
n px1, . . . , xn;αq.

We will now show how to find solutions to this equation for the TT-deformed Ising
field theory.

The form factors of the Ising field theory have been extensively studied in the literature
[178, 179]. In the so-called disordered phase, form factors and correlation functions of the
order (σ) and disorder (µ) fields were computed in [182, 180]. Around the same time, form
factors of descendant fields in the CFT sense where computed in [25] and shown to be
in one-to-one correspondence with the Virasoro irreducible representations characterising
the critical theory. The Ising field theory is a free fermion theory with scattering matrix
S0pθq “ ´1, and Fminpθ;0q “ ´i sinh θ

2
. For this model, the set S of the spins of local

conserved quantities coincides with the odd positive integers

S “ ts “ 2n´ 1|n P Z`
u . (3.103)

With these specifications, equation (3.102) simplifies to

´ x´1HO
n`2Q

O
n`2p´x, x, x1, . . . , xn;αq

n
ź

j“1

i

4xxj

“ i

«

n
ź

j“1

Φαpθ ´ θjq
´
1
2 ´ γOp´1qn

n
ź

j“1

Φαpθ ´ θjq
1
2

ff

HO
n Q

O
n px1, . . . , xn;αq , (3.104)

that we can further split into two equations:

QO
n`2p´x, x, x1, . . . , xn;αq “ xn`1

n
ź

j“1

xj

ˆ

«

n
ź

j“1

Φαpθ ´ θjq
´ 1

2 ´ γOp´1qn
n
ź

j“1

Φαpθ ´ θjq
1
2

ff

QO
n px1, . . . , xn;αq (3.105)

and

HO
n`2 “ 4ni´1´nHO

n . (3.106)

The latter is easily solved

HO
2n “ 4npn´1qi´n2

HO
0 and HO

2n`1 “ 4n
2

i´npn`1qHO
1 , (3.107)
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whereas the equation for the polynomials QO
n px1, . . . , xn;αq requires some additional

input about the field O. Let us recall the field content of the Ising field theory (besides
the fermion itself) consists of the energy ε, the spin σ and the disorder µ fields. Their
form factors are well known

F µ
2npθ1, . . . , θ2n;0q “ in

ź

iăj

tanh
θij
2
, F µ

2n`1pθ1, . . . , θ2n`1;0q “ 0 , (3.108)

F σ
2npθ1, . . . , θ2n;0q “ 0 , F σ

2n`1pθ1, . . . , θ2n`1;0q “ in
ź

iăj

tanh
θij
2
, (3.109)

and

F ε
2 pθ;0q “ ´i sinh

θ

2
, F ε

ną2pθ1, . . . , θn;0q “ 0 . (3.110)

In the Ising model, there is a Z2 symmetry and the fields organise themselves into two
symmetry sectors. The energy ε and the spin σ fields both have γε “ γσ “ 1 whereas the
field µ has γµ “ ´1. Due to the symmetry the fields ε and µ have only non-vanishing
even-particle form factors (more precisely, since ε is a bilinear in the fermion field it
only has non-vanishing two-particle form factor) whereas σ has only odd-particle ones.
The generalised TT-deformations do not break the Z2 symmetry so these properties are
all preserved. Instead of focusing on the energy field itself, it is common to study the
properties of the trace of the stress-energy tensor Θ which is a field proportional to ε. Its
form factors are very simple

FΘ
2 pθ;0q “ ´2πi sinh

θ

2
, FΘ

ną2pθ1, . . . , θn;0q “ 0 . (3.111)

For dimensional reasons, the form factor above must be proportional to m2 (recall
that we have set m “ 1 throughout the paper). Consequently, in the massless limit
m Ñ 0 all the form factors of Θ vanish identically, which is consistent with vanishing of
the stress-energy tensor trace in the CFT limit.

For Θ the equation (3.105) becomes

QΘ
2n`2p´x, x, x1, . . . , x2n;αq “

“ 2ix2n`1 sin

˜

ÿ

sPS

αs

2

˜

2n
ÿ

j“1

sinh spθ ´ θjq

¸¸

2n
ź

j“1

pxjqQ
Θ
2npx1, . . . , x2n;αq (3.112)

and

HΘ
2n “ 4npn´1qi´n2

HΘ
0 with HΘ

0 “ FΘ
0 . (3.113)

The equation (3.112) only holds for n ą 0. Indeed, the operator Θ is special in that
its two-particle form factor has no kinematic pole while higher particle ones do. Hence,
we expect to have the standard normalisation FΘ

0 “ 2π “ FΘ
2 piπ;αq. The two-particle

form factor should be generalisation of (3.111) with the standard form

FΘ
2 pθ;αq “ 2πfpθ;αq

Fminpθ;αq

Fminpiπ;αq
. (3.114)

where the function fpθ;αq is constrained by fpiπ;αq “ fpθ;0q “ 1 and should be an
even, 2πi-periodic function of θ. We will see later that consistency with higher particle
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solutions requires this function to be non-trivial. The equation (3.112) determines the
higher-particle form factors which, as the sine factor suggests, will all vanish for αi “ 0,
in agreement with (3.111). For the field µ we have γµ “ ´1 and only even-particle form
factors. Then the equations (3.105, 3.107) become:

Qµ
2n`2p´x, x, x1, . . . , x2n;αq “

“ 2x2n`1 cos

˜

ÿ

sPS

αs

2

˜

2n
ÿ

j“1

sinh spθ ´ θjq

¸¸

2n
ź

j“1

pxjqQ
µ
2npx1, . . . , x2n;αq (3.115)

and

Hµ
2n “ 4npn´1qi´n2

Hµ
0 with Hµ

0 “ xµyα . (3.116)

where xµyα “ F µ
0 pαq is the vacuum expectation value of µ, which may depend on α

in the deformed theory. In the case of the field σ, we only have odd particle numbers and
a trivial factor of local commutativity γσ “ 1, so we also get a cosine

Qσ
2n`1p´x, x, x1, . . . , x2n`1;αq “

“ 2x2n cos

˜

ÿ

sPS

αs

2

˜

2n´1
ÿ

j“1

sinh spθ ´ θjq

¸¸

2n´1
ź

j“1

pxjqQ
σ
2n´1px1, . . . , x2n´1;αq

and

Hσ
2n`1 “ 4pn´1q2i´npn´1qHσ

1 with Hσ
1 “ F σ

1 pαq . (3.117)

Given the stark contrast (in behavior as functions of rapidity) between the MFF of the
IFT and (3.94), we are led to consider solutions to the form factor equations that factorise
into the unperturbed solutions times a function that depends on the deformation. This
factorisation is particularly natural for the Ising field theory, as we will see below. We
can write

Qµ
2npx1, . . . , x2n;αq :“ Dµ

2npx1, . . . , x2n;αqP µ
2npx1, . . . , x2nq , (3.118)

where

Dµ
2n`2p´x, x, x1, . . . , x2n;αq “ 2 cos

˜

ÿ

sPS

αs

2

˜

2n
ÿ

j“1

sinh spθ ´ θjq

¸¸

Dµ
2npx1, . . . , x2n;αq ,

(3.119)
and

P µ
2n`2p´x, x, x1, . . . , x2nq “ x2n`1σ

p2nq
2n P µ

2npx1, . . . , x2nq . (3.120)

The equations for the operator σ are identical to (3.118 – 3.120) with 2n ÞÑ 2n´1 and
so are the solutions. The equation (3.120) can be solved easily, starting with the cases

P µ
2 p´x, xq “ xP µ

0 and P σ
3 p´x, x, x1q “ x2x1P

σ
1 , (3.121)

and proceeding recursively. For instance
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P µ
2 px1, x2q “ ´ipσ

p2q
2 q

1
2P µ

0 , (3.122)

and so

P µ
4 p´x, x, x1, x2q “ ´ipx2x1x2q

3
2P µ

0 ñ P µ
4 px1, x2, x3, x4q “ pσ

p4q
4 q

3
2P µ

0 . (3.123)

It is then easy to show that the general expressions are

P µ
2npx1, . . . , x2nq “ i´n2

pσ
p2nq
2n q

2n´1
2 P µ

0 ,

P σ
2n`1px1, . . . , x2n`1q “ p´1qnpσ

p2n`1q
2n`1 q

nP µ
1 .

(3.124)

Then, by requiring consistency with unperturbed solutions we can fix the constants
to P µ

0 “ 1 and P µ
1 “ i´npn´1q. The α-dependent part is solved by

Dµ
2npx1, . . . , x2n;αq “ 2n

g

f

f

e

2n
ź

i“1

cos

˜

ÿ

sPS

αs

2

2n
ÿ

j“1

sinhpsθijq

¸

, (3.125)

and

Dσ
2n`1px1, . . . , x2n`1;αq “ 2n

g

f

f

e

2n`1
ź

i“1

cos

˜

ÿ

sPS

αs

2

2n`1
ÿ

j“1

sinhpsθijq

¸

. (3.126)

Putting everything together, the form factors of the disorder and order fields are

F µ
2npθ1, . . . , θ2n;αq “ inxµyα

g

f

f

e

2n
ź

i“1

cos

˜

ÿ

sPS

αs

2

2n
ÿ

j“1

sinhpsθijq

¸

ˆ
ź

iăj

tanh
θij
2
φpθij;αq . (3.127)

and

F σ
2n`1pθ1, . . . , θ2n`1;αq “ inF σ

1 pαq

g

f

f

e

2n`1
ź

i“1

cos

˜

ÿ

sPS

αs

2

2n`1
ÿ

j“1

sinhpsθijq

¸

ˆ
ź

iăj

tanh
θij
2
φpθij;αq , (3.128)

where we used the identities

ź

1ďiăjď2n

pxi ` xjq “
ź

1ďiăjď2n

?
xixj 2 cosh

θij
2

“ 2np2n´1q
pσ

p2nq
2n q

2n´1
2

ź

1ďiăjď2n

cosh
θij
2
.

(3.129)
As we can see from the above expressions, the unperturbed solutions given in (3.108)

and (3.109) are correctly recovered in the α Ñ 0 limit. Note that this factorisation
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property is model-independent. The sole exception is the field Θ in the Ising field theory.
In the case of σ and µ, the deforming factor reads

Gnpθ1, . . . , θn;αq :“

g

f

f

e

n
ź

i“1

cos

˜

ÿ

sPS

αs

2

n
ÿ

j“1

sinhpsθijq

¸

ź

iăj

φpθij;αq. (3.130)

The equation for the form factors of the trace of the stress-energy tensor suggests a
similar solution procedure as for µ and σ. However, a special feature of this field is that
it is local, hence its two-particle form factor has no kinematic pole, even if higher-particle
ones do. Since their kinematic pole residue is non-vanishing, according to (3.112), higher
particle form factors are non-vanishing in the TT-perturbed theory. Hence, we need to
solve (3.112) for n ą 1. Comparing (3.112) with (3.115) and reviewing the solution to
(3.115) given by (3.127) it is clear that the simplest, consistent solution to the higher-
particle form factor equations will be of the form

FΘ
2npθ1, . . . , θ2n;αq “ A2npαq

g

f

f

e

2n
ź

i“1

sin

˜

ÿ

sPS

αs

2

2n
ÿ

j“1

sinhpsθijq

¸

ź

iăj

tanh
θij
2
φpθij;αq , n ą 1

(3.131)
where A2npαq is a normalisation constant to be fixed later. Taking this solution and
writing the kinematic residue equation that relates the four-particle to the two-particle
form factor we get that the latter is given by

FΘ
2 pθ;αq “ ´A4pαq

ˇ

ˇ

ˇ

ˇ

ˇ

sin

˜

ÿ

sPS

αs

2
sinhpsθq

¸
ˇ

ˇ

ˇ

ˇ

ˇ

tanh
θ

2
φpθ;αq . (3.132)

This function has no pole at iπ, as required but, unless A4pαq is chosen carefully, it will
give zero when the parameters αs Ñ 0. One naive way to deal with this is to choose

´A4pαq “
2Cpαq

αs1
, (3.133)

and then take the limit αs to zero for each term on the sum over s, with s “ s1 the spin
associated with the last limit taken. This limit then gives

lim
αs1Ñ0

lim
αs‰s1Ñ0

FΘ
2 pθ;αq “ FΘ

2 pθ;0q “ Cp0q

ˇ

ˇ

ˇ

ˇ

sinh
s1θ

2

ˇ

ˇ

ˇ

ˇ

tanh
θ

2
. (3.134)

This result is problematic: not only it does not reproduce the correct form factor at α “ 0
but is dependent on the order in which the parameters αs are taken to zero, a property
that seems quite unnatural. We must then conclude that the ansatz (3.131) is not the
correct solution to the form factor equations for n ą 1. The question is then, how should
(3.131) be modified so that it is consistent with a two-particle form factor which has all
the correct properties? Given that the oscillatory part of the solution (3.131) is crucial for
the solution of the higher particle form factors, it seems that we must accept the presence
of an oscillatory part also in the two-particle form factor. We assume then the following
form

FΘ
2 pθ;αq “ 2πfpθ;αq

Fminpθ;αq

Fminpiπ;αq
, (3.135)

where fpθ;αq is a function that satisfies
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fpiπ;αq “ fpθ;0q “ 1 , (3.136)

as well as being symmetric and 2πi-periodic in θ. According to the discussion above,
it must also include the oscillatory factor in (3.131), specialised to n “ 1. It is not too
difficult to realise that the function we need is

fpθ;αq “

ˇ

ˇ

ˇ

ˇ

ˇ

sin
`
ř

sPS
αs

2
sinhpsθq

˘

ř

sPS
αs

2
sinhpsθq

ˇ

ˇ

ˇ

ˇ

ˇ

cosh
θ

2
, (3.137)

which gives the two-particle form factor

FΘ
2 pθ;αq “ ´2πi

ˇ

ˇ

ˇ

ˇ

ˇ

sin
`
ř

sPS
αs

2
sinhpsθq

˘

ř

sPS
αs

2
sinhpsθq

ˇ

ˇ

ˇ

ˇ

ˇ

sinh
θ

2
φpθ;αq. (3.138)

Comparing (3.138) to (3.132) we see that we need to modify the ansatz (3.131) so
as to produce the function (3.138). In order to do this, while still solving the higher-
particle form factor equations we need to find a function f2npx1, . . . , x2n;αq such that we
can multiply (3.131) by it, while still solving all equations. In other words, we need this
function to satisfy

f2n`2p´x, x, x1, . . . , x2n;αq “ f2npx1, . . . , x2n;αq , (3.139)

and

f2px1, x2;αq “
cosh θ12

2
ˇ

ˇ

ř

sPS
αs

2
sinhpsθ12q

ˇ

ˇ

. (3.140)

A crucial observation to proceed is that the ratio of elementary symmetric polynomials

σ
p2nq
1 σ

p2nq
2n´1

σ
p2nq
2n

, (3.141)

solves (3.139). This is because under the reduction

px1, x2, . . . , x2n`2q ÞÑ p´x, x, x1, . . . , x2nq

the elementary symmetric polynomials behave as follows:

σ
p2n`2q
2n`1 ÞÑ ´x2σ

p2nq
2n´1 , σ

p2n`2q
2n`2 ÞÑ ´x2σ

p2nq
2n , and σ

p2n`2q
1 ÞÑ σ

p2nq
1 . (3.142)

In fact, any function of the ratio (3.140) will solve (3.139). Additionally, this facts will
still hold true if the elementary symmetric polynomials are taken to be functions of the
powers xsi rather than just xi “ eθi . Let us then be slightly more general and denote as
σ
p2nq
i,s the ith elementary symmetric polynomial of the 2n variables tesθ1 , . . . , esθ2nu. It is

a matter of simple algebra to verify that for any odd integer values of s, the function

g2npx1, . . . , x2n; sq “
σ
p2nq
1,s σ

p2nq
2n´1,s

σ
p2nq
2n,s

, (3.143)

solves (3.139). We now proceed to write (3.140) in terms of these factors. For n “ 1
we have that
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g2px1, x2; sq “
pσ

p2q
1,sq

2

σ
p2q
2,s

“
pesθ1 ` esθ2q2

esθ1`sθ2
“ 4 cosh2 sθ12

2
. (3.144)

so that

4 sinh2 sθ12
2

“ g2px1, x2; sq ´ 4 , (3.145)

and

a

g2px1, x2; sqpg2px1, x2; sq ´ 4q “ 2| sinhpsθ12q| . (3.146)

This is precisely the sort of factor we need in our two-particle form factor. In fact, in
order to have a consistent set of form factors, we need to multiply our solution (3.131) by
the function

f2npx1, . . . , x2n;αq “

c

σ
p2nq

1 σ
p2nq

2n´1

σ
p2nq

2n
ˇ

ˇ

ˇ

ˇ

ˇ

ř

sPS

αs

4

d

ˆ

σ
p2nq

1,s σ
p2nq

2n´1,s

σ
p2nq

2n,s

´ 4

˙

σ
p2nq

1,s σ
p2nq

2n´1,s

σ
p2nq

2n,s

ˇ

ˇ

ˇ

ˇ

ˇ

, (3.147)

where σp2nq
i ” σ

p2nq
i,1 and we set f0pαq “ 1. For n “ 1 this function correctly repro-

duces (3.140) and the two-particle form factor reduces to (3.138) with an appropriate
choice of normalisation. Note however that, strictly-speaking, there is a subtlety here.
The solution (3.147) only reproduces (3.140) if all the parameters αs have the same sign
when non- vanishing. This includes of course the case when only one parameter is non-
vanishing, such as the TT-perturbation, which is the case most commonly studied. The
reason for this restriction is that for n “ 1 the square root in the denominator of (3.147)
gives (3.146) and so the denominator of (3.147) reduces to the absolute value of a sum of
absolute values of hyperbolic sine functions. This equals the denominator of (3.140), that
is the absolute value of the sum only when all αs are either non-positive or non-negative.

Let us then summarise what we found. All the form factors of the field Θ, with the
standard normalisation F0 “ FΘ

2 piπq “ 2π, are given by

FΘ
2npθ1, . . . , θ2n;αq “ 2πi in

g

f

f

e

2n
ś

i“1

sin

˜

ř

sPS

αs

2

2n
ř

j“1

sinhpsθijq

¸

ˇ

ˇ

ˇ

ˇ

ˇ

ř

sPS

αs

4

d

ˆ

σ
p2nq

1,s σ
p2nq

2n´1,s

σ
p2nq

2n,s

´ 4

˙

σ
p2nq

2n σ
p2nq

1,s σ
p2nq

2n´1,s

σ
p2nq

2n,sσ
p2nq

1 σ
p2nq

2n´1

ˇ

ˇ

ˇ

ˇ

ˇ

ˆ
ź

iăj

tanh
θij
2
φpθij;αq . (3.148)

Note that, although the final formula contains α-dependence both in the numerator
and denominator, it is easy to see FΘ

2npθ1, . . . , θ2n;0q “ 0 for n ą 1.
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A First Look at the Asymptotics

Having found some solutions we can now try to study some of their features. Consider a
generic field O. We are going to employ the form factors found in the previous section
to write the cumulant expansion of the two-point function. For fields with non-vanishing
VEV we can write

log
xOp0qOprqyα

xOy2α
“

8
ÿ

ℓ“1

cOℓ pr;αq , (3.149)

where cOℓ pr;αq are the cumulants,

cOℓ pr;αq :“
1

ℓ!

ż 8

´8

dθ1
2π

¨ ¨ ¨

ż 8

´8

dθℓ
2π

e´r
řℓ

i“1 cosh θihOℓ pθ1, . . . , θℓ;αq

“
1

πℓ!

ż 8

´8

dθ1
2π

¨ ¨ ¨

ż 8

´8

dθℓ´1

2π
K0prdℓqh

O
ℓ pθ1, . . . , θℓ´1, 0;αq . (3.150)

Here we introduced the notation

dℓ “

g

f

f

e

˜

ℓ´1
ÿ

j“1

cosh θi ` 1

¸2

´

˜

ℓ´1
ÿ

j“1

sinh θi

¸2

, (3.151)

and K0pxq is the modified Bessel function. The second line of (3.150) follows from
integration of one rapidity variable, since the functions hℓptθiu;αq depend on rapidity
differences only. This expression for the cumulants can be found in many places, for
instance [204]. In the Ising model, due to Z2 symmetry, we usually have either even- or
odd-particle cumulants only. For instance for the field µ

xµy2αh
µ
2pθ1, θ2;αq :“ |F µ

2 pθ1, θ2;αq|
2 , (3.152)

xµy4αh
µ
4pθ1, θ2, θ3, θ4;αq :“ xµy2α|F

µ
4 pθ1, θ2, θ3, θ4;αq|

2
´ |F µ

2 pθ1, θ2;αq|
2
|F µ

2 pθ3, θ4;αq|
2

´|F µ
2 pθ1, θ3;αq|

2
|F µ

2 pθ2, θ4;αq|
2

´|F µ
2 pθ1, θ4;αq|

2
|F µ

2 pθ2, θ3;αq|
2 , (3.153)

whereas for Θ we just need to replace µ ÞÑ Θ and xµyα ÞÑ 2π. For the field σ on the
other hand, only the odd cumulants are not vanishing, the first two of which are

hσ1 pθ1;αq :“ 1 , (3.154)
|F σ

1 pαq|
6hσ3 pθ1, θ2, θ3;αq :“ |F σ

1 pαq|
4
|F σ

3 pθ1, θ2, θ3;αq|
2
´ |F σ

1 pαq|
6 . (3.155)

Note that, since the 1-point function of σ vanishes, the normalisation in the cumulant
expansion (3.149) should be replaced by the norm squared of the one-particle form factor

log
xσp0qσprqyα
|F σ

1 pαq|2
“

8
ÿ

ℓ“1

cσℓ pr;αq . (3.156)

Under a generalised TT-perturbation, a free theory will cease to be such, in the sense
that many of the nice properties free theories enjoy – such as a trivial S-matrix – are
lost to the deformation. In particular, the cumulant expansion does not simplify in any
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obvious way, a fact which is well-known to happen for the Ising fields in the usual free
model [182] and on its replica version, studied in the context of entanglement measures
(see i.e. [205, 206]). These simplifications are generally due to the Pfaffian structure of the
form factors that follows from Wick’s theorem in free theories. Such properties no longer
hold in generalised TT-perturbations. Instead, as far as we can see, with our form factor
solutions, there is no simple closed general expression for the cumulants. It is however
interesting to write down at least the lower ones. As we shall see, they exhibit interesting
properties, some of which will extend to the whole cumulant expansion. Let us look at
the lower-particle contributions to the expansion for the fields Θ and µ. For the field µ
we have

cµ2pr;αq “
1

2

ż 8

´8

dθ1
2π

ż 8

´8

dθ2
2π

e´2r cosh
θ12
2

cosh
θ̂12
2 cos2

˜

ÿ

sPS

αs

2
sinhpsθ12q

¸

ˆ
ź

sPS
e

αsθ12
π

sinhpsθ12q tanh2 θ12
2
. (3.157)

As usual, one integral can be carried out by introducing new variables x “ θ12 and
y “ θ̂12 :“ θ1 ` θ2, so the cumulant becomes

cµ2pr;αq “
1

4π2

ż 8

´8

dxK0p2r cosh
x

2
q cos2

˜

ÿ

sPS

αs

2
sinhpsxq

¸

ź

sPS
e

αsx
π

sinhpsxq tanh2 x

2
.

(3.158)
A very similar behaviour is found in the first cumulant contribution to the two-point

function of Θ. Following the same steps, we arrive at

cΘ2 pr;αq “
1

4π2

ż 8

´8

dxK0p2r cosh
x

2
q

«

sin
`
ř

sPS
αs

2
sinhpsxq

˘

ř

sPS
αs

2
sinhpsxq

ff2
ź

sPS
e

αsx
π

sinhpsxq sinh2 x

2
.

(3.159)
Regarding the convergence of the integrals (3.158) and (3.159) it is easy to see that this

is determined by the exponential factor and, in particular, by the sign of the parameter αs˚

where s˚ is the largest spin which is present in the product of exponentials. If αs˚ ą 0 the
integral is divergent, whereas the opposite is true for αs˚ ă 0. Notice that this fact echoes
what was mentioned in the introduction: the TBA for generalised TT deformations with
more than 1 coupling are only well defined if αs˚ ă 0. We must mention however, that the
asymptotics of these expressions and higher terms in the form factor expansion is much
less trivial when the set of spins s involved in the products above is infinite, as it will now
depend on the analytic properties of the resummation of the product of exponentials. For
the purposes of this paper and in order to avoid such subtleties, we will always assume that
we are considering a finite set of non-vanishing couplings, even if the total set S is infinite.

Let us now focus on the standard TT perturbation corresponding to having a single
non-vanishing parameter α1 :“ α. According to the picture put forward in [146] the
α ą 0 regime corresponds to a theory whose UV physics is characterised by objects of
finite length. It is then not surprising that short distances cannot be probed and that in
this limit the two-point function should diverge. At the TBA level [106] this finite length
leads to a finite ground state energy.
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In fact, for α ą 0, even the IR limit can be problematic, if we also probe high momenta.
In this case we will again encounter this finite length (l “

?
α), leading to a divergent

form factor expansion. In other words, there is no local QFT describing the deep UV
limit of the theory and if we try to probe this theory by approaching either small values
of r for any momenta, or large values of r and high momenta we always find a divergence.
For large momenta, we can even estimate a characteristic scale or cut-off – a function of
r{α – at which this divergence dominates as we now show.

If we take the two-particle cumulant of µ and expand the Bessel function at leading
order for large r we find

cµ2pr " 1;α ą 0q «
1

4π2

c

π

2r

ż 8

´8

dx
a

cosh x
2

cos2
´α

2
sinh x

¯

e´2r cosh x
2
`αx

π
sinhx tanh2 x

2
.

(3.160)
Convergence of the integral is determined by the balance between the two terms in

the exponent. While for α ă 0 the exponent is negative and the exponential rapidly
decreasing, for α ą 0 the integral is convergent for as long as

2r cosh
x

2
ą
αx

π
sinh x . (3.161)

In other words, there exist a maximum allowed rapidity x, solution of the equation

πr

α
“ x sinh

x

2
. (3.162)

For x " 0 we can approximate the sinh by an exponential, arriving at

πr

α
“
x

2
e

x
2 . (3.163)

The solutions to the equation above are known in the literature as LambertW -function
Wkpzq for k P Z. This is a multi-valued function, hence the index k. For real values of x
and πr

α
ą 0 the correct branch of the solution is the principal one x “ 2W0pπr{αq. This

scales as

W0paq « a for a ! 1 , and W0paq « log a for a " 1 . (3.164)

Quite naturally, the cut-off depends on the ratio of the two independent scales in the
system r{α. If r is large compared to α this cut-off will be very large as well since the
finite length of the fundamental excitation is not seen, even for large momenta. However,
if α is large compared to r the particles’ finite length is probed for momenta that are
not necessarily large and the cumulant expansion can only be made convergent by the
introduction of the rapidity cut-off

Λ “ 2W0pπr{αq . (3.165)

The fact that Lambert’s W -function plays a role is rather suggestive given that it
features in a variety of problems, many of which are intuitively connected to the physics
of TT perturbations (see [207] for a review). For instance, a key application is to delay
problems which are similar in spirit to the “delay” induced by the phase-shift Φαpθq and
by the finite length of the rods, that best describe the effect of the TT perturbation in the
GHD context. The Lambert function also features directly in previous discussions of TT
perturbations, such as in [146] where it enters the formula for the free energy in a hard-
rod model, in the solutions of JT gravity [135, 208] and in [98] as the explicit inversion
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of the classical flow equation for the deformed Lagrangian. Although the characteristic
momentum cut-off (3.165) is obtained from the two-particle contribution, the qualitative
picture presented here should extend to higher-particle terms. It is indeed possible to
write a simple argument showing this. Consider the definition (3.150) in the large r limit.
Expanding the Bessel function, for large r, all cumulants will include an r-dependent
exponential of the form e´rdℓ with dℓ defined in (3.151). Suppose that one of the rapidities
is very large, say θ1 " 1 and θ1 " θi‰1. Then, cosh θ1, sinh θ1 are also much larger than
cosh θi‰1 and sinh θi‰1. By neglecting these terms in the definition of dℓ, we have the
approximation

e´rdℓ « e´2r cosh
θ1
2 for θ1 " 1, θ1 " θi‰1 . (3.166)

The cumulant will also contain the factor
ź

1ďiďjďℓ´1

e
αθij
π

sinh θij

ℓ´1
ź

i“1

e
αθi
π

sinh θi « e´
ℓαθ1
π

sinh θ1 , (3.167)

where the approximation is made under the same assumptions as above. Then the two
exponentials can be compared just as for the two-particle cumulant and a similar cut-off
Λ – with α replaced by ℓα – can be found.

