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Abstract The present research provides two methodological advances, simulation evidence and a real data
analysis, all contributing to the area of local linear survival function estimation and bandwidth selection.
The first contribution is the development of a double smoothed local linear survival function estimator which
admits an arbitrary number of covariates and the analytic establishment of its asymptotic properties. The
second contribution is the efficient implementation of the estimator in practice. This is achieved by devel-
oping an automatic plug-in smoothing parameter selector which optimizes the estimator’s performance in
all coordinate directions. The traditional problem of vectorization of higher-order derivatives which lead to
increasingly intractable matrix algebraic expressions is addressed here by introducing an alternative vector-
ization that exploits the analytic relationships between the functionals involved. This yields simpler, tractable
and efficient in terms of computing time expressions which greatly facilitate the implementation of the rule in
practice. The analytic study of the rule’s rate of convergence shows that in contrast to the traditional cross
validation approach, the proposed bandwidth selector is functional even for a large number of covariates. The
benefits of all methodological advances are illustrated with the analysis of a motivating real-world dataset on
credit risk.

Keywords Bandwidth selection · Censoring · Local linear estimation · Kernel smoothing

MSC Classification 62G05, 62N02, 62P10, 62G3

1 Introduction.

The present research considers the local polynomial modeling of the conditional survival function in the ran-
domly right censored data setting in the presence of an arbitrary number (d ≥ 1) of covariates. The proposed
estimator is based on the double smoothing approach, i.e., it is obtained as the intercept estimator of a local
least squares approximation to a kernel smoothed version of the empirical distribution function and embodies
covariate effects via multidimensional hyperplane fits in small regions of the input space. This scheme allows
the estimator to effectively capture the nonlinear structure of the underlying curve, without imposing any
specific relationship among the covariates. Precise mathematical formulation and justification is provided in
Section 2.1: establishing the asymptotic unbiasedness of the Kaplan–Meier when conditioning on the covariate
values prompts its use as the response in a nonparametric regression model for the underlying conditional
cumulative distribution function (c.d.f.) with the sample points used as the design. The correspondence be-
tween the local hyperplane coefficients and the derivatives in a Taylor expansion of the regression function
at a nearby point, naturally yields the proposed smooth estimator of the conditional c.d.f. and subsequently
of the conditional survival function. As discussed in Section 2.2, the benefit of the approach lies on that the
local polynomial smoothing of randomly right censored data automatically reinstates the kernel mass falling
outside the region of estimation back in. As a consequence, the resulting estimator automatically adjusts
at the boundary without the negative side effects caused by manual methods such as the use of boundary
kernels.
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The present approach can be thought as the extension to the conditional survival function setting of the
density estimators discussed in Fan et al. (1996) and Fan and Yim (2004). It is also related to the conditional
survival function estimators discussed in Kim et al. (2010) and Spierdijk (2008) and to the unconditional
local linear density estimator of Cheng (1997) and Cheng et al. (1997). However, all conditional estimators in
the aforementioned articles are developed and studied analytically assuming a single covariate. Even though
one can incorporate multiple covariates as a single variable via the indexing technique, e.g. Strzalkowska-
Kominiak and Cao (2013), inclusion of covariates in the functional form of the estimator as separate variables
serves the much more realistic need in practice to quantify the impact of each covariate on the overall survival
separately from each other, and thus enhance the inference drawn. At the same time though, it raises multiple
methodological issues, including plug-in bandwidth selection in multiple dimensions which is known to be a
challenging problem, e.g. Wand and Jones (1994), Yang and Tschernig (1999), Chacón and Duong (2018),
as well as selection of the optimal combination of variables to include in the model. Due to the complexity
of both issues, the former is addressed in detail here while the latter is treated in separate research which is
already underway. It should be noted that the literature is rather thin on bandwidth selection for conditional
c.d.f. estimators under censoring. Plug-in bandwidth selection methodology for conditional survival function
estimation based on the estimator of Beran (1981) was developed recently in Peláez et al. (2021a,b, 2022a,b)
in the credit scoring setting (Dirick et al. 2003; Allen and Rose 2006; Beran and Djäıdja 2007; Cao et al.
2009). Bandwidth selection is also discussed in Peláez et al. (2024); their bandwidth rule is employed on
a nonparametric cure model estimator of the conditional survival function which is based on the approach
of López–Cheda (2018); López–Cheda et al. (2017a,b) – see also Amico and Van Keilegom (2018) and the
references therein. To the best of our knowledge there is no other plug–in bandwidth selection method for
the survival function in the right censored data setting in the literature. However, see Meira–Machado et al.
(2015) for a comparative study of conditional survival function estimators and the references therein for an
account of important contributions on the subject up to that point.

The contributions of the present article start with analytical quantification, in Theorem 1 below, of the
asymptotic properties of the proposed conditional survival function estimator. Theorem 1 is the basis for
developing a data driven, consistent plug-in bandwidth selector so as to facilitate the implementation of
the proposed estimator. As can be immediately seen by Theorem 1, implementation of the rule requires the
estimation of a – fast growing as the number of covariates increases – number of functionals. This issue
is addressed here by exploiting the analytic relationship between the functionals appearing in the analytic
expression of the rule, hence – in contrast to CV based approaches – allowing its effective deployment in
practice even for a large number of covariates. The analytical results established herein include, in Theorem 2
below, its uniqueness as a minimizer of the MISE and quantification, in Theorem 3, of the rate of convergence
of its data-driven version to the ideal MISE bandwidth, thus verifying its more stable performance over CV
based bandwidths.

The practical performance of the proposed bandwidth rule in comparison to its ideal version is discussed
via distributional data simulations in Section 4.1. The inference of the proposed methodology (estimator and
bandwidth selector) is illustrated with the analysis of a motivating credit data set in Section 4.2. Section 5
summarizes the conclusions of the research and provides directions for future work. Assumptions, auxiliary
lemmas and proofs of the results established herein are contained in Section 6 while trivial calculations,
implementation details and additional numerical examples are deferred to the Supplementary Material.

2 Local linear conditional c.d.f. estimation.

2.1 Notation and motivation of the proposed estimator.

Let T > 0 be a random variable representing survival time from a probability density function (p.d.f.) fT
and c.d.f. FT . T is (possibly) censored on the right by the random variable U > 0 which comes from c.d.f. G.
In the sequel, matrices are denoted in bold, vectors in italic bold and univariate quantities in plain typeface.
The covariates that affect survival at each given time point and are typically denoted as a d−variate vector
X, assumed to be coming from a d−variate p.d.f. fX and c.d.f. FX . Given X = x = (x1, . . . , xd)

⊤, the
c.d.f. of the observed duration Y = min(T,U) is F . The conditional distribution functions of Y and U are
F (·|X) and G(·|X) respectively while FT (·|X) is the conditional distribution function of T . The objective
is to estimate FT (y|X = x) = P (T ≤ y|X = x) based on an i.i.d. random sample (Xi, Yi, δi), i = 1, . . . , n
from the population (X, Y, δ), δ = 1{T≤U}, where 1{·} is the indicator function of the event {·}, and for fixed

i,Xi = (Xi1, . . . , Xid)
⊤. It is assumed that y ∈ [0, TY ] where TY = sup{y : 1− FT (y) > ε} for a small ε > 0.

For fixed i, set

K
{
H−1(Xi − x)

}
=

d∏
j=1

k

(
Xij − xj

hj

)
, W (y) =

∫ y

−∞
w(u) du.
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That is, K denotes a d−variate kernel function which is used to smooth the data in the x coordinate
directions, H = diag{h1, . . . , hd} is a diagonal, positive definite d×d bandwidth matrix, denoting the amount
of smoothing applied to the data in each direction via the univariate kernel function k, which is usually taken
to be a symmetric p.d.f.. The kernel function k can be different than the kernel function w (also usually taken
to be a symmetric p.d.f.) which is used to smooth the data in the y axis, using bandwidth b > 0. Assumptions
A1-A3 and A6 in Section 6.1 summarize the properties of the kernel functions and the bandwidths utilized
here; note that these are standard assumptions satisfied by all kernels and bandwidths used in practice.
Denote with F̂T (y) the well–known the Kaplan–Meier estimate of the unconditional c.d.f. FT (y), introduced
in Kaplan and Meier (1958) and defined by

F̂T (y) =


0, if 0 ≤ y ≤ Z1,

1−
∏k−1

i=1

(
n−i

n−i+1

)Λi

, if Zk−1 < y ≤ Zk, k = 2, . . . , n,

1, if y > Zn,

(1)

where (Zi, Λi), i = 1, . . . , n denote the ordered Yi’s, along with their corresponding δi’s. By Lemma 1, for a
fixed i ∈ {1, . . . , n} and for 0 < β < 1/2

E

[
W
{
(Yi − y)b−1

}
δi

1− Ĝ(Yi)

∣∣∣Xi = x

]
= FT (y|x)

{
1 +O(b2) +Op(n

−β)
}
, (2)

where 1 − Ĝ(y) is the Kaplan–Meier estimator of 1 − G. Estimator 1 − Ĝ(y) results by inverting in (1) the
intuitive role played by the Yi and δi and slightly altering the estimator’s definition in the case where y > Zn

so as to avoid division by zero when the estimator is used in the denominator, see Marron and Padgett (1987).
Specifically, 1− Ĝ(y) is given by

1− Ĝ(y) =


1, if 0 ≤ y ≤ Z1,∏k−1

i=1

(
n−i+1
n−i+2

)1−Λi

, if Zk−1 < y ≤ Zk, k = 2, . . . , n,∏n
i=1

(
n−i+1
n−i+2

)1−Λi

, if Zn < y.

Also, by Theorem 2.1, Chen and Lo (1997), for 0 < β < 1/2,

sup
y∈[0,TY ]

|F̂T (y)− FT (y)| = o(n−β) a.s.. (3)

By (2) and (3) it is reasonable to set

m(y|Xi = x) = E

[
W
{
(Yi − y)b−1

}
δi

1− Ĝ(Yi)

∣∣∣Xi = x

]
≃ FT (y|Xi = x),

and regard the data {W{(Yi − y)b−1}δi(1 − Ĝ(Yi))
−1,Xi, δi = 1}, i = 1, . . . , n, as of coming from the

nonparametric regression

W
{
(Yi − y)b−1

}
δi

1− Ĝ(Yi)
= FT (y|Xi) + εi(y), i = 1, . . . , n, (4)

where the εi(y)’s denote conditionally mean zero error terms. This motivates a local linear approach in
estimating FT (y|x): in parallel to Fan et al. (1996), a multivariate Taylor expansion of FT (y|X = z) around
x = (x1, . . . , xd)

⊤ reveals that each coefficient of the expansion corresponds to a vector of partial derivatives of
the conditional distribution function. Hence, provided that FT (y|z) is a smooth function, it can be accurately
approximated locally by d−dimensional hyperplanes with coefficients the scalar β0 and the d−variate vector
β1 = (β1,1, . . . β1,d)

⊤, i.e.

E

[
W
{
(Y − y)b−1

}
δ

1− Ĝ(Y )

∣∣∣X = z

]
= FT (y|z) ≃ FT (y|x) + ḞT (y|x)⊤(z − x) ≡ β0 + β⊤

1 (z − x), (5)

where for any conditional p.d.f. or c.d.f. function g(y|x), ġ(y|x) = (∂g(y|x)/∂x1, . . . , ∂g(y|x)/∂xd)⊤ denotes
its gradient vector and g̈(y|x) = (∂2g(y|x)/∂xixj)d×d, i, j = 1, . . . , d its Hessian matrix. In an entirely obvious

manner Ġ(x) and G̈(x) denote the gradient vector and Hessian matrix respectively of any real function G. By
(5) it is immediately seen that estimation of β0 is equivalent to estimation of FT (y|x). Combining (4) and (5),



4 Dimitrios Bagkavos et al.

data-driven estimators of β0 and β1 are obtained by solving the kernel weighted least squares optimization
problem

min
β0,β1

n∑
i=1

[
W
{
(Yi − y)b−1

}
δi

1− Ĝ(Yi)
− β0 − β⊤

1 (Xi − x)

]2
K
{
H−1(Xi − x)

}
. (6)

In particular the solution β̂0 ≡ F̂L(y|x) of (6) is

β̂0 ≡ F̂L(y|x) = e⊤1 (X
⊤
x WxXx)

−1X⊤
x WxY, (7)

where e⊤1 = (1, 0) and

Xx =

1 X1 − x
...

...
1 Xn − x

 , Wx =


K
{
H−1(X1 − x)

} 0
. . .

0 K
{
H−1(Xn − x)

}
 ,

Y =
(

W{(Y1−y)b−1}δ1
1−Ĝ(Y1)

· · · W{(Yn−y)b−1}δn
1−Ĝ(Yn)

)⊤
.

Note that F̂L(y|x) is continuous in both x and y. For d = 1 estimator F̂L(y|x) was discussed in Kim et al.
(2010), see also Buch-Kromann and Nielsen (2012). The wide popularity of F̂L(y|x) lies on its flexibility to
capture the nonlinear dynamics between the covariates, time and survival in the general case where d > 1
and subsequently on its ability to evaluate the effect on survival of each covariate, separately from each other.

2.2 Automatic boundary adjustment and asymptotic properties of the estimator.

The automatic adjustment of F̂L in the boundary is even more necessary in the multidimensional setting.
The reason is that as d increases, so does the ratio of the volume of the boundary region over the volume of
the estimated curve, see Müller and Stadtmüller (1999) and the detailed discussion in Appendix A.1. Further,
for d > 1 not only the distance to the boundary but also the local shape of the boundary plays a role. In
particular, curved boundaries make the asymptotic analysis conceptually more complicated compared with
the one-dimensional case. As shown in Appendix A.1 the asymptotic boundary behaviour of F̂L is stable on
D = [−1, c1] × · · · × [−1, cd], where c = (c1, . . . , cd)

⊤ is a vector of constants and after assuming without
loss of generality that K is supported in the compact set T = [−1, 1]d. Consequently, this particular choice
of D ensures the validity the estimator’s asymptotic properties. Since the computation of F̂L(y|x) can be
demanding for d > 1, in practice it is asymptotically equivalent to use the following computationally friendly
version of (7) (established in Appendix A.1)

F̃L(y|x) =
1

n|H|fX(x)

n∑
i=1

K(c)

{
H−1(Xi − x)

} W {
(Yi − y)b−1

}
δi

1− Ĝ(Yi)
, (8)

where for x = J+Hc,J = (J1, . . . , Jd)
⊤ and 1{u ∈ Tx} being shorthand notation for (1[−c1,∞), . . . ,1[−cd,∞)),

K(c)(x) =

{
Kc(x) if x ∈ Sb,

K(x) if x ∈ Sint

, Kc(u) =
S2,c − S1,cu|H|−1

S2,cS0,c − S2
1,c

K(u)1{u ∈ Tx},

with Sb = Sb,l∪Sb,r denoting the boundary region, Sb,l and Sb,r being respectively the left and right boundary
regions, Sint is the interior of the estimation region, Tx = {z ∈ Rd : z = H−1(x−y),y ∈ (x−HT )∩S} (see
also Appendix A.1),

S0,c =

∫
D
K(u) du, S1,c =

∫
D
uK(u) du, S2,c =

∫
D
uu⊤K(u) du,

with
∫
being shorthand for

∫
·· ·
∫
, du for du1 . . . dud. Kc is typically referred to as the equivalent kernel and

by construction restores the mass of K falling outside the region of estimation back in so as to automatically
address edge-point effects of F̂L(y|x). Set

A1,1 =

∫
uK∗(u)W (z) du dz, (9)
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where K∗(u) = e⊤1 (X
⊤
x WxXx)

−1
(
1 (u− x)⊤

)⊤
K
{
H−1(u− x)

}
is the so-called effective kernel (see also

Appendix A.1) and let

p(y|x) = fT (y|x)(1−G(y))−1, P (z|x) =
∫ z

0

p(y|x) dy,

and P (x) = P (TY |x). The next theorem summarizes the asymptotic properties of F̂L(y|x).
Theorem 1 Under assumptions A1, A4 and A6, for 0 < β < 1/2,

MISE
{
F̂L(H, b)

}
= µ2(K(c))

∫ [ tr{HḟX(x)
}
tr
{
HḞT (y|x)

}
fX(x)

+
fX(x)

2
tr
{
HF̈T (y|x)H

}
+
FT (y|x)
2fX(x)

tr
{
Hf̈X(x)H

}]2
dy+

R(K(c))

n|H|fX(x)

∫ [
P (y|x)− 2bp(y|x)A1,1 − F 2

T (y|x)
]
dy +O(H⊤H) +O(H⊤Hb2) +O(b2) + o(n−β). (10)

Remark 1 In Section 3 it is shown that when F̂L(y|x) employs d covariates, its optimal rate of convergence is
achieved by applying bandwidth proportional to n−1/(d+4) to each covariate and proportional to n−2/(5+d) in
the duration domain. With these bandwidths, (10) suggests a MISE rate of convergence of order n−2/(d+4).

3 Plug in bandwidth selection.

Let εy,b = [0, TY ]× Sb and εy,o = [0, TY ]× Sint and so that supp(FT ) = εy,b ∪ εy,o. The Lebesgue measure of
both Sb,l and Sb,r equals h1 · · ·hdTY which by assumptions A5 and A6 shrinks to zero as n→ ∞. Therefore
the Lebesgue measure of εy,b, which equals 2h1 · · ·hd, will also shrink to zero asymptotically; hence the
corresponding integral above equals zero. By this, Theorem 1 and noting also that in the interior Kc ≡ K,
the MISE of F̂L(H, b) is asymptotically equal to the leading term of (10) with K(c) replaced by K. Note
that (10) can be written in compact form (see Appendix A.4) as

MISE
{
F̂L(H, b)

}
= AMISE

{
F̂L(H, b)

}
+O(b2) +O(H⊤H) + o(n−β), (11)

where

AMISE
{
F̂L(h1, . . . , hd, b)

}
=

(
d∑

i=1

h2i

)2

m1 +

(
d∑

i=1

h2i

)
b2m2 + b4m3 −

bm4

n
∏d

i=1 hi
+

m5

n
∏d

i=1 hi
, (12)

with

m1 = µ2
2(K)

∫
εy,o

 1

fX(x)

d∑
i=1

d∑
j=1

∂fX(x)

∂xi

∂FT (y|x)
∂xj

+
fX(x)

2

d∑
i=1

∂2FT (y|x)
∂x2i

+
FT (y|x)
2fX(x)

d∑
i=1

∂2fX(x)

∂x2i


2

dy,

m2 = m1m3, m3 =
µ2
2(w)

4

∫
εy,o

{
∂2FT (y|x)

∂y2

}2

dy,

m4 = 2R(K)A1,1f
−1
X (x)

∫
εy,o

p(y|x) dyx = 2R(K)A1,1f
−1
X (x)

∫
εy,o

fT (y|x)
1−G(y)

dy,

m5 =
R(K)

fX(x)

∫
εy,o

{
P (y|x)− F 2

T (y|x)
}2

dy.

Under assumptions A5 and A6, (11) is well approximated by (12). When d > 1 equal number of different
bandwidths in the x direction are needed, say h1, . . . , hd, which by symmetry will all be of the same order.
Set

hopt,i =

(
m5,i

4nm1,i

)1/(4+d)

, bopt =

(
m4

2nm2

)2/(5+d)

i = 1, . . . , d,

where m1,i, . . .m5,i are the univariate versions of m1, . . . ,m5 with the obvious adjustment that the random
variable X is replaced by the ith covariate Xi, i = 1, . . . , d. Now

d∑
i=1

h2opt,i = n−2/(4+d)
d∑

i=1

(
m5,i

4m1,i

)2/(4+d)

≡ vn−2/(4+d).
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Also, set s = (m4/(2m2))
2/(5+d), so that bopt = sn−2/(5+d). With this choice of bandwidths (12) becomes

AMISE{F̂L(hopt,1, . . . , hopt,d, bopt)} =

v2m1

n4/(4+d)
+

vs2m2

n6/(4+d)
+

s4m3

n8/(4+d)
− sm4

n6/(4+d)
∏d

i=1 vi
+

m5

n4/(4+d)
∏d

i=1 vi
→ 0, (13)

as n → ∞, indicating that this is a sensible bandwidth. The asymptotic properties i.e. the optimality and
uniqueness of the proposed bandwidths are summarized in the next theorem.

Theorem 2 Under assumptions A1–A6, for fixed b, the AMISE{F̂L(H, b)} is minimized by a unique vector
which is given by

Hopt = diag{hopt,1, . . . , hopt,d}, (14)

bopt = {m4/(2m2)}2/(5+d)
n−2/(5+d). (15)

Implementation of (14) and (15) in practice requires consistent data-driven estimates of m1 − m5 which
in turn depend on consistent estimates of fX(x), fT (y|x), FT (y|x) and their corresponding gradient vectors
and Hessian matrices. As this amounts to a substantial estimation effort, the plan is to estimate fX(x) and
fT (y|x) and then utilize the analytic relationships between these and the remaining functionals that need
to be estimated so as to drastically reduce the required effort. Starting with fX(x), this is estimated by the

classical multivariate kernel estimate f̂X(x), given by

f̂X(x) = n−1|Ĥl|−1
n∑

i=1

K
{
Ĥ−1

l (Xi − x)
}
, (16)

where Ĥl is the plug-in AMISE optimal diagonal bandwidth matrix of Duong and Hazelton (2003), see

Appendix A.3. Consequently
˙̂
fX and

¨̂
fX(x) can be consistently estimated by

˙̂
fX(x) =

(
∂f̂X(x)

∂x1
, . . . ,

∂f̂X(x)

∂xd

)⊤

,
¨̂
fX(x) =

(
∂2f̂X(x)

∂xi∂xj

)
d×d

, i, j = 1, . . . , d.

Estimation of fT (y|x) is based on the conditional density estimator for censored data of Kim et al. (2010),

f̂T (y|x) =

∑n
i=1 K

{
Ĥ−1

l (Xi − x)
}{

1− Ĝ(Yi)
}−1

wb̃(Yi − u)δi∑n
i=1 K

{
Ĥ−1

l (Xi − x)
} , (17)

with b̃ = 3.9σ̂n−1/3 where σ̂ is the minimum between the observed sample standard deviation (in the y
coordinate direction) and the sample interquartile range divided by 1.359. Then, estimates of FT (y|x) and
∂2FT (y|x)/∂y2, say F̂T (y|x) and ∂2F̂T (y|x)/∂y2 respectively are obtained on the basis of the relationships

FT (y|x) =
∫ y

−∞
fT (u|x) du and

∂2FT (y|x)
∂y2

=
∂fT (y|x)

∂y
.

This yields,

F̂T (y|x) =

∑n
i=1 K

{
Ĥ−1

l (Xi − x)
}{

1− Ĝ(Yi)
}−1

W
{
(Yi − y)b̃−1

}
δi∑n

i=1 K
{
Ĥ−1

l (Xi − x)
} ,

∂2F̂T (y|x)
∂y2

= b̃−1

∑n
i=1 K

{
Ĥ−1

l (Xi − x)
}{

1− Ĝ(Yi)
}−1

w′
b̃
(Yi − y)δi∑n

i=1 K
{
Ĥ−1

l (Xi − x)
} .

Sensible estimates of ḞT (y|x) and F̈T (y|x), say ˙̂
FT (y|x) and ¨̂

FT (y|x) are obtained by multivariate numerical
differentiation using the Richardson extrapolation method which yields very accurate approximations. The
estimators obtained are denoted by

˙̂
FT (y|x) =

(
∂F̂T (y|x)

∂xi
, . . . ,

∂F̂T (y|x)
∂xd

)⊤

,
¨̂
FT (y|x) =

(
∂2F̂T (y|x)
∂xi∂xj

)
d×d

, i, j = 1, . . . , d, (18)
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and their implementation is discussed in detail in Appendix A.6. Finally, consistent estimates of p(y|x) and
P (y|x), say p̂(y|x) and P̂ (y|x) are defined by

p̂(y|x) = f̂T (y|x)(1− Ĝ(y))−1,

and

P̂ (x) =

∫ TY

0

p̂(y|x) dy =

∑n
i=1 K

{
Ĥ−1

l (Xi − x)
}{

1− Ĝ(Yi)
}−2 [

W
{
(Yi − TY )b̃

−1
}
−W (Yib̃

−1)
]
δi∑n

i=1 K
{
Ĥ−1

l (Xi − x)
} .

Substituting the above consistent estimates in place of the unknown quantities in m1 − m5, yields their
practically useful versions, say m̂1 − m̂5. Their closed form expressions for d = 2 are given in Appendix A.6;
see also Appendix A.5 for the general case d > 1.

Denote with Ĥopt the bandwidth matrix Hopt with the unknown quantities m1−m5 replaced by m̂1−m̂5.

Also b̂opt denotes bopt with m2−m4 replaced by m̂2−m̂4. The next theorem, in which Op holds element-wise,

establishes the consistency of Ĥopt and b̂opt. Further it reveals that implementation of the bandwidth rule
via the strategy of utilizing the analytic relationships between the functionals involved in its definition, does
not impair its rate of convergence in comparison to using optimal bandwidths in all estimated functionals.

Theorem 3 Under assumptions A1–A6, for fixed b, for d ≥ 2, the relative rate of convergence of Ĥopt to
Hopt is

vech(Ĥopt −Hopt) = Op

(
Idn

− 2
d+6

)
vech(Hopt), b̂opt − bopt = n−2(5+d)bopt. (19)

Remark 2 Theorem 3 shows that the proposed practically useful scheme of implementing the estimate’s MISE
optimal bandwidth does not impair its consistency.

4 Numerical examples.

4.1 Finite sample performance of the proposed bandwidth rule.

The practical performance of the proposed bandwidth rule is investigated here via the MISE comparison of 1−
F̂L(y|x), calculated twice: once using the ideal bandwidths (14)–(15) and once using their data driven version,
obtained as discussed in the previous section. We consider four different sample sizes, n = 50, 100, 150, 250
and three different censoring levels, 15%, 30% and 50%. The general form of the underlying survival function
considered in the simulations is

S(y|x) = e−A(x)y2

, (20)

which corresponds to Y | X = x ∼ Weibull(2, A(x)−1/2), with A(x) being a polynomial and δ | X = x ∼
Weibull(2, B(x)−1/2), where the polynomial B(x) controls the amount of censoring. The probability that an
observation will be censored is given by P (δ = 0 | X = x) = B(x){A(x) + B(x)}−1. Prior to the present
simulation, (20) was used as the basis of the numerical examples presented in Peláez et al. (2021b, 2022a).
The MISE comparisons presented here consider three realizations of (20). One model (model 1), denoted by
S1(y|x), employs two independent from each other covariates, X1 and X2, both assumed to follow the U(0, 1)
distribution and is given by

S1(y|x) = e−A1(x)y
2

, where A1(x) = α0 + α1x1 + α2x2.

This survival function corresponds to

Y | X = x ∼ Weibull(2, A1(x)
−1/2d) and δ | X = x ∼ Weibull(2, B1(x)

−1/2),

where B1(x) = β0 + β11x1 + β21x
2
1 + β12x2 + β22x

2
2. By choosing α0 = 1, α1 = 5, α2 = 5 and β0 = 10, β21 =

10, β22 = 20, then, for fixed (x1, x2) = (0.3, 0.6) and for (β11, β12) = (−41.86, 10), (−39.76, 10), (−25, 15),
the censoring conditional probability is respectively 0.15, 0.3 and 0.5. The second model (model 2), employs
covariate X1 (the same as model 1), is denoted by S2(y|x1), and is given by

S2(y|x1) = e−A2(x1)y
2

, where A2(x1) = α2,0 + α2,1x1.