Following the analysis of [146], for α ă 0 we are now dealing with a theory of particles
having a “negative” length. From the viewpoint of correlation functions, both the UV
and IR regimes can be probed without any issues at all. In fact, the form factor series is
more rapidly convergent for α ă 0 than for α “ 0 since the minimal form factor typically
decays much faster for large rapidities than any other function in the integrand. We have
that, for all cumulants in (3.150)

lim
θiÑ8

hOℓ pθ1, . . . , θℓ;αq “ 0 @ i&α ă 0 . (3.168)

For many theories, the statement above also holds at α “ 0 but the Ising model is an
exception to this rule since the cumulants of µ, σ and Θ all either diverge exponentially
(Θ) or tend to a constant (µ and σ) for large rapidities.

Now that (3.168) holds, we can safely expand the Bessel functions K0p2rdℓq in (3.150)
for small r in order to investigate the UV scaling of correlators,

K0prdℓq “ ´ log r ´ γ ` log 2´ log dℓ . (3.169)

We find that the leading contributions to the cumulant expansion at short distances are
all proportional to a factor log r. This implies a power-law scaling of the correlators,
just as one would expect if the UV limit was a CFT. This is an interesting though
unexpected result, given that we know a TT-deformed theory is not supposed to have
a UV fixed point in the standard sense. These results suggest that for large energies,
the TT deformation does have properties that are reminiscent of critical systems. In
other words, two-point functions will still scale as power-laws r´4zOpαq at short distances,
with exponent zOpαq ă ∆O – for α ă 0 – where ∆O is the UV dimension of the field
in the unperturbed theory. We also see that zOpαq Ñ 0 for ´α Ñ 8. The IR limit
is straightforwardly analysed as well, with two-point functions decaying exponentially at
large distances, faster than in the undeformed theory. In the deep IR the theory will still
be trivial, as dictated by the presence of a mass scale.

For the two-particle cumulants, the leading UV (r ! 1) contributions are

cµ2pr ! 1;α ă 0q « ´
log r

4π2

ż 8

´8

dx cos2
´α

2
sinh x

¯

e
αx
π

sinhx tanh2 x

2
:“ ´4zµ2 pαq log r ,

(3.170)
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and similarly

cε2pr ! 1;α ă 0q « ´
log r

4π2

ż 8

´8

dx

„

sinpα
2
sinh xq

α cosh x
2

ȷ2

e
αx
π

sinhx :“ ´4zε2pαq log r . (3.171)

The cumulants of the energy field ε which is related to the Θ by Θ “ 2πmε are identical
to those of Θ when m “ 1, however, unlike Θ, ε is a primary field in CFT and should
scale as 1{r2 in the short-distance limit for α “ 0 (whereas Θ vanishes in the CFT limit).
It is thus more interesting to consider the short-distance scaling of ε than that of Θ.

Due to the exponential terms, the integrals in (3.170) and (3.171) cannot be computed
analytically but they can be evaluated numerically and the results are shown in Fig. 3.11.
These indicate that the short-distance scaling of the two-point function will now be de-
pendent on α. Note that it is not possible to extrapolate these contributions to α “ 0
because the integral is not convergent in this case (see [182]). This sharp change in the
behaviour of zµ,ε2 pαq is a special feature of the Ising model.
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Figure 3.11: The functions zµ2 pαq and zε2pαq. In the unperturbed Ising model we have
that the two-point functions scale exactly as r´

1
4 and r´2 for µ and ε respectively so that

zµ2 p0q “
1
16

and zε2p0q “
1
2
. From the two-particle contributions, it seems that there is still

power-law scaling at short distances but the decay becomes faster the larger is ´α. Note
that the definitions (3.170) and (3.171) of zµ2 pαq and zε2pαq are not valid at α “ 0: there
is a sharp change at α “ 0 which is a peculiar feature of the Ising model.

Standard Consistency Checks

We can also try to apply the two consistency checks : the ∆-sum rule (0.74) and Zamolod-
chikov’s c-theorem (0.73). Once more we limit our consideration to the simplest case of the
TT deformation. Consider the field µ. After integrating in r and in one of the rapidities,
from (0.74) and (3.3) we obtain the exact formula

Fµpαq :“ ∆UV
µ ´∆IR

µ “
1

16π

ż `8

´8

dx

ˇ

ˇ

ˇ

ˇ

sinpα sinh xq

α sinh x

ˇ

ˇ

ˇ

ˇ

tanh2 x
2

cosh x
2

e
α
π
x sinhx . (3.172)

For α “ 0 the integral can be computed exactly and we obtain the expected CFT value
∆µ “ 1

16
while for α ă 0 we can only integrate numerically. We find that F pαq tends to

zero for ´α Ñ 8. The decay is extremely fast and can be best seen when plotting against
logp´αq, as in Fig. 3.12 (left). The behaviours at small and large ´α are exactly what we
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would expect from the general picture developed in the analysis of the cumulants, thus
the results of the ∆-sum rule are compatible with the general picture of power-law scaling
at short distances.
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Figure 3.12: The functions F pαq and cpαq. They both tend to zero for large ´α and
to their exact values in the unperturbed theory for α “ 0: F p0q “ 1

16
“ 0.0625 and

cpαq “ 1
2
“ 0.5

In the same way we can study Zamolodchikov’s c-function. From (0.73) and (3.3),
integrating once again in r and in one rapidity, we obtain the formula

cpαq :“ cUV
´ cIR «

3

8

ż `8

´8

dx

„

sinpα
2
sinh xq

α
2
sinh x

ȷ2 tanh2 x
2

cosh2 x
2

e
α
π
x sinhx , (3.173)

in the two-particle approximation. For α “ 0 we obtain the usual value c “ 1{2 while
cpαq Ñ 0 for αÑ ´8. The decay to zero as ´α is increased is very fast and best seen in
logarithmic scale, as shown in Fig. 3.12 (right).

3.2.2 The Factorisation Property

The fact that we can consider factorised solutions, like we did in (3.118) in the case of the
TT-deformed Ising model, it is actually more general [13]. For any IQFT with diagonal
scattering matrix and a single-particle spectrum, we can always find solutions with the
general structure

FO
n pθ1, . . . , θn;αq “ FO

n pθ1, . . . , θn;0qΥ
O
n pθ1, . . . , θn;αq , (3.174)

with ΥO
n pθ1, . . . , θn;αq a non-trivial function of α and ΥO

n pθ1, . . . , θn;0q “ 1. Here, as
we did for the Ising field theory, we will restrict ourselves to the case β “ 0.

The function ΥO
n pθ1, . . . , θn;αq can be computed by plugging (3.174) into the standard

ansatz (3.99). This gives rise to the following equations

Hα
n “ H0

nHα
n , Fminpθ;αq “ Fminpθ;0qφpθ;αq , (3.175)

QO
n pθ1, . . . , θn;αq “ QO

n pθ1, . . . , θn;0qΘ
O
n pθ1, . . . , θn;αq , (3.176)

or equivalently
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ΥO
n pθ1, . . . , θn;αq “ Hα

nΘ
O
n pθ1, . . . , θn;αq

n
ź

iăj

φpθi ´ θj;αq . (3.177)

The quantities H0
n , QO

n pθ1, . . . , θn;0q and Fminpθ;0q are supposed to satisfy the axioms
for the undeformed theory, which means

H0
n “ ΘO

n pθ1, . . . , θn;0q “ φpθ;0q “ 1 . (3.178)

Imposing the form factor equations for the deformed theory we recover the equations

φpθ;αq “ Φαpθqφp´θ;αq “ φp2πi´ θ;αq , (3.179)

which have already been solved to (3.94), and12

lim
θ̄Ñθ

ΥO
n`2pθ̄ ` πi, θ, θ1, . . . , θn;αq “

1´ γO
śn

j“1 Sαpθ ´ θjq

1´ γO
śn

j“1 S0pθ ´ θjq
ΥO

n pθ1, . . . , θn;αq . (3.180)

This equation in turn splits into

Hα
n`2 “ Hα

n , (3.181)

ΘO
n`2pθ ` iπ, θ, θ1, . . . , θn;αq “ Sn pθ ´ θ1, . . . , θ ´ θn; γOqΘ

O
n pθ1, . . . , θn;αq , (3.182)

where we introduced the quantity

Sn pθ1, . . . , θn; γOq “

śn
j“1 Sαpθjq

´1{2 ´ γO
śn

j“1 Sαpθjq
1{2

śn
j“1 S0pθjq´1{2 ´ γO

śn
j“1 S0pθjq1{2

. (3.183)

Notice that as a consequence of the unitarity Sαp´θq “ Sαpθq
´1 and crossing sym-

metry Sαpiπ ´ θq “ Sαpθq of the S-matrix, the function (3.183) satisfies the following
properties

Sn pθ1 ˘ iπ, . . . , θn ˘ iπ; γOq “ Sn

`

θ1, . . . , θn; γ
´1
O
˘

, (3.184)

Sn`2 pβ, β ˘ iπ, θ1, . . . , θn; γOq “ Sn pθ1, . . . , θn; γOq , (3.185)

which will be useful momentarily. The recursion (3.181) for the constant is trivially
solved

Hα
n “ 1 , (3.186)

while the equation (3.182) for Θ requires some more effort, especially for a general
undeformed S-matrix. Let us give here the solution

ΘO
n pθ1, . . . , θn;αq “

d

n
ź

i“1

Sn

´

θi ´ θ1, . . . , θi ´ θn; γ
p´1qi

O

¯

, (3.187)

12Note that if γO “ 1 and Spθq “ 1, the equation for Υ would involve division by zero. Extra care is
needed in those cases.
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and check that it indeed solves equation (3.182). The left-hand-side is given by the
product of the following three expressions

b

Sn`2

`

0, iπ, θ ` iπ ´ θ1, . . . , θ ` iπ ´ θn; γ
´1
O
˘

“
a

Sn pθ ´ θ1, . . . , θ ´ θn; γOq , (3.188)

a

Sn`2 p´iπ, 0, θ ´ θ1, . . . , θ ´ θn; γOq “
a

Sn pθ ´ θ1, . . . , θ ´ θn; γOq , (3.189)

and

d

n
ź

i“1

Sn`2

´

θi ´ θ ´ iπ, θi ´ θ, θi ´ θ1, . . . , θi ´ θn; γ
p´1qi

O

¯

“ ΘO
n pθ1, . . . , θn;αq , (3.190)

where we used the properties (3.184) and (3.185). Taking the product of these three
terms indeed yields the right-hand-side of (3.182) as long as γO “ γ´1

O or γO “ ˘1. More
explicitly, we can write the final expression

ΘO
n ptθiun;αq “

n
ź

i“1

g

f

f

f

f

f

e

n
ś

j“1

Sαpθijq1{2 ´ γO
n
ś

j“1

Sαpθijq´1{2

n
ś

j“1

S0pθijq1{2 ´ γO
n
ś

j“1

S0pθijq´1{2

“

n
ź

i“1

g

f

f

f

f

f

f

f

e

sin

˜

1
2

n
ř

j“1

rδpθijq ´ i log Φαpθijqs ´
ωO
2

¸

sin

˜

1
2

n
ř

j“1

δpθijq ´
ωO
2

¸ , (3.191)

where S0pθq “ S0p´θq
´1 “ eiδpθq and γO “ eiωO . We also assumed that the S-matrix

is fermionic in the sense that S0p0q “ S0piπq “ ´1, so δp0q “ δpiπq “ π. As noted
above, the solution (3.191) also requires γO “ ˘1. Thus, strictly speaking, it is valid for
local and semi-local fields. A hitherto unresolved subtlety of the form factors of deformed
theories is that clustering in momentum space (3.83) does not seem applicable. Due to
the form of the function ΥO

n ptθiun;αq the form factors of the deformed theory do not gen-
erally factorise into form factors of lower particle numbers when some rapidities are sent
to infinity. One possible reason is that clustering in momentum space has been related
to a massless or UV limit of the theory [192], and in deformed theories the UV limit is
no longer a standard CFT. This means that, for theories without bound states, there is
no clear way to relate the normalisations of odd- and even-particle form factors. In the
same way, also the bound (3.82) seems to lose any significance because now the main
asymptotic properties, as we saw already in the case of the deformed IFT, are completely
dictated by the MFF (3.94) and specifically by the sign of the deformation parameter itself.

Even in this general case we can consider the leading contributions to the long and
short-distance expansions of the logarithm of a typical (normalised) two-point function
xOp0qO:prqy{xOy2. Also for simplicity, we will restrict ourselves to fields that only have
even-particle form factors and we will restrict to the case when α1 :“ α ‰ 0 and αi “ 0
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for i ą 1. In this case, the two-particle contribution to the logarithm of the two-point
function is

qO2 pr;αq “

8
ż

´8

dx

p2πq2
ˇ

ˇΘO
2 px;αq

ˇ

ˇ

2
|F̂O

2 px; 0q|2e
αx
π

sinhxK0p2r cosh
x

2
q , (3.192)

where 13

ΘO
2 pθ;αq “

$

’

’

’

’

&

’

’

’

’

%

ˇ

ˇ

ˇ

ˇ

cos 1
2
pδpθq´α sinh θq

cos δpθq
2

ˇ

ˇ

ˇ

ˇ

for γO “ 1 ,

ˇ

ˇ

ˇ

ˇ

sin 1
2
pδpθq´α sinh θq

sin δpθq
2

ˇ

ˇ

ˇ

ˇ

for γO “ ´1 ,

(3.193)

and F̂O
2 px; 0q is the two-particle form factor normalised by the vacuum expectation value

xOy.
As in the deformed Ising field theory case, the asymptotic behaviour depends crucially

on the sign of α. For α ą 0, the exponential factor diverges and cannot be compensated
by the undeformed form factor, which typically decays exponentially. At short distances
this signals an unusual UV behaviour, while at large distances the convergence of the
series depends on the interplay between the length scale, the momentum and α: for small
momenta the expansion remains convergent, but for large momenta the finite size of par-
ticles is again probed and convergence is lost.

For α ă 0, on the other hand, the situation is reversed: the exponential factor ensures
rapid convergence both in the UV and IR. In the IR the theory flows to a trivial fixed
point, as in the undeformed case. In the UV, the form factor expansion must be resummed,
leading to a logarithmic behaviour of the form

qOn pr ! 1;α ă 0q „ ´ zOn pαq log r , (3.194)

with coefficients zOn pαq given by integrals over rapidities, e.g.

zO2 pαq “

ż 8

´8

dθ

p2πq2
ˇ

ˇΘO
2 pθ;αq

ˇ

ˇ

2ˇ
ˇF̂O

2 pθ; 0q
ˇ

ˇ

2
e
αθ
π

sinh θ . (3.195)

Since the exponential decays for α ă 0, one always finds

zOn pαq ď zOn p0q ,

whenever the undeformed coefficients are well-defined. Thus the UV behaviour is power-
law, as in a CFT, but with an α-dependent power that tends to zero as αÑ ´8.

Also the analysis via Zamolodchikov’s c-theorem follows the same pattern as in the
specific Ising example. One considers

cpαq “
3

2

ż 8

0

dr r3xΘp0qΘprqyc , (3.196)

which interpolates between the UV and IR central charges. For α “ 0 this reproduces
cUV , since cIR “ 0, while for α ă 0 it provides an α-dependent deformation of cUV .

13Note that for the Ising model cos δpθq
2 “ 0 in (3.193) but this can be compensated for by appropriate

normalisation of the form factors.
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The two-particle form factor of Θ carries the same oscillatory structure encountered
previously,

FΘ
2 pθ;αq “ 2π

ˇ

ˇ

ˇ

ˇ

ˇ

sin
`

α
2
sinh θ

˘

α
2
sinh θ

ˇ

ˇ

ˇ

ˇ

ˇ

Fminpθ;αq

Fminpiπ;αq
, (3.197)

and, in the two-particle approximation, yields

c2pαq “
3

8

ż `8

´8

dx

«

sin
`

α
2
sinh x

˘

α cosh3
px{2q

ff2

e
α
π
x sinhx. (3.198)

The outcome is qualitatively unchanged (w.r.t. the deformed IFT): numerical eval-
uation (Fig. 3.13) shows a smooth flow from the undeformed value 1{2 to zero as ´α
increases, with oscillations suppressed by the exponential factor.
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Figure 3.13: The functions c2pαq for the Ising model.

3.2.3 Extension to Branch Point Twist Fields

A possible direction that we decided to pursue was the study of entanglement properties14

of the deformed theories. A perturbative approach for free theories was used in [217] and
led to some interesting conclusions regarding the leading contribution to the entanglement
entropies in free boson and free fermion theories. Actually, the work [218] has addressed
exactly the same problems we consider here. In fact our paper [14] on which this discussion
is based on was very nearly completed when [218] appeared. Despite the large overlap
between our work and [218], we found important differences in some of the main results.

The paper [14] basically extends the work in [12, 13] to deal with a particular type of
symmetry field, the branch point twist field (BPTF). The name BPTF, their definition
as symmetry fields associated with cyclic permutation symmetry in replica theories, and
their application to entanglement measures in massive IQFTs all hail back to the work
[185]. The relationship between entanglement measures and correlators of fields associ-
ated with conical singularities was first discussed in [219], although the fields introduced
there were distinct from the BPTF. The extension considered here is non-trivial, because
the results of [13] were only applicable to local and semi-local fields, where semi-local
meant specifically fields with factor of local commutativity γ “ ˘1 [182]. In order to
study the form factors of BPTFs we need to consider the form factor program anew and

14Of particular relevance to the following discussion are works which have focused on entanglement
measures [209, 210, 211, 212, 213, 214, 215, 216].
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find solutions to the form factor equations which might a priori have a different structure
from those found in [12, 13] because of the different locality properties that these fields
possess. In [14] we focused on the two particle form factor (the zero and one-particle form
factors are constant for spinless fields like the BPTF), leaving higher particle solutions for
future study15. As we will see, the two-particle contribution can already give us valuable
insights into some properties of entanglement. The results just obtained for the IFT and
more complicated interacting diagonal theories without bound states certainly support
the view that, at the very least, the form factors obtained starting with the S-matrix
(2.43) encapsulate physical information about the models. Indeed, for the simpler TT-
perturbation they capture in a very neat and clear way the distinct nature of the positive
and negative coupling regimes, already highlighted earlier. Furthermore, the correlation
functions obtained from these form factors have asymptotic properties which are entirely
compatible with the view that the UV theory is non-local and that the elementary exci-
tations are now extended “finite length” degrees of freedom. In addition, the form factor
program, although relying heavily on locality, does not require strict locality of the op-
erators/particles but only finite support thereof. In fact, the idea that one can apply
the form factor program to extended objects has already appeared in the literature, for
instance in [220], where the notion of bi-local fields is discussed (that is fields associated
with the “product” of two operators located at different points in space-time). The same
idea is behind the concept of twist operator employed in [221]. Even though these are
different models/problems16, we were still motivated to give it a try. Again, at the time
we wrote [14] we were completely clueless on possible ways to fix the free parameters in
(3.95) and therefore also in here we consider βs “ 0.

Branch Point Twist Fields and their Form Factors

Fields associated to internal symmetries in quantum field theory can be characterised
by their equal-time exchange relations with respect to other local fields and that these
in turn lead to twist fields sitting at the origin of branch cuts in space-time as we saw
in Subsection 3.1.3. The fields we are interested in here, the BPTFs, arise naturally in
replica theories which consist of n identical, non-interacting copies of some chosen model.
In such cases, there is a large amount of symmetry in the resulting model (in fact, under
all elements of the permutation group), including cyclic permutation symmetry, which is
the symmetry that turns out to be relevant in the context of entanglement. As a result of
the replica process, all the fields that were present in the original (non-replicated) model
acquire copy labels. In other words, if the chosen model had a local field ϕpxq, the replica
theory will posses a family ϕjpxq with j “ 1, . . . , n and the identification j ” j ` n. In
this context the BPTF T and its hermitian conjugate T : satisfy the equal-time exchange
relations

ϕjpxqT pyq “

"

T pyqϕj`1pxq y ą x
T pyqϕjpxq y ă x

and ϕjpxqT :
pyq “

"

T :pyqϕj´1pxq y ą x
T :pyqϕjpxq y ă x

.

(3.199)

15Unfotunately we were, and we still are unable to solve the kinematical residue equation for these
fields as we did in the previous subsections for more standard fields.

16In our case what is extended is rather the particles or the “scattering process itself” rather than the
operators; nevertheless, the two notions are conceptually related, since bilocality of operators can be
viewed as a form of spatial extension.
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From these exchange relations, equations for matrix elements of T and T : can be
derived. Let us define

F µ1...µk

k pθ1, . . . , θk;nq :“ x0|T p0q|θ1, . . . , θkyµ1...µk
, (3.200)

to be the k-particle form factor of T , with |θ1, . . . , θkyµ1,...,µk
an in-state characterised by

rapidities θi and quantum numbers µj. Typically, each quantum number carries two sets
of information: the particle quantum number and its copy number; in short µj :“ pa, jq.
However if the theory has a single particle type, as we consider here, we can think of
µj :“ j as being simply the copy number. From the relations (3.199), the form factor
equations for diagonal scattering matrices can be derived and were first written in [185]:

F
...µiµi`1...
k p. . . , θi, θi`1, . . . ;nq “ Sµiµi`1

pθi i`1qF
...µi`1µi...
k p. . . , θi`1, θi . . . ;nq , (3.201)

F µ1µ2...µk

k pθ1 ` 2πi, . . . , θk;nq “ F µ2...µnµ̂1

k pθ2, . . . , θk, θ1;nq , (3.202)
Res
θ̄0“θ0

F µ̄µµ1...µk

k`2 pθ̄0 ` iπ, θ0, θ1, . . . , θk;nq “ iF µ1...µk

k pθ1, . . . , θk;nq , (3.203)

Res
θ̄0“θ0

F µ̄µ̂µ1...µk

k`2 pθ̄0 ` iπ, θ0, θ1, . . . , θk;nq “ ´i
k
ź

i“1

Sµµi
pθ0iqF

µ1...µk

k pθ1, . . . , θk;nq , (3.204)

where µ̂i :“ pa, i ` 1q indicates a particle label with the same quantum numbers as
µ but copy number shifted by one and µ̄i :“ pā, iq indicates a particle that is conjugate
to the particle of index µ in the same copy. Although the kinematic residue equation
for branch point twist fields now splits into two separate equations (3.203)-(3.204), the
second can be derived from the first by employing Watson’s equations (3.201)-(3.202).
This means that typically only the equations (3.201)-(3.203) are employed in the solution
procedure. Furthermore, for simplicity, these can be specialised to particles in the same
copy since once those form factors are known, all others can be obtained by employing
(3.201)-(3.202). The form factors of T : are also related to those of T in a simple way, as
discussed in [185] and [222]. As usual, the solution to these equations starts with solving
equations for two-particle form factors. We now discuss how this is done and how the
known solutions generalise in the presence of TT perturbations. In this case, all equa-
tions above still hold, but, in a theory with a single particle type, the scattering matrices
Sµiµj

pθq are replaced by pSαpθqq
δij and therefore the form factors must now be functions

of α.

Since we want to deal with deformed theories, let us slightly modify our notation
(3.200) and introduce explicitly the dependence on the couplings α. In addition, since
BPTFs are spinless we know their two-particle form factor will only depend on rapidity
differences, hence a single variable θ. We will then call

F jp
2 pθ;n,αq , (3.205)

the two-particle form factor of T in the deformed theory for two particles of the same
type, labelled by distinct copy indices j, p. The minimal part of this form factor will be
denoted by

F jp
minpθ;n,αq , (3.206)

and will be a solution of the two-particle form factor axioms without poles in the physical
sheet. It satisfies

F pj
minpθ;n,αq “ F jp

minp´θ;n,αqpSαpθqq
δjp “ F j p`1

min p2πi´ θ;n,αq , @j, p , (3.207)
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where the delta function implements the correct exchange relation (3.201) in which par-
ticles in distinct copies do not interact whereas particles in the same copy interact in
a model specific manner. Using these relations as well as the fact that all copies are
identical, we can show

F
T |i i`p
min pθ;n,αq “ F

T |j j`p
min pθ;n,αq , @ i, j, p , (3.208)

F
T |1j
min pθ;n,αq “ F

T |11
min p2πpj ´ 1qi´ θ;n,αq , @ j ‰ 1 . (3.209)

The last equation allows us to write a similar set of equations to (3.207) for form
factors involving particles in the same copy only. This gives the relations

fα
n pθq “ fα

n p´θqSαpθq “ fα
n p´θ ` 2πinq , (3.210)

which imply that the minimal form factor

F 11
minpθ;n,αq :“ fα

n pθq , (3.211)

must not have any pole in the extended strip Impθq P r0, 2πns. For α “ 0 the relations
(3.210) can be typically solved in a very similar way as for local fields and the method
has been explained in many places including [185, 222]. The resulting function f 0

n pθq can
be usually expressed in terms of an integral representation which is determined by the
scattering matrix. For free theories however, this function is very simple. In particular,
for the Ising field theory it is just

f0
n pθq “ ´i sinh

θ

2n
. (3.212)

Since the equations (3.210) are linear, this means that their solution will typically factorise
into f0

n pθq (the undeformed solution) and another function φα
n pθq which satisfies

φα
n pθq “ φα

n p´θqΦαpθq “ φα
n p´θ ` 2πinq . (3.213)

A simple family of solutions to this equation can be found similarly as for local fields.
It is a simple generalisation to replica theories of the solutions (3.94), and it takes the
form

φα
n pθq “ exp

˜

θ ´ iπn

2πn

ÿ

sPS
αsm

2s sinhpsθq

¸

. (3.214)

As for local and semi-local fields, the minimal form factor itself contains possible “CDD
factors”, that is factors that are both even and 2πin periodic in the variable θ. The most
general combination of such factors takes the form

Cn
βpθq “ exp

˜

ÿ

sPS1

βsm
2s
n cosh

sθ

n

¸

. (3.215)

where S 1 may be a different set of integers than S. Our solutions (3.214) and (3.215)
are identical to those found in [218]. It is however useful to discuss a little bit why
we choose (3.214) to involve only hyperbolic functions of sθ whereas (3.215) involves
hyperbolic functions of sθ

n
. Indeed, if s are odd integers, which is usually the case, we

could replace sinhpsθq by sinh sθ
n

and still have a solution to all required equations. The
reason for choosing (3.214) as done here is two-fold: it is natural to expect that the
minimal form factor satisfies
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fα
n pθqpf

α
1 pθqq

˚
P R for θ P R and n ‰ 1 , (3.216)

as otherwise any correlators of T with a local or semi-local field in the theory would
give complex results. The property (3.216) holds for α “ 0. This property is for instance
essential in the following section where we study the ∆ sum rule. Without (3.216), the
output of the ∆-sum rule presented below would not be a real number, even in the two-
particle approximation. The choice of φα

n pθq is also supported by fundamental properties
of the S-matrices and minimal form factors of IQFTs which we plan to discuss in more
detail in a further publication. Furthermore, the solution (3.215) is the most general
CDD-factor that we can write and of course it includes all terms of the form coshpkθq
when s “ kn. Terms of the form coshpkθq seem indeed more natural as they are the
one-particle eigenvalues of higher local conserved quantities. In summary, we have then
that any diagonal theory with a single-particle spectrum has minimal form factor

fα
n pθq “ f0

n pθqφ
α
n pθqC

n
βpθq . (3.217)

In the Ising model this reads explicitly

fα
n pθq “ ´i sinh

θ

2n
exp

˜

θ ´ iπn

2πn

ÿ

sP2Z`1

αsm
2s sinhpsθq `

ÿ

sPS1

βsm
2s
n cosh

sθ

n

¸

. (3.218)

If we now include the relevant kinematic poles and normalisation so as to ensure that
the two-particle versions of equations (3.203) and (3.204) are also satisfied, we obtain the
solution

F 11
2 pθ;n,αq “

xT yαn sin π
n

2n sinh r iπ`θ
2n

s sinh r iπ´θ
2n

s

fα
n pθq

fα
n p0q

. (3.219)

where xT yαn :“ F0pn,αq. Note that the factor sin π
n

ensures that F 11
2 pθ; 1,αq “ 0 which

is a consistency condition for the BPTF (i.e. it becomes the identity field for n “ 1).
Apart from the minimal form factor, this form factor has exactly the usual form [185].