This survival function corresponds to

Y | X1 = x1 ∼ Weibull(2, A2(x1)
−1/2) and δ | X1 = x1 ∼ Weibull(2, B2(x1)

−1/2),
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where B2(x1) = β2,0 + β2,1x1 + β2,2x
2
1. By choosing α2,0 = 1, α2,1 = 5 and β2,0 = 10, β2,2 = 20, then for

β2,1 = −37.86,−35.76,−13.28 and for fixed x1 = 0.3, the censoring conditional probability is respectively
0.15, 0.3 and 0.5. Model 2 corresponds to the first model considered in Peláez et al. (2021b, 2022a) but it uses
a different covariate level and different β2,1 parameter values so as to obtain the required levels of censoring.
Model 3 employs covariate X2 (the same as model 1), is denoted by S3(y|x2) and is given by

S3(y|x2) = e−A3(x2)y
2

, where A3(x2) = α3,0 + α3,1x2.

This survival function corresponds to

Y | X2 = x2 ∼ Weibull(2, A3(x1)
−1/2) and δ | X2 = x2 ∼ Weibull(2, B3(x2)

−1/2),

where B3(x2) = β3,0 + β3,1x2 + β3,2x
2
2. By choosing α3,0 = 1, α3,1 = 5 and β3,0 = 10, β3,2 = 20, then for

β3,1 = −28,−26.88,−24.5 and for fixed x2 = 0.6, the censoring conditional probability is respectively 0.15,
0.3 and 0.5. Model 3 corresponds also to the first model considered in the simulation studies of Peláez et al.
(2021b, 2022a) but it uses different β2,1 parameter values so as to obtain the required levels of censoring. The
reason for implementing the MISE comparison based on these three models is that as in Peláez et al. (2021b,
2022a) for model 2 there, it can also be proved here that all models considered are close to Cox proportional
hazards models. Hence the present comparison can also serve (at least approximately) as a performance
comparison of the proposed methodology with the proportional hazards technique.

The corresponding local linear estimators of Si(y|·), i = 1, 2, 3 using ideal bandwidths are calculated
as 1 − F̂L(y|·) with the c.d.f. estimated by (7) using the bandwidths (14)–(15). The resulting estima-
tors are denoted respectively by Ŝ1,id(y|x1, x2), Ŝ2,id(y|x1) and Ŝ3,id(y|x2). In an entirely obvious manner,

Ŝ1,p(y|x1, x2), Ŝ2,p(y|x1) and Ŝ3,p(y|x2) denote the estimators of Si(y|·), i = 1, 2, 3 obtained via (7) with

bandwidths Ĥopt and b̂opt. The MISE figures reported on Table 1 are calculated as follows. For each sample
size and amount of censoring, 1000 random samples (Yi, δi,Xi), i = 1, . . . , n are generated, based on the
distribution parameters of each model. Let Aj,· denote any of the estimators Ŝj,id, Ŝj,p, j = 1, 2, 3 calculated
using the kth, k = 1, . . . , 1000, sample. Both estimators are calculated on 50 equidistant grid points in the
time domain, spanning from 0 to the 95th percentile of the Y variable. The MISE of each estimator is then
approximated as the sample average of the 1000 realizations of the integrated square error of Aj,·, i.e.,

1000−1
1000∑
k=1

∫
[Aj,·(y|x)− Si(y|x)]2 dy.

In the above MISE calculation, for each sample size and censoring level combination, in each of the 1000
iterations, the same sample is used for both Ŝj,id and Ŝj,p, j = 1, 2, 3. The extended Simpson’s rule is used
to approximate the integral.

The MISE figures in Table 1 indicate that as the sample size grows, the percentage difference in MISE
between the ideal bandwidth and its data driven counterpart decreases. The discrepancy between the two
bandwidths diminishes considerably for n = 150 where the MISE corresponding to the data driven bandwidth
is approximately 15% higher than the ideal (across all sample sizes and levels of censoring). For n = 250 this
difference drops even further to 7%, which indicates the consistency of the proposed bandwidth rule.

4.2 Real data analysis.

Estimator F̂L(y|x) and the proposed bandwidth selector are illustrated in this section in the analysis of a
real world data set.

The example is based on the German Credit dataset which describes the profile of 1000 credit recipients
of a German bank. The data set is comprised of 20 variables and it is publicly available at http://archive.
ics.uci.edu/ml/datasets/Statlog+(German+Credit+Data). The information contained in the data set
includes the duration of each credit (in months, variable: ‘Duration’), the classification of each applicant as
good or bad credit risk, and the variable ‘Creditability’ which contains the censoring indicator for each record:
δ = 1 denotes bad/defaulted credits and δ = 0 denotes good credits. There are 300 applicants classified as bad
credits and 700 as good. Good credits are regarded as censored as it is not known if they are going to default;
thus the amount of censoring is 70%. The rest variables (covariates) in the data set, which altogether describe
the customers profile, include the age of the credit recipient (‘Age’, continuous, in years), its credit amount
(‘Amount’ continuous, in Deutsche Marks (DM)), the level of balance in their checking account (qualitative,
measured in four levels representing the range of DM in which the account balance falls in), the duration of
their employment (qualitative, measured in five ranges representing periods of years) and the level of their
balance in their savings account (qualitative as the range of DM in which the balance falls in).



Nonparametric conditional survival function estimation and plug-in bandwidth selection with multiple covariates 9

Table 1: Approximate MISE’s of Ŝj,id, Ŝj,p, j = 1, 2, 3 for the three conditional survival function models.

S1(y|x = (0.3, 0.6) S2(y|x1 = 0.3) S3(y|x2 = 0.6)

Cens. n Ŝ1,id Ŝ1,p % diff. Ŝ2,id Ŝ2,p % diff. Ŝ3,id Ŝ3,p % diff.

15%

50 0.341 0.616 44.64% 0.206 0.375 45.07% 0.358 0.533 32.83%
100 0.262 0.357 26.61% 0.153 0.208 26.44% 0.266 0.326 18.4%
150 0.226 0.295 23.39% 0.121 0.149 18.79% 0.211 0.251 15.94%
250 0.196 0.21 6.67% 0.09 0.106 15.09% 0.157 0.168 6.55%

30%

50 0.434 0.703 38.26% 0.219 0.377 41.91% 0.381 0.616 38.15%
100 0.355 0.422 15.88% 0.213 0.291 26.8% 0.37 0.485 23.71%
150 0.324 0.361 10.25% 0.193 0.226 14.6% 0.336 0.384 12.50%
250 0.29 0.315 7.94% 0.178 0.189 5.82% 0.311 0.325 4.31%

50%

50 0.506 0.758 33.25% 0.289 0.417 30.7% 0.538 0.773 30.40%
100 0.468 0.583 19.73% 0.266 0.345 22.9% 0.515 0.713 27.77%
150 0.361 0.404 10.64% 0.243 0.305 20.33% 0.457 0.516 11.43%
250 0.395 0.417 5.28% 0.228 0.247 7.69% 0.431 0.457 5.69%

Estimator F̂L(y|x) is employed to model the time to default, i.e. to estimate the probability that the
duration of a credit will extend beyond a specific point in time. This information provides very useful guidance
to bank managers when deciding whether to approve a loan to a prospective applicant based on his/her
profiles. This is because there are two types of risks associated with the bank’s decision: if the applicant is
a good credit risk, i.e. is likely to repay the loan, disapproving the loan results in a loss of business to the
bank. On the other hand, if the applicant is a bad credit risk, i.e. is not likely to repay the loan, approval of
the loan results in a financial loss to the bank. According to the data set description, it is worse to classify a
customer as good when they are bad, than it is to classify a customer as bad when they are good.

In order to facilitate the illustration of the method, we consider a model with two covariates: Amount and
Age. That is, the matrixX has two columns (the vectors Amount and Age) and 1000 rows, while the Y sample
is the Duration variable and the δ variable is Creditability. Note that the Pearson, Kendall and Spearman
correlation coefficients between Amount and Age are 0.0327, 0.0173 and 0.0262 respectively. Further a simple
scatterplot suggests that no other (nonlinear) pattern can be used to describe the relationship between the
two variables. These two facts suggest that the assumption of independence among the two covariates is
fulfilled. With these data we approximate the probability that a certain duration will exceed a specified time
point conditional on the amount and the age of the loan recipient by

B = P (Duration ≥ y|Amount = x1,Age = x2) ≃ 1− F̂L(Duration ≤ y|Amount = x1,Age = x2).

In all instances below, estimator F̂L is implemented via (7) using bandwidths Ĥopt and b̂opt calculated as
described in Section 3. See also Appendix A.6 for closed form expressions of the functionals involved in the
present computations, as these result by the general expressions of Section 3.

By fixing for each model one covariate at a time at a specific value, we are able to demonstrate the
resulting estimator as 3-dimensional plots. Four such instances are demonstrated in Fig.1. These are

B1 = P (Duration ≥ y|Amount = 3588,Age = x2), B2 = P (Duration ≥ y|Amount = 11006,Age = x2),

B3 = P (Duration ≥ y|Amount = x1,Age = 29), B4 = P (Duration ≥ y|Amount = x1,Age = 52).

All four models suggest that the probability to default diminishes with time but at a different rate. For credit
amounts equal to 3588DM the probability to default ranges from 1 (at the start of the loan) to 0.75 (at 65
months after the loan was granted), depending on the age: the decline on the default probability is much
sharper for older loan recipients than it is for younger ones. A parallel scenario is true for credit amounts of
11006DM, (i.e. for model B2) with the difference that the probability to default ranges from 1 to 0.45, for
the same time period. Fixing age, we can visualize the probability to default in terms of credit amount. I.e.
for loan recipients of 29 years of age, the probability to default ranges across the 65 months period from 1
to 0.75 while for loan recipients of 52 years of age the same probability ranges from 1 to 0.4 as the amount
increases.

The example illustrates that the proposed method offers a powerful methodological tool which enables
customized – according to the characteristics of each individual – results, with concrete, practical implications
for empirical work in a variety of scientific fields, including medicine, reliability, e.t.c. The example illustrates
that even with two covariates, the method helps uncover the full potential of each customized prediction in
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Fig. 1: Estimated probabilities of default given ‘Age’ for ‘Amount’ fixed to 3588 and 11006 and given ‘Amount’
for ‘Age’ fixed to 29 and 52.

the sense of the rate of change in the probability of an event to occur as the covariate values change. At
the same time it highlights the fact that an optimal variable selection approach is a natural step forward for
conditional estimation in multiple dimensions.

5 Conclusions and future work.

This research investigated the local linear estimation of the conditional survival function for random designs in
the presence of an arbitrary number of continuous covariates in the right censored data setting. The theoretical
properties of the estimator suggest consistent and reliable estimation of the underlying curve throughout the
region of estimation. The MISE simulations indicate that this robust behavior is also valid for finite samples.
This performance is achieved due to the proposed data bandwidth selector the consistency of which (in terms
of convergence to the ideal bandwidth) is established analytically together with its uniqueness and its MISE
optimality.

The methodological advances explored herein can be extended towards multiple directions. A natural
step forward which is already underway is a variable selection procedure based on minimization of the
estimator’s MISE. In parallel, establishment of the proposed estimator’s asymptotic distribution will enable
the development of confidence intervals and facilitate employment of the estimator by practitioners. Another
extension, is the incorporation in the functional form of the estimator of additional variable types, e.g.
discrete random variables. Multiple other topics arise by considering the adjustment and analytical study of
this technique to different censoring schemes.
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6 Technical details.

6.1 Assumptions.

First, set KH(u) = |H|−1K
(
H−1u

)
. Also note that the c.d.f. of Y satisfies 1 − F = (1 − FT )(1 − G).

Conditioning on covariate information, and since T and U are independent, it is common to assume that
T |X and U |X are independent from each other. As a consequence it holds that 1−F (·|X) = [1−FT (·|X)][1−
G(·|X)].

A1. The kernel K : T → R+ is bounded and such that∫
uu⊤K(u) du = µ2(K)Id,

where µ2(K) ̸= 0 is a scalar and Id is the d× d identity matrix. In addition, all odd-order moments of K
vanish, that is, ∫

ul11 . . . u
ld
d K(u) du = 0,

for all nonnegative integers l1, . . . , ld such that their sum is odd. Note that this last condition is satisfied by
spherically symmetric kernels and product kernels based on symmetric univariate kernels. Furthermore,
K satisfies

R(K) ≡
∫

K2 < +∞,

∫
|u2K| < +∞,

∫
K = 1 and

∫
uK = 0.

A2. The kernel w is symmetric about the origin and satisfies∫
w2 < +∞,

∫
|u2w| < +∞, and

∫
uw = 0.

A3. As n→ +∞, b→ 0 and nb→ ∞.
A4. The point x = (x1, . . . , xd)

⊤ ∈ S = supp(fX) which is continuous at x. For (y,x) ∈ [0, Ty]× S, FT (y|x)
is twice continuously partially differentiable with respect to both variables in a neighbourhood of (y,x)
and ∂2FT (y|x)/∂y2 exists and is bounded. Further, DFT

(y|x),HFT
(y|x), ḟX(x) and HfX (x) exist, are

continuous and bounded in (y,x) ∈ [0, Ty]× S.
A5. The sequence of bandwidth matrices H is such that n−1|H| and each entry of H tends to zero as n→ ∞

with H remaining symmetric and positive definite. Also, there is a fixed constant L such that the condition
number of H (i.e., the ratio of its largest to its smallest eigenvalue) is at most L for all n.

A6. For the smoothing parameter b it holds that b→ 0 as n→ ∞. Further b and |H| converge to zero in such
a way so that nb|H| → ∞ and b|H| log n→ 0.

Set

tr
{
HḟX(x)

}
=

d∑
i=1

hi
∂fX(x)

∂xi
, tr
{
HḞT (y|x)

}
=

d∑
i=1

hi
∂FT (y|x)

∂xi
,

tr
{
HF̈T (y|x)H

}
=

d∑
i=1

h2i
∂2FT (y|x)

∂x2i
, tr
{
Hf̈X(x)H

}
=

d∑
i=1

h2i
∂2fX(x)

∂x2i
.

(21)

6.2 Auxiliary lemmas.

Lemma 1 For fixed i ∈ {1, . . . , n}, 0 < β < 1/2, as n→ ∞ and b→ 0,

E

[
W
{
(Yi − y)b−1

}
δi

1− Ĝ(Yi)

∣∣∣Xi = x

]
= FT (y|x)

{
1 +O(b2) +Op(n

−β)
}
.

Proof By (3), the rate of uniform strong convergence of Ĝ(y) to G(y) over [0, TY ] is n
−β , 0 < β < 1/2. Using

this in the last step below

1

1− Ĝ(y)
=

1

1−G(y)

1

1 + G(y)−Ĝ(y)
1−G(y)

=
1

1−G(y)

+∞∑
k=0

(−1)k

(
G(y)− Ĝ(y)

1−G(y)

)
=

1

1−G(y)

{
1 + o

(
n−β

)}
. (22)
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Now, for fixed i, {Yi|Xi = x : δi = 1} is a random variable with density fT (y|x)(1−G(y))/p(x) where

p(x) =

∫ ∞

0

fT (y|x)(1−G(y)) dy,

and δi is a Bernoulli random variable with mean E(δi) = p(y). Conditioning on δi = 1 and using (3),

E

[
W
{
(Yi − y)b−1

}
δi

1− Ĝ(Yi)

∣∣∣Xi = x

]
= E

(
E

[
W
{
(Yi − y)b−1

}
δi

1− Ĝ(Yi)

∣∣∣δi = 1

] ∣∣∣Xi = x

)

= E

(
E

[
W
{
(Yi − y)b−1

}
δi

1−G(Yi)

∣∣∣δi = 1

] ∣∣∣Xi = x

){
1 + o(n−β)

}
. (23)

Using the change of variable u− y = bs in the third step below and subsequently a Taylor expansion

E

(
E

[
W
{
(Yi − y)b−1

}
δi

1−G(Yi)

∣∣∣δi = 1

] ∣∣∣Xi = x

)
=

1

p(y)
(Eδi)

∫
fT (u|Xi = x)(1−G(u))

1−G(u)
W

(
u− y

b

)
du =∫

FT (u|x)wb(u− y) du =

∫
w(s)FT (y + bs|x) ds =∫

w(s)

{
FT (y|x) + bs

∂FT (y|x)
∂y

+
(bs)2

2

∂2FT (y|x)
∂y2

+ o(b2)

}
ds = FT (y|x) +O(b2). (24)

Using (24) back to (23) finishes the proof.

Lemma 2 For fixed i ∈ {1, . . . , n}, 0 < β < 1/2, as n→ ∞ and b→ 0,

Var

[
W
{
(Yi − y)b−1

}
δi

1− Ĝ(Yi)

∣∣∣Xi = x

]
={

P (y|Xi = x)− 2bp(y|Xi = x)A1,1 − F 2
T (y|Xi = x)

}{
1 +O(b2) + o(n−β)

}
.

Proof First, assuming fixed i, write

Var

[
δiW

{
(Yi − y)b−1

}
1− Ĝ(Yi)

∣∣∣Xi = x

]
=

E

[W {
(Yi − y)b−1

}
δi

1− Ĝ(Yi)

]2 ∣∣∣Xi = x

−

[
E

{
W
{
(Yi − y)b−1

}
δi

1− Ĝ(Yi)

∣∣∣Xi = x

}]2
. (25)

Now, using (22) in the second step below

E

[W {
(Yi − y)b−1

}
δi

1− Ĝ(Yi)

]2 ∣∣∣Xi = x

 = E

(
E

[
W 2

{
(Yi − y)b−1

}
δ2i

(1−G(Yi))2

∣∣∣δi = 1

] ∣∣∣Xi = x

)
(1 + o(n−β))

= E

{∫
fT (u|Xi = x){1−G(u)}

(1−G(u))2
W 2

(
y − u

b

)
du
∣∣∣Xi = x

}
(1 + o(n−β))

=

∫∫
fX(x)

fT (u|x)
1−G(u)

W 2

(
y − u

b

)
du dx(1 + o(n−β)) =

∫
fT (u|x)
1−G(u)

W 2

(
y − u

b

)
du(1 + o(n−β)). (26)

Using the change of variable y − u = sb, integration by parts and a Taylor expansion yields∫
fT (u|x)
1−G(u)

W 2

(
y − u

b

)
du =

∫ u

0

fT (y|x)
1−H(y)

dy − 2b
fT (u|x)
1−H(u)

∫
uw(u)W (u) du. (27)

Substituting (27) back to (26) yields

E

[W {
(Yi − y)b−1

}
δi

1− Ĝ(Yi)

]2 ∣∣∣Xi = x

 =

{∫ u

0

fT (y|x)
1−H(y)

dy − 2b
fT (u|x)
1−H(u)

∫
sw(µ)W (µ) ds

}
(1 + o(n−β))

= {P (y|x)− 2bp(y|x)A1,1 ds} (1 + o(n−β)). (28)
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Further, by Lemma 1(
E

[
W
{
(Yi − y)b−1

}
δi

1− Ĝ(Yi)

∣∣∣Xi = x

])2

= F 2
T (y|x)

{
1 +O(b2) + o(n−β)

}
. (29)

Use (28) and (29) back to (25) to get

Var

[
δiW

{
(Yi − y)b−1

}
1− Ĝ(Yi)

∣∣∣Xi = x

]
= {P (y|x)− 2bp(y|x)A1,1} (1+o(n−β))−

{
FT (y|x) +O(b2)

}2
(1+o(n−β)),

from which Lemma 2 immediately follows.

Lemma 3 Assume that |H| → 0 and n|H| → ∞. Then, for x in the boundary of S, i.e. for x ∈ Sb,l or
x ∈ Sb,r

Sn,j(x) = |H|j+1fX(x)Sj,c{1 + op(1)}, j = 0, 1, 2,

while in the interior, i.e. for x ∈ Sint,

Sn,0(x) = fX(x)+op(1), Sn,1(x) = µ2(K)HDf (x)+op

(
d∑

i=1

hi

)
, Sn,2(x) = µ2(K)fX(x)H+op

(
d∑

i=1

hi

)
.

Proof The proof for the first part of lemma is given for j = 2 and for x ∈ Sb,l. The cases j = 0, 1 are proved
in an entirely similar manner. First, write

Sn,2(x) = n−1
n∑

i=1

K
{
H−1(Xi − x)

}
(Xi − x)(Xi − x)⊤ = E {Sn,2(x)}+Var {Sn,2(x)} . (30)

Now, using the definition of S2,c in the last step below,

E {Sn,2(x)} = E
[
K
{
H−1(Xi − x)

}
(Xi − x)(Xi − x)⊤

]
=

∫
D
K
{
H−1(y − x)

}
(y − x)(y − x)⊤fX(y) dy

H−1(y−x)=u
=

∫
D
K(u)(|H|u)(|H|u)⊤|H|fX(x+ |H|u) du

= |H|3fX(x)

∫
D
uu⊤K(u) du {1 + op(|H|)} = |H|3fX(x)S2,c {1 + op(|H|)} . (31)

Similarly,

Var {Sn,2(x)} =

n−1|H|−1E
[
K
{
H−1(Xi − x)

}2
(Xi − x)(Xi − x)⊤

(
(Xi − x)(Xi − x)⊤

)⊤]
= Op

(
n−1|H|−1

)
. (32)

Substituting (31) and (32) back to (30) completes the proof. The case where x ∈ Sint is obtained by letting
c > 1 in the above proof.

Now letM+(d) denote the set of all d×d positive definite matrices and let M denote any matrix (Mij)
d
i,j=1 ∈

M+(d). Set h
2
i = vi so that v = (v1, . . . , vd)

⊤ ∈ Rd
+ ≡ (0,∞)d, thus v⊤ = (vech⊤H2). Then (12) can be

written as

AMISE
{
F̂L(H, b)

}
= v⊤m1v + v⊤1b2m2 + b4m3 −

bm4 +m5

n

1
√
v1 . . . vd

≡ Q(v,M, b).

The following lemma is used in the proof of Theorem 2.

Lemma 4 For any fixed M ∈ M+(d) and h2i = vi, i = 1, . . . , d the function Q(v,M, b) is a strictly convex
function of v ∈ Rd

+ and therefore it can be minimized by at most one vector v ∈ Rd
+.

Proof Recall that 1 denotes the d−variate unit vector. By direct calculation

∂Q(v,M, b)

∂v
= 2

(
d∑

i=1

vi

)
m1

(
d∑

i=1

vi

)′

+

(
d∑

i=1

vi

)′

b2m2 −
bm4 +m5

n

(
(v1 . . . vd)

−1/2
)′

= v⊤m11+ db2m2 +
bm4 +m5

2n

d∑
i=1

1

v
3/2
i

(∏d
j=1,j ̸=i vj

)1/2 .
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The Hessian of Q(v,M, b) with respect to v is

∂Q(v,M, b)

∂v∂v⊤ = m1 +
bm4 +m5

n

1√∏d
i=1 vi


3v−2

1 v−1
1 v−1

2 . . . v−1
1 v−1

d

v−1
2 v−1

1 3v−2
2 . . . v−1

2 v−1
d

...
...

. . .
...

v−1
d v−1

1 v−1
d v−1

2 . . . 3v−2
d

 ≡ m1 +
bm4 +m5

n

1√∏d
i=1 vi

V.

All terms in the above equation are non–negative definite; the second term is positive definite and therefore
the Hessian of Q(v,M, b) with respect to v is positive definite. Obviously v is an elementwise positive vector
and b > 0 is a scalar. To prove that Q(v,M, b) is convex in v and b it suffices to show that the Hessian of
Q(v,M, b), say HQ, is positive semidefinite i.e. u⊤HQu ≥ 0 for any vector u ∈ Rd+1

+ . Set

Qv =
∂Q(v,M, b)

∂v
,Qb =

∂Q(v,M, b)

∂b
.

The gradient of Q is given by

DQ =

(
Qv

Qb

)
=

v⊤m11+ db2m2 − bm4+m5

2n

∑d
i=1

1

v
3/2
i (

∏d
j=1,j ̸=i vj)

1/2

2bv⊤1m2 + 4b3m3 − m4

n
1√

v1...vd

 ,

and the Hessian is given by

HQ =

(
Qvv Qvb

Qbv Qbb

)
=

 m1 − bm4+m5

n
1√∏d
i=1 vi

V 2dbm2 − m4

2n

∑d
i=1

1

v
3/2
i (

∏d
j=1,j ̸=i vj)

1/2

2b1m2 − m4

n

∑d
i=1

1

v
3/2
i (

∏d
j=1,j ̸=i vj)

1/2 2v⊤1m2 + 12b2m3

 .

Let u⊤ = (v⊤, b). Then,

u⊤HQu =
(
v⊤ b

) m1 − bm4+m5

n
1√∏d
i=1 vi

V 2dbm2 − m4

2n

∑d
i=1

1

v
3/2
i (

∏d
j=1,j ̸=i vj)

1/2

2b1m2 − m4

n

∑d
i=1

1

v
3/2
i (

∏d
j=1,j ̸=i vj)

1/2 2v⊤1m2 + 12b2m3

(v
b

)

= v⊤v

m1 −
bm4 +m5

n

1√∏d
i=1 vi

V

+ bv

2b1m2 −
m4

n

d∑
i=1

1

v
3/2
i

(∏d
j=1,j ̸=i vj

)1/2


+v⊤vb

2dbm2 −
m4

2n

d∑
i=1

1

v
3/2
i

(∏d
j=1,j ̸=i vj

)1/2
+ b2

{
2v⊤1m2 + 12b2m3

}
n→∞→ v⊤vm1 + 2b2v1m2 + v⊤v2db2m2 + b2

{
2v⊤1m2 + 12b2m3

}
≥ 0,

since v⊤v > 0,v is element-wise positive, b > 0,m1,m3 > 0 as integrals of a square terms. Also m2 > 0
because the terms in the product that define its integrand have the same sign. As a result, for any fixed
M ∈ M+(d) and h2i = vi, i = 1, . . . , d, Q(v,M, b) is a strictly convex function of v and therefore it is
minimized by a unique vector v. Also M ∈M+(d) implies

Q(v,M, b) ≥

(
d∑

i=1

vi

)2

m1 +

(
d∑

i=1

vi

)
b2m2 + b4m3 ≥ c(M)

(
d∑

i=1

v2i

)2

= c(M)||v||2,

for all v ∈ Rd
+ and Euclidian norm ||v|| =

(∑d
i=1 v

2
i

)1/2
, so that

lim
||v||→∞

Q(v,M, b) ≥ lim
||v||→∞

c(M)||v||2 = ∞.

Also it always holds that

lim
||v||→∞

Q(v,M, b) ≥

lim
||v||→∞

{
v⊤m11db

2m2 +
bm4 +m5

2n

(
1

v
3/2
1 (v2 . . . vd)1/2

+ · · ·+ 1

(v1 . . . vd−1)1/2v
3/2
d

)}
= ∞.