It is worth highlighting however, that this solution still needs to be tested against
solutions to the higher particle form factor equations, which are harder to obtain. We
mean by this that the two-particle form factor needs to be consistently recovered from the
kinematic residue of the four-particle form factor. Until this four-particle form factor is
computed some uncertainty as to the exact form of F 11

2 pθ;n,αq remains. This is similar
to the behaviour we found in (3.131) for the form factors of the trace of the stress-energy
tensor Θ. We saw that consistency with higher-particle form factor equations requires
the standard two-particle form factor solution to be multiplied by an additional factor
fpθ;αq with properties

fpθ;0q “ fpiπ;αq “ 1 . (3.220)

Such a factor could be present in our case too. If so, it would need to be also an even,
2πin-periodic function of θ. A more in-depth study of the form factor equations is required
to settle this point. We will only work with the solution (3.219), the same found in [218].

We can immediately try to check our result with the ∆-sum rule. The result is a func-
tion that heavily depends on α with strong divergencies or properties that are compatible
with the power-law scaling of two-point functions that we observed already. Even if the
form factors of the BPTF are different from those of local and semi-local fields previously
found, power-law scaling will follow through due to the exponentially decaying factors
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|φα
npθq|

2 that enter the form factor expansion of the two-point function xT p0qT prqyαn. For
the same reason, the ∆-sum rule in the two-particle approximation is also given by a
convergent integral. We have that

∆α
n “ ´

1

2xT yαn

ż 8

0

dr rxΘprqT :
p0qyαn . (3.221)

The right-hand side of (3.221) can be expressed as a sum over multi-particle contribu-
tion [223]. Again, here we will not need the most general expression and we consider the
Ising model and limit our analysis to the two-particle contribution. In fact, for αs ă 0 we
expect this to constitute the leading contribution to (3.221). After some simplifications
we find

∆α
n « ´

n

32π2m2xT yαn

ż 8

´8

dθ
F

Θ|11
2 pθ;αqpF

T |11
2 pθ;n,αqq˚

cosh2
pθ{2q

. (3.222)

If we now consider the TT perturbation, corresponding to having only α1 :“ α ‰ 0
and all β “ 0 we then have the form factor formulae

F
T |11
2 pθ;n, αq “ ´

ixT yαn sinh p θ
2n
q cos p π

2n
q

n sinh r iπ´θ
2n

s sinh r iπ`θ
2n

s
e´

αm2

2π
piπ´ θ

n
q sinh θ , (3.223)

using (3.138) and (3.223) we find17

∆α
n “ ´

1

16π

ż 8

´8

dθ
cos p π

2n
q sinh p θ

2n
q tanh θ

2

sinh r iπ´θ
2n

s sinh r iπ`θ
2n

s cosh θ
2

ˇ

ˇ

ˇ

ˇ

sinpα
2
sinh θq

α
2
sinh θ

ˇ

ˇ

ˇ

ˇ

e
αm2

2π
pn`1

n
qθ sinh θ . (3.224)

For α “ 0 the integral can be computed exactly as shown in [185], and it gives the
exact CFT formula [224, 225]

∆0
n “

1

48

ˆ

n´
1

n

˙

. (3.225)

In [185] it was shown that the integral (3.224) can be computed exactly for α “ 0.
This is because in that case the integrand only picks up a sign under the shift θ ÞÑ θ`2πin.
Hence by Cauchy’s theorem, the sum of the residues of the poles that cross the line under
the shift give exactly twice the dimension ∆0

n. In the present case, unfortunately the
presence of the exponential spoils this property. In the absence of an analytic formula,
the integral can be evaluated numerically for different values of α and n as shown in
Figs. 3.11 and 3.12. Fig. 3.11 shows the function ∆α

n as a function of n for different
negative choices of α. As observed for other fields, the values of ∆α

n decrease as the
modulus of α increases. From the figure it is clear that for large n the leading behaviour
of ∆α

n is linear in n, just as found in [218]. The curvature of the function is only visible
for very small values of n, around 1. It is possible to expand (3.224) for large n to work
out that the leading contributions are:

∆α
n “ apαq ` nbpαq `

1

n
cpαq `Opn´2

q , (3.226)

with

17In [218] the authors chose to ignore the factor
ˇ

ˇ

ˇ

sinpα
2 sinh θq

α
2 sinh θ

ˇ

ˇ

ˇ
arguing that it does not influence the final

result too much. This is indeed true, but it seems a peculiar reasoning nonetheless.
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Figure 3.14: The function (3.224) for α “ 0,´0.001,´0.01,´0.1 and ´1, with the value
0 corresponding to the red dots and the value 1 corresponding to the blue dots. The
exact formula (3.225) is also plotted as a solid black line, which fits the red dots perfectly.
The figure on the right is a blow up of the small n region of the left figure. All functions
are linear for n large and the slopes are: bp0q “ 1

48
“ 0.0208333, bp´0.001q “ 0.0195262,

bp´0.01q “ 0.0169936, bp´0.1q “ 0.0112533 and bp´1q “ 0.00331503.

apαq :“
α

8π2

ż 8

´8

dθ
θ2

π2 ` θ2
sinh2 θ

2

cosh θ
2

ˇ

ˇ

ˇ

ˇ

sinpα
2
sinh θq

α
2
sinh θ

ˇ

ˇ

ˇ

ˇ

e
αθ
2π

sinh θ , (3.227)

bpαq :“
1

8π

ż 8

´8

dθ
θ

π2 ` θ2
tanh θ

2

cosh θ
2

ˇ

ˇ

ˇ

ˇ

sinpα
2
sinh θq

α
2
sinh θ

ˇ

ˇ

ˇ

ˇ

e
αθ
2π

sinh θ , (3.228)

and

cpαq :“
1

192π3n

ż 8

´8

dθ
θpπ4 ` π2θ2 ´ 3α2θ2 sinh2 θq

π2 ` θ2
sinh θ

2

cosh2 θ
2

ˇ

ˇ

ˇ

ˇ

sinpα
2
sinh θq

α
2
sinh θ

ˇ

ˇ

ˇ

ˇ

e
αθ
2π

sinh θ .

(3.229)
The coefficients of higher order corrections in 1{n can be easily evaluated by further

expanding the integrand of (3.224). As expected, ap0q “ 0 and bp0q “ ´cp0q “ 1
48

.
If we assume that the function (3.224) still characterises the short-distance scaling

of the two-point function xT p0qT :prqyαn as well as the scaling of the vacuum expectation
value xT yαn „ m2∆α

n , then the results above already have important implications regarding
the behaviour of the entropy. In order to understand this we need to briefly review the
relationship between BPTF correlators and entanglement.

3.2.4 Entanglement Entropy from BPTFs

The best-known measure of the entanglement between two parts of a quantum system,
that is a bipartite measure, is the entanglement entropy or von Neumann entropy. Its
good properties as an entanglement measure were established in [226]. The simplest case
in which it can be computed is that of a quantum model in a pure state |Ψy.
Let the Hilbert space of the theory be divided into two complementary subspaces H “

HA bHĀ and let the reduced density matrix of subsystem A be defined as

ρA “ TrĀp|ΨyxΨ|q . (3.230)
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Figure 3.15: The function (3.224) for n “ 2 (red), n “ 5 (blue), n “ 7 (green) and
n “ 10 (black). The figure on the right shows clearly how all functions scale similarly
with α. We find that all functions are extremely well fitted by quadratic polynomials of
the form fpnq ` kpnqx` ppnqx2 with x “ logp´αq which are presented as dashed lines.

Then, the von Neumann entropy is defined as

Sprq “ ´TrApρA log ρAq , (3.231)

where r is taken to be the length of subsystem A in a 1D theory. Related to this is
the family of Rényi entropies, defined as

Snprq “
logpTrApρ

n
Aqq

1´ n
. (3.232)

The normalisation of ρA is chosen so that TrApρAq “ 1, which implies that the von
Neumann entropy can be obtained as a limit of the Rényi entropies

Sprq “ lim
nÑ1

Snprq . (3.233)

In the context of critical systems it was realised a long time ago [227, 228, 219] that
for n integer TrApρ

n
Aq has a natural physical interpretation as a suitably normalised par-

tition function in an n-sheeted Riemann surface with cyclically connected sheets. The
structure of this Riemann surface is dictated by the product of n matrices ρA and by the
trace, which induces the cyclicity property. The partition function picture applied to a
configuration where the regions A and Ā are both complementary and fully connected, is
very advantageous in the context of conformal field theory. In this case a conformal map
can be employed to map the Riemann surface back to the complex plane with conical sin-
gularities at the boundary point(s) between regions A and Ā. Henceforth both the Rényi
and von Neumann entropies can be easily obtained leading to the well-known logarithmic
growth of both Sprq and Snprq in critical systems [227, 228, 229, 230, 219, 231, 232].

Conformal maps can however not be used in massively perturbed and/or TT-perturbed
CFTs and so an alternative approach to compute the partition function is needed. BPTFs
provide such an approach. It can be shown that for a bipartition of the type described
above, the function TrApρ

n
Aq is proportional to a correlation function of BPTFs [185, 219].

This correlation function contains as many fields as boundary points between A and Ā.
In the simplest case, when both regions are semi-infinite, and α “ 0, we require only one
field and we can write

TrApρ
n
Aq “ ε2∆

0
nxT y

0
n , (3.234)
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where ε is a non-universal short-distance cut-off and xT y0n is the vacuum expectation value
(VEV) of the BPTF. Plugging this expression into the formula for the Rényi entropies
it is easy to derive the well-known property of saturation of the entanglement entropy in
gapped systems [219, 233], namely

Sp8q “ ´
c

6
logpmεq `

U

2
, (3.235)

where U is related to the proportionality constant vpnq in xT y0n “ vpnqm2∆0
n as

U :“ ´
dvpnq

dn

ˇ

ˇ

ˇ

ˇ

n“1

with vp1q “ 1 . (3.236)

On the other hand, if the region A is finite of length r, the trace is given by

TrApρ
n
Aq “ ε4∆

0
nxT p0qT :

prqy0n . (3.237)

If the theory is critical, this formula can also be used to obtain the logarithmic growth
of the entropies, which follows simply from power-law scaling of the two-point function.
In CFT we have that

Snprq “
cpn` 1q

6n
log

r

ε
, Sprq “

c

3
log

r

ε
, (3.238)

where c is the central charge. Crucially the pre-factor of the logarithmic terms in
(3.238) is related to the dimension of the BPTF in a simple way. For the Rényi entropies,
this prefactor is given by ´

4∆0
n

1´n
whereas for the von Neumann entropy it can be obtained

as

´ lim
nÑ1

4∆0
n

1´ n
“ 4

d∆0
n

dn

ˇ

ˇ

ˇ

ˇ

n“1

. (3.239)

All formulae above have been written for the case α “ 0. Assuming that the relation-
ship between correlators of BPTFs and entanglement measures is preserved by a gener-
alised TT-perturbation, it follows that if ∆α

n has a different dependence on n than ∆0
n,

then the coefficient of the log-term in the entanglement entropy and Rényi entropies will
be modified. That is, both the function inside the limit and the limit itself in (3.239) will
be different. Notice that for (3.239) to be correct, it is essential that ∆0

1 “ 0, a condition
that is a consequence of T becoming the identity field in the absence of replicas. The ∆-
sum rule formulae presented originally proposed in [218] violated this essential property18.

As we have just discussed

Sprq “ lim
nÑ1

Snprq “ ´ lim
nÑ1

d

dn
TrAρ

n
A “ ´ lim

nÑ1

d

dn
ε4∆

α
nxT p0qT :

prqy . (3.240)

The two-point correlation function of twist fields can be then calculated using its
spectral representation in terms of form factors:

xT p0qT :
prqyαn “

8
ÿ

k“0

ż 8

´8

dθ1 . . . dθk
k!p2πqk

|F T
k pθ1, . . . , θk;n,αq|

2e´mr
řk

i“1 cosh θi . (3.241)

18The original derivation in [218] contained some inaccuracies, which were later corrected in a subse-
quent revision following the appearance of our work.
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As is common with these kinds of expansions, we can truncate the sum at the two-
particle level and so consider the leading non-trivial contribution for large r, which for
the Ising model comes from the two-particle form factors. We can write

xT p0qT :
prqyαn “ pxT y

α
n q

2
`

n
ÿ

i,j

ż 8

´8

ż 8

´8

dθ1dθ2
2!p2πq2

|F ij
2 pθ12;n,αq|

2e´mrpcosh θ1`cosh θ2q

“ pxT y
α
n q

2

ˆ

1`
n

4π2

ż 8

´8

dθgpθ;n,αqK0p2rm cosh
θ

2
q

˙

, (3.242)

where K0pzq is the modified Bessel function of the second kind and

pxT y
α
n q

2gpθ;n,αq “

n
ÿ

j“1

|F 1j
2 pθ;n,αq|

2
“ (3.243)

“ |F 11
2 pθ;n,αq|

2
`

n´1
ÿ

j“1

|F 11
2 p´θ ` 2πij;n,αq|

2 . (3.244)

The last identity above follows from the relations between form factors on different
copies we presented earlier. Specialising again to the TT-deformation, we can use (3.223)
to write

|F 11
2 pθ;n, αq|2 “

pxT yαnq
2 sinh2 θ

2n
cos2 π

2n

n2 sinh2
p iπ´θ

2n
q sinh2

p iπ`θ
2n

q
e

αm2

π
θ
n
sinh θ , (3.245)

and

|F 11
2 p´θ ` 2πij;n, αq|2 “ F 11

2 p´θ ` 2πij;n, αqpF 11
2 q

˚
p´θ ´ 2πij;n, αq “

“ ´
ixT yαn sinh p

´θ`2πij
2n

q cos p π
2n
q

n sinh r iπ`θ´2πij
2n

s sinh r iπ´θ`2πij
2n

s
e´

αm2

2π
piπ` θ´2πij

n
q sinhp´θ`2πijq

ˆ

ˆ
ixT yαn sinh p´θ´2πij

2n
q cos p π

2n
q

n sinh r´iπ`θ`2πij
2n

s sinh r´iπ´θ´2πij
2n

s
e´

αm2

2π
p´iπ` θ`2πij

n
q sinhp´θ´2πijq

“

“
pxT yαnq

2 sinh p´θ`2πij
2n

q sinh p θ`2πij
2n

q cos2 π
2n
e

αm2

πn
θ sinh θ

n2 sinh p iπ`θ´2πij
2n

q sinh p iπ´θ`2πij
2n

q sinh p´iπ`θ`2πij
2n

q sinh p iπ`θ`2πij
2n

q
. (3.246)

The integral in (3.242) can be performed numerically for n integer but due to the pres-
ence of sums such as in (3.244) it does not make sense to consider real, non-integer values
of n. These are however needed in order to compute the derivative and limit required
in the computation of the von Neumann entropy. In [185] the analytic continuation to
real positive n ě 1 was performed using the cotangent trick, that is replacing the sum
(3.244) by a contour integral in the variable j with poles at j “ 1, . . . , n ´ 1. The same
idea can be used here. The upshot of the computation in [185] was that the sum has
a special behaviour when n Ñ 1 and θ Ñ 0 simultaneously which can be characterised
by a δ-function centred at θ “ 0. The same behaviour occurs here since at θ “ 0 the
exponential factor, which is the only factor that depends on α is just 1. Both for the
perturbed and unperturbed Ising model, it is possible to perform the sum
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n
n´1
ÿ

j“1

|F 11
2 p2πij;n, αq|2 “

n

2
for n ą 1 . (3.247)

exactly. In fact, whether or not α “ 0 the value of the sum is the same because the
sinh θ in the exponential factor is vanishing for θ “ 2πij. This result however reveals
a non-analytic behaviour around n “ 1. In fact for n “ 1 the sum should be 0, but
the formula above suggests that the analytic continuation from n large to n “ 1 should
give the value 1{2 at n “ 1. It was shown in [185] that the value 1{2 at n “ 1 and the
non-analyticity at θ “ 0 are found for all diagonal IQFTs, even when they are interacting.

The similarity with the unperturbed case extends fully to the computation of the
sum (3.244) by contour integration. The same reasoning presented in Appendix 3 of
[185] applies here, crucially because the exponential factor in (3.246) does not depend
on the index j which becomes the integration variable when using the cotangent trick.
Therefore, we arrive to the interesting conclusion that the next-to-leading order correction
to the entanglement entropy of a large interval is exactly the same as in the unperturbed
theory and it does not depend on the perturbation, even if the leading order term coming
from the VEV (the saturation value) appears to be perturbation-dependent. We have then
the same result as in [185], namely

Spr;αq ´ Sp8, αq “ ´
1

8
K0p2mrq `Ope´3mr

q , (3.248)

where we now introduced the α-dependence explicitly in the notation for Spr;αq.
This conclusion is in principle not too surprising if we consider the physics of TT

perturbations. We know that for α ą 0 (ă 0) we can interpret the effect of the pertur-
bation as particles acquiring a positive (negative) length. This has strong effect on the
short-distance (UV) physics of the theory. However, when distance is large compare to
particle’s width, this width should not play a major role and so the entropy correction
remains unchanged. While this argument is qualitative in nature and not totally satisfac-
tory, it supports the correctness of the result (3.248).

The results of the ∆-sum rule and of the general expansion of the two-point function
both suggest that the leading contribution Sp8, αq to the entanglement entropy is per-
turbation dependent, that is xT yαn ‰ xT y0n. This is also supported by the perturbative
results obtained in [217] and those of [218]. So even if the next-to-leading order correction
is α-independent, the leading contribution is not. As in the unperturbed case, the Rényi
entropies acquire a less universal large-distance correction. In theories where the field T
has a non-vanishing one-particle form factor19, the leading correction to the saturation of
the Rényi entropies will be n

π
|F1pn, αq|

2, which is very similar to the usual one (see e.g.
[234, 235]), except that the one-particle form factor will be a function of α. If the leading
correction comes from the two-particle form factor, as in the Ising model, then as our
formula (3.242) shows, the integral will only be convergent for α ă 0 due to the presence
of an exponential factor exppαm2

nπ
θ sinh θq and will clearly depend on α.

3.2.5 Comparison with Previous Results in the Literature

We conclude this section with a discussion of the leading term Sp8, αq in (3.248). This
discussion is especially important because both in [217] and in [218] it is claimed that

19In this case, our conclusion for the von Neumann entropy above will still hold, since the one-particle
form factor is vanishing as n Ñ 1.
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Sp8, αq is substantially different from the standard form (3.235) for the free fermion in
the presence of a TT perturbation. In both papers it is found that in addition to a
logarithmic term – just as in (3.235), albeit with a different coefficient – there are terms
of other types. In [217] a term proportional to log2mε is found for the Dirac fermion and
the same type of term is found in [218] for the Ising field theory.

Our calculation based on the ∆-sum rule does not produce any of those additional,
unusual terms, only a term proportional to logpmϵq as usual, but with a different coefficient
that we compute below. In fact, any computation based on the assumption that the
vacuum expectation value of T scales as a power of massm2∆α

n with ∆α
1 “ 0 will inevitably

produce a result of this type. The reason why [218] obtain something different is not
entirely clear to us. It is evident though that they assume a different type of scaling for
the VEV. In fact the formula for ∆α

n used there is not zero at n “ 1. As mentioned
before, this is inconsistent with the integral form they use for ∆α

n , similar to our (3.224).
Additionally, as we can see from (3.239) the equality between the limit and the derivative
relies on the presence in ∆α

n of a simple zero at n “ 1. If this were not true, as it is the
case in [218], the leading contribution to the von Neumann entropy would be divergent
due to the denominator 1 ´ n of the Rényi entropies. In our case, using the formula
(3.224), we have that the leading contribution to the entropy is given by

lim
nÑ1

log
`

ε4∆
α
npxT yαnq

2
˘

1´ n
“ lim

nÑ1

log
`

pmεq4∆
α
nvpn, αq2

˘

1´ n
“

“ logpmϵq lim
nÑ1

4∆α
n

1´ n
` lim

nÑ1

2 log vpn, αq

1´ n
, (3.249)

where vpn, αq is the generalisation of the constant in (3.236) and satisfies vp1, αq “ 1.
Since we do not know the explicit form of this function, we call

lim
nÑ1

2 log vpn, αq

1´ n
“ ´

B

Bn
vpn, αq

ˇ

ˇ

ˇ

ˇ

n“1

:“ Upαq , (3.250)

As for the main term we have that

lim
nÑ1

4∆α
n

1´ n
“ ´4

B∆α
n

Bn

ˇ

ˇ

ˇ

ˇ

n“1

. (3.251)

where from (3.224)

´4
B∆α

n

Bn

ˇ

ˇ

ˇ

ˇ

n“1

“ ´
1

8

ż 8

´8

dθ
tanh2 θ

2

cosh2 θ
2

ˇ

ˇ

ˇ

ˇ

sinpα
2
sinh θq

α
2
sinh θ

ˇ

ˇ

ˇ

ˇ

e
αθ
π

sinh θ :“ ´
ĉpαq

3
. (3.252)

We can then write that, for the Ising field theory

Spr, αq “ ´
ĉpαq

3
logpmεq ` Upαq ´

1

8
K0p2mrq `Ope´3mr

q for α ă 0 , (3.253)

with

ĉp0q “
3

8

ż 8

´8

dθ
tanh2 θ

2

cosh2 θ
2

“
1

2
. (3.254)
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As a function of α, ĉpαq is different from the one obtained in (3.173) or (3.198) using
the c-theorem, even though both reduce to the correct value at α “ 0 and display very
similar dependence in α as shown in Fig. 3.16 (this can be compared to Fig. 3.12 (right)
and to Fig. 3.13.)
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Figure 3.16: The function ĉpαq for α ă 0 in the Ising field theory, as defined in (3.252).
Although a distinct function from the function obtained from Zamolodchikov’s c-theorem,
the share the same main features. As expected ĉp0q “ 1{2.

Our results do not mean that unusual terms such as log2pmεq are not possible at all,
so they do not necessarily contradict [217]. Such terms could still be present. What
our results show is that this would require the VEV of the BPTF to scale differently
with the mass. VEVs are notoriously difficult to compute in QFT so this is a point that
requires further investigation. A different scaling of the VEV is found in some simple
unperturbed theories, like the non-compactified free boson (see [236, 237] for a detailed
discussion), where the unusual scaling gives rise to a log logpmεq correction to the entropy.
A similar type of correction appears naturally in computations of the symmetry resolved
entanglement entropy [238, 239] but in those cases the relevant function is not the VEV
but its Fourier transform in a certain variable. More precisely, in order to obtain a
correction proportional to log2pmεq it would be necessary to assume that

xT y
α
n “ vpn, αqm2∆α

n`κpn,αqp1´nq logm , (3.255)
with κp1, αq ‰ 0, so that the calculation (3.249) would give instead (leaving out the

cut-off for now)

lim
nÑ1

logpxT yαnq
2

1´ n
“ logm lim

nÑ1

4∆α
n ` 2κpn, αqp1´ nq logm

1´ n
` lim

nÑ1

2 log vpn, αq

1´ n
“

“ ´
ĉpαq

3
logm` 2κp1, αq log2m` Upαq , (3.256)

with Upαq defined as in (3.250). We can then reintroduce the cut-off by replacing
m ÞÑ mε which is equivalent to adding a non-universal constant to (3.256) as well as
making the coefficient of the logm term non-universal (it will become cut-off dependent
as well). This is because

´
ĉpαq

3
logpmεq ` 2κp1, αq log2pmεq ` Upαq

“

ˆ

´
ĉpαq

3
` 2 log ε

˙

logm` 2κp1, αq log2m` Upαq ` dpεq , (3.257)
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with

dpεq “ 2κp1, αq log2 ε´
ĉpαq

3
log ε . (3.258)

3.2.6 Some Thoughts

Let us take a moment to reflect on what we have learned so far, to summarise the insights
gained, the specific points discovered, and the open challenges ahead. We found that the
most general solution to the MFF equations (3.91) is

Fminpθ;αq “ Fminpθ;0qφαpθqCβpθq , (3.259)

where Fminpθ;0q if the MFF of the undeformed theory, φαpθq is given by (3.94) while
the functions Cβpθq given in (3.95) are characterised by the presence of a set of free pa-
rameters β, which are absent in the S-matrix. These function is a sort of CDD-factor
of the MFF, in the sense that any solution φαpθq can be multiplied by a function Cβpθq
for any choice of parameters β and any choice of integers s P S 1 and still give a solution
to (3.259). The presence of factors like Cβpθq clearly changes the asymptotic properties
of the MFF, hence also of higher particle form factors, where products of Fminpθ;αq are
typically involved. According to the usual interpretation that each distinct solution to
the form factor equations corresponds to a different local or semi-local field, it is tempting
to interpret each choice of β, that is, each choice of the MFF, as the choice of a different
building block for the form factors of local and semi-local fields. However until now we
where not able to fix the free parameters and we decided to consider the case β “ 0 and
try to solve the kinematical residue equations without them.

We obtain equations whose solutions display an unusual dependence on the rapidities,
typically double-exponential and oscillatory. Indeed, already the MFF contains a factor
that can grow doubly-exponentially as a function of rapidity differences. There is an
infinite set of possible deformations, corresponding to different parameter choices, but
the leading behaviours are essentially determined by the term associated with the highest
spin s˚ entering the scattering matrix (2.43) and the minimal form factor (3.94), both
characterised by the coupling αs˚ .

• For αs˚ ą 0, correlators diverge at short distances, i.e. in the UV limit. The UV
regime is thus described by excitations of finite positive length, and the divergence
reflects the fact that the deep UV is no longer accessible. A similar issue arises in the
TBA framework, where for Gibbs ensembles the choice αs˚ ą 0 leads to convergence
problems in the recursive solution of the equations. In addition, correlators also
diverge at large distances unless a rapidity cut-off is introduced. Physically, even
if r is large, sufficiently high momenta probe the finite size of excitations and spoil
convergence. At low rapidities convergence is maintained. The natural cut-off is
described by the Lambert W -function, which also appears in delay equations [207]
and in the GHD description of TT-perturbed models [146].

• For αs˚ ă 0, the form factor expansion converges rapidly at all scales, even faster
than in the undeformed model. At short distances, correlators scale as power laws
r´4zOpαq, with exponents zOpαq ď zOp0q that decrease with ´αs˚ and vanish as

lim
αs˚Ñ´8

zOn pαq “ 0 . (3.260)
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For the field µ this behaviour is confirmed both from the short-distance scaling and
from the ∆-sum rule in the two-particle approximation. Zamolodchikov’s c-theorem
also shows that the perturbed c-function is a rapidly decreasing function of α.

• The picture suggested is therefore that for αs˚ ă 0 the perturbed IQFT flows
between a UV regime characterised by finite, α-dependent critical exponents and
an effective central charge, and a trivial IR fixed point dictated by the mass scale.

For the cases analysed we find power-law scaling at short distances, with exponents
zOpαq that also display a non-monotonic, oscillatory dependence on α. As known from the
literature, the UV fixed point cannot be a standard CFT, so the interpretation of these
exponents and of the ∆’s and c obtained from the sum rules remains an open question.
For example, the two-particle estimate of Fµpαq decreases from 1{16 to zero and resem-
bles zµ2 pαq, but the two functions are not identical. Moreover, including higher-particle
contributions in the correlator xµp0qΘprqy can introduce terms that are not positive or
even real, since the form factors contain square roots of non-positive functions. Thus the
∆-sum rule result differs from the short-distance power in xµp0qµprqy, where all contribu-
tions must be positive.

In the Ising model, an additional feature is that the unperturbed form factors diverge
for large rapidities, leading to sharp discontinuities in zµ2 pαq, zε2pαq exactly at α “ 0. This
shows that not only are the α ą 0 and α ă 0 regimes distinct, but also that α “ 0
cannot be simply obtained as a limit from either side. These considerations suggest that
both the ∆-sum rule and c-theorem require modifications in the presence of finite particle
length. Our results for the c-function differ strongly from the TBA version: in particular,
for α ă 0 the TBA c-function becomes complex in the UV, reflecting the Hagedorn
transition [81], while the standard c-theorem forbids such behaviour because the correlator
of Θ is positive-definite. A possible interpretation is that for α ă 0 particles acquire a
negative length, in analogy with the hard rod model [146], in the sense that additional
free space is effectively introduced between the particles, leading to a scattering delay
proportional to α. In this picture, α ą 0 corresponds to a positive rod length and α ă 0 to
a negative rod length, consistent with the scattering phase shift and the thermodynamic
properties of the model. When the length is negative, i.e., there is a minimum length
in time, the theory remains effectively free, which may provide an explanation for the
power-law scaling observed in this regime.

Another unusual feature of our solutions is the appearance of square roots, reminiscent
of finite-temperature and finite-volume form factors, which also involve square-root factors
built from TBA quantities [240, 241, 242, 243]. This suggests a deeper connection between
TT-deformed and thermal/finite-volume form factors that seems very attractive to us.

Moreover, analyticity issues remain, as the choice of minimal form factor is not unique.
In standard IQFT the parameters β are fixed by analyticity, but in the TT context differ-
ent choices can lead to non-analytic behaviour. Whether this has a physical interpretation
or should be fixed by a “natural” prescription is still unclear.

Finally, we turn to the branch point twist field. Our result for its minimal form factor
coincides exactly with that of [218], but some conclusions regarding the ∆-sum rule and
the saturation value of the entropy in the Ising field theory differ. We attribute this
discrepancy at least in part to an error in the evaluation of the ∆-sum rule in [218], as
just discussed. The main conclusion is the following. Starting from the two-particle form
factor solution (3.219) and assuming the ∆-sum rule provides a reliable characterisation of
the scaling of the vacuum expectation value of the twist field, the von Neumann entropy
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of the Ising field theory saturates to a value different from that of the undeformed theory.
For a TT-perturbation with α ă 0, the saturation value reads

´
ĉpαq

3
logpεmq ` Upαq, (3.261)

where ĉpαq and Upαq are α-dependent coefficients. In particular, ĉpαq reduces to the
central charge c of the UV undeformed CFT for α “ 0, and decreases in absolute value
for |α| ą 0. The next-to-leading order correction to the von Neumann entropy remains
unchanged compared to the undeformed theory, in agreement with [218]. In any case, we
have not been able to uncover much about the entanglement properties. Unfortunately, we
were not able to compute higher-particle form factors. Moreover, the ∆-sum rule, even for
the twist fields, provides limited information, and as already discussed, its applicability is
far from guaranteed. Undoubtedly, the main problem at the moment remains the minimal
form factor. Without fully fixing it, we cannot even be certain about the higher-particle
form factors or the general validity of the form factor bootstrap program. The next and
final chapter will be entirely devoted to addressing this issue.
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Chapter 4

Complete Minimal Form Factors of TT-
deformed IQFTs

The first problem that needs to be addressed in order to correctly formulate the FFBP
for TT-deformed IQFTs concerns the minimal form factor (MFF), i.e. the minimal so-
lution of Watson’s equations (3.32). Indeed, we have not been able to derive the MFF
from first principles: instead, we simply “guessed” a possible solution. This approach has
been only partially successful. While we managed to capture the correct general struc-
ture, we did not obtain a unique solution. An infinite number of free parameters remain,
and consequently the validity of the explicit expressions we found is, at best, questionable.

A very important results for us comes from [244]. In this paper by my collaborators
it was in fact understood that even for standard IQFTs the MFF can be casted in the
representation (3.259). In fact, even standard block-type S-matrices can be regarded as
genuine, though regular, CDD-factors: they satisfy crossing and unitarity and have a
well-behaved UV limit. Consider the sinh-Gordon S-matrix,

Spθq “
sinh θ ´ i cos πb

2

sinh θ ` i cos πb
2

. (4.1)

Expanding the logarithmic derivative at large rapidities and symmetrising under θ Ñ
´θ, we can formally rewrite it in a generalised TT-like form,

Spθq “ ´ exp
”

´ 4i
ÿ

sP2Z`´1

is`1

s
cos

sπb

2
sinhpsθq

ı

“ S0pθqΦαpθq, S0pθq “ ´1, (4.2)

where the non-vanishing couplings are

αsm
2s

“
4is`1

s
cos

sπb

2
, s P 2Z`

´ 1. (4.3)

The series in (4.2) should be understood as a formal expansion rather than as a con-
vergent series; the corresponding object is defined non-perturbatively, and the series only
serves as a convenient parametrisation of its structure and shows that the sinh-Gordon
S-matrix can be interpreted as an Ising theory deformed by infinitely many irrelevant
perturbations, with the couplings αs encoding an infinite tower of parameters. At this
point, it is useful to clarify the rôle played by the different representations of integrable
S-matrices that will appear in the following, in order to avoid possible sources of confusion.
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It is well known that many minimal building blocks, including the sinh-Gordon S-
matrix, admit representations in terms of infinite products of Euler Gamma functions.
These representations arise naturally in the explicit solution of the factorisation problem
for the S-matrix: once unitarity, crossing symmetry and analyticity are imposed, and
the positions of poles and zeros are fixed by the semiclassical bound-state spectrum, the
resulting minimal solution is essentially determined and can be conveniently expressed
as an infinite Gamma-product. This mechanism was first exhibited in the sine-Gordon
model by Zamolodchikov [61]. Starting from such infinite-product expressions, it is then
possible to obtain equivalent integral or exponential representations by employing stan-
dard integral formulas for log Γ, such as the Malmsten representation. This step does
not introduce new physical input, but provides a technically useful and more elegant re-
formulation of the same analytic structure. Approaches of this type were systematically
developed by Karowski and Weisz [65], and play a central rôle in the construction of
minimal form factors. Independently of this construction, one may also consider multi-
plicative deformations of a given S-matrix associated with irrelevant operators, such as
those induced by TT deformations. These deformations are naturally formulated in terms
of exponential representations involving an additive factorisation of logSpθq, as in (2.43).
Multiplicative deformations of a given S-matrix associated with irrelevant operators, such
as those induced by TT deformations, provide yet another way of parametrising the same
scattering data. These deformations are naturally formulated in terms of exponential
representations involving an additive factorisation of logSpθq, as in (2.43). While, in con-
crete examples, representations of this type can indeed be related to the analytic structure
encoded by infinite Gamma-products, such a relation is highly non-trivial and does not
follow directly from the existence of the latter. Establishing this connection requires an
explicit reconstruction of the S-matrix from its singularity structure, rather than a mere
inspection of its infinite-product form. Once the S-matrix is written in this form, one can
proceed to construct the corresponding minimal form factor.

Once the S-matrix is written in the form (4.2), one can construct a minimal form factor
representation. Using the integral representation, an equivalent TT-like representation
can also be obtained [244]:

logF shG
min pθq “

1

2
log 2` log sinh

θ

2
´

1

2π
pθ ´ iπq log

i cos πb
2
` sinh θ

i cos πb
2
´ sinh θ

´
1

4
log

”

p´ cosh θ ` sin
πb

2
qp´ cosh θ ´ sin

πb

2
q

ı

´
b

4
log

´ cosh θ ` sin πb
2

´ cosh θ ´ sin πb
2

´
i

4π

”

Li2pie
´θ´iπ

2
b
q ´ Li2p´ie

´θ´iπ
2
b
q ` Li2pie

´θ`iπ
2
b
q ´ Li2p´ie

´θ`iπ
2
b
q ` pθ Ñ ´θq

ı

.

(4.4)

The structure of this MFF is transparent:

• The term log sinh θ
2

reproduces the Ising MFF and isolates S0 “ ´1.

• The term ´
ipθ´iπq

2π
log ΦshG

α pθq corresponds to the logarithmic structure of the TT-like
S-matrix with the parameters αs defined in (4.3).

• The remaining terms, as shown in [244] can be collected in C shG
β pθq, the term we

were not be able to fix previously. This contribution ensures analyticity and proper
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asymptotics: unphysical poles get cancelled from the logarithmic term and the large-
rapidity behaviour is tamed, guaranteeing convergence of form factor expansions and
cluster decomposition.

Thus, the sinh-Gordon example demonstrates how the minimal form factor arises from
a subtle interplay of CDD-factors, analyticity, asymptotics, and the infinite tower of αs

couplings. It provides a concrete laboratory to understand what features are required for
physically consistent solutions in more general TT-like deformations, where the correct
choice of parameters analogous to C shG

β pθq is far from obvious. The fact that an infinite
number of deformations is required to describe a well-behaved IQFT is in fact quite natu-
ral. Recall that the operators generating the generalised TT flows (2.10) are constructed
directly from the conserved currents of a massive integrable field theory, and that there
is a one-to-one correspondence between each such current and a conserved charge of the
model. As a consequence, reconstructing a given interacting IQFT starting from a free
fermionic theory necessarily requires access to the full integrable structure, namely to
the complete set of infinitely many conserved charges. This viewpoint can be usefully
interpreted in geometric terms [167, 150]. One may regard the space of integrable quan-
tum field theories as endowed with a connection determined by the conserved charges,
and the sequence of TT-like deformations as providing a way to transport a theory along
this space. In this sense, reproducing a fully consistent IQFT requires accounting for the
entire tower of deformations, much as parallel transport depends on the full connection
rather than on a finite subset of its components.

4.1 A Straightforward Extension to Theories with Bound-
aires

The analysis carried out in [244] can be immediately extended to the case with boundaries.
This is precisely what my collaborators and I have done in [15]. We already introduced
the basics new scattering amplitude Rapθq, i.e. the reflection amplitude off the boundary
(see Section 1.5). Unitarity and crossing relations lead to the constraints of cross-unitarity
[83, 88]:

RapθqRap´θq “ 1 and RapθqRāpθ ` iπq “ Saap2θq , (4.5)

where ā is the particle conjugate to a. As we can see, reflection amplitudes are
related to the scattering phase. Thus, when this changes, like in the presence of irrelevant
perturbations, we expect Rapθq to also change. In the presence of stable bound states
[86, 87] there are additional requirements for the functions Rapθq in the form of boundary
bootstrap equations. These take the form:

Rapθ ` iηbacqRbpθ ` iηabcqSabpθ ` iηabc ` iηbacq “ Rcpθq , (4.6)

where ηcab are values related to the position of the poles of the scattering matrix. If the
S-matrix Sabpθq has a pole at θ “ iucab corresponding to the formation of the bound state
c in the process a ` b ÞÑ c, then ηcab :“ π ´ ucab. Systematic solutions to these equations
have been famously constructed for affine Toda field theories [245, 246, 247].

This program can be further extended by considering the possibility of a “dynamical”
boundary, namely a boundary which can be excited to a different state by particle collision.
This is associated with a pole of the reflection amplitudes themselves. This possibility
was first put forward in [248]. Notably, it is fully compatible with integrability. If we label
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the type of boundary by capital letters, then we can see this as the process a ` A ÞÑ B.
In this case, boundary reflection amplitudes acquire an extra index RA

a pθq and there are
additional boundary bootstrap equations

RA
a pθq “ RB

a pθqSabpθ ` iηBaAqSabpθ ´ iηBaAq , (4.7)

where θ “ iηBaA is a pole of the amplitude RA
a pθq. The solutions to these equations in

Toda field theories where studied in great detail in [249]. Once solutions to these equations
have been found, they can be employed as input data in the study of the thermodynamic
properties of massive boundary IQFTs as done in [250, 251]. They can also be employed in
the context of computing correlation functions and their building blocks (form factors).
This may be done either by employing the boundary state as proposed in [83] or by
developing a form factor program for boundary IQFTs, as done in [252] and employed for
example in [253, 254, 255, 256, 257, 258, 259].

4.1.1 Reflection Amplitudes, Irrelevant Perturbations and the
Boundary Form Factor Bootstrap Program

Consider a diagonal theory, i.e. with no back-scattering1 . Then the deformation takes
the form

Sα
abpθq :“ SabpθqΦ

α
abpθq with log Φα

abpθq “ ´i
ÿ

sPS
ms

am
s
bαs sinhpsθq , (4.8)

where Sabpθq is the original S-matrix associated to the process a ` b ÞÑ a ` b, with
a, b particle quantum numbers. The masses of these particles are denoted by ma,mb and
αs are couplings such that the combinations ms

am
s
bαs are dimensionless. Let Rapθq be

a reflection amplitude which preserves integrability and has no pole leading to excited
boundary states. In this case the only relevant equations for Rapθq are (4.5). We will now
promote Rapθq to Rα

a pθq to denote the deformed solution to equations (4.5) corresponding
to the deformed S-matrix (2.43). We expect that

Rα
a pθq “ RapθqΛ

α
a pθq , (4.9)

for some function Λα
a pθq which satisfies

Λα
a pθqΛ

α
a p´θq “ 1 and Λα

a pθqΛ
α
a pθ ` iπq “ Φα

aap2θq . (4.10)

It is very easy to see that these equations are solved by

Λα
a pθq “

a

Φα
aap2θq . (4.11)

This is the standard type of solution, namely a 2πi periodic, odd function of 2θ
and it agrees with the boundary scattering factor found in [260](see also [261] for some
recent advancements). It should be emphasised that the square-root relation between the
reflection factor and Sp2θq in (4.11) is valid only for CDD-factors of TT-type. For block-
type S-matrices, such as the sinh-Gordon model (1.62), this relation does not hold for the
exact coupling-dependent CDD-factor written in closed form. It becomes meaningful only
after rewriting the latter in its formal TT-like representation (4.2), namely as an infinite

1In this section on theories with boundaries we will, for the first and only time, briefly consider the case
with more than one particle species. For this reason, we slightly modify our notation to accommodate
the presence of particle species indices.
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product (or asymptotic expansion) of TT-type CDD factors, as discussed at the beginning
of this Chapter. Equation (4.11) gives the universal change of the reflection amplitudes
in boundary IQFTs after a generalised TT-perturbation. The solutions for Λα

a pθq can
however be more general than this. While the factor

a

Φα
aap2θq needs to be there, any

function of the type sinhpkθq with k odd can be added to the exponent, providing a new
solution to (4.5). In general we have

Λα
a pθq “

a

Φα
aap2θq exp

«

´i
ÿ

kPZ

γkm
2p2k`1q sinhpp2k ` 1qθq

ff

. (4.12)

The fact that the modification is not unique for a given S-matrix is expected since in
general there are multiple boundary conditions allowed for one single scattering ampli-
tude2. From here onwards we will consider the simplest solution only (with γi “ 0). The
question of how the reflection amplitudes are deformed under irrelevant perturbations
has already been discussed in the literature a few years ago [260] and then employed to
develop a generalised boundary thermodynamic Bethe ansatz. Here we proceed instead
to discuss the form factor program in the presence of boundaries.

There are two viewpoints we may take. If the boundary is located at the origin of time
it can be represented by a boundary state in the Ghoshal-Zamolodchikov sense [94]. In
this case matrix elements of local fields may be computed in terms of the matrix elements
obtained in the absence of a boundary, assuming these are known via the standard form
factor program [6, 10]. This can be achieved by expanding the boundary state in terms of
bilinears of the Zamolodchikov-Fadeev algebra (see Eq. (1.85)). It is also possible to think
of the boundary as located in space, say at the origin. In this case, one can derive a set
of modified form factor equations for the matrix elements of local fields which now must
take into account scattering processes off the boundary. These equations were presented
in [252]. For our purposes, we are only interested in the equations for the one-particle
form factors of a local field O, namely:

FO
a pθq “ RapθqF

O
a p´θq and FO

a pθq “ Rapiπ ´ θqFO
a p2πi´ θq , (4.13)

where

FO
a pθq :“ x0|Op0q|θya , (4.14)

with |θya an in-state containing a single particle of species a and |0y the vacuum
state. Due to breaking of translation invariance, the one-particle form factor is rapidity
dependent, even for spinless fields. Thus, it is the simplest non-trivial form factor that
may be computed and a building block for higher particle form factors.

The solution procedure for equations (4.13) was presented in [252] and follows the
usual construction. Starting with an integral representation for Rapθq, a corresponding
integral representation of FO

a pθq can be found in line with the usual procedure [6] high-
lighted in Subsection 3.1.2. The minimal solution to the equations, without poles in the
physical strip, is entirely determined by Rapθq whereas the pole structure of FO

a pθq is

2Many interesting examples are known. The simplest cases are the Ising field theory, where a family of
distinct boundary conditions exist parametrised by the boundary magnetic field [83] as we saw in Section
1.5. Similarly, the sinh-Gordon model admits a two-parameter family of solutions, as found in [262]. We
will discuss these two models in a moment.
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related to the operator O.

Let rmin
a pθq be a minimal solution of (4.13). What would be its deformed version in

the presence of a generalised TT perturbation? Following [12, 14, 218] we observe that
the equations (4.13) are linear and factorised. Therefore, we expect that the modified
minimal form factor to be of the form

rmin
a pθ;αq “ rmin

a pθqφα
a pθq , (4.15)

with

φα
a pθq “ Λα

a pθqφ
α
a p´θq and Λα

a pθqφ
α
a pθq “ φα

a p2πi´ θq , (4.16)

which is solved by

logφα
a pθq “

2θ ´ iπ

2π
i log Λα

a pθq “
2θ ´ iπ

4π
i log Φα

aap2θq . (4.17)

However, there is a larger family of solutions. Indeed, the exponent above, can be
modified by a sum of coshpkθq functions with k P Z, and still satisfy all requirements. We
therefore find that the most general minimal solution to (4.13) is

rmin
a pθ;α,βq “ rmin

a pθqφα
a pθqC

β
a pθq , (4.18)

with φα
a pθq given by (4.17) and

logCβ
a pθq “

ÿ

sPS1

βsm
2s
a coshpsθq . (4.19)

Thus, the solution is parametrised by parameters α, which are determined by the
deformation of the S-matrix, and β which can in principle be freely chosen.

The presence of free parameters in the minimal form factor is an issue that we already
encountered in the case of theories without boundaries, as discussed in Chapter 3, and
whose meaning is, for the time being, not fully understood. In standard IQFTs, however,
the parameters β are completely fixed by means of an integral representation, which is
always well defined provided that the functions display a good asymptotic behaviour,
namely that they decay sufficiently fast at large rapidities. In the following, we will focus
on the case of the Sinh-Gordon model, which, as in the previous section, serves both as a
fundamental building block and as a representative example for any other case one may
wish to address.

4.1.2 A New Representation for the Boundary Minimal Form
Factors

The sinh-Gordon model with Dirichlet boundary conditions was one of the examples
considered in [252] and later in [254]. This particular choice of boundary conditions has
the advantage that the minimal form factor rmin

a pθq coincides with the one-particle form
factor, that is, there are no additional poles to be included, which makes calculations
particularly simple. In this case non-vanishing form factors associated with odd particle
numbers can be identified as corresponding to the operator Bxϕ, where ϕ is the sinh-
Gordon field. More generally, as reported in [262], there is a two-parameter family of
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solutions for the reflection amplitudes of the sinh-Gordon model. They can be written in
terms of fundamental blocks pxqθ, rxsθ as

Rpθ, E, F q “

ˆ

1

2

˙

θ

ˆ

2`B

4

˙

θ

ˆ

1´
B

4

˙

θ

„

E ´ 1

2

ȷ

θ

„

F ´ 1

2

ȷ

θ

. (4.20)

Recalling here the definition of the fundamental blocks3 we gave in Chapter 1

pxqθ :“
sinh 1

2
pθ ` iπxq

sinh 1
2
pθ ´ iπxq

, rxsθ “ ´pxqθp1´ xqθ “
tanh 1

2
pθ ` iπxq

tanh 1
2
pθ ´ iπxq

. (4.21)

The sinh-Gordon two-body scattering matrix is simply

Spθq “

„

´
B

2

ȷ

θ

“
sinh θ ´ i sin πB

2

sinh θ ` i sin πB
2

, (4.22)

with B P r0, 2s the coupling constant. Here, for the first time, we adopt an alternative
parametrisation of the coupling, using the capital letter B instead of the small b introduced
in (1.62). The two are related simply by b “ B ´ 1. The simplest version of (4.20) is
obtained by removing the F -dependent factor and by setting E “ 0, while introducing
an overall minus sign (this is due to the particular definition of our rxsθ symbol). This
corresponds to Dirichlet boundary conditions that fix the boundary field to 0. In that
special case, the amplitude (4.20) reduces to

Rpθq “ ´

ˆ

´
1

2

˙

θ

ˆ

2`B

4

˙

θ

ˆ

1´
B

4

˙

θ

. (4.23)

This choice also cancels out the pole of the reflection amplitude at θ “ iπ
2

that is
present in (4.20) due to the block p 1

2
qθ. A special property of this amplitude is that for

B “ 0 it reduces to Rpθq “ 1 which corresponds to a free boson solution (the sinh-Gordon
S-matrix reduces to 1 for B “ 0). The minimal form factor solution corresponding to
this free boson case is proportional to sinh θ. In [252], the minimal form factor solution
corresponding to (4.23) was given as

rmin
pθq “

sinh θ

i` sinh θ
upϑ,Bq (4.24)

with

upϑ,Bq “ exp

„

´2

ż 8

0

dx

x

ˆ

cos
ϑx

π
´ 1

˙

cosh x
2

sinh2 x

ˆ

sinh
xB

4
` sinh

ˆ

1´
B

2

˙

x

2
` sinh

x

2

˙ȷ

,

(4.25)
where ϑ “ iπ

2
´ θ. The normalisation is chosen so that up0, Bq “ 1. We have that

upϑ, 0q “ exp

„

´2

ż 8

0

dx

x

ˆ

cos
ϑx

π
´ 1

˙

cosh x
2

sinh2 x

´

2 sinh
x

2

¯

ȷ

“ ´
i

2
pi` sinh θq , (4.26)

so that for B “ 0 we recover the free boson solution rminpθq “ ´ i
2
sinh θ. For our

purposes however, it is interesting to emphasise the connection with free fermions instead.
3Note that there is a minus sign difference between the definitions of rxsθ in [252] and ours (the same

as in[244]). Compared to [262] the blocks pxqθ differ by a factor 1{2 in the definition of x.
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The sinh-Gordon model is a fermionic theory, in the sense that Spθ “ 0q “ ´1 and if we
factor out this ´1 from the S-matrix r´B{2sθ what remains can be seen as a CDD factor.
This means that the sinh-Gordon S-matrix is of the type (2.43) with a CDD factor given
by a sum over all odd integers and coefficients m2sαs which are functions of B as we can
see from (4.2). Hence, according to our derivation, the minimal form factor (4.25) should
also admit a representation of the type (4.18) with (4.17). This is indeed the case even
in the presence of boundaries. Now, let

ρpϑ,Bq :“ log upϑ,Bq . (4.27)

then, the derivative w.r.t. ϑ is,

ρ1pϑ,Bq “ hpϑ,Bq ` hpϑ, 2´Bq ` gpϑq , (4.28)

with

hpϑ,Bq “
2

π

ż 8

0

dx
sin ϑx

π
cosh x

2
sinh xB

4

sinh2 x
and gpϑq “

1

π

ż 8

0

dx
sin ϑx

π

sinh x
. (4.29)

We have that gpϑq can be easily integrated to gpϑq “ 1
2
tanh ϑ

2
, while hpϑ,Bq can be

computed using contour integration, along the same lines of the computations presented
in [244]. For example, we have the integral

Ipa, bq “

ż 8

´8

dx
epb`iaqx

sinh2 x
“ iπpb` iaq

1` eiπpb`iaq

1´ eiπpb`iaq
, (4.30)

from where it follows

hpϑ,Bq “
1

8πi

„

Ip
ϑ

π
,
2`B

4
q ` Ip

ϑ

π
,
´2`B

4
q ´ Ip

ϑ

π
,
2´B

4
q ´ Ip

ϑ

π
,´

2`B

4
q

´ Ip´
ϑ

π
,
2`B

4
q ´ Ip´

ϑ

π
,
´2`B

4
q ` Ip´

ϑ

π
,
2´B

4
q ` Ip´

ϑ

π
,´

2`B

4
q

ȷ

“
4ϑ sin πB

2
´ 4π sin πB

4
sinhϑ` πB sinhp2ϑq

4πpcoshp2ϑq ` cos πB
2
q

. (4.31)

Integrating gives

ρpϑ,Bq “ log apBq ` log cosh
ϑ

2
´
iϑ

2π
log

«

sin Bπ
2
` i sinhp2ϑq

sin Bπ
2
´ i sinhp2ϑq

ff

(4.32)

`
1

2
log

„

cos
Bπ

4
` coshϑ

ȷ

`
1

4
log

«

coshϑ` sin Bπ
4

coshϑ´ sin Bπ
4

ff

´
B

8
log

«

coshp2ϑq ´ cos πB
4

coshp2ϑq ` cos πB
4

ff

`
i

4π

´

Li2p´ie
´ϑ´ iπB

4 q ` Li2pie
´ϑ´ iπB

4 q ´ Li2p´ie
´ϑ` iπB

4 q ´ Li2pie
´ϑ` iπB

4 q ` ϑ ÞÑ ´ϑ
¯

´
i

4π

´

Li2p´e
´ϑ´ iπB

4 q ` Li2pe
´ϑ´ iπB

4 q ´ Li2p´e
´ϑ` iπB

4 q ´ Li2pe
´ϑ` iπB

4 q ` ϑ ÞÑ ´ϑ
¯

.