Thus the infimum of Q(v,M, b) is reached at a (unique as shown above) vector v whose norm is bounded
away from ∞ and 0. Additionally, Q(vopt,M, b) < 0 for any M ∈ M+(d). This ensures the existence of a
unique optimal bandwidth vector which minimizes (12).
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Lemma 5 Let X be an invertible d× d matrix. Then,

∂|X|−1

∂vechX
= −|X|−1D⊤

d vecX
−1, (33)

∂2|X|−1

(∂vechX)(∂vechX)⊤
= 2|X|−1

[
(dvecX)⊤(X−1 ⊗ Id)

⊤(vecId)(vecId)
⊤ + 2Id

]
(Id ⊗X−1)⊤Dd. (34)

Proof Starting with (33) we have,

d |X|−1 = −|X|−2d |X| since d uα = αuα−1d u = −|X|−2|X|tr(X−1dX)

= −|X|−1(vecX−1⊤)⊤vec(dX) = −|X|−1D⊤
d (vechX

−1⊤)⊤d vecX = −|X|−1D⊤
d vecX

−1.

Regarding (34), first write

d2 |X|−1 = d (d |X|−1) = d (−|X|−2d |X|) = −d |X|−2d |X| − |X|−2d2 |X| = 2|X|−3(d |X|)2 − |X|−2d2 |X|.
(35)

Using d |X| = |X|tr(X−1dX) and d2 |X| = |X|
[
tr2(X−1dX)− tr

{
X−1(dX)X−1(dX)

}]
back to (35) yields

d2 |X|−1 = 2|X|−3|X|2tr2(X−1dX)− |X|−2|X|
[
tr2(X−1dX)− tr

{
X−1(dX)X−1(dX)

}]
= 2|X|−1

[
(dvecX)⊤(X−1 ⊗ Id)

⊤(vecId)(vecId)
⊤ + 2Id

]
(Id ⊗X−1)⊤Dd,

as required.

6.3 Proof of Theorem 1.

For any d−variate real function g and a sequence of d−dimensional vectors an with all components tending
to zero, let ġ(x) denote the d× 1 vector of first order partial derivatives of g and g̈(x) the Hessian matrix of
g, i.e. the d× d matrix with the (i, j) entry equal to

∂2

∂xi∂xj
g(x).

The proof uses the multivariate version of Taylor’s theorem, according to which, assuming that all entries of
g̈(x) are continuous in a neighborhood of x,

g(x+ an) = g(x) + a⊤
n ġ(x) +

1

2
a⊤
n g̈(x)an + o(a⊤

nan). (36)

Also, by (22) F̂L(y|x) can be equivalently written as

F̂L(y|x) = F̃L(y|x)
{
1 + o(n−β)

}
,

with

F̃L(y|x) =
1

n|H|fX(x)

n∑
i=1

Kc

{
H−1(Xi − x)

} W {
(Yi − y)b−1

}
δi

1−G(Yi)
.

Thus, asymptotically it is equivalent to prove the theorem using F̃L(y|x) instead of F̂L(y|x). The proof
assumes that x ∈ εb,l i.e. x is a left boundary point, as treatment of the right boundary is similar. The case
of x ∈ εint is obtained by taking 1 ≤ c ≤ M⊤H−1−1−J⊤H−1 and assumption A1. Starting with the bias
expression, using the fact that the (Xi, Yi, δi) are i.i.d., fixing i in the third step below and using Lemma 1
in the fourth step, we have

E
{
F̃L(y|x)

}
= E

{
1

n|H|fX(x)

n∑
i=1

Kc

{
H−1(Xi − x)

} W {
(Yi − y)b−1

}
δi

1−G(Yi)

}

=
1

|H|fX(x)
E

(
Kc

{
H−1(Xi − x)

}
E

[
E

{
W
{
(Yi − y)b−1

}
δi

1−G(Yi)

∣∣∣Xi

}])

=
1

|H|fX(x)
E

[
Kc

{
H−1(Xi − x)

}
E

{
FT (y|Xi)+

b2µ2(w)

2

∂2FT (y|Xi)

∂y2
+ o(b2)

}]

=
1

|H|fX(x)

∫
Kc

{
H−1(u− x)

}
fX(u)

{
FT (y|u) +

b2µ2(w)

2

∂2FT (y|u)
∂y2

+ o(b2)

}
du.
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Using the change of variable H−1(u− x) = z so that du = |H| dz gives

E
{
F̃L(y|x)

}
=

|H|
|H|fX(x)

∫ [
Kc(z)fX(x+Hz)

{
FT (y|x+Hz) +

b2µ2(w)

2

∂2FT (y|x+Hz)

∂y2
+ o(b2)

}]
dz. (37)

Applying (36) with g(x) = fX(x),an = Hz gives,

fX(x+Hz) = fX(x)− (Hz)⊤ḟX(x) +
1

2
(Hz)⊤f̈X(x)(Hz) + o

{
tr(H2)

}
. (38)

Further, (36) with g(x) = FT (y|x),an = Hz gives,

FT (y|x+Hz) = FT (y|x)− (Hz)⊤ḞT (y|x) +
1

2
(Hz)⊤HFT

(y|x)(Hz) + o
{
tr(H2)

}
. (39)

Also we note that[
fX(x)− (Hz)⊤ḟX(x) +

1

2
(Hz)⊤f̈X(x)(Hz) + o

{
tr(H2)

}]
×[

FT (y|x+Hz) +
b2µ2(w)

2

∂2FT (y|x+Hz)

∂y2
+ o(b2)

]
= fX(x)FT (y|x) + (Hz)⊤ḟX(x)(Hz)⊤ḞT (y|x) +

1

2
(Hz)⊤f̈X(x)(Hz)FT (y|x)+

fX(x)
1

2
(Hz)⊤fX(x)F̈T (y|x)(Hz) + fX(x)

b2µ2(w)

2

∂2FT (y|x)
∂y2

+ o(H⊤H) + o(b2). (40)

Use (38) and (40) back to (37), rearranging and using (56) yields

E
{
F̃L(y|x)

}
= FT (y|x) +

1

fX(x)

{
H⊤ḟX(x)

}{
H⊤ḞT (y|x)

}
µ2(Kc)

+
1

2fX(x)

{
H⊤f̈X(x)

}
{HFT (y|x)}µ2(Kc)

+
fX(x)

2
H⊤F̈T (y|x)Hµ2(Kc) +

b2µ2(w)

2

∂2FT (y|x)
∂y2

+ o(H⊤H) + o(b2).

Now, H is a diagonal matrix and thus H⊤ = H and for any d× 1 vector A, H⊤A = tr(H⊤A). As a result

E
{
F̃L(y|x)

}
= FT (y|x) + µ2(Kc)

[
tr
{
HḟX(x)

}
tr
{
HḞT (y|x)

}
fX(x)

+
fX(x)

2
tr
{
(HF̈T (y|x)H

}
+
FT (y|x)
2fX(x)

tr
{
(Hf̈X(x)H

}]
+
b2µ2(w)

2

∂2FT (y|x)
∂y2

+ o(H⊤H) + o(b2), (41)

as required. The variance is calculated by combining Lemma 2 and the law of total variance

Var
{
F̃L(y|x)

}
= Var

[
E
{
F̃L(y|x)

∣∣∣X}]+ E
[
Var

{
F̃L(y|x)

∣∣∣X}] . (42)

First, from Lemma 2 and for fixed i in the second and third steps below we have,

Var
{
F̃L(y|x)

∣∣∣X} = Var

{
1

nfX(x)

n∑
i=1

Kc

{
H−1(Xi − x)

} δiW {
(Yi − y)b−1

}
1− Ĝ(Yi)

∣∣∣Xi

}

=
n

n2f2X(x)
Kc

{
H−1(Xi − x)

}2
Var

{
δiW

{
(Yi − y)b−1

}
1− Ĝ(Yi)

∣∣∣Xi

}
=

1

nf2X(x)
Kc

{
H−1(Xi − x)

}2 {
P (y|Xi)− 2bp(y|Xi)A1,1 − F 2

T (y|Xi)
}{

1 +O(b2) + o(n−β)
}
.

Then

E
[
Var

{
F̃L(y|x)

∣∣∣X}] =
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E

[
1

nf2X(x)
Kc

{
H−1(Xi − x)

}2 {
P (y|Xi)− 2bp(y|Xi)A1,1 − F 2

T (y|Xi)
}]{

1 +O(b2) + o(n−β)
}
=

1

nf2X(x)

∫
Kc

{
H−1(z − x)

}2
fX(z)

{
P (y|z)− 2bp(y|z)A1,1 − F 2

T (y|z)
}
dz
{
1 +O(b2) + o(n−β)

}
. (43)

Applying the change of variable z − x = Hu so that dz = H du and substituting back to (43) gives

E
[
Var

{
F̃L(y|x)

∣∣∣X}] = n−1|H|−1f−2
X (x)×∫

Kc(u)
2fX(x+Hu)

{
P (y|x+Hu)− 2bp(y|x+Hu)A1,1 − F 2

T (y|x+Hu)
}
du
{
1 +O(b2) + o(n−β)

}
.

(44)

Subsequently applying (36) on fX(x + Hu), and similarly to (39) expand P (y|x + Hu), p(y|x + Hu) and
F 2
T (y|x+Hu) in Taylor series around x, and substituting back to (44) gives

E
[
Var

{
F̃L(y|x)

∣∣∣X}] = R(Kc)

n|H|fX(x)

{
P (y|x)− 2bp(y|x)A1,1 − F 2

T (y|x)
}{

1 +O(b2) +O(H⊤H) + o(n−β)
}
.

(45)
Also, by Lemma 1 and fixing i in the second and third steps below

E
{
F̃L(y|x)

∣∣∣X} = E

{
1

nfX(x)

n∑
i=1

Kc

{
H−1(Xi − x)

} δiW {
(Yi − y)b−1

}
1− Ĝ(Yi)

∣∣∣Xi

}

=
n

nfX(x)
Kc

{
H−1(Xi − x)

}
E

{
δiW

{
(Yi − y)b−1

}
1− Ĝ(Yi)

∣∣∣Xi

}

=
1

fX(x)
Kc

{
H−1(Xi − x)

}
FT (y|Xi)

{
1 +O(b2) +Op(n

−β)
}
.

Thus

Var
[
E
{
F̃L(y|x)

∣∣∣X}] = Var

[
1

fX(x)
Kc

{
H−1(Xi − x)

}
FT (y|Xi)

]{
1 +O(b2) +Op(n

−β)
}
=

1

f2X(x)

[∫
Kc

{
H−1(z − x)

}2
FT (y|z)2fX(z) dz −

(∫
Kc

{
H−1(z − x)

}
FT (y|z)fX(z) dz

)2
]

×
{
1 +O(b2) +Op(n

−β)
}
.

Using once more the change of variable z − x = Hu and subsequently expanding in Taylor series around x
both FT (y|x+Hu)2 and FT (y|x+Hu), substituting back to the above expression and after straightforward
algebra gives

Var
[
E
{
F̃L(y|x)

∣∣∣X}] = O(H⊤H). (46)

Using (45) and (46) back in (42) completes the proof of the theorem.

6.4 Proof of Theorem 2.

The first step of the proof is to write (12) in matrix form. To see this, first recall the matrix properties

tr(A⊤B) = (vec⊤A)(vecB), tr(AB) = tr(BA), vecA = DdvechA.

Then we have

tr
{
HḟX(x)

}
= vec⊤H{vecḟX(x)} = vech⊤HD⊤

d {vecḟX(x)},

tr
{
HḞT (y|x)

}
= vec⊤H{vecḞT (y|x)} = vech⊤HD⊤

d {vecḞT (y|x)},

tr
{
HF̈T (y|x)H

}
= vec⊤H2{vecF̈T (y|x)} = vech⊤H2D⊤

d {vecF̈T (y|x)},

tr
{
Hf̈X(x)H

}
= vec⊤H2{vecf̈X(x)} = vech⊤H2D⊤

d {vecf̈X(x)}.

Thus,
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tr
{
HḟX(x)

}
tr
{
HḞT (y|x)

}
fX(x)

+
fX(x)

2
tr
{
(HF̈T (y|x)H

}
+
FT (y|x)
2fX(x)

tr
{
(Hf̈X(x)H

}
=

vech⊤HD⊤
d {vecḟX(x)}vech⊤HD⊤

d {vecḞT (y|x)}
fX(x)

+
fX(x)

2
vech⊤H2D⊤

d {vecF̈T (y|x)}+
FT (y|x)
2fX(x)

vech⊤H2D⊤
d {vecf̈X(x)}

= vech⊤H2
(D⊤

d {vecḟX(x)}D⊤
d {vecḞT (y|x)}

fX(x)
+
fX(x)

2
D⊤

d {vecF̈T (y|x)}+
FT (y|x)
2fX(x)

D⊤
d {vecf̈X(x)}

)
≡ vech⊤H2ψ(y,x),

where

ψ(y,x) =
D⊤

d {vecḟX(x)}D⊤
d {vecḞT (y|x)}

fX(x)
+
fX(x)

2
D⊤

d {vecF̈T (y|x)}+
FT (y|x)
2fX(x)

D⊤
d {vecf̈X(x)}.

Hence

AMISE
{
F̂L(H, b)

}
=

µ2
2(K)(vech⊤H2)2

∫
εy,o

ψ2(y,x) dy dx+ 2µ2(K)
b2µ2(w)

2
vech⊤H2

∫
εy,o

ψ(y,x)
∂2FT (y|x)

∂y2
dy dx

+
b4µ2

2(w)

4

∫
εy,o

{
∂2FT (y|x)

∂y2

}2

dy dx

+
R(K)

n|H|fX(x)

∫
εy,o

{
P (y|x)− F 2

T (y|x)
}
dy dx− 2bR(K)A1,1

n|H|fX(x)

∫
εy,o

p(y|x) dy dx.