Here log apBq is an integration constant which can be fixed by asymptotic require-
ments. Requiring that ρp0, Bq “ 0 and after some simplifications, we obtain
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log apBq “ ´
1

2
log

˜

sin πp2`Bq

8

sin πp2´Bq

8

¸

´ log

ˆ

2 cos
Bπ

8

˙

`
B

4
log tan

Bπ

4

`
i

2π

´

Li2p´e
iπB
2 q ´ Li2pe

iπB
2 q

¯

´
iπpB ´ 1q

8
. (4.33)

It is interesting to consider the various contributions to (4.32):

• The contribution

log cosh
ϑ

2
“ log cos

1

2

ˆ

iπ

2
´ θ

˙

, (4.34)

is such that when taking exponential of ρpϑ,Bq it gives a factor cosh 1
2

`

iπ
2
´ θ

˘

in
the minimal form factor that combines with the prefactor sinh θ

sinh θ`i
in (4.24) to give

rfixedpθq “ ´
i

2

sinh θ

cosh 1
2

`

iπ
2
´ θ

˘ , (4.35)

which is the minimal form factor corresponding to the Ising model with reflection
amplitude

R0
pθq “

ˆ

´
1

2

˙

θ

. (4.36)

This is known as the fixed boundary condition of the Ising model, and corresponds
to the limit of infinite boundary magnetic field, as discussed in [83, 252].

• The contribution

´
iϑ

2π
log

«

sin Bπ
2
` i sinhp2ϑq

sin Bπ
2
´ i sinhp2ϑq

ff

“
2θ ´ iπ

4π
i logp´Sp2θqq “

2θ ´ iπ

4π
i log ΦshG

p2θq ,

(4.37)

where ΦshGpθq is minus the scattering matrix of the sinh-Gordon model, which can
be seen as a CDD factor. Hence, sinh-Gordon emerges as a perturbation of the Ising
field theory.

• The remaining terms in (4.32) add up to an even function of θ which admits a formal
expansion as a sum of coshpsθq functions with s integer, both odd and even.

In summary, the minimal form factor rminpθq introduced in (4.24) can be rewritten as

rmin
pθq “ apBqrfixedpθqe

2θ´iπ
4π

i logp´Sp2θqqCβ
pθq , (4.38)

with rfixedpθq given by (4.35), Spθq the sinh-Gordon S-matrix and Cβpθq given by
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logCβ
pθq “ (4.39)

1

2
log

„

cos
Bπ

4
` coshϑ

ȷ

`
1

4
log

«

coshϑ` sin Bπ
4

coshϑ´ sin Bπ
4

ff

´
B

8
log

«

coshp2ϑq ´ cos πB
4

coshp2ϑq ` cos πB
4

ff

`
i

4π

´

Li2p´ie
´ϑ´ iπB

4 q ` Li2pie
´ϑ´ iπB

4 q ´ Li2p´ie
´ϑ` iπB

4 q ´ Li2pie
´ϑ` iπB

4 q ` ϑ ÞÑ ´ϑ
¯

´
i

4π

´

Li2p´e
´ϑ´ iπB

4 q ` Li2pe
´ϑ´ iπB

4 q ´ Li2p´e
´ϑ` iπB

4 q ´ Li2pe
´ϑ` iπB

4 q ` ϑ ÞÑ ´ϑ
¯

,

with ϑ “ iπ
2
´ θ as before. As indicated by (4.19), this function admits a formal

expansion in terms of coshpℓθq functions. We can show that

logCβ
pθq “ ´

1

2
log 2´

8
ÿ

ℓ“1

1

ℓ
cos

ˆ

B

4
ℓπ

˙

coshpℓθq

´

8
ÿ

ℓ“0

p´1qℓ

2ℓ` 1
sin

ˆ

B

4
p2ℓ` 1qπ

˙

coshpp2ℓ` 1qθq

`
B

2

8
ÿ

ℓ“0

1

2ℓ` 1
cos

ˆ

B

4
p2ℓ` 1qπ

˙

coshp2p2ℓ` 1qθq

´

8
ÿ

ℓ“0

1

πp2ℓ` 1q2
sin

ˆ

B

2
p2ℓ` 1qπ

˙

coshp2p2ℓ` 1qθq .

(4.40)

Comparing to (4.19) we identify the coefficients (we take the mass scale m “ 1)

β0 “´
1

2
logp2q ,

β2ℓ`1 “´
cos

`

B
4
p2ℓ` 1qπ

˘

` p´1qℓ sin
`

B
4
p2ℓ` 1qπ

˘

2ℓ` 1
,

β4ℓ “´
cospBℓπq

4ℓ
,

β4ℓ`2 “´
cos

`

B
2
p2ℓ` 1qπ

˘

`B cos
`

B
4
p2ℓ` 1qπ

˘

2p2ℓ` 1q
´

1

πp2ℓ` 1q2
sin

ˆ

B

2
p2ℓ` 1qπ

˙

.

(4.41)

4.1.3 More General Boundary Conditions

We have just seen that the simplest boundary condition/reflection amplitude (4.23) in
the sinh-Gordon theory admits a new interpretation. In can be seen, at the level of the
minimal form factor at least, as resulting from irrelevantly perturbing the boundary Ising
model with fixed boundary conditions. The fixed boundary condition corresponds to
taking the magnetic field h, which parametrises all Ising boundary conditions, to infinity.
Indeed, the most general reflection amplitude in the Ising model (1.95) can be rewritten
in terms of the blocks as

Rκpθq “ ´rκsθ

ˆ

´
1

2

˙

θ

, (4.42)
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Figure 4.1: The absolute value squared of the function ûpθ, Bq :“ upϑ,Bq

i`sinh θ
with upϑ,Bq “

exp ρpϑ,Bq evaluated numerically from (4.32). The colours correspond to different values
of B: B “ 1 (red), B “ 0.7 (blue), B “ 0.5 (green) and B “ 0.2 (black).

where κ is related to the magnetic field h as sinpπκq “ 1 ´ h2

2m2 . The two “simplest”
boundary conditions known as “free” an “fixed”, rewritten in blocks are

• h “ 0 (κ “ 1
2
) with reflection amplitude

R 1
2
pθq “

ˆ

1

2

˙

θ

, (4.43)

This is the free boundary condition. As in the general case, this reflection amplitude
has a pole at θ “ iπ

2
. This pole is dynamical, i.e. it changes position when changing

the value of h.

• hÑ 8 (κÑ i8´ π
2
), with reflection amplitude

Ri8´π
2
pθq “

ˆ

´
1

2

˙

θ

. (4.44)

This is the so-called fixed boundary condition and it is the simplest configuration
possible. It corresponds to moving the pole away from the physical strip. Notice
that in this case the factor ´rκsθ Ñ 1 while in the free case it is non trivial.

It is not difficult to generalise the construction of the minimal form factor (4.38) to the
case of generic reflection amplitudes (4.20). One viewpoint is to consider the Ising field
theory with generic boundary conditions itself as a “perturbation” of the Ising field theory
with fixed boundary conditions. Again, this is meant in the sense of how we compute
the minimal form factor. This viewpoint allows us to both generalise the Ising and the
sinh-Gordon results, to more general boundary conditions. Due to space limitations, the
treatment of minimal form factors in the sinh-Gordon model with more general boundary
conditions is presented in Appendix E.
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4.2 Complete Minimal Form Factors for Irrelevant De-
formations of IQFTs

We have finally reached the last work presented in this thesis. In [16] the problem of
uniquely determining the minimal form factor for a TT-deformed IQFT is addressed and
solved. We have seen how the representation (3.259), originally derived in [12, 13], is in
fact completely general and not merely a feature of TT-deformed IQFTs. Let us briefly
review the problem.

In the case of a deformed model with S-matrix (2.43), a two-particle form factor should
satisfy

FO
2 pθ;αq “ SαpθqF

O
2 p´θ;αq “ FO

2 p2πi´ θ;αq . (4.45)

Typically there is at least one other requirement, which specifies the residue of the
form factor at the kinematic pole θ “ iπ. However, if we limit our attention to solutions
without poles, then we need to consider only the two equations (4.45). Entire solutions to
these equations are known as minimal form factors (MFFs) and in the deformed theory
we will denote these as Fminpθ;αq. The same equations with Sαpθq replaced by Spθq are
satisfied by the MFF of the undeformed theory, which we will denote as Fminpθq:

Fminpθq “ SpθqFminp´θq “ Fminp2πi´ θq . (4.46)

This means that the MFFs Fminpθ;αq and Fminpθq are proportional to each other
through a function Dαpθq which satisfies

Fminpθ;αq “ DαpθqFminpθq ùñ Dαpθq “ ΦαpθqDαp´θq “ Dαp2πi´ θq . (4.47)

Note that each of the first equalities in (4.45 – 4.47) define a Riemann-Hilbert problem
for the corresponding functions, with Sαpθq, Spθq and Φαpθq playing the role of “jump
functions” [176]. This can be used to explicitly write the solution as an integral repre-
sentation involving the logarithm of the jump function. In fact, given the S-matrix of a
massive, UV complete IQFT, it was shown in [6] that the MFF is uniquely fixed by the
combined requirements of analyticity in the physical strip Impθq P r0, πs and (at most)
exponential growth for θ large (see subsection 3.1.2). The integral representation assumes
a particularly simple form in terms of the Fourier transform of the S-matrix phase as we
can see from (3.40) and (3.41). Here we present two different and complementary ways
to obtain a complete MFF for TT-deformed IQFTs.

The parameters βs are fixed by analyticity and asymptotic requirements, but also,
crucially, by the requirement that the resulting MFF is a smooth function of the pertur-
bation parameters αs. For any set of parameters α we find that the function Dαpθq is
given by

Dαpθq “ Dαpiπq
ź

sP2Z`´1

«

´
1

2
e

θ´iπ
2

sinhpsθq´
s´1
ř

n“1

coshpnθq
s´m

`cs
ˆ

2i sinh
θ

2

˙´ cosh psθq
ff

αs
π

, (4.48)

where cs is a constant (4.105). This formula can be easily generalised to other inter-
esting cases, such as the branch point twist fields (see (F.43) in Appendix F.3) and to the
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boundary case just discussed in Section 4.1 , where the deformation of the one-particle
form factor is given by

a

Dαp2θq. Note that in (4.48) and hereafter, we set the mass scale
to m “ 1 to lighten the formulas.

First, we give a heuristic derivation of our result, showing how generalised pairs δpθq-
ρpθq can be constructed without relying on the existence of a Fourier transform gptq. Then
we present an alternative but equivalent derivation of the same result, by regularising the
standard contour-integral representation of the MFF proposed in the foundational paper
[6] by Karowski and Weisz. Finally, we discuss some properties of the correlation functions
that might be obtained building on this new minimal form factor.

4.2.1 A Heuristic Derivation: MFFs and their Fourier Transforms

In this section, we are going to produce a generalisation of the integral representation of
MFFs, capable of accounting for the presence of exponential CDD factors in the S-matrix.
In fact, the representation (3.41) relies on the possibility of expressing the scattering phase
in integral form (3.40). This is not possible if the theory we are considering is a TT-
deformed IQFT, whose S-matrix is of the form (2.43) with a finite number of deformation
parameters. Our goal is then to knead (3.40) and (3.41) into a new, more general form.
Note that the manipulations we will be performing here are formal and that we will be
quite cavalier about convergence issues. As such, the content of this section is to be taken
as a heuristic derivation of our main results.

Integral Representations, Asymptotic Behavior of the S-Matrix
and Temperedness

Let us consider an interacting factorised scattering theory with diagonal S-matrix,

Spθq “ ϵ eiδpθq . (4.49)

The quantity δpθq is the phase shift and is normalised so that

δp0q “ 0 . (4.50)

Consequently, the remaining constant ϵ encodes the value of the S-matrix at zero rapidity
difference Sp0q “ ϵ. For ϵ “ ˘1 we have the usual bosonic/fermionic statistics. However,
more general theories exist, such as the Federbush model [49, 183, 184] where Sp0q is a
generic phase (in this example, there are also two particle types). If our factorised scat-
tering theory is a UV complete IQFT, then the phase shift can be Fourier transformed
as in (3.40). The converse is however not true. A good counterexample is the “bosonic”
sinh-Gordon model studied in [161] whose S-matrix has a well defined Fourier transform
despite the theory lacking UV completion. More general cases have been discussed in
[109]. The meaning of this statement is made clearer below.

We now discuss in more detail the conditions for existence of the Fourier transform of
the phase shift, that is the notion of tempered distribution [263, 264]. We show that the
possibility of defining the phase shift as a Fourier transform is related to its nice decaying
properties at large rapidities and that TT-perturbed S-matrices are precisely of the type
where this condition is violated.
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Let f be a function on R and consider DpRq, the class of test functions on R and D 1pRq,
the class of distributions on R, i.e. the set of linear functionals on DpRq. Explicitly, given
f : R Ñ R and φ P DpRq it is possible to define a distribution4

xf, φy “

ż 8

´8

fpxqφpxqdx P D1
pRq. (4.51)

Suppose that δpθq is a smooth function satisfying the asymptotic condition

lim
|θ|Ñ8

δpθq “ 0. (4.52)

This means that this function and all its derivatives decay faster than any inverse poly-
nomial, i.e.,

@n P N, sup
θPR

ˇ

ˇθkδpnqpθq
ˇ

ˇ ă 8 for all k P N . (4.53)

Therefore, δpθq belongs to the Schwartz class SpRq. This implies that its Fourier transform

gptq :“

ż 8

´8

dθ

2π
eitθδpθq (4.54)

exists as an ordinary Lebesgue integral and defines a function gptq P S 1pRq Ď D1pRq, the
dual to the Schwartz class, i.e. the class of tempered distributions. In particular, we also
have the inversion formula

δpθq “

ż 8

´8

dt e´itθgptq, (4.55)

with absolute convergence of the integral due to rapid decay of gptq. In summary, if
δpθq P L1pRq, meaning that its absolute value is Lebesgue-integrable, we can define its
Fourier transform, which will also have nice decaying properties by construction. This
is what happens for standard phase shifts. Now, consider a phase shift coming from a
TT-deformation: δpθq „ sinhpsθq. It still defines a distribution in the sense of D 1pRq
(class of distributions in R), i.e., for instance, it acts continuously on test functions with
compact support:

φpθq P C8
c pRq ùñ xsinh, φy “

ż 8

´8

sinhpsθqφpθq dθ is finite. (4.56)

However if we consider the real line, sinhpsθq grows exponentially as |θ| Ñ 8:

| sinhpsθq| „
1

2
es|θ|, (4.57)

and therefore it does not satisfy any polynomial bound of the form (4.53) which is a neces-
sary condition for tempered distributions. Consequently, δpθq in this case is a distribution,
but it is not tempered; thus, its Fourier transform is not well defined within the classical
theory of tempered distributions. Indeed, the subclass of test functions EpRq Ă DpRq
necessary to make an integral like (4.56) convergent, can only be of two kinds: the class
of test functions with compact support EpRq “ C8

c pRq as written above or a subclass
with a quicker exponential decay than exp s|θ|:

EspRq :“
"

φ P C8
pRq

ˇ

ˇ

ˇ

ˇ

Ds ą 0 such that sup
θPR

ˇ

ˇφpθqes|θ|
ˇ

ˇ ă 8

*

Ă DpRq . (4.58)

4Note that this symbols D and D1 have nothing to do with the function Dαpθq defined earlier (4.47).
Similarly, the symbols S and S 1 around equation (4.54), are distinct from the set of spins S in (2.43) and
(3.95).

132



Let us now apply these ideas to the integral representation of a generic S-matrix.
Consider then the scattering phase δpθq and suppose it can be written in terms of its
Fourier transform as

δpθq “
i

2

ż 8

´8

dt

t
gptqe

itθ
π . (4.59)

Since the phase shifts are taken to be real functions of the rapidity difference, the function
gptq must be even: gp´tq “ gptq. We can then rewrite the Fourier transform in the form
(3.40)

δpθq “ ´

ż 8

0

dt

t
gptq sin

tθ

π
, (4.60)

which is the representation given earlier (3.40). In order for this Fourier transform to be
a proper function – rather than a distribution – we must demand that gptq approaches
constant values at the integral bounds

gptq “ gp0q `Opt2q , lim
|t|Ñ8

gptq “ gp8q
ă 8 . (4.61)

Note that we assumed gptq to be Taylor expandable around t “ 0 and to possess only
isolated singularities. The constants gp0q and gp8q may vanish. We can think of gptq as a
function on the Riemann sphere CY t8u which means that it must be either a constant
or a meromorphic function. In both cases, we can use a Mittag-Leffler expansion [265] to
write

gptq “ gp0q ´
8
ÿ

n“1

t2

πppnq

gpnq

t2 ` ppnq2
, gpnq “ ˘2πi Res

t“˘ippnq
rgptqs , (4.62)

for some set of poles t˘ippnq |n “ 1, . . . ,8u. We can use the physical properties of the
phase shifts to specify the positions of these poles. In particular, we want δpθq to be
2πi-periodic. We see that (4.62) and the residue theorem – which we can use since the
integrand of (4.59) decays as t´1 as |t| Ñ 8 – imply

δpθq “ const.`
8
ÿ

n“1

gpnq

2ppnq
e´

ppnqθ
π , @ θ ą 0. (4.63)

If we want this expression to be 2πi-periodic, then we need to fix

ppnq “ nπ . (4.64)

In conclusion, the function gptq must take the following form

gptq “ gp0q ´
8
ÿ

n“1

t2

nπ2

gpnq

t2 ` n2π2
. (4.65)

The Logarithm of the MFF and its Fourier Transform

Given the integral representation (4.60), we introduce the new function

ρpθq “ ´
1

4

8
ż

´8

dt

t

gptq ´ gp0q

sinh t
e

tpiπ´θq
iπ `

gp0q ´ 1` ϵ

2
log

ˆ

´i sinh
θ

2

˙

. (4.66)
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Note that the Fourier integral converges as long as 0 ď Im θ ď 2π. We immediately
verify the identities5

ρpiπ ´ θq “ ρpiπ ` θq , (4.68a)

ρpθq ´ ρp´θq “ iδpθq `
iπp1´ ϵq

2
signpθq . (4.68b)

Consequently, we can take this function to be the logarithm of the MFF

logFminpθq “ ρpθq ùñ

#

Fminpθq “ Fminp2πi´ θq ,

Fminpθq “ SpθqFminp´θq .
(4.69)

With some manipulations6 we can rewrite ρpθq as follows

ρpθq “ ρpiπq `

8
ż

0

dt

t
gptq

sin2
`

t iπ´θ
2π

˘

sinh t
´

1´ ϵ

2
log

ˆ

´i sinh
θ

2

˙

, (4.70)

where ρpiπq is a constant that can be absorbed into the normalisation of the MFF.
Using the Mittag-Leffler expansion (4.65) in the integral representation (4.59), we can

write

δpθq “ ´gp0q
8
ż

0

dt

t
sin

tθ

π
`

8
ÿ

n“1

gpnq

nπ

1

2πi

ż 8

´8

dt
t e

itθ
π

t2 ` n2π2

“

«

´
πgp0q

2
`

1

2π

8
ÿ

n“1

gpnq

n
e´n|θ|

ff

signpθq .

(4.71)

Similarly, putting together the integral representation (4.66) and the expansion (4.65), we
get

ρpθq “
i

2π

8
ÿ

n“1

gpnq

n

1

2πi

8
ż

´8

dt
t

t2 ` n2π2

e
tpiπ´θq

iπ

sinh t
`
gp0q ´ 1` ϵ

2
log

ˆ

´i sinh
θ

2

˙

. (4.72)

The integral can be computed by residue theorem, with contributions from a double pole
at t “ iπn and simple poles at t “ iπm with m ‰ n. This gives7

1

2πi

8
ż

´8

dt
t

t2 ` n2π2

e
tpiπ´θq

iπ

sinh t
“
θą0

8
ÿ

m“1

Res
t“imπ

«

t

t2 ` n2π2

e
tpiπ´θq

iπ

sinh t

ff

“ i
2nπ

`

θ´iπ
π

˘

´ 1

4πn
e´nθ

`
i

π

8
ÿ

m“1
m‰n

me´mθ

n2 ´m2
. (4.73)

5For equation (4.68b), we can use the known integral
ş8

´8
dt
t sin tθ

π “ π signpθq and

logp´i sinh
θ

2
q ´ logpi sinh

θ

2
q “ ´iπ signpθq . (4.67)

6We use another known integral:
ş8

´8
dt
t

sin2
ptxq

sinh t “ 1
2 log coshpπxq.

7Note that this integral needs regularisation: we suppose that θ has a vanishingly small imaginary
part.
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For generic θ the formula above generalised in a simple way, which can be captured by
introducing the signpθq function in the appropriate place, giving the final result:

ρpθq “ ´
1

2π2

8
ÿ

n“1

gpnq

n

»

–

2nπ signpθq
`

θ´iπ
π

˘

´ 1

4n
e´n|θ|

`

8
ÿ

m“1
m‰n

me´m|θ|

n2 ´m2

fi

fl

`
gp0q ´ 1` ϵ

2
log

ˆ

´i sinh
θ

2

˙

.

(4.74)

Let us compute the difference ρpθq ´ ρp´θq and check that (4.68b) is satisfied. Thanks
to the relation (4.67) we have that the last term in (4.74) produces the first term in
(4.71). Furthermore, the sum over m in (4.74) is symmetric under θ Ñ ´θ, so it does not
contribute and, finally, the remaining term in (4.74) yields the sum over n in (4.71):

2nπ signpθq
`

θ´iπ
π

˘

´ 1

4n
e´n|θ|

´
2nπ signp´θq

`

´θ´iπ
π

˘

´ 1

4n
e´n|´θ|

“ ´iπ signpθqe´n|θ| .

(4.75)

Recovering a TT-Like Representation

So far, the contents of this section provide a rederivation of known results. We now come
to the new conceptual step which will allow us to use these results to construct a pair
δpθq-ρpθq which corresponds to IQFTs perturbed by TT. The key observation is that, for
the purpose of the above identities, the only property that matters is the parity of the
functions e´n|θ| and signpθqθe´n|θ|, that is, that the former is even under θ Ñ ´θ, while
the latter is odd. This means that we could replace these functions with others having
the same parity properties and the MFF equations (4.68) would still hold. We will now
exploit this property by investigating what the most general choices for these functions
can be. We perform the substitutions

e´n|θ| signpθq ÝÑ fnpθq , e´n|θ|θ signpθq ÝÑ gnpθq , e´n|θ|
ÝÑ hnpθq , (4.76)

in the series expansions (4.71) and (4.74). For simplicity, we will also take gp0q “ 0 and
ϵ “ 1 so that the term logp´i sinh θ

2
q in (4.74) drops out and we have an S-matrix which

is a “pure” TT-deformation. We then have

δpθq “
1

2π

8
ÿ

n“1

gpnq

n
fnpθq ,

ρpθq “ ´
1

2π2

8
ÿ

n“1

gpnq

n

»

–´
πi

2
fnpθq `

1

2
gnpθq ´

1

4n
hnpθq `

8
ÿ

m“1
m‰n

m

n2 ´m2
hmpθq

fi

fl .

(4.77)

We want these two quantities to be, respectively, a phase shift and the logarithm of
the corresponding MFF. Clearly, only some functions fnpθq, gnpθq and hnpθq will work.
We must have

δpθq ` δp´θq “ 0 , unitarity of the S-matrix ,
δpθq ´ δpiπ ´ θq “ 0 , crossing symmetry of the S-matrix ,
ρpθq ´ ρp´θq “ iδpθq , Watson’s equation ,

ρpiπ ` θq ´ ρpπi´ θq “ 0 , crossing symmetry of the form factor .

(4.78)
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We then see immediately that the functions fnpθq have to satisfy the conditions

fnpθ ` iπq “ fnp´θq “ ´fnpθq “ ´fnpθ ´ iπq . (4.79)

Watson’s equation tells us that gnpθq and hnpθq have to be even

gnp´θq “ gnpθq , hnp´θq “ hnpθq , (4.80)

and, finally, the crossing symmetry of the form factor yields the following identities8

gnpθ ` iπq ´ gnpθ ´ iπq “ 2πifnpθ ` iπq , hnpθ ` iπq “ hnpθ ´ iπq . (4.81)

If we require that tfnpθqunPZ` , tgnpθqunPZ` and thnpθqunPZ` each constitute an infinite,
countable set of independent, smooth functions that satisfy the above requirements, then
we can almost uniquely fix the solution to be

f2n´1pθq “ ´ sinhpp2n´ 1qθq , g2n´1pθq “ ´θ sinhpp2n´ 1qθq , hnpθq “ coshpnθq ,
(4.82)

and
f2npθq “ 0 , g2npθq “ 0 . (4.83)

With “almost uniquely” we mean to say that - since the equations (4.79)-(4.81) are ho-
mogeneous - we still have the freedom to rescale each of the functions f2n´1pθq, g2n´1pθq
and hnpθq by an arbitrary constant (in θ) factor. For f2n´1pθq and g2n´1pθq this factor
has to be the same, due to the first equation in (4.80), and it can be reabsorbed into the
coefficients gpnq. However for the functions hnpθq, it is indeed an arbitrary choice. We
can even choose it to vanish for any n. This fact is not surprising: it is the usual inde-
terminacy of the cosh terms that was already remarked in previous works [12, 13, 244].
Here, the choice we make (4.82), (4.83) is guided by the requirement that the functions
(4.77) agree, for large |θ|, with (4.71), (4.74) when stripped of their diverging behavior.
So, for example, we ask f2n´1pθq „

|θ|Ñ8
signpθqe´p2n´1q|θ| ` “diverging terms” and we see

that f2n´1pθq “ ´ sinhpp2n´ 1qθq fits the bill. Notice that this also means that

gp2nq “ 0 . (4.84)

Thus, we have found that the following functions (we now add an index α to include the
parameter dependence)

δαpθq “ ´

8
ÿ

n“1

α2n´1 sinhpp2n´ 1qθq ,

ραpθq “
iπ ´ θ

2π
δpθq `

8
ÿ

n“1

α2n´1

»

–

coshpp2n´ 1qθq

4πp2n´ 1q
´

1

π

8
ÿ

m“1
m‰2n´1

m coshpmθq

p2n´ 1q2 ´m2

fi

fl ,

α2n´1 “
1

2π

gp2n´1q

2n´ 1
,

(4.85)

constitute a valid δpθq-ρpθq pair. Notice that the form of the phase shift is exactly that
of the TT-deformation (2.43). However, the MFF is different from that found in [12, 13],

8Here we are assuming that each term in the series – also in the double series – appearing in the
equations (4.78) has to vanish independently.
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in the sense that the coefficients of the coshpnθq terms are not arbitrary, but related to
the same αn appearing in δpθq. This form complies instead with the expression for the
sinh-Gordon MFF derived in [244]. In fact, (4.82) is not the only possible set of smooth
functions we could choose. Setting hnpθq “ 0 for all indices n P Z is also an alternative
choice that satisfies all the conditions. This choice reproduces the results of [12, 13], when
all free parameters are set to zero. We argue that the MFF in (4.85) is a more natural
choice, for at least two reasons. First of all, by construction, it reproduces the MFFs
obtained from the integral representation for UV complete IQFTs.

Secondly, as a function of η “ θ´iπ
π

, the logarithm of the MFF in (4.85) has more
desirable asymptotic properties than most of the possible solutions found in [12, 13]. Let
us look at a simple case to illustrate this fact.

4.2.2 The TT-Deformed Ising Field Theory

Let us take the simplest possible factorised scattering theory, a massive free fermion, with
S-matrix Spθq “ ´1. Let us perform a basic TT deformation of this theory. Then the
scattering phase becomes

δIsingα pθq “ ´α sinh θ , ϵ ” Sp0q “ ´1 . (4.86)

From the general formula (4.85), we find the logarithm of the MFF to be

ρIsingα pθq “ log

ˆ

´i sinh
θ

2

˙

´
iπ ´ θ

2π
α sinh θ `

α

4π
cosh θ ´

α

π

8
ÿ

m“2

m coshpmθq

1´m2

“ log

ˆ

´i sinh
θ

2

˙

´
iπ ´ θ

2π
α sinh θ ´

α

2π
´

α

2π
cosh θ logp´4 sinh2 θ

2
q

“ log
´

cosh
πη

2

¯

´
α

2π

”

1` πη sinhpπηq ´ coshpπηq log
´

4 cosh2 πη

2

¯ı

,

(4.87)

where we now reinstated the “Ising term”9 log
`

´i sinh θ
2

˘

, since ϵ “ ´1. We introduced
the variable η “ θ´iπ

π
. This function decays nicely for |θ| Ñ 8 in the whole strip 0 ď

Im θ ď 2π, for both α positive and negative, as can be seen in Figure 4.2. Figures 4.3 and
4.4 show a comparison of the MFF obtained from (4.87) with that derived in [12, 13], for,
respectively, Imθ “ iπ and Imθ “ 0. We notice how the MFF we obtained here preserves
the large-rapidity behavior of the unperturbed (α “ 0) theory, while the one obtained in
[12, 13] agrees with the α “ 0 situation only in the vicinity of θ “ 0.

This difference in the behaviour of the deformation of the MFF is more profound
than appears at a cursory glance. The expression found in [12, 13] cannot be considered a
small deformation of the massive free fermion MFF! This was already remarked in [12, 13],
where it was observed how the deformation leads to a radical difference in the correlation
functions compared to the undeformed theory. In contrast, the expression (4.87), can
be rightfully considered a well-behaved 1-parameter (α) deformation of the massive free
fermion MFF. This is immediately clear from the plot of eρ

Ising
α pθq in Figure 4.3. From the

plot in Figure 4.4, we see that something peculiar happens for α ą 0: the minimal form
factor seems to change its θ „ 0 behaviour when α crosses the value αc “ π. In fact,

9Notice that, thanks to this term, the minimal form factor F Ising
min pθ;αq “ exp ρIsingα diverges as Reθ Ñ

˘8. This is a characteristic behaviour of the massive free fermion. In non-free theories, this diverging
behaviour will be tempered by the presence of interactions.
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(a) MFF for TT-perturbed massive free fermion with the inclusion of the
cosh terms, with α “ 2π.

(b) MFF for TT-perturbed massive free fermion with the inclusion of the
cosh terms, with α “ ´2π.

Figure 4.2: Comparison of MFFs with the inclusion of cosh terms, for α positive and
negative, on different lines Imη “ 0,´ 1

4
,´1

2
,´3

4
,´1.
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(a) MFF for TT-perturbed massive free fermion with the inclusion of the
cosh terms, as a function of η P R

(b) MFF for TT-perturbed massive free fermion without the inclusion of the
cosh terms, as a function of η P R

Figure 4.3: Comparison of MFFs with and without the inclusion of cosh terms on the
line η P R (i.e. Imθ “ iπ).
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(a) MFF for TT-perturbed massive free fermion with the inclusion of the
cosh terms, as a function of θ P R

(b) MFF for TT-perturbed massive free fermion without the inclusion of the
cosh terms (see [12, 13]), as a function of θ P R

Figure 4.4: Comparison of MFFs with and without the inclusion of cosh terms on the
line θ P R.
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Figure 4.5: Plots of the MFF obtained from (4.87) as a function of θ P R for various
values of α ą 0.

a more careful analysis confirms this observation. Let us consider the behaviour of the
MFF F Ising

min pθ;αq :“ eρ
Ising
α pθq in the vicinity of η “ 0 and θ “ 0.

F Ising
min pθ;αq „

ηÑ0
e´

αp1´2 log 2q
2π `Opη2q ,

F Ising
min pθ;αq „

θÑ0

1

2
p´θ2q

1
2
´ α

2π e´
α
2π

”

1`
α

2
p´θ2q

1
2 `Opθ2q

ı

.
(4.88)

We immediately see that the behaviour at η Ñ 0 is qualitatively the same for any
value of α: the MFF is a finite, α-dependent constant. On the other hand, we see that at
θ “ 0, the behaviour of the MFF radically depends on the value of α: if α ă π, it vanishes
(as happens for the undeformed case), while for α ą π it diverges (reaching a constant in
the limit case α “ αc “ π). The situation is portrayed in Figure 4.5.

Notice that the critical value αc “ π is theory-dependent. In this case, it results from
the fact that the MFF of the Ising field theory is ´i sinh θ

2
, as we see for instance in

equation (4.87). The general statement is that if the leading asymptotic behaviour of the
MFF of the unperturbed theory is:

Fminpθq „
θÑ0

θκ , (4.89)

for some constant κ P R, then, the MFF of the TT-perturbed theory will have the
leading asymptotics

Fminpθ;αq „
θÑ0

θκ´
α
π , (4.90)

so that there is a critical value αc “ κπ above which the MFF develops a pole of order
α
π
´ κ at θ “ 0. In the Ising field theory we simply have κ “ 1. The more general case of

a single spin-2n´ 1 irrelevant perturbation is considered in Appendix F.
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4.2.3 Alternative Construction from the Karowski-Weiss Approach

In subsection 3.1.2 we saw in detail the standard construction [6]. What happens if we
try to implement it in our case? That is, consider an S-matrix of the type (2.43) and
let Dαpθq be the deformation of the corresponding MFF10, as defined by the equations
(4.47) whose general solution we wrote in (3.259). The main property of the CDD factor
Φαpθq is that, at large rapidities it does not tend to a constant. Therefore in general we
have Dαpθq „ exp pexp s˚|θ|q for Repθq Ñ 8 and s˚ the largest spin in the sum (2.43).
This means that if we follow again the Karowski-Weisz construction we find the following
asymptotics of the function wpR ` iyq defined in (3.36)

ˇ

ˇ

ˇ

ˇ

ˇ

logDαpR ` iyq

sinh2 1
2
pR ´ θ ` iyq

ˇ

ˇ

ˇ

ˇ

ˇ

„
es

˚|R|

e|R|
Ñ

RÑ8
eps

˚´1q|R| . (4.91)

So we can no longer argue that the vertical contributions to the integral are vanishing
and this is also the reason why these kind of solution was excluded from their construction
(3.29). We can think of two ways, possibly related to each other, of solving this problem:
the first consists in finding an appropriate choice of contour such that the exponential
growth of the function on the real axis can be mitigated. The second comes from the
freedom given by the equations in (4.45) regarding the choice of the MFF. As noticed in
the previous chapter, we can always multiply a given solution by some function Cβpθq
given by (3.95). Let us call this modified solution D̃αpθq. An appropriate choice of this
function, which means a choice of the parameters β, will ensure that

ˇ

ˇ

ˇ

ˇ

ˇ

log D̃αpR ` iyq

sinh2 1
2
pR ´ θ ` iyq

ˇ

ˇ

ˇ

ˇ

ˇ

“ op1q as R Ñ 8 , (4.92)

The additional parameters β, if chosen wisely, can enforce the double-exponential
asymptotics of the MFF as we saw for instance in (4.4) in the case of the sinh-Gordon
model. The idea is therefore to regularise the usual integral representation by imposing
this asymptotics.

Notice also that in general, given an integrand Ipz, θq “ logSpzq

sinh2 1
2
pz´θq

over a contour such
that logpSpzqq is analytic everywhere inside and on the contour and zn is a pole of the
denominator, we have that the residue at the pole is given by

Res pIpz, θq, znq “ 4Bz rlogSpzqsz“zn
. (4.93)

As observed previously, the poles are exactly at zn “ θ ` 2πin, for n “ 0, 1, 2, . . . . If
we consider again the contour C above, including the pole at z0 “ θ we get

¿

C

dz Ipz, θq “ 4Bz rlogSpzqsz0 . (4.94)

Instead of deforming the contour we will see in the next section that imposing the
asymptotics above is sufficient to find a closed solution that fixes the MFF completely.
Not coincidentally the term that regularises the integral representation is proportional to
contributions of the form (4.94).

10In (3.259) we wrote the most general solution to these equations, namely Dαpθq “ φαpθqCβpθq.
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A Solution

The main problem in defining a complete MFF for a generalised TT-deformation comes
from the distinct properties of the CDD-factors. We cannot expand them in terms of
a Fourier series, therefore we need to start from an integral representation of the type
(3.39). In practice, it is more convenient to start from an equivalent representation which
involves logSpzq explicitly. This kind of representation appears in [266]:

ρpθq “
1

iπ
cosh2 θ

2

ż 8

0

dt
tanh t

2
lnSptq

cosh t´ cosh θ
, for 0 ď Impθq ď 2π . (4.95)

The integrand reproduces exactly the same pole structure of (3.34) but it can also be
shown to be equivalent to (3.41) once we invert the Fourier transform. Let us consider
Φαpθq as defined in (2.43). We have

logDαpθq “
1

iπ
cosh2 θ

2

ż 8

0

dt
tanh t

2
lnΦαptq

cosh t´ cosh θ

“ ´
1

π
cosh2 θ

2

ÿ

sPS

ż 8

0

dt
αs tanh

t
2
sinh st

cosh t´ cosh θ
. (4.96)

This integral is not convergent because of the asymptotics of the sinhpstq function,
however it can be easily regularised by replacing sinhpstq by ´e´st. This amounts to the
regularisation prescription

logDαpθq “
1

iπ
cosh2 θ

2

ż 8

0

dt
tanh t

2

cosh t´ cosh θ

´

lnΦαptq ´ Bt ln Φ̂αptq
¯

, (4.97)

where
ln Φ̂αpθq “ ´i

ÿ

sP2Z`´1

αs

s
sinhpsθq . (4.98)

Let us see explicitly how this prescription leads to the same formulae found in the previous
section. For |Repθq| ă Reptq the integrand can be expanded as a long-wave expansion in
θ [151, 266] giving

cosh2 θ
2
tanh t

2

cosh t´ cosh θ
“

8
ÿ

m“1

“

coshpmθq ` p´1qm`1
‰

e´mt . (4.99)

Consider next the case of a single perturbation of spin s. We get then

logDαspθq “ ´
αs

π

8
ÿ

m“1

“

cosh kθ ` p´1qm`1
‰

ż 8

0

dte´mt sinh st . (4.100)

We are left with the computation of a simple integral
ż 8

0

dte´mt sinh st “
s

m2 ´ s2
, (4.101)

which is only well defined away from the simple pole at m ą s. This means that we
need to regularise the infinite sum in k of (4.99) by subtracting the pole. We can do this
by modifying (4.101) to

s

m2 ´ s2
´

m

m2 ´ s2
“ ´

1

m` s
, (4.102)
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which is equivalent to the prescription (4.97) for each term in the sum in s. The
regularised version reads

logDαspθq “
αs

π

8
ÿ

m“1

coshpmθq ` p´1qm`1

m` s
. (4.103)

Let us consider carefully the various contributions to this sum, taking care to compare
them to the result of Appendix F. First, we have the constant

8
ÿ

m“1

p´1qm`1

m` s
“ ´

8
ÿ

m“s`1

p´1qm`1

m

“ ´

8
ÿ

m“1

p´1qm`1

m
`

s
ÿ

m“1

p´1qm`1

m

“ ´ log 2`
1

s
` cs , (4.104)

where cs11 and s is odd. is a constant given by

c2s´1 “

2s´2
ÿ

m“1

p´1qm`1

m
and ĉ2s´1 “

2s´2
ÿ

m“1

1

m
, (4.105)

Then we have the sum involving coshpmθq. It is useful to consider the two terms in
(4.102) separately and exclude the problematic value m “ s. We compute

8
ÿ

m“1
m‰s

s coshpmθq

m2 ´ s2
“

s´1
ÿ

m“1

s coshpmθq

m2 ´ s2
`

8
ÿ

m“s`1

s coshpmθq

m2 ´ s2
. (4.106)

The infinite sum can be computed to

8
ÿ

m“s`1

s coshpmθq

m2 ´ s2
“ ´

s´1
ÿ

m“1

s coshpmθq

m2 ´ s2
`

1

2s
`

coshpsθq

4s
´
θ ´ iπ

2
sinhpsθq , (4.107)

so that

8
ÿ

m“1
m‰s

s coshpmθq

m2 ´ s2
“

1

2s
`

coshpsθq

4s
´
θ ´ iπ

2
sinhpsθq . (4.108)

The other sum in (4.102) was computed in (F.5). In addition, we have the m “ s

term coming from the coshpmθq sum in (4.103) which is simply ´
coshpsθq

2s
and cancels with

contributions from the sums above. Putting everything together with s “ 2n´ 1 we get

logDα2n´1pθq “
θ ´ iπ

2π
α2n´1 sinhpp2n´ 1qθq `

α2n´1

π
p´ log 2` c2n´1q (4.109)

´
α2n´1

π

2n´2
ÿ

m“1

coshpmθq

2n´ 1´m
´
α2n´1

2π
coshpp2n´ 1qθq log

ˆ

´4 sinh2 θ

2

˙

.

11See the alternative derivation in Appendix F for the details.
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Compared to the general solution (F.6) without the Ising term, we see that they are
identical up to normalisation constants. These are not important in applications, since
the MFF is ultimately normalised by its value at iπ. Generalising to any number of TT
perturbations and employing the standard normalisation we can write the general formula
(4.48). If we compare this solution to the general formula (3.259) we wrote in [12, 13], we
have that the β-dependent part in (3.95) is now fully fixed to

Cβpθq “ Cβpiπq
ź

sP2Z`´1

«

´
1

2
e
cs´

s´1
ř

m“1

coshpmθq
s´m

ˆ

2i sinh
θ

2

˙´ cosh psθq
ff

αs
π

. (4.110)

and φαpθq is the same function as in (3.94). This construction can be easily extended
to branch point twist fields, which satisfy slightly different form factor equations [185, 14].
We discuss this case in Appendix F.3.

4.2.4 Correlation Functions and their Asymptotic Properties

One of the main uses of the form factor program is for the computation of correlation
functions of local fields in the ground state. Such correlators can be expanded in terms
of integrals of the absolute value squared of the form factors. In the previous chapter,
following our papers [12, 13] we argued that the correlation functions resulting from a MFF
where the function Dαpθq is chosen as Dαpθq “ e

θ´iπ
2π

α sinh θ will contain integrals whose
integrand contains the absolute value of this function squared, that is, e

αθ
π

sinh θ. This
function grows extremely rapidly for |θ| large and α ą 0 and decays extremely rapidly
if α ă 0. Therefore, there are very different physical properties in these two regimes, a
feature that is (qualitatively) in line with what is expected from the TBA analysis [106].

Consider instead the new function (4.48). For simplicity, let us take s “ 1 and α1 “ α
so that we have a single TT perturbation and a single perturbation parameter. The
absolute value squared gives

|Dαpθq|
2
“ |Dαpiπq|

2

«

1

4
eθ sinh θ

ˆ

2 sinh
θ

2

˙´2 cosh θ
ff

α
π

, (4.111)

and for |θ| large we have

|Dαpθq|
2
„ |Dαpiπq|

2

„

1

4
e

θ
2
eθe´

θ
2
eθ
ȷ

α
π

“ |Dαpiπq|
24´

α
π , (4.112)

which is a constant. This is a radically different asymptotics compared to what we de-
scribed previously. This means that the leading asymptotics of the MFF is dictated by
the asymptotics of the MFF of the unperturbed theory, and little can be said about the
short-distance scaling of correlators if we do not know the full two-particle form factor.
However, from the asymptotics we no longer expect to see a marked difference between
the α positive and negative cases. There is, however, an important difference in the be-
haviour of the minimal form factor depending on whether α ą π or α ă π. In particular,
if we consider a TT-perturbation of the Ising field theory so that

|F Ising
min pθ;αq|2 “ |F Ising

min piπ;αq|2 sinh2 θ

2

«

1

4
eθ sinh θ

ˇ

ˇ

ˇ

ˇ

2 sinh
θ

2

ˇ

ˇ

ˇ

ˇ

´2 cosh θ
ff

α
π

“ |Fminpiπ;αq|
24´

α
π e

αθ
π

sinh θ

ˇ

ˇ

ˇ

ˇ

2 sinh
θ

2

ˇ

ˇ

ˇ

ˇ

2p1´α
π
cosh θq

, (4.113)
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we see that for α ă π the function has a zero at θ “ 0 while for α ą π it has an (unphysical)
pole at θ “ 0. We see these properties numerically in Fig. 4.5. The presence of a zero
at θ “ 0 is common with many other IQFTs such as the Ising and sinh-Gordon models.
However, the presence of a pole is unphysical and is an indication that the critical value
αc “ π represents a transition point between two quite different theories. Interestingly,
this kind of transition also occurs for UV-complete models and can be seen for instance
when comparing the MFF of the sinh-Gordon model [170] with the MFF of the Lee-Yang
theory [267]. Indeed, the S-matrices of these two theories are very similar, yet the MFF
of the Lee-Yang model with the standard construction would also have a zero at θ “ 0.
A resolution of this problem was put forward in [267] which consists of multiplying this
“natural” MFF by a function that cancels the pole, while still producing a MFF that is
consistent with all axioms and asymptotic requirements.
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Conclusion

The objective of this thesis was the adaptation of the Form Factor Bootstrap Program
(FFBP) to integrable quantum field theories (IQFTs) deformed by generalised TT-type
perturbations. We can affirm that the results obtained are encouraging, although not yet
fully conclusive. Indeed, so far the only object that we have been able to compute exactly
is the minimal form factor (MFF). Nevertheless, this represents a solid starting point for
the extension of the FFBP to deformed IQFTs.

Although the basic structure of this MFF has been identified in previous work [12,
13, 14, 244, 15] for various types of fields and theories, uniqueness of the solution has
been established only recently [16]. We find that the MFF of a TT-pertubed IQFT can
be uniquely determined by requiring a convergent integral representation, which may be
expressed as a regularised version of the usual integral representation. The expression that
emerges from this construction has a smooth behaviour in the limit when the perturbation
parameter(s) tend to zero and reproduces the MFF of standard IQFTs (such as the sinh-
Gordon model) when the number of irrelevant perturbations is infinite and the couplings
are suitably chosen (see Appendix F.2 where the sinh-Gordon example is considered).
The formula is

Fminpθ;αq “ FminpθqDαpθq , (4.114)

where Fminpθq is the MFF of the unperturbed theory and Dαpθq is the function (4.48),
which is generalised to (F.43) for branch point twist fields [185, 14, 218] and to

a

Dαp2θq
for the one-particle MFF of boundary IQFTs [15].

Although our analysis provides a way to fix the MFF which is reminiscent of the
traditional construction of Karowski-Weisz [6], it does not make the construction of higher
particle solutions any easier. In fact, the correct prescription for computing such solutions
is still not fully understood. Solving by plugging our new MFF into the standard ansatz
for models with a single particle (like sinh-Gordon [170]) and imposing factorisation (as
we previously did) leads to solutions which are not only plagued by square-root factors
(thus, points of nonanalyticity), similar to [12, 13], but also lead to a partial cancellation
of the MFF in the form factor ansatz (this is discussed in some detail in Appendix F.2).
This second issue was not present in our earlier work because we had set the function
Cβpθq “ 1 in (3.259) and worked with the simplest possible form of the MFF.

This cancellation suggests that it may not be possible for the kinematic residue equa-
tion as it is, the standard form factor ansatz with our complete MFF, and the assumption
of factorisation into a α-dependent and an undeformed part, to all hold simultaneously.
As we already discussed in Chapter 3, the locality properties of the observables are crucial,
and specifically the kinematic residue equation is underpinned by the notion of locality
(or semi-locality). The work [268] sheds some light on the validity of the standard form
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factor program. Using formal algebraic techniques, local observables for IQFTs are built
by infinite expansions whose coefficients are a sort of generalisation of the usual form
factors, coinciding with them for certain regions of the arguments. Local observables
are characterised by the analyticity properties of their expansion coefficients. These co-
efficients must satisfy a set of axioms that correspond exactly to the usual form factor
equations. Interestingly, in the conclusion of [268] it is pointed out how this result could
be “employed to prove non-existence of local observables in the sense of a no-go theorem”
by showing that for some S-matrices it is impossible to satisfy all the “axioms".

The CDD-factor (3.86) is proposed as an example of such an S-matrix. Indeed the non-
existence of local observables in these theories was widely conjectured [165, 162], based
mainly on the failure of known algebraic and form factor methods, but this has never been
rigorously established. It would be interesting to understand if our constructive approach
can be used to prove this statement more rigorously.

As shown in Appendix F.2 a factorised ansatz[12, 13], where the form factor is a
product of the unperturbed solution times a function of the perturbation parameter,
seems extremely natural for TT-perturbed theories but is easily shown not to produce
the correct solutions when considering more standard IQFTs, that is, when considering
the case of infinitely many irrelevant perturbations. We have checked this explicitly for
the sinh-Gordon model, where a factorised ansatz gives solutions that are distinct from
those known in the literature [170, 26] and contain square roots, as already discussed (see
Appendix F.2).

Therefore, the main result, for now, is a MFF that has good asymptotic and reduction
properties. By this we mean that growth with the rapidity variable θ is exponential at
most and dictated by the unperturbed MFF. “Reduction" is meant in two senses. First,
that the perturbed MFF reduces to the unperturbed one when all αs “ 0. Second, it
reduces to a new functional representation of known MFFs of IQFTs when the number of
αs parameters is infinite and they take precise, theory-dependent values [244]. A special
feature of our solution is that, in the simple case of a single perturbation, say by TT,
there exists a critical value α “ αc above which the MFF develops a pole of order α

π
´ κ

at θ “ 0, where κ is a property of the unperturbed MFF. The existence of a “transition”
in the physical properties of the model seems reminiscent of what is observed in the
thermodynamic Bethe ansatz analysis (see e.g. [106, 153]), in particular the emergence
of a Hagedorn transition at finite temperature. However, there are notable differences
between the two situations and we think that they are not related. For one, the Hagedorn
transition occurs for any negative value of α (with our prescriptions), whereas for our MFF
the “transition” happens at a specific, positive value of α. Secondly, it is well known that
the Hagedorn transition is particular to the pure TT-perturbation and absent for higher
spins (unless one modifies the driving term of the TBA and considers specific generalised
Gibbs ensembles, as discussed in [202]). In our case, however, the critical point is present
for any finite number of perturbations.

The presence of a zero at θ “ 0 is common to many IQFTs with a fermionic S-matrix.
We find this also in the sinh-Gordon model, for instance [244], since the “Ising factor"
sinh θ

2
is also present as a prefactor, even if the full form factor is much more complicated

than (4.113). As discussed in [244] (see also Eq. (4.2)), the S-matrix of the sinh-Gordon
model admits a formal representation of the type (2.43), with

αs “
4is`1

s
cos

sbπ

2
, with s P 2Z`

´ 1 , (4.115)
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where b is a coupling constant, a characteristic of the model. In this representation, the
unperturbed theory is the Ising model, with its MFF given just by Fminpθ,0q “ ´i sinh θ

2
.

This means that for θ “ 0 the sinh-Gordon model MFF has a zero of order given by

1´
ÿ

sP2Z`´1

4is`1

πs
cos

sbπ

2
“

$

’

’

&

’

’

%

2 for b P R and 0 ă |b| ă 1
1 for b P R and |b| “ 1
0 for b P R and |b| ą 1

fpθ0q for b P C and b “ 2iθ0
π

(4.116)

These values reveal some interesting properties of standard IQFTs:

• The case 0 ă |b| ă 1 is the natural range of coupling values for the sinh-Gordon
model. There is a zero at θ “ 0, which is well known from the standard MFF
representation [170].

• For b “ ˘1 the sinh-Gordon S-matrix reduces to 1, that is, it is the free-boson limit.
In this limit the MFF of the “unperturbed" theory is no longer that of Ising but
that of a free boson, which is also 1. In other words, for b “ ˘1 the power one of
sinh θ

2
is absent, and we have neither a zero nor a pole at θ “ 0.

• For |b| ą 1 we exit the allowed values in the sinh-Gordon theory and enter a regime
which contains in particular the S-matrix of the Lee-Yang model [187]. The latter
corresponds to the choice |b| “ 5{3 and is also a fermionic theory, so the power (??)
is present in the MFF, which is 0 at θ “ 0. The limit θ Ñ 0 is, in fact, a little
tricky, giving the indeterminate 00. The known MFF of the Lee-Yang model [267]
contains a modification that avoids this singularity. In [267] a MFF was proposed
which contains an additional multiplicative factor cosh θ´1

cosh θ´cos π
3
. This has the double

effect of canceling the singularity at θ “ 0 and of introducing a bound state pole,
which is necessary in this theory.

• Finally, for imaginary b, we recover the roaming trajectories model, a theory whose
RG-flow is known to visit the vicinity of infinitely many critical points corresponding
to the unitary minimal models of CFT [269]. In this case the cosine in the sum above
becomes coshpsθ0q, giving a divergent sum. We can however, still make sense of (??)
if we appeal to a property of the model, namely symmetry under θ0 ÞÑ ´θ0. Based
on this property, we can argue that we might replace coshpsθ0q ÞÑ e´s|θ0|. A similar
kind of argument was also employed in the form factor calculations presented in
[270] and termed CPT symmetrisation. This step allows us to obtain a sum which
is convergent and gives power

fpθ0q “

"

2 for |θ0| finite ,
1 for |θ0| Ñ 8 .

(4.117)

Therefore the roaming trajectories model has a MFF with a zero at the origin. The
order of the zero is just 1 in the |θ0| Ñ 8 limit, which corresponds to the Ising field
theory.

Equation (4.116) shows that, for UV-complete fermionic IQFTs, the allowed S-matrices
must satisfy strict constraints leading to positive powers in the absence of bound state
poles and zero or negative powers in the presence of bound states. It would be interesting
to investigate whether one could start from these constraints and work backwards to sys-
tematically classify all UV complete IQFTs, similar to what was done via thermodynamic
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Bethe ansatz in [113].

Clearly, the main goal remains the computation of full correlation functions from the
full form factors, if they exist. The fact that the observables are almost certainly non-
local does not a priori exclude the possibility that form factors can be computed, and we
cannot end this thesis without some proposals on how to pursue this program.

The FFBP relies on a few but fundamental concepts: locality, analyticity, and inte-
grable structure. If at least one of these is not satisfied, the result is not guaranteed. In
particular, we have shown that the Karowski–Weisz procedure for constructing the MFF
can be recovered through a regularisation method. This is far from surprising in the
context we are interested in, namely that of a theory with a minimal fundamental length,
which can be interpreted essentially as a QFT on curved space-time [115, 100, 102].