Now, rewrite m1,m2 as the d(d+ 1)/2× d(d+ 1)/2 matrices

m1 = µ2
2(K)

∫
εy,o

ψ2(y,x) dy dx,m2 = µ2(K)µ2(w)

∫
εy,o

ψ(y,x)
∂2FT (y|x)

∂y2
dy dx,

and m3,m4,m5 are scalars defined as before. We will prove that the vector (vopt, bopt), where

vopt =
(
n−1/(4+d)

{
m5,1

m1,1

}1/(4+d)

, . . . , n−1/(4+d)

{
m5,d

m1,d

}1/(4+d))⊤
, bopt =

{
m4

2(m2 + 2m3)

}2/(5+d)

n−2/(5+d),

is the unique vector that minimizes the AMISE{F̂L(h1, . . . , hd, b)} = Q(v,M, b). First it must be shown that
for any matrix M = (Mij)

d
i,j=1 ∈M+(d), the set of all d× d positive definite matrices it holds that

∂

∂v
Q(vopt,M, bopt) = 0 and

∂

∂b
Q(vopt,M, bopt) = 0.

To see this, note that

∂

∂v
Q(vopt,M, bopt) = v⊤

optm11+ db2m2 +
bm4 +m5

2n

d∑
i=1

1

v
3/2
i,opt

(∏d
j=1,j ̸=i vj,opt

)1/2 =

n−1/(4+d)m1

d∑
i=1

(
m5,i

m1,i

)1/(4+d)

+ d

{
m4

2(m2 + 2m3)

}4/(5+d)

n−4/(5+d)

+
bm4 +m5

2n

d∑
i=1

1

v
3/2
i,opt

(∏d
j=1,j ̸=i vj,opt

)1/2 n→∞→ 0,

since by assumption A4, m1,m2,m4,m5 are bounded. Similarly

∂

∂b
Q(vopt,M, bopt) = 2bv⊤

opt1m2 + 4b3optm3 −
m4

n

1
√
v1,opt . . . vd,opt

= 2n−1/(4+d)m1

d∑
i=1

(
m5,i

m1,i

)1/(4+d){
m4

2(m2 + 2m3)

}2/(5+d)

n−2/(5+d)m2
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+ 4

{
m4

2(m2 + 2m3)

}3/(5+d)

n−6/(5+d)m3 −
m4

n

1
√
v1,opt . . . vd,opt

n→∞→ 0.

The proof is completed by application of Lemma 4 by which for any M ∈ M+(d) the vector (vopt, bopt),
where vopt ≡ v(M) ∈ Rd

+ which minimizes Q(v,M, b) is unique.

6.5 Proof of Theorem 3.

The first step in proving (19) is to use (12) and write the AMISE{F̂L(H, b)} ≡ Q(H, b) as

Q(H, b) = (vech⊤H2)m1(vech
⊤H2) + (vech⊤H2)b2m2 + b4m3 −

bm4

n|H|
+

m5

n|H|
.

Set

∇Q(H, b) =
∂Q(H, b)

∂vech(H2)
, ∇2Q(H, b) =

∂2Q(H, b)

{∂vech(H2)}{∂vech(H2)}⊤
.

Then, (33) and (34) respectively give

∇Q(H, b) = −n−1|H|−1(m5 − bm4)D
⊤
d vecH

−1 + b2m2 +m1vech
⊤H2, (47)

∇2Q(H, b) = 2n−1|H|−1(m5 − bm4)
[
(dvecH)⊤(H−1 ⊗ Id)

⊤(vecId)(vecId)
⊤ + 2Id

]
× (Id ⊗H−1)⊤Dd. (48)

Now, fixing bopt, a Taylor expansion of ∇Q(H, b) around H gives

∇Q(Hopt, bopt) = ∇Q(Ĥopt, bopt) +∇2Q(Ĥopt, bopt)vech(H
2
opt − Ĥ2

opt). (49)

But ∇Q(Ĥopt, bopt) = 0. Substituting back to (49) and solving for vech(H2
opt − Ĥ2

opt) gives

vech(H2
opt − Ĥ2

opt) ≃ −
{
∇2Q(Hopt, bopt)

}−1 ∇Q(Hopt, bopt). (50)

By (47) for H = Hopt,∇Q(Hopt, bopt) ≃ 2(m̂1 −m1)vech(H
2
opt) + (m̂2 −m2)b

2. Use this back to (50) yields

vech(Ĥ2
opt −H2

opt) = −{∇2Q(Hopt, bopt)}−1
{
2(m1 − m̂1)vech(H

2
opt) + (m2 − m̂2)b

2
opt

}
. (51)

Let C be a constant positive definite matrix and set Hopt = Cn−2/(d+4). From (48), ∇2Q(Hopt, bopt) → Ω
as n→ ∞, where Ω is a constant non-singular matrix. Thus

vech(Ĥ2
opt −H2

opt) ≃ Ω (m1 − m̂1) vech(H
2
opt) +Ω(m2 − m̂2)b

2
opt. (52)

The above equation indicates explicitly that the asymptotic performance of Ĥ2
opt is driven by the precision

of estimation of m1 by m̂1 and m2 by m̂2 as measured by MSE(m̂1) and MSE(m̂2). Of course this precision
depends also on the pilot bandwidth G of m̂1, m̂2. Working as in Theorem 2, Chacón and Duong (2010), it
is straightforward to prove that, assuming that the pilot bandwidth matrix GAMSE is of order n−2/(r+d+2)

and for d ≥ 2, we have

MSE(m̂1) = O(n−min{r+d+2,4}/(r+d+2)), MSE(m̂2) = O(n−min{r+d+2,4}/(r+d+2)).

Additionally, from (15) bopt = O(n−2/(5+d)). Using this and the above equation back to (52) gives

vech(Ĥ2
opt −H2

opt) ≃ Ωn−min{r+d+2,4}/(r+d+2)vech(H2
opt) +Ωn−min{r+d+2,4}/(r+d+2)n−2/(5+d)

= Op

(
I∗dn

−min{r+d+2,4}/(r+d+2)
)
.

The proof of the theorem is completed by taking r = 4.
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Peláez R, Cao R, Vilar Fernández JM (2021) Nonparametric estimation of probability of default with double smoothing. SORT

30:93–120.
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Supplementary material: Nonparametric conditional survival
function estimation and plug-in bandwidth selection with multiple

covariates.
by

Dimitrios Bagkavos, Montserrat Guillen, Jens P. Nielsen.

A Auxiliary calculations.

A.1 Equivalent asymptotic representation of the estimator and automatic boundary adjustment.

Let K∗ denote the so-called effective kernel, defined by

K∗(u;x) ≡ K∗(u) = e⊤1 (X⊤
x WxXx)

−1
(
1 (u− x)⊤

)⊤
K
{
H−1(u− x)

}
,

Note that F̂L(y|x) can be written as

F̂L(y|x) = n−1
n∑

i=1

K∗(Xi,x)
W
{
(Yi − y)b−1

}
δi

1− Ĝ(Yi)
, (53)

and observe that for any x ∈ S,
n∑

i=1

K∗(Xi;x) = 1 and

n∑
i=1

K∗(Xi;x)(Xi − x) = 0,

and as a result, K∗ enables F̂L(y|x) to achieve – up to normalizing constants – automatic bias correction in the boundary. To
see this, let M = (M1, . . . ,Md)

⊤,1 = (1, . . . , 1)⊤,0 = (0, . . . , 0)⊤ and recall that J = (J1, . . . , Jd)
⊤, c = (c1, . . . , cd)

⊤. In the
sequel all inequalities involving vectors are assumed to hold elementwise. Then

x =


J +Hc ∈ Sb,l if 0 < c < 1,

J +Hc ∈ Sint if 1 ≤ c ≤ M⊤H−1 − 1− J⊤H−1,

J +Hc ∈ Sb,r if M⊤H−1 − 1− J⊤H−1 ≤ c ≤ M⊤H−1 − J⊤H−1.

(54)

Define the scalars Sn,0(x), Sn,2(x) and the d× 1 vector Sn,1(x) by

Sn,0(x) = n−1
n∑

i=1

K
{
H−1(Xi − x)

}
, Sn,1(x) = n−1

n∑
i=1

K
{
H−1(Xi − x)

}
(Xi − x),

Sn,2(x) = n−1
n∑

i=1

K
{
H−1(Xi − x)

}
(Xi − x)⊤(Xi − x),

By straightforward matrix algebra,

X⊤
x WxXx = n


1
n

n∑
i=1

K
{
H−1(Xi − x)

}
1
n

n∑
i=1

K
{
H−1(Xi − x)

}
(Xi − x)⊤

1
n

n∑
i=1

K
{
H−1(Xi − x)

}
(Xi − x) 1

n

n∑
i=1

K
{
H−1(Xi − x)

}
(Xi − x)⊤(Xi − x)

 = n

(
Sn,0(x) Sn,1(x)⊤

Sn,1(x) Sn,2(x)

)
.

By Lemma 3, Sn,i(x) = |H|i+1fX(x)Si,c{1 + op(1)}, i = 0, 1, 2 and hence

(
Sn,0(x) Sn,1(x)⊤

Sn,1(x) Sn,2(x)

)−1

=

(
|H|fX(x)S0,c{1 + op(1)} |H|2fX(x)S1,c{1 + op(1)}
|H|2fX(x)S1,c{1 + op(1)} |H|3fX(x)S2,c{1 + op(1)}

)−1

=
1

|H|4f2X(x)

1 + op(1)

S0,cS2,c − S2
1,c

(
|H|3fX(x)S2,c{1 + op(1)} −|H|2fX(x)S1,c{1 + op(1)}
−|H|2fX(x)S1,c{1 + op(1)} |H|fX(x)S0,c{1 + op(1)}

)
. (55)

Substituting (55) to the definition of K∗(Xi;x) and substituting the result to (53) yields

F̂L(y|x) =
n−1e⊤1

|H|4f2X(x)

1 + op(1)

S0,cS2,c − S2
1,c

(
|H|3fX(x)S2,c{1 + op(1)} −|H|2fX(x)S1,c{1 + op(1)}
−|H|2fX(x)S1,c{1 + op(1)} |H|fX(x)S0,c{1 + op(1)}

)

×

1 X1 − x
...

...
1 Xn − x


⊤

K
{
H−1(X1 − x)

} 0
. . .

0 K
{
H−1(Xn − x)

}




W{(Y1−y)b−1}δ1
1−Ĝ(Y1)

...
W{(Yn−y)b−1}δn

1−Ĝ(Yn)


=

n−1

|H|4f2X(x)

1 + op(1)

S0,cS2,c − S2
1,c

n∑
i=1

{
|H|3fX(x)S2,c − |H|2fX(x)S1,c(Xi − x)

}
K
{
H−1(Xi − x)

} W {
(Yi − y)b−1

}
δi

1− Ĝ(Yi)
,
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which after some trivial algebra yields (8). That is, a useful and asymptotically equivalent representation of K∗ is obtained by
the relationship

K∗(u;x) ≡ K∗(u) =
1

|H|fX(x)

S2,c − S1,c(u− x)|H|−1

S2,cS0,c − S2
1,c

K
{
H−1(u− x)

}
{1 + op(1)},

which implies that K∗(u;x) = |H|−1fX(x)−1K(c)(u){1 + op(1)}. The weighting scheme imposed on the equivalent kernel
results in K(c) satisfying the moment conditions∫

D
K(c)(u) du = 1,

∫
D
uK(c)(u) du = 0,

∫
D
uu⊤K(c)(u) du ̸= 0, (56)

throughout the support of the curve. Note that by using the standard approximation (see Section 3.3 in Gulati and Padgett
(1996))

W
{
(Yi − y)b−1

}
δi

1− Ĝ(Yi)
= wb(Yi − y)F̂T (Yi)(1 + op(1)), i = 1, . . . , n,

where wb(·) = b−1w(·/b), F̂L(y|x) can be equivalently written also as

F̂L(y|x) = n−1|H|−1f−1
X (x)

n∑
i=1

K(c)

{
H−1(Xi − x)

}
wb(Yi − y)F̂T (Yi){1 + op(1)}, (57)

which is useful for studying the estimator’s statistical properties. Note that specifically for d = 1

F̂L(y|x) =

n−1e⊤1

(
Sn,0(x) Sn,1(x)⊤

Sn,1(x) Sn,2(x)

)−1

1 X1 − x
...

...
1 Xn − x


⊤

K
{
H−1(X1 − x)

} 0
. . .

0 K
{
H−1(Xn − x)

}




W{(Y1−y)b−1}δ1
1−Ĝ(Y1)

...
W{(Yn−y)b−1}δn

1−Ĝ(Yn)


= n−1

n∑
i=1

Sn,2(x)− S⊤
n,1(x)(Xi − x)

Sn,2(x)Sn,0(x)− S⊤
n,1(x)Sn,1(x)

K
{
H−1(Xi − x)

} W {
(Yi − y)b−1

}
δi

1− Ĝ(Yi)
,

which is the estimator discussed in Kim et al. (2010).
It is worth noting here that an important consequence of taking S = supp(fX) is that S is compact, closed and bounded

with smooth boundary, satisfying cl(Sint) = Sint, where cl(·) is the closure of the set · and

Sint = [J1 + h1,M1 − h1]× · · · × [Jd + hd,Md − hd].

Then, since for any p.d.f. fX(x) ≥ 0 on S it follows that a discontinuity will occur across the boundary of S, denoted by ∂S,
while fX is smooth on S.

Since T = [−1, 1]d is a compact and simply connected set which satisfies cl(Tint) = T , then the effective kernel support
or smoothing window of K is Tn(x) ∩ S, where Tn(x) = x − HT . The assumptions on S and the properties of T ensure that
Tn(x) ∩ S is measurable and has a positive measure for all x ∈ S. Now, let x ∈ S. Transposing and rescaling the support T of
the kernel, leads to the set

Tx = H−1(x− Tn(x) ∩ S) = {z ∈ Rd : z = H−1(x− y),y ∈ Tn(x) ∩ S}.