On curved backgrounds it is not possible to define a tempered distribution in the same
way as in flat space, and further regularisations are required. A simple example is given
by the definition of the Dirac delta distribution in curved space-time.

Recall that in flat space the Dirac delta can be characterised as
ż

Rd

ddx δpdqpxqfpxq “ fp0q , (4.118)

for every test function f P SpRdq. On a curved manifold pM, gq, however, one must take
into account the non-trivial volume element. The natural generalisation is

ż

M
ddx

a

|gpxq| δgpx, yqfpxq “ fpyq , (4.119)

where δgpx, yq denotes the covariant delta distribution with respect to the metric g.
The distribution δgpx, yq cannot be introduced directly as in flat space but must instead

be constructed through a regularisation procedure. Several techniques are commonly
employed in quantum field theory on curved space-times. One possibility is to use the heat-
kernel representation, where the delta emerges as the t Ñ 0` limit of the solution to the
diffusion equation governed by the Laplace–Beltrami operator [271]. Another approach,
known as point-splitting or Hadamard subtraction, is based on separating coincident
points along a geodesic and subtracting the universal short-distance singularities before
taking the coincidence limit [272]. Alternatively, in a small neighbourhood of a point
one can employ Riemann normal coordinates, where the metric is approximately flat,
and define the delta distribution perturbatively in the curvature. Other schemes, can
also be employed depending on the physical context. All these methods share the same
conceptual feature: a regulator is introduced to define the distribution at short distances,
and only after suitable subtractions can one safely remove it. This perspective connects
naturally with the Peierls quantisation scheme that we have already introduced in Chapter
0 (see Eq. (0.7)), this time upgraded to curved space-time. In this framework the Poisson
bracket of two classical observables A and B is defined as

tA,BuPeierls “

ż

M
ddx

a

|gpxq|

ż

M
ddy

a

|gpyq|
δB

δϕpyq
∆px, yq

δA

δϕpxq
, (4.120)

where ∆px, yq “ Gretpx, yq ´ Gadvpx, yq is the causal Green’s function of the covariant
wave operator, constructed using regularised distributions as in (4.119). Quantisation is
then obtained by promoting tA,BuPeierls to the commutator ´irA,Bs.

Hence, the need for regularisation in defining distributions on curved space-time is not
just a technicality: it is essential for the very definition of observables and their algebraic

150



relations, and it provides a natural motivation for the regularisation methods we employed
in the FFBP for theories with a minimal length scale.

The challenge now is to adapt the kinematical residue equation (3.27) to this set-up.
The annihilation pole is a direct consequence of the LSZ-reduction formulas (see Appendix
A) for which general results in curved space-time are actually available [273, 274, 275, 271].
Moreover, the most striking and troublesome problem of having curved backgrounds in a
QFT is absent here: the theory is integrable and therefore there is no particle production.
This fact should greatly simplify the LSZ-reduction formalism in our case. Anyway, this
still seems to be a very challenging task, because, as can be seen from the form of the
MFF in (4.48), we no longer expect to have a standard kinematical pole. In fact, the
zeros (or poles) of (4.48) are both rapidity- and α-dependent. Again, this is exactly what
one would expect from a theory on a dynamical background [100, 102]. Furthermore, in
a curved background the notion of rapidity itself is not well defined, so is this even the
best way to look at things?

Another possibility, in principle, comes from the original method used by Smirnov to
obtain the form factors of the sine-Gordon model [7, 8, 9, 10]. The idea is to fully exploit
the QISM to explicitly construct the soliton and antisoliton creation operators, from which
the form factors can then be obtained. In this sense, one could attempt to build an algebra
similar to the one we proposed in (2.71), but using the standard QISM procedure. In fact,
the classical integrable structure of the TT-deformed sine-Gordon model was derived in
[102], and having the deformed classical Lax pair should, in principle, allow us to attempt
the QISM construction. The difficulty, however, is that the sine-Gordon model is already
highly non-linear, and the deformation introduces additional non-linearity even at the
classical level, exponentially increasing the complexity of the problem.
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Appendix A

LSZ Reduction Formulas

In this section we develop the LSZ reduction formalism [34, 276]. This is a standard topic
in QFT textbooks but for us it is particularly relevant because the form factor axioms can
be derived from them. The problem is the computation of S-matrix elements between on-
shell states in generic interacting field theories. In Section 1.1 we already outlined the main
picture: on a macroscopic scale, interaction time is extremely small and therefore there is
no point in following the time evolution during a scattering event. We consider asymptotic
states (1.1.1): long before the collision, well-separated wave-packets evolve independently
and freely. These incoming states build a Fock space, the in-space associated to free fields.
Then the collision process happens and scattering, absorption and creation of particles
occur (the permitted processes are dictated by the symmetries). Long after the collision,
free wave packets separate, representing the outgoing states. These are again described
by free particles, i.e. the modes of a free out-field. Although the form of the interaction
(until it is local) is not relevant for the construction, just to give an idea, we consider a
self-interacting scalar field

L “
1

2
BµϕB

µϕ`
1

2
m2ϕ2

`
λ

4!
ϕ4 , (A.1)

that satisfies the equation of motion pl`m2qϕpxq “ λ
3!
ϕ3pxq, the so-called local “inter-

polating field” of Section 1.1. In the context of canonical quantization we can construct
an in-field (out-field)

ϕinpxq “
1

2π

ż

dp
a

2p0

`

appqe´ip¨x
` a:ppqeip¨x

˘

, p0 “
a

pp1q2 `m2 , (A.2)

that satisfies the K-G equation pl ` m2qϕinpxq “ 0 (same for the out field) and when
acting on states (add ref to particle states) annihilates (creates) particles and creates
(annihilates) anti-particles. The operators in (A.2) define the usual CCR algebra

rappq, ainpqqs “ ra:ppq, a:pqqs “ 0 , rappq, a:inpqqs “ 2p02πδpq ´ pq , (A.3)

and the Fock space generated by the action of the vacuum defined by these operators
coincide with the space of the asymptotic initial states. We can then invert the relation
(A.2) to rewrite the CCR operators in terms of the fields
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a

2p0ainppq “

ż

dxxe´ip¨x, ϕinpxqy “ i

ż

dxp 9ϕinpxq ´ ip0ϕinpxqqe
ip¨x ,

(A.4)
a

2p0a:inppq “ ´

ż

dxxeip¨x, ϕinpxqy “ ´i

ż

dxp 9ϕinpxq ` ip0ϕinpxqqe
´ip¨x ,

(again, same for the out-field) where

xf, gy ” i

ż

dxpf˚
B0g ´ B0f

˚gq (A.5)

is the inner product preserved in the space of solutions of the K-G equation. Remember
also the normalization of the 1-particle states

|py “
a

2p0a:ppq|0y , xq|py “ p2p0qp2πqδpp´ qq . (A.6)

Here Axiom III (1.8) enters into play. The matrix elements of the interacting field
between asymptotic states coincide except for a normalization constant, with the matrix
elements of the free fields :

ϕinpxq “
1

?
Z

lim
tÑ´8

ϕpxq , ϕoutpxq “
1

?
Z

lim
tÑ`8

ϕpxq . (A.7)

Again, it has to be clear that this assumption is taken to be valid only for the matrix
elements and not from an operatorial point of view (weak operator convergence). Now we
want to consider a transition from a n-particle state |p1, p2, . . . , pny to a m-particle state
|q1, q2, . . . , qmy:

xq1, q2, . . . , qm|p1, p2, . . . , pny , (A.8)

where the out-states are created by the action of a:outpqiq and the in-states by the action
of a:inppjq. From this fact follows that we can rewrite the amplitude in terms of the in/out
fields from (A.5)

xq1, q2, . . . , qm|p1, p2, . . . , pny “
b

2p01xq1, q2, . . . , qm|a
:

inpp1q|p2, . . . , pny (A.9)

“ ´i

ż

dx1e
´ip1¨x1xq1, q2 . . . , qm|p 9ϕinpx1q ` ip01ϕinpx1qq|p2, . . . , pny .

And now, substituting the free-fields with the asymptotic limit of the interacting ones
(A.7) we get

xq1, q2, . . . , qm|p1, p2, . . . , pny “ ´
i

?
Z

lim
t1Ñ´8

ż

dx1e
´ip1¨x1 (A.10)

ˆ xq1, q2 . . . , qm|p 9ϕpx1q ` ip01ϕpx1qq|p2, . . . , pny .

Now applying the identity
ż 8

´8

dt1
dfpt1q

dt1
“ lim

tÑ8
fptq ´ lim

tÑ´8
fptq (A.11)

to e´ip1¨x1p 9ϕpx1q ` ip01ϕpx1qq we get
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xq1, q2, . . . , qm | p1, p2, . . . , pny “

´
i

?
Z

lim
t1Ñ`8

ż

dx1 e
´ip1¨x1 xq1, q2, . . . , qm|p 9ϕpx1q ` ip01ϕpx1qq|p2, . . . , pny

`
i

?
Z

ż

d2x1 e
´ip1¨x1 xq1, q2, . . . , qm|p:ϕpx1q ` pp01q

2ϕpx1qq|p2, . . . , pny .

We can clearly identify in the first term the asymptotic field ϕout while for the second
term we can use the fact that the asymptotic states are on-shell and therefore pp01q

2 “

pp11q
2 `m2:

xq1, q2, . . . , qm|p1, p2, . . . , pny “ xq1, q2, . . . , qm|a
:
outpp1q|p2, . . . , pny

`
i

?
Z

ż

d2x1 e
´ip1¨x1xq1, q2, . . . , qm|p:ϕpx1q ` ppp11q

2
`m2

qϕpx1qq|p2, . . . , pny .

(A.12)

Therefore the first term is non-zero only if there is a qi “ p1. This means that the
moments of the initial asymptotic state remain unaltered in the final state and therefore
the first term represent a “disconnected” contribution in the scattering process. In the
end, if we are looking at the amplitude of connected processes wee can ignore this term.
Now, integrating by parts in the second term

ż

d2x1 e
´ip1¨x1pp11q

2ϕpx1q “ ´

ż

d2x1
`

∇2e´ip1¨x1
˘

ϕpx1q “ ´

ż

d2x1 e
´ip1¨x1∇2ϕpx1q ,

(A.13)

xq1, q2, . . . , qm|p1, p2, . . . , pny “
i

?
Z

ż

d2x1 e
´ip1¨x1plx1 `m2

qxq1, q2, . . . , qm|ϕpx1q|p2, . . . , pny

` disconnected terms . . . (A.14)

We removed the first particle of the in-state by substituting it with the field operator
ϕpx1q. Now we can do the same with the second particle in the in-state:

xq1, q2, . . . , qm | p1, p2, . . . , pny “

´ i

ż

dx2 e
´ip2¨x2 xq1, q2, . . . , qm|ϕpx1q

`

9ϕpx2q ` ip02ϕpx2q
˘

|p3, . . . , pny

´
i

?
Z

ż

dx2 e
´ip2¨x2 xq1, q2, . . . , qm|T

”

ϕpx1q
`

:ϕpx2q ` ip02ϕpx2q
˘

ı

|p3, . . . , pny , (A.15)

where T here indicates a time-ordering, that in fact can be used repeatedly to sepa-
rate the disconnected contributions. Iterating this procedure n-times we get in the end,
without disconnected processes

xq1, q2, . . . , qm|p1, p2, . . . , pny “

ˆ

i
?
Z

˙n n
ź

i“1

ż

d2xi e
´ipi¨xi

ˆ plxi
`m2

qxq1, q2, . . . , qm|T rϕpx1qϕpx2q ¨ ¨ ¨ϕpxnqs |Ωy ,
(A.16)
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where |Ωy represents the Fock space vacuum state. Clearly we can do the same thing
for the out-state. The final result are the famous LSZ-reduction formulas [34]

xq1, q2, . . . , qm | p1, p2, . . . , pny “
ˆ

i
?
Z

˙n`m n
ź

i“1

m
ź

j“1

ż

d2xi e
´ipi¨xiplxi

`m2
q

ż

d2yj e
iqj ¨yjplyj `m2

q

ˆ xΩ|T
“

ϕpx1qϕpx2q ¨ ¨ ¨ϕpxnqϕpy1qϕpy2q ¨ ¨ ¨ϕpymq
‰

|Ωy . (A.17)

that relates S-matrix elements elements, i.e. products between asymptotic states, and
connected correlation functions in the vacuum.
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Appendix B

Expectation Value of TT in Two-Dimensional
Quantum Field Theories

Consider a two-dimensional field theory of stress-energy tensor Tµν . Already in [190] the
expectation value of the descendant field TT in the Sine-Gordon model was calculated to
be

xTTy “ ´xΘy
2 . (B.1)

The foundational work by A. B. Zamolodchikov [90] generalizes this result to generic
non-integrable two-dimensional field theories under quite general assumptions. In partic-
ular, the expectation value in a cylinder of infinite length (Matsubara representation at
finite temperature „ 1{R) is given by

xTTy “ xT yxT̄ y ´ xΘyxΘy . (B.2)

Clearly, when the radial coordinate R Ñ 8 (equivalently T Ñ 0), the translation sym-
metry gets renewed and the expectation values of the chiral components go to zero and
we return to (B.1). Following [90] we prove (B.2) making some very general assumptions;
some of them concern the “local dynamics” of the field theory (L) and others concern
global geometrical aspects (G). We assume:

1. (L) Local symmetry under rotations and translations. It implies that the stress-
energy tensor is symmetric Tµν “ Tνµ and that it satisfies the continuity equation
BµT

µν “ 0, or in terms of the chiral components

B̄T pzq “ BΘpzq , BT̄ pzq “ B̄Θpzq . (B.3)

This natural assumption implies that the physical quantities depend only on rela-
tive space-time coordinates, as one would expect from a local theory. Indeed, this
assumption is already taken into account writing an OPE for the observables of a
given model

OipzqOjpz
1
q “

ÿ

k

Ck
ijpz ´ z1qOkpz

1
q , (B.4)

where indeed the structure constants depend only on separations.

2. (G) Global symmetry under translations. For every local field Oipzq, its expectation
value in the vacuum xOipzqy is a space-time independent constant. Follows from
(B.4) that also two-point functions depend only on separations

xOipzqOjpz
1
qy “ Gijpz ´ z1q . (B.5)
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3. (G) Infinite separations. We assume it exists at least one direction, i.e. an Euclidean
vector e “ pe, ēq, such that for any pair of fields Oi and Oj we have

lim
tÑ8

xOipz ` etqOjpz
1
qy “ xOiyxOjy . (B.6)

Together with the assumption 2, this condition imply that the underlying geometry
is the one of an infinite plane or of a infinitely long cylinder.

4. (L) CFT limit at short distances. The short distance behavior is assumed to be
described by a conformal field theory. This assumption is necessary to make unam-
biguous the definition of the composite operator TT, which is essentially defined up
to total derivative terms.

Now, consider the following two-point functions combination

C “ xT pzqT̄ pz1qy ´ xΘpzqΘpz1qy . (B.7)

By using (B.3), it is easy to see that B̄C “ BC “ 0 and therefore this combination is a
constant, independent from coordinates. Now, taking the limit, as in (B.5), we find that,
for large separations

C “ xT yxT̄ y ´ xΘyxΘy . (B.8)

Now, what we need to prove is that C coincides with the expectation value of the
composite field TT. We expect to obtain this object from the OPE of T pzqT̄ pz1q in the
limit z Ñ z1, but the main problem comes precisely from the divergencies of the OPE
itself. We will see that the term subtracted in (B.7) is exactly needed to cancel the
problematic singular terms. The continuity equations imply that

B̄
“

T pzqT̄ pz1q ´ΘpzqΘpz1q
‰

“ (B.9)
“ pB ` B

1
qΘpzqT̄ pz1q ´ pB̄ ` B̄

1
qΘpzqΘpz1q ` total derivatives

and similarly

B
“

T pzqT̄ pz1q ´ΘpzqΘpz1q
‰

“ (B.10)
“ pB ` B

1
qT pzqT̄ pz1q ´ pB̄ ` B̄

1
qT pzqΘpz1q ` total derivatives .

If we then substitute the operator product expansions

T pzqΘpz1q “
ÿ

i

Aipz ´ z1qOipz
1
q , ΘpzqT̄ pz1q “

ÿ

i

Bipz ´ z1qOipz
1
q , (B.11)

ΘpzqΘpz1q “
ÿ

i

Cipz ´ z1qOipz
1
q , T pzqT̄ pz1q “

ÿ

i

Dipz ´ z1qOipz
1
q , (B.12)

where the sums involve a complete set of local fields tOiu. Now (B.9) and (B.10) read

ÿ

i

B̄Fipz ´ z1qOipz
1
q “ (B.13)

ÿ

i

`

Bipz ´ z1qB1Oipz
1
q ´ Cipz ´ z1qB̄1Oipz

1
q
˘

,
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and
ÿ

i

BFipz ´ z1qOipz
1
q “ (B.14)

ÿ

i

`

Dipz ´ z1qB1Oipz
1
q ´ Aipz ´ z1qB̄1Oipz

1
q
˘

,

where
Fipz ´ z1q “ Dipz ´ z1q ´ Cipz ´ z1q . (B.15)

The equations above involve only derivatives of local fields and therefore any operator Oi

in the expansion

T pzqT̄ pz1q ´ΘpzqΘpz1q “
ÿ

i

Fipz ´ z1qOipz
1
q (B.16)

can only possess a constant coefficient Fi unless it is by itself a descendant of another
local operator. Therefore, the OPE (B.16) can be rewritten as

T pzqT̄ pz1q ´ΘpzqΘpz1q “ OTTpz
1
q ` derivative terms , (B.17)

for some local operator OTT. Then, from (B.17) we can define the composite field TT
as

TTpzq :“ OTT , (B.18)

and (B.2) follows. As discussed previously there is still a necessity to understand better
the nature of the limit z Ñ z 1 that is taken in (B.16). This problem is related to the short-
distance nature of the theory that is furnished through assumption 4. We refer for the
original paper for a detailed discussion [90] but the main idea is to take into consideration
the case of a CFT perturbed by some relevant field Φ∆ of dimensions p∆,∆q with ∆ ă 1.
In this context the field TT of dimension (2,2), can be easily recognized as a descendent of
the identity field, TT “ L´2L̄´2I. The problem arises when certain “resonance conditions”,
between our composite field and the other fields Oi in the theory are met. To evade this
problem the author impose the following “non-resonance” assumption:

if the dimendions ∆i ofthe fields Oi in the CFT limit satisfy the condition

∆i ´ 2` np1´∆q ‰ 0 , for n “ 1, 2, 3, . . . ; (B.19)

with the exception of ∆i “ ∆ ` 1 (the dimension of BB̄Φ∆). There will be no resonance-
induced ambiguities in the definition of (B.18).
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Appendix C

T T̄ -deformed Theories as QFTs on Non-
commutative Minkowski Space

In this appendix we review a formulation of quantum field theory on noncommutative
Minkowski space proposed in [165] which, when specialized to two spacetime dimensions,
naturally leads to wedge-local quantum fields and to a non-trivial factorizing S-matrix of
the TT-type (2.43). This appendix provides an algebraic and geometric reinterpretation
of the TT-deformed scattering data discussed in the main text, without assuming the
existence of point-local observables. We work on two-dimensional Minkowski space R1,1

with coordinates x “ px0, x1q and scalar product

p ¨ x “ p0x0 ´ p1x1, (C.1)

and consider a real scalar particle of mass m ą 0. The positive mass shell is

H`
m “ tp P R1,1 : p2 “ m2, p0 ą 0u, (C.2)

equipped with the standard Lorentz-invariant measure dµppq. As in the rest of the thesis,
it will be convenient to parametrize H`

m by the rapidity variable θ P R,

ppθq “ mpcosh θ, sinh θq, dµppq “ dθ. (C.3)

C.1 Noncommutative Minkowski space and deformed
quantum fields

Noncommutative Minkowski space is modeled by promoting the spacetime coordinates to
self-adjoint operators x̂µ, µ “ 0, 1, satisfying the commutation relations

rx̂µ, x̂νs “ iQµν , (C.4)

where Q is a real antisymmetric 2 ˆ 2 matrix. In two spacetime dimensions any such
matrix is necessarily proportional to the Levi-Civita tensor. We therefore fix a reference
noncommutativity parameter of the form

Q1 “ α

ˆ

0 1
´1 0

˙

, α P R. (C.5)

A central structural feature of the framework is that the noncommutativity parame-
ter Q is not kept fixed under spacetime symmetries. Instead, one considers a family of
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quantum fields ϕpQ, xq labelled by Q and implements the action of the untwisted Poincaré
group in such a way that Lorentz transformations act simultaneously on spacetime and on
the parameter Q. In two dimensions, the Lorentz orbit of the reference matrix Q1 reduces
to the two-element set tQ1,´Q1u.1 We now recall the construction of the deformed quan-
tum fields. Let H denote the bosonic Fock space built over the one-particle Hilbert space
L2pH`

m, dµq, and let a:ppq and appq be the standard creation and annihilation operators
satisfying the canonical commutation relations

rappq, apqqs “ 0, rappq, a:pqqs “ ωp δpp´ qq1, (C.6)

with ωp “ p0. The free massive scalar field is given by

ϕ0pxq “

ż

dµppq
`

eip¨xa:ppq ` e´ip¨xappq
˘

, (C.7)

understood as an operator-valued tempered distribution. The deformation associated
with the noncommutativity parameter Q is implemented directly at the level of creation
and annihilation operators by defining

apQ, pq “ e
i
2
pQP appq, a:pQ, pq “ e´

i
2
pQP a:ppq, (C.8)

where Pµ are the generators of spacetime translations on Fock space. By construction,
the deformed creation operator is the Hilbert space adjoint of the deformed annihilation
operator,

a:pQ, pq “
`

apQ, pq
˘:
, (C.9)

a relation that follows from the antisymmetry of Q and the self-adjointness of the trans-
lation generators Pµ. The corresponding deformed field is then defined as

ϕpQ, xq “

ż

dµppq
`

eip¨xa:pQ, pq ` e´ip¨xapQ, pq
˘

, (C.10)

again in the sense of operator-valued distributions. The nontrivial structure induced by
the deformation is already visible at the level of the exchange relations satisfied by the
operators apQ, pq and a:pQ, pq. For arbitrary antisymmetric matrices Q,Q1 and on-shell
momenta p, p1, one finds

apQ, pqapQ1, p1q “ e´
i
2
ppQ`Q1qp1 apQ1, p1qapQ, pq, (C.11)

a:pQ, pqa:pQ1, p1q “ e´
i
2
ppQ`Q1qp1 a:pQ1, p1qa:pQ, pq, (C.12)

apQ, pqa:pQ1, p1q “ e
i
2
ppQ`Q1qp1 a:pQ1, p1qapQ, pq ` ωp δpp´ p1q e

i
2
ppQ´Q1qP . (C.13)

Here we have introduced the bilinear form

pQp1 ” pµQ
µνp1ν , (C.14)

which controls all momentum-dependent phase factors appearing in the exchange rela-
tions. Since Q is antisymmetric, the quantity pQp1 is antisymmetric under the exchange
p Ø p1 and vanishes when the two momenta coincide. All nontrivial effects of the defor-
mation originate from this bilinear form. For Q “ 0 this definition reduces identically to

1Given a representation of the Lorentz group L on a space X , the orbit of an element x P X is the
set Opxq “ tΛ ¨ x : Λ P Lu. In the present case, the Lorentz group acts on antisymmetric matrices by
Q ÞÑ ΛQΛT , and in two spacetime dimensions this action maps Q1 only to ˘Q1.
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the free field ϕ0pxq. Although the deformation enters only through unitary phase factors,
the fields ϕpQ, xq are no longer point-local for Q ‰ 0. The violation of locality already
appears at the level of the vacuum two-particle contribution of the commutator, which
does not vanish for spacelike separated arguments. At the same time, the fields ϕpQ, xq
retain all other standard Wightman properties: they are well defined on the dense do-
main of finite particle number, transform covariantly under translations, and satisfy the
Reeh-Schlieder property2 [20]. This loss of pointlike locality will be shown in the following
sections to admit a precise geometric interpretation in terms of wedge localization.

C.2 Wedge localization and geometric interpretation

The loss of pointlike locality exhibited by the deformed fields ϕpQ, xq admits a precise
geometric interpretation in terms of wedge regions of Minkowski space. In two spacetime
dimensions this interpretation becomes particularly transparent, due to the simplicity of
both the Lorentz group and the causal structure. We choose as reference wedge the right
wedge

W1 “ tx P R1,1 : x1 ą |x0|u, (C.15)

whose causal complement is the left wedge

W 1
1 “ ´W1 “ tx P R1,1 : x1 ă ´|x0|u. (C.16)

In two dimensions every proper orthochronous Lorentz transformation is a boost in
the x1-direction and therefore leaves W1 invariant. As a consequence, the set of wedge
regions with edge passing through the origin reduces to the two-element set

W0 “ tW1,´W1u. (C.17)

A completely analogous simplification occurs for the noncommutativity parameter.
Restricting attention to the reference matrix Q1 introduced in the previous section, one
finds that in two dimensions its Lorentz orbit consists of only two elements,

Q “ tQ1,´Q1u. (C.18)

This makes it possible to establish a canonical identification between wedge regions and
noncommutativity parameters by setting

QpW1q “ Q1, Qp´W1q “ ´Q1, (C.19)

which satisfies the compatibility condition

QpW 1
q “ ´QpW q. (C.20)

This relation mirrors the correspondence between a wedge and its causal complement
and will play a crucial role in the localization properties of the associated fields. Using

2The Reeh-Schlieder property is necessary to ensure that the field theory is not degenerate, in the
sense that local (or wedge-local) observables are capable of generating a dense set of physical states
from the vacuum. Without this property, localization would lead to superselection sectors already at the
kinematical level, preventing a meaningful scattering theory and obstructing the interpretation of the
fields as generators of physical excitations.
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the identification (C.19), the family of deformed fields ϕpQ, xq can be reinterpreted as a
family of wedge-indexed fields on ordinary Minkowski space. For W P W0 we define

ϕW pxq “ ϕpQpW q, xq, (C.21)

with smeared versions given by

ϕW pfq “

ż

d2x fpxqϕW pxq, (C.22)

for test functions f P SpR1,1q. These fields are not localized at points; however, they
admit a natural interpretation as being localized in wedge regions. More precisely, the
operator ϕW pfq may be regarded as localized in the region W ` supp f . The crucial
structural property is wedge-local commutativity. Let f and g be test functions such
that

supp f Ă W1, supp g Ă ´W1. (C.23)

Then one has

rϕW1pfq, ϕ´W1pgqs “ 0 (C.24)

as an operator identity on the domain of finite particle number. The proof relies on the
explicit form of the exchange relations satisfied by the deformed creation and annihilation
operators and on analyticity properties of the Fourier transforms of f and g in the rapidity
variable. In particular, the dependence of the deformation factors only on differences of
rapidities allows one to shift integration contours in the complex rapidity plane, leading
to an exact cancellation of the commutator. As a result, the family tϕW1 , ϕ´W1u defines a
Poincaré-covariant, wedge-local quantum field theory. The weakening of localization from
points to wedges is the key structural ingredient that permits the presence of interaction
while preserving relativistic covariance and exact solvability in two dimensions.