Since only data falling in Tn(x) ∩ S contribute to F̂L(y|x), for x ∈ Sint, it holds that Tn(x) ∩ S = Tn(x) ⊂ S which implies
Tx = T . Consequently, when x ∈ Sint, the moment conditions of assumption A1 hold and the estimate behaves as expected.
Note that the same is true asymptotically for all x ∈ S as by assumption A5, Tx = T for n→ ∞. However, from a finite sample
standpoint, when x is in the boundary of S, i.e. for x ∈ Sb,l or x ∈ Sb,r where

Sb,l = [J1, J1 + h1)× · · · × [Jd, Jd + hd), Sb,r = (M1 − h1,M1]× · · · × (Md − hd,Md],

then Tn(x)∩S ̸= Tn(x) or equivalently Tn(x)∩S ̸⊂ S and hence part of the smoothing window is devoid of data. For example,
in the case where x ∈ Sb,l, the effective support of K is actually Tx = [−1, c1] × · · · × [−1, cd] ≡ D with 0 < ci < 1 for all
i ∈ {1, . . . , d} and consequently the moment conditions for K in assumption A1 no longer hold. For the same reason, the effective
kernel support of K is also asymmetric in the right boundary as Tx = [−c1, 1] × · · · × [−cd, 1] for x ∈ Sb,r. Thus employing
K without any modification for kernel estimation of FT (y|x) is expected to result in inflated bias at any x ∈ Sb = Sb,l ∪ Sb,r

in the usual asymptotic analysis. Focusing on the left boundary, as treatment of the right boundary is similar, the automatic
boundary adjustment of F̂L(y|x) is discussed next.

A.2 Bandwidth selection for a single covariate.

When d = 1, H ≡ h is a scalar and K = k. Also m1 −m5 in (58) simplify (in an obvious manner) substantially; see A.5 for
their analytic expressions. Substituting to (12) gives

AMISE
{
F̂L(h, b)

}
= h4m1 + h2b2m2 + b4m3 −

bm4

nh
+
m5

nh
. (58)

The first-order conditions required for minimization of (58) are

∂AMISE
{
F̂L(h, b)

}
∂h

= 4h3m1 + 2hb2m2 +
bm4

nh2
−
m5

nh2
set
= 0, (59)
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∂AMISE
{
F̂L(h, b)

}
∂b

= 2h2bm2 + 4b3m3 −
m4

nh

set
= 0. (60)

Following Li and Racine (2008), three different cases which cover all possible relationships between b and h are distinguished.
The first case is b < h, i.e. b and h are such that b = o(h), which by definition implies that limn→∞ b/h = 0. Additionally note
that bm4/(nh2) is negligible asymptotically compared to m5/(nh2). By (59), (60) and these two facts, the optimal values h and
b are

h =

(
m5

2n(2m1 +m2)

)1/5

, b = n−2/5

{
2(2m1 +m2)

m5

}3/5 m4

2m2 + 4m3
.

Thus the first case suggests h ∼ n−1/5, b ∼ n−2/5. This is rather expected and corroborates with the result of Li and Racine
(2008) which also suggest in the y direction a bandwidth of an order smaller compared to the bandwidth in the x direction. The
similarity in the results is a consequence of the fact that censoring leaves the MISE rate of convergence unaffected. Thus the
optimal bandwidth will have the same order as in the uncensored case, but with different constants due to the effect of censoring
on the estimate’s variance.

Now, consider the case that h and b are such that h = o(b), i.e. limn→∞ h/b = 0. By this relationship and (60),

h =
m4

2nb3(m2 + 2m3)
. (61)

Combining (61) with (59), (60) and after some straightforward algebra

b = n−3/7

{
m3

4(2m1 +m2)

4(m2 + 2m3)3m5

}1/7

.

Substituting back to (61) yields h ∼ n−1/7. This implies b = o(h) which obviously contradicts the initial hypothesis h = o(b).
Thus the second option h = o(b) is rejected. Finally we consider the case that h and b are of the same order, i.e. limn→∞ h/b =
c > 0, which gives

4h3m1 + 2ch3m2 −
m5

nh2
= 0, 2ch3m2 + 4ch3m3 −

m4

nh
= 0.

The above system implies two different bandwidth orders for h (n−1/5 and n−1/4) which is infeasible in practice and therefore
this option is also rejected. Summarizing, the only feasible option for b and h is b = o(h) which from the above analysis yields
the optimal values

hopt = n−1/5

(
m5

2(2m1 +m2)

)1/5

, bopt = n−2/5

{
2(2m1 +m2)

m5

}3/5 m4

2m2 + 4m3
.

Substituting hopt ≡ vn−1/5 and bopt ≡ sn−2/5 into (58) gives

AMISE
{
F̂L(hopt, bopt)

}
= n−4/5v4m1 + n−2/5n−4/5v2s2m2 + n−8/5s4m3 −

sn−2/5m4

nn−1/5v
+

m5

nn−1/5
= O(n−4/5).

That is, the optimal hopt and bopt values yield an AMISE of order n−4/5. In comparison, the univariate kernel c.d.f. estimator
uses optimal bandwidth which is of order n−1/3 and optimal AMISE of order n−1, see Bowman et al. (1998). As expected,
the convergence properties are better in the univariate case, since we are effectively reducing the number of points used in the
estimates when we condition on the value of X. In the present setting, it is intuitive to use a larger bandwidth (of order n−2/5)
so as to compensate the sparseness of data points due to the smoothing in both the y and the covariates direction.

A.3 Bandwidth selection for the multivariate kernel density estimator.

The AMISE optimal bandwidth selector of Duong and Hazelton (2003) is given by

Ĥl = argmin
Hl∈

{
n−1R(K)|Hl|−1 + µ22(K)(vech⊤H2

l )Ψ̂4(vech
⊤H2

l )
}
,

where Ψ̂4 is a d(d+ 1)/2× d(d+ 1)/2 matrix, having as elements the estimates of the functionals

ψr1+···+rd =

∫ {
∂r1+···+rd

∂r1x1∂r2x2 · · · ∂rdxd
f(x)

}
f(x) dx,

where r1 + · · ·+ rd = 4. A sensible estimate, say ψ̂r1+···+rd (G) of ψr1+···+rd is

ψ̂r1+···+rd (G) = n−1

∫ {
∂r1+···+rd

∂r1x1∂r2x2 · · · ∂rdxd

n∑
i=1

K∗
G(Xi − x)

}
f(x) dx

= n−2
n∑

i=1

n∑
j=1

K∗
G

(r1+···+rd)(Xi −Xj), (62)

and G is a pilot bandwidth matrix, usually taken to be of the form G = gId. The data-driven counterpart of g, say ĝ is the
minimizer of the sum of AMSE criterion

ĝ = argmin
g

∑
r1+···+rd=4

AMSE
{
ψ̂r1+···+rd (g)

}
.
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A.4 Derivation of (12).

From (10) and (11) we have

AMISE
{
F̂L(H, b)

}
= µ22(K)

∫
εy,o

[
tr
{
HḟX(x)

}
tr
{
HḞT (y|x)

}
fX(x)

+
fX(x)

2
tr
{
(HF̈T (y|x)H

}
+
FT (y|x)
2fX(x)

tr
{
(Hf̈X(x)H

}]2
dy dx

+

∫
εy,o

{
b2µ2(w)

2

∂2FT (y|x)
∂y2

}2

dy dx+ 2µ2(K)

∫
εy,o

[
tr
{
HḟX(x)

}
tr
{
HḞT (y|x)

}
fX(x)

+
fX(x)

2
tr
{
(HF̈T (y|x)H

}
+
FT (y|x)
2fX(x)

tr
{
(Hf̈X(x)H

}]{ b2µ2(w)
2

∂2FT (y|x)
∂y2

}
dy dx

+
R(K)

n|H|fX(x)

∫
εy,o

[
P (y|x)− 2bp(y|x)A1,1 − F 2

T (y|x)
]
dy dx.

Substitute (21) in the above AMISE formula and rearranging gives

AMISE
{
F̂L(H, b)

}
= µ22(K)

∫
εy,o

[
1

fX(x)

d∑
i=1

d∑
j=1

hihj
∂fX(x)

∂xi

∂FT (y|x)
∂xj

+
fX(x)

2

d∑
i=1

h2i
∂2FT (y|x)

∂x2i
+
FT (y|x)
2fX(x)

d∑
i=1

h2i
∂2fX(x)

∂x2i

]2
dy dx

+ 2µ2(K)

∫
εy,o

[
1

fX(x)

d∑
i=1

d∑
j=1

hihj
∂fX(x)

∂xi

∂FT (y|x)
∂xj

+
fX(x)

2

d∑
i=1

h2i
∂2FT (y|x)

∂x2i
+
FT (y|x)
2fX(x)

d∑
i=1

h2i
∂2fX(x)

∂x2i

]{
b2µ2(w)

2

∂2FT (y|x)
∂y2

}
dy dx

+

∫
εy,o

{
b2µ2(w)

2

∂2FT (y|x)
∂y2

}2

dy dx+
R(K)f−1

X (x)

n
(∏d

i=1 hi

) ∫
εy,o

[
P (y|x)− 2bp(y|x)A1,1 − F 2

T (y|x)
]
dy dx.

(63)

Now, using

(vech⊤H2)2 = (vech⊤H2)(vech⊤H2) = tr
[
H2H2

]
=

(
d∑

i=1

h2i

)2

,

substituting to (63) and rearranging yields (12).

A.5 Closed form expressions for m1 −m5 for d = 1 and for m̂1 − m̂5 for d > 1.

For a single covariate the closed form expressions for m1 −m5 in (58) simplify to

m1 = µ22(k)

∫
εy,o

[
f ′X(x)

fX(x)

∂FT (y|x)
∂x

+
fX(x)

2

∂2FT (y|x)
∂x2

+
FT (y|x)
2fX(x)

f ′′X(x)

]2
dy,m2 = m1m3,

m3 =
µ22(w)

4

∫
εy,o

{
∂2FT (y|x)

∂y2

}2

dy,m4 = 2R(k)A1,1fX(x)−1

∫
εy,o

p(y|x) dy dx = 2R(k)A1,1fX(x)−1

∫
εy,o

fT (y|x)
1−G(y)

dy,

m5 =
R(k)

fX(x)

∫
εy,o

{
P (y|x)− F 2

T (y|x)
}2

dy.

For more than one covariates (i.e. for d > 1), the closed form expressions of the consistent data-driven estimates of m1 −m5,
say m̂1 − m̂5 are

m̂1 = µ22(K)

∫
εy,o

[
1

f̂X(x)

d∑
i=1

d∑
j=1

∂f̂X(x)

∂xi

∂F̂T (y|x)
∂xj

+
f̂X(x)

2

d∑
i=1

∂2F̂T (y|x)
∂x2i

+
F̂T (y|x)
2f̂X(x)

d∑
i=1

∂2f̂X(x)

∂x2i

]2
dy, m̂2 = m̂1m̂3

m̂3 =
µ22(w)

4

∫
εy,o

{
∂2F̂T (y|x)

∂y2

}2

dy, m̂4 = 2R(K)A1,1f̂
−1
X (x)

∫
εy,o

p̂(y|x) dyx = 2R(K)A1,1f̂
−1
X (x)

∫
εy,o

f̂T (y|x)
1− Ĝ(y)

dy,

m̂5 =
R(K)

f̂X(x)

∫
εy,o

{
P̂ (y|x)− F̂ 2

T (y|x)
}2

dy.

A.6 Implementation details.

In all implementations throughout this section the number of covariates is fixed to d = 2. Additionally, the bivariate normal
density is used in place of the kernel function in the covariates dimension. That is, for fixed i, for Xi = (X1i, X2i),x = (x1, x2)
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and K(·) = ϕ(·)ϕ(·),

K∗ {H−1(Xi − x)
}
=

Sn,2(x1, x2)− S⊤
n,1(x1, x2)

(
X1i − x1
X2i − x2

)
Sn,2(x1, x2)Sn,0(x1, x2)− S⊤

n,1(x1, x2)Sn,1(x1, x2)
ϕ

(
Xi1 − x1

h1

)
ϕ

(
Xi2 − x2

h2

)
.

Then the classical local linear bivariate density estimate is

f̂X1,X2
(x1, x2) = (nĥ1ĥ2)

−1
n∑

i=1

K∗
{
Ĥ−1

l (Xi − x)
}
,

where Ĥl = diag(ĥ1, ĥ2) and ĥ1, ĥ2 is the plug-in AMISE optimal bandwidth of Duong and Hazelton (2003), given by

(ĥ1, ĥ2) = argmin
h1,h2

AMISE{f̂X1,X2 (x1, x2)} = argmin
h1,h2

{
n−1R(K)(h1h2)

−1 + µ22(K)(vech⊤H2
l )Ψ̂4(vech

⊤H2
l )
}
,

where, with r1, r2 = 0, 1, 2, 3, 4 and such that r1 + r2 = 4,

Ψ̂4 =

 ψ̂40 2ψ̂31 ψ̂22

2ψ̂31 4ψ̂22 2ψ̂13

ψ̂22 2ψ̂13 ψ̂40

 .

In accordance to (62), ψ̂r1r2 is implemented by

ψ̂r1r2 (Ĝ) = n−2
n∑

i=1

n∑
j=1

K∗
Ĝ

(r1+r2)(Xi −Xj),

where Ĝ = ĝI2 with ĝ being the minimizer of the sum of AMSE criterion

ĝ = argmin
g

∑
r1+r2=4

AMSE
{
ψ̂r1+r2 (g)

}
.