C.3 Two-particle scattering and integrable structure in
two dimensions

We now turn to the interpretation of the wedge-local theory constructed above as an in-
teracting quantum field theory in two spacetime dimensions. As discussed in the previous
sections, in two dimensions the theory involves precisely two wedge-local fields, ϕW1 and
ϕ´W1 , associated with the two noncommutativity parameters Q1 and ´Q1. Their creation
and annihilation operators satisfy exchange relations whose deformation factors depend
only on the difference of rapidities. This feature is characteristic of factorizing quantum
field theories and allows for a direct identification of the two-particle scattering function.

Restricting to the reference parameter Q1, the deformation phases appearing in the
exchange relations are governed by the bilinear form pQ1p

1 introduced in the previous sec-
tion. In two spacetime dimensions this quantity admits a particularly simple expression.
Writing

Qµν
1 “ α εµν , ε01 “ 1, (C.25)

and parametrizing on-shell momenta by rapidity according to ppθq “ mpcosh θ, sinh θq, one
finds that ppθ1qQ1ppθ2q depends only on the difference of rapidities. A direct computation
yields
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ppθ1qQ1ppθ2q “ αm2 sinhpθ1 ´ θ2q. (C.26)

As a consequence, the exchange relations of the deformed creation operators take the
form

a:pQ1, θ1qa
:
pQ1, θ2q “ eiαm

2 sinhpθ1´θ2q a:pQ1, θ2qa
:
pQ1, θ1q, (C.27)

with an analogous relation for the annihilation operators. This motivates the definition
of a two-particle scattering function

S2pθq “ exp
`

iαm2 sinh θ
˘

, (C.28)

which depends only on the rapidity difference. The function S2pθq is unitary for real
θ and analytic in the physical strip, and therefore satisfies the standard consistency re-
quirements for a two-particle S-matrix in relativistic integrable quantum field theory. In
particular, the absence of particle production and the factorization of multiparticle scat-
tering follow directly from the algebraic structure of the theory. From an algebraic point
of view, the operators apQ1, pq and a:pQ1, pq may be identified with generators of a ZF-
algebra (1.45) with scattering function S2. The resulting scattering function coincides
with the universal CDD factor induced by a TT-deformation, supporting the interpre-
tation of the latter as a purely kinematical modification of localization rather than a
dynamical interaction. In this interpretation, the wedge-local fields ϕW1 and ϕ´W1 act
as polarization-free generators [169]: they create single-particle states from the vacuum
without inducing vacuum polarization, while their nontrivial exchange relations encode
the interaction. The resulting S-matrix acts diagonally on asymptotic two-particle states
and is given by multiplication with S2pθ1 ´ θ2q. The theory is therefore interacting when-
ever α ‰ 0, despite being constructed on the Fock space of a free scalar particle. The
interaction does not arise from a local interaction density in a Lagrangian, but is entirely
encoded in the weakened localization properties of the wedge-local fields.

In summary, the two-dimensional specialization of quantum field theory on noncom-
mutative Minkowski space yields a fully consistent example of an integrable relativistic
quantum field theory with nontrivial scattering. The model provides a concrete real-
ization of the idea that relaxing pointlike locality to wedge locality offers an alternative
mechanism for introducing interaction while preserving relativistic covariance and exact
solvability.
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Appendix D

Correlation Functions and Cumulants for
More General TT-Perturbations

In this Appendix we discuss briefly two cases: the case when α ‰ 0 and αs ‰ 0 for some
s ‰ 1 (that is, there are two free parameters, a generalised TT-perturbation involving TT
and a higher spin s operator), and the case when only a spin s term is present αs ‰ 0 but
also the parameter βs ‰ 0 with all other αs and βs equal zero.

D.1 Cut-off for a Generalised TT-Perturbation: α, αs ‰
0

Consider the case when two parameters in the vector α are non-zero. We choose α1 “ α
and αs with s ą 1. The form of the cumulants is just a special case of the general formulae
(3.158) and (3.159).

For αs ą 0 and any values of α (positive or negative), we can again find (for large r)
a rapidity cut-off below which convergence can be maintained. In this case, the condition
(3.161) is replaced by

2r cosh
x

2
ą
αx

π
sinh x`

αsx

π
sinhpsxq, (D.1)

and for large x it is the term sinhpsxq that dominates, giving the following equation for
the cut-off

2πr

αs

“ xeps´
1
2
qx , (D.2)

which has solution

Λ “
1

s´ 1
2

W0

ˆ

2πrps´ 1
2
q

αs

˙

. (D.3)

In other words, the contribution of the parameter αs with larger spin dominates over the
lower one α and the above result holds whether α is positive or negative.

D.2 Cut-off for a Generalised TT-Perturbation: αs, βs ‰
0

We now take a look at the cut-off for the two-particle cumulant in the case when only
one higher spin charge is present αs ‰ 0 but we allow for the parameter βs in (3.95) to
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be non-zero as well. In this case, convergence of the integral in the two-particle cumulant
is achieved for values of rapidity x satisfying

2r cosh
x

2
ą
αsx

π
sinhpsxq ` βs coshpsxq . (D.4)

For large rapidities, the inequality above can be approximated by

2rπ

αs

ą px`
πβs
αs

qexps´
1
2
q . (D.5)

The cut-off is the solution of this equation when inequality is replaced by equality and
terms are rearranged so generate an equation whose solution may be expressed in terms
of Lambert’s function. This can be done by multiplying both sides of the equation by a
factor

2rπ

αs

ˆ

s´
1

2

˙

e
πβs
αs

ps´ 1
2q “

ˆ

s´
1

2

˙ˆ

x`
πβs
αs

˙

epx`
πβs
αs

qps´ 1
2q , (D.6)

so that the solution is
ˆ

s´
1

2

˙ˆ

Λ`
πβs
αs

˙

“ W0

ˆ

2rπ

αs

ˆ

s´
1

2

˙

e
πβs
αs

ps´ 1
2q

˙

, (D.7)

or
Λ “

1

s´ 1
2

W0

ˆ

2rπ

αs

ˆ

s´
1

2

˙

e
πβs
αs

ps´ 1
2q

˙

´
πβs
αs

, (D.8)

which reduces to (3.165) for s “ 1, βs “ 0, αs “ α and to (D.3) for βs “ 0.
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Appendix E

A TT Picture of the Boundary Ising Model
with Generic Boundaries

Let rκpθq be the minimal form factor of the Ising field theory with generic boundary
conditions, corresponding to the reflection amplitude (4.42). The minimal form factor
should be a modified version of the solution for fixed boundary conditions such that

rκpθq “ rfixedpθqφκpθq, (E.1)

which implies

φκpθq “ ´rκsθφκp´θq , ´rκsθφκpθq “ φκp2πi´ θq . (E.2)

The task is now to compute the new function φκpθq. Employing the standard integral
representations that can be found in many places, such as [252], we have that

´rκsθ “ pκqθp1´ κqθ “ exp

#

2

ż 8

0

dt

t

sinh tθ
iπ

sinh2 t
psinh tκ` sinh tp1´ κqq

+

, (E.3)

so we can write

φκpϑq “ exp

"

2

ż 8

0

dt

t

psinh tκ` sinh tp1´ κqq cosh t
2

sinh2 t

ˆ

1´ cos
tϑ

π

˙*

, (E.4)

where we again use the variable ϑ “ iπ
2
´θ. As before we take the logarithmic derivative

d

dϑ
logφκpϑq “

2

π

ż 8

0

dt

t

psinh tκ` sinh tp1´ κqq cosh t
2

sinh2 t
sin

tϑ

iπ

“ hpϑ, 4κq ` hpϑ, 4´ 4κq , (E.5)

where hpϑ, κq is the same function defined earlier in (4.29). We can therefore use the
same formula (4.31) to write

hpϑ, 4κq “
ϑ sin 2πκ´ π sin πκ sinhϑ` πκ sinhp2ϑq

πpcoshp2ϑq ` cos 2πκq
. (E.6)
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Until now everything is pretty much the same as in previous cases. However, the sum
(E.5) simplifies greatly, so that after integration, we have simply

logφκpϑq “

ż

dϑrhpϑ, 4κq ` hpϑ, 4´ 4κqs “ log pcoshϑ` sin πκq ` c . (E.7)

The constant is easily fixed to c “ ´ log p1` sinπκq so as to ensure that logφκp0q “ 0.
Therefore, writing everything back in terms of θ we get

φκpϑq “
sin πκ´ i sinh θ

1` sin πκ
“

sin πκ´ i sinh θ

sin πκ` i sinh θ

sin πκ` i sinh θ

1` sin πκ
, (E.8)

or

logφκpϑq “ logp´rκsθq ` log psinπκ` i sinh θq ´ log p1` sin πκq . (E.9)

This gives the generic factor that has to be added any time the boundary condition
is changed. In particular, for κ “ 1

2
we can obtain the modification of the minimal form

factor with fixed boundary conditions that corresponds to free boundary conditions in
the Ising case. Since the factor φκpϑq accounts for the contribution to the minimal form
factor of a generic square block ´rκsθ in the reflection amplitude, it can also be adapted
to deal with the blocks rF´1

2
sθ and rE´1

2
sθ in the sinh-Gordon amplitude (4.20).
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Appendix F

Technical Details and Supplementary Ma-
terial to Section 4.2

F.1 The TT2n´1-Deformed Ising Field Theory

Let us now consider a generalisation of the heuristic derivation of Section 4.2 to the case
when the perturbation is a single spin-p2n´ 1q irrelevant perturbation. That is:

δIsingα2n´1
pθq “ ´α2n´1 sinhpp2n´ 1qθq , ϵ ” Sp0q “ ´1 . (F.1)

From the general formula (4.85), we find the logarithm of the MFF to be

ρIsingα2n´1
pθq “ log

ˆ

´i sinh
θ

2

˙

`
θ ´ iπ

2π
α2n´1 sinhpp2n´ 1qθq `

α2n´1

4πp2n´ 1q
coshpp2n´ 1qθq

´
α2n´1

π

8
ÿ

m“1
m‰2n´1

m coshpmθq

p2n´ 1q2 ´m2
. (F.2)

The sum above can be computed as follows:

8
ÿ

m“1
m‰s

m coshpmθq

s2 ´m2
“

s´1
ÿ

m“1

m coshpmθq

s2 ´m2
`

8
ÿ

m“s`1

m coshpmθq

s2 ´m2
, (F.3)

where the infinite sum is given by

8
ÿ

m“s`1

m coshpmθq

s2 ´m2
“

1

2s
`

1

4s
coshpsθq

`

s´1
ÿ

m“1

s coshpmθq

s2 ´m2
`

1

2
coshpsθq log

ˆ

´4 sinh2 θ

2

˙

, (F.4)

so that

8
ÿ

m“1
m‰s

m

s2 ´m2
coshpmθq “

1

2s
`

1

4s
coshpsθq`

s´1
ÿ

m“1

coshpmθq

s´m
`
1

2
coshpsθq log

ˆ

´4 sinh2 θ

2

˙

.

(F.5)
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Putting everything together we have that the logarithm of the minimal form factor is

ρIsingα2n´1
pθq “ log

ˆ

´i sinh
θ

2

˙

`
θ ´ iπ

2π
α2n´1 sinh

`

p2n´ 1qθ
˘

´
α2n´1

2πp2n´ 1q

´
α2n´1

π

2n´2
ÿ

m“1

coshpmθq

2n´ 1´m
(F.6)

´
α2n´1

2π
cosh

`

p2n´ 1qθ
˘

log

ˆ

´4 sinh2 θ

2

˙

.

For the purpose of studying the asymptotic properties of the minimal form factor,
it is useful to rewrite the function above in terms of the variable η, as in the previous
subsection

ρIsingα2n´1
pθq “ log

´

cosh
πη

2

¯

´
α2n´1

2π

„

1

2n´ 1
` πη sinh

`

p2n´ 1qπη
˘

ȷ

´
α2n´1

π

2n´2
ÿ

m“1

p´1qm coshpmπηq

2n´ 1´m
(F.7)

`
α2n´1

2π
cosh

`

p2n´ 1qπη
˘

log
´

4 cosh2 πη

2

¯

.

We then find that

F Ising
min pθ;α2n´1q „

ηÑ0
e´

α2n´1p1´p2n´1q2plog 2`c2n´1qq

2πp2n´1q `Opη2q ,

F Ising
min pθ;α2n´1q „

θÑ0
θ1´

α2n´1
π e´

α2n´1p1`2p2n´1qĉ2n´1qq
2πp2n´1q

„

1´
iα2n´1θ

2
`Opθ2q

ȷ

,
(F.8)

where

c2n´1 “

2n´2
ÿ

m“1

p´1qm`1

m
and ĉ2n´1 “

2n´2
ÿ

m“1

1

m
, (F.9)

which are very similar behaviours as found for the n “ 1 case in (4.90). In particular,
we find again that there is a stark change in the θ Ñ 0 asymptotics depending on whether
α2n´1 is greater or smaller than π. It is also easy to see that in the presence of several
perturbations the critical value will correspond to solutions to πκ´

ř

sPS αs “ 0 where κ
is the value in (4.90).

F.2 Revisiting the Sinh-Gordon Model

F.2.1 Factorizing the Kinematical Pole

We already introduced the sinh-Gordon model. The two-body scattering matrix takes the
simple form

Sαpθq “
tanh 1

2

`

θ ´ iπB
2

˘

tanh 1
2

`

θ ` iπB
2

˘ , (F.10)
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where B is a coupling constant that takes values between 0 and 2. The value B “ 1
is known as the self-dual point. Following the notation in our introduction we have
called this S-matrix Sαpθq. The reason for this is that there is an alternative way of
thinking about this function, namely as an S-matrix of the type (2.43) where Spθq “ ´1,
corresponding to the Ising field theory (Majorana fermion) and

ΦshG
α pθq “ ´

tanh 1
2

`

θ ´ iπB
2

˘

tanh 1
2

`

θ ` iπB
2

˘ “
sinh θ ´ i cos bπ

2

sinh θ ` i cos bπ
2

“ exp

«

´4i
ÿ

s P 2Z`´1

is`1 cos
sπb
2

s
sinhpsθq

ff

, (F.11)

where b :“ B ´ 1. This means in particular that

α2n´1 “
4p´1qn

2n´ 1
cos

p2n´ 1qπb

2
, (F.12)

and plugging these values into (4.48) provides yet another way to represent the MFF
of the sinh-Gordon theory:

F shG
min pθ;αq

F shG
min piπ;αq

“ ´i sinh
θ

2
(F.13)

ˆ
ź

nPZ`

«

´
1

2
e

θ´iπ
2

sinhpp2n´1qθq´
2n´2
ř

m“1

coshpmθq
2n´1´m

` c2n´1

„

2i sinh
θ

2

ȷ´ cosh pp2n´1qθq
ff

4p´1qn cos
p2n´1qπb

2
πp2n´1q

.

Employing this representation of the sinh-Gordon scattering matrix, it is possible to
show that its MFF [244] admits a representation of the type (3.259) where all values of
α and β are fixed by the requirements of analyticity and asymptotics (see Eq. (4.4) and
the discussion thereof.). The explicit form of this function is not needed for our current
purposes. An important property of the MFF of sinh-Gordon is that

F shG
min pθ;αqF shG

min pθ ` iπ;αq “
sinh θ

sinh θ ` i cos πb
2

. (F.14)

Our aim is to find higher-particle form factors of the sinh-Gordon model by employing
a factorised ansatz. We will start by separating the Ising, α and βpαq parts, using
F Ising
min pθq “ ´i sinh θ

2
and1

CshG
β pθqCshG

β pθ ` iπq “
2

b

sinh2 θ ` cos2 πb
2

“ ´
2i

a

ΨshGpθqΨshGp´θq
, (F.15)

φshG
α pθqφshG

α pθ ` iπq “
a

ΦshG
α pθq “

d

´
sinh θ ´ i cos πb

2

sinh θ ` i cos πb
2

, (F.16)

1From [244] it is interesting to note that only the terms involving βs with s even contribute to obtaining
the property (F.14). This excludes all terms involving dilogarithm functions. Note also that compared
to [244] we included an extra multiplicative factor

?
2 into the definition of CshG

β pθq.
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where
ΨshG

pθq “ sinh θ ` i cos
πb

2
, (F.17)

with
ΨshG

pθqΦshG
α pθq “ ΨshG

p´θq . (F.18)
It is well known that the formula (F.14) plays a critical role in determining the higher-

particle form factors. Writing it in the factorised form above allows us to separate the
contributions related to the α parameters, β “ βpαq parameters and the unperturbed
theory, parameters which are inherited from the representation (3.95). We will now “track”
these separate contributions into the structure of higher-particle form factors and inves-
tigate what they reveal about the form factors of TT-perturbed theories.

F.2.2 TT-like Solution of the sinh-Gordon Model

Typically, the form factors of a field O, defined in (3.99) have the structure

FO
n pθ1, . . . , θn;αq “ HO

n pαqQO
n pθ1, . . . , θn;αq

ź

iăj

Fminpθij;αq

eθi ` eθj
, (F.19)

where

QO
n`2pθ ` iπ, θ, θ1, . . . , θn;αq “ Gnpθ, θ1, . . . , θn;α,βqQ

O
n pθ1, . . . , θn;αq . (F.20)

In the sinh-Gordon case we have the structure (normalisation constants can be ab-
sorved into the equation for the constants HO

n pαq)

Gnpθ, θ1, . . . , θn;αq :“ inepn`1qθ
n
ź

j“1

eθj

˜

n
ź

j“1

b

ΨshGpθ ´ θjqΨshGpθj ´ θq

¸

ˆ

«

n
ź

j“1

ΦshG
α pθ ´ θjq

´ 1
2 ´ γOp´1qn

n
ź

j“1

ΦshG
α pθ ´ θjq

1
2

ff

. (F.21)

Employing the property (F.18) and the fact that Φαpθq “ pΦαp´θqq
´1 (by unitarity)

we can rewrite

Gnpθ, θ1, . . . , θn;α,βq “ inepn`1qθ
n
ź

j“1

eθj

«

n
ź

j“1

ΨshG
pθ ´ θjq ´ γOp´1qn

n
ź

j“1

ΨshG
pθj ´ θq

ff

.

(F.22)

These equations are equivalent to those presented in [170] and [26]. Proceeding in
this way allows us also to see how the square roots present in the form (F.21) are absent
when combining the α and β factors together in the sinh-Gordon model case. If we
stick with the representation (F.21) though we have a neat separation into three different
contributions: the factor epn`1qθ

śn
j“1 e

θj is the contribution from the Ising field theory, the
next factor incorporates the β dependence and the factor in the second line incorporates
the α dependence and, as expected, is of exactly the type found for generalised TT-
perturbed theories [12, 14]. Mixing the α and β factors together with the Ising factors
gives the standard solutions for the sinh-Gordon operator content. We will see in the
following that instead, imposing factorization we end up with different solutions even
though the S-matrix is still the sinh-Gordon one.
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F.2.3 A Factorized Solution

Therefore, it is natural to try to find solutions to these equations using the same methodol-
ogy as in [12, 14]. We make a solution ansatz stating that the sinh-Gordon form factors of
some “local” field factorize as the form factors of an Ising field theory times a α-dependent
part. Furthermore, contrary to our treatment in [12, 14] where we considered the case
with all βi “ 0, in the sinh-Gordon model we have parameters βi entering the MFF, so we
need a more general ansatz. Again, we assume further factorisation into an α-dependent
and β-dependent part. We write

QO
n pθ1, . . . , θn;αq “ QO

n pθ1, . . . , θnqΘ
O
n pθ1, . . . , θn;αqΞO

n pθ1, . . . , θn;βpαqq , (F.23)

where

QO
n`2pθ ` iπ, θ, θ1, . . . , θnq “ epn`1qθ

«

n
ź

j“1

eθj

ff

Qnpθ1, . . . , θnq , (F.24)

which (up to normalisation) is the equation for the Ising form factors of the order field µ
(for n even) and for the disorder field σ (for n odd) [182]. The solution to this equation, or
rather, the full form factors are very simple and proportional to he product

ś

iăj tanh
θij
2

which automatically incorporates the denominator eθi ` eθj in (F.19). The next equation
of interest is

ΘO
n`2pθ`iπ, θ, θ1, . . . , θn;αq “

«

n
ź

j“1

Φαpθ ´ θjq
´ 1

2 ´ γOp´1qn
n
ź

j“1

Φαpθ ´ θjq
1
2

ff

ΘO
n pθ1, . . . , θn;αq ,

(F.25)
which satisfies the generalised TT form factor equation discussed and solved in Chapter

3. The general solution reads

ΘO
n pθ1, . . . , θn;αq “

n
ź

i“1

g

f

f

f

f

f

e

n
ś

j“1

Sαpθijq1{2 ´ γO
n
ś

j“1

Sαpθijq´1{2

n
ś

j“1

Spθijq1{2 ´ γO
n
ś

j“1

Spθijq´1{2

, (F.26)

as shown in (3.191). The β-dependent recursive equation instead reads

ΞO
n`2pθ`iπ, θ, θ1, . . . , θn;βpαqq “ in

«

n
ź

j“1

b

ΨshGpθ ´ θjqΨshGpθj ´ θq

ff

ΞO
n pθ1, . . . , θn;βpαqq .

(F.27)
Like in the Ising model and in its deformed version, we expect to have different sectors
dictated by the Z2 symmetry: either “even” fields such as the order field µ and the energy
field ε and “odd” fields, such as σ. Their counterparts in the sinh-Gordon model, which
also possesses this symmetry, should at least be in the same symmetry sector, with the
fundamental sinh-Gordon field ϕ in the “odd” sector and the trace of the stress-energy
tensor in the “even” sector. Anyway, we notice that the factor of local commutativity do
not enters equation (F.27). A solution to this equation is relatively easy to find, namely

ΞO
n pθ1, . . . , θn;βpαqq “ vn

n
ź

i“1

n
ź

j“1

4

b

ΨshGpθijq , (F.28)
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where vn is a normalisation constant which satisfies

vn`2 “ cos
πb

2
vn , (F.29)

which, depending on whether n is even or odd gives solutions

v2k “

ˆ

cos
πb

2

˙k

v0 and v2k`1 “

ˆ

cos
πb

2

˙k´1

v1 . (F.30)

In addition to this, if we specialise to n “ 2k ` 1 odd and γO “ 1, we get for the
α-dependent part

ΘO
2k`1pθ1, . . . , θ2k`1;αq “

1

2k
?
2

2k`1
ź

i“1

g

f

f

e

2k`1
ź

j“1

ΦshG
α pθijq1{2 `

2k`1
ź

j“1

ΦshG
α pθijq´1{2 , (F.31)

and similarly for n even and γO “ ´1. This expression is rather complicated and there
is no immediately obvious way to simplify it. In our example, we have in addition that
ΦshG

α pθqΦshG
α p´θq “ 1 so we can rewrite the formula in several equivalent ways. For

example,

n
ź

i“1

g

f

f

e

n
ź

j“1

ΦshG
α pθijq1{2 `

n
ź

j“1

ΦshG
α pθjiq1{2 “

n
ź

i“1

g

f

f

e1`
n
ź

j“1

ΦshG
α pθjiq . (F.32)

It seems therefore that it is possible to consistently solve the form factor equations by
assuming factorisation, but the resulting solutions are distinct from those previously found
and contain square roots.

F.2.4 Another Solution

We could instead assume factorisation but separate only the Ising part from the rest.
That is, instead of (F.23) we now have

QO
n pθ1, . . . , θn;αq “ QO

n pθ1, . . . , θnqΓ
O
n pθ1, . . . , θn;αq . (F.33)

If we specialise to the sector γµ “ ´1 and with a sum over even particle numbers, we get

Γµ
2n`2pθ`iπ, θ, θ1, . . . , θ2n;αq “

«

2n
ź

j“1

ΨshG
pθ ´ θjq `

2n
ź

j“1

ΨshG
pθj ´ θq

ff

Γµ
2npθ1, . . . , θ2n;αq .

(F.34)
To solve this equation, we just need the property ΨshGpθij ` iπq “ ΨshGpθjiq and we find
the solution

Γµ
2npθ1, . . . , θ2n;αq “ C2n

ś2n
i“1

b

ś2n
j“1 Ψ

shGpθijq `
ś2n

j“1 Ψ
shGpθjiq

ś

iăj
4
a

ΨshGpθijqΨshGpθjiq
. (F.35)

with C2n a constant. Once more the solution involves roots which do not cancel out and
therefore it is distinct from the usual solutions for the sinh-Gordon model. In addition,
the factor in the denominator can be shown to cancel part of the contribution coming
from the product of MFFs. It seems clear that the Ising part of the MFF and the rest
must be considered together in order to solve the kinematic residue equation.
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F.3 Generalisation to Branch Point Twist Fields

In this Appendix we present a generalisation of the results of Subsection 4.2.3 to the case
of branch point twist fields introduced in Subsection 3.2.3. For our purposes, the starting
point is the integral representation

logFminpθ;nq “
1

iπn
cosh2 θ

2n

ż 8

0

dt
tanh t

2n
lnSptq

cosh t
n
´ cosh θ

n

, for 0 ď Impθq ď 2πn , (F.36)

which reduces to (4.95) for n “ 1. Again, we can obtain this representation by inverting
the Fourier transform of the S-matrix, that is, by expressing the kernel gptq in terms of
the Fourier transform of lnSptq in the usual representation (see [185]). As we did earlier,
let us consider the deformation of the MFF resulting from a generalised TT perturbation
in its regularised form

logDαpθ;nq “
1

iπn
cosh2 θ

2n

ż 8

0

dt
tanh t

2n

cosh t
n
´ cosh θ

n

´

lnΦαptq ´ Bt ln Φ̂αpθq
¯

, (F.37)

where Φ̂αpθq is the function defined in (4.98). Expanding for small |θ| we can write

cosh2 θ
2n

tanh t
2n

cosh t
n
´ cosh θ

n

“

8
ÿ

m“1

„

cosh
kθ

n
` p´1qm`1

ȷ

e´m t
n , (F.38)

which when substituting in (F.37) gives the simple integral
ż 8

0

dte´tpm
n
`sq

“ ´
1

m
n
` s

. (F.39)

The resulting contribution for a given spin s is

logDαspθ;nq “
αs

π

8
ÿ

m“1

cosh
`

mθ
n

˘

` p´1qm`1

m` s n
. (F.40)

The sum can be performed as before and it gives a solution, with the structure (3.218)
found in [218, 14], namely

8
ÿ

m“1

cosh mθ
n

m` sn
“
θ ´ iπn

2n
sinhpsθq ´

1

2
log

ˆ

´4 sinh2 θ

2n

˙

coshpsθq (F.41)

´

ns´1
ÿ

m“0

1

ns´m
cosh

mθ

n
,

and the constant is

8
ÿ

m“1

p´1qm`1

m` sn
“

8
ÿ

m“sn`1

p´1qm`sn`1

m
“ p´1qsn

8
ÿ

m“1

p´1qm`1

m
`

1

sn
´ p´1qsncsn

“ p´sqsn log 2`
1

sn
´ p´1qsncsn . (F.42)
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Here csn is the same constant defined in (F.9). In summary, normalising Dαpθ;nq by
its value at θ “ iπn we can write

Dαpθ;nq

Dαpiπn;nq
“

ź

sP2Z`´1

«

´
1

2p´1qsn
e

θ´iπn
2n

sinhpsθq´
ns´1
ř

m“1

cosh mθ
n

ns´m
`p´1qnscsn

ˆ

2i sinh
θ

2n

˙´ cosh psθq
ff

αs
π

.

(F.43)
Setting n “ 1 we recover the solution (4.48). The formulae above can be easily

generalized to real n (as opposed to n integer) by introducing integer part symbols in
some of the summation limits.
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