Similarly, the classical univariate local linear estimate of the density of the Xi covariate is

f̂Xi
(xi) = (nĥi)

−1
n∑

j=1

Sn,2(x)− Sn,1(x)(Xj − x)

Sn,2(x)Sn,0(x)− Sn,1(x)Sn,1(x)
ϕ

(
Xj − x

ĥi

)
, i = 1, . . . , d,

and is implemented with AMISE optimal plug-in bandwidth ĥi, provided via the R function bw.SJ. Note that f̂X1,X2
(x1, x2), f̂Xi

(x),

including the bandwidths ĥ1, ĥ2 and all associated functions is readily available in the Hpi.diag function of the R package ks.
From (17) for d = 2 the closed form expression for f̂T (y|x1, x2) is

f̂T (y|x1, x2) =

∑n
i=1 K

{
Ĥ−1

l (Xi − x)
}{

1− Ĝ(Yi)
}−1

wb̃(Yi − y)δi∑n
i=1 K

{
Ĥ−1

l (Xi − x)
} .

Then, the analytic expression for F̂T (y|x) is

F̂T (y|x1, x2) =

∑n
i=1 K

{
Ĥ−1

l (Xi − x)
}{

1− Ĝ(Yi)
}−1

W{(Yi − y)b̃−1}δi∑n
i=1 K

{
Ĥ−1

l (Xi − x)
} .

Also

∂2F̂T (y|x1, x2)
∂y2

= b̃−1

∑n
i=1 K

{
Ĥ−1

l (Xi − x)
}{

1− Ĝ(Yi)
}−1

w′
b̃
(Yi − y)δi∑n

i=1 K
{
Ĥ−1

l (Xi − x)
} .

Further,
˙̂
FT (y|x) and ĤFT

(y|x) (defined in (18)) are obtained by the functions grad, jacobian and hessian in the R package

numDeriv. Finally, p̂(y|x1, x2) = f̂T (y|x1, x2)(1− Ĝ(y))−1, and

P̂ (x1, x2) =

∑n
i=1 K

{
Ĥ−1

l (Xi − x)
}{

1− Ĝ(Yi)
}−2 [

W
{
(Yi − TY )b̃−1

}
−W (Yib̃

−1)
]
δi∑n

i=1 K
{
Ĥ−1

l (Xi − x)
} .

Straightforward calculations yield µ2(K) = 1 and R(K) = (4π)−1. Further, the Epanechnikov kernel is used in the y dimension,
thus µ2(w) = 1/5. Then, specifically for d = 2,

Ĥopt =

(
ĥopt,1 0

0 ĥopt,2

)
, ĥopt,i =

(
m̂5,i

2n(2m̂1,i + m̂2,i)

)1/6

, i = 1, 2,

where m̂2,i = m̂1,im̂3,i and

m̂1,i =

∫
εy,o

[
1

f̂Xi
(xi)

∂f̂Xi
(xi)

∂xi

∂F̂T (y|xi)
∂xi

+
f̂Xi

(xi)

2

∂2F̂T (y|xi)
∂x2i

+
F̂T (y|xi)
2f̂Xi

(xi)

∂2f̂Xi
(xi)

∂x2i

]2
dy,
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Table 2: Approximate MISE’s of Ŝj,CV , Ŝj,p, j = 1, 2, 3 using Cross Validation optimal bandwidth.

S1(y|x = (0.3, 0.6) S2(y|x1 = 0.3) S3(y|x2 = 0.6)

Cens. n Ŝ1,CV Ŝ1,p % diff. Ŝ2,CV Ŝ2,p % diff. Ŝ3,CV Ŝ3,p % diff.

15%

50 0.783 0.616 21.30% 0.486 0.375 22.83% 0.668 0.533 20.23%
100 0.439 0.357 18.69% 0.253 0.208 17.79% 0.396 0.326 17.74%
150 0.342 0.295 13.74% 0.171 0.149 12.94% 0.289 0.251 13.16%
250 0.236 0.21 11.01% 0.119 0.106 10.89% 0.187 0.168 10.25%

30%

50 0.874 0.703 19.64% 0.478 0.377 21.12% 0.763 0.616 19.37%
100 0.515 0.422 18.11% 0.353 0.291 17.64% 0.578 0.485 16.13%
150 0.424 0.361 14.89% 0.249 0.226 09.63% 0.436 0.384 12.04%
250 0.361 0.315 12.72% 0.211 0.189 10.42% 0.365 0.325 11.21%

50%

50 0.936 0.758 19.11% 0.534 0.417 21.95% 0.971 0.773 20.42%
100 0.718 0.583 18.85% 0.414 0.345 16.72% 0.845 0.713 16.13%
150 0.461 0.404 12.37% 0.352 0.305 13.43% 0.607 0.516 14.86%
250 0.465 0.417 10.32% 0.278 0.247 11.22% 0.514 0.457 11.13%

m̂5,i =
1

4πf̂Xi
(xi)

∫
εy,o

{
P̂ (y|xi)− F̂ 2

T (y|xi)
}2

dy,

for i = 1, 2, where

P̂ (y|xi) =
∫ TY

0

f̂T (y|xi)
1− Ĝ(y)

dy, F̂T (y|xi) =
∫ y

0
f̂T (z|xi) dz.

Also

b̂opt =

(
m̂4

2n(m̂2 + 2m̂3)

)2/7

,

with

m̂2 =
1

5

∫
εy,o

[
1

f̂X1,X2
(x1, x2)

2∑
i=1

2∑
j=1

∂f̂X1,X2
(x1, x2)

∂xi

∂F̂T (y|x1, x2)
∂xj

+
f̂X1,X2

(x1, x2)

2

2∑
i=1

∂2F̂T (y|x1, x2)
∂x2i

+
F̂T (y|x1, x2)

2f̂X1,X2
(x1, x2)

2∑
i=1

∂2f̂X1,X2 (x1, x2)

∂x2i

]
∂2F̂T (y|x1, x2)

∂y2
dy,

m̂3 =
1

100

∫
εy,o

{
∂2F̂T (y|x1, x2)

∂y2

}2

dy, m̂4 =
1

2π
A1,1f̂

−1
X1,X2

(x1, x2)

∫
εy,o

f̂T (y|x1, x2)
1− Ĝ(y)

dy.

B Additional numerical examples.

In addition to the comparison of the ideal and the data driven plug-in bandwidths presented in Table 1 of Section 4, Table 2 of
the present section contains the results of an indicative comparison on the performance of estimator F̂L when using the proposed
(data driven) plug-in bandwidths Ĥopt, b̂opt and when using Cross Validation (CV) based bandwidths. The CV criterion utilized
is

CV (H, b) =

n∑
i=1

n∑
j=1

{
W
{
(Yj − y)b−1

}
δj

1− Ĝ(Yj)
− (1− F̂L,−i(Yj |x))

}2

,

where F̂L,−i is the leave-one-out version of F̂L calculated by (7) after removing the ith row of the vector e⊤1 , the matrix Xx

and the vector Y. The resulting Cross-Validation bandwidths, denoted by HCV and bCV are

(HCV, bCV ) = argmin
H,b

CV (H, b).

The MISE simulation is performed under exactly the same settings as the simulation study of Section 4. Ŝi,CV , i = 1, 2, 3 denotes

estimator 1− F̂L implemented with the CV bandwidth while the MISE figures for Ŝi,p, i = 1, 2, 3 are identical those in Table 1.
The results indicate that the plug-in approach offers a precision gain over CV bandwidths which depending on the sample size
and amount of censoring ranges from 10% - 20%.

Next, the practical benefits of 1 − F̂L over the routinely employed in practice and in the literature Beran’s (Beran 1981;
Cao et al. 2009) survival function estimator are illusrtaed in the analysis of the German Credit data set. For a single covariate
vector X, Beran’s estimator is defined by

ŜB(y|h) =
n∏

i=1

(
1−

1{Yi≤t,δi=1}wi,n(x)

1−
∑n

j=1 1{Yj≤Yi}wj,n(x)

)
,

wi,n(x) =
K {(x−Xi)/h}∑n
j=1K(x−Xj)/h

, i = 1, . . . , n.
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Fig. 2: Estimators 1− F̂L(y|x) and ŜB(y|h) for the German Credit data set.

Estimator ŜB(y|h) is implemented in the R package npcure, see López–Cheda et al. (2017a,b) and uses Cross-Validation optimal
bandwidth, calculated as the largest local minimizer of the leave-one-out cross-validated criterion

CV (h) =

n∑
i=1

n∑
j=1

∆i,j

{
1{Yi≤Yj} − (1− ŜB,−i(Yj |h))

}2
.

In the CV (h) above ŜB,−i(Yj |h) is the leave-one-out version of ŜB(y|h) and ∆i,j = 1 if the pair (Yi, Yj) is ‘useful’ in the sense

of Geerdens et al. (2018) and 0 otherwise. Both 1− F̂L and ŜB(y|h) are used to approximate the probability that a loan duration
will exceed a certain time point, given specific ‘Amount’ and ‘Age’ levels, i.e., approximate P (Duration ≥ y|Amount = x) for
x = 11006, 14715 and P (Duration ≥ y|Age = x) for x = 38, 52. The results are displayed in Fig.2; Both figures suggest that the
proposed methodology drastically decreases estimation variance and consequently offers increased accuracy in the estimation of
the required probabilities. Further, it addresses the limitation of discontinuity that is intrinsic in ŜB(y|h): for example according

to ŜB(y|h) the probability that the duration of a loan will exceed 49 months (for ‘Amount’ equal to 11006) can be either
0.38 or 0.62; this is a significant difference which can greatly affect the bank manager’s decision. The smoothing on the time
coordinate direction of F̂L effectively solves this problem and hence helps practitioners to avoid ambiguous decisions. However,
the proposed estimator is computationally more demanding compared to ŜB(y|h), especially in its bandwidth selection part. As
a result, assuming a similar or greater sample size as the German credit data set, a limitation that is likely to be encountered
in practice is that F̂L will be computationally expensive for more than 4-5 covariates. Further, practitioners might require to
incorporate discrete, ordinal or correlated (continuous) covariates. The extension of the proposed estimator to these settings is
already under way.

C Computational speed.

As the proposed methodology is somewhat computer intensive, in this section we present an indicative analysis on the CPU time
required for the implementation of estimator F̂L(y|x) and the plug-in bandwidths Ĥopt and b̂opt as a function of the sample size

and the dimension d of the covariate vector. Similarly to Section 4, F̂L(y|x) is always implemented via (7). For each covariate
(as well as for the time dimension) we consider 50 equispaced grid points, covering the whole range of the covariate’s support.

The scalar bandwidth b̂opt and the bandwidth matrix Ĥopt are implemented as described in Section A.6.
Since computational time is greatly affected by the workstation’s processor, we consider two scenarios (with two sub-scenarios

in each). In the first scenario the benchmark study is implemented with a rather slow processor, an Intel Core i5–9400 CPU at
2.90GHz. The second scenario replicates the exact same process on a much faster Intel Core i7–14700F processor at 3GHz. In
both situations the amount of memory installed in the corresponding workstations is 16GB of RAM, they both run Windows
11 professional and the R version is 4.2 64bit. All times reported are in seconds and were obtained by timing the calculation
procedure with the tic() and toc() commands of the R package tictoc. Further, for each CPU type, we consider two sub-
scenarios: one is implementation of both F̂L(y|x) and the bandwidths Ĥopt and b̂opt. The second sub-scenario considers only

the implementation of F̂L(y|x), with the bandwidths Ĥopt and b̂opt calculated separately and using their values as user input
in the process. This is sought so as to also benchmark the computational time of the proposed bandwidth rule itself. Further,
all CPU times are for calculation of one instance of the estimator (and bandwidths). The data generation time is not included
in the CPU times reported.

The results for scenario 1 are reported on Tables 3 and 4. As expected the computational time increases drastically as the
number of covariates increase. Further, as it is evident from a comparison between the two tables, on average, approximately
75% of the computational time is consumed by the bandwidth selection process.

The corresponding results for scenario 2 are reported on Tables 5 and 6. As in scenario 1, computational time increases
drastically as the number of covariates increase and one average, approximately 75% of the computational time is due to
bandwidth selection. However, the effect of the faster CPU is quite visible here as the overall CPU time dropped by more than
a half (approximately 60% for both scenarios combined) compared to the CPU time of the i5 processor.
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Table 3: CPU times(sec) for F̂L(y|x), implemented with Ĥopt and b̂opt on an Intel i5–9400 processor.

n / # cov. 1 covariate 2 covariates 3 covariates
n = 50 0.548 26.221 1311.001
n = 100 0.553 28.058 1404.126
n = 150 0.568 30.528 1526.364
n = 250 0.741 32.859 1642.913

Table 4: CPU times(sec) for F̂L(y|x), implemented with fixed bandwidths on an Intel i5–9400 processor.

n / # cov. 1 covariate 2 covariates 3 covariates
n = 50 0.164 6.818 235.981
n = 100 0.141 6.659 224.380
n = 150 0.156 7.467 411.814
n = 250 0.206 8.134 333.840

Table 5: CPU times(sec) for F̂L(y|x), implemented with Ĥopt and b̂opt on an Intel i7–14700F processor.

n / # cov. 1 covariate 2 covariates 3 covariates
n = 50 0.231 11.411 565.172
n = 100 0.244 13.008 634.805
n = 150 0.245 13.713 674.042
n = 250 0.323 14.99 734.136

Table 6: CPU times(sec) for F̂L(y|x), implemented with fixed bandwidths on an Intel i7–14700F processor.

n / # cov. 1 covariate 2 covariates 3 covariates
n = 50 0.069 2.967 101.731
n = 100 0.062 3.087 101.442
n = 150 0.067 3.354 181.857
n = 250 0.093 3.711 149.176